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Abstract: Symmetries of Seiberg–Witten (SW) geometries capture intricate phys-

ical aspects of the underlying 4d N = 2 field theories. For rank-one theories, these

geometries are rational elliptic surfaces whose automorphism group is a semi-direct

product between the Coulomb branch (CB) symmetries and the Mordell-Weil group.

We study quotients of the SW geometry by subgroups of its automorphism group,

which most naturally become gaugings of discrete 0- and 1-form symmetries. Yet,

new interpretations of these surgeries become evident when considering 5d N = 1

superconformal field theories. There, certain CB symmetries are related to symme-

tries of the corresponding (p, q)-brane web and, as a result, CB surgeries can give rise

to (fractional) S-folds. Another novel interpretation of these quotients is the folding

across dimensions: circle compactifications of the 5d E2Nf+1 Seiberg theories lead in

the infrared to two copies of locally indistinguishable 4d SU(2) SQCD theories with

Nf fundamental flavours. This extends earlier results on holonomy saddles, while

also reproducing detailed computations of 5d BPS spectra and predicting new 5d

and 6d BPS quivers. Finally, we argue that the semi-direct product structure of the

automorphism group of the SW geometry includes mixed ‘t Hooft anomalies between

the 0- and 1-form symmetries, and we also present some new results on non-cyclic

CB symmetries.
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1 Introduction

Supersymmetric quantum field theories have received great attention over the years

due to their remarkable exact solutions and tractable non-perturbative effects. This

is particularly evident in the case of four-dimensional N = 2 supersymmetric gauge

theories, where the Seiberg–Witten (SW) geometry [1, 2] fully solves the intricate

dynamics of the strong-coupling regimes. Besides offering a detailed description of

the vacuum moduli space [3–6], SW geometry has been shown to capture various

other physical aspects such as flavour symmetries [7–10], spectra of BPS states [11–

14], renormalisation group flows [15–21], and even global properties of these models

[22–24].

1.1 Automorphisms of the SW geometry

In this paper, we extend the applications of SW geometry through a careful analysis

of its symmetries. We direct our attention to 4d rank-one N = 2 theories, which also

include Kaluza–Klein (KK) theories. There, the total space of the SW curve fibred

over the complex one-dimensional Coulomb branch, or U -plane, can be identified as

a rational elliptic surface (RES) [10, 22]. In many instances, quotients of a RES by

subgroups of the full automorphism group Aut(S) lead to other well-defined RES.

As a result, a link between seemingly distinct SW geometries is realised. Rather

remarkably, these surgeries lead to deep physical insights, going beyond discrete

symmetry gaugings, contrary to naive expectations.

The full automorphism group Aut(S) for such surfaces S takes the form of a

semidirect product [25–27],

Aut(S) = MW(S)⋊ Autσ(S) . (1.1)

The first component, MW(S), is the Mordell–Weil group of S. Notably, this group

has been argued to encode the 1-form symmetry of the theory whose SW geometry

is described by the RES S [22] (see also [18, 28–30]). The conjecture was further

refined in [24], where a procedure for gauging 1-form symmetries directly from the

SW geometry was proposed and checked in all rank-one examples. This procedure

involves compositions of so-called isogenies, which are generated as quotients of the

underlying rational elliptic surface by subgroups of the Mordell-Weil group. Isogenies

find another application in generating Galois covers [31], which are constructions that

relate the spectra of BPS states between two theories. This topic will be the focus

the our upcoming work [32].

The second factor appearing in (1.1) is the subgroup of automorphisms preserving

the zero section σ of the SW elliptic fibration, Autσ(S). It consists of symmetries

acting non-trivially on the Coulomb branch, which, in the simplest case, are the

cyclic symmetries U 7→ e
2πi
n U . These discrete 0-form symmetries can have various

physical origins, such as residual R-symmetries, charge conjugation, or remnants
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of higher-form symmetries if the theory is obtained by toroidal compactification

from a higher-dimensional theory. Gaugings of these discrete 0-form symmetries are

naturally associated with a folding of the U -plane, which arises as a quotient of S
by subgroups of Autσ(S), similar to how isogenies are defined.

Coulomb branch foldings corresponding to cyclic subgroups of Autσ(S) have been
extensively studied within the classification programme of 4dN = 2 rank-one SCFTs

[18, 20, 33]. Yet, new interpretations of such foldings are revealed when considering

the SW geometries of KK theories resulting from the toroidal compactification of

higher dimensional SCFTs. In this regard, we discover intricate relationships between

four and five-dimensional theories, some of which have previously been suggested by

detailed computations of BPS spectra [34–37]. Additionally, for the five-dimensional

theories admitting a (p, q)-brane web description we show how CB surgery relates

to brane-web folding [38, 39]. Notably, U -planes contain more information than the

underlying brane web, allowing thus for symmetries not visible at the level of the

brane web.

Another new result of this work involves the semi-direct product structure of

(1.1), which captures a very subtle feature of the underlying theory. This structure

defines a non-trivial action Autσ(S) on MW(S). In the simplest interpretation of

these groups as 0- and 1-form symmetries, the most natural interpretation of said

action is that of a mixed anomaly between the two symmetries. We show that this

is indeed the case and formulate the precise condition giving an anomaly. Lastly, we

should also mention that the group Autσ(S) is in many cases non-cyclic. We study

the action of these groups on the Coulomb branch geometry and discuss its physical

interpretation. In the rest of the introduction, we expand on the results presented

above.

1.2 Coulomb branch folding

As previously alluded to, it frequently occurs that quotients of the SW geometry by

subgroups of Aut(S) lead to new rational elliptic surfaces, which are thus compatible

with new 4dN = 2 models. The simplest such constructions are the discrete gaugings

of 0- and 1-form symmetries. Nevertheless, a single quotient can often times be

given multiple physical interpretations: the same RES can describe several theories,

typically involving the fine-tuning of mass deformation parameters. We will refer to

the interpretations different from discrete gaugings as geometric transitions. Table 1

summarises the various interpretations of these surgeries.

The simplest class of 4d N = 2 theories for which we can illustrate the various

surgery constructions are N = 2 supersymmetric QCD with gauge group SU(2) and

Nf ≤ 4 massive fundamental hypermultiplets. Their U -planes have been analysed

in great detail in [1, 2, 4, 6, 22, 40–43]. Our reasoning naturally extends to any 4d

rank-one N = 2 SCFT, as well as to the family of Kaluza–Klein theories obtained
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Isogenies – MW(S) Foldings – Autσ(S)

Discrete gaugings 1-form sym. gauging 0-form sym. gauging

Geometric
Galois covers

(Fractional) S-folds

transitions Holonomy saddles

Table 1: Summary of the physical action of quotients by the subgroups of Aut(S).

by circle compactifications of the 5d N = 1 Seiberg En theories, which we denote by

DS1En [44, 45].

Cyclic symmetries of the U-plane. Coulomb branch 0-form symmetries are

generally manifestations of discrete subgroups of the U(1)r R-symmetry. Gaugings

of these discrete symmetries have been extensively studied in the classification pro-

gramme of rank-one SCFTs [18, 20, 33]. Nevertheless, the symmetries of the KK

theories have not been explored yet to the same extent. Although five-dimensional

N = 1 SCFTs only possess a SU(2)R R-symmetry, their effective 4d N = 2 KK theo-

ries can include discrete subgroups of the additional U(1)r symmetry, which manifest

themselves on the Coulomb branch as accidental 0-form symmetries. We analyse in

detail the possible Zk symmetries of the DS1En theories and, using geometric con-

straints from their underlying surfaces S, classify all allowed Zk symmetries. These

are listed in Table 2. Note that the maximal cyclic symmetries of DS1En for n ≥ 3

are precisely the centres of the simply connected flavour symmetry groups En, i.e.

Z9−n ∼= Z(En).

DS1En Z(En) F∞ # sing Z2 Z3 Z4 Z5 Z6

E0 − I9 3 ✓

E1 Z2 I8 4 ✓ ✓

Ẽ1 U(1) I8 4

E2 U(1) I7 5

E3 Z6 I6 6 ✓ ✓ ✓

E4 Z5 I5 7 ✓

E5 Z4 I4 8 ✓ ✓

E6 Z3 I3 9 ✓

E7 Z2 I2 10 ✓

Table 2: Allowed Zk automorphisms of the U -planes of the En KK theories which lead to well-

defined quotients of the underlying SW geometries. The red check is a symmetry that does not

appear at the level of the (p, q)-brane web of the 5d E4 theory.
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From the perspective of the underlying RES, all U -plane foldings described in

Table 2 are allowed, in the sense that the quotients lead to new well-defined rational

surfaces. Remarkably, the allowed – and therefore foldable – symmetries of the U -

plane almost coincide with the symmetries of the underlying (p, q) brane webs of the

respective 5d SCFTs, where the folding procedure corresponds to five-dimensional

S-folding [38, 39, 46, 47]. In fact, the interpretation of CB foldings as S-folds was

already apparent from the F-theoretic construction of these models [48–53], having

been already discussed in [18] for purely four-dimensional SCFTs. Nevertheless, the

link between the CB geometry and the brane-webs of the five-dimensional models

sheds new light on these S-folds.

The astute reader might have already noticed that Table 2 includes a Z5 sym-

metry which exists on the Coulomb branch of the 4d DS1E4 theory, which does not

manifest as a symmetry of the 5d brane web. This symmetry is peculiar for the

following reason. The fixed point of the Z5 symmetry is a type II singular fibre in

Kodaira’s classification (see Appendix A), and thus a CB folding would correspond

to a Z5 discrete gauging of the H0 Argyres-Douglas theory [3, 4]. However, the

existence of this discrete gauging was argued in [33] to be rather speculative.

Five-dimensional Zk S-folds involve cutting the 5-brane web into k slices, keeping

only one of these slices, and inserting a specific 7-brane at the fixed point of the Zk
action [38]. As recently argued in [39], such quotients can be generalised by keeping

k−1 slices and only removing one, while inserting appropriate 7-brane configurations

at the fixed point. In the 4d KK theory, we understand this procedure of fractional

folding as a composition of a folding and an unfolding, the latter being a formal

inverse to a folding. This reproduces the list of rank-one examples found in [39].

Folding across dimensions. The mathematical formalism of rational elliptic sur-

faces identifies a theory by fixing one singular fibre of the SW geometry: the fibre at

‘infinity’, F∞ [10, 22]. This singular fibre specifies the UV physics of a field theory.

An operation that can change the fibre at infinity of a given RES S is the quadratic

twisting, which is a particular reparametrisation of the Weierstraß invariants of the

surface. Such operations can thus give relations between theories of seemingly dif-

ferent origins.

