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Abstract

Quantum battery concerns about population redistribution and energy dispatch over
controllable quantum systems. Under unitary transformation, ergotropy rather than en-
ergy plays an essential role in describing the accumulated useful work. Thus, the charg-
ing and recharging of quantum batteries are distinct from the electric-energy input and
reuse of classical batteries. In this work, we focus on recharging a three-level quantum
battery that has been exhausted under self-discharging and work extraction. We find
that the quantum battery cannot be fully refreshed with the maximum ergotropy only
by the driving pulses for unitary charging. For an efficient refreshment of the quantum
battery, we propose a fast and stable recharging protocol based on postselection and
shortcut to adiabaticity. More than accelerating the adiabatic passage for charging, the
protocol can eliminate unextractable energy and is robust against driving errors and en-
vironmental decoherence. Our protocol is feasible in experiments, even in systems with
the forbidden transition.
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1 Introduction19

Recent advances in quantum thermodynamics [1, 2] have stimulated the conceptual general-20

ization about the maximal capacity of an interested system to transfer between a passive state21

and an active state. Alicki and Fannes pioneered a quantum device termed quantum battery22

(QB) that can store and release energy under unitary transformation in a controllable manner23

to mimic its counterpart in the classical world [3]. In exploiting its potential advantages over24

the classical battery, many careful investigations [4–23] have been carried out, targeting faster25

charging rate, more extractable energy, and higher stability in control.26

A quantum battery can be charged either by a classical driving [24–26] or by the interac-27

tion with an energy-filled auxiliary system (quantum charger) [16–18, 27, 28]. Conventional28

studies were initiated primarily around promoting and optimizing the charging performance29

in quantum regime. To name a few, how can the presence of quantum coherence or entan-30

glement affect the energy storage [29,30], how to simultaneously achieve a full charged state31

and reduce the charging period [5,11,31], and how to realize a stable charging with no energy32

backflow after the charging is completed. Besides ergotropy (the energy that can be extracted33

by unitary transformation for work) and charging power, stable charging was another impor-34

tant measure in quantum charging [24, 32], which avoids the extremely precise control over35

a simple π pulse or Rabi oscillation [24, 32, 33]. However, few existing works are concerned36

about a renewable QB, with respect to the self-discharging process and energy extraction.37

Recharging is one of the bottlenecks in preventing the widespread use of quantum batteries.38

In this work, we propose a recharging protocol for a three-level QB, using a shortcut to39

adiabaticity (STA) technique [34] and state postselection. Both of them contribute to the tool-40

box of quantum control, enabling highly efficient dynamical operations in modern quantum41

technologies. For STA, we here employ the counterdiabatic (CD) driving method [35], also42

named quantum transitionless driving [36]. In general, a CD Hamiltonian can be constructed43

as [34–39]44

HCD = i
∑

n

[1− |n(t )〉〈n(t )|] |ṅ(t )〉〈n(t )|, (1)

where |n(t )〉 is the instantaneous eigenvectors of the original time-dependent Hamiltonian45

H(t ) and |ṅ(t )〉 means its time derivative. The charging protocol aided by the CD driving46

can move the battery system exactly along the adiabatic path at a much faster speed than47

those based on the stimulated Raman adiabatic passage (STIRAP) [24, 26]. However, when48

the battery starts from a passive state with finite energy yet vanishing ergotropy, rather than49

the ground state as commonly considered in literature [24, 26], it can not be fully recharged50

with the maximum ergotropy by any unitary transformation including the STA evolution. We51

find that this problem can be dealt with by a postselection method with a considerable success52

probability.53

The rest of this work is organized as follows. In Sec. 2, we briefly recall the basic concepts54

of QB. After presenting the evolution process when the battery is subject to self-discharging55

(caused by the presence of environment) and work extraction, we illustrate our recharging56

protocol on postselection (projective measurement) and counterdiabatic driving for the three-57

level QB in a cascade type. It is shown by the numerical simulation of population and ergotropy58
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that our protocol can restore the battery to the most active state with the maximum ergotropy.59

We estimate the robustness of our recharging protocol against the systematic errors arising60

from the driving pulses in Sec. 3.1 and the environmental noises in Sec. 3.2, respectively. In61

Sec. 4.1, we show that in the superconducting qutrit systems, the CD Hamiltonian can be62

achieved by a two-photon process to avoid the forbidden transition. In Sec. 4.2, we discuss63

the energetic costs of STA control and projective measurement. The conclusion is provided in64

Sec. 5. In Appendix A, we compare the charging process with the conventional STIRAP and65

the STA protocols.66

2 Quantum recharging protocol67

Figure 1: (a) Diagram of a three-level QB of the cascade type under resonant driv-
ing pulses. The transition between the ground state and the intermediate state |e〉
and that between |e〉 and the excited state | f 〉 are coupled to the driving pulses
with Rabi frequency Ω1 and Ω2, respectively. The ancillary driving pulse ΩCD is
applied to the transition |g 〉 ↔ | f 〉. (b) Diagram of our recharging protocol, in-
cluding 1⃝ → 2⃝: QB self-discharging induced by decoherence L[o], 2⃝↔ 3⃝:
work extraction by unitary transformation UW and recharging operation U(t ) as-
sisted by STA, and 3⃝→ 4⃝→ 1⃝: postselection by the projective measurement Mg
and recharging U(t ) assisted by STA. The battery energy is divided into extractable
(green) and unextractable (gray) parts.

