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ABSTRACT: The purpose of this paper is to investigate the global categorical symmetries
that arise when gauging finite higher groups in three or more dimensions. The motivation
is to provide a common perspective on constructions of non-invertible global symmetries
in higher dimensions and a precise description of the associated symmetry categories. This
paper focusses on gauging finite groups and split 2-groups in three dimensions. In addition
to topological Wilson lines, we show that this generates a rich spectrum of topological
surface defects labelled by 2-representations and explain their connection to condensation
defects for Wilson lines. We derive various properties of the topological defects and show
that the associated symmetry category is the fusion 2-category of 2-representations. This
allows us to determine the full symmetry categories of certain gauge theories with discon-
nected gauge groups. A subsequent paper will examine gauging more general higher groups
in higher dimensions.
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1 Introduction

There has been exciting recent progress in understanding the existence and implications
of non-invertible global categorical symmetries [1-13]. A general mechanism to produce
non-invertible symmetries in dimension D = 2 is to gauge a finite non-abelian symmetry
group [14-17]. The purpose of this work is expand this construction to incorporate gauging
a finite n-group symmetry in dimension D > 2 withn=1,..., D — 1.

This present paper will focus on gauging finite groups and split 2-groups in dimension
D > 2, while subsequent work will explore more general finite 2-groups and higher groups
in D> 2.

1.1 Motivation

A first motivation for this paper is to develop a systematic approach to constructing finite
non-invertible symmetries in dimension D > 2, which incorporates the range of perspectives
that have appeared in the literature and sheds some light on the relationship between
different constructions and common structures.

A second motivation is to explore the mathematical structure of symmetries that result
from gauging finite higher groups. In dimension D, the symmetry structure of a quantum
field theory is expected to be captured by a fusion (D — 1)-category, which encodes the
properties of extended topological operators in dimensions p =0,...,D — 1.

The proposal is that the symmetry category arising from gauging a finite higher group
in D dimensions is the category of (D — 1)-representations of that higher group. This
mathematical structure encodes the properties of extended topological operators which are
higher-dimensional analogues of topological Wilson lines. This generalises the well-known



result for gauging a finite symmetry group in D = 2 [14-17] and has interesting structure
when D > 2 even when gauging an ordinary finite group.

1.2 Summary of Results

In dimension D = 2, gauging a finite symmetry group G results in topological Wilson lines
transforming in representations of G. This generates a Rep(G) fusion category symmetry,
which has non-invertible simple objects if G is non-abelian.

In D > 2, gauging an ordinary finite symmetry group again results in topological Wil-
son lines transforming in representations of G. However, there are also higher-dimensional
topological defects arising from combinations of inserting SPT phases on submanifolds and
condensation defects for the topological Wilson lines'.

The idea is that the full spectrum of topological defects of dimensions ¢ =0,..., D —1
that arises when gauging a finite group G is captured by the higher representation theory
of G. We propose that the full symmetry category is the (D — 1)-fusion category of (D —1)-
representations of G. A large portion of this paper is dedicated to explaining and checking
this proposal in dimension D = 3.

1.2.1 Groups

Let us consider a theory 7 with anomaly free finite group symmetry GG. The strategy utilises
the construction of correlation functions in 7 /G by summing over networks of symmetry
defects inserted in correlation functions in 7. The topological defects in 7 /G are then
defined operationally as topological defects in 7 together with instructions for how sym-
metry defects may end on them consistently. Spelling out this construction systematically
leads to a generalisation of the construction of [14-17] to dimension D > 2.

In dimension D = 3, we will show that the simple topological surfaces are labelled by
the following data:

1. A transitive G-set O.
2. A class® ¢c € H*(G,U(1)9).

They coincide with irreducible 2-representations of G. We will also compute the fusion, 1-
morphisms, composition of 1-morphisms and fusion of 1-morphisms of simple objects. This
provides an identification of topological surfaces with |O| > 1 with partial condensation
defects for topological Wilson lines. The results are consistent with the symmetry category
2Rep(G) of 2-representations of G, whose structure has been studied extensively in the
mathematical literature [19-22].

We will also present an equivalent formulation where simple topological surfaces are
labelled instead by the following data:

1. A subgroup H C G.

From a mathematical perspective these are all condensations, see e.g. [18].
2Here, U(l)o denotes the group U(l)lo‘ equipped with a G-action that is induced by the G-action on
the transitive G-set O. We will also often call O a G-orbit in what follows.



2. An SPT phase ¢ € H*(H,U(1)).

This provides a more direct physical construction of the simple topological surfaces in
7 /G in which the gauge symmetry is broken to H C G and SPT phase is inserted for
the unbroken gauge symmetry. This connects with and to some extent generalises the
perspective on condensation defects in [4].

1.2.2 2-Groups

We extend this construction further to gauging a finite 2-group symmetry in D = 3. In
this paper, we focus on split 2-groups with vanishing Postnikov class, which are specified
by a O-form symmetry group H, an abelian 1-form symmetry group A, and an action of
the former on the latter by automorphisms. We write such a split 2-group as

G=All]xH (1.1)

by analogy with a semi-direct product.

We first elucidate the full symmetry category 2Vec(G) of a theory T with 2-group sym-
metry G, including the contribution of condensation defects for the 1-form symmetry. We
then compute symmetry category of 7 /G by generalising the gauging procedure described
above to show that it coincides with the fusion 2-category 2Rep(G) of 2-representations of
the 2-group G.

The simple topological surfaces are now labelled by the following data

1. A transitive H-set O.
2. A class c € H*(H,U(1)9).
3. A collection of characters x; : A — U(1) indexed by j € O, satisfying
xj(a") = xns j(a)
for all elements a € A and h € H.

Here, a" and h > j denote the actions of H on A and O, respectively. We compute the
fusion, 1-morphisms, composition of 1-morphisms and fusion of 1-morphisms and show that
they coincide with those in 2Rep(G). The topological surfaces with |O] > 1 and characters
x;j : A — U(1) that do not form a single H-orbit in A involve at least a partial condensation
of topological Wilson lines.

We again present an equivalent formulation in which simple topological surfaces are
labelled by the following data:

1. A subgroup K C H.
2. A class c € H3(K,U(1)).

3. A K-invariant character xy : A — U(1).



This again provides a more direct physical interpretation of simple topological surfaces in
T /G generalising the group case. From a mathematical perspective, it also provides a new
description of simple objects in 2Rep(G) for a split 2-group.

The construction in this paper is closely related but distinct from the gauging process
in [5], which did not in the first instance output the SPT phases and condensation defects.
The latter arose instead from an additional step of passing from local to global fusion?.
Here, all of the simple topological surfaces arise uniformly from the construction and there
is only one type of fusion. The distinction may be seen in the classification above by setting
¢ = 0 and restricting to collections x; : A — U(1) forming a single H-orbit. It would be

interesting to clarify the precise relation.

1.2.3 Gauge Theories

The above results have applications to non-invertible categorical symmetries of gauge the-
ories with disconnected gauge groups. We first consider a pure gauge theory 7 in D = 3
with a compact, connected, simple, simply connected gauge group G, such as Spin(2N).
This has a split-2 group global symmetry

Z(G)[1] % Out(G) (1.2)

where Out(G) is the O-form symmetry of outer automorphisms and Z(QG) is the electric
1-form center symmetry.

-~

T T
Z(G)[1]
2Vect(Z(G)[1] x Out(G)) 2Vect(m (X G) x Out(G))
7T1(LG)

Out(G) Out(G)
2Rep(71(FG) x Out(G)) 2Rep(Z(G)[1] x Out(G))
T /Out(G) 7 /Out(G)
Figure 1.

Independently gauging the 0-form and 1-form components of the 2-group symmetry
generates to a commuting square of gauge theories shown in figure 1. Gauging the 1-form
centre symmetry Z(G) results in a theory 7 with the Langlands dual gauge group “G and
semi-direct product 0-form symmetry

m1(FG) x Out(G). (1.3)

Then gauging outer automorphisms leads to a gauge theory with disconnected gauge groups
and non-invertible categorical symmetries given by 2-representations. This reproduces and
extends examples considered in [5] with a systematic inclusion of condensation defects and
description of the full symmetry category.

3This perspective was changed in version 2 of [5].



1.3 Outline

The structure of the paper is as follows.

Section 2 reviews aspects of gauging a finite group in two dimensions. In section 3, we
consider gauging a semi-direct product group in two dimensions by sequentially gauging
subgroups, which serves as a warm-up for later sections. In sections 4 and 5 we consider
gauging a finite group and finite split 2-group respectively in three dimensions. In section 6,
we apply these results to compute the symmetry categories of gauge theories in three
dimensions. Finally, in section 7, we outline generalisations to higher dimensions and more
general higher groups.

Note added: in the course of this project we were informed of overlapping papers [23]
and [24]. We are grateful to the authors of these papers for coordinating release and agreeing
to a delay to accommodate the second author’s paternity leave.

2 Two dimensions: finite group

Finite global symmetries and their 't Hooft anomalies in two dimensions are described by
a unitary fusion category that captures the spectrum and properties of topological line
defects [25-30]. In this section, we review aspects of the fusion categories associated to
a finite group and its gauging following [14-17]. This will introduce notation and useful
ingredients and set the stage for higher dimensions.

2.1 Finite groups

Consider a theory 7 with finite group symmetry G that is free from ’t Hooft anomalies.
The associated symmetry category is Vec(G). The simple objects are topological lines
labelled by group elements g € G. They have morphisms

C if g=¢
Homr(g,9') = _ ) (2.1)
0 if g#g
and satisfy
g0g =99 g =g (2.2)

with trivial associator. The dimensions of all simple objects is 1. These properties are
summarised in figure 2.

Figure 2.

A general object is a direct sum of symmetry lines

V = @ Ng g ng € Ly, (2.3)
geG



or equivalently a G-graded vector space

V=V (2.4)
geG
under the identification V; = C"s.
The sum and product of general objects in the symmetry category are then identified
with direct sum and tensor product of graded vector spaces,

VeW), =V,eW,
(VeWw), = @ Vi @ Wiy (2.5)
hh'=g
The morphisms are homogeneous linear transformations

Hom7(V,V') = @D Hom(V,,Vy). (2.6)
geG

The composition of morphisms is then induced by matrix multiplication.

2.2 Gauging a finite group

Let us now gauge the finite group G. From a physical perspective, the resulting theory 7 /G
has topological Wilson lines that are labelled by linear representations of G. The associated
symmetry category is therefore Rep(G), whose objects are linear representations ® : G —
GL(W) of G and whose morphisms Homy(®, ®’) are intertwiners between representations.
Sums and products correspond to direct sums ® & ® and tensor products ® @ &' of
representations and duals ®* are complex conjugate representations. The dimension of
an object is the dimension of the representation dim ®. The simple objects correspond to
irreducible representations of G. These properties are illustrated in figure 3.
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Figure 3.

Let us now summarise how to reproduce the the above result by starting from the
symmetry category Vec(G) of T and gauging G. The construction proceeds via the object

A=y, (2.7)

geG

which is equivalently the graded vector space with A, = C for all elements g € G. Using
group multiplication of G, this inherits the structure of a Frobenius algebra in Vec(G) with
a multiplication morphism p: A® A — A and unit v : 1 — A.

The correlation functions in 7 /G are then defined by correlation functions in 7 with
a network of topological lines A inserted. Expanding into components, insertion of this



network implements a summation over networks of G-symmetry lines or equivalently flat
connections for G.

Similarly, a topological line in 7 /G is defined as a topological line in 7 together with
a specification of how networks of the topological line A may consistently end on it from
the left and right. This is encoded in the structure of a (A, A)-bimodule. Starting from a
topological line V' in T, one specifies morphisms

| € Homp (A V,V)

(2.8)
r € Hompr(V® A, V)

satisfying compatibility conditions involving the multiplication u : A ® A — A and unit
u:1— A, which define the structure of an (A, A)-bimodule.

Vig Vgh
lh,g Tg.h
h Vy Vg h
Figure 4.
The components of these morphisms are
lhg € Homy(h ® Vs th) Tgh € HomT(Vg ® h, V;]h) (2.9)

and specify how individual symmetry defects end on the line, as illustrated in figure 4. The
component morphisms are subject to the relations

hhg = Inwg ©lhg — Tonw = Tghn © Tgn (2.10)

and
lhgh' © Tgh' = Thgh © lhg (2.11)
together with the normalisations I, = 1 and 74, = 1. These capture the fact that

topological lines have to be able to end on V consistently as illustrated in figure 5.

Vin g Viw g thh,’ Vh,gh,’
L lh,gh’ Thg,W
1,h g
Ly g Tg,n! Ih.g
g
hoonv hh' Y h Vy B h Vg s
Figure 5.



Figure 6.

There are many ways to present solutions to these conditions. We choose a presentation
that is convenient for our purposes. The equations (2.10) imply the components I, 4, 741
are invertible and identifies V;, = W = C" for all g € G. They may be determined by the

components Iy, ¢, 7e g via the formula
o = e © (we)™ Thw = Tepw © (ren) . (2.12)
To formulate the remaining conditions on [ ¢, e 4, we introduce the combination
By = (rey) 0 lye € Hom(W,W). (2.13)

This determines the phases attached to a symmetry generator crossing the line, as illus-
trated in figure 6. The remaining equations (2.11) imply that

(I)g o q)h = q)gh . (214)

This equation encodes the requirement that in order to define a topological line in 7 /G,
V' must be moveable through networks of symmetry defects in 7. This is illustrated in
figure 7. The isomorphism class of the resulting line operator in 7 /G depends only on the
combination ®,4, rather than individual Iy, 7¢ 4 4

W gh W gh
(I)g
Pgn _
(I)h
g9 h W 9 h W
Figure 7.

To summarise, topological lines in the gauged theory 7 /G are labelled by linear rep-
resentations ¢ : G — GL(W). This reproduces the classification of Wilson lines in 7 /G in
a manner that will generalise to topological surfaces in higher dimensions.

“In reference [17] it is shown that it is always possible to choose 7,y = 1 within an isomorphism class
whereupon &, = [, ..



The sum, product and morphisms of topological lines in 7 /G may also be computed
from those of the parent topological lines in 7. It is straightforward to check that sum and
product reproduce the direct sum and tensor product of representations. Let us briefly
summarise the computation of morphisms. The morphisms Homy/q(®,®’) arise from
morphisms m € Homy (W, W’) subject to

mo®, = &, om (2.15)

This arises from commutation with symmetry lines as illustrated in figure 8. This re-
produces the intertwiners between representations ®,®’. The symmetry category may
therefore be identified with Rep(G) as expected.

W/ g W/ g
o, m
m B [ g
g %4 9 W
Figure 8.

2.3 Discrete torsion

A generalisation is to gauge G with discrete torsion ¢ € H2(G,U(1)), resulting in a theory
(T/G)¢. This is accomplished by twisting the multiplication morphism p: A® A — A
by a representative of the class ¢ and summing over networks of symmetry defects where
vertices g ® h — gh contribute with an additional phase ¢(g, k). The resulting symmetry
category is again Rep(G), on which ¢ acts by an auto-equivalence.

Let us consider a general situation of topological interfaces between pairs of theories

with discrete torsion ¢!

, ¢". The topological interfaces are constructed analogously to above,
with the result that now

(I)gh = C(g, h) : (I)g o q)h, (216)

where
C(gah) = Cl(gvh) _CT(gvh)‘ (217)

The interpretation of this equation is illustrated in figure 9.

In summary, the topological interfaces between theories (7/G). and (7T /G). are
labelled by projective representations ® : G — GL(W) with cocycle ¢ = ¢! — ¢". They are
consistent topological Wilson lines in projective representations, whose anomalous gauge
transformations are compensated by anomaly inflow to the interface from the SPT phases.
The topological lines in a given theory (7 /G). are Wilson lines in ordinary representations
oG — GL(W).

Let us denote the associated category of projective representations by Rep®(G). This
does not generally have a fusion structure since cocycles are additive under tensor product.



>\

c(g,h) - /‘q;h

g h g h
(T/G)a | (T/G)er (T/G)a | (T/G)er

Figure 9.

However, there are functors
Rep®(G) x Rep® (G) — Rep“™(Q) (2.18)

arising from collision of topological interfaces. In particular, there are left and right actions
of the fusion category Rep(G) on the categories Rep®(G) arising from collision of topological
lines with topological interfaces.

3 Two dimensions: semi-direct product

We remain in two dimensions and consider gauging a semi-direct product group G = Ax H
with A abelian. While this is a special case of the general construction in section 2, it is
illuminating to gauge in two steps. The first step is to gauge A, resulting in an intermediate
theory with semi-direct product symmetry G = A x H. The second is to gauge H. The
combination of these steps is equivalent to gauging G = A x H.

This construction is in fact entirely symmetric between A, A and results in the square

symmetry categories illustrated in figure 10.

G=AxH G=AxH
A
T : Vect(G) T : Vect(G)
H H
T/H : Rep(G) T/H : Rep(G)

Figure 10.

While the final result must reproduce the symmetry category Rep(G), this will re-
produce Mackey’s construction of irreducible representations of semi-direct products G =
A x H by induction. Moreover, it will provide valuable insights into gauging higher groups
in higher dimensions, which will be utilised in section 5.

~10 -



3.1 Semi-direct product

We consider then a theory 7 with anomaly free finite symmetry group
G=Ax,H (3.1)
constructed from the following data:
e A finite group H.
e A finite abelian group A.
e A homomorphism ¢ : H — Aut(A).
The group elements are pairs g = (a, h) with group law
(a,h) - (a',h) = (apn(a’), hl) . (3.2)

Introducing the notation a = (a, 1) and h = (1, h), we have ah = (a,h) and ha = (¢p(a), h)
and consequently ¢, (a) = a”, where we define a” := hah™!. We often drop the homomor-
phism from notation and write G = A x H.

Gauging A C G results in a theory T = T /A with anomaly free finite symmetry

G=AxzH (3.3)

where

A := Hom(A,U(1)) (3.4)

is the Pontryagin dual of A and @ : H — Aut A is the dual homomorphism [17]. Elements
of the Pontryagin dual are characters x : A — U(1) with dual action @y, (x) = X" such that
Y"(a) = y(a"). We again drop the homomorphism from notation and write G = A x H,
which we emphasise is not the Pontryagin dual of G.

The situation is entirely symmetric under exchanging A, A: gauging AcGinT
reproduces the original theory T with symmetry . This is summarised in the horizontal
arrows in figure 10.

3.2 (Gauging a semi-direct product

We now consider gauging the symmetry H C G, G in T, ’7A', represented by the vertical
arrows in figure 10. This results in a pair of theories 7/H, 7 /H. The combination of these
operations is equivalent to gauging the whole symmetry G, G of T, T and must reproduce

~

the symmetry categories Rep(G), Rep(G). In other words,
T/H=T/G T/H=T/G (3.5)

This is summarised by the commutativity of arrows in figure 10.
For concreteness, we will consider gauging H C G in 7. This is a special case of
gauging a general finite subgroup and the resulting symmetry categories in the general

- 11 -



case have been studied in [31, 32]. In the situation considered here, we show that this
reproduces the symmetry category Rep(G).
Our starting point is therefore theory 7 with symmetry G = A x H. Let us briefly

~

summarise the associated aspects of the symmetry category Vec(G). A general object is a
G = A x H-graded vector space,

V=P Van, (3.6)
x,h

where the summation runs over group elements g = yh with y € A\, h € H. The sum and
product are direct sum and tensor product of graded vector spaces

(V & W)x,h = Vx,h D Wx,h

(V& W)X,h = @ Viaha @ Wia by (3.7)

x1-(x2)" =x
hi-ho=h

while morphisms are homogeneous linear maps,

Hom?_(V, W) = @ HOIH(VX,}L, Wx,h) . (3'8)
x,h

We now gauge H C G and compute the symmetry category of ’7'/ H = T /G, generalising
the construction in section 2.
3.2.1 Objects

A topological line in 7A'/ H is defined operationally as a topological line in T together with
instructions for how networks of the Frobenius algebra object

Ag=EPh (3.9)
heH

end on it consistently from the left and right. In particular, starting from a topological
line V in 7T, one now specifies morphisms

[ € Homy(Ag @ V,V)

(3.10)
r € Homr(V ® A, V)
forming the structure of a (A, Ap)-bimodule.
The components of these morphisms
lh,g € Homy(h ® Vg, th) Tgh € HOHIT(V;; ® h, Vgh) (3.11)
are subject to the compatibility conditions
Ihivyg = Inng © g Tgnw = Tghh © Tgh (3.12)
and
Ihgh' © Tgpy = Thgh © lhg (3.13)

- 12 —



together with the normalisations [, = 1 and 74, = 1, where we now restrict attention to
hohWeHandgeG=AxH.

We solve the equations analogously to section 2. First, equations (3.12) together with
the normalisation conditions imply the morphisms are invertible and determined by the
following two component morphisms

lh7xl h®VX,e — Vxh,h

(3.14)
Tth : VXve ® h — VX,h )

via the formulae

It = i © (n) ™0 P = Pt © () ™ (3.15)

Note that the right morphisms r, ; provide vector space isomorphisms V, ;, =V, . for any
h € H. It is then convenient to define W, :=V, 5,

th h

Figure 11.
We now introduce the combinations
¢h7X - (rxh,h)_llh,x : WX — th 9 (316)

which are the amplitudes associated to the intersection with a symmetry line, as in figure 11.
The remaining equations (3.13) give

(I)hh/“ = (I)h7xh/ (@] ©h/7X . (317)

which directly encodes the topological nature of the resulting line. The isomorphism class of
the line operator in 7 /G will depend only on the combination @y, ,, rather than individual
morphisms [y y, 7y .

In summary, objects are labelled by:

1. A collection of vector spaces W, indexed by x € A.

2. A collection of invertible morphisms @, \ : Wy — W, » satisfying

Chnr e = Py © Phr

5The left morphism I, . then further identifies W, = W, and induces a decomposition into simple
objects labelled by H-orbits in A. We postpone this step until our analysis of simple objects.

~13 -



This is the data of a linear representation ® : G — GL(W) with underlying vector space
W := @, W, and action of group elements

Do(wy) = x(a) - wy
@h(wx) = @h’x(wx).