Of particular interest to us will be combinations of CB foldings and quadratic

twistings. These constructions are perfectly exemplified by the foldings of the KK

theories, which are described by F∞ = In, where In are the multiplicative type

Kodaira singularities (see Table 4 in Appendix A). Coulomb branch Zk-foldings of

these models would naturally suggest the mapping In → In/k, but our interest lies

in the slightly modified version In → I∗n/k. In this latter example, the new fibre

at infinity describes a 4d SQCD model, leading thus to a link between 4d and 5d

theories. Specifically, we show that this scenario can only occur for Z2-foldings,

being closely related to the concept of holonomy saddles [54, 55]. In particular,
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such foldings imply that the circle compactification of particular 5d SCFTs leads

to two copies of locally indistinguishable 4d SQCD theories in the infrared. This

phenomenon was studied in [35, 36] for the 5d pure SU(2) gauge theory, and we

extend this analysis to theories with 2Nf flavours,

5d SU(2) + 2Nf fund
Z2−−−→ 2 copies of 4d SU(2) +Nf fund . (1.2)

The fact that there are always two copies is related to the rank of the gauge group

SU(2) [36], and it can be derived from the rationality condition of the underlying

surfaces. We prove the existence of these Z2-foldings (1.2) by finding an explicit

dictionary between the 4d and 5d mass parameters, and obtain the universal relation

U2Nf+1 =
√
KNf

uNf
+ PNf

, (1.3)

with U2Nf+1 the CB parameter of the DS1E2Nf+1 theory, while uNf
is the SQCD

Coulomb branch parameter, and KNf
,PNf

are normalisation factors.

This analysis also leads to a conjecture on the BPS spectrum of these 5d theories.

For massless SQCD it generalises the results of [34, 36, 37], while for generic masses

it gives a multitude of new correspondences between 4d and 5d BPS quivers. Of

particular interest is the Nf = 3 case, which would allow the computation of the

BPS spectrum for the non-toric BPS quivers of the E7 theory. Furthermore, we

expect additional relations between the 5d N = 1∗ gauge theory and 4d N = 2∗

SYM, as well as between the 6d E-string theory and superconformal 4d Nf = 4

SCQD. These results would not only predict 6d BPS quivers [24], but also lead to

insights into their spectra of BPS states.

1.3 Outline

The remainder of the paper is organised as follows. In Section 2, we present the

physical and mathematical ingredients that we aim to combine: we give a short in-

troduction to the U -plane of 4d rank-oneN = 2 theories and the formalism of rational

elliptic surfaces S. We further introduce the two components of the automorphism

group of S. Section 3 discusses the constraints and the explicit construction of dis-

crete gaugings in 4d and 5d theories, the relation to symmetries of (p, q) brane webs,

as well as the construction of fractional foldings. We further comment on non-cyclic

symmetries of the Coulomb branch. Section 4 describes the folding across dimen-

sions and the relation to holonomy saddles. In Section 5, we conjecture how mixed

’t Hooft anomalies are encoded in Aut(S). We conclude and give some directions for

future work in Section 6.

Several details and definitions of elliptic surfaces as well as modular forms are

given in Appendix A. In Appendix B, we provide a more general description of

how U -plane foldings can be obtained from the perspective of fundamental domains.

Appendix C discusses further aspects of non-cyclic Coulomb branch symmetries by
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analysing several examples. Appendix D finally lists some explicit expressions for the

Seiberg–Witten curves. We also include a list of Mathematica notebooks with explicit

curves for all DS1En theories, as well as various other routines used throughout this

work in the GitHub repository [56].

2 Symmetries of the Coulomb branch

In this section, we introduce the Coulomb branch of 4d rank-one N = 2 theories

and initiate the study of CB symmetries. Section 2.1 includes a gentle introduction

to the formulation of the SW geometry as a rational elliptic surface. Meanwhile, in

Section 2.2 we discuss the automorphisms of elliptic surfaces and the relations to

isogenies and foldings.

2.1 Introducing the U-plane

The low-energy dynamics on the Coulomb branch of four-dimensional N = 2 super-

symmetric quantum field theories is famously solved by the Seiberg–Witten geometry

[1, 2]. SW geometry provides a beautiful synthesis of the notions of duality, elliptic

curves and modular forms. See [57–59] for some reviews of the topic.

The Seiberg–Witten solution. For any rank-one 4d N = 2 theory, the low-

energy effective U(1) field theory on the Coulomb branch B can be expressed in

terms of a scalar field a. The CB itself is parametrised by a gauge invariant operator

U ∈ B, being thus one-complex dimensional for this class of models.1 The celebrated

Seiberg–Witten solution expresses the scalar a and its magnetic dual aD as periods

of a differential form λ over one-cycles of an elliptic curve,

a =

∮

γA

λ , aD =

∮

γB

λ . (2.1)

These periods determine the low-energy effective gauge coupling τ as well as the

exact prepotential F as

aD =
∂F
∂a

, τ =
∂aD
∂a

. (2.2)

The SW geometry is then defined as the elliptic fibration of the SW curve over the

Coulomb branch, E → S → B. The total space of this fibration, S, forms a rational

elliptic surface (RES). We leave to Appendix A more details about the structure of

such surfaces (see also the nice review [60], as well as [61–65]).

The elliptic fibres of the SW geometry can be brought into Weierstraß normal

form,

y2 = 4x3 − g2(U,m)x− g3(U,m) , (2.3)

1For strictly 4d theories, the coordinate U is more commonly denoted by u. We also consider

circle compactifications of 5d theories, and use U for both 5d and 4d Coulomb branch parameters.
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where g2 and g3 are functions of the CB parameter U , as well as of various mass

parameters m, and possibly dynamical scales and gauge couplings that can appear

in the theory. These fibres can become singular above special loci on the CB, where

the low-energy effective U(1) description breaks down. The types of singularities

that can appear on the U -plane are covered by Kodaira’s classification of singular

fibres, as we discuss in more detail in Appendix A. In short, the various types of

singular fibres can be identified based on the orders of vanishing of the Weierstraß

invariants g2, g3 and the discriminant ∆. We should mention that a configuration of

singular fibres for a given theory will typically change as the mass parameters vary.

The low-energy effective coupling τ (2.2) is realised as the complex structure of

the elliptic curve. This identifies the J -invariant J (U) of the elliptic curve (2.3)

with the modular J-invariant J(τ):2

J (U(τ)) = J(τ) , (2.4)

For fixed parameters m, the family of elliptic curves (2.3) is parametrised by the

coordinate U , and so the J -invariant of the corresponding RES becomes a rational

function J (U) on the base B. This promotes U to a function of τ through (2.4).

Solving this equation has been crucial for the study of topological correlation func-

tions [42, 66–76], and for obtaining BPS quivers directly from the SW geometry

[14, 22, 31, 77, 78]

While in the generic case of arbitrary m there are no analytical solutions to

(2.4), in many cases, the duality and modular properties of the Coulomb branch of

any 4d N = 2 theory T can be found by rewriting (2.4) as PT (X) = 0, where

PT (X) =
(
g2(X,m)3 − 27g3(X,m)2

)
J(τ)− g2(X,m)3 , (2.5)

is a polynomial specified by the RES of the theory T [6, 14, 43].

Classes of 4d N = 2 theories. The quantum field theories of interest throughout

this paper are the 4d N = 2 field theories with a one complex dimensional Coulomb

branch. We focus on two particular classes of such theories. The possibly simplest

class is 4d N = 2 supersymmetric QCD with gauge group SU(2) and Nf ≤ 4

fundamental hypermultiplets. The SW curves of these theories have been studied in

detail in [1, 2, 4, 6, 22, 40–43], and we present them explicitly in Appendix D. The

second family of interest is represented by the Kaluza–Klein (KK) theories obtained

by a circle compactification of the UV completion of the 5d N = 1 SU(2) theories,

with Nf = n − 1 fundamental flavours [44, 45]. These theories are the simplest

examples of 5d SCFTs, having En flavour symmetry, where the low flavour-rank

2See Appendix A for the precise definitions of both J (U) and J(τ).
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groups are given by:

E1 = SU(2) , Ẽ1 = U(1) ,

E2 = SU(2)× U(1) , E4 = SU(5) ,

E3 = SU(3)× SU(2) , E5 = Spin(10) ,

(2.6)

while for n = 6, 7 and 8, En are the exceptional Lie groups. We will denote their

circle compactifications by DS1En.

These 5d rank-1 SCFTs are geometrically engineered in M -theory compactifi-

cations on non-compact Calabi-Yau threefolds, which are the canonical line bundles

over del Pezzo surfaces dPn or the Hirzebruch surface F0. More precisely, the En the-

ories with n = 2, . . . , 8 are engineered on local dPn, while the E1 theory corresponds

to local F0
∼= P1 × P1. The E0 theory is engineered on local P2 and does not have

a gauge theory interpretation, but can be obtained from the Ẽ1 theory, which itself

corresponds to local F1
∼= dP1.

From the DS1En theories, by deformations, geometric-engineering limits and

RG flows one can obtain 4d SQCD, as well as the Argyres-Douglas (AD) [3, 4] and

Minahan-Nemeschansky (MN) [7, 8] superconformal field theories in 4d. Their SW

geometries have been determined and analysed in great detail [15, 17, 79–90]. We

list the explicit curves of the toric DS1En theories in Appendix D. See also the

Mathematica notebook [56] for the toric as well as the non-toric curves.

The SW geometry of any rank-one 4d N = 2 SQFT is a rational elliptic surface,

being partially characterised by its configuration of singular fibres. One particular

dedicated singular fibre is the fibre at infinity F∞, which corresponds to the point

U =∞ on the CB [10, 22]. This singularity fixes the ‘UV physics’, and will be singled

out from the rest of the singular fibres. As such, we use the notation (F∞;Fv1 , . . . ),

for describing a RES with fibre at infinity F∞, and bulk singular fibres (Fv1 , . . .). For

the asymptotically free gauge theories with Nf fundamentals for instance, the point

at infinity is characterised by the one-loop beta function coefficient, leading to the

following identifications [22]:

F∞ = I∗4−Nf
: 4d SU(2) SQCD with Nf fundamentals ,

F∞ = I9−n : DS1En .
(2.7)

The remaining possibilities describe 4d N = 2 SCFTs, such as the AD and MN

theories [3, 4, 7, 8, 14, 18, 22].

Higher-form symmetries. Finally, let us comment on the higher-form symme-

tries of the theories described above (see also [91–94] and references therein). The

candidate theories that have 1-form symmetries are those which allow a gauge theory

description where the matter fields do not transform under the centre of the gauge

group [95]. The first such example is the pure 4d SU(2) theory, which has a Γ(1) = Z2
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1-form symmetry. For future reference, let us mention that this theory also has a

mixed anomaly between the 1-form symmetry and the Z8 ⊂ U(1)r 0-form symme-

try, originating from the classical R-symmetry and broken by an ABJ anomaly [96].

Another example of a purely 4d theory having a 1-form symmetry is the N = 2∗

theory, which is the N = 2 preserving mass deformation of N = 4 SYM.

It is by now well-known that the 5d E1 SCFT also exhibits a Γ(1) = Z2 1-form

symmetry. This might not come as a surprise since the theory admits a deformation

to the 5d N = 1 supersymmetric gauge theory with gauge algebra su(2). Conse-

quently, the circle compactification to the DS1E1 theory yields both a Z2 0-form and

a 1-form symmetry.

Finally, the 5d E0 theory has a Γ(1) = Z3 1-form symmetry [97, 98], leading to

both a Z(1)
3 and Z(0)

3 1-form and 0-form symmetries in the 4d KK theory. In this

case, however, there is a cubic anomaly in 5d, leading to a mixed anomaly in the 4d

theory [24]. We will discuss the relation between the 0-form and 1-form symmetries

in more detail in Section 5.

2.2 Automorphisms of elliptic surfaces

The Seiberg–Witten geometry of rank-one 4d N = 2 theories is a rational elliptic

surface (RES), whose base corresponds to the U -plane, together with the point at

infinity. As previously explained, by a RES we mean an elliptic fibration over the

complex projective plane with a section (referred to as the zero-section) and at

least one singular fibre [60]. The main focus of this work will be on the group of

automorphisms of these surfaces, and on quotients of the SW geometry by such

automorphisms [99–108].