A non-degenerate n-level QB can be described by the Hamiltonian68

H0 =
n
∑

j=1

ε j |ε j 〉〈ε j |, (2)

where ε j ’s are the eigen-energies of the bare system ordered by ε1 < ε2 < · · · < εn . The69

internal energy of such a QB is given by Tr[ρH0], where ρ is the density matrix. A QB is70

on charging such that the internal energy increases when its state varies from ρ to ρ′, i.e.,71

Tr[(ρ′ −ρ)H0] ≥ 0. The opposite variation can be regarded as discharging.72

Ergotropy is the central quantity in the study of QB, which is defined as the maximum73

amount of available work that can be extracted from the battery through unitary transforma-74

tion [3,26]. It is given by75

ξ(t ) = Tr[ρ(t )H0]− min
Uw∈U

�

Tr[Uwρ(t )U
†
wH0]
	

, (3)
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where the minimization is taken over the set U of the unitary operators Uw acting on the76

system. The most successful energy-extraction operation can transform the QB system to a77

passive state [3]. Given the system density matrix ρ, there is a unique passive state minimizing78

Tr[Uwρ(t )U
†
wH0]. With the spectral decomposition of the battery state ρ =

∑n
k=1 pk |pk〉〈pk |,79

p1 ≥ p2 ≥ · · · ≥ pn , the ergotropy can be written as80

ξ(t ) =
n
∑

k, j=1

pkε j
�

|〈pk |ε j 〉|2 − δk j
�

, (4)

where δk j denotes the Kronecker delta function. Ergotropy rather than energy evaluates the81

performance of a QB under discharging and recharging.82

The QB system in this work is a cascade-type three-level qutrit as shown in Fig. 1(a). The83

ground state, the intermediate state, and the excited state are labeled with |g 〉, |e〉, and | f 〉,84

respectively. The bare Hamiltonian for QB can be written as (ħh ≡ 1)85

H0 =ωe|e〉〈e|+ω f | f 〉〈 f |, (5)

where the ground-state energy is set asωg ≡ 0 with no loss of generality. During the charging86

process, two microwave fields with Rabi frequencies Ω1 and Ω2 are resonantly coupled to87

the |g 〉 ↔ |e〉 and |e〉 ↔ | f 〉 transitions, respectively. And the ancillary pulse ΩCD for STA88

represents the counterdiabatic driving applied to the |g 〉↔ | f 〉 transition.89

Figure 1(b) is a flow diagram for our recharging protocol. On stage 1⃝, the QB starts from90

a full-charged state. It cannot be an ideally isolated system and will be spontaneously self-91

discharged in the presence of an environment. As described by a Lindblad dissipator L[o],92

gradually the QB becomes a less active state on stage 2⃝ besides losing energy. In other93

words, the QB energy on stage 2⃝ cannot be fully extracted. The extractable and unextractable94

energies are indicated by the green and gray colors, respectively. After the work extraction95

performed by the unitary transformation UW, the QB becomes a passive state on stage 3⃝,96

which is the initial state for the following recharging process. The detailed descriptions of97

self-discharging and work extraction are provided in Sec. 2.1. On stage 3⃝, one has two98

choices for recharging. One can directly apply the STA driving pulses in Fig. 1(a) to the QB,99

which is denoted with U(t ). The optimal result one can obtain is to restore the QB to the100

partial active state 2⃝ before the work extraction. Alternatively, one can use the postselection101

performed by the projective measurement on the ground level |g 〉 to transform the QB to an102

empty state on stage 4⃝ and then realize the full charging via the STA evolution. The details103

are presented in Sec. 2.2.104

2.1 Self-discharging and work extraction105

The self-discharging dynamics of the QB as 1⃝ → 2⃝ shown in Fig. 1(b) is governed by the106

Lindblad master equation,107

∂ ρ

∂ t
= −i[H0,ρ] +

1

2

∑

n∈{e, f }

�

γnL[σ−n ] + γ
z
nL[σ

z
n]
�

, (6)

where the super-operation L[o] is defined as108

L[o] ≡ 2oρo† − o†oρ −ρo†o (7)

with the system operator o. Here ρ is density matrix of the three-level QB, σ−e = |g 〉〈e|,109

σ−
f
= |e〉〈 f |, σz

e = |e〉〈e| − |g 〉〈g |, and σz
f
= | f 〉〈 f | − |e〉〈e|. γn and γz

n , n ∈ {e, f }, are110

respectively the decay and dephasing rates. We assume γ f > γe to be consistent with recent111

experiments [26].112
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In the space spanned by {|g 〉, |e〉, | f 〉}, the master equation in Eq. (6) can be resolved into113

the time evolution of the diagonal elements114

∂ ρ f f

∂ t
= −γ fρ f f ,

∂ ρee

∂ t
= γ fρ f f − γeρee,

∂ ρg g

∂ t
= γeρee,

(8)

and that of the off-diagonal elements115

∂ ρ f e

∂ t
= −i(ω f −ωe)ρ f e −

4γz
f
+ γz

e + γ f + γe

2
ρ f e,

∂ ρ f g

∂ t
= −iω fρ f g −

γz
f
+ γz

e + γ f

2
ρ f g ,

∂ ρeg

∂ t
= −iωeρeg −

γz
f
+ 4γz

e + γe

2
ρeg .