It is straightforward to check that this defines a representation as a consequence of equa-

(3.18)

tion (3.17). We have therefore confirmed that objects in the symmetry category are indeed
representations of G = A x H.
We note that this data can be framed more invariantly as follows:

1. A vector bundle 7 : W — A.
2. A homomorphism ® : H — Aut(W) satisfying
Tod=0or (3.19)
with the homomorphism ¢ : H — Aut(zzl\).

In other words, a G-equivariant vector bundle 7 : W — A. This is a discrete analogue of the
construction of representations of compact Lie groups from vector bundles on homogeneous
spaces. The explicit description in terms of components is recovered by identifying fibers
7~ 1(x) = W, and the collection of vectors {w,} as a section.

3.2.2 Sum, Product, Morphisms

The sum, product and morphisms of objects in 7\’/ H may be computed from the corre-
sponding operations of bimodules for the Frobenius algebra object Ay and are induced
by the direct sum, tensor product and morphisms of graded vector spaces in T [17]. In
particular, these operations coincide with direct sums, tensor products and intertwiners of
representations of G = A x H. If we denote objects by pairs (W, ®), then

(W, @) (W ,®) = WaeW oo d) (3.20)
(W, @) (W', &) = (WoW, &) ‘

while morphisms are homogeneous linear maps m : W — W' satisfying mo ® = &' o m.

3.3 Simple Objects

We now consider the decomposition of general objects in 7\'/ H into simple objects. This
must reproduce the decompositions of representations of G = A x H into irreducible
representations.

3.3.1 Classification

First, the component morphisms @, , : Wy — W,» mean a general object decomposes as
a sum of objects supported on orbits of the H-action on A. We say that a representation
is supported on an orbit O C A if

W,=0 if y¢O. (3.21)

— 14 —



Moreover, given a representation supported on an orbit O, the collection of vector spaces
Wy with x € O may decompose as direct sums with morphism @, , : Wy — W, » acting
in a block diagonal fashion preserving the direct sum decomposition.

In summary, a simple object is labelled by the following data:

1. A collection of vector spaces W, indexed by orbit elements x € O.

2. A collection of simple invertible morphisms ®p, \ : Wy — W, » satisfying

q)hh/% = (Dh,xhl (¢] (ph/7x. (322)

This corresponds to an irreducible representation of the semi-direct product G = A x H.

Alternatively, the simple objects may be labelled by irreducible representations of
stabilisers of orbits. That is, given collections W and ® as above, we can fix a representative
Xo € O of the orbit and define K := Stabg(xo) C H. Then, the morphisms ®y, ,, : Wy, —
Wy, with h € K define an irreducible representation ¥ of A x K C G by

To(w) = xola)-w (3.23)
Up(w) = Pppo(w) . (3.24)
Conversely, given an irreducible representation ¥ of A x K, we can reconstruct the

original irreducible representation as follows: For each orbit element x € O we fix an
element h, € H such that

h
X=Xo" - (3.25)
This determines h, up to right multiplication by K, and sets up an isomorphism of sets
O = H/K. It is then straightforward to check that the combination

Uy = hyh-hy € K (3.26)
lies in the stabiliser of the orbit representative. Then,
Oy = W(lyy) (3.27)

solves the conditions (3.22) and determines an irreducible representation of the semi-direct
product G = A x H. One can check that, up to isomorphism, the collection ® does not
depend on the choices of xg € O and h, € H.

In summary, the simple objects are in 1-1 correspondence with

1. A character xg € A with stabiliser K C H.

2. An irreducible representation ¥ of A x K.

This reproduces Mackey’s construction and classification of irreducible representations of
a semi-direct product G = A x H by induction. Let us denote this induction by

(W, ®) = Ind§, (V). (3.28)

This presentation of the simple objects reflects a physical construction of topological
lines in the finite gauge theory 7 /G by imposing Dirichlet boundary conditions that break
the gauge symmetry to a subgroup A x K C G, supplemented by a topological Wilson line
for the unbroken gauge symmetry.
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3.3.2 Fusion of Simple Objects

We have shown that fusion corresponds to tensor product of representations of G = A x H.
The construction of irreducible representations by induction provides a computational tool
to compute the fusion ring of simple objects.

Let us denote the collection of H-orbits in A by {O;} and introduce a corresponding col-
lection of orbit representatives {x;}. We denote their stabilisers by K; := Staby(x;) C H.
Then, the simple objects or irreducible representations ®; : G — GL(W;) are constructed
by induction as

(W), ®;) = Indg (¥;), (3.29)
where G := A x K; and ¥; is an irreducible representation of G; as above.

In order to compute their fusions rules, we must first understand how an irreducible
representation (W;, ®;) decomposes upon restriction to G; C G. It is clear that this de-
composition will involve a sum over K;-orbits Oc Oj, whose summands we will determine
in the following.

Given a K;-orbit O C Oj, we can fix a representative Y € O with stabiliser

K := Stabg,(Y) = K;N (hx K1), (3.30)

where, as before, we fixed elements h, € H such that

h
X = x;" (3.31)

for each x € O (in particular ¥ = X;l’z) Let us now repeat the construction of induced

representations discussed above. For each orbit element y € 5, we fix ?LX € K; such that
_ ~h
X=X". (3.32)

They are determined up to right multiplication by elements in K and this fixes an isomor-
phism of sets O = K;/K. It is now straightforward to check that h, = h, - h)icl solves
condition (3.32) so that

Uhy = W -h-hy = hy -y gt (3.33)

Consequently, upon restriction to elements h € K;, we find that
(@j)nx = Villhy)
= \Ifj(h;l Lhy - hg) (3.34)
= \I/;'((Zh,x)

for all x € (5, where the last line corresponds to the induction of the linear representation
U¥ of K defined by

UX(h) == Wi(hi'-h-hg). (3.35)
Thus, the restriction of (W;, ®;) to G; is summarised by an instance of Mackey’s decom-

position formula,

Resg, Indg, (U;) = @D mdZ (¥)), (3.36)
X

~16 -



where the summation is over representatives x of Kj;-orbits in O; and G=AxK.
By combining this result with the push-pull formula for induction and restriction, we
obtain a convenient method to compute the fusion of simple objects,

Indg, (¥;) ® Indg (¥;) = Indg, (¥; ® Resd Indg (¥;))
= P dg, (v; @ mdZ (¥)))
5 (3.37)
“ _
= P mdg(¥; @ vY),
X

where the summation again runs over representatives x of Kj;-orbits in ;. The represen-
tation ¥; ® \IJ;z of G may be reducible and admit a further decomposition into irreducible
representations. Nevertheless, this provides a concrete computational tool and we will see
analogues for 2-representations in sections 4 and 5.

3.4 Example
Consider a theory T with finite symmetry group

G = Doy = Zy %L, (3.38)
with n even. In other words, H = Zs with group elements {1,h} and A = Z,, with group
elements {1, a, a" '}, Wthh are acted upon by H through h:aw a'. Gauging A
generates another theory T with isomorphic symmetry group G = D, constructed from
A=~ 7, with elements {1,x,...,x" '} and H-action h : x — x L.

Lip, R
T : Vect(Dan) % > T : Vect(Day)
Ln
ZQ ZQ
D2n D2n
T/Z2 : Rep(D2n) ’?\-/ZQ : Rep(Dgn)
Figure 12.

Gauging H = Zs produces a pair of theories with symmetry category Rep(Da;,), as
shown in figure 12. Let us reproduce the symmetry category starting from 7. There are
the following simple objects:

e The 1-dimensional orbit 1 = {1} may be supplemented by irreducible representations

1, w of its stabiliser Zy. We denote the corresponding simple objects by 1, w. ©

e The 1-dimensional orbit o = {X%} may be supplemented by irreducible represen-
tations 1, w of its stabiliser Zo. We denote the corresponding simple objects by
0, 0W.

SThey are pure topological Wilson lines for H = Z,.
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e The 2-dimensional orbits {x*, x"~*} with j = 1,...,% — 1 have trivial stabilisers. We
denote the corresponding simple objects by O;, j =1,...,5 — 1.

The fusion rules for irreducible representations may be computed following the recipe above
and are given by

ww =1 o®o =1 oQwW = ow (3.39)
w®(’)j == Oj O®Oj = Oj (3.40)
O;®0; = 01 ® 0, (3.41)

where in the final line it is understood that Oy = 1 ® w and (’)% =o®ow and O; = O%Jrj
for j # 0,5 mod n.
For n = 4 this simplifies to

ww =1 o®o =1 oW = ow (3.42)
w0 =0 00 =0 (3.43)
OR0 =10wdodow (3.44)

and the symmetry category Rep(Ds) is a Tambara-Yamagami fusion category based on the
abelian group Zg X Zg = (0,w) with Frobenius-Schur indicator 7 = 1/2 and symmetric
bicharacter p defined by p(o,0) = p(w,w) =1 and pu(o,w) = —1 [33].

4 Three dimensions: groups

In this section, we consider gauging a finite group symmetry G in three dimensions. As
in section 2, the resulting theory has topological Wilson lines in representations of G and
generating a Rep(G) 1-form symmetry. In addition, there are now topological surface
operators arising from combinations of two-dimensional condensation defects and SPT
phases. The purpose of this section is to show that the full spectrum of topological defects
is captured by a fusion 2-category 2Rep(G) whose objects consist of 2-representations of
the finite group G.

An output of the construction is a systematic derivation of properties of condensa-
tion defects associated to topological Wilson lines generating a Rep(G) 1-form symmetry.
This analysis applies for general non-abelian finite groups GG, and in this sense generalises
the analysis of condensation defects that arise from higher gauging of invertible 1-form
symmetries on surfaces in [4].

4.1 Finite group symmetry

Consider a three-dimensional theory 7 with finite group symmetry G without 't Hooft
anomalies. The associated symmetry category 2Vec(G) is a fusion 2-category [34-36]. Let
us summarise some of the important data. The simple objects are topological surfaces
labelled by group elements g € G with

ggd =99 gt =g" (4.1)
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Figure 13.

where ¢# denotes a topological surface with the opposite orientation. The dimension of all
simple objects is 1. These properties are illustrated in figure 13.

The categories of 1-morphism capture topological lines at junctions between surfaces,
and are given by
Vect g=4g
0 9#9

In other words, there are only 1-endomorphisms consisting of vector spaces spanned by

Homr(g,9') = { (4.2)

sums of the identity line operator on a symmetry generating surface. The composition
and fusion of l-endomorphisms is determined by tensor product of vector spaces. The
composition and fusion of 1-morphisms are illustrated in figure 14.

Vv’ VeV | VAR VeV

Figure 14.

A general object can be expressed as a sum
R = @ Ng g (4.3)
geG

with non-negative integers n, € Zy. This is represented by a G-graded set

R=||Ry, (4.4)
geG
under an identification R, = {1,...,n,} where elements of the set index the copies of the

symmetry defect g in (4.3). The sum and product of general objects are then disjoint union
and cartesian product of G-graded sets,

(R&R)g =R, '—'ng

(R & R/)g = |_| Rh X Rh’ . (45)
g=hh'
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The 1-morphisms are
Hom7(R,R') = @ VecthxR/g (4.6)
geG

/
9

2-matrices whose components are vector spaces. The composition of 1-morphisms is deter-

whose summands are categories of R, X R’g—graded vector spaces or alternatively ng, X n

mined by matrix multiplication and tensor product of vector spaces. Fusion of morphisms
is determined by tenor product of matrices and vector spaces. The 2-morphisms are ho-
mogeneous linear maps between graded vector spaces.

4.2 Gauging a finite group

Now consider gauging the finite symmetry G of 7. We compute the symmetry category
of T/G by gauging an appropriate algebra object in the symmetry category 2Vec(G) of
T. We classify the topological surfaces and explain their physical interpretation as con-
densation defects. We show that the topological surfaces are in 1-1 correspondence with
2-representations of G and derive their fusion and 1-morphisms, which identifies the sym-
metry category with the fusion 2-category 2Rep(G).

4.2.1 Objects

Following section 2, the strategy is to define topological surfaces in 7 /G as topological
surfaces in 7 together with instructions for how networks of symmetry defects end on
them in a manner that is consistent with their topological nature.

This construction again proceeds via the algebra object in T,

A=y, (4.7)

geG

corresponding to the G-graded set with A, = {1} for all elements g € G. A topological
surface in 7 /G is then specified by a topological surface in 7 together with instructions for
how A ends on it inside correlation functions, which need to satisfy various compatibility
conditions to ensure that the resulting surface is indeed topological.

The starting point is a general topological surface in T labelled by a G-graded set R.
This is supplemented by 1-morphisms

| € Homyr(A® R, R)

(4.8)
r € Homr (R ® A, R)

that specify how topological surfaces A end on it from the left and right. To formulate the
additional data and constraints concretely, we consider the component 1-morphisms

lhg € Homy(h ® Ry, Rhg)

(4.9)
rgn € Hom7(Ry ® h, Rgn),

which are topological lines specifying how individual symmetry defects end on the surface.
The interpretation of these 1-morphisms is illustrated in figure 15.
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Ihg Tgh
Rhg Ry Ryn Ry

Figure 15.

As in two dimensions, these topological lines must satisfy compatibility conditions to
ensure consistency with topological manipulations of networks of surfaces in the bulk. How-
ever, in three dimensions, the conditions are not equalities but implemented by invertible
topological local operators, which are 2-isomorphisms in the symmetry category of 7.

e
Jle,g T.‘LP/J
U e » U]
i :

lh,gh’

Thg,n
7zh,‘(]h’

4 h

Figure 16.

In particular, the component 1-morphisms are supplemented by the following topolog-
ical local operators or 2-isomorphisms:
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e There are normalisation 2-isomorphisms

Ul 1p =
; Rg 77 P (4.10)
\I/g : 1Rg = Tge

and correspond to topological local operators on which the topological line operators
le,g,Tg,c may end.

e There are left and right 2-isomorphisms

\I/l : L o =1y g @y
h,h/‘g hh g hvh g h g
. ‘ (4.11)
gt * Tkl = Tghh @ Tgh
implementing compatibility with fusion of symmetry defects.
e There are 2-isomorphisms
Uil * Ihght ® Tow = Thgjy ® g - (4.12)

implementing compatibility of left and right 1-morphisms.

The interpretation of these 2-isomorphisms is illustrated in figure 16. For clarity, we
have flattened the surfaces and the attached symmetry defects are omitted: one must
imagine symmetry defects attached to I, 4/74 5 pointing out of/into the page.

The 2-morphisms must themselves satisfy further compatibility conditions. The first
set of conditions may be viewed as a normalisation condition for the 2-isomorphisms in
equation (4.11) and take the form

l
\I’h,elg
Ve =rgn@¥y Wiy =V @rgp.

=lhg® \Ijé \Ille,h|g = \Ijézg ® g

(4.13)

The second set of conditions ensure compatibility of the 2-isomorphisms with associativity
of the fusion of symmetry defects,

! ! ! !
Ui islg © (Yhy hothag @ hasg) = Wiy honslg © (hishahag @ Wiy o) (4.14)

T T — T T
glh1,hahs © (\Ilgh1|h2,h3 ® Tgvhl) - qlg\hlhz,h3 © (r9h1h27h3 ® \Ilg|h1,h2)

We are using here a shorthand notation where I}, 4, 74 1, denotes the identity 2-isomorphism
on the same topological lines. The interpretation of these conditions for the left 1-morphisms
is illustrated in figure 17.

The task is now to classify solutions. First, the existence of 2-isomorphisms in (4.10)
and (4.11) imply the 1-morphisms I, 4, 745 are weakly invertible and provide explicit
inverting 2-isomorphisms. For example

\Ijlffl,h\g oWy i (lhg) ' @lng = g, (415)
Whn-tggo Wy - (rgn) " @rgn = 1g,
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1679
7g 1
17;(/5
Ry, Rhg ' Rq
e h
le,hg lé’ﬁ!]
- \IjéLg " lhvg
1R/1,g
Ry, Rig Ry

\Ijhhhzlhsg

l
\Ijh1h27h3|9

Rhlhghgg R.(l Rhthh&(J Rg
hihahs hihahs
Figure 17.
where we define (Ip4) " := lp-13, and (rgp)~' = 7y ,-1. All of the component 1-

morphisms may then be constructed from the components ly., re 4 using combinations
of the 2-isomorphisms in equations (4.10) and (4.11). We must then solve these remaining
component 1-morphisms and associated 2-isomorphisms.

Let us now use the above 2-isomorphisms to identify Ry =R, =: S for all g € G. We
then formulate the remaining conditions on I, ., 7¢ 4 using the combination

pg = (reg) ' olye € Hom(S,S). (4.16)

This represents the topological line arising from the intersection of a symmetry defect g € G
with the topological surface. This is illustrated in figure 18.
The remaining 2-isomorphisms may be organised into combinations of the form

U, :ls = pe Uy bt Pgh = Pg O Ph (4.17)
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Pg

Figure 18.

and are subject to the conditions’

Veg=Ve®pyg Vge=pg @ Ve

(4.18)
\Ilh1h2,h3 o (\I]hl,h2 ® phs) = \Ilhhhzhs o (phl ® \Ilhz,h3)

which ensure compatibility when intersecting the surface with multiple symmetry defects
as illustrated in figure 19.
In summary, a topological surface in 7 /G is specified by the following data:

1. Aset S={1,...,n} € 2-Vec.

2. A collection of n x n 2-matrices p, € Hom(S,S).
3. A 2-isomorphism V¥, : 15 = p..

4. 2-isomorphisms W, 1, : pgr = pg © ph.

The 2-isomorphisms are subject to the conditions (4.18). This is precisely the data of a
2-representation of the finite group G in 2Vect [19-22].

Let us now summarise the classification of 2-representations following [22]. First, the
2-isomorphisms imply that the 1-morphisms p, € Hom(S,S) are weakly invertible. For
example, we have

Vg1 @We:ils = py & pg-1. (4.19)

As a consequence, they endow S with the structure of a G-set
o:G — Aut(S). (4.20)

More concretely, using S = {1,...,n}, up to isomorphism p, is an n x n permutation
2-matrix whose non-zero entries are 1-dimensional vector spaces. It is therefore entirely
determined by the associated permutation representation o : G — S,,. This is an analogue
of topological Wilson lines being labelled by linear representations.

Next, since pyn and py o pp are permutation 2-matrices, they have only one non-zero
entry per row and column, which is a 1-dimensional vector space. The 2-isomorphisms ¥ 5,
are therefore completely determined by a sequence of n phases {¢;(g, h) € U(1)} specifying

"Here and in similar equations to follow, we abuse notation and abbreviate the identity 2-morphisms of
1-morphisms py by the same symbol pg.
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Pg Pe Pe
= U
Ve P P
Pg 1s
S S
e g
Pe
= Ve , Pg
Is|
S i S

\Ijhlhg,hg

hihahg hihohs

Figure 19.

the isomorphism between the 1-dimensional vector spaces in the j-th row. By varying the
group elements g and h, we can think of this sequence as a 2-cochain

c:GxG—=UD)" (4.21)
Condition (4.18) then translates into the 2-cocycle condition

(h,k) —cj(gh, k) + cj(g, hk) — cj(g,h) =0 (4.22)

Cog(5)

for all group elements g, h,k € G and j = 1,...,n. Thus, ¢ defines a class
ce HYG,U(1)%), (4.23)

where U(1)S is the abelian group U(1)!S! supplemented with the structure of a G-module via
the permutation representation o. This is an analogue of Wilson lines in one-dimensional
representations of G, which are SPT phases H'(G,U(1)).
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In summary, topological surfaces in 7 /G are 2-representations of the finite group G,
which can be labelled by pairs (S, ¢) consisting of

1. a G-set S,
2. aclass c € H2(G,U(1)%).

The dimension of the 2-representation is |S| = n. Two 2-representations labelled by (S, ¢)
and (S8',¢') are considered equivalent if there exists a bijection f : & — S’ of G-sets
that maps ¢ to ¢ by acting on the coefficients. This agrees with the classification of 2-
representations described in appendix A.3.2. Note that for one-dimensional 2-representa-
tions S = {1} one specifies a group cohomology class ¢ € H?(G,U(1)). The associated
topological surfaces are constructed by inserting the associated SPT phase supported on a
surface in the path integral of 7/G.

The 2-representations with n > 1 are called condensation defects in the physics liter-
ature.® A clean physical interpretation of the topological surfaces with n > 1 is perhaps
not transparent in the current formulation, but this will be remedied momentarily with a
more direct construction of simple objects or irreducible 2-representations.

4.2.2 Sum, Product, Conjugation

The sum and product of topological surfaces in 7 /G are inherited from those of parent
topological surfaces in 7 and correspond to sum and product in the symmetry category
2Vec(G). They correspond to natural ways in which to combine the data labelling 2-
representations fo G and are described in generality below.

First, given two G-sets S and &', we define their direct sum and tensor product via
disjoint union and Cartesian product respectively, i.e.

S8 =85uUs8
, , (4.24)

S8 =8x%x8
with the appropriate induced G-actions. More concretely, let us write S = {1,...,n} and

S’ ={1,...,n'} with permutations 0,0’ : G — S,,, S». Then
: og(J) jeS
(0@ 0’)y(j) = { . . ,

og(j—n)+n j-neSs (4.25)

(0®0),() = (o,(i) o))  j=(ii)eSxS.

provide explicit permutation actions on S &S’ and S® S'.
Similarly, given two classes ¢ € H2(G,U(1)°) and ¢ € H%(G,U(1)S"), we define their
direct sum and tensor product

cod e H(G,U(1)%%)

, 4.26
cod € HA(G,U(1)%) 20

8From a mathematical perspective, they are all condensations, see e.g. [18].
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by setting for each g,h € G

(cod)lg,h) = § @h) j-nes (4.27)

Cj—n

{q(g,h) jes

(C®Cl)j(gah) = Ci(g, h) +Cg’(gah) ] = (Zvl/) eSxS.

It is straightforward to check that these satisfy the appropriate 2-cocycle conditions. Com-
bining these formulae provides a combinatorial definition of the direct sum and fusion of
topological surfaces (S, ¢) and (S’,¢) in T/G.

In addition, the conjugation of a 2-representation (S,c) may be defined as the 2-
representation (S,¢)* := (S, —c).