Perhaps a natural interpretation of these quotients is as discrete gaugings of the

underlying field theories, but this dictionary can be further expanded. The group of

automorphisms of a RES S is isomorphic to the semi-direct product [25]:

Aut(S) = MW(S)⋊ Autσ(S) . (2.8)

Here MW(S) is the Mordell–Weil group of S, while Autσ(S) is the subgroup of

automorphisms preserving the zero section σ. We will analyse the two subgroups

separately in the rest of this section, and collect the precise definitions and relations

in Appendix A.2.

An important distinction between the two groups on the RHS of (2.8) is the

following: the group Autσ(S) is not fixed by the singular fibres of S, as it is the

case for MW(S).3 The automorphisms Autσ(S) induce automorphisms on the base

P1 ∼= {U} of the SW geometry. Thus, these automorphisms appear whenever the

U -plane exhibits certain symmetries, which occur by tuning the mass parameters of

3This is not entirely accurate, as there are some exceptions of configurations having the same

singular fibres but different MW groups, as we discuss later.
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a theory. As such, perturbations of the mass parameters can explicitly break the

CB symmetry, while preserving the configuration of singular fibres, leading thus to

a different Autσ(S) group. However, if the singular fibres are not changed, the MW

group is not modified.

2.2.1 Isogenies

Consider a section P ∈ MW(S) of the elliptic fibration π : S → P1. For any such

section we can define an automorphism tP of S as the translation by P on the

elliptic fibres [109]. On the smooth fibres E, this automorphism acts as a simple

translation by P , implemented through the usual addition on elliptic curves. Note

that this translation does not preserve the zero-section of the elliptic surface, but

can be thought of as an automorphism of the underlying surface by forgetting the

elliptic structure.

Our primary focus will be on the torsion sections of the MW group. For any

torsion section P of finite order k ∈ N, the automorphism tP will also be of finite

order and will operate without any fixed points. For the generic smooth fibre E

of the elliptic surface S, the quotient by the torsion subgroup ⟨tP ⟩ generated by tP
leads to a k−isogenous elliptic curve Ẽ. Here, we define a k-isogeny φk : E → Ẽ as

a k-to-1 homomorphism, mapping the marked point of E to that of Ẽ. An isogeny

is accompanied by a unique dual isogeny φ̂k : Ẽ → E such that their composition

corresponds to multiplication by k:

φk ◦ φ̂k = k Ẽ , φ̂k ◦ φk = k E , (2.9)

where by k E we mean the multiplication-by-k map on the corresponding elliptic

curve.

Such quotients will also affect the singular fibres of the RES. Recall that in the

Weierstraß model, the singular fibres will be either nodal or cuspidal curves and

upon resolving these singularities the exceptional divisors will intersect according

to an extended ADE Dynkin diagram, as indicated in Table 4. To each fibre, we

also associate an Euler number ev, which is equal to the order of vanishing of the

discriminant ∆. Then, an important constraint for a rational elliptic surface is that:

e(S) =
∑

v

e(Fv) = 12 . (2.10)

Consider now a singular fibre of type In. Then, under a k-isogeny generated by the

k-torsion section P , for prime k, the action on the singular fibre will depend on how

it is intersected by P , as follows [109]:

• For trivial intersections: In −→ Ink ,

• For non-trivial intersections: In −→ In/k .
(2.11)
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Here, an intersection is said to be non-trivial4 whenever the section P intersects the

singular point of the fibre in the Weierstraß model. We should also stress that the

resulting isogenous elliptic surface must have a torsion section of the same order for

the dual isogeny to exist. Importantly, while the Euler numbers of the singular fibres

may change, the isogeny does not affect the rationality condition [109]. The explicit

form of the isogeny can be determined using Vélu’s formula (see e.g. Appendix A.2

of [24] for a review).

Semi-direct product structure. Let us also briefly mention the semi-direct prod-

uct structure of (2.8). Recall that from any section P ∈ MW(S) we can define an

automorphism tP of S. Then, given an element α ∈ Autσ(S), there is an action of

Autσ(S) on MW(S), defined by:

α · tP = tα(P ) . (2.12)

This subtle difference between a direct product and a semi-direct product will be

important in the context of mixed anomalies, which will be discussed in Section 5.

2.2.2 Foldings

Let us now consider the automorphisms preserving the zero-section. As mentioned

above, any such automorphism τ : S → S induces an automorphism on the base

P1 ∼= {U}. We denote by AutS(P1) the collection of all induced automorphisms on

the CB. The group in Autσ(S) (2.8) is then a Z2 extension of AutS(P1), where the

Z2 acts as the inversion on the elliptic fibre, i.e. it maps (x, y) 7→ (x,−y) in the

Weierstraß form (2.3) [25]:

1→ Z2 → Autσ(S)→ AutS(P1)→ 1 . (2.13)

Induced automorphisms. For any rational elliptic surface S, the group AutS(P1)

is isomorphic to only one of the following [25]:

• The cyclic group Zk with k ≤ 12 and k ̸= 11.

• The Klein four-group Z2 × Z2.

• The dihedral group Dk (with 2k elements) for k = 3, 4 or 6.

• The alternating group A4.

4It can be shown that whenever a k-torsion section, for prime k, intersects non-trivially an In
fibre, then k|n – see Corollary 7.5 of [109].
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For the rational elliptic surfaces having constant J -map, namely the configurations

having only elliptic elements and/or I∗0 singular fibres, there are a few more possibil-

ities [26], which, however, will not be relevant for our purposes.

Note that the group of induced automorphisms is always a subgroup of the

symmetric group AutS(P1) ⊂ Sk, with k being the number of singular fibres of S.
This is, of course, just a statement about the maximal symmetry exchanging the

U -plane singularities.

As already alluded to, the configuration of singular fibres does not automati-

cally determine the group of automorphisms Autσ(S). As an example, consider the

DS1E1 theory, for which there exists a point in the moduli space where the U -plane

singularities arrange themselves as the roots of U4 = c, for some c ∈ C [22]. In

this case, the group of induced automorphisms is enhanced to AutS(P1) = Z4, while,

otherwise, this is only AutS(P1) = Z2, for the same configuration of singular fibres:

(I8; 4I1). We will return to this example in the following sections.

Base change. Let us now consider quotients of rational elliptic surfaces by sub-

groups of Autσ(S). Generally, such quotients are well-defined only if the generating

automorphism α ∈ Autσ(S) has the same order k as the one induced on the base

curve. The induced map on the base is then a rotation U 7→ ωk U by the angle 2π
k
,

that is, (ωk)
k = 1. We should point out that there exist CB symmetries which are not

induced by automorphisms of the underlying RES. Quotients by such automorphisms

will not generate new RES, and thus should also not be allowed physically.

Given the quotient projection ϵ : S → S̃ = S/⟨α⟩, for α ∈ Autσ(S), there is an

induced projection map on the CB [25]:

gk : P1 −→ P1 , U 7→ z = Uk . (2.14)

The complete list of such quotients can be found in Table 6 of [25] for non-constant J ,
and Table 6 of [26] for constant J -maps. In the mathematical literature, these con-

structions are usually referred to as base changes, and are important for determining

the MW groups of elliptic surfaces [60]. Similar quotient projections for non-cyclic

symmetries have not been considered to the same extent in the mathematical liter-

ature, and we discuss them further in Section 3.5 and Appendix C.

Base changes are reflected as k-foldings of the U -plane, according to (2.14). Let

us also mention that in this case, the degrees of the J -maps of the two rational

elliptic surfaces are related by

deg(JS) = k · deg(JS̃) , (2.15)

for k > 1.5 As a result, these quotients are quite different from isogenies, as the

latter preserve the degree of the J -map. Foldings can be also understood from the

5We define the degree of the rational function J (U) as the maximum of the degrees of the

numerator and denominator polynomials of U . See Appendix A.
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perspective of fundamental domains, where the identity (2.15) is particularly relevant

– we leave this discussion to Appendix B.

Quadratic twists. Finally, there is an interesting interplay between base changes

and quadratic twists which allows for a richer structure when applied to Seiberg–

Witten geometry. A quadratic twist of an elliptic curve is another elliptic curve

obtained by rescaling the relative invariants g2 and g3 in the Weierstraß model (see

Appendix A.1). This transfers ‘stars’ across singular fibres as follows:

In ←→ I∗n , II ←→ IV ∗ , III ←→ III∗ , IV ←→ II∗ . (2.16)

It is known that two elliptic curves with the same J -invariant are either isomorphic

or quadratic twists of each other. Likewise, two elliptic surfaces with the same J -
map have the same singular fibres, up to a quadratic twist (or transfer of star). In

particular, the smooth fibres are isomorphic.

As we explain in more detail below, CB foldings of SQCD or KK theories are

associated with changes in the type of fibre at infinity F∞. The only way to preserve

the type of fibre at infinity is to combine the folding with a simultaneous quadratic

twist. This therefore gives two possibilities for the behaviour of the type of fibre at

infinity F∞:

1. Folding: In 7→ I∗n/k , or I
∗
n 7→ In/k ,

2. Folding with quadratic twist: In 7→ In/k , and I
∗
n 7→ I∗n/k .

(2.17)

We will study these foldings in detail in Section 4.

Combining this base-change with a quadratic twist rescales the Weierstraß in-

variants,

g2(U)→ f 2(z) g2

(
z

1
k

)
, g2(U)→ f 3(z) g3

(
z

1
k

)
. (2.18)

Then in order for the fibre at infinity F∞ to be preserved under a base change, we

need to apply a quadratic twist6 with f(z) = z2−
2
k = U2k−2. Indeed, in this case

g2(U) becomes g2(z) ∼ z4 and g3(U) becomes g3(z) ∼ z6 for all k. This generalises

the discussion of the Z3 and Z2-foldings with quadratic twists of the DS1E0 and

DS1E1 theories discussed in [24, (4.23) & (5.21)].

To summarise, any k-folding has the effect of mapping a rational elliptic surface

S to another surface S̃ such that their J -maps are related as (2.15). Without a

quadratic twist, this changes the fibre at infinity. Including the specific quadratic

twist f(z) = z2−
2
k however, we can preserve the type of fibre at infinity.

6Up to proportionality constants.
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3 Folding the U-plane

As outlined in Section 2, the Coulomb branch of a theory T can have certain discrete

ZN symmetries. This prompts a natural question about the interpretation of the

quotients of the SW geometry by such symmetries. Note that the U -plane symmetries

are generally subgroups of H ⊂ Sn, where n is the number of singularities, but

quotients S/H of the associated rational elliptic surface S by such subgroups do not

typically lead to other rational elliptic surfaces [25]. We will thus consider mainly

ZN symmetries, and comment on non-cyclic symmetries in Appendix C.

In Appendix B, we discuss how U -plane foldings can be obtained from both

modular and non-modular configurations. For the modular cases, we relate the

discrete ZN symmetries to a pair of subgroups of SL(2,Z). Generic configurations

are however non-modular, in which case the ZN symmetries can be read off from a

consistent choice of the fundamental domain. Our discussion in the appendix can be

applied to any rational elliptic surface, and can likely be generalised to other (non-

rational) elliptic surfaces, such as K3 surfaces, giving rise to fundamental domains

of index larger than 12 [65, 77, 78, 110].

The simplest interpretation of U -plane foldings is in terms of discrete gaugings.