(9)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Figure 2: Populations on the three levels and battery ergotropy during the self-
discharging process. The decoherence rates are set as γe = γ, γ f = 1.5γ,
and γz

f
= γz

e = 2γ. The transition frequencies are fixed as ωe = 105γ and

ω f = 1.7× 105γ.

As stage 1⃝ shown in Fig. 1(b), the QB is supposed to be fully charged at the initial time,116

i.e., ρ f f (0) = 1. By Eqs. (8) and (9), we have117

ρ f f (t ) = e−γ f t ,

ρee(t ) =
γ f

γe − γ f

�

e−γ f t − e−γe t � ,

ρg g (t ) = 1−
γee−γ f t − γ f e−γe t

γe − γ f
,

ρ f e(t ) = ρ f g (t ) = ρeg (t ) = 0.

(10)

5



SciPost Physics Submission

Normally we have therefore three crossing momentsτ j , j = 1, 2, 3, to haveρ f f (τ1) = ρee(τ1),118

ρ f f (τ2) = ρg g (τ2), and ρee(τ3) = ρg g (τ3) during the self-discharging described by Fig. 2.119

In particular, we have120

τ1 =
ln(2γ f − γe)− lnγ f

γ f − γe
. (11)

According to the definition in Eq. (4), the time-evolved ergotropy for various situations121

can be written as122

ξ =















ω f (ρ f f −ρg g ), ρ f f ≥ ρee ≥ ρg g

ω f (ρ f f −ρg g ) +ωe(ρee −ρ f f ), ρee ≥ ρ f f ≥ ρg g

ωe(ρee −ρg g ), ρee ≥ ρg g ≥ ρ f f

0, ρg g ≥ ρee ≥ ρ f f

(12)

where for brevity we have dropped the explicit time dependence. During the intervalτ ∈ [0,τ1]123

when the populations satisfy ρ f f (τ) ≥ ρee(τ) > ρg g (τ), we have124

ξ(τ) =ω f [ρ f f (τ)−ρg g (τ)]. (13)

After τ3, the QB becomes completely passive when ρg g > ρee > ρ f f , i.e., no energy can be125

extracted for work from the battery with unitary transformation. Yet we can focus merely on126

the interval 0 ≤ t < τ with τ ≤ τ1 since the QB ergotropy has become sufficiently low around127

τ1. Then on stage 2⃝, one can start a work-extraction process, i.e., 2⃝→ 3⃝ in Fig. 1(b), on128

the QB. Note τ1 has been determined by Eq. (11) in advance, so that both work-extraction and129

the following recharging can be performed on any state ρ(τ < τ1). By Eq. (4), one can find130

that the work extraction yields the population swapping between levels |g 〉 and | f 〉 while the131

population on |e〉 remains invariant. The extraction operation can thus be physically realized132

by the following unitary transformation as133

Uw =





0 0 1
0 1 0
1 0 0



 , (14)

up to the local phases. In fact, any unitary operation that swaps the populations on |g 〉 and | f 〉134

without extra effects is theoretically feasible, by which the QB density matrix turns out to be135

Uwρ(τ)U
†
w. In comparison to the discharging dynamics, the duration of the work-extracting136

operation Uw can be omitted.137

2.2 Recharging by shortcut to adiabaticity138

We present in this section our recharging protocol assisted by counterdiabatic driving. It starts139

after the self-discharging process lasting a period of τ < τ1 and the instantaneous work ex-140

traction. The initial state for the QB recharging process is written as ρ̃(0) = Uwρ(τ)U
†
w. Thus141

by Eqs. (10) and (14), we have142

ρ̃ f f (0) = ρg g (τ) = 1−
γee−γ f τ − γ f e−γeτ

γe − γ f
,

ρ̃ee(0) = ρee(τ) =
γ f

γe − γ f

�

e−γ f τ − e−γeτ
�

,

ρ̃g g (0) = ρ f f (τ) = e−γ f τ,

ρ̃ f e(0) = ρ̃ f g (0) = ρ̃eg (0) = 0.

(15)
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Here the tilde superscript distinguishes the starting point on stage 3⃝ for the recharging pro-143

cess, which is distinct from that on stage 1⃝. The state in Eq. (15) is an energetic yet passive144

state since ρ̃g g (0) ≥ ρ̃ee(0) ≥ ρ̃ f f (0). The energy stored in QB is nonzero but is unable to145

be extracted. The recharging timescale is normally much shorter than the self-charging pe-146

riod and then can be omitted in the ideal situation. We will discuss the nonideal scenario in147

Sec. 3.2.148

As demonstrated in Fig. 1(a), the Hamiltonian for the three-level system of QB coupled to149

the external driving fields reads150

Htot(t ) = H0 + V(t ), (16)

where the driving term is151

V(t ) = Ω1(t )e
iω1 t |g 〉〈e|+Ω2(t )e

iω2 t |e〉〈 f |+H.c. (17)

with the Rabi frequencies Ω j and the driving frequencies ω j , j = 1, 2. In the rotating frame152

with respect to U0(t ) = exp(iH0t ) = exp(iωe t |e〉〈e|+iω f t | f 〉〈 f |), the full Hamiltonian (16)153

can be rewritten as154

H(t ) = U0(t )Htot(t )U
†
0(t )− iU0(t )U̇

†
0(t )