These operations coincide with the corresponding operations in 2Rep(G), as described
in appendix A 4.

4.2.3 1-Morphisms

The 1-morphism categories capture topological lines that sit at junctions between topologi-
cal surfaces. The 1-morphisms between two topological surfaces in 7 /G may be constructed
from 1-morphisms between parent topological surfaces together with instructions on how
they interact with networks of symmetry defects in T .

Let us first consider the 1-morphism category

Homy (1, (S,¢)), (4.28)

which describes topological lines bounding or screening a topological surface (S,c). The
starting point is then the 1-morphisms of the parent topological surface in 7. However,
as above, the problem may be reduced to the component 1-morphisms Homy(1,S) with
Re =S :={1,...,n}, which are S-graded vector spaces or equivalently collections of vector
spaces {V;} index by j € {1,...,n}.

The component 1-morphisms must satisfy compatibility conditions involving the topo-
logical lines p, € Hom(S,S) arising from the intersection with symmetry defects. In
particular, these topological lines may end at the boundary on topological local operators
corresponding to 2-isomorphisms in 7T,

®,: Hom7(1,S) = Hom7(1,S). (4.29)

Concretely, such a 2-isomorphism is a collection of linear maps ®,; : V; — Vo, (i) for all
j=1,...,n. This is illustrated in figure 20.

The compatibility with the fusion of symmetry defects intersecting the parent topo-
logical surface in T requires that the 2-morphisms compose as

(I)gh,j = Cj(gah) : (I)g,o'h(j) © (I)h,j- (430)

The additional phase arises due to the same anomaly inflow mechanism described in sec-
tion 2.3. This condition is illustrated in figure 21.

To summarise, an object in the 1-morphism category Homy,¢(1, (S, c)) is determined
by the following data:
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Vj
S
Figure 20.
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VUghU)
b,
gh.j Dah = ¢jlg,h)-
K V)
S )
Figure 21.

e A collection of vector spaces {V1,...,V,} indexed by S = {1,...,n},

e a collection of linear maps @, ; : V; =V, _(;) satisfying
Pgnj = ¢i(g:h) - Pgo(j) © Phy-

We call this an S-graded projective representation of G. Note that this reduces to an
ordinary projective representation for a one-dimensional 2-representation or topological
surface constructed from an ordinary cohomology class ¢ € H?(G,U(1)). In this case, the
topological line corresponds to a Wilson line whose anomalous transformation is cancelled
by anomaly inflow from the topological surface, similar to section 2.3. The general case is
a vast generalisation of this picture.

This data of a 1-morphism in Homy (1, (S,¢)) can be framed more invariantly as
follows:

1. A vector bundle 7 : V — S.
2. A projective homomorphism ® : G — Aut(V) satisfying
Tod=cor (4.31)
where 0 : G — Aut(S) is the G-action on S.

Here, by projective homomorphism we mean ® is a group homomorphism up to multipli-
cation by elements ¢ € U(1)!S!, viewed as bundle automorphisms

veV; = ¢j-v. (4.32)
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This can be seen as a more abstract way to formulate the composition property in (4.30).
Having classified the objects, let us now consider the 2-morphisms in Hom7 (1, (S, ¢)).
They may also be computed from 7 and generalise the notion of intertwiners between pro-
jective representations to S-graded projective representations. In particular, a 2-morphism
between 1-morphisms (V, ®) and (V', @) is specified by collections of linear maps

my: V; = V) (4.33)

such that

CI);J e} mj = mog(j) 9] q)g,j . (434)

They can be regarded as bundles maps m : V — V' commuting with the projective G-
actions. This clearly reduces to ordinary intertwiners between projective representations
for a one-dimensional 2-representation.

In summary, we have found that

Homy¢(1,(S,¢)) = Rep®(G) (4.35)

is the category of S-graded projective representations of G with cocycle ¢. A more detailed
exposition of this category can be found in appendix B.1.

We can now generalise this result to 1-morphisms between arbitrary pairs of topological
surfaces, with the result

Homy (S, ¢), (S,¢)) = RepS®5<=9(q). (4.36)

This may be computed directly by generalising the line of reasoning above, or alternatively
using the folding trick to equate the result with 1-morphisms from the trivial topological
surface to the tensor product (S,c)” ® (S',¢/). This agrees with the classification of 1-
morphisms between 2-representations in 2Rep(G) described in appendix C.1.

Finally, note that for 1-dimensional 2-representations described purely by two group
cohomology classes ¢,¢’ € H2(G,U(1) we have

Homyg(c, ) = Rep” (G) (4.37)

corresponding to topological Wilson lines in projective representations of G, whose anoma-
lous transformations are absorbed by anomaly inflow from the SPT phases ¢, ¢ on the
adjoining surfaces. In particular, the category of endomorphisms of any 1-dimensional 2-
representation reproduces the fusion category Rep(G) of ordinary representations of G and
corresponds to genuine topological Wilson lines.

4.2.4 Composition of 1-morphisms

The composition of 1-morphisms also has a convenient description in terms of S-graded
projective representations. The composition corresponds to functors

Rep®®5“=(@) x Rep®5""=)(@) = Rep®®S""=9(q), (4.38)

which is illustrated in figure 22.

~99 —



(S,¢) (8',¢) (8", ")
Figure 22.

Given an S ® §’-graded representation (V, ®) and an S’ ® §”-graded projective repre-
sentation (', ®’), their composition is an S ® §”-graded projective representation (V, ®) o
(V', @) that can be constructed as follows:

e The collection of vector spaces V oV’ is given by

(VoV)m = @ Vig.gn © Vi o - (4.39)
j/esl

e The collection of linear maps ® o ®’ is given by

(@ O @/)g . (1} o] U/)j,j” = @ (q)g . U(j,j/)) ® ((I); . ’Z)Ej/J//)) . (440)
j'es’

It is straightforward to check that this defines an S x §”-graded projective representation
with 2-cocycle ¢’ — c. Further details on the composition of graded projective representa-
tions can be found in appendix B.5.

4.2.5 Fusion of 1-morphisms

The fusion of 1-morphisms also has a convenient description in terms of S-graded projective
representations. Let us first consider fusion of 1-morphisms of the form

Homy (1, (S,¢)) x Homy (1, (S',¢)) N Homy (1, (S,c) ® (§',¢)) (4.41)

which are illustrated in figure 23.
This corresponds to the fusion of graded projective representations,

Rep(®9(G) x Rep®)(G) = Rep!S®-+)(@). (4.42)

To describe this fusion explicitly, consider an S-graded projective representation (1, ®) and
an S’-graded projective representation (M, ®'). Their fusion is the S ® §’-graded projective
representation (V, ®) ® (V', ®') where

e The collection of vector spaces V ® V' is given by (V @ V) iy = V; @ Vj’,,

e The collection of linear maps ® ® @' is given by (@ ® @)y ;) = g ® C7 .
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Figure 23.

This may then be generalised to fusion of 1-morphisms between arbitrary pairs of topolog-
ical surfaces, for example, using the folding trick.

As a consistency check, consider the fusion of 1-endomorphisms of the trivial surface
(or any one-dimensional 2-representation), which are ordinary topological Wilson lines. It
is clear that this reproduces the tensor product of ordinary representations of GG, which is
the correct fusion of topological Wilson lines in 7 /G. More details on sums and fusions of
graded projective representations can be found in appendix B.2.

4.3 Simple Objects

Let us now consider simple objects in the symmetry category 2Rep(G) of 7 /G, which cor-
respond to irreducible 2-representations of G. This uncovers an alternative mathematical
structure that sheds light on the physical interpretation of topological surfaces correspond-
ing to 2-representations of dimension greater than one in terms of condensation defects.

4.3.1 Irreducible 2-representations

The decomposition of topological surfaces into simple topological surfaces corresponds to
the decomposition of a 2-representation (S, ¢) into irreducible 2-representations.

First, we may decompose any G-set as a union of disjoint orbits S = U,O,, which form
transitive G-sets by definition. Second, there is an associated decomposition ¢ = @, into
classes on each orbit according to the isomorphism

H*(G,U(1)%) = @ H*(G,U1)). (4.43)

Consequently, any 2-representation (S, c¢) of G can be decomposed as a direct sum

(S,0) = P (Oasca). (4.44)

[0

of simple objects, where the latter are labelled by pairs (O, ¢) consisting of

1. a G-orbit O,
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2. aclass c € H*(G,U(1)9),

and correspond to irreducible 2-representations of G. More details on the latter can be
found in appendix A.6.

4.3.2 Induction

The irreducible 2-representations may also be obtained by induction of one-dimensional
2-representations of subgroups H C G, leading to a more direct physical construction of
topological surfaces that clarifies their relationship to condensation defects for the topo-
logical Wilson lines.

The first observation is that, given an irreducible 2-representation (O, ¢) of G, we may
use the orbit-stabiliser theorem to relate the G-orbit O to a subgroup H := Stab(x) C
G acting as the stabiliser of a fixed element *x € (. Similarly, we can define a group
cohomology class ¢ := ¢,|g € H*(H,U(1)), which can be interpreted as a 1-dimensional
2-representation of the subgroup H C G, also known as the restriction of (O, ) to H;

¢ = Res$(0,¢) . (4.45)

Conversely, any irreducible 2-representation (O, ) can be obtained as the induction of a
one-dimensional 2-representation of a subgroup H C G labelled by a group cohomology
class ¢ € H2(H,U(1)) [22]. Let us write this correspondence as

(0,¢) = Ind%(c). (4.46)
Explicitly, the induction works as follows:

1. Given the subgroup H C G, we can obtain a G-orbit by setting O = G/H. The
permutation action of G on O can be constructed by picking a system {ry,...,r,}
of representatives of left H-cosets r;H and defining o : G — S,, by

g-rj € 1o, H - (4.47)
In addition, this allows us to define little group elements

by = r;gl(j) cg-r; € H. (4.48)

2. Utilising Shapiro’s isomorphism
H?*(H,U(1)) = H*G,U(1)°), (4.49)

we can construct a class ¢ € H?(G,U(1)9) from c by setting

/ Pp—
Silor,92) = by, o)+ byn ozt ) (4.50)
where 591,09711 ) and 6927%71192 (j) are little group elements associated to gi, go.
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One can check that the 2-representation (O, ¢’) obtained in this way depends on the
coset representatives r; only up to isomorphism. More details on the induction of 2-
representations can be found in appendix A.5.

In summary, simple objects may alternatively be labelled by pairs (H,¢) consisting of

e a subgroup H C G,
e aclass c€ H?(H,U(1)),

and correspond to irreducible 2-representations of G. Two such simple objects labelled by
(H,c) and (H',c') are considered equivalent if there exists a g € G such that

H' = gHg! and d =, (4.51)

where (¢9)(h1, ho) := c(g ' h1g, 9 hag) for all hy, ho € H'.

In computing fusion and 1-morphisms of simple objects below, we will encounter a
version of Mackey’s decomposition formula for the restriction of induced one-dimensional
2-representations to other subgroups. Namely,

(Resfj oInd®)(c) = €P  Indfnpa(c?) (4.52)
[9leH\G/K

where the summation is over representatives g of double cosets and K9 = gKg~'. On the
right-hand side of equation (4.52) we view ¢Y as a class on H N K9 and therefore ought to
write Resﬁ% Kxo(c9) instead of simply ¢9. In order to avoid cumbersome notation, we will
leave this implicit in what follows.

Finally, we note that the induction of 2-representations reflects an alternative physical
construction of simple topological surfaces. They correspond to topological surfaces in 7 /G
where the bulk gauge symmetry is broken down to H C G by a partial Dirichlet bound-
ary condition, supplemented by a two-dimensional SPT phase ¢ € H?(H,U(1)) for the
unbroken gauge symmetry. Surfaces corresponding to equivalent simple 2-representations
are physically indistinguishable as they are related by a residual symmetry transforma-
tion. The above interpretation of full condensation defects with H = 1 and full Dirichlet
boundary conditions appeared in [4]. The case H # 1 was also considered in [11].

4.3.3 Fusion of Simple Objects

We now consider the fusion ring generated by decomposing products of simple topological
surfaces as sums of simple topological surfaces. While the structure follows from the general
construction of direct sums and tensor products of 2-representations above, we will also
provide an explicit description in terms of induced 2-representations.

Let us then introduce a basis of G-orbits O, and denote simple objects by (O, ¢)
where ¢ € H?(G,U(1)%). The fusion rules will take the form

(Oay0) ® (05,¢) = P nls-(05,¢"), (4.53)
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where the coefficients? ng 5 can be determined as follows:

e The fusion of underlying orbits corresponds to the Cartesian product. The coefficients
nl 5 € Z are therefore determined by decomposing the cartesian product of orbits
as a disjoint union

Ou x0g = | | nly 0. (4.54)
v

e The associated cohomology classes ¢’ are determined using the sum and product
defined in (4.27). Concretely, if Oy = {1,...,n,} and Og = {1,...,ng}, then the
class ¢’ on the orbit O, C O, x Opg is given by the formula

c’('j’j,) = ¢+ (4.55)

for each element (j,5") € O,.

This provides a full description of the fusion structure of simple topological surfaces.
However, it is also useful to reformulate the fusion structure in terms of induced 2-
representations. From this perspective, the simple objects are labelled by conjugacy classes
of subgroups H, C G together with classes co, € H?(H,,U(1)).
First, the decomposition of the Cartesian product of G-orbits is equivalent to the
double coset decomposition formula

G/Ho x G/Hg = || G/(HanHY), (4.56)
[Q]EHa\G/Hﬁ

where the summation is over representatives g of double H,-Hpg-cosets. The cohomology
classes decompose such that the class associated to the summand G/(H, N H g) is

ca®c§ € H*(HoNHY, U(1)), (4.57)

where restriction of arguments to the intersection is understood.
In summary, the fusion of simple topological surfaces is

(Harco) ® (Hgycp) = €D (HaNHY, ca®cf), (4.58)
g€ Ha\G/Hy

where an appropriate restriction of the classes to H, N H g is understood implicitly on the
right-hand side. This provides another concrete method to compute the fusion structure
and agrees with the fusion of irreducible 2-representations described in appendix A.6.
The fusion formula may also be viewed as an application of Mackey’s decomposition
formula together with the push-pull formula for induced 2-representations via the following

9Here, the fusion coefficients nl s are positive integers. Equivalently, one may view them as the result
of stacking with a decoupled 2d TQFT: Since 2d fully extended stable TQFTs are completely determined
by positive integers n, stacking such a TQFT 7, on top of a surface defect X simply corresponds to taking
the direct sum 7, @ X =X @ .. d X =n-X.
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manipulations,

(HasCa) ® (Hg, cg) = Indf, (ca) ® Indfy (cp)
= Indf, (ca ® Resf, Indf_(cs))
= @ Imdg(y (Ca ® Indgz A (cg))
l9leHa\G/Hp (4.59)

= @ Indga ﬁHg (Ca &® Cg)
[g]EHa\G/H,B

@ (HaﬂHg,ca(X)cg)
[gl€Ho\G/Hg

12

where the appropriate restrictions on the ¢’s are understood implicitly in the final line.

We now consider some special cases. The simplest is perhaps the fusion of one-
dimensional 2-representations or pure SPT phase topological surfaces, which is addition of
the associated cohomology classes,

cwd=c+c. (4.60)

This is consistent with a direct path integral argument by inserting SP'T phases supported
on surfaces in 7/G. A generalisation is the fusion of a one-dimensional 2-representation
(or pure SPT phase) with a general irreducible 2-representation or condensation defect.
The result is that

(H,¢) ® ¢ = (H, c+Res%(c)). (4.61)

This formula reflects the fact that the gauge symmetry is broken to a subgroup H C G
on the topological surface and therefore fusion with another SPT phase ¢’ only detects the
restriction to the subgroup H C G.

We may also restrict attention to the fusion of simple topological surfaces corresponding
to normal subgroups. This produces a summation of the form

(Harca) ® (Hpoep) = @ (HaNHg, ca®cf) (4.62)
[9J€eH.\G/Hg

with a common subgroup appearing in each summand. This reflects the fact that fusion of
topological surfaces breaking the gauge symmetry to normal subgroups H,, Hg will break
the gauge symmetry to the intersection H, N Hg. In particular,

(Hie)® (H) = P (H ca(d)) (4.63)
lgleG/H

when fusing 2-representations induced from the same normal subgroup H C G.
Finally, if G is abelian, the fusion structure simplifies dramatically with a single sum-
mand appearing in the fusion of simple objects

(Hy,Co) @ (Hg,Cg) = Nag - (Ho N Hg,co ® 65) , (4.64)
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where the coefficient on the right-hand side is

‘Ha N Hg‘

nag = |Ho\G/Hg| = m
o

G| . (4.65)
by the Cauchy-Frobenius lemma. This again reflects the fact that fusion of topological
surfaces breaking the gauge symmetry to abelian subgroups H,, Hg will break the gauge
symmetry to the intersection H, N Hg.

4.3.4 1-morphisms

We start by considering topological lines on which a simple topological surface (O, ¢’) may
end. They are captured by the 1-morphism category

Homy (1, (0,c)) = Rep@)(G), (4.66)

which is the category of O-graded projective representations of G with 2-cocycle ¢ €
H?(G,U(1)%) by specialising the general result (4.35).

It is also useful to reformulate this result in terms of induced 2-representations where
we label the simple topological surface by a pair (H, ¢) with (O, ¢) = Ind%(c). As described
in appendix B.3, the 1-morphisms may be obtained by an analogous process of induction.
In particular, any O-graded projective representation (V, ®) of G may be obtained as the
induction of an ordinary projective representation ¢ : H — GL(W) of H with cocycle
c € H?(H,U(1)). Let us write this correspondence as

(V,®) = IndG(W, ). (4.67)

Moreover, 2-morphisms or morphisms in the category of l1-morphisms are obtained by
induction of intertwiners between projective representations.

In summary,
Homy (1, (H,c)) = Rep’(H) (4.68)

is the category of projective representations of H with 2-cocycle ¢ € H?(H,U(1)). The
objects may be regarded as Wilson lines for the unbroken gauge symmetry H C G,
whose anomalous transformation is cancelled by anomaly inflow from the attached two-
dimensional SPT phase surface defect, as described in section 2.3. In particular, endomor-
phisms of the identity object reproduces ordinary representations

End7/q(1) = Rep(G) (4.69)

corresponding to genuine topological Wilson lines.

We can now generalise this result to 1-morphisms between pairs of simple topological
surfaces by specialising (4.36) or using the folding trick together with the fusion described
above. The result is that

Homy/q((H,c), (H',d)) = @ Rep!)" (i n(H)). (4.70)
g€ H\G/H’
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This agrees with the classification of 1-morphisms between irreducible 2-representations
described in appendix C.1.

We are particularly interested in 1-endomorphisms describing topological line operators
on a simple topological surface,

Endrg(H,c) = € Rep” “(HNHY). (4.71)
lg] € H\G/H
In the special case when H C G is normal and ¢ = 0, this becomes
Endr/q(H) = @D Rep(H). (4.72)
g€ G/H
Note that this clearly contains Rep(H ) as a sub-category. Furthermore, by considering only
trivial representations in each summand, it also contains Vect(G/H) as a sub-category. The
fusion structure on these sub-categories stems from the composition of 1-morphisms, which
turns Endy/(H) into a fusion category. We will expand on this in more detail below.
From a physical perspective, this captures the fact that the simple topological surface
breaks the gauge symmetry to down H C G, leaving a residual global symmetry G/H
on the defect. In other words, the 1-endomorphisms of the surface defect in 7 /G contain
topological Wilson lines for H and symmetry generators for G/H that arise from symmetry
generators in 7 ending on the surface.
These symmetries exhibit a mixed 't Hooft anomaly of the type discussed in [17], which
is straightforward to describe explicitly when H is abelian and Rep(H) = Vec(H). If we
consider the exact sequence

l1—- H—-G— G/H — 1, (4.73)

with extension class e € H?(G/H, H) then the 't Hooft anomaly takes the form
/ hU e(a) (4.74)
X3
with background fields h € H'(Xs, H) and @ : X3 — B(G/H).

4.3.5 Composition of 1-morphisms

We restrict our attention to composition of 1-endomorphisms of a simple object associated
to a normal subgroup H C G and ¢ = 0. The general case is described in appendix C.3.

As above, we can think of 1-morphisms as sums of pairs ([g], ¢) consisting of a coset
l[g] € G/H and a topological Wilson line in a representation ¢ : H — GL(W) of H. The
composition of these 1-endomorphisms is

(l91]; 1) © ([g2], 92) = (lga] - [92] s 1 ® (02)") (4.75)

where the product structure on G/H is understood and ¢9 : H — GL(W) is the conjugated
representation defined by

?(h) = (g™ hg) . (4.76)
This endows the sub-categories Rep(H) and Vect(G/H) separately with their obvious fu-
sion structure. However, due to the appearance of the twist ((2)9' in (4.75), the fusion
category Endy,¢(H) is not in general equivalent to the product Vect(G/H) x Rep(H).
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4.3.6 Fusion of 1-morphisms

The general case of fusions of 1-morphisms between simple topological surfaces is presented
in appendix C.2. Here we restrict ourselves to an instructive example that illustrates the
condensation nature of the topological surfaces.

Consider the fusion of the identity 1-endomorphism Idy ) € End(H,c) of a simple
topological surface labelled by (H,c¢) and a general 1-endomorphism of the identity surface
¢ € End(1) = Rep(G). This is the fusion of a topological surface with a topological Wilson
line as illustrated in figure 24. We find that

Id(H’c) Rp = go]H, (4.77)

which captures precisely the condensation nature of the topological surfaces. In particular,
for the full condensation defect with H = 1, all of the topological Wilson lines condense
on the surface.

(H,c)

Figure 24.

4.4 Examples
4.4.1 G=12Zo

Let us consider the simplest example G = Zy. The theory T has symmetry category
2Vec(Z2) with two simple objects 1, s with fusion s ® s = 1 and non-trivial 1-morphism
categories Homy(1,1) = Homy (s, s) = Vect.

Upon gauging the symmetry G, the resulting theory 7 /G has topological Wilson lines
generating the Pontryagin dual Zy 1-form symmetry. However, there is also condensation
surface defect for the topological Wilson lines and the full symmetry category is the fusion
2-category 2Rep(Zs2).