Such a Coulomb branch analysis for the five-dimensional theories has not been dis-

cussed in the literature, to the best of our knowledge. Nevertheless, the gaugeable CB

symmetries turn out to be related to the symmetries of the corresponding (p, q)-brane

webs, as we will show below.

3.1 Discrete gaugings of 4d theories

The continuous internal symmetries of 4d N = 2 superconformal field theories are

subgroups of the direct product U(1)r × SU(2)R × F of the R-symmetry and the

flavour symmetry algebra, F . It was argued in [19, 33] that discrete subgroups of

F cannot be gauged without adding new degrees of freedom, while gaugings of sub-

groups of SU(2)R break (some of the) supersymmetry. As a result, the most general

discrete gaugings that one can thus consider are those of symmetries generated by

transformations:

C = (ρ, σ, φ) ∈ U(1)r × SL(2,Z)×Out(F ) , (3.1)

with Out(F ) the outer automorphism group of the flavour algebra.7 The three gen-

erators must be chosen in such a way that the N = 2 supersymmetry is preserved.

Let us note that the σ and φ factors do not act on the CB parameter, but instead

on the gauge coupling τ and the mass deformations.

7For instance, the 4d SU(2) theory with Nf = 4 fundamental hypermultiplets has F = Spin(8)

flavour symmetry, with outer automorphism group Out(F ) = S3 the triality group. See [43, 111]

for detailed discussions of this symmetry.
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Discrete gauging. Consider first the generator σ of some subgroup of the modular

group, Zk ⊂ SL(2,Z). It is straightforward to see that the only such subgroups are

Z2,Z3,Z4 and Z6. Such symmetries can only exist for fixed values of τ , the only

exception being that of Z2, where the action of σ on τ is trivial.

This transformation acts on the supercharges as a simple phase factor; as such,

in order to preserve the N = 2 supersymmetry, we need to accompany it by a

Zk ⊂ U(1)r action generated by some element ρ ∈ U(1)r. This action manifests

directly on the CB parameter u. Namely, the gauged theory will be described by

ũ = ur, for r ∈ N the smallest positive integer necessary to build a U(1)r invariant

operator [33]. That is:

r =
k

∆u

, (3.2)

with ∆u being the scaling dimension of the CB parameter. This leads to a new SCFT

whose CB parameter has scaling dimension:

∆ũ = r∆u = k . (3.3)

Finally, the discrete gauging must involve some Out(F ) action relating the mass

parameters of the two theories. Note that here Zr is not the symmetry being gauged,

but only a subgroup of it, Zr ⊂ Zk = Zr∆u . Nevertheless, we will sometimes refer to

such CB foldings as discrete gaugings.

In the language of rational elliptic surfaces, the CB scaling dimension is set by

the fibre at infinity as follows:

F∞ II III IV I∗0 II∗ III∗ IV ∗

∆u 6 4 3 2 6
5

4
3

3
2

(3.4)

Then, the discrete gauging relating the rational elliptic surfaces S and S̃ = S/Zr,
for Zr ⊂ Autσ(S), will be one of the following possibilities [18]:

r 5 4 3 2 2 2

F∞(S̃) II∗ IV ∗ I∗0 IV I∗0 IV ∗

F∞(S) II II II II III IV

(3.5)

These follow from the physical constraint on the scaling dimensions (3.3). Out of

these, the r = 5 case is not allowed, as there are no such quotients from the per-

spective of rational elliptic surfaces [25]. The lists of [25] can be used to find all 4d

N = 2 SCFTs in the classification of [9, 19–21], which was already detailed in [18].

Given a Coulomb branch with a Zr symmetry, we distinguish two distinct folding

scenarios depending on the fixed point of the Zr symmetry. That is, we can either

have a smooth fibre I0, or a singular fibre as the fixed point of the symmetry. We

shall discuss the two cases below and give a list of how these fixed points change
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under discrete gaugings from the perspective of 4d N = 2 theories. In the context

of 5d SCFTs, these results can be interpreted as insertions of certain 7-branes in the

geometry.

Foldings with smooth fibres at the fixed point. Consider first the case where

the fixed point of the Zr symmetry is not a CB singularity. This will correspond to

gaugings of free U(1) theories. In particular, Zr gaugings of a free vector multiplet

lead to so-called frozen singularities:

I0
Zr−−−→





I∗0 , for r = 2 ,

IV ∗ , for r = 3 ,

III∗ , for r = 4 ,

II∗ , for r = 6 .

(3.6)

For a simple illustration, consider the r = 4 case, for which there is a single cover,

namely:

(IV ∗; 4I1) −→ (II; III∗, I1) . (3.7)

This corresponds to the discrete gauging of the A2 Argyres-Douglas theory – some-

times also denoted H2 or (A1, D4) – by a Z6 ⊂ U(1)r symmetry, acting on the CB

as a Z4 symmetry [33]. In Section 3.3, we will give an alternative interpretation to

these gaugings for 5d theories in terms of insertions of 7-branes.

Foldings with singular fibres at the fixed point. The second scenario is when

the fixed point of the CB symmetry (which is usually the origin of the U -plane)

has a singularity. In the context of 4d theories, we ought to mention the case of

N = 2 U(1) gauge theories with massless matter, whose CB is described by a In
cusp. The Z2 gauging of such theories can only be implemented for even n = 2n′

(being anomalous for odd n), in which case the CB transforms as [33]:

I2n′
Z2−−−→ I∗n′ . (3.8)

The daughter theories are SU(2) gauge theories with ∆(ũ) = 2. Importantly, note

that IR free theories cannot have other Zk global symmetries in SL(2,Z) with k > 2,

as τ is allowed to vary on the Coulomb branch.

One can also have II, III, or IV singularities at the fixed point of the discrete

symmetry. In four dimensions, these singularities correspond to the H0, H1 and H2
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Argyres-Douglas theories, which admit the following discrete gaugings [33]:

T Flavour Zr T /Zr Deformation Flavour

II − Z5 II∗ (II∗) −
III A1 Z3 III∗ (IV ∗, I1) A1

IV A2 Z2 IV ∗ (I∗0 , 2I1) A2

IV A2 Z4 II∗ (III∗, I1) A1

(3.9)

Consider first the H1 theory, with the massless singularity III. Whenever the chiral

deformation of the SW curve is frozen, the CB singularities organise in a Z3 sym-

metric way. As a result, the gauged theory simply freezes this deformation, without

acting on the A1 flavour symmetry. For the discrete gaugings of the H2 AD theory,

the flavour symmetry changes only in the Z4 case [33].

A rather interesting example is the Z5 gauging of the H0 theory proposed in [33].

This symmetry is part of the U(1)r R-symmetry and freezes the chiral deformation:

II
Z5−−−→ II∗ . (3.10)

This new theory, however, has been deemed as rather speculative, as it is not con-

nected by RG flows to any other 4d N = 2 SCFTs. We will come back to this

example when discussing gaugings of 5d SCFTs. Let us also mention that the sin-

gular fibres I∗0 or IV ∗ can also appear as the fixed points of a Zr symmetry. Then,

the (bulk) U -plane singularities behave as follows [33]:

I∗0
Zr−−−→

{
III∗ , for r = 2 ,

II∗ , for r = 3 ,
IV ∗ Z2−−−→ II∗ . (3.11)

As a final check, we consider the fibres of type I∗n, for n > 0. From the classification

of rational elliptic surfaces [112, 113], these are limited to n ≤ 4 and, in four dimen-

sions, they will either describe SU(2) gauge theories with Nf = 4− n fundamentals,

or, alternatively Z2 × U(1) = O(2) gauge theories with matter (i.e. the previously

mentioned U(1) gauge theories from which a Z2 symmetry was gauged; this is a mix

of the Z2 charge conjugation and Z2 ⊂ U(1)r). In the former case, the classical

U(1)r R-symmetry is anomalous being completely broken for Nf > 0 with generic

masses of the flavour multiplets. However, in the massless case, a discrete Z4(4−Nf )

symmetry is anomaly-free. Since a Z2 subgroup of this acts the same as the centre

of the SO(2Nf ) flavour symmetry, the u-plane will only have a Z4−Nf
symmetry (or

Z2 for Nf = 0). Let us note, however, that in these theories there are mixed ‘t

Hooft anomalies between the residual discrete R-symmetry and the SU(2)R symme-

try, or with gravity, as well as a cubic anomaly (see e.g. [96]). Hence these residual

R-symmetries cannot be gauged.
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3.2 Discrete gaugings of 5d theories

The next step in our analysis is to generalise the above picture for KK theories.

Five-dimensional N = 1 SCFTs only possess an SU(2)R R-symmetry, but the SW

geometries we are considering correspond to effective 4d N = 2 theories, which can

include discrete subgroups of the additional U(1)r symmetry. Such 0-form symme-

tries on the CB arise as accidental R-symmetries of the KK theory. Note also that,

as opposed to the purely four-dimensional theories, the CB parameter U is now

dimensionless, and thus there is no analogue for (3.3).

3.2.1 Discrete symmetries and the prepotential

Before we discuss explicit examples of foldings, we first constrain the cyclic symme-

tries which lead to well-defined quotients of the SW geometry. These quotients lead

to a simple effect on the periods and the prepotential of the respective theory.

Gaugeable Zk symmetries. For the DS1En theories, the fibre at infinity is of

I9−n type, and, thus, a Zk discrete gauging must transform the fibre at infinity as:

Zk gaugings for DS1En : I∞9−n
Zk−−−−→ I∞(9−n)/k . (3.12)

Thus, it must be the case that k|(9− n). Combining this with the fact that the U -

plane has n+3 simple singularities (i.e. I1) for generic mass parameters, the allowed

Zk symmetries are shown in Table 2. Note that these conditions do not explicitly

exclude the symmetries of DS1Ẽ1, for which a more careful argument is needed. We

will come back to this matter in Section 3.2.3.

The symmetries listed in Table 2 are in precise agreement with the possible

induced cyclic automorphisms AutS(P1) ∼= Zk on the P1 base of the SW geometry

[25]. For n ≥ 3, the gaugeable Zk symmetries of the DS1En theories are subgroups

of the centre of the simply connected flavour symmetry groups,8

Z(En) ∼= Z9−n . (3.13)

This relation (3.13) of course only holds for the theories whose maximal flavour

algebra does not involve a U(1) factor. Note also that the folding by the centre of

the simply connected flavour symmetry group gives a map from the DS1En theory

to a DS1E8 theory.

Periods and prepotential. Such discrete quotients of the SW geometry do lead

to tractable changes in the prepotential and the periods. As shown in e.g. [22], the

Picard-Fuchs differential equations for rank-one theories reduce to a single second

8Note also that the DS1En theories are geometrically engineered on local dPn surfaces, where

the del Pezzo surface dPn has degree (i.e. self-intersection number of the canonical class) 9− n.
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order differential equation, with the solutions being referred to as the ‘geometric

periods’, i.e. the periods defined as:

ωD =
daD
dU

, ωa =
da

dU
, (3.14)

with (aD, a) as introduced in (2.1). For the local dPn geometries, in a conveniently

chosen basis, these are the only two periods that receive quantum corrections and

coincide with the classical D-brane periods in the large volume limit (see e.g. [114]).