= Ω1(t )|g 〉〈e|+Ω2(t )|e〉〈 f |+H.c..
(18)

Here the driving frequencies satisfy the one-photon resonant condition, i.e., ω1 = ωe and155

ω2 =ω f −ωe . The eigenvectors of the Hamiltonian in Eq. (18) are156

|λ0(t )〉 = cosθ (t )|g 〉 − sinθ (t )| f 〉,

|λ±(t )〉 = [sinθ (t )|g 〉 ± |e〉+ cosθ (t )| f 〉]/
p

2,
(19)

where tanθ (t ) = Ω1(t )/Ω2(t ). Their corresponding eigenvalues areλ0(t ) = 0 andλ±(t ) = ±Ω(t )157

with the driving strength Ω(t ) =
q

Ω2
1(t ) +Ω

2
2(t ). The boundary conditions of driving pulses158

are set as θ (0) = 0 and θ (τc) = π/2, i.e., Ω1(0) = 0, Ω2(0) ̸= 0 and Ω1(τc) ̸= 0, Ω2(τc) = 0,159

where τc is the charging period. They are popularly used in both STIRAP [24, 40] and STA160

protocols [34,36,37] for state transfer.161

By virtue of the standard method in Eq. (1) and the eigen-structure in Eq. (19), HCD in this162

work can be obtained as163

HCD(t ) = iΩCD(t )|g 〉〈 f | − iΩCD(t )| f 〉〈g |, (20)

where164

ΩCD(t ) = θ̇ (t ) =
Ω̇1(t )Ω2(t )−Ω1(t )Ω̇2(t )

Ω2(t )
. (21)

Consequently, the STA Hamiltonian is obtained by165

HSTA(t ) = H(t ) +HCD(t )

= Ω1(t )|g 〉〈e|+Ω2(t )|e〉〈 f |+ iΩCD(t )|g 〉〈 f |+H.c..
(22)

The time-evolution operator U(t ) under HSTA is then given by166

U(t ) = T← exp

�

−i

∫ t

0

HSTA(t
′)dt ′
�

= |λ0(t )〉〈λ0(0)|+ e−iφ(t )|λ+(t )〉〈λ+(0)|+ eiφ(t )|λ−(t )〉〈λ−(0)|,
(23)
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where φ(t ) ≡
∫ t

0 Ω(t
′)dt ′. In the space spanned by {|g 〉, |e〉, | f 〉}, U(t ) can be written as167

U(t ) =





cosθ (t ) −i sinφ(t ) sinθ (t ) cosφ(t ) sinθ (t )
0 cosφ(t ) −i sinφ(t )

− sinθ (t ) −i sinφ(t ) cosθ (t ) cosφ(t ) cosθ (t )



 , (24)

whose initial condition is consistent with θ (0) = 0. Then the transition 3⃝→ 2⃝ is described168

by ρ̃(t ) = U(t )ρ̃(0)U†(t ) and through which the ergotropy becomes169

ξ(t ) = Tr[ρ̃(t )H0]− Tr[ρ̃(0)H0]

=ωe sin2φ(t )
�

ρ̃ f f (0)− ρ̃ee(0)
�

+ω f sin2 θ (t )ρ̃g g (0)−ω f ρ̃ f f (0)

+ω f cos2 θ (t )[sin2φ(t )ρ̃ee(0) +ω f cos2φ(t )ρ̃ f f (0)].

(25)

At the end of the recharging process, we have170

ξ(τc) =ωe sin2φc[ρ̃ f f (0)− ρ̃ee(0)] +ω f [ρ̃g g (0)− ρ̃ f f (0)], (26)

where φc = φ(τc). Here we have applied the boundary condition θ (τc) = π/2. Since171

ρ̃ee(0) > ρ̃ f f (0), the maximum value of ξ(τc) can reach172

ξmax(τc) =ω f [ρ̃g g (0)− ρ̃ f f (0)]

=ω f [ρ f f (τ)−ρg g (τ)] = ξ(τ)
(27)

when φc = kπ with k an integer. By reference to Eq. (13), the battery recovers the state on173

stage 2⃝ before the energy was extracted, i.e., ρ̃(τc) = U(τc)ρ̃(0)U†(τc) = ρ(τ). ξmax(τc)174

in Eq. (27) is the maximal ergotropy of the battery obtained through the STA evolution, which175

is less than ω f . It is then found that the battery in a mixed initial state ρ̃(0) cannot be176

fully recharged via unitary transformation. Also, the recharging process is unstable since the177

final state is not an eigenstate of Hamiltonian. With a nonvanishing interaction Hamiltonian178

V(t > τc) ̸= 0, the ergotropy of QB will decrease and cannot be maintained as ξmax(τc).179

To avoid these defects, we can apply a projective measurement as described by 3⃝→ 4⃝ in180