The simple objects are irreducible 2-representations. There are only two Zs-orbits: the
trivial orbit with stabiliser Zo, and the maximal orbit with trivial stabiliser. There are no
SPT phases because H%(Zo,U(1)) = 0. Let us denote the corresponding simple objects
by 1, X, respectively. The physical interpretation of these objects is clear: 1 is the identity
surface, while X is the condensation defect for the Zy 1-form symmetry.
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Their fusion is determined by
X®X = 2X, (4.78)

which follows from the fact that the cartesian product of two maximal orbits decomposes
as a sum of two orbits. The 1-morphism categories are

EndT/G(l) = Rep(Zg) (479)
HOHIT/G<1,X) :HomT/G(X,l) = Vect (480)
End7/q(X) = Vect(Zs). (4.81)

A diagrammatic representation of 2Rep(Zz) can be found in appendix C.4.1'°.

4.4.2 G=17y %7y

As a slightly more involved example, let us consider G = Zgy X Zgo. The theory T has
symmetry category 2Vec(Zy x Zsy) with four simple objects 1, sy, sp, s— with fusion

si = s% =52 =1
S+ 80 = St (4.82)

S4 8- =80

and non-trivial 1-morphisms Hom(1,1) = Hom(s4, s+) = Hom(sg, sg) = Vect.

Upon gauging the symmetry G, the symmetry category of the resulting theory 7 /G
is the fusion 2-category 2Rep(Zs x Zs). There are now five orbits, corresponding to the
five subgroups of Zs X Zsy acting as stabilizers of the orbits: the group G = Zo X Zs itself,
three subgroups of order 2, and the trivial subgroup. In particular, the trivial orbit with
stabilizer G = Zy X Zs can be supplemented by an SPT phase

o € H*(Zy x Ly, U(1)) = Zy. (4.83)

Let us denote the corresponding simple objects by 1%, X; and Y respectively (where i =
1,2,3). Their fusion is determined by

19918 = 1948, (4.84)
2X; ifi=j,
X;©X; = ' ! (4.85)
Y ifi#j,
X;®Y = 2V, (4.86)
Y®Y = 4Y.

A diagrammatic representation of 2Rep(Za x Zs) can be found in appendix C.4.3'!.

"Note that in appendix C.4.1 we used the labels 1 and 2 for the simple objects of 2Rep(Z2).
" Note that in appendix C.4.3 we used the labels 1%, 2., 20, 2_ and 4 to denote the simple objects of
QRep(ZQ X Zg).
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5 Three dimensions: split 2-groups

We now generalise section 4 to gauging a finite 2-group symmetry in three dimensions.
We emphasise that we consider finite 2-group symmetries with finite 0-form and 1-form
components. A common source of such symmetries in dynamical gauge theories is discussed
below in section 6. Aspects of 2-group global symmetries (typically with continuous 0-form
components) and their 't Hooft anomalies have been investigated in [37-46].

In this paper, we focus on gauging a split finite 2-group with vanishing Postnikov class,
leaving more general finite 2-groups to a subsequent paper. Such a 2-group is specified
by a finite O-form symmetry group H, a finite abelian 1-form symmetry group A and
a homomorphism ¢ : H — Aut(A). By a natural extension of the notation for a split
extension or semi-direct product group, we denote this by

G = All] % H. (5.1)

As for a semi-direct product group in two dimensions in section 3, the 0-form and 1-form
components of an anomaly free split 2-group may be gauged independently. This generates
the commuting square of symmetry categories illustrated in figure 25, where the arrows
denote gauging the labelled symmetry.

G=A[1]xH G=AxH
Afl] A R
T : 2Vec(G) T : 2Vec(G)
H H
T/H : 2Rep(G) T/H : 2Rep(G)

Figure 25.

The upshot is that the symmetry category resulting from gauging the split 2-group
symmetry is the fusion 2-category 2Rep(G) of 2-representations of G. In particular, we
will enumerate the topological surfaces and show that they are in 1-1 correspondence with
2-representations of G. We will also consider in detail the fusion, 1-morphisms, fusion or
1-morphisms and composition of 1-morphisms. The structure of this category for general
finite 2-groups has been elaborated in [20].

In this section, we will actually begin our exploration from the theory T = T/A[l] in
figure 25 obtained by gauging the 1-form component of the 2-group symmetry. This has a
finite O-form symmetry taking the form of a semi-direct product

G=AxH (5.2)
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and the associated symmetry category 2Vec(G) has been discussed at the beginning of
section 4. This allows us to generalise the results of section 4 in two directions by gauging
subgroups of the symmetry G:

e First, gauging A C G recovers the original theory 7 with finite 2-group symmetry
G = A[l] x H. This allows us to derive the full structure of the symmetry category
2Vect (@) associated to a split 2-group symmetry.

e Second, gauging H C G is equivalent to gauging the entire 2-group symmetry G of
T and results in the symmetry category 2Rep(G) of 2-representations of G.

The two generalisations can be treated in a similar way, by means of a combination of
arguments in sections 3 and 4.

5.1 Split 2-group symmetry
We first consider the symmetry category 2Vec(G) of T. This is essentially a higher analogue

of a semi-direct product combining contributions from 2Vect(H) and 2Rep(ﬁ) obtained by
gauging the symmetry A. The derivation is therefore a mild generalisation of section 4
taking into account the additional action of H on 121, and therefore we do not perform the
derivation in detail. To our knowledge, the presence of condensation defects arising from
2Rep(A) has not been emphasised in the literature.

Let us start by enumerating the simple topological surfaces by combining simple objects

-~

of 2Vect(H) and 2Rep(A). The simple topological surfaces are therefore labelled by pairs
((0,¢),h) (5.3)

where (O, ¢) is an irreducible 2-representation of A and h € H. Here we have chosen to
label the irreducible 2-representation as in (4.44), namely:

1. Ois a A\-orbit,
2. ce H2(A,U(1)°).

The fusion of simple topological objects is determined by fusion in 2Vect(H) and
2Rep(A), together with the natural action of H on 2-representations of A. In particular,
let o : A — Aut(O) denote the transitive action of A on the orbit O. For any h € H, we
h

(= Oyh.

then define O" as the A-set with the same underlying set but shifted action oy : X

The higher analogue of the semi-direct product fusion rule is then
((0.0),h) @ ((0',¢), 1) = (0® O™ co "), hl). (5-4)

Notice that the topological surface on the right-hand side is not necessarily simple. It can
be decomposed into simple objects as outlined in section 4.3.3, either using (4.53) or the
subsequent discussion on induced representations.
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We now briefly summarise 1-morphisms. They again combine the result (4.2) for 1-

morphisms in 2Vect(H) and (4.36) for 1-morphisms in 2Rep(A), taking into account the
H-action on A. We obtain the result

Rep©@20™ <" =0 () p=p

) b (5.5)

Hom’/‘/A\(((O’ c),h), ((Olv C,)v h/)) = {

which can again be understood as Wilson lines in projective representations of 21\, whose
anomalous transformation is compensated by inflow from the topological surfaces. Com-

position and fusions of 1-morphisms are determined by those in 2Vec(H) and 2Rep(A) and
the H-action on A.

5.2 Gauging a split 2-group

We now consider gauging the finite O-form symmetry group H C G of 7. This is tanta-
mount to gauging the entire 2-group G = A[l] x H of T. Following the line of reasoning
and combining arguments from sections 3 and 4, we will show here that this results in a
theory with the symmetry category 2Rep(G), the fusion 2-category of 2-representations of
the 2-group G.

5.2.1 Objects

Since the arguments are a combination of those in sections 3 and 4, we will be brief. We
start from T = T /A[1] with O-form symmetry group G = A x H and symmetry category
2Vec(@). A general topological surface in T is labelled by a @—graded set ‘R.

In order to gauge H C @, we introduce the algebra object

A =P (5.6)

heH
which is the @—graded set with
{1} if ge H
(Am)g = ) . (5.7)
0 if g¢ H

This is analogous to the algebra object in (4.7) but now restricted to the subgroup H
analogously to the two-dimensional case (3.9).

Topological surfaces in ’7A'/ H can be identified with topological surfaces in T together
with instructions for how networks of the algebra object may consistently consistently end
on them. The instructions are implemented by 1-morphisms

| € Hom7(Ag ® R,R),

(5.8)
r € Homyr(R® Ay, R).
To formulate additional data and constraints, we consider the components
lho € Homr(h® Ry, Ryy), h€eH,
h.g 7( 9 hg) (5.9)

Tgh € HomT(Rg & h,Rgh) , heH,
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which are topological lines specifying how individual symmetry defects end on the surface.
Consistency with topological manipulations require the existence of various 2-isomorphisms
between these 1-morphisms. These are the same as the ones (4.10), (4.11) (4.12) that we
encountered in section 4, but now with appropriate restrictions to H.

To make further progress, we write elements of G =AxH as g = (x,h) with x € A
and h € H, and by a slight abuse of notation Ry = R, ;. Similarly to section 4, the
existence of 2-isomorphisms allows us to construct all component 1-morphisms from the
components

lhx: h®Rye = Rynps

(5.10)
ThyX : RX7€ ® h - RX7h7

where the shift x” appears in the left action due to the ordering in the semi-direct product.
The 2-isomorphisms imply that these 1-morphisms are weakly invertible and we can identify
Ryn = Ry,e =: Sy using the right action.

We now form the combination

Py = (Tynp) P olny t Sy = Sy, (5.11)

which represents the topological line arising from the intersection of a symmetry defect h €
H with the topological surface. The various remaining 2-isomorphisms may be organised
into combinations

Wy iy Phh'x = Phxh! © Phlx Yo o 1sy = pex (5.12)
subject to the compatibility conditions

\Ijh,e|x = ph,x®\pe|xy \Ije,h\x = \Ije|xh®ph,x7 (5 13)

Uhihohslx © (Phingxs @ Phsx) = Yhyhohg|x © (Phyyi2hs © Yhyhg|x) s

which are illustrated in figure 26.
In summary a topological surface in 7 /G is labelled by the following data

1. A collection of sets S, € 2Vect indexed by x € A.

2. A collection of 2-matrices pp,, € Hom(Sy,S,») for all h € H.
3. 2-isomorphisms W, : 1s, = pe

4. 2-isomorphisms Wy, pr t prary = Ph’ © P x

where the 2-isomorphisms are subject to the compatibility relations above. This is precisely
the data of a 2-representation of the finite 2-group G = A[1] x H in 2Vect.
Let us now classify 2-representations up to isomorphism. We introduce the total set

S = | |8 (5.14)
X€A
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Pe,x
= Ph.x ey
SXh’ sy Sy
e h
Peh
= Ve i Ph.x
SXh’ lsxh SX

/73 phg,X

\Ijhl,hg\x

SX/LI]IQ}L?) SX th,thhg SX
hihohs hihohs
Figure 26.
with
ph = @ Phy: S = S. (5.15)
YEA

Since individual 1-morphisms are weakly invertible, pp : & — S is weakly invertible and acts
by a permutation 2-matrix. However, there are restrictions on the form of this permutation.
To understand the restrictions, note that for each element j € &, we may associate a
character x; € A such that J € Sy;- The form of the individual 1-morphisms pp , : Sy —

S,» implies that

X' = Xowts) (5.16)

where oy, is the underlying permutation at the level of sets. This says that the H action
on the collection x; from the semi-direct product A x H coincides with that coming from
the permutation representation on the set S.
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Next, since ppp/y and pp n © ppry are permutation 2-matrices, the 2-isomorphisms

hwx
the isomorphism between the 1-dimensional vector spaces in the j-th row. We can combine

are completely determined by a sequence of |S, | phases c;‘(h, h') € U(1) specitying

these phases into an overall sequence c¢(h, h') € U(1)IS! by setting
cj(h,h') = c;-(j (h,h') for j€eS§. (5.17)

This defines a 2-cochain
c: HxH — U(1)%, (5.18)

which as a consequence of the compatibility condition (5.13) satisfies the 2-cocycle condition
0021(j)(h', Ry — c;(hh',B") + c;(h, W'R") — c;(h,h') = 0. (5.19)

This defines a class
c e H*H,UQ1)%), (5.20)

where U(1)° denotes the abelian group U(1)!SI supplemented with the structure of a H-
module via the permutation representation o.

To summarise, topological surfaces in 7 /G correspond to 2-representations of the split
2-group G = A[l] x H labelled by triples (S, ¢, x) consisting of:

e A H-set S.
e Aclass c € H?(H,U(1)%).

e A collection of x; € A indexed by j € § such that
Xj = Xou(i)- (5.21)

Here o : H — S,, denotes the permutation action of H on S. The size |S| = n is again
the dimension of the 2-representation. Two 2-representations labelled by (S,¢,x) and
(8',¢,x") are considered equivalent if there exists a bijection f : O — O of H-sets that
maps ¢ to ¢ and x to Y.

If A is the trivial group, x = (1,...,1) and the above data reduces to the classifying
data of a 2-representation of the ordinary group H as in section 4.2.1'2. More details on
the classification of 2-representations of split 2-groups can be found in appendix A.3.2.

5.2.2 Sum, Product, Conjugation

The sum and product of topological surfaces are determined from those of the parent objects
in 7 and follow from the sum and product of the underlying H-sets and cohomology classes
as in section 4, together with the abelian group structure on characters A.

Consider two topological surfaces labelled by triples (S, ¢, x) and (S’, ¢, x’). The direct
sum is the topological surface labelled by the triple

(S,e,x) @ (S, X) = (S8, cad, xaX), (5.22)

12Tn section 4 we denoted finite groups by G instead of H.
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using the definitions in (4.25) and (4.27) and x ® X' = x U Y.
Similarly, the fusion is the topological surface labelled by

(S,ex) ® (8, d,X) = (S©8, cad, x®x), (5.23)
using the definitions in (4.25) and (4.27) and x ® x’ is defined by

x@xXDug = xit+X; € A (5.24)

for all (i,7j) € S®S’. Here, we used an additive notation to denote the group structure on
the abelian group A.

In addition, the conjugation of a 2-representation (S,c,x) may be defined as the 2-
representation (S, ¢, x)# := (S, —c¢, —x) where we have again used additive notation. These
operations agree with the corresponding operations in 2Rep(G) as described in appendix
A4,

5.2.3 1-Morphisms

Consider the 1-morphism category

Homy (1, (S, ¢ x)) (5.25)

which describes topological lines bounding or screening the topological surface (S, ¢, x).
This is determined by 1-morphisms of the parent topological surface in 7. However, the
computation is again determined by the component 1-morphisms involving

S = PRy, (5.26)

jES
In particular,
Homz(1,8) = PHomz(1,Ry,.) = Vec(S(x)) (5.27)
jES
where
Sx) ={jeS|x;=1}cCS. (5.28)

This happens because the only 1-morphisms in T are 1-endomorphisms.

These 1-morphisms are supplemented, as discussed in section 4.2.3, by a collection of
linear maps ensuring compatibility with intersections of symmetry defects. The result is
that the objects are again graded projective representations of H. However, the support
of the graded projective representation is now restricted to S(x) C S. We therefore write

Homy (1, (S,¢,x)) = Repl ) (H). (5.29)

for the category of graded projective representations of H with support S(¢) C S.
More generally, the 1-morphism space between arbitrary topological surfaces is

Homy (S, ¢,x), (8',¢,xX)) = Replon. (H), (5.30)
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where X denotes the complex conjugation of x with respect to the coefficients in U(1),
or simply the inverse in A. When A = 1, this reproduces the 1-morphism between 2-
representations of the ordinary group H in section 4.2.3. More details on the classification
of 1-morphisms in 2Rep(G) can be found in appendix C.1.

The composition and fusion of 1-morphisms is given by the composition and tensor
product of graded projective representations as described in sections 4.2.4 and 4.2.5. One
can check that these operations respect the corresponding restrictions of the support im-
posed by the characters x.

5.3 Simple Objects

The simple topological surfaces are those that cannot be written as a direct sum of other
topological surfaces and correspond to irreducible 2-representations of G.

5.3.1 Irreducible 2-Representations

Generalising the discussion in section 4.3, a general topological surface (S,c¢,x) can be
decomposed into simple objects by decomposing the underlying H-set S into H-orbits. A
simple topological surface is then labelled by triples (O, ¢, x) consisting of

e A H-orbit O.
e Aclass ce H?(H,U(1)°).
e A collection of x; € A indexed by 7 € O such that
X} = Xow(s) - (5.31)

We emphasise that the collection {x;} does not necessarily form a H-orbit in A. This fact,
together with the group cohomology class ¢ € H?(H,U (1)0), means we arrive at a larger
class of simple objects than the gauging procedure in [5].

However, the fact that O is a transitive H-set implies that the collection {x;} of a sim-
ple object is constructed from at most one H-orbit in A, albeit as a union of multiple copies
of that orbit. This multiplicity is the origin of condensation defects in our construction.
An extreme example is the collection

y={1,...,1} (5.32)

with |O| entries, which is a pure simple condensation defect. At the other extreme, simple
objects where the collection {x;} form a single H-orbit are topological surfaces that do not
involve condensation at all. The general case is a mixture.

In summary, the set of simple objects may be partitioned into subsets labelled by H-
orbits in A. Each subset contains a minimal object where the collection {x;} consists of a
single H-orbit in Aand ¢ = 0. This is joined by associated condensation surfaces involving
multiple copies of the same orbit and nontrivial classes ¢. To put it another way, the simple
topological surfaces, modulo condensations and SPT phases, are labelled by H-orbits in A.
After analysing 1-morphisms below, we will see that these subsets can be regarded as the
connected components of the symmetry category 2Rep(G).
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5.3.2 Induction

An alternative description of simple topological surfaces can be obtained by utilising the
fact that every irreducible n-dimensional 2-representation (O, ¢, x’) of G can be seen as
being induced by a 1-dimensional 2-representation (c, x) of a sub-2-group (A[l] x K) C G
with K C H a subgroup of H of index |K : H| = n. Let us write this correspondence as

(0,¢,x) = IndF(c,x)- (5.33)

Thus, we can alternatively label the irreducible 2-representations of G or simple topo-
logical surfaces by triples (K, ¢, x) consisting of

e a subgroup K C H,
e aclass c € HX(K,U(1)),
e a K-invariant character x € A.

From a physical perspective, this again corresponds to a topological surface in 7 /G where
the bulk gauge symmetry is broken down to K C H by a partial Dirichlet boundary con-
dition, supplemented by a two-dimensional SPT phase ¢ € H?(K,U(1)) for the unbroken
gauge symietry.
Two such triples (K, ¢,x) and (K',¢,x') are considered equivalent if there exists a
g € G such that
K' = gHg™!, d =, X =, (5.34)

where (¢9)(k1, ko) == c(g k1g, g~ kag) and (x?)(a) := x(a9).

When A = 1, the reproduces the labelling of irreducible 2-representations of an or-
dinary group H as in section 4.3.2. More details on the induction of 2-representations of
split 2-groups can be found in appendix A.5.

5.3.3 Fusion of Simple Objects

The fusion of simple topological surfaces may again be determined by introducing a basis
O, of H-orbits and decomposing Cartesian products into disjoint unions of orbits.

From the point of view of induced 2-representations, we label the simple topological
surfaces by subgroups K, C H (corresponding to the stabilisers of the orbits O) together
with a class cq € H2(K,,U(1)) and a K,-invariant character xo € A. The fusion of two
such simple topological surfaces is then given by

(Kar€arXa) ® (Kgica,xs) = 6P (KaNKE ca®cf, xa®xj).  (5.35)
[l € Ka\H/Kpg

When A = 1, this reduces to the fusion rule for simple 2-representations of the ordinary
group H as in section 4.3.3. More details on the fusion of simple 2-representations of G
can be found in appendix A.6.
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We consider a few special cases. First, the fusion of 1-dimensional irreducible 2-
representations (c,x) and (¢/,x’) labelled by SPT phases ¢, € H?(H,U(1)) and H-
invariant characters y, x’ € A corresponds to addition of the associated cohomology classes
and characters,

(ex) ® (¢, x) = (e+d, x+x). (5.36)

If H is abelian, fusion simplifies to

(KascCa,Xa) @ (Kg,c3,x8) = @ (Ka NKg, ca ® s, Xa ® Xg) . (5.37)
[h] € Ko\H/Kj5

Note that, unlike in 4.3.3, the right-hand side is not necessarily a multiple of a single
summand, but a priori consists of a sum of several different simple topological surfaces due
to the appearance of the character y, ® Xg-

5.3.4 1-Morphisms

The category of 1-morphisms between simple topological surfaces can again be simplified
using the notion induced graded projective representations (see appendix B.3).

The category of topological lines screening a simple topological surface labelled by
(K, ¢, x) is given by

Homy (1, (K,c,x)) = 45,1 Rep®(K). (5.38)
More generally,
Homy/e (K, e,x), (K',¢,x)) = @ Rep (K n(K)"). (5.39)
[h] € K\H/K':
x=0)"

When A = 1, this reduces to 1-morphism categories between irreducible 2-representations
of the group H, as in section 4.3.4. Further details on the classification of 1-morphisms
between irreducible 2-representations can be found in appendix C.1.

For 1-endomorphisms of a simple topological surface we obtain

Endr/g(K,c.x) = @ Rep® “(KNK"). (5.40)
[h] e H/K:
x=x"

If H is abelian, this further simplifies to

Endr/c(K.e,x) = @)  Rep(K), (5.41)
[h] € (H/K)x

where we denoted by (H/K), the subgroup of H/K consisting of all [h] € H/K such that
x" = x. The fusion structure on the right-hand side is induced by the composition of

1-morphisms, which is identical to the composition of 1-morphisms described in (4.75).
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5.3.5 Connected components

Finally, let us comment on the connected components of the symmetry category. A con-
sequence of (5.39) is that 1-morphisms between distinct simple objects exist if and only
if x, ¥’ lie in the same H-orbit in A. In other words, the connected components of the
symmetry category are labelled by H-orbits in A.