Namely, we have ΠD4 = aD, and ΠD2 = 2a, where ΠD4 and ΠD2 are the periods

associated with D4 and D2-branes wrapping the 4-cycle and a 2-cycle of the local

threefold, respectively. In this limit the so-called ‘mirror map’ [89, 90] becomes:

a ≈ 1

2πi
logU , ωa =

da

dU
≈ 1

2πi

1

U
, (3.15)

in the region U →∞. Moreover, to leading order, we have [22]:

ΠD4 ≈
9− n
2

a2 +O(a) , (3.16)

where we neglect the contribution due to the mass parameters. This leads to the

following asymptotics for the dual geometric period:

ωD ≈ −
9− n
4π2

logU + . . . . (3.17)

As the Coulomb branch of T = DS1En contains n+3 singularities for generic values of

the mass parameters, the analytic continuation of (ωD, ωa) throughout the entire U -

plane is highly non-trivial. In the cases of interest, the U -plane shows a Zk symmetry,

in which case it becomes simpler to solve for the periods on the z = Uk plane.

Evidently, these would be the periods of the folded theory, and we will refer to them

as (ω̃D, ω̃a) and (ãD, ã) [22].

Consider a theory T = DS1En whose U -plane possesses a Zk-symmetry, and let

T /Zk denote the new theory arising from the Zk-folding of the U -plane of T . We

will also use z = Ũ = Uk. From the above considerations, by matching asymptotics

it is not difficult to see that there is a region of the U -plane of T where the periods

(ωD, ωa) are related to (ω̃D, ω̃a) by:

ωD ≈ k ω̃D , ωa = ω̃a , (3.18)

to leading order, where the additional factor in ωD appears due to the logarithmic

term log(Uk) inside the geometric period ω̃D. Thus, the leading order terms in the

prepotential will be related as follows:9

FT ≈ kFT /Zk
. (3.19)

9The astute reader might have noticed that since τ = ωD

ω , the identity (3.18) appears to lead to

a k-isogeny. This is, however, not the case, since our analysis only concerns leading order terms.
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This expression is identical to the one derived in [38], in the context of five-dimensional

S-folds. There, the Zk-folding procedure involved symmetries of the (p, q)-brane

webs. We postpone the discussion about the relation between the two constructions

to Section 3.3.

3.2.2 Symmetry enhancements

In the remainder of this section, we will show how the folding procedure is explicitly

realised through some examples.

The Z3-folding of E0. The U -plane of the DS1E0 theory is Z3 symmetric and,

thus, we can apply the folding procedure discussed above. The Z3 symmetry iden-

tifies the three bulk I1 singularities, and thus the folded Coulomb branch w = U3,

corresponds to the transition:

(I∞9 ; 3I1)
Z3−−−→ (I∞3 ; I1, IV

∗) . (3.20)

This discrete gauging was also discussed in [24]. While the three I1 cusps are iden-

tified, the origin of the w-plane becomes a singular point of type IV ∗, as expected

from (3.6). We also note that the new configuration of singular fibres is identical to

that of the massless DS1E6 configuration, which is modular with monodromy group

Γ0(3). The orbifold point w = 0 corresponds to an elliptic point of Γ0(3), and is

smoothed out on the Z3 cover. This folding can be also argued from the perspective

of modular elliptic surfaces, as detailed in Appendix B. We say, in particular, that

Γ0(9) < Γ0(3), i.e. Γ0(9) is a subgroup of Γ0(3) which can be folded to the latter.

The Z2-folding of E1. The U -plane of the DS1E1 theory has a Z2 symmetry for

generic values of the exponentiated inverse gauge coupling parameter λ. One can

interpret this from a gauge theory point of view as follows: the CB parameter U is

the VEV of a fundamental Wilson line, which, under multiplication by elements of

the centre of the gauge group does not change the physics as long as all fields are in

the adjoint of the gauge group [86]. Equivalently, the E1 five-dimensional SCFT is

known to possess a Z2 1-form symmetry, which, upon reduction on S1 of the theory,

becomes both a one and a 0-form symmetry [97, 98].

Let us focus for now on the massless configuration, which is modular, with mon-

odromy group Γ0(8). The folding procedure corresponds to the transition:

(I∞8 ; I2, 2I1)
Z2−−−→ (I∞4 ; I∗1 , I1) , (3.21)

where the new configuration can be interpreted as the massless DS1E5 configuration.

Note also that this is again a modular configuration, with monodromy group Γ0(4).

Let us point out that this Z2-folding is different from a 2-isogeny, which would

instead be a first step in gauging the 1-form symmetry [24]. The difference can be
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understood, for instance, at the level of the monodromy groups. Whilst isogenies

preserve the index of the monodromy group inside PSL(2,Z), for Zk-foldings the

index of the monodromy group in the PSL(2,Z) group enlarges by a factor of k –

recall (2.15), and see also Appendix B.

Higher-form symmetries. The previous two examples offer valuable insight into

the origin of the discrete symmetries on the Coulomb branch. The 5d E0 and E1

SCFTs have Z3 and Z2 1-form symmetries [97, 98], respectively, which upon compact-

ification to four dimensions turn into both 1-form and 0-form symmetries, depending

on how the line operators wrap the circle direction. For these examples, isogenies can

be thought of as discrete gaugings of 1-form symmetries, since the latter are encoded

in the MW group of the Seiberg–Witten geometry, as elaborated in [22, 24].

These isogenies should not be mistaken for Galois covers. The fundamental

distinction is that the SW geometry obtained after an isogeny corresponding to a

gauging of a 1-form symmetry will generally contain undeformable singularities, in

the sense of [19].10 In contrast, when isogenies are interpreted as Galois covers the

resulting singularities will still allow a deformation pattern. We will further analyse

these in [32].

Consider for now the U -plane of the DS1E1 theory. The CB singularities lie at

the points ±2± 2
√
λ, for generic values of the exponentiated inverse gauge coupling

λ. Meanwhile, at λ = −1, the Z2 0-form symmetry enhances to Z4. The existence

of the short exact sequence

0→ Z2 → Z4 → Z2 → 0 , (3.22)

would seem to suggest that the additional Z2 symmetry needed in this enhancement is

a manifestation of the centre of the simply-connected group of the flavour symmetry

algebra Z2 ⊂ SU(2). Note, in particular, that while the flavour symmetry group

of the E1 SCFT is the centreless version SO(3) ∼= SU(2)/Z2, the Coulomb branch

does have the full SU(2) symmetry – that is, there are massive BPS states in the

fundamental representation of SU(2) [22]. We give some further evidence for this

claim below.

Characters and centre symmetries. As discussed above, an interesting obser-

vation is that the maximal gaugeable Zk symmetries for the Coulomb branches of the

DS1En theories are precisely the centres (3.13) of the corresponding simply connected

flavour symmetry groups. Meanwhile, for E2, the Z2 centre symmetry of the SU(2)

factor in the flavour symmetry is ‘masked’ by the U(1) factor of the flavour symme-

try. These maximal Zk symmetries shown in Table 2 can be found by fine-tuning

10Recall that an undeformable or frozen In singularity corresponds to a massless hypermultiplet

of charge
√
n.
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the mass parameters of the theories. Remarkably, an example of such a fine-tuning

is achieved for vanishing values of all the characters of the En groups, as we describe

below.11

Recall first that the flavour symmetry characters are defined as

χEn
R =

∑

ρ∈R

e2πiρ(ν) , (3.23)

for ρ = (ρi) the weights of some fundamental representation R and ν = (νi) the En
flavour parameters. These Lie algebra characters are invariant under Weyl group

transformations, being functions on the weight spaces of the Lie algebra to complex

numbers (see Chapter 13.5 of [115]). The weight zero characters ν = 0 will thus

lead to χR = dim(R), and correspond to an enhancement of the flavour symmetry

algebra on the Coulomb branch.

To better understand the physical interpretation of these characters, recall the

gauge theory definition of the CB parameter U as the expectation value of a half-BPS

line [22, 24]. As such, the origin of the extended CB corresponds to the vanishing

of this Wilson line VEV, which is responsible for the symmetry enhancement at

the fixed point of the RG flow. In the same way, the χEn characters can also be

interpreted as flavour Wilson lines. Accordingly, field theory intuition would suggest

that the vanishing of all the χEn characters should also be associated with a symmetry

enhancement. However, the precise reason still remains an open question.

This symmetry enhancement can be made more precise by expressing the equa-

tions χ = 0 in gauge theory language. In terms of the gauge theory parameters λ

and Mi, the vanishing of the characters can be achieved as follows:

E1 : (Z4) (λ) = (−1) ,
E3 : (Z6) (λ,M1,M2) =

(
e

4πi
6 , e

5πi
6 , e

11πi
6

)
,

E4 : (Z5) (λ,M1,M2,M3) =
(
e

2πi
5 , e

0πi
5 , e

2πi
5 , e

4πi
5

)
,

E5 : (Z4) (λ,M1,M2,M3,M4) =
(
e

4πi
4 , e

πi
12 , e

7πi
12 , e

13πi
12 , e

19πi
12

)
.

(3.24)

In all these examples, the coupling λ satisfies λ9−n = 1, while the masses Mi lie

on a unit circle and rotate into each other by a constant phase. Note that we

have no a priori reason to believe that χ ≡ 0 necessarily implies the striking result

|λ| = |Mi| = 1. In fact, we will see that this result is not arbitrary, since such

configurations correspond to massless theories, where non-trivial holonomies along

the circle direction are turned on. These maximal (gaugeable) CB symmetries for

the DS1En theories with n = 4, . . . , 7 are sketched in Figure 1, and the CB foldings

can be carried out explicitly as before.

11This is not in disagreement with the DS1E2 case, as the vanishing of the characters in this case

is equivalent to the decoupling of the flavour hypermultiplet generating the abelian U(1) symmetry.
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Figure 1: Structure of the U -plane for χi = 0 for the DS1En theories with n = 3, . . . , 6. The

equations below the diagrams give the discriminant locus.

Finally, it is also important to note that not all the Zk symmetries of the U -plane

discussed here are induced by automorphisms of the elliptic surface. In Section C.1,

we will discuss an example where these are distinct symmetries.

6d theories. Let us briefly comment on the symmetries of U -planes originating

from toroidal compactifications of six-dimensional theories. For this class of theories,

we have F∞ = I0, and thus a folding will preserve the width of the fibre at infinity.12

Thus, there are no a priori constraints on the ‘foldable’ symmetries of 6d theories.

From the brane-web perspective we expect that the 6d E-string CB will at least

allow Z2,Z3,Z4 and Z6 foldable symmetries [38].

Meanwhile, the M-string curve will always have a Z2 symmetry, inherited from

the 1-form symmetry of the theory [24]. We will discuss the corresponding Z2 folding

in Section 4. Let us also note that the so-called relative curve of the M-string theory,

containing six I2 fibres in the bulk, will have a Z6 symmetry. While the Z3 folding

of this configuration would consist of two copies of the Z3 folded 4d N = 2∗ theory

[33], the Z6 folding does not appear to lead to a RES.

3.2.3 Peculiar foldings

Let us now discuss the peculiar cases of the Ẽ1 and E4 theories, as mentioned in

Table 2.

Foldings of Ẽ1. The Ẽ1 theory is the UV completion of the 5d N = 1 SU(2)π
gauge theory, thus sharing some similarities with the E1 theory. While both of their

SW geometries have F∞ = I8, the distinction is in the MW groups: only DS1E1 has

a Z2 1-form symmetry, and thus Z2 ⊂ MW for any configuration of DS1E1. This is

no longer the case for DS1Ẽ1.