Fig. 1(b) before launching the STA charging protocol. An instantaneous projection Mg ≡ |g 〉〈g |181

on the qutrit battery would transform the density operator ρ̃(0) to be182

ρ̃M(0) = |g 〉〈g | (28)

with a success probability Pg ≡ ρ̃g g (0) = ρ f f (τ) = exp(−γ fτ) depending on the self-183

discharging period τ. Evidently a less τ gives rise to a larger Pg . For example, one can184

observe in Fig. 2 that Pg is over 40% even when τ = τ1, which is much greater than the185

success probability P f = ρ̃ f f (0) = ρg g (τ) for the projection M f ≡ | f 〉〈 f |.186

Under the driving Hamiltonian HSTA in Eq. (22), the time-dependent density matrix evolves187

as188

ρ̃M(t ) = U(t )ρ̃M(0)U†(t ) = |λ0(t )〉〈λ0(t )|, (29)

where |λ0(t )〉 is the dark state in Eq. (18). Due to the facts thatλ0(t ) = 0 and 〈λ0(t )|λ̇0(t )〉 = 0,189

no quantal phase is accumulated during the evolution. Thus any quantity including the gained190

ergotropy ξ(t ) has no oscillating behavior. At the end of the recharging process, we can have191

a fully population-inverted state192

ρ̃M(τc) = | f 〉〈 f |. (30)

The battery now returns to stage 1⃝ in Fig. 1(b), endowed with a maximum ergotropy ξ(τc) =ω f .193

And the recharging is stable without precise control over the charging period τc , provided that194

Ω1(t ) ̸= 0 and Ω2(t ) = 0 when t ≥ τc . It means that either (1) the QB remains in the fully195

8
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charged state | f 〉, i.e., the dark state of the full Hamiltonian in Eq. (16) for t > τc with a non-196

vanishing interaction Hamiltonian V(t > τc) ̸= 0; or (2) the dynamics of the three-level QB is197

under the bare Hamiltonian H0 in Eq. (5) with V(t > τc) = 0, and then the fully charged state198

is still invariant under the ideal situation since it is an eigenstate of H0. Stable charging can199

also be achieved by conventional protocols based on STIRAP [24,26], which is however much200

slower than our STA protocol by using an extra counterdiabatic driving. Details are provided201

in Appendix A.202

2.3 Numerical simulations of the recharging process203
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1(b)

Figure 3: Populations over states | f 〉, |e〉, and |g 〉 are plotted with the dark-dotted
lines, the red-dashed lines, and the blue-solid lines, respectively. The lines without
markers represent the transition 3⃝ → 2⃝ from the initial state ρ̃(0) in Eq. (15)
resulting from a self-discharging process with γ fτ = 0.5. The lines with markers
represent the transition 3⃝→ 4⃝→ 1⃝ from the initial state ρ̃M(0) in Eq. (28). In
(a) and (b), the charging periods are set as Ωτc = π and Ωτc = 5, respectively.

In Fig. 3, we present the STA recharging dynamics in QB populations along different transi-204

tion paths. For the sake of simplicity and experimental feasibility [26], we apply the sine-wave205

pulses to both driving pulses,206

Ω1(t ) = Ω sin

�

πt

2τc

�

, Ω2(t ) = Ω cos

�

πt

2τc

�

. (31)

Then by Eq. (21), we have207

ΩCD(t ) =
π

2τc
. (32)

The lines with no markers in both Figs. 3(a) and (b) indicate the population dynamics208

from stage 3⃝ to stage 2⃝, where the QB has an amount of unextractable energy. It is found209

that when Ωτc = π, that follows the phase condition in Eq. (27), the populations over the210

levels |g 〉 and | f 〉 are mutually exchanged at the end of recharging, i.e., ρ̃ f f (τc) = ρ̃g g (0)211

and ρ̃g g (τc) = ρ̃ f f (0) [see Fig. 3(a)]. The battery system thus goes back to its previous state212

before work extraction. In Fig. 3(b) with a different phase condition Ωτc = 5, it is found213

that ρ̃ f f (τc) = ρ̃g g (0), and however, the final ergotropy is much smaller than Eq. (27) since214

ρ̃g g (τc) > ρ̃ee(τc) by Eq. (12). In contrast, when the postselection over the ground state |g 〉215

is successfully performed, the QB can be fully charged with the maximum ergotropyω f in the216

end and the final state is insensitive to the choice of the recharging period τc [see the marked217

lines in both Figs. 3(a) and (b)].218
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Figure 4: Ergotropy ξ(τc) versus the recharging period τc with or without the post-
selection Mg under sine-wave or Gaussian pulses. The transition frequencies are set
as ω f = 1.7ωe .