5.4 Example

Let us consider a theory 7 with 2-group symmetry G = (Zg x Zg)[1] x Zg, where Zs
acts on (Zg x Z2)[1] by exchanging the two cyclic factors. In other words, we identify
H =75 and A = Zs X Zo. This is the 2-group analogue of the ordinary symmetry group
Dg = (ZQ X Zg) X ZQ.

Let us determine the symmetry category 2Rep(G) of T /G explicitly following the pro-
cedure described above. The simple objects are irreducible 2-representations constructed
from the trivial orbit {1} with stabiliser K = Zy and the maximal orbit {1,2} with trivial
stabiliser K = 1. There are no additional SPT-phases because

H*(Zy,U(1)) = 0. (5.42)

However, each orbit O can be supplemented by a collection y of H-equivariant characters
of Zy X Zs. Let us denote the characters of Zs x Zgy by {1, x1, x2, x1x2}. Labelling each
simple object by a pair (O, x), the simple objects are then given by

e the trivial 2-representation 1 = ({1}, (1)),

e a l-dimensional 2-representation V = ({1}, (Xlxz)),

e a 2-dimensional 2-representation D = ({1, 2}, (xa, xg)),
e condensation defect X = ({1,2}, (1, 1)),

e condensation defect X’ = ({1,2}, (x1x2, x1X2))-

It is straightforward to compute the fusion rules following the general procedure described
in section section 5.2.2. In particular, we find

VeV=1
VeD=DxV =D
VeX =X
(5.43)
DeD=Xx(1aV)
X@D=D®X=Da®D
XX =2X.
Note that the only invertible simple objects are 1 and V.
It is worth focussing in particular on the fusion
DoD=X®(1aV) (5.44)
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and specifically on the appearance of the condensation defect X as a factor on the right-
hand side. In [5], the condensation defect arose from the global fusion of topological surfaces
on a compact 2-surface Yo and is expressed in the form

(22) ® K(2) (5.45)

D(¥9) ® D(¥2) = 7

Zs

where the denominators express the fact that from the perspective of 7 /G the Zgy 1-form
symmetry is gauged along the surface 3o as described in [4]. In contrast, we include here
the condensation defects X, X’ from the beginning as simple objects in the symmetry
category.

The 1-morphism categories are computed using the procedure described in section 5.3.4
with the result

End(1) = End(V') = Rep(Z2)
End(X) = End(X’) = Vect(Zs2)
End(D) = Vect
Hom(1, X) = Hom(V, X') = Vect

with all other 1-morphism spaces vanishing.

Note that the only 1-morphisms between distinct objects are between the condensation
defects. Therefore the connected components of the symmetry category are labelled by the
three Zg-orbits in Zgo x Za: {1}, {x1, x2} and {x1x2} with representative objects 1, D, V.
A diagrammatic representation of the 2-category 2Rep((Zz x Zs2)[1] x Zs2) can be found in
appendix C.4.213,

6 Applications to Gauge Theory

A common source of finite split 2-groups of the type discussed in section 5 are the automor-
phism 2-groups of compact connected simple Lie groups, whose 0-form component consists
of outer automorphisms and 1-form component consists of the centre. The automorphism
2-group is then realised as a symmetry of associated dynamical gauge theories based on
this simple Lie group.

Gauging outer automorphisms leads to dynamical gauge theories with disconnected
gauge theories and non-invertible symmetries [5]. In this section, we apply the results of
section 5 to compute and identify the symmetry category of certain disconnected gauge
theories in three dimensions with 2-representations of a group or 2-group.

6.1 Automorphism 2-group

Consider a simple Lie algebra g and denote the associated compact, connected, simply
connected Lie group G. The associated automorphism 2-group takes the form

Z(G) x Out(G) (6.1)

13Note that in appendix C.4.2, we labelled the simple objects by 1+, 2+ and 2o, which correspond to the
simple topological surfaces 11 <+ 1, 1_ <V, 2. < X, 2_ + X" and 2 <+ D in our current notation.
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where
e Out(G) is the group of outer automorphisms of G
e Z(G) is the center of G.

and the Out(G)-action on Z(G) is induced from the action of outer automorphisms on G.
Let us now consider a pure gauge theory 7 in D = 3 dimensions with gauge group
G. '* This displays an automorphism 2-group symmetry where

e A 0O-form charge conjugation symmetry Out(G).
e A l-form symmetry Z(G) generated by topological Gukov-Witten defects.

and charge conjugation acts on topological Gukov Witten defects by the action of outer
automorphisms on representative of conjugacy classes. The symmetry is free from ’t Hooft
anomalies.

6.2 Gauging

Following the discussion in section 5, we may independently gauge the 0-form and 1-form
components of the symmetry leading to a commuting square of theories shown in figure 27.
In particular, gauging the 1-form centre symmetry Z(G) results in a theory T corresponding
to a dynamical gauge theory with the Langlands dual gauge group “G. This has a magnetic

0-form symmetry .
m (*G) = Z(G), (6.2)

forming part of a semi-direct product 0-form symmetry
11 (FG) x Out(G). (6.3)

Now gauging outer automorphisms on either side leads to a dynamical gauge theory with
a disconnected gauge group and non-invertible categorical symmetry given by a fusion
2-category of 2-representations.

-~

T T
Z(G)[1]
2Vect(Z(G)[1] x Out(Q)) 2Vect(m (X G) x Out(G))
7T1(LG)

Out(G) Out(G)
2Rep(m1 (FG) x Out(G)) 2Rep(Z(G)[1] x Out(Q))
T /Out(G) 7 /0Out(G)
Figure 27.

Hijgher dimensional versions are discussed in the following section.
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The symmetry categories are summarised in figure 27. This reproduces and extends
examples considered in [5] with a systematic inclusion of condensation defects and full
description of the symmetry category.

6.3 Example

Let us start from the three dimensional gauge theory 7 with gauge group

G = Spin(4N). (6.4)
This has automorphism 2-group symmetry

(Zg x Zo)[1] % Zo (6.5)

where Zs acts by permuting the two factors in Zs X Zs. Gauging generates the commuting
square of gauge theories and symmetry categories in figure 28. In particular, the symmetry
category of the PO(4N) gauge theory was considered in detail in section 5.4.

Spin(4N) PSO(4N)

(Z2 X Zg)[l]
QVGCt((ZQ X Zg)[l] X Zg) 2V6Ct((Z2 X Zg) X Zg)
Z2 X Z2
ZQ ZZ
2Rep((Za x Za) % Z2) 2Rep((Za x Z2)[1] x Zs)

Pin* (4N) PO(4N)

Figure 28.

7 Generalisations

7.1 Higher groups and higher dimensions

The results of this paper have a natural generalisation to gauging a split n-group G in
dimension D > 3 withn = 1,..., D—1 with vanishing Postnikov data. They are determined
by a finite O-form symmetry group H, a collection of finite abelian g-form symmetry groups

Ay, and homomorphisms ¢, : H — Aut A, with ¢ =1,...,n — 1. Following our previous
notation, this would be denoted
D—2
(T Adla)) % & (7.1)
q=1

This entire symmetry may be gauged following the methods in this paper by gauging the
subgroups Ay, ..., A1, H in sequence.

The symmetry category of T /G is expected to be a the fusion (D — 1)-category (D —
1)Rep(G). To the authors’ best knowledge, a rigorous definition and construction of such
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higher categories is not yet available in the mathematical literature. There is a recent
explicit description of 3Rep(G) for an ordinary group G in and more generally we refer the
reader to for the state-of-the-art.

Nevertheless, some features may be safely determined. Indeed, the construction of
higher representations of higher groups is to some extent inductive in nature. For example,
the descriptions topological surfaces as 2-representations in this paper is enough to compute
the 2-category of (D — 1)-fold iterations of endomorphisms of the identity in 7 /G. For
G and ordinary finite group, there will certainly exist simple codimension-1 topological
surfaces labelled SPT phases

ce HP=Y(G,U(1)) (7.2)
with 1-morphisms
Homp/g(c, ) = (D — 1)Rep” ~(G) (7.3)

given by projective (D — 2)-representations of G with cocycle ¢ — ¢. This structure can
already be seen for 3-representations in D = 4 in. However, as D = 3 already demonstrates
there will certainly exist many more simple objects.

G=AlgxH G=AD-q—-2/xH

Alg] ~ ~

T : (D —1)Vect(G) = T : (D —1)Vect(G)
H H

T/H : (D —1)Rep(G) T/H : (D —1)Rep(G)

Figure 29.

Particularly simple examples are split higher groups involving a single g-form symmetry
with ¢ > 0, which may be written

G=AlgxH. (7.4)

for some ¢ = 1,... D —2. Gauging symmetries will produce a commuting square of theories
illustrated in figure 29. In particular, the example ¢ = 1 arises uniformly in pure dynamical
gauge theories in D-dimensions where G is the automorphism 2-group of a simple, compact,
connected Lie group G. The situation becomes rather symmetric in D = 4 where gauging
a 1-form symmetry results in another 1-form symmetry and is illustrated in figure 30. This
encompasses the full symmetry categories of anomaly free examples in four dimensions
in [5].

7.2 Postnikov data, subgroups, 't Hooft anomalies

An important extension is to consider gauging more general higher groups with non-trivial
Postnikov data, which is closely connected to gauging more general subgroups and mixed 't
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Spin(4N) PSO(4N)

(Z2 X Zg)[l}
3Vect((Zg X Zz)[l} D! Zg) 3Vect((Z2 X Zg)[l] Del ZQ)
(ZQ X Zg)[l}

Zg ZQ
3Rep((Zz X Zg)[].] X Zz) SRep((Zg X ZQ)[l] X Zg)
Pin™ (4N) PO(4N)
Figure 30.

Hooft anomalies. This will bring into the fold more examples of non-invertible symmetries
in higher dimensions considered in [2, 3, 7]

Let us consider the situation in dimension D = 3 and consider a theory with a finite
2-group G constructed from a 0-form symmetry H, abelian 1-form symmetry A and non-
trivial Postnikov class e € H3(H, A). This may be regarded as a higher analogue of a finite
group extension and for this reason it is sometime written as

1Al -G—H—1. (7.5)

The non-trivial Postnikov data means that the commutative diagram of theories considered
for example in figure 25 is restricted to a diagram where the bottom left corner is removed.
Starting from a theory 7 with 2-group symmetry G of this type, one cannot now gauge
the O-form symmetry H. On the other hand, gauging the 1-form symmetry A[l] leads to

a theory T = T /A[1] with a direct product O-form symmetry
Ax H (7.6)

with a mixed ’t Hooft anomaly
aUe(h) (7.7)
Xy

with background fields a € H'(X4, A) and h : X, — BH [47].

Subsequently gauging the 0-form symmetry H in the theory T is equivalent to gaug-
ing the entire 2-group symmetry G in 7. By this sequence of gauging, and generalising
the methods in this paper, one compute the resulting symmetry category explicitly and
demonstrate that it is equivalent to 2Rep(G). This and higher dimensional analogues will
be considered in a subsequent paper.
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A Higher Representation Theory

Ordinary symmetries in quantum field theories can often be described by the structure of
ordinary groups. These can be discrete or continuous, abelian or non-abelian. A useful
way to study ordinary groups is via their representations, which form an ordinary category.
On the other hand, higher form symmetries in quantum field theories can often be
described by higher categorical analogues of groups. The aim of this appendix is to define
the first instance of such a higher categorical generalization, and to study a corresponding
higher categorical analogue of the notion of representations. Our description follows [48].

A.1 2-Groups

The first higher categorical generalization of the notion of a group is called a 2-group. In
the following, we will define 2-groups abstractly in analogy to the categorical description
of ordinary groups.

A.1.1 Groups as Categories

Let us begin our discussion with the well-known notion of an ordinary group:

Definition A.1. A group is a category C with a single object, all of whose morphisms are
invertible.

Pictorially, we can visualize this by representing the single object of C' by e , and all
of its morphisms by loops starting and ending at e :

'S

The composition of morphisms then provides a binary operation
o: Endg(e) x Endeo(e) — Ende(e), (A.2)

which we can visualize pictorially by

91C0<—>gz =2 0<—>91092 (A.3)

As a consequence of the axioms of a category and our assumption of invertibility of
morphisms, the binary operation o has the following properties:

e Associativity: For all g1, g2, g3 € Ende(e) it holds that

(g1092)093 = g1o(g2093). (A.4)
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e Identity element: There exists a distinguished morphism e := Ide € End¢(e) such
that for all g € End¢(e)
goe = eog = g. (A.5)

e Inverse element: For each morphism g € Endc(e), there exist a distinguished mor-
phism g~! € Endg(e) such that

gog - =g og = e. (A.6)

The binary operation o is also called group multiplication. Since the whole structure of the
category C' is contained in the endomorphism space of ¢ and the group multiplication on
it, we will often denote C' by (End¢(e), o) in what follows.

A.1.2 2-Groups as 2-Categories

We can now readily generalize the notion of a group by adding an additional layer of
structure to the picture in (A.1). This leads to a higher categorical analogue of a group:

Definition A.2. A 2-group is a 2-category G with a single object, all of whose 1-morphisms
and 2-morphisms are invertible.

Pictorially, we can visualize this by adding 2-morphisms as “morphisms between mor-

L QO .
O

9 g2
N A
B

The vertical composition of 2-morphisms then provides a map

phisms” to the picture in (A.1):

+: 2Homg(g1,92) x 2Homg(g2,93) — 2Homg(g1,9s), (A.8)

which we can visualize pictorially by

g1 9
g2 ° i} O ax 3 (A,9)
AN O
g3

g3
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Furthermore, the horizontal compostion of 2-morphisms provides a map

*: 2Homg(g1,g92) x 2Homg(g3,94) — 2Homg(g1 © g2, g3 © g4) , (A.10)

which we can visualize pictorially by

g1° g2

91 92 O
a< Q;% >5 L . ax (A.11)

93Q 94 Q

g3 094

As a consequence of the axioms of a 2-category and our assumption of invertibility of 1-
morphisms and 2-morphisms, the vertical and horizontal compositions * and * have the
following properties:

o Associativity of *: Given 2-morphisms ¢; = go % g3 = g4, it holds that
(axB)xy = ax*x(Bx7). (A.12)

o Associativity of x: Given 2-morphisms ¢ = g2, g3 ﬁi ga and g5 L ge, it holds that
(axpB)*xy = ax(B*7). (A.13)

o Identity elements: For each 1-morphism g in G there exists a distinguished 2-morphism
Id, € 2Endg(g) such that for all &« € 2Hom(g, ¢’) it holds that

Idgxa = axldy and Idexa = axId.. (A.14)

e Inverses for x: For each 2-morphism « € 2Homg(g, ¢') there exists a distinguished
2-morphism a~! € 2Homg(g’, g) such that

axat=1d, and atxa=1d,. (A.15)
e Ezchange law: Given 2-morphisms g; = g¢o oé:,> gz and hq é ho B:> hsg, it holds

that
(axa)x(BxB') = (axB)x (' xf). (A.16)

Note that the exchange law guarantees that the different possibilities to compose 2-mor-
phisms in the flower diagram
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o f \5
92 ho (A.17)
a/& j B’
93 hs

using * and % are compatible with one another. Furthermore, given any o € 2Homg (g1, g2),
the exchange law implies that the 2-morphism

a = (Idg;1) * (a7h) % (Idg;1) € 2Homg(g; ", g5 %) (A.18)
is an inverse of o w.r.t. * in the sense that axa@ = ax o = Id,.

Example A.3. Given a group C, we can always construct a trivial 2-group containing C'
by attaching to each 1-morphism g in C its identity 2-morphism Id,. Thus, as expected,
the notion of a 2-group contains the notion of an ordinary group.

A.2 2-Representations

Having generalized the notion of a group to a higher categorical analogue, we would like to
do the same for the notion of representations of groups. Here and in the following, what
we mean by “representations” are linear representations on complex vector spaces, all of
which we take to be finite-dimensional.

A.2.1 Representations as Functors

Let us recall the notion of ordinary representations of an ordinary group C:

Definition A.4. A representation of C'is a functor F' : C' — Vect from C into the category
Vect of vector spaces.

More concretely, what this means is that F' assigns
e a vector space V := F'(e) to the single object ¢ of C,
e a linear map F, : V — V to each morphism g € C.

Pictorially, we can visualize this as follows:

BQO “ £, IdVQV/D | (A.19)
@ CJ

g g' Fg Fg’
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Compatibility of F' with composition then ensures that for all g, ¢’ € C it holds that
Fgog’ = FgOFg/. (AQO)

As a usful by-product, the description of representations as functors allows us to readily
define what we mean by a morphism between representations ' and F’ of C:

Definition A.5. An intertwiner between F and F' is a natural transformation € : F' = F".

More concretely, what this means is that € assigns to the single object o of C' a linear
map ¢ := €s between the vector spaces V := F(e) and V' := F’(s), such that for each
morphism g € C there is a commutative diagram

Fg
V——V

sol yp (A.21)

Vi—— V"
FQ

A.2.2 2-Representations as 2-Functors

In order to lift up the notion of representations to the level of 2-groups, we need to introduce
the 2-categorical analogue of the category Vect of vector spaces:

Definition A.6. The 2-category 2Vect of 2-vector spaces consists of the following data:

e It’s objects are natural numbers n € N.

e Given two objects n,m € N, the 1-morphism space Homavect (1, m) between them is
given by the space of (n x m)-matrices A whose entries are vector spaces. Pictorially,
we write this as

n 2 m. (A.22)

Composition of 1-morphisms is given by “matrix multiplication” using direct sums
and tensor products of vector spaces, i.e.

(Ao B)yx = P Ai; ® Bji.. (A.23)
j=1
Pictorially, we write this as
nﬂmil = nﬂl. (A.24)

e Given two l-morphisms A, B € Homayeet(n, m) between n and m, the 2-morphism
space 2Homayect (A4, B) between them is given by the space of (n x m)-matrices ¢
whose (4, 7)™ entry is a linear map ;; : A;; — B;j. Pictorially, we write this as

» m (A.25)
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Vertical composition of 2-morphisms is given by composition of linear maps, i.e.

(px )iy = @ij © i, (A.26)
which we write pictorially as
A A
<5 e N i
n % m = n “¢*¢ m (A.27)
NS v S

c C

Horizontal composition of 2-morphsims is given by “matrix multiplication” using
direct sums and tensor products of linear maps, i.e.

(ox)ix = @ ©Vij @ Yk, (A.28)
j=1
which we write pictorially as
A c AoC
n ¥ m Y s — n pxp s (A.29)
Y T Ny S v S

B D CoD

In analogy to before, we can now readily define what we mean by a 2-representation
of a 2-group G:

Definition A.7. A 2-representation of G is a 2-pseudofunctor F : G — 2Vect from G into
the 2-category 2Vect of 2-vector spaces.

More concretely, what this means is that F assigns

e a natural number n := F(e) to the single object e of G,
e a (n x n)-matrix F, with vector spaces as entries to each 1-morphism g in G,

e a (n x n)-matrix F(a) with linear maps as entries to each 2-morphism « in G.

We call n € N the dimension of F. Pictorially, we can visualize this as follows:

¢ I,
o Q.D L Fo) Qno > (A.30)
O, O,
Xﬁ/’ S~

F(B)

Compatibility of F with composition of 2-morphisms then ensures that
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e for all vertically composable 2-morphisms « and § in G it holds that
Flaxp) = Fla) x F(B), (A.31)
e for all 2-morphisms « and § in G it holds that

Flaxp) = Fla) x F(B). (A.32)

In addition, since F is a 2-pseudofunctor, there exist specified 2-isomorphimsms
e Fe = 1, and Ggg : Fgo Fg = Fyog (A.33)

called the identifier and the compositor, respectively, which are subject to the following
compatibility conditions:

e For all 1-morphisms g, h and k in G the diagram

Idr, * onk
f O‘Fho‘/—-.k > f O‘FhOkJ

FgOhO]:k = Fgohok
g hok

commutes w.r.t. vertical composition of 2-morphisms.

e For all 1-morphisms g in G the following diagrams “commute”:

Ge *1d £, Idz, * ¢e
/—_\ m
F.oF. o F. (A.35)
V v
eg g.e

In analogy to before, it is now straightforward to generalize the notion of intertwiners
between representations to the notion of intertwiners between 2-representations:

Definition A.8. A I-intertwiner between two 2-representations F and F’ of G is a pseudo-
natural transformation ¢ : F = F.

More concretely, what this means is that ¢ assigns
e a l-morphism ¢ := €e : 1 — m to the single element o of G,
e a 2-morphism g4 : ¢ © .7-"’ = F4 o ¢ to each 1-morphism g in G,

so that the following compatibility conditions are satisfied:
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e ¢ is compatible with the identifiers of F and F’ in the sense that the following
diagram commutes:

poF,=——=Fc00p
o, *¢\ / ‘1, (A.36)

e ¢ is compatible with the compositors of F and F’ in the sense that for all 1-morphisms
g1 and go in G the following diagram commutes:

Fg 0opoF

Id% \dfgl * Egy

1%
]:, o ]:/ Fg0Fg 00 (A.37)
IdSD x ¢lg1792 ¢91792 * Id@

o Fy

g10g2 > Fgiogs © P

€g10g2
e ¢ is compatible with the 2-morphisms in G in the sense that for any 2-morphism
a:g— ¢ in G the following diagram commutes:
/ &g
(P (o) _Fg > ‘/—-'g [e) SO

Id, * F'(c) Fla)*1d, (A.38)

poFy — Fgop
g/

As the denomination suggests, we can regard l-intertwiners as 1-morphisms between
2-representations. This viewpoint is supported by the fact that there is a natural way to
compose them:

Definition A.9. Let ¢ : F = F and ¢’ : 7/ — F” be two 1-intertwiners between 2-repre-
sentations F, F' and F', F” of G, respectively. Then, their composition is the 1-intertwiner
goe : F = F" defined by

(eo0e)e := poy (A.39)

(where ¢ = ce and ¢’ = €,) and
(eoe)y = (Idy *ey) * (g% 1dy) (A.40)

for all 1-morphisms g in G.
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The composition of l-intertwiners then allows us to define what we mean by saying
that two given 2-representations of G are “essentially the same”:

Definition A.10. Two 2-representations F and F’ of G are said to be equivalent if there
exists an invertible l-intertwiner ¢ : F = F' between them.