The previously presented folding argument (3.12) involved the condition k|(9−n),
or k|8 for gaugeable Zk symmetries of DS1Ẽ1. From the SW curve, by explicit

12The width of a fibre of type In or I∗n is n.
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computation, one can show that a Z4 symmetry cannot be realised for any value of the

gauge theory parameter λ. However, there exist configurations that show a reflection

symmetry along a line passing through the origin of the U -plane. Such an example is

the configuration (I8; II, 2I1), which is modular [14] and has a Z2 symmetry U 7→ −Ū ,
where Ū is the complex conjugate of U . In this case, the AD point is situated along

the symmetry line, with the two I1 singularities being identified under the reflection

symmetry. Folding the U -plane along this line, one expects a configuration having

F∞ = I4, as well as a bulk I1 fibre and (at least) an elliptic point. The only such

rational elliptic surfaces in Persson’s classification [112, 113] are (I4; I1, IV, III) and

(I4; I1, III, 2II), which are not promising candidates.

Note, moreover, that quotients of the underlying rational elliptic surface by this

automorphism do not generate a new rational elliptic surface (as per Table 6 of [25]).

In fact, this reflection symmetry is the first example of a symmetry that is not induced

from an automorphisms of the elliptic surface preserving the zero section. This is

because the transformation U 7→ −Ū is not a Möbius transformation. Thus, this

configuration does not exhibit a foldable Z2 symmetry. We can also rule out such

a Z2-folding from monodromy considerations; that is, the monodromy group of the

(I8; II, 2I1) configuration is not an index 2 subgroup of any subgroup of PSL(2,Z)
[14].

The Z5-folding of E4. As pointed out in Table 2, a rather peculiar symmetry is

the Z5 symmetry of the U -plane of DS1E4. This Z5 symmetry manifests for vanishing

characters, leading to the SW curve with Weierstraß invariants

g2(U) =
1

12
U4 , g3(U) = U

(
4− 1

216
U5

)
, (3.25)

while the discriminant and J -invariant read:

∆(U) = U2(U5 − 432) , J (U) = U10

123(U5 − 432)
. (3.26)

Thus, the Z5-folding of the U -plane is equivalent to the transition:

(I5; 5I1, II)
Z5−−−→ (I1; I1, II

∗) . (3.27)

In particular, at the fixed point of the Z5 symmetry, there is a type II singular

fibre (see Figure 2). Consequently, this folding is essentially describing a Z5 discrete

gauging of the H0 Argyres-Douglas theory. As already mentioned in Section 3.1,

such a gauging is however speculative, as there are no other RG flows known that

could validate this gauged theory [33].

Curiously, there is another reason why such a discrete gauging might be puz-

zling. Most gaugings outlined in Table 2 can be realised as five-dimensional S-folds,

which involve certain operations on the underlying (p, q)-brane web. From a IIB
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Figure 2: The Z5-folding of the DS1E4 theory. Top: The Z5 symmetric configuration of E4 with

branch point (purple) at U = 0, which corresponds to the II singular fibre of the E4 configuration.

From the fundamental domain, it is also clear that the branch point is the fixed point of the folding,

as it is identified under T : τ 7→ τ + 1. By quotienting the Z5 symmetry, we find the configuration

(I1; I1, II
∗) of the DS1E8 theory. On the U -plane, it is created by the image of a wedge (green)

under that map. Bottom: The resulting U -plane and fundamental domain contain the same branch

point, corresponding now to a II∗ singularity.

perspective, the appearance of new singular fibres at the origin of the fixed point

of the symmetry corresponds to insertions of 7-branes. However, since there is no

7-brane configuration that would produce a deficit angle that corresponds to a Z5

symmetry, such a discrete gauging has not been discussed in [38]. We will revisit

this construction in the following subsection.

3.3 Symmetries of (p, q)-brane webs

The foldable symmetries of the U -plane, as given in Table 2, almost coincide with

the symmetries of the underlying (p, q)-brane webs, which were recently analysed in
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[38, 39] (see also [46, 47]). These symmetries were discussed for the case of van-

ishing mass parameters of the 5d SCFTs, and the corresponding brane-web folding

procedure was referred to as S-folding, being a generalisation of the four-dimensional

S-folds introduced in [49–52]. In this section, we review five-dimensional S-folding

and compare it to CB folding.

S-folds. Consider a five-dimensional superconformal field theory T , whose brane

web possesses a Zk symmetry. That is, for a particular choice of the deformation

parameters13 and of the axio-dilaton, the brane web remains invariant under a Zk ⊂
SL(2,Z) action of the IIB string theory, combined with a Zk spatial symmetry action.

In this case, the web can be split into k distinct parts, which are exchanged by the

Zk action. The S-fold T /Zk of the theory is then a quotient by this Zk action, which
produces a deficit angle at the fixed point of the Zk symmetry that corresponds to a

7-brane configuration. The only possibilities for such 7-branes are listed below:

7-brane D4 E6 E7 E8

Zk Z2 Z3 Z4 Z6

MF I∗0 IV ∗ III∗ II∗

(3.28)

In the last row of the above table, we also give the CB singularities that repro-

duce the correct monodromy matrix MF of the 7-brane. In particular, the 7-brane

insertions reproduce the singularities obtained from the discrete gauging of a free

vector multiplet (3.6), as previously anticipated. Thus, these S-folds can only repro-

duce the CB foldings for which the fixed point of the Zk symmetry is a smooth I0
fibre. Importantly, however, S-folding and discrete 0-form symmetry gaugings are

distinct operations. In the former, the 7-brane configuration introduces new degrees

of freedom in the folded theory. As a result, the Kodaira singularity located at the

fixed point of the Zk symmetry can be further deformed, as opposed to the frozen

singularity appearing in the discretely gauged model.

What remains unclear at this stage is the precise relation between the CB sym-

metries and the symmetries of the (p, q)-web. The link between the mirror curve and

the brane web can be made explicit through the amoeba projection of the mirror

curve [116]. Recall from [89, 90] that the CY3 mirror can be expressed as a double

fibration over a complex plane W , with the elliptic fibre given by the SW curve,

which, in its most natural form, is written in terms of two C∗ variables, t and w.

The amoeba projection is obtained as

(t, w) 7→ (rt, rw) = (log |t|, log |w|) , (3.29)

where (rt, rw) are the amoeba coordinates, with rt,w ∈ R. Then, the brane web

appears as the spine of the amoeba projection - i.e. the legs stretching out to in-

finity. To obtain the amoebæ, we need to fix both the mass parameters as well

13We follow the setup of [38], where the mass parameters are turned off.
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as the Coulomb branch parameter U . We will implement the amoeba projection

algorithmically following [117].

The local P2 geometry. For the toric phases of the En theories with n ≤ 5,

the spine of the amoeba projection is always dual to the corresponding dPn or F0

geometry. Consider, for instance, the P2 geometry, whose mirror curve reads

1

w
+

1

t
+ wt− 3U = 0 . (3.30)

In the Weierstraß form of the curve, the U -plane singularities reside at U3 = 1. To

find the loci of the singular points for the toric curve, one computes the minors of

the Newton polygon F (t, w) = t + w + w2t2 − 3Utw, for fixed values of U . These

lead to the following solutions:

(1, 1, 1) ,
(
e

2πi
3 , e

2πi
3 , e

4πi
3

)
,

(
e

4πi
3 , e

4πi
3 , e

2πi
3

)
, (3.31)

for the tuples (t, w, U). These points turn out to be the fixed loci of the Zweb
3

symmetry exchanging the C∗ coordinates as follows:

(t, w) 7→
(
w,

1

wt

)
. (3.32)

This symmetry leaves the mirror curve invariant, and, from (3.29), it is clear that it

is preserved under the amoeba projection. Put differently, the Zweb
3 symmetry of the

brane web is nothing but the symmetry inherited from (3.32).

On the other hand, the ZU3 symmetry of the U -plane implies, in particular,

that under changes U → ρU , for ρ3 = 1, the mirror curve remains unchanged.

To see this explicitly, we accompany this action on U by the coordinate rescaling

(t, w)→ ρ−1(t, w) such that the curve becomes:

1

w
+

1

t
+
wt

ρ3
− 3U = 0 , (3.33)

and since ρ3 = 1, this is identical to (3.30). Then, the ZU3 symmetry exchanges the

points (3.31), as it ought to. Note, however, that under the amoebæ projection, this

symmetry is lost. The amoebæ projections for various values of U are depicted in

Figure 3. Due to the ZU3 symmetry of the U -plane, for any U ∈ C the amoebæ

projections for U , e
2πi
3 U and e−

2πi
3 U are identical.

We have established that the Coulomb branch ZU3 symmetry is inherently dif-

ferent from the brane-web symmetry Zweb
3 . This is perhaps not surprising, as the

Coulomb branch symmetry is an artifact of the KK theory, instead of the purely

five-dimensional model. That is, on the Coulomb branch, this symmetry appears as

a subgroup of the U(1)r symmetry of the effective 4d N = 2 KK theory. Meanwhile,

the brane-web symmetry Zweb
3 is inherited from a symmetry of the mirror threefold.
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Figure 3: Amoebæ forDS1E0, for various points on the U -plane. U -plane singularities lie at U3 = 1,

represented by red dots, while the dotted lines are axes of symmetry. The ZU
3 symmetry is preserved

by the amoebæ projection projection: The amoebæ projections for U and U ′ are identical if U and

U ′ are related by a ZU
3 rotation.

Nevertheless, brane-web symmetries still appear in general from a fine-tuning of

the deformation parameters. Thus, a rather appealing question is whether a sym-

metry of the brane-web would necessarily imply the existence of a Coulomb branch

symmetry. The reverse statement is clearly false, due to the above considerations, as

can also be seen from the lack of a Z5 symmetry for the brane-web of the E4 SCFT.

As the E0 theory is too simple from this perspective due to the lack of mass parame-

ters, we will present some evidence that the direct implication is true by considering

the F0 geometry.

The local F0 geometry. In the conventions of [22], the mirror curve of the E1

theory can be written as

w +
1

w
+
√
λ

(
t+

1

t

)
− U = 0 . (3.34)

The singular points of the curve are given by the following tuples for the (t, w, U)

variables: (−1, 1, 2−2
√
λ), (1,−1,−2+2

√
λ), (−1,−1,−2−2

√
λ) and (1, 1, 2+2

√
λ).

There are multiple symmetries for this curve. First, the symmetries

Zw2 : w 7→ 1

w
, Zt2 : t 7→

1

t
, (3.35)

leave the above singular points invariant, and are preserved by the amoebæ projec-

tion. Then, the CB symmetry ZU2 is generated by (t, w, U) 7→ −(t, w, U), exchanging
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the curve singularities pairwise. Note that this symmetry is not preserved by the

amoebæ projection. Finally, the CB shows a ZU4 symmetry whenever λ = −1 [22].

This symmetry acts as (t, w, U)→ (w,−t, i U), but only a Z2 subgroup of this sym-

metry is preserved on the amoebæ.

Let us also note that the Zweb
4 symmetry of the brane-web appears at λ = 1,

being generated by (t, w, U)→
(
w, 1

t
, U

)
. Importantly, this Zweb

4 symmetry does not

act on the CB parameter of the KK theory. Let us remark, however, that the mass

parameters of the SW curve are exponentiated 5d mass parameters, which could

also include non-trivial holonomies. Thus, from a five-dimensional point of view, the

values |λ| = 1 would correspond to the same point on the extended Coulomb branch,

namely the SCFT point.