Our protocol adopts various shapes of the driving pulses Ω1,2(t ). In Fig. 4, we apply both219

sine-wave and Gaussian pulses to the recharging process as two popular pulses in existing220

works for STIRAP [40,41]. The Gaussian pulses can be described as221

Ω1(t ) = Ωexp

�

−
(t − τc −α)2

σ2

�

, Ω2(t ) = Ωexp

�

−
(t − τc +α)2

σ2

�

. (33)

One can then explicitly find the pulse for the CD term222

ΩCD(t ) =
2α

σ2
cosh−1
�4αt − 2ατc

σ2

�

(34)

according to Eq. (21). In numerical simulations, the pulse parameters are set as α = τc/10223

and σ = τc/6 to approximately meet the boundary conditions for the adiabatic passage of the224

dark state |λ0(t )〉.225

Figure 4 demonstrates the distinct ergotropy ξ(τc) under the recharging protocols with226

and without postselection by Mg . It is found that along the measurement-free path 3⃝→ 2⃝,227

ξ(τc) can attain periodically its maximal value ξmax(τc) in Eq. (27) for either sine-wave or228

Gaussian pulses (see the blue solid line and the red dashed line with no markers). The latter229

is longer than the former in period. Along the path 3⃝ → 4⃝ → 1⃝, the initial state of QB230

becomes ρ̃M(0) in Eq. (28) under the postselection instead of ρ̃(0) in Eq. (15). Therefore,231

the ergotropy ξ(τc) remains ω f , regardless of the shape of the driving pulses (see the blue232

solid line marked with circles and the red dashed line marked with squares).233

3 Systematic errors and decoherence on charging234

In the ideal situation, our recharging protocol assisted by the STA method in Sec. 2.2 is based235

on the adiabatic trajectory of the dark state |λ0(t )〉 in Eq. (19). In practice, the control over236

10
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the varying parameters is however not exactly implemented because of technical imperfec-237

tions and constraints. Moreover, environmental decoherence can induce self-discharging in238

the recharging process since the quantum battery is inevitably an open system. In this section,239

we investigate the effects of systematic errors and decoherence on the charging performance240

with respect to the battery ergotropy. In the presence of errors or noises, the final state may not241

satisfy the conditions ρ f f ≥ ρee ≥ ρg g and ρ f e = ρ f g = ρeg = 0. The unitary transformation242

that completely extracts the QB energy thus will deviate from Uw (14). In the following nu-243

merical evaluation, the ergotropy is evaluated by its definition in Eq. (4) and the initial state244

is fixed as ρ̃M(0) in Eq. (28).245

3.1 Systematic errors on driving pulses246

We first consider the systematic deviation in the driving intensities of the pulses. In particular,247

we suppose that in experiments the full STA Hamiltonian (22) becomes248

Hexp = Ω1(t )(1+ ε)|g 〉〈e|+Ω2(t )(1− ε)|e〉〈 f |+ iΩCD(t )|g 〉〈 f |+H.c., (35)

where ε is a dimensionless coefficient implying the relative deviation on Ω.249

-0.2 -0.1 0 0.1 0.2
0.82

0.88

0.94

1

Sine

Gaussian

Flat

Figure 5: Final ergotropy ξ(τc) as a function of the intensity error ε under various
driving pulse shapes. The transition frequencies ω f = 1.7ωe and the recharging
period Ωτc = π.

In Fig. 5, we compare the error sensitivities of the driving intensities under various driving-250

pulse shapes when Ωτc = π, including the sine-wave pulses (the blue solid line), the Gaussian251

pulses (the red dashed line), and the flat pulses (the dark dotted line). Flat means that the252

pulses are square-wave functions of time lasting τc , whose magnitudes are Ω1 = Ω2 = Ω/
p

2.253

It turns out to be a passage with ΩCD = 0. It is found that the ergotropy ξ(τc) generated254

by recharging with the Gaussian pulses demonstrates a much stronger robustness than the255

sine-wave pulses and the flat pulses. In particular, the ergotropy can be maintained as large256

as ξ(τc) ≥ 0.98ω f in the range of the normalized error −0.2 ≤ ε ≤ 0.2. With the flat pulses,257

the QB ergotropy declines to 0.85ω f when |ε| = 0.2.258

Then we consider the sensitivity of the recharging protocol to the deviations of the driving259

frequencies ω1 and ω2 in Eq. (17). In this case, we have260

H ′exp =∆|e〉〈e|+ δ| f 〉〈 f |+
�

Ω1(t )|g 〉〈e|+Ω2(t )|e〉〈 f |+ iΩCD(t )|g 〉〈 f |+H.c.
�

, (36)
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Figure 6: Final ergotropy ξ(τc) as a function of the systematic errors associated with
the driving frequency derivations (a)∆ and (b) δ under various driving pulse shapes.
In (a), δ = 0, and in (b), ∆ = 0. Here the parameters ω f = 1.7ωe and Ωτc = π.

where∆ ≡ωe−ω1 and δ ≡ω f −ω1−ω2 are the detunings between the driving frequencies261

and the qutrit transition frequencies ωe, f .262

The recharging via the adiabatic path of |λ0(t )〉 is independent of the detuning ∆. Then263

one can expect that the STA recharging with arbitrary shapes of pulses is insensitive to ∆, as264

shown in Fig. 6(a). In the range of −0.5 < ∆/Ω < 0.5, the ergotropy can be maintained265

nearly ω f for both sine-wave and Gaussian pulses. While it drops to about 0.86ω f for the266

flat pulse when |∆/Ω| = 0.5. Figure 6(b) demonstrates the ergotropy in the presence of the267

detuning associated with the state | f 〉, which is relevant to the dark state. Still, the ergotropy of268

QB charged by the Gaussian pulses exhibits a stronger robustness than the sine-wave pulses.269

In the range of −0.5 < δ/Ω < 0.5, we have ξ(τc) ≥ 0.98ω f for the Gaussian shape and270

ξ(τc) ≥ 0.93ω f for the sine-wave shape. The flat pulses yield the most fragile charging271

protocol.272

3.2 External decoherence273
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0.6
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Figure 7: Ergotropy dynamics in the presence of environmental decoherence under
the charging with (a) sine-wave pulses and (b) Gaussian pulses. The decoherence
rates in Eq. (6) are set the same as Fig. 2. Here the parameters ω f = 1.7ωe and
Ωτc = π.