In addition to l-intertwiners, there also exists a notion of 2-intertwiners that can be

seen as 2-morphisms between two 1-intertwiners:

Definition A.11. Let ¢,¢' : F = F’ be two l-intertwiners between two 2-representations
F and F’ of G. Then, a 2-intertwiner between F and F’ is a modification 7 : ¢ = ¢’

More concretely, what this means is that 7 is a 2-morphism 7 : ¢ = ¢’ in 2Vect such
that the following diagram commutes for all 1-morphisms g in G:

9
SDOJT'.; :g> ng(p

T]*Id]:g/, Id]:g *1 (A41)

SO/o]::(/] :}/ ‘FgOQOI

&g

In summary, for each 2-group G we obtain a 2-category 2Rep(G) of 2-representations
of G, which can be described as follows:

Definition A.12. The 2-category 2Rep(G) consists of the following data:

e [ts objects are 2-representations F : G — 2Vect.

e Given two objects F and F’, the 1-morphism space between them is given by the space
of l-intertwiners € : F = F’. Composition of 1-morphisms is given by composition
of 1-intertwiners as in Definition A.9.

e Given two l-morpshims ¢ and & between two objects F and F’, the space of 2-
morphisms between them is given by the space of 2-intertwiners 7 : € = &’. Vertical
and horizontal composition are given by vertical and horizontal composition in 2Vect,
respectively.

For the remainder of the appendix, we will be interested in studying the 2-category
2Rep(G) for certain special types of 2-groups G that we will define below.

A.3 Classification

In the theory of ordinary groups and their representations, we often only care about families
of groups and representations that are “essentially the same”. Similarly, in the case of
2-groups and their 2-representations, we often only care about families of 2-groups and
2-representations that are “equivalent” in an appropriate sense. A natural question to ask
is if there is a simple way to classify equivalence classes of 2-groups and 2-representations.
In the following, we will try to answer this question for special types of 2-groups and
2-representations thereof.
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A.3.1 Classification of 2-groups

The definition of 2-groups as a special kind of 2-categories is elegant but rather abstract. It
can be related to the more familiar concept of ordinary groups using the notion of crossed
modules. Recall that a crossed module is a quadruple (C, D,>, ), where

e ( is a group with group multiplication ©®,
e D is a group with group multiplication ®,
e >:C — Aut(D) is an action of C' on D via automorphisms,

e J: D — (Cis a group homomorphism compatible with > in the sense that

dgra) = god(a)® gt A.42)
da)pf = a®foat (A.43)

—~

forall g € C and o, 5 € D.

Remark A.13. Note that that relation (A.42) implies that
gOh®g ! € im(9) (A.44)

for all h € im(0) and all g € C, so that im(9) C C'is a normal subgroup of C'. Consequently,
the quotient coker(9) = C'/im(0) is itself a group. Similarly, relation (A.43) implies that

[, 8] = 1 (A.45)

for all o € ker(9) and all 8 € D, so that ker(9) C D is a subgroup of the centre of D (and
is hence abelian). One can then check that > descends to a well-defined action of coker(0)
on ker(9).

Using the above, we can now state the following:
Proposition A.14. There is a 1:1-correspondence between 2-groups and crossed modules.

Proof. We will only sketch one side of the correspondence. That is, given 2-group G, we
can define a crossed module (C, D,>, 0) as follows:

e We set the group C' to be the l-endomorphism space of the single object o in G
together with composition of 1-morphisms, i.e.

C := (Endg(e), o). (A.46)

e We set the group D to be space of 2-morphisms with source e € Endg(e) together
with horizontal composition of 2-morphisms, i.e.

D := (2Homg(e, .), x). (A.47)
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e We define the group homomorphism > : C' — Aut(D) by
gra = (Idg1) * a x (Idg) (A.48)
for each g € C' and a € D.

e We define the group homomorphism 0 : D — C by

a € 2Homg(e,g) — g € Endg(e). (A.49)
One can check that > and 0 as defined above satisfy the relations (A.42) and (A.43), so

that (C, D,1>,0) forms a crossed module as claimed. O

Example A.15. Given a group D, we can use it to construct a crossed module (C, D,>, 9)
by setting C' := Aut(D), > :=1d : C — Aut(D) and 9 := conj : D — C. We call this the
automorphism crossed module of D.

As a by-product, the description of 2-groups as crossed modules allows us to readily
define what we mean by a morphism between two 2-groups:

Definition A.16. Let G = (C, D,>,9) and G’ = (C’, D’,p',d') be two crossed modules.
Then, a morphism between G and G’ is a pair (p,%) of group homomorphisms sitting in
the commutative diagram

0

D—C
8/
D —
that respect the group actions > and >’ in the sense that

Y(g>a) = o(g) v ¥(a) (A.51)

for all g € C' and a € D. The morphism (¢, ) is called an equivalence between G and G’
if it induces group isomorphisms between ker(9) = ker(9’) and coker(9) = coker(9’).

Furthermore, the notion of crossed modules allows us to define what we mean by a
sub-2-group (or equivalently a crossed submodule) of a 2-group:

Definition A.17. A crossed module (C, D, >, ) is called a crossed submodule of a crossed
module (C", D', v/, d') if

e (' is a subgroup of C’,
e D is a subgroup of D',
e the action > of C on D is induced by the action >’ of C’ on D/,

e 0 =0|p is the restriction of &' to D.
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Finally, we are able to classify equivalence classes of 2-groups as follows:

Theorem A.18. There is a 1:1-correspondence between equivalence classes of 2-groups G
and equivalence classes of quadruples (G, A, p, ), where

e (G is a group,

e A is an abelian group,

e p:G — Aut(A) is an action of G on A via automorphisms,
o 0 Z3(G, A) is a twisted 3-cocycle on G with values in A.

Two such quadruples (G, A, p,0) and (G, A’,p/,8') are said to be equivalent if there exist
group isomorphisms ¢ : G == G’ and ¢ : A = A’ such that

Plgrpa) = p(g) by (a)  and  [p*(0)] = Yo (A.52)

for all g € G and a € A, where [.] : Zg’,o@(G,A’) — HE,OW(G,A’) denotes the projection
into group cohomology. The class [] € H3(G, A) is often called the Postnikov class of the

(equivalence class of the) 2-group G.

Proof. We will only sketch one side of the correspondence. That is, given a 2-group G,
thought of as a crossed module (C, D,1>,0), we can construct a quadruple (G, A, p,0) as
follows: According to Remark A.13, the action > descends to a well-defined action p of the
group G := coker(d) on the abelian group A := ker(0). By definition, the isomorphism
classes of G and A do not depend on the equivalence class of G. In order to construct the
twisted 3-cocycle 0, we embed GG and A into the four-term exact sequence

1—A4<D-%C "G —1, (A.53)

where ¢ denotes inclusion of A into D and w denotes projection from C onto G. We then
choose a section s : G — C such that m o s = Idg and define ¢: G x G — C by

c(g1,92) = s(g1) © s(g2) © s(g1,92) " (A.54)

for all g1, g2 € G. Since moc = 1, there exists a d : G Xx G — D with 0od = ¢, which allows
us to define a 3-cochain 6 : G x G x G — D by

0(91,92,93) = [s(g1)>d(g2,93)] ® d(g1,92-93) ® d(g1-92,93) " ® d(g1,92)"" (A.55)
for all g1, 92,93 € G. One can then check that
0o =1 and 9,0 =1, (A.56)

so that 0 defines a twisted 3-cocycle 6 € ZS’(G, A) on G with values in A. One can check
that its class [0] € H S’(G, A) in group cohomology does not depend on the choices of s and
d, and that equivalent 2-groups G and G’ lead to equivalent cohomology classes [f] and [0']
in the sense of (A.52). O
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Example A.19. Let D be a group and let G be its automorphism crossed module as
in Example A.15. Then, G is classified by the quadruple (Out(D),Z(D),1d, ), where
Out(D) denotes the group of outer automorphisms of D, Z(D) denotes the centre of D,
and 6 classifies the trivial double extension of Out(D) by Z (D) through the four-term exact
sequence

conj

1 —— Z(D) —*- D Aut(D) —"—% Out(D) —— 1. (A.57)

Remark A.20. In the following, we will abuse notation and speak of quadruples (G, A, p, )
as 2-groups. According to Theorem A.18, this abuse of notation is justified if we only care
about 2-groups up to equivalence.

The classification of 2-groups by quadruples (G, A, p, ) allows us to define a special
type of 2-group that will be our main point of interest in the following:

Definition A.21. A 2-group @ is said to be split if its Postnikov class vanishes, i.e. [6] = 0.

In other words, a split 2-group G is such that 6 is cohomologous to an exact piece.
Using equivalences of 2-groups, we can always remove this exact piece and set § = 0, so
that, up to equivalence, we can label split 2-groups G by triples (G, A, p) with G, A and p
as above. It is then straightforward to describe sub-2-groups of split 2-groups:

Lemma A.22. Let H = (H, B, n) be a sub-2-group of a split 2-group G = (G, A, p). Then,
e H C G is a subgroup of G,
e B C A is a subgroup of A,
e the action n of H on B is induced by the action p of G on A.

Remark A.23. Note that, given a subgroup H C G, we can always construct a split
sub-2-group (H, A, p|g) of G. Any other sub-2-group of the form H = (H, B,n) can be
obtained from (H, A, p|pg) by restricting A to H-orbits B C A w.r.t. p|g. In the following,
we will therefore only consider sub-2-groups of the form (H, A, p|g) for some subgroup
H C @, which for simplicity we also just denote by H C G.

A.3.2 Classification of 2-Representations

We now turn to the classification of equivalence classes of 2-representations. For the re-
mainder of the appendix, we will fix G = (G, A, p) to be a finite split 2-group. As shown
in [20, 22], the 2-representations of G can then be classified as follows:

Theorem A.24. There is a 1:1-correspondence between equivalence classes of n-dimension-
al 2-representations of G and equivalence classes of triples (o, ¢, x), where

e 0:G — S, is a permutation representation of G on (n) = {1,...,n},

e c€ Z2(G,U(1)") is a twisted 2-cocycle on G with values in U(1)",
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e y € (AY)" is a collection of n characters of A,

such that for all g € G and a € A it holds that

9> x(a) = x(gppa). (A.58)

Two such triples (o, ¢, x) and (o, ¢, X’) are said to be equivalent if there exists a permuta-
tion 7 € S, such that

o =to0007}, [] = [r>d], X =70y, (A.59)
where [] : Z2,(G,U(1)") — H%/(G,U(1)") denotes the projection into group cohomology.

Proof. We will only sketch one side of the correspondence. That is, given a 2-representation
F of G, we want to construct a triple (o, ¢, x) as above. To do this, we again think of the
2-group G as a 2-category and the 2-representation F as a 2-pseudofunctor from G to 2Vect,
as illustrated in (A.30).

Then, F assigns to each 1-morphism g in G a (n x n)-matrix F4, whose entries are
vector spaces. Due to the existence of 2-isomorphisms

Pgg-1 * Pe 1 FgoFg1 = I (A.60)

constructed from the compositors and the identifier of F, each F, contains only one non-
vanishing vector space per row and column, all of which are 1-dimensional. Thus, we can
think of F,; as a (n X n)-permutation matrix for each 1-morphism g in G, which induces a
permutation representation

o: (Endg(e),0) — S,. (A.61)

In particular, if there exists a 2-isomorphism « : e = ¢ in G, we can construct the 2-
isomorphism

Fla)y™ * ¢ 2 Fy = 1 (A.62)

in 2Vect, which implies that the associated permutation matrix o4 is trivial. Thus, the
permutation representation o descends to a well-defined permutation representation of

G = coker(0), (A.63)
where we denoted by 0 : (2Homg(e, . ),*) — (Endg(e), o) the group homomorphism
a € 2Homg(e,g) +— g € Endg(e). (A.64)
Next, we note that for two given 1-morphisms ¢ and A in G, the compositor
Ggn: FgoFn = Fyon (A.65)

is an (n x n)-matrix of invertible linear maps between the 1-dimensional vector spaces
sitting in Fy o Fj, and Fy.p. Since the latter only have one non-vanishing entry per row
and column, ¢, p, is entirely determined by a collection of n phases ¢;(g, h) € U(1) specifying
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the isomorphism between the 1-dimensional vector spaces sitting in the i-th row of F, o Fy,
and Fy.p, respectively. This induces a map

¢ : Endg(e) x Endg(e) — U(1)", (A.66)
which as a consequence of (A.34) satisfies the twisted cocycle condition

ca_1(z,)(h7 k) —ci(goh,k)+ci(g,hok) —ci(g,h) = 0. (A.67)

g

n

Thus, we obtain a twisted 2-cocycle on (Endg(e), o) with values in U(1)
checked to descend to a well-defined 2-cocycle on G = coker(0).

, which can be

Lastly, we note that for each 2-isomoprhism « : e = g we have a 2-isomorphism
Fla) : Fe = Fy, (A.68)

which is a (n x n)-matrix of invertible linear maps between the 1-dimensional vector spaces
sitting in F, and F,. Since the latter only have non-vanishing entries on the diagonal,
F(«) is again entirely determined by a collection of n phases x;(a) € U(1) specifying the
isomorphism between the 1-dimensional vector spaces in the i-th diagonal entry of F, and
Fy, respectively. This induces a homomorphism

X : (2Homg(e, .), x) — U(1)", (A.69)
which can be checked to satisfy

x(g>a) = grsx(a), (A.70)

where we denoted by > the action of (Endg(e),o) on (2Homg(e, .),*) as in (A.48). The
homomorphism x then descends to a well-defined collection of characters of A = ker(9). O

Remark A.25. In the following, we will abuse notation and speak of triples (o,¢, x) as
2-representations of G. According to Theorem A.24, this abuse of notation is justified if
we only care about 2-representations up to equivalence.

Example A.26. For any split 2-group G, setting (o, ¢, x) = (1,1, 1) gives a 1-dimensional
2-representation of G, which is called the trivial 2-representation and denoted by 1.

Just as for ordinary complex representations of a group G, there exists a notion of the
conjugate of a 2-representation of the 2-group G:

Definition A.27. Let (o,¢,x) be a 2-representation of G. Then, its conjugate is the
2-representation

<0767X)# = (0—7675()7 (A71)

where ¢ and y denote complex conjugation of ¢ and x w.r.t their coefficients in U(1).
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A.4 Direct Sum and Tensor Product

From the theory of ordinary representations of finite groups G we are used to being able to
combine two given representations of G into new representations by taking direct sums and
tensor products. The description of 2-representations of G as triples (o, ¢, x) as in Theorem
A.24 allows us to introduce analogous constructions for 2-representations:

Definition A.28. Let (0,c¢, x) and (o/, ¢, x') be two 2-representations of G of dimensions
n and n/. Then, we can combine them as follows:

e Their direct sum is the (n + n')-dimensional 2-representation
(0,¢,x) ® (0, ¢, X) = (c@0,cdd,xOX), (A.72)

where the permutation representation o @ ¢’ : G — S,, 1, is defined by

, (A.73)

(U@Ul)g(i) = {Ug(i) if 1<i<n

og(i—n)+n if n+1<i<n+n

the twisted 2-cocycle ¢ ® ¢’ € Z2, (G, U(1)""') is given by

(cd)i(g,h) =

i(g, h if 1<¢<
{c(g ) i i<n (A74)

i, (g,h) Efn+l1<i<n+n '
and the collection of characters x @y’ € (AY)"*" is taken to be

vi ifl1<i<n

, y ‘ , (A.75)
Xiep, U n+1<i<n+n

xex) = {

for all g,h € G and i € (n+n),

e Their tensor product is the (n - n')-dimensional 2-representation
(g,0,xX) @ (o', d, ) = (@0 ,cad,x®YX), (A.76)
where the permutation representation o ® o’ : G — S,,.,/ is defined by
(0®0")g(i, ) = (04(i), 74(4)) , (A7)
the twisted 2-cocycle c® ¢’ € Z2 (G, U(1)™") is given by
(c®)y(g,h) = cilg.h)-ci(g,h), (A.78)
and the collection of characters y @ x’ € (AY)"" is taken to be
@ Xy = Xi* X (A.79)

for all g,h € G and (4, j) € (n) x (n') ~ (n-n').
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A.5 Induction and Restriction

From the theory of ordinary representations of finite groups G we are used to being able
to construct representations of G from representations of subgroups H C G by induction.
We would like to obtain analogous constructions in the case of 2-representations of finite
split 2-groups.

Let therefore H C G be a sub-2-group of G in the sense of Remark A.23. We denote
by n:= |G : H| the index of H in G. Let (o,c¢, x) be a m-dimensional 2-representation of
H. We would like to construct a (n - m)-dimensional 2-representation (¢’,¢’,x’) of G out
of (0,¢,x). To do this, we consider the space

G/H = {[Ri],..., [Rn]} (A.80)

of left H-cosets [R;] = R; - H in G with fixed representatives R; € G such that [R;] = H.
Then, each g € G acts on the left cosets as

g-[Ri] = [Ry,)] (A.81)

for some ny(i) € (n), which induces a permutation representation 1 : G — Sy, of G on (n).
More concretely, Eq. (A.81) means that

qg- Ri = Rng(i) . hz(g) (A.82)

with h;(g) € H for each i € (n) and g € G. Using this, we define an induced permutation
representation o’ : G — Sy, of G on (n-m) by

oy (i-9) = (15(0), On,i0) () - (A.83)

Furthermore, we can construct an induced twisted 2-cocycle ¢ € Z2,(G,U(1)"™) on G as

iy (9:9) = i (hy1(9) s Byt )(0) - (A.84)

g-9'

Lastly, we obtain an induced collection x' € (AY)™™ of (n - m) characters of A by

X(ij(@) = x;j(B; ' ppa). (A.85)

One can then check that the triple (¢/,¢,x’) forms a well-defined 2-representation of G,
whose equivalence class is independent of the choice of representatives R; of left H-cosets
in G. We name it as follows:

Definition A.29. The 2-representation (o/, ¢, x’) is called the induction of the 2-represen-
tation (o, ¢, x) from H to G and is denoted by

(o', d,x) =: Ind%(o, ¢ X) - (A.86)

A natural question to ask is whether two 2-representations of two different sub-2-groups
of G give rise to equivalent 2-representations of G after induction. To answer this question,
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we note that, given a 2-representation (o, ¢, x) of H C G and a group element g € G, we
can define a 2-representation (90, 9%¢c,9x) of 9H := gHg~ ' C G by setting

Yo := ooconj, 1, (A.87)
de := coconj,-1, (A.88)
X = xlg e () (A.89)

Definition A.30. The 2-representation 9(o,c,x) = (90,%¢,9x) of YH C G is called the
conjugation of the 2-representation (o, ¢, x) of H C G by g € G.

One can then check by an explicit calculation that conjugating 2-representations of
sub-2-groups leads to equivalent 2-representations of G after induction:

Lemma A.31. Let H C G a sub-2-group and let (o,c,x) be a 2-representations of H.
Then, for any g € G it holds that

Ind%(a, e X) = Ind?H (9(0, c, X)) . (A.90)

On the other hand, we know that, given a representation of a finite group G, we
can restrict it to obtain a representation of a subgroup H C (. Analogously, given a
2-representation (o, ¢, x) of G and a sub-2-group H C G, we can construct a triple

/

o = olg, ¢ = 1(c), X = X, (A.91)

where v : H — G denotes the inclusion of H into G. It is then clear that (o’,c, x’) forms
a well-defined 2-representation of H C G, which we name as follows:

Definition A.32. The 2-representation (¢/, ¢, x’) is called the restriction of the 2-represen-
tation (o, ¢, x) from G to H and is denoted by

(o', d,x") =: Res%(o,c,x). (A.92)

A natural question to ask is how induction and restriction of 2-representations interplay
with one another. This is answered by Mackey’s decomposition theorem:

Theorem A.33. Let K and H be two sub-2-groups of G and let (o, ¢, x) be a m-dimensional
2-representation of K. Then, it holds that

(Res; 0 Ind%.) (o,¢,x) = @ Ind}f ~ox (%0, ¢, X)) (A.93)
lg] € H\G/K

where g € G labels (arbitrary) representatives of double H-K-cosets in G.

Proof. Recall that, by definition, the induction Ind%(a, ¢, x) of (o,¢,x) from K to G can
be constructed by considering the space

G/K = {[Ri],.., [Rn]} (A.94)
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of left K-cosets [R;] = R; - K with fixed representatives R; € G and defining an induced
permutation representation n : G — S, by

!

qg- RZ‘ = Rng(i) . k,(g) (A.95)

with k;(g) € K for each g € G. In order to understand the restriction of Ind%(a, ¢, X) to
H C G, we start by decomposing

(n) = | | 0G) (A.96)

el

into orbits O(i) = {nn(i)|h € H} of the restricted action n|g of H on (n) with fixed
representatives ¢ € I C (n), whose elements we label as

0@) =: {i1, .. in, }, (A.97)
where i1 =4 and n; = |O(i)|. Analogously, we can then decompose

(Res; 0 Ind%.) (o,¢,x) = @ (o', ¢, xY), (A.98)
el

where for fixed i € I we denoted by (o¢, ¢, x*) the (n; - m)-dimensional 2-representation of
H defined as

b)) = (On(5)s ok, (D) (A.99)
C%j,l)(h’ hl) = Cl(kngl(ij)(h)v kﬂ;t/(lg)(h/)) ) (AlOO)
Xijn(a) = xi(B; vpa), (A.101)

with 6 : H — S,,, the permutation action of H on (n;) induced by 7 through

!

mn(ij) = g, () - (A.102)
It is then straightforward to check that
H; := Staby,, (i) = HN(R;KR;"), (A.103)
so that, as sets, we have a correspondence
O(i) = H/H; =: {[S1], .-, [Sn;]}, (A.104)
where we fixed representatives S; € H of left Hj-cosets [S;] = S; - H; in H such that
h-S; = Sg, () hy(h). (A.105)
One can check that the elements hj(h) € H; are given by

Ry -hj(h)-Ri = ki(Sg,) 7" - kiy(h) - ki(S;) - (A.106)
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Using the above, we then define a permutation 7 € S,,..,, by

70 (0 = (4 ogs,y (D) (A.107)

which, using (A.106), can be checked to give an equivalence
(Ui,ci,xi) o Indﬁi (R" (0,c, X)) (A.108)
of 2-representations. Together with (A.98), the claim then follows from the fact that the
map I — H\G/K sending i — [R;] is a bijection. O

Remark A.34. Note that, up to equivalence, the choice of representatives g € G of double
H-K-cosets [g] € H\G/K in (A.93) does not matter, since choosing different representa-
tives ¢ = h-g -k for some h € H and k € K leads to

/

HNIYK = "HNI%) and  9(o,¢,x) = "((0,¢ X)), (A.109)
which according to Lemma A.31 gives equivalent 2-representations after induction to H.