This example appears to suggest that the brane-web symmetries do indeed imply

the existence of similar symmetries on the Coulomb branch. This implication could

be proved through a chain of string theory dualities, as exemplified in [46]. In fact,

equation (3.24) already shows that most, if not all, of the CB symmetry enhancements

can occur by only turning on some non-trivial holonomies along the S1 direction.

Furthermore, such holonomies can lead to new symmetry enhancements, which are

not available in the brane-web picture.

3.4 Fractional foldings

Five-dimensional Zk S-folds involve cutting the 5-brane web into k slices (which

are exchanged under the Zk symmetry) and keeping only one of these slices while

inserting a specific 7-brane at the fixed point of the Zk action [38]. For the usual

5d S-folds, the only possible 7-branes are D4, E6, E7 and E8, which correspond to

Z2,Z3,Z4 and Z6 quotients, respectively, as listed in (3.28). In [39], a new type of

S-folds was introduced, which makes use of other types of 7-brane configurations:

7-brane H2 H1 H0

Zk Z3 Z4 Z6

MF IV III II

(3.36)

As before, we indicate the brane-web symmetries relevant for each insertion, as well

as the monodromy associated with the 7-branes [50]. This new construction was

termed fractional folding and can be realised as follows. As before, consider a brane

web with a Zk symmetry (for k = 3, 4 or 6) and split it into k slices exchanged by

this symmetry. Then, the partial quotient procedure involves removing only one of

these slices and introducing an appropriate 7-brane configuration at the fixed point

of the Zk action. The final configuration should be consistent with the deficit angle

of the 7-brane.

– 30 –



Fractional foldings on the U-plane. To understand how this procedure could

be implemented on the Coulomb branch, recall that for a theory T with fibre at

infinity F∞ = In, a Zk symmetry is allowed only if k divides n. As a result, there

must exist a positive integer ñ, such that

n = ñ k . (3.37)

Then, we naively associate a partial contribution I∞ñ = I∞n/k to every slice exchanged

by the Zk symmetry of the original theory. Thus, under the partial folding keeping

(k − 1) slices, the new fibre at infinity becomes

F∞ = In
Zk−−−−−→

partial
F∞ = I(k−1)ñ = In−n

k
. (3.38)

This change in the fibre at infinity is, of course, accompanied by the previously

mentioned change in the bulk fibres: the bulk singularities appearing in one of the

slices are exchanged with a IV, III or II fibre at the fixed point of the Zk symmetry

(i.e. the origin of the U -plane), for k = 3, 4 or 6, respectively. The remaining slices

are glued together, leading to a Zk−1 symmetry in the new theory.

The construction from the point of view of the rational elliptic surface looks as

follows. Let us denote by Sn a RES characterised by a fibre at infinity F∞ = I∞n .

In the case where Autσ(Sn) contains a Zk group, the quotient map fk : Sn → Sn
k
=

Sn/Zk is well-defined, and results in a new RES with F∞ = In
k
. Then, we interpret

the construction of fractional foldings as a composition of a folding and an unfolding

(i.e. an inverse of a folding): the surface Sn has a fractional k-folding, if there exists

a surface Sn
k
(k−1) with Autσ(Sn

k
(k−1)) ⊃ Zk−1, such that fk−1(Sn

k
(k−1)) = Sn

k
. Then

the fractional folding is the composition

ƒ k
k−1

:= (fk−1)
−1 ◦ fk : Sn −→ Sn

k
(k−1) . (3.39)

This reproduces precisely the list of rank 1 examples discussed in [39], namely:

ƒ 2
3
: E6 : (I

∞
3 ; 3I3) 99K (I∞1 ; IV ∗, I3) 99K E7 : (I

∞
2 ; IV, 2I3) ,

ƒ 3
4
: E1 : (I

∞
8 ; 4I1) 99K (I∞2 ; III∗, I1) 99K E3 : (I

∞
6 ; III, 3I1) ,

ƒ 5
6
: E3 : (I

∞
6 ; 6I1) 99K (I∞1 ; II∗, I1) 99K E4 : (I

∞
5 ; II, 5I1) ,

(3.40)

for the specific configurations with Z3, Z4 and Z6 symmetries. For completeness, we

also introduce the intermediate step (3.39) of the above procedure. Note that the ƒ 5
6

fractional folding contains an unfolding of the peculiar Z5 symmetry of the DS1E4

theory, as discussed in Section 3.2.3.

Since a k-unfolding maps the fibres at infinity as I∞9−n 7→ I∞k(9−n), this maps a

DS1En theory to a DS1E9−k(9−n) theory. We obtain the following Table 3 of theories

related by foldings and fractional foldings.
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E0 E1 E2 E3 E4 E5 E6 E7 E8

E0 Z3

E1 ƒ 3
4

Z2 Z4

E2

E3 ƒ 5
6

Z2 Z3 Z6

E4 Z5

E5 Z2 Z4

E6 ƒ 2
3

Z3

E7 Z2

E8

Table 3: Matrix of En theories related by Zk foldings or ƒ k
k−1

fractional foldings. The action

is always taken on the theories represented at the beginning of each row. We omit the inverse

directions.

It is again relatively straightforward to compute the prepotential of the new

theory, given the change in the fibre at infinity in (3.38). Indeed, from (3.17), we

have for the rank-one theories:

FT k−1/Zk
≈ k − 1

k
FT , (3.41)

in agreement with [39], where by T k−1/Zk we denote the (k − 1)/k partial quotient

of T .
As it was the case for the 5d S-folds, the CB singularity appearing at the fixed

point of the Zk symmetry can be further deformed, as it corresponds to a 7-brane

configuration. Thus, while the above prescription can be used to reproduce the results

of [39], it would be interesting to understand if a field-theoretic parallel to these

partial foldings exists. Importantly, in this construction, the new CB singularities

should be undeformable, similar to the comparison between S-folds and CB discrete

gaugings.

We point out that Zk−1 unfoldings of (effective) 4d Coulomb branches can be

viewed as gaugings of discrete 2-form symmetries. Nevertheless, this interpretation

cannot describe a field theory analogue of a partial Zk-folding, as Zk−1 is not a

subgroup of Zk. In general, these symmetries of course occur for a fine-tuning of the

masses. We leave this problem for future work.

3.5 Non-cyclic symmetries

The previously studied Coulomb branch singularities and their quotients all corre-

spond to cyclic subgroups of the induced automorphism group Autσ(S). As is clear
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from the full classification [25], this group Autσ(S) also admits non-cyclic subgroups,

such as the dihedral groups Dn (of order 2n) with n = 2, 3, 4, 6, and the tetrahedral

group A4. The family of rational elliptic surfaces S supporting non-cyclic symme-

tries is classified by their singular fibres, as given in [25, Proposition 4.2.3]. In this

section, we briefly discuss these non-cyclic symmetries, as well as their physical in-

terpretation, and present some examples for the DS1En theories. A more detailed

study, including an organisation of various symmetry groups preserving parts of the

surface, can be found in Appendix C.

Recall from Section 2.2.2 that AutS(P1) is defined as the automorphisms on the

base P1 induced by all elements of Aut(S), being a subgroup of Autσ(S). These

induced automorphisms act as Möbius transformations

Aut(P1) ∋ φ : U 7→ aU + b

cU + d
,

(
a b

c d

)
∈ PGL(2,C) , (3.42)

and, in particular, they preserve the J -invariant of the surface S. The examples

studied so far are the cases where φ(U) = ωnU , with ωn an n-th root of unity. Here,

we will study cases where the induced Möbius transformations are not cyclic.

The simplest example of a non-cyclic symmetry is the Klein four-group D2 =

Z2 × Z2 [25]. This group acts by Möbius transformations on P1 and is generated

by U 7→ 1/U and U 7→ −U , which correspond to the PGL(2,C) transformations

s = ( 0 1
1 0 ) and r = ( −1 0

0 1 ). Clearly, these are inversion and reflection symmetries,

with the inversion symmetry being non-cyclic.

This simplest non-cyclic abelian group is realised as the induced automorphism

group AutS(P1) for many different surfaces S. Crucially, the inversion U 7→ 1/U

necessarily interchanges the fibre at infinity, defined by U = ∞, with a bulk sin-

gularity U = 0. In order for this inversion to be an induced symmetry, the fibres

corresponding to the singularities U = 0 and U = ∞ must be of the same Kodaira

type. However, since we identify the fibre at infinity F∞ as a characterisation of the

‘UV definition’ of a given theory, any proper symmetry of a theory must preserve this

fibre F∞. Clearly, from (3.42) any Möbius transformation fixing U = ∞ is cyclic,

and consequently any non-cyclic automorphism can not be a proper physical symme-

try. Nonetheless, the existence of non-cyclic Coulomb branch symmetries is rather

curious and they are arguably worthwhile to explore. In the following, we study

two explicit examples of curves with both the ‘smallest’ and the ‘largest’ possible

non-cyclic symmetry.

Non-cyclic abelian symmetry. Let us consider a surface whose U -plane symmetry

is the Klein four-group D2 = Z2 × Z2, with precisely the inversion and reflection

symmetries described above. An example of such a surface is the DS1E5 curve with

gauge theory parameters λ = 1 and Mj = i for all j = 1, . . . , 4. Alternatively, this

curve is found by setting the E5 characters to χ = (−2,−3, 0, 8, 0), being a modular
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surface, with monodromy group Γ0(4) ∩ Γ(2) [22]. Rescaling the CB parameter

U = 4u, the J -invariant becomes

J (u) = 4 (u4 + u2 + 1)
3

27u4 (u2 + 1)2
. (3.43)

It is straightforward to check that it is invariant under r : u 7→ −u and s : u 7→ 1/u.

The singular fibres are (I∞4 ; I4, 2I2), where s interchanges I
∞
4 with the bulk I4, while

exchanging the two I2 factors. We plot the u-plane with this Z2 × Z2 symmetry in

Figure 4a. In Appendix C, we explore the possibility of a quotient of the surface by

this non-cyclic abelian group.
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Figure 4: (a) DS1E5 configuration with Z2 × Z2 symmetry. The blue lines constitute the so-

called partitioning of the U -plane, that is, the preimage of the boundary pieces of the SL(2,Z)
fundamental domain inside the fundamental domain for this configuration under the map u = u(τ),

as put forward in [6]. It can be found directly from the J -invariant, and makes the symmetry

therefore manifest. (b) DS1E7 configuration with tetrahedral symmetry A4.

Tetrahedral symmetry. Except for the cyclic groups and Z2 × Z2, the groups

AutS(P1) are non-abelian – either the dihedral groups Dn for n = 3, 4, 6, or the

tetrahedral group A4. The ‘largest’ symmetry groups are therefore the dihedral

group D6 and the tetrahedral group A4. Rational elliptic surfaces with tetrahedral

symmetry are highly restricted: the possible singular configurations are (4I3) and

(12I1). The latter, (12I1), is the generic configuration of the 6d E-string curve

curve [15, 17]. Meanwhile, the configuration (I3; 3I3) can be realised for the DS1E6

curve with characters χ = (0, 0,−3, 9, 0, 0). It is a modular elliptic surface, with

monodromy group Γ(3). In order to make the A4 symmetry manifest, let us rescale

U = 4u. Then we find that

J (u) = (u4 + 8u)
3

26 (u3 − 1)3
(3.44)
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is invariant under the Möbius transformations g1 : u 7→ ω3u and g2 : u 7→ u+2
u−1

, with

ω3 = e2πi/3. These indeed generate the tetrahedral group A4 (see also [25, Section

5.3.5]).