In this section, we take the self-discharging by decoherence during the adiabatic recharg-274

ing into account. The recharging dynamics of QB is then governed by the Lindblad master275

equation (6), where the bare Hamiltonian H0 is replaced with the STA Hamiltonian HSTA in276

Eq. (22).277

Figure 7(a) and (b) demonstrate the dynamics of the QB ergotropy under charging with278

12
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sine-wave and Gaussian pulses, respectively. Here the decoherence rates characterized with γ279

are set the same as Fig. 2. The dynamical behaviors are dependent on the shapes of pulses.280

For the sine-wave pulse, the ergotropy increases almost with the same rate until approaches281

almost unit when t/τc → 1. It is found that ξ(τc) ≤ 0.98ω f when γ/Ω ≤ 10−3 and ξ(τc)282

drops to about 0.85ω f when γ is as large as 10−2Ω. For the Gaussian pulses, the ergotropy283

can be maintained above 0.99ω f when γ/Ω ≤ 10−3. The ergotropy declines to 0.89ω f when284

γ/Ω = 10−2. Comparing Fig. 7(a) with Fig. 7(b), one can observe that the ergotropy of285

Gaussian pulses is higher than that of the sine-wave pulses with the same decay rate. The286

charging protocol using Gaussian pulses is more robust against environmental noise than that287

using the sine-wave pulses. Under the Gaussian pulses, the QB is almost in the ground state288

before the charging process starting from about 0.3τc , so that the cumulated influence from289

the environmental noise is less than that under the sine-wave pulses.290

4 Discussion291

4.1 Physical implementation292

Our recharging protocol using the STA method can be implemented in various experimental293

platforms, including the superconducting circuit [42, 43], the trapped ion [44], and the Ryd-294

berg atom [45]. If the Ξ-type qutrit in Fig. 1(a) does not allow to pump a microwave pulse295

to the transition between |g 〉 and | f 〉 under the selection rule, one can then implement the296

CD Hamiltonian by applying a two-photon process. It is generated by an extra driving field297

with frequency ωp =ω f /2 coupled to the transitions |g 〉↔ |e〉 and |e〉↔ | f 〉 with the Rabi298

frequencies Ωp and
p

2Ωp , respectively [38]. In particular, the driving Hamiltonian can be299

written as300

Hp = Ωp(t )e
iφ+iωp t
�

|g 〉〈e|+
p

2|e〉〈 f |
�

+H.c.. (37)

An effective coupling between |g 〉 and | f 〉 arises in the dispersive regime δd =ωe −ωp ≫ Ωp301

with φ = π/4. In this case, we have302

Heff = iΩeff(t )|g 〉〈 f |+H.c., (38)

where Ωeff(t ) =
p

2Ω2
p(t )/δd . Then by setting Ωeff(t ) = ΩCD(t ), the demanded CD term in303

Eq. (22) can be indirectly realized.304

In the superconducting circuit, the QB can be set up in a ∆-type flux qutrit [46]. It allows305

all three dipole transitions among |g 〉, |e〉, and | f 〉 when Φ/Φ0 ̸= 0.5, indicating no forbidden306

transition. Φ is the static magnetic flux through the loop and Φ0 is the magnetic-flux quantum.307

The counterdiabatic driving term can thus be directly performed between |g 〉 and | f 〉.308

4.2 Charging energetic cost309

The energetic cost [47,48] to implement the unitary operation U(t ) in Eq. (24) for QB can be310

given by311

C ≡
1

τc

∫ τc

0

||HSTA(t )||dt , (39)

where ||HSTA(t )|| =
q

Tr[H2
STA(t )] is the Hilbert-Schmidt norm of the full Hamiltonian in312

Eq. (22) for our recharging protocol with the transitionless driving. Consequently, we have313

C =
p

2

τc

∫ τc

0

Ç

Ω2
1(t ) +Ω

2
2(t ) +Ω

2
CD(t )dt . (40)
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A charging efficiency η can then be defined as the ratio of the ergotropy variation and the total314

energy Etot consumed in the battery recharging for STA evolution 3⃝→ 2⃝,315

η ≡
ξmax(τc)

Etot
=

ξmax(τc)

ξmax(τc) + C
. (41)

The projective measurement is accompanied by a change of information [49–51], i.e., by316

a change of the von Neumann entropy of the system, that will cost an amount of energy317

CM = kBT
�

Tr{ρ̃(0) ln[ρ̃(0)]} − Tr{ρ̃M(0) ln[ρ̃M(0)]}
�

, (42)

where kB is the Boltzmann constant and T is the temperature of the measurement device.318

As an ideal low-bound, CM is actually an approximated result when the measurement device319

uses quantum resources, such as single-photon detection. While when the device uses classical320

resources, such as coherent states, the energetic cost will become much greater [50]. Never-321

theless, the charging efficiency for the whole transition 3⃝ → 4⃝ → 1⃝ can be expressed322

as323

η =
ω f

Etot
=

ω f

ω f + C + CM
. (43)