Remark A.35. Note that, on the right-hand side of Mackey’s decomposition formula
(A.93), the 2-representation 9(o,c, x) of the intersection H N 9K should really be seen
as the restriction Res/, o (9(0,¢,x)). In the following, in order to avoid cumbersome
notation, we will leave this restriction understood implicitly.

A special case of the above considerations is when H = K is normal in G (usually
denoted by H < G), which means that 9H = H for all g € G. In this case, left H-cosets
equal right H-cosets in G, so that Mackey’s decomposition formula simplifies as follows:

Corollary A.36. Let H < G be a normal subgroup and let (o, ¢, x) be a m-dimensional
2-representation of H C G. Then, it holds that

(Res; 0 Ind%)) (o,¢,x) = @ I(o,¢,X) s (A.110)
lgl e G/H

where g € G labels (arbitrary) representatives of left H-cosets in G.
A.6 Simplicity

A useful way to study 2-representations of G is to study a particular subset of 2-represen-
tations that form “building blocks” for all other 2-representations of G:

Definition A.37. A 2-representation of G is said to be simple if, up to equivalence, it
cannot be written as a direct sum of other 2-representations of G.

More concretely, a n-dimensional 2-representation (o, ¢, x) of G is simple if the permu-
tation action o : G — S, is transitive on (n). The classification of simple 2-representations
as “building blocks” is then due to the following:

Lemma A.38. Up to equivalence, every 2-representation of G can be written as a direct
sum of simple 2-representations of G.
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Proof. Let (o,c,x) be a n-dimensional 2-representation of G. Then, we can decompose
(n) = || 0G) (A.111)
el
into orbits O(i) = {o4(i)|g € G} of the permutation action o of G on (n) with fixed
representatives ¢ € I C (n), whose elements we label as
O@i) =: {ir, ..., in, }, (A.112)
where 41 = i and n; = |O(4)|. On each orbit, we then obtain an induced permutation action
o' : G — Sy, coming from
N
og(ij) = Lot (5) » (A.113)
which we can use to decompose
(0,6,x) = D (0", ¢ x), (A.114)
i€

~

where the 2-cocycles ¢ € Z2,(G,U(1)™) and characters x* € (AY)" are given by
cé» = ¢ and X; = X - (A.115)

Since G acts transitively on each orbit by construction, the (o, ¢!, x*) then form well-defined
simple 2-representation of G for all ¢ € I. O

Apart from their building-block nature, simple 2-representations are special since they
stem from 1-dimensional 2-representations of sub-2-groups H C G. Note that since there
are no non-trivial permutation actions on the single-element set (1), any 1-dimensional
2-representation of H C G is simply labelled by a pair (u, «), where

e u € Z?(H,U(1)) is an ordinary 2-cocycle on H,
e o € AV is a H-invariant character of A.
We now state the following:

Proposition A.39. Any simple n-dimensional 2-representation (o, ¢, x) of G is equivalent
to the induction of a 1-dimensional 2-representation (u, ) of a sub-2-group H C G of index
|G : H| =n.

Proof. Let (0,c,x) be a simple n-dimensional 2-representation of G. We want to construct
a subgroup H C G as well as a pair (u, «) as above. To do this, we set

H := Stab,(1) C G (A.116)
and define a 2-cochain on H with values in U(1) by
u(h,h') = cy(h,h) (A.117)

for all h, ' € H, which can be checked to give a well-defined 2-cocycle u € Z2(H,U(1)) on
H (i.e. 6u =1). Then, we obtain a H-invariant character o € A" by setting

al) = x1(.). (A.118)

One can check that (o, ¢, x) = Ind%(u, «) as claimed. O

— 76 —



Corollary A.40. There exists a n-dimensional simple 2-representations of G if and only
if G has a subgroup of order n. In particular, there exist no simple 2-representations of G
of dimension greater than |G|.

Remark A.41. Note that the sub-2-group H C G and the 1-dimensional 2-representation
(u, ) of H in Proposition A.39 are not unique, since inducing the conjugation 9(u, ) of
(u,a) up to G for any g € G will lead to a simple 2-representation of G equivalent to
(0,¢,x). Thus, we can label the equivalence class of the simple 2-representation (o, ¢, x)
of G by the equivalence class of a triple (H,u,«) (with H, v and « as above), where two
triples (H,u,«) and (H',u’,a’) are considered equivalent if there exists a ¢ € G such that

H = 90, (W] = [9u], o =Y. (A.119)

Having classified the simple 2-representations of G, a natural question to ask is how
simple 2-representations fuse when taking tensor products. That is, given two simple 2-
representations of G, their tensor product must again decompose into simple 2-representa-
tions of G, whose form can be determined as follows:

Proposition A.42. Let (u,«) and (v, ) be two 1-dimensional 2-representations of sub-
2-groups H and K of G. Then, the tensor product of their inductions to G is given by

Ind%(u,a) ® Ind%(v,ﬂ) o @ Ind%mgK((u, o) ® 9(v,B)), (A.120)
lg] € H\G/K

where g € G labels (arbitrary) representatives of double H-K-cosets in G.

Proof. Using the push-pull-formula for the tensor product of inductions, we see that

Ind%(u,a) ® Ind%(v,ﬂ) o Ind%[(u, a) ® (Res% oInd%{)(v,ﬁ)]

~ P md§[(wa) ® md ey (9(v,8))]
lg) € H\G/K

>~ P W, l(wa) ®%wA)],  (Ad21)
lge H\G/K

where we used Mackey’s decomposition formula from Theorem A.33 in the second line. [
Remark A.43. Note that, as before, the choice of representatives g € G of double H-K-
cosets [g] € H\G/K in (A.120) matters only up to equivalence. Furthermore, we again

implicitly understand an appropriate restriction of 2-representations on the right-hand side
of (A.120).

B Graded Projective Representations

In order to understand the 2-category 2Rep(G) of 2-representations of the split 2-group G,
it turns out to be useful to study a generalization of the notion of projective representations
of an ordinary group G, called graded projective representations. We will fix G to be a finite
group in what follows.
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B.1 The Category

We begin by generalizing the notion of the projective automorphism group PGL(V') of a
vector space V' to the notion of the projective automorphism group PAut(V) of a vector
bundle V 5 M. This can be done as follows:

Definition B.1. Let V 5 M be a complex vector bundle over some base space M and
let Aut()) denote the automorphism group of V. We denote by U(1)M the abelian normal
subgroup of Aut()V) consisting of maps f : M — U(1), seen as automorphisms

r€Vy — f(m)-z € V. (B.1)
Then, the projective automorphism group of V is defined to be
PAut(V) := Aut(V) /UM (B.2)

In the following, we will be interested in the case where the base space M is finite, i.e.
M = (n), where (n) = {1,...,n} denotes the finite set of n elements. In this case, we have
that U(1)™ = U(1)" as groups. We then make the following definition:

Definition B.2. A graded projective representation of G is a pair (V,®), where V is a
complex vector bundle V — (n) and ® is a representative of a group homomorphism
[®] : G — PAut(V) from G into the projective automorphism group of V. We call n € N
the grading of (V, ®).

More concretely, this means that for each g € G there is an associated fibre-preserving
bundle automorphism ®, € Aut(V), which sits in a commutative diagram

where o4 € Sy, is the corresponding induced bijection on the base space (n). This induces
a well-defined permutation representation o : G — S,,. The bundle automorphisms ®,
themselves however only satisfy the homomorphism property projectively, meaning that

D,y = c(g,9) 0 g o Dy (B.3)

for some ¢(g, ¢') € U(1)™, seen as a bundle automorphism as in Definition B.1. This defines
a 2-cochain ¢ : GxG — U(1)" in C%(G,U(1)™), which, as a consequence of the associativity
of the group multiplication in G, obeys the twisted cocycle-condition

do(c) = 0, (B.4)

where 6, denotes the nilpotent differential on C?(G, U(1)") twisted by o. Thus, we obtain
a well-defined 2-cocycle ¢ € Z2(G,U(1)"), which together with o classifies the graded
projective representation (V, ®) in the following sense:
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Definition B.3. The pair (o,c) is called the obstruction pair of the graded projective
representation (V, ®) of G. To see what it obstructs, we consider the following cases:

e 0 = 1: In this case, (V,®) consists of n decoupled vector spaces V; equipped with
projective G-actions ®; := ®|y, € PGL()V;) of cocycles ¢; € Z%(G,U(1)). We say that
that the graded projective representations (V, ®) splits.

e ¢ = d5(b): In this case, we can redefine &, — &39 = bg o &, for each g € G, which
turns ® : G — Aut(V) into a group homomorphism. We say that (V, ®) can be lifted.

Notation: Given a n-graded projective representation (V, ®), we will speak of its support
as the subset of (n) whose fibres are non-trivial, i.e.

Sup(V) := {i € (n) | Vi #0}. (B.5)

In the following, we would like to study the “category” of graded projective represen-
tations of GG. In order to make this category well-defined, we need to define what we mean
by a morphism between two graded projective representations:

Definition B.4. A morphism between graded projective representations (V, ®) and (V', ®’)
of G of gradings n and n’ is a vector bundle morphism ¢ : V — V' such that

[po®] = [® oy]. (B.6)

We call ¢ an isomorphism if it is a vector bundle isomorphism. In this case, we say that
the two graded projective representations are isomorphic and write (V, ®) = (V', ®’).

Note that a necessary condition for an isomorphism between (V,®) and (V', ®') to
exist is that their gradings n and n’ coincide, i.e. n = n/. In this case, it is straightforward
to establish a relationship between the corresponding obstruction pairs:

Proposition B.5. Let ¢ be an isomorphism between graded projective representations
(V,®) and (V',®') of G. Then, their obstruction pairs (o, ¢) and (o', ') are related by

o =710cor ! and [d] = [r>], (B.7)
where 7 : (n) — (n) is the bijection on the base spaces induced by .

Proof. Since ¢ is an isomorphism between (V, ®) and (1, ®’), we know that there exists a
1-cochain b € C*(G,U(1)") such that

po®; = byod op (B.8)
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for all g € G. We can embed this relation into a cuboid of maps

\bgo o

Vl

<

where the upper square commutes by construction. One can then check that projecting
down on the lower square via 7 and 7’ implies that a; oT =To0, forall g € G. Secondly,
we note that for any bundle isomorphism ¢ : V — V' and any w € U(1)" it holds that

You = (kpu)o, (B.10)
where k € S, is the bijection on the bases spaces induced by . Using this, we see that

@ o q)grgz = o 0(91792) © <I)91 © (I>92

= (1> ¢(g1,92)) 0 by, © (07, > bg,) 0 Dy 0Py 00, (B.11)

_ /
0 Dgg, = bgg, 0Py 4,00

= bgy.g0 0 (g1, 92) 0 By 0 By 0. (B.12)
Comparing (B.11) and (B.12) and using that ®,4,, ®,, and ¢ are invertible shows that

d(g1,92) = [(0g, >bg) 0 byly, 0bg] o (T ¢(g1,92))
= (00b)(g1,92) o (T>c(91,92)), (B.13)

which implies [¢/] = [7 > ¢] as group cohomology classes in H2 (G,U(1)"). O

Notation: In the following, we will denote the category of n-graded projective represen-
tations of G with fixed obstruction pair (e, ¢) and support S C (n) by

Rep (@) . (B.14)

B.2 Direct Sum and Tensor Product

Just as ordinary representations of a group G can be added and multiplied, there exists a
notion of direct sums and tensor products for graded projective representations:

Definition B.6. Two graded projective representations (V,®) and (V',®') of G with
gradings n and n’ can be combined to form new graded projective representations as
follows:
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e Their direct sum is the (n + n’)-graded projective representation

V,d)e(V,®) = VeV, oad), (B.15)

™

where the vector bundle V @V — (n +n') is defined by

, V; if1<i<n
YeV) = (B.16)
Vi, fn+l1<i<n+n

and (® @ ®'): G — Aut(V @ V') is given by

(¢@®%M;:{ij:n iii;i?§n+ﬁ (B17)
forall g € G and i € (n+n’).
e Their tensor product is the (n - n')-graded projective representation
WV, @)V, 9) = VeV, o d), (B.18)
where the vector bundle V ® V' - (n - n’) is defined by
VeV = VieV; (B.19)
and (? ® ') : G — Aut(FE ® E’) is given by
(P® q)l)g|(i,j) = (‘I)9|Vi) ® ((I)glvj’.) (B-20)

for all g € G and (i,7) € (n) x (n') ~ (n-n’).

It is natural to ask how the obstruction pairs of (V, ®) and (V', ®’') behave when taking
direct sums and tensor products. One can check that this is answered as follows:
Proposition B.7. Let (V,®) and (', ®) be two graded projective representations of G
with corresponding obstruction pairs (o, ¢) and (¢’,¢'). Then,

e the direct sum (V, ®) @ (V', ®’) has obstruction pair (o & o', c® ), where o & o’ and

c®  are as in (A.73) and (A.74),
e the tensor product (V, ®) ® (V', ') has obstruction pair (¢ ® 0’,c® ¢’), where o ® o’
and ¢ ® ¢ are as in (A.77) and (A.78).

For later purposes, it is useful to understand how the support of graded projective
representations behaves under direct sums and tensor products. To see this, first note that
given two subsets A C (n) and B C (n'), we can define their direct sum A @® B C (n+n')
and tensor product A® B C (n-n’) by

A®B = {ic{n+n)|i€A or i—n' €B}, (B.21)
A®B = {(i,j)€{n-n') | i€c A and j€ B}, (B.22)

It is then straightforward to check the following:
Lemma B.8. Let (V,®) and (V', ') be two graded projective representations of G. Then,
Sup(V @ V') = Sup(V) @& Sup(V'), (B.23)
Sup(V® V') = Sup(V) ® Sup(V). (B.24)
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B.3 Induction and Restriction

Just as ordinary representations can be induced from and restricted to subgroups of G,
there exists a notion of induction and restriction for graded projective representations: Let
H C G be a subgroup of G of index |G : H| = n, and let (V,®) be a m-graded projective
representation of H. We would like to construct a (n-m)-graded projective representation
(V',®") of G out of (V,®). As before, we consider the space

G/H = {[R1], ..., [Rn]} (B.25)

of left cosets [R;] = R; - H in G with fixed representatives R; € G such that [R;] = H. We
denote by 1 : G — S, the induced permutation action coming from

!
9-Ri = Ry (i) hi(g) (B.26)
with h;(g) € H, which allows us to define the vector bundle V' — (n - m) by
Furthermore, we can define the projective homomorphism &' : G — Aut()’) by
Dglig) = 19 ® Ppy(g)l; (B.28)

for all ¢ € G and (i,75) € (m) x (n) ~ (m-n). One can then check that (V’, ®') forms a
well-defined graded projective representation of GG, whose isomorphism class is independent
of the choice of representatives R; of left H-cosets in G. We name it as follows:

Definition B.9. The graded projective representation (V',®') is called the induction of
(V,®) from H to G and is denoted by

V', @) = IndG(V,®). (B.29)

A natural question to ask is how the obstruction pair of the induction Ind% (V,®) is
related to the obstruction pair of (V, ®):

Proposition B.10. Let (V,®) be a graded projective representation of H C G with
obstruction pair (o, c¢). Then, its induction Indg’}(V, ®) to G has obstruction pair (¢’, ),
where o’ and ¢ are as in (A.83) and (A.84).

Similarly to the case of 2-representations, we can ask whether two different sub-groups
of G give rise to isomorphic graded projective representations of G after induction. To
answer this question, we note that, given a graded projective representation (V,®) of
H C G and a group element g € (G, we can define a graded projective representation
(9V,9®) of 9H = gHg~ ' C G by setting

Vo=V and 90 := ®oconj,-1. (B.30)

Definition B.11. The graded projective representation 9(V, ®) := (9V,9®) of 9H C G is

called the conjugation of the graded projective representation (V,®) of H C G by g € G.
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One can then check that conjugating graded projective representations of sub-groups
leads to isomorphic graded projective representations after induction to G:

Lemma B.12. Let H C G a sub-group and let (V, ®) be a graded projective representation
of H. Then, for any g € G it holds that

Ind%(V, ®) = Indf; (4(V, ). (B.31)

On the other hand, given an n-graded projective representation (V,®) of G, we can
restrict it to obtain a n-graded projective representation (V', ®') of H C G by setting

V=V and ¢ = Dly. (B.32)

Definition B.13. The graded projective representation (V', ®') is called the restriction of
(V,®) from G to H and is denoted by

V', @) =: ResG(V, D). (B.33)

Again, we can ask how the obstruction pair of the restriction Resg (V, @) is related to
the obstruction pair of (V, ®):

Proposition B.14. Let (V, ®) be a graded projective representation of G with obstruction
pair (o, c). Then, its restriction Res$(V, ®) to H C G has obstruction pair (¢, ), where
o' and ¢ are as in (A.91).

A natural question to ask is how induction and restriction interplay with one another.
This is again answered by Mackey’s decomposition theorem:

Theorem B.15. Let H, K C G be two subgroups of G and let (V,®) be a m-graded
projective representation of K. Then:

(Res@ oInd¥) (V, @) = P Indf ik (*(V, @), (B.34)
l9] € H\G/K
where g € G labels (arbitrary) representatives of double H-K-cosets in G.

The proof is analogous to the proof of Theorem A.33 describing Mackey’s decomposi-
tion for 2-representations. Note that, again, the choice of representatives g € G of double
H-K-cosets [g] € H\G/K in (B.34) matters only up to isomorphism. Furthermore, we
again understand an implicit restriction of the graded projective representation 9(V, ®) to

the intersection H N 9K on the right-hand side of (B.34).
Similarly to before, Mackey’s decomposition formula simplifies in special cases:

Corollary B.16. Let H < G be a normal subgroup and let (V, ®) be a graded projective
representations of H. Then, it holds that

(Resf oInd®) (V, @) = P 9V, ®), (B.35)
l9)e G/H

where g € G labels (arbitrary) representatives of left H-cosets in G. In particular, if G is
abelian (in which case every subgroup of G is normal), we have that

(Res$ o Ind§) (V,®) = |G:H| - (V,®). (B.36)
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B.4 Simplicity

A useful way to study graded projective representations is again to study a particular
subset that forms “building blocks” for all other graded projective representations:

Definition B.17. A graded projective representation of G is simple if, up to isomorphism,
it cannot be written as a direct sum of other graded projective representations.

More concretly, a graded projective representation (V, ®) is simple if the corresponding
permutation action o : G — S, in its obstruction pair acts transitively on the base space
(n) of V. The labelling of simple graded projective representations as “building blocks” is
then due to the following:

Lemma B.18. Every graded projective representation of G is isomorphic to a direct sum
of simple graded projective representations.

Proof. Let (V,®) be a n-graded projective representation of G with obstruction pair (o, c).
Then, we can decompose

(ny = | | o) (B.37)

el
into orbits O(i) = {o4(i)|g € G} of the permutation action o of G on (n) with fixed
representatives i € I C (n), whose elements we label as

O@i) =: {ir, ..o, in, }, (B.38)

where i1 = i and n; = |O(7)|. On each orbit, we then obtain an induced permutation action

o' : G — Sy, coming from
!

og(ij) = lgi(j) (B.39)

which we can use to decompose

v, o) = PV, e, (B.40)

i€l
where the vector bundles V' — (n;) and bundle automorphisms ®° : V¥ — V' are given by

Vl =

J i

and Pl = D, . (B.41)

Since G acts transitively on each orbit by construction, the (V?, ®¢) form well-defined simple
graded projective representations of G for all i € I. O

Apart from their building-block nature, simple graded projective representations of
G are special since they can be obtained from 1-graded projective representations of sub-
groups H C G. Note that a 1-graded projective representation of H C G is simply a pair
(V,¢), where

e V is a complex vector space,

e ©: H — GL(V) projective representation of H on V.
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We now state the following:

Proposition B.19. Any simple n-graded projective representation (V, ®) of G is isomor-
phic to the induction of a 1-graded projective representation (V, ) of a sub-group H C G
of index |G : H| = n.

Proof. Let (V, ®) be a simple n-graded projective representation of G with obstruction pair
(0,c). We can construct a subgroup H C G by setting

H := Stab,(1) C G, (B.42)

and obtain a projective representation (V) of H by defining
V=M and o = (Plg)|y, - (B.43)
One can then check that (V,®) = Ind%(V, ¢) as claimed. O

Remark B.20. Note that the sub-group H C G and the projective representation (V, )
of H in Proposition B.19 are not unique, since inducing the conjugation 9(V, ¢) of (V, ¢)
up to G for any g € G will lead to a simple graded projective representation of G isomor-
phic to (V,®). Thus, we can label the isomorphism class of the simple graded projective
representation (V, ®) of G by the equivalence class of a triple (H,V,y) (with H, V and
¢ as above), where two triples (H,V, ) and (H',V’,¢') are considered equivalent if there
exists a g € G such that

H' = 9H, V=V, ¢ = 9p. (B.44)

Having classified the simple graded projective representations of G, a natural question
to ask is how simple graded projective representations fuse when taking tensor products:

Proposition B.21. Let (V,¢) and (W, 1) be two projective representations of sub-groups
H and K of G. Then, the tensor product of their inductions to G is given by

md% (V@) @ mdZ(W,y) = @  Idfag (Vo) @9(W,¢)), (B.45)
lg] € H\G/K

where g € G labels (arbitrary) representatives of double H-K-cosets in G.

The proof is analogous to the proof of Proposition A.42 for the fusion of simple 2-
representations, using the push-pull-formula for the tensor product of inductions. Note
that, again, the choice of representatives g € G of double H-K-cosets [g] € H\G/K in
(B.45) matters only up to isomorphism. Furthermore, we again implicitly understand an
appropriate restriction of graded projective representations on the right-hand side of (B.45).
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B.5 Primality

Just as simple graded projective representations form building blocks for general graded
projective representations w.r.t. direct sums, we can introduce a notion of building blocks
for graded projective representations w.r.t. tensor products:

Definition B.22. A graded projective representation of G is said to be prime if, up
to isomorphism, it cannot be written as a tensor product of other (non-trivial) graded
projective representations.

Here, we think of the “trivial” graded projective representation as the the 1-graded
projective representation with trivial fibre C. From Proposition B.7 we know that if a
graded projective representation (V, ®) factorises as a non-trivial tensor product, so does
its obstruction pair (o,c¢). The converse need not be true in general, as the following
construction shows:

Definition B.23. Two graded projective representations (V, ®) and (V', ®’) of G are said
to be composable if their obstruction pairs (o, ¢) and (o, ') factorise as

(o,¢) = (o1, Cl)# ® (02, ¢2), (B.46)
(0/,d) = (02,¢2)% @ (03,¢3). (B.47)

for some permutation actions o; : G — S,,, and 2-cocycles ¢; € Zgi(G, Uu()m).

Given two such composable graded projective representations (V, ®) and (V', ®’), we
can construct a new graded projective representation (V" ®”) of G with obstruction pair

(0”,c") = (01,c1)" @ (03, c3) (B.48)

as follows: The fibre of V" at (i, k) € (n1) x (ns) is given by

n2

(k) = @ Vi) @ Vi) » (B.49)
j=1
which is acted upon by each g € G through the projective automorphism

n2

q)g’(i,k) = @ (q)g’(i,j) ® ‘I’;\(j,k) ) . (B.50)
j=1

One can check that this yields a well-defined (n; - ng)-graded projective representation of
G, which we label as follows:

Definition B.24. The graded projective representations (V”, ®”) is called the composition
of (V,®) and (', ®’), and denoted by (V,®) o (V', ).

One can then see from the construction in (B.49) that, even though its obstruction
pair (o1,c1)” ® (03, c3) factorises, the composition of (V,®) and (V',®') itself does not
factorise in general as a graded projective representation.
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For later purposes, it is useful to understand how the support of graded projective
representations behaves under composition. To see this, first note that given two subsets
A C (n1-ng) and B C (ng - n3), we can define their composition Ao B C (n; - n3) by

AoB = {(i,k) € (ny-n3) | Ij€ (n2): (i,j) € A and (j,k) € B}. (B.51)
It is then straightforward to check the following:

Lemma B.25. The support of the composition (V,®)o (V', ®) of two composable graded
projective representations (V, ®) and (V', ®’) is given by

Sup(V o V') = Sup(V) o Sup(V'). (B.52)

C The 2-Category of 2-Representations

We are now in the position to describe the 2-category 2Rep(G) of 2-representations of the
split 2-group G in more detail. In particular, we will try to describe the 1-morphism spaces
of this 2-category, which are themselves categories, as well as their fusion and composition.

C.1 Morphisms

In order to describe the category of 1-morphisms between two given 2-representations of
G, we recall that we denoted by
Rep§™”(G) (C.1)

the category of graded projective representations of G with fixed obstruction pair (o, c)
and support S. It was shown in [20] that the 1-morphism spaces in 2Rep(G) can then be
described as follows:

Theorem C.1. Let (o0,¢,x) and (¢/,c,x’) be two 2-representations of G. Then, their
1-morphism space in 2Rep(G) is given by the category of graded projective representations
of G with obstruction pair (¢ ® ¢/, €® ¢’) and support S(Y ® x'), i.e.

Hom((a,¢,x), (o,¢, X)) = Rep§o o i”(@), (C.2)
where for any collection ¢ € (AY)™ of characters of A we set S(v) := {i € (n) | ; = 1}.

Example C.2. For each n-dimensional 2-representation (o,c,x) of G, there exists an
identity 1-endomorphism Id(.,) € End(o,c,x), which in the sense of Theorem C.1 is
given by the n?-graded projective representation of G' whose only non-vanishing fibres are
given by C on the diagonal elements in (n) x (n).

We can visualize 1-morphisms pictorially by representing the 2-representations (o, ¢, x)
and (o', , x’) by two-dimensional surfaces, and a 1-morphism (V, ®) between them by a
one-dimensional line joining up the corresponding surfaces. This is shown in Figure 31.

A special class of 2-representations of G is given by the simple 2-representations. Recall
from Proposition A.39 that every simple 2-representation is induced by a 1-dimensional 2-
representations (u, «) of a sub-2-group H C G, which is unique up to conjugation by group
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Figure 31.

elements g € G. In the following, we will thus label simple 2-representations of G by triples
(H,u, ) — thought of as 2-representations via the correspondence

(Hyu,0) +—  Ind¥(u,a). (C.3)

A natural question to ask is whether the 1-morphism space between two simple 2-represen-
tations labelled by triples (H,u,«) and (K,v,3) has an analogous simpler description in
terms of the data (H,u,«) and (K,v, ). This is answered as follows:

Proposition C.3. Consider two simple 2-representations of G labelled by triples (H,u, «)
and (K, v, 5). Then, their 1-morphism space is equivalent to the (H\G/K)-graded category

Hom((H,u,a), (K,v,ﬂ)) = @ Repmg)g”(HﬁgK), (C.4)
l9]€ H\G/K:
a®If=1

where g € G labels (arbitrary) representatives of double H-K-cosets in G.
Proof. Recall that, by definition, the induced simple 2-representations
(0,¢,X) = Ind%(u,a) (C.5)
(o, ¢,X) == Ind% (v, B) (C.6)
of G can be constructed by considering the left-coset spaces

G/H = {[Ri], ., [Ra]} (1)
G/K = {[S1], ) [Sm]} (C.8)

with fixed representatives R;, S; € G (such that [Ry] = H and [S1] = K) and defining the
permutation representations o : G — S, and ¢’ : G — S,,, by

!

g-Ri = Rag(i) ’ hl(g)a (Cg)
!

9-55 = Ser(5) - ki(9) (C.10)

where h;(g) € H and k;j(g) € K. The 2-cocycles ¢ € Z2(G,U(1)") and ¢ € Z2,(G,U(1)™)
are then given by

ci(g,9) = u(hggl(i) 9), hgfll(i) (9" ) ) (C.11)
g9
C;'(gv 9/) = U( k’g’gfl(j)(g) ) kg’gfgl/(j)(gl) ) ) (C.12)
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whereas the collections of characters y € (AY)" and x’' € (AY)™ are defined as

xi(a) == a(R;'>,a), (C.13)
Xji(a) = 5(5’;1 D, a). (C.14)
Let (V,®) now be a l-morphsim between (o,¢,x) and (¢/,c,x’), which according

to Theorem C.1 is a (n - m)-graded projective representation of G with obstruction pair
(c @ 0',¢® ) and support S(x ® x'). We decompose

[~

(n) x (m) = || O(ir, 1) (C.15)

=1

into orbits O(i, j;) = { (0 ® 0')4(i, 1) | g € G } of the G-action ¢ ® ¢’ on (n) x (m) with
fixed representatives (i, j;). According to Lemma B.18, (V, ®) then decomposes as

p
V,®) = P W, ), (C.16)

=1

where the (V;, ®;) are simple graded projective representations. According to Proposition
B.19, they are induced by ordinary projective representations

(Vz, Wz) = (V(il,jl)a q)’(il,jl)) (0-17)
of subgroups L; C G given by

Ly = Stabyge (i, 5i) = Ry, - (H N 9K)-R; ', (C.18)

)

where we defined g, := R}, 1.8}, € G for each I € (p). One can check that the corresponding
2-cocycles w; of (V,¢p) are given by

w; = (é®cl)(il,jl)’Lz = Ry (ﬁ@glv). (C.lg)

Using Lemma B.12 as well as the fact that the map (p) — H\G/K sending | — [g] is
a bijection, we thus see that the (V}, ;) are equivalent to a (H\G/K)-graded family of
ordinary projective representations of subgroups H N9K of 2-cocycle u®9v. Furthermore,
since the support of (V,®) is S(x¥ ® x), we know that (V},¢;) can only be (potentially)
non-zero when

(XX )y = M@e"p) = 1. (C.20)

Conversely, given a (H\G/K)-graded family (V}, ¢;) of ordinary projective representa-
tions of H N9K C G with 2-cocycles u ® 9v, one can check that

p
V,®) = @ d§ux(Vi,¢1) (C.21)
=1

is isomorphic to a 1-morphism between (o, ¢, x) and (o/, ', x/). O
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Remark C.4. Note that, on the right-hand side of (C.4), we regard two projective rep-
resentations as equivalent if they are related by conjugation. Then, up to equivalence,
the choice of representatives g € G of double H-K-cosets [g] € H\G/K in (C.4) does not
matter, since choosing different representatives ¢’ = h-g -k for some h € H and k € K
leads to )

Rep"®"(HNIK) = "(Rep"®"(H NIK)). (C.22)

As a useful by-product of Proposition C.3, we learn that the connected components
of the 2-category 2Rep(G) are labelled by G-orbits in AY. Indeed, given two simple 2-
representations of G labelled by (H,u,«) and (K,v, ), formula (C.4) tells us that their
1-morphism space is non-vanishing if and only if there exists a ¢ € G such that a = 98.
The latter is equivalent to saying that the characters a and  are in the same G-orbit
inside AV.

Proposition C.3 also tells us that we can think of a 1-morphism between two simple
2-representations of G labelled by triples (H,u,«) and (K, v, 3) as a collection

v = {pg} (C.23)

of ordinary projective representations ¢, : H N 9K — GL(V;) indexed by (representa-
tives of) double H-K-cosets [g] € H\G/K. Pictorially, we can again visualize this by
representing (H,u,«) and (K, v, ) by two-dimensional surfaces that are joined up by a
one-dimensional line representing ¢, as shown in Figure 32.

(H,u, ) (K,v,[)

Figure 32.

The representation of 1-morphisms between simple 2-representations as in (C.23) fur-
thermore allows us to associate an element F(p) € Z[H\G/K] in the free abelian group
generated by double H-K-cosets to each such 1-morphism ¢ by setting

F(p) == Y dim(py)-[g]- (C.24)
lg] € H\G/K
In the following, we will call F'(¢p) the character of the 1-morphism ¢.

Example C.5. If we denote by e € G the neutral element of GG, then the identity 1-endo-
morphism Idf, ) of a simple 2-representation labelled by (H,u,a) can be seen as the
family of projective representations indexed by (representatives of) double H-cosets whose
only non-vanishing component is

(Id(gua),=1: H — C. (C.25)
Consequently, its character is given by F(Id g o)) =1-[e] = H € Z|G//H].
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Example C.6. In the special case where G is abelian, the endomorphism category of a
simple 2-representation (H,u,«) of G simplifies to

End(H,u,a) = €P Rep(H) =: Rep(H)g/m)., (C.26)
lgle G/H:
a®Ia=1
where we denoted by (G/H), the subgroup of G/H consisting of left H-cosets [g] € G/H
for which Yo = a. The notation Rep(H)(g/m), Will be justified through the additional
fusion structure on End(H,u, «) coming from composition, as we will describe later.

C.2 Fusion

We know from Definition A.28 that there exists a well-defined notion of the tensor product
of two 2-representations of G. Similarly, we can use the tensor product for graded projective
representations from Definition B.6 to obtain a well-defined tensor product operation on
1-morphisms between 2-representations of G:

Hom( (01, ¢1,x1) 5 (02, ¢2,x2)) x Hom( (03, ¢3,x3), (04, ¢4, X4) )
J@ (C.27)
Hom( (o1, c1,x1) ® (03,¢3,x3) , (02, ¢2, x2) © (04,¢4,X4) )

Pictorially, the tensor product of 1-morphisms can be visualized as the fusion of two parallel
surfaces, each of which consists of two 2-representations joined up by a 1-morphism. This
is shown in Figure 33.

Figure 33.

A natural question to ask is how the tensor product acts on 1-morphisms between
simple 2-representations labelled by triples (H,u, «) and (K, v, 3). To answer this question,
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we note that the trivial 1-dimensional 2-representation 1 of G gives rise to a map
Hom((H,u,a), (K,v,ﬁ)) x End(1)
l ® (C.28)
Hom((H, u, ), (K,U,B)) ,

where we used that (o, ¢, x) ® 1 = (0, ¢, x) for any 2-representation (o, ¢, x) of G. According
to Theorem C.1, the 1-endomorphism category of 1 is simply given by

End(1) = Rep(G), (C.29)

so that the objects of End(1) are ordinary representations ¢ : G — GL(W) of G on a
vector space W. The tensor product operation in (C.28) can then be described as follows:

Proposition C.7. Let ¢ be a 1-morphism between two simple 2-representations (H,u, )
and (K, v, ) and let ¢ : G — GL(W) be a l-endomorphism of the trivial 2-representation
1. Then, their tensor product is given by the 1-morphism

(p@¥)y = 9y @ Resfnac(¥), (C-30)
where g € G labels (arbitrary) representatives of double H-K-cosets [g] € H\G/K.

Proof. Recall that the 1-morphism ¢ between (H,u,«) and (K,v,[) can be thought of
as a family {¢,4} of ordinary projetive representations ¢q : H N 9K — GL(V,) indexed by
double H-K-cosets [g] € H\G/K. We can construct a corresponding graded projective
representation (V, ®) of G out of ¢ by setting

V, @) := @ Ind?]mﬂK(ng‘P9)~ (C.31)
l9]eH\G/K

Similarly, we can regard the ordinary representation ¢ : G — GL(W) as the 1-graded
projective representation Indg(VV, 1) induced from G to itself. Then, using Proposition
B.21, the tensor product of (V,®) and (W,1) can be computed to be

V, @) (W,y) = @ Ind?[mﬂKﬂG((ng Pg) ® (Wﬂ/’))
l9] € H\G/K

@ IndflmgK((Vga Pg) ® ResgmgK(I/V, ¢)) . (C.32)
[9] € H\G/K

I

Thus, we again obtain a family of ordinary projective representations
0y @ Res$i o () : HNIK — GL(V, @ W) (C.33)

indexed by double H-K-cosets [g] € H\G/K, which coincides with the family of projective
representations given in (C.30). O

~ 92—



Figure 34.

Pictorially, the tensor product of a 1-morphism between simple 2-representations and
a l-endomorphism of 1 as in (C.28) can be visualized as shown in Figure 34.

In the special case where (H,u,a) = (K,v,3), we can choose ¢ to be the identity
morphism Id 7, ), which simplifies the tensor product operation in (C.28) as follows:

Corollary C.8. Let Id(z, o) be the identity 1-morphism of a 2-representation (H,u,a)
and let ¢ : G — GL(W) be a l-endomorphism of the trivial 2-representation 1. Then,
their tensor product is the 1-morphism whose only non-vanishing component is given by

(Id(mru,) ®%), = Resf(v). (C.34)
C.3 Composition

Using the notion of composition of graded projective representations from Definition B.24,
we can introduce the composition of 1-morphisms between three 2-representations (o, ¢, x),
(o', x") and (o”,¢",x") of G as a map

Hom( (o,¢,x), (¢/,¢,x')) x Hom((¢',¢,x'), (", ¢",X"))

lo (C.35)

HOHI( (Ua & X) ) (0//7 C//7 X//) ) .

Pictorially, the composition of two 1-morphisms (V, ®) and (V',®’) can be visualized as
the collision of two parallel lines joining up three surfaces labelled by the corresponding
2-representations. This is shown in Figure 35.

A natural question to ask is how composition acts on l-morphisms between simple
2-representations labelled by (H,u,a), (K,v, ) and (L, w,7), giving rise to a map

Hom((H,u,a), (K,U,B)) X Hom((K,v,B), (L,w,’y))
lo (C.36)

Hom((H,u, a), (L,w,v)) .

— 93 —



(0,¢,X) (o', ¢, x) (", ", X")

V,0) > (V,d)

Figure 35.

We conjecture this question to be answered as follows:

Proposition C.9. Let ¢ be a l-morphism between (H,u,«) and (K,v,) and let ¢
be a 1-morphism between (K,v, ) and (L,w,~). Then, their composition ¢ o ¢’ is the
1-morphism between (H,u,«) and (L, w,~y) whose components are given by

(pog)y = @ Indgg%{m%[@g ® g(‘P;‘rlg)] ) (C.37)
(9] € (HNIL)\G/K

where g € G labels (arbitrary) representatives of double H-L-cosets [g] € H\G/L.

Pictorially, the composition of 1-morphisms between simple 2-representations as in
(C.36) can be visualized as shown in Figure 36.

(H, u, ) (K, v, 5) (L, w,7)

Figure 36.

Remark C.10. If we denote by F(p) € Z[H\G/K] and F(¢') € Z[K\G/L] the characters
of ¢ and ¢’ as in (C.24), one can check that the character of their composition is given by

F(poy¢') = Flp)* F(¢), (C.38)
where * denotes the convolution product
x: Z|H\G/K] x Z[K\G/L] — Z[H\G/L]. (C.39)

Example C.11. In the special case where G is abelian, we know from Example C.6
that the l-endomorphism category of a simple 2-representation (H,u,«) of G is given
by Rep(H)(G/m),- The notation of the latter is justified by the fact that, according to
Proposition C.9, the composition of two 1-endomorphisms ¢ and ¢’ of (H,u, «) is given by

o)y = P wqo¢),. (C.40)
[91] - [92] = [9]
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C.4 Examples

Let us conclude by considering examples of the 2-category 2Rep(G) for different split 2-
groups G = (G, A, p). For simplicity, we will only consider such G for which G is abelian.
Then, according to Remark A.41, the simple n-dimensional 2-representations of G are
classified by triples (H,u, «), where

e H C G is a subgroup of G of index |G : H| = n,
e u € H%*(H,U(1)) is a degree-2 cohomology class on H with coefficients in U(1),
e o € AY represents an equivalence class of H-invariant characters on A, where two
such characters a; and as are equivalent if there exists a g € G such that as = 9a;.
According to Proposition A.42, the tensor product of two such triples can be computed via
(H,u,a) @ (K,v,8) = @ (HNK, u®v, a®9p), (C.41)
lg] e H\G/K
whereas according to Proposition C.3 their 1-morphism category is given by
Hom((H,u,), (K,v,8)) = €D Rep"®"(HNK). (C.42)

l[9] € H\G/K:
aRIB=1

Furthermore, according to Example C.6, the composition of 1-morphisms endows the cat-
egory of 1-endomorphisms of any simple 2-representation (H,u,«) with the structure

End(H,u,a) = Rep(H)q/m) (C.43)

We will use the notation n for a n-dimensional simple 2-representation of G in what follows.

In order to describe the 1-morphism categories between simple 2-representations n and m,
we use the diagrammatic notation

Hom(n, m)

n m (C.44)

C.4.1 2Rep(Zs)
Consider the 2-group G = (Z2,1,1). We denote the elements of the cyclic group Zy by
Zy = {1,z}. (C.45)

Since H?(Zy,U(1)) = 1, the simple 2-representations of G are completely determined by
the choice of subgroup H C Zs, leaving us with

H

1| Zy (C.46)

2 | {1}
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Using (C.41), their fusion structure can be computed to be

1|1 2 (C.47)

Furthermore, using (C.42), their 1-morphism categories can be described by the diagram

Vect

////"_“\\\BL
Rep(Zs) 1 - 2 Q\fectz2 (C.48)

Vect

C.4.2 2Rep(Ds)
Consider the 2-group G = (Za, Za X Za, p), where Zs = {1,x} acts on Zy X Zg via

x>, (a,b) = (b,a). (C.49)
We denote the elements of the Pontryagin dual of Zy by
Zy =: {1,\}, (C.50)

where the non-trivial character A is defined by A(z) = —1. Since H?(Zy,U(1)) = 1, the
simple 2-representations of G are completely determined by the choices of subgroup H C Zso
and H-invariant character o € Zy x Zy, leaving us with'®

H «

| 7, (1)
| B O (C.51)
2, | {1} (L,
20 {1} ()‘7 1)

2. | {1} (W)

5Note that (1,\) = ®()\, 1), which gets rid of the additional 2-dimensional simple 2-representation of G
we could have written down naively.
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Using (C.41), their fusion structure can be computed to be

® | 1, 1 2. 20 2_
1. | 1, 1 2., 20 2.
1- | 1= 14 2 20 2,

(C.52)
2, | 2, 2. 2,®2, 2002 2_-$2_

2 20 20 20 B 2 2, 02_ 20D 29

2_ 2_ 2, 2_.92_ 20 @ 29 2,024

Furthermore, using (C.42), their 1-morphism categories can be described by the diagram

Rep(Zs) Rep(Zs)

1() 1_
Vect Vect
(C.53)
Vect Vect
2, 20 2_

Vectz, Voot

Vectz,

As expected, there are three connected components, corresponding to the three Zs-orbits
inside (Z2 X ZQ)V.
C.4.3 ZRGP(ZQ X Zg)

Consider the 2-group G = (Za X Zg, 1, 1), where we again denote the elements of Zs by
Zy = {1,z}. Using that H%(Zy x Zo,U(1)) = Zg and H?*(Zy,U(1)) = 1, the simple 2-
representations of G are completely determined by the choices of subgroup H C Zo X Zso

- 97 —



and a corresponding cohomology class u € H?(H,U(1)), leaving us with

H U
1° | ZoxZy acly
27 /% 1
2p /i 1
2R ZE 1
4 {1} 1

where we denoted the non-trivial subgroups of Zso X Zso by

Z3
z3

zy

Using (C.41), their fusion structure can be computed to be

= {(171)7
= {(171)7
= {(171)7

(z, 1)},
(z,2)},
(1,2)}.

® 1« 27 2p 2R 4
1% | 1o%8 27 2p 2R 4

2y 27 2, ®2p 4 4 4@ 4

2p 2p 4 2p ®2p 4 404

25 25 4 4 2r D 2R 404

4 4 4®4 44 404 4040404

(C.54)

(C.55)

(C.56)

Furthermore, using (C.42), their 1-morphism categories can be described by the diagram
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Rep(Zg X Zg)
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