The energy cost C for the sine-wave pulses can be obtained as C =
q

8Ω2τ2
c +π2/(2τc)324

by Eq. (39). Take Ω = 0.001ω f and Ωτc = π as an example, we have C = 3Ω/2. According325

to Eq. (41), the efficiency for the direct recharging process 3⃝ → 2⃝ is about η ≈ 99.7%.326

Suppose that the battery is placed in a low-temperature environment with T = 10 mK, the327

ideal energetic cost for postselection is about CM ≈ 0.017ω f by Eq. (42). Then the efficiency328

given in Eq. (43) for the recharging process with a postselection is about η ≈ 98.2%.329

5 Conclusion330

This work focuses on the reusability of the quantum battery. We propose a fast and stable331

recharging protocol for a three-level quantum battery after it has experienced a period of self-332

discharging and an amount of work extraction. In contrast to many existing quantum charging333

protocols, the initial state of our protocol is a passive state characterized by unextractable334

energy. Our recharging protocol is based on the instantaneous dark state of the battery system335

that is determined by the STIRAP driving assisted with extra counterdiabatic driving. To avoid336

the defect that the battery returns only to the state before the work extraction by the charging337

pulses, we apply a postselection with a projective measurement before charging to refresh a338

full-ergotropy battery. And the postselection does not have a significant impact on the energy339

cost in charging.340

Our protocol is found to be robust against the systematic errors arising from the devi-341

ations of microwave driving intensities and driving frequencies. Moreover, the recharging342

performance of our battery is resilient to both energy dissipation and quantum dephasing. In343

practice, the counterdiabatic driving in our recharging protocol can be effectively realized in a344

three-level atomic system with the forbidden transition. In the case of parallel charging with345

individual environments, our protocol is scalable for the N-atomic system. Our findings thus346

promise a remarkable promotion for quantum battery, which is also an interesting application347

of shortcut to adiabaticity.348
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Figure 8: Population dynamics of a three-level QB under the STA protocol with
HSTA(t ) in Eq. (22) or the STIRAP protocol with H(t ) in Eq. (18). The recharg-
ing period is fixed as Ωτc = 5. In (a) and (b), the driving pulses are the sine-wave
and the Gaussian types, respectively.

We compare in this appendix the charging performance of the protocols based on STIRAP354

and STA with the extra counterdiabatic driving in terms of population dynamics at a fixed355

charging period τc and the final ergotropy under varying τc . Here the initial state of QB is356

ρ̃M(0) = |g 〉〈g |, i.e., stage 4⃝ under a desired postselection. We consider the evolution in the357

closed-system scenario.358

For the STIRAP Hamiltonian used in previous charging protocols [24,26], the battery evo-359

lution is driven by the Hamiltonian in Eq. (18), i.e.,360

H(t ) = Ω1(t )|g 〉〈e|+Ω2(t )|e〉〈 f |+H.c.. (A.1)

A full charging demands a sufficiently long charging period τc under the constraint of the361

adiabatic approximation. Otherwise, the system could not remain at the dark state |λ0〉 in362

Eq. (19), and its transition to the other eigenstates becomes inevitable. Consequently, the363

ergotropy of QB cannot attain its maximum value as a result of a nonvanishing population364

on the middle level |e〉. An extra CD term in Eq. (20) can suppress the unwanted transitions365

between instantaneous eigenstates. Thus, we can use the Hamiltonian in Eq. (22), i.e.,366

HSTA(t ) = Ω1(t )|g 〉〈e|+Ω2(t )|e〉〈 f |+ iΩCD(t )|g 〉〈 f |+H.c. (A.2)

to achieve a perfect adiabatic dynamic. Using the STA charging protocol assisted by the CD367

driving, the battery system can follow the desired adiabatic path |λ0〉 within a much reduced368

period τc .369

In Fig. 8, it is found that the QB can be completely transformed from the initial ground state370

|g 〉 to the full-ergotropy state | f 〉 under the STA protocol with either sine-wave or Gaussian371

pulses [see the blue solid lines]. In sharp contrast, the middle level is significantly populated372

under the STIRAP protocol and the final population on | f 〉 is about 0.9 with the sine-wave373
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Figure 9: Final ergotropy as a function of the recharging period τc under various
protocols and driving pulses. ω f = 1.7ωe .

pulses [see the blue solid line with squares in Fig. 8(a)] and less than 0.1 with the Gaussian374

pulses [see the blue solid line with squares in Fig. 8(b)]. Clearly, the conventional STIRAP375

protocol fails to quickly charge the QB.376

More explicitly, the final ergotropy ξ(τc) at the end of recharging in Fig. 9 demonstrates the377

acceleration advantage of our STA charging protocol over the conventional STIRAP protocol.378

It is found that the STA charging protocol can give rise to the maximum ergotropy even if379

the charging period is as short as Ωτc ≈ 0.15. In contrast, the ergotropy under the STIRAP380

protocol is dramatically lower than that under the STA protocol until the adiabatic limit, which381

is about Ωτc ≈ 30. In addition, the sine-wave pulse is superior to the Gaussian pulse before382

the ergotropy is saturated.383
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