The action of A4 on P1 can be thought of as orientation-preserving transfor-

mations of a tetrahedron inside the Riemann sphere P1, where the four vertices

are the u-plane singularities P = (1, ω3, ω
2
3,∞). In terms of the monodromy group

Γ(3), the A4 symmetry is carried by the cosets, as can be seen from the fact that

SL(2,Z)/Γ(3) ∼= A4. We plot the u-plane with A4 symmetry in Figure 4b.

Non-induced symmetries. In order to shed some light on the origin of such non-

cyclic symmetries, it is useful to consider all Möbius transformations preserving the

J -invariant. It turns out that not all such transformations are induced by Aut(S).
An example is 4d SU(2) SQCD with Nf = 2 massless hypermultiplets. Here, in some

normalisation, the SW curve is given by

J (u) = (u2 + 3)
3

27 (1− u2)2
, (3.45)

which has a configuration (I∗2 ; 2I2) and is modular with monodromy group Γ(2). This

curve is invariant under the Möbius transformations m : u 7→ u−3
u+1

and r : u 7→ −u.
We have m3 = r2 = (mr)2 = 1, giving a presentation of the dihedral group D3 of

order 6. In this case, the m-transformation is induced by a modular transformation

ST : τ 7→ − 1
τ+1

, while the r-transformation is induced by T : τ 7→ τ + 1. Similar

to the Γ(3) modular surface described above, here the symmetry is recovered as well

by a quotient with respect to the monodromy group, Γ/Γ(2) ∼= S3
∼= D3. Thus in

this case again the group of Möbius maps preserving the J -invariant is given by

the SL(2,Z) duality group. That is, in these cases, all SL(2,Z) electric-magnetic

duality transformations act on the Coulomb branch by Möbius transformations. For

the Γ(2) surface, this D3 symmetry is however not an induced symmetry, since it

exchanges the fibre F∞ = I∗2 with a bulk I2, and therefore does not originate from

an automorphism. As was remarked in [118, 119], duality transformations generally

do not act as Möbius transformations on the base, but rather as rational radical

functions. We elaborate further on these aspects in Appendix C.

4 Folding across dimensions

Supersymmetric quantum field theories exhibit a rich structure whenever considered

on spacetimes containing an S1 factor. Specifically, in the small radius limit, a

supersymmetric d-dimensional theory can reduce to a disjoint sum of multiple (d−
1)-dimensional theories differing by their holonomies. In [54, 55], these (d − 1)-

dimensional theories were dubbed holonomy saddles. For 5d N = 1 theories on a

circle, such phenomena manifest directly on the SW geometry as multiple decoupling
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limits of 4d SW theories [35, 36]. The SW geometry of the 5d pure SU(N) theory, for

instance, comprises N copies of locally indistinguishable 4-dimensional pure SU(N)

theories. Each such holonomy saddle comes with its own 4d BPS quiver, which gives

a natural prediction for the 5d BPS quivers in terms of 4d BPS quivers.

In this section, we present a simple argument for detecting holonomy saddles in

the formalism of rational elliptic surfaces. This extends the analysis of [35, 36] to

theories with fundamental matter, as well as to 6d theories. For rank-one theories,

holonomy saddles appear from Z2-foldings of the U -plane, which we discuss in Sec-

tion 4.1. Meanwhile, in Sections 4.2 and 4.3, we discuss all examples included in this

class of theories, which corroborate with massless and massive 4d SQCD theories,

respectively.

4.1 The 5d–4d map

In Section 2 we have argued that a Zk-folding of the U -plane is given by a map:

U 7→ z = Uk . (4.1)

This map corresponds to a base-change at the level of the Seiberg–Witten geometry.

The discrete gaugings previously discussed in this context were realised as mappings

I∞n −→ I∞n/k between the fibres at infinity for the KK theories. These mappings

required a quadratic twist on top of the base-change (4.1), in order to preserve the

type of fibre at infinity. If such quadratic twists were not added, we would instead

have the mapping

I∞n −→
(
I∗n/k

)∞
. (4.2)

Following (2.7), this appears as a relation between 5d KK geometries and 4d SQCD

theories. In fact, we will show that this link has highly non-trivial implications, and

could be used to determine the spectra of BPS states of 5d theories based on that of

4d SQCD theories.14 Having this in mind, the map (4.2) can be argued as follows.

Foldings across dimensions. The BPS quiver of a 4d N = 2 theory can be

determined directly from the singular fibres of the SW geometry, especially when

the CB is modular [14]. This map between U -plane singularities and nodes of BPS

quivers can be directly realised when these CB singularities are of multiplicative

type, i.e. of In type. We would like to give a new interpretation to CB foldings,

where the folded and unfolded geometries correspond to seemingly distinct theories.

Namely, these should not be related by a discrete gauging. The utility of such an

interpretation will be the BPS quiver description.

Accordingly, we are seeking foldings that do not introduce elliptic points, and

only involve multiplicative fibres in the bulk. Recall first from (2.17) that the width

n of the cusp at infinity F∞ = In reduces by a factor of k under a Zk-folding. At

14In some particular chamber, and up to a tower of KK states.
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the same time, k identical bulk fibres get identified under this operation. Thus,

the only way to preserve the Euler number (2.10) of the RES while also avoiding

the introduction of elliptic points, is to introduce I∗m singular fibres in the folded

geometry. Nevertheless, in order to have a clear BPS quiver description, these fibres

should be the fibres at infinity, describing thus 4d SQCD theories [10, 14, 22].

Let us first assume that all bulk fibres are of I1 type and are related by the Zk
symmetry. Schematically, we are then looking at the following folding:

(
I∞n ; (12− n)I1

) Zk−−−−→
(
(I∗n/k)

∞;
12− n
k

I1
)
. (4.3)

The Euler number constraint (2.10) for the new surface reads:

12− n
k

+
n

k
= 6 , (4.4)

which thus restricts k to the unique value k = 2. In turn, this implies that such

foldings exist only for even n. As the starting point is a field theory with fibre

I∞n at infinity with n even, the obvious candidates are the DS1E2Nf+1 theories with

Nf = 0, . . . , 3. Thus, the folding realizes the map:

5d SU(2) + 2Nf fund
Z2−−−→ 2 copies of 4d SU(2) +Nf fund . (4.5)

In fact, these foldings are related to the notion of holonomy saddles [36, 55], and

correspond to decompositions of the 5d BPS quivers in k = 2 copies of 4d quivers.

Schematically, the 5d quivers take the following form, where Q is a given 4d quiver:

Q Q (4.6)

Flavour symmetry. Before we make the folding explicit, let us comment briefly

on the relation between the flavour symmetries of the theories. For this, we can

consider a more general setup than (4.3) by allowing other types Imj
of singularities,

with mj ≥ 1. The singular configurations of the E2Nf+1 theory that we can Z2-

fold are then necessarily of the form (I8−2Nf
; {2njImj

}), where nj and mj are some

integers satisfying ∑

j

njmj −Nf = 2 . (4.7)

This identity simply follows from the Euler number constraint (2.10). As before,

the corresponding 4d configurations will be (I∗4−Nf
; {njImj

}). Since the folding from
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5d to 4d pairwise identifies two Imj
singularities, the action of the Z2-folding is a

reduction of the flavour symmetry algebra gF ,

u(1)rk(Φ) ⊕
⊕

j

A
⊕2nj

mj−1
Z2−−−→ u(1)

rk(Φ)−1
2 ⊕

⊕

j

A
⊕nj

mj−1 . (4.8)

Clearly, the rank of the MW group also changes across the dimensions. Indeed, for

generic masses, the MW group of the E2Nf+1 curve has rank 2Nf + 1, while the

corresponding 4d SW surface with Nf generic masses has MW rank Nf .

In the following, we characterise the geometry changing Z2-foldings by quadratic

relations between the CB parameters in 4d and 5d.15 First, we discuss the case of

massless SQCD, after which we lay out the structure of the massive theories.

4.2 The massless cases

The DS1E1 theory. We start by considering the DS1E1 theory, with the mirror

curve given explicitly in [22]. We find for generic values of λ (see also [86, 120, 121]),

that

U(τ, λ) =
√

8
√
λu0(τ)

Λ2
0

+ 4(λ+ 1) , (4.9)

where u0 is the CB parameter of the pure 4d Nf = 0 theory, being a Hauptmodul

of Γ0(4). This offers an alternative proof to the decomposition of the U -plane of

the DS1E1 theory in two identical copies of the u-plane for the 4d SU(2) theory.

This relationship was also recently shown in [36] and holds true for generic values

of the deformation parameter λ. In particular, the U -plane has a Z2 symmetry for

any values of the gauge coupling, which is also the centre symmetry of the 5d gauge

group SU(2). Thus, the folding that we are considering is:

E1 : (I8; 4I1)
Z2−−−→ (I∗4 ; 2I1) . (4.10)

In order to see the decomposition of the BPS quiver, we consider the specific value

λ = −1 of the gauge coupling, where the Z2 symmetry enhances to Z4. As a result,

it is not difficult to compute the (a, aD) periods on the w = U4 plane, which lead to

the following basis of BPS states (as computed explicitly in [22, 36]):

γ1 : (1, 0) , γ2 : (−1, 2) ,
γ3 : (−1, 0) , γ4 : (1,−2) ,

(4.11)

15An intricate issue regarding the CB parameters in 5d is their normalisation, see [14, Section

3.3] for a discussion. As is clear from the explicit expressions, the normalisation does not affect the

structure of the results.
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Thus, the associated BPS quiver becomes:

γ1 γ4

γ2 γ3

(4.12)

The two colours used in the above figure indicate the two BPS quivers of the 4d

pure SU(2) gauge theory. The full spectrum of this quiver was recently computed in

[34, 37] for some particular tame chamber. These works have already indicated that

the spectrum of the DS1E1 theory can be organised as two copies of the maximal

chamber for the Kronecker quiver.

The DS1E3 theory. From the previous arguments, another example of (4.3) is:

E3 : (I6; 6I1)
Z2−−−→ (I∗3 ; 3I1) . (4.13)

To realise the above map, we need E3 configurations that have a Z2 symmetry. This

can be achieved by setting M1 = −M2 =M in the SW curve.

Let us consider the massless 4d Nf = 1 theory, whose u-plane has a Z3 symmetry,

which is a remnant of the U(1)r R-symmetry. Then, if the above map were to exist,

we would need a configuration of DS1E3 exhibiting a Z6 = Z2 × Z3 symmetry. As

discussed before, such configurations do exist, but only appear for isolated values of

(λ,M). For instance, for (λ,M) = (e
4πi
3 , e

7πi
6 ), we find the following identity:

UE3(τ) =
√
−16u1(τ,0)

Λ2
1

, (4.14)

where u1 is the order parameter for the massless 4d SU(2) Nf = 1 theory. For these

values of the mass parameters it is again not difficult to compute a basis of light BPS

states (see [22]), leading to:

γ1 : (1, 0) , γ2 : (1,−1) , γ3 : (0,−1) ,
γ4 : (−1, 0) , γ5 : (−1, 1) , γ6 : (0, 1) ,

(4.15)

The associated quiver is given below:

γ6 γ5

γ1 γ4

γ2 γ3

(4.16)
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Fortunately, it was shown in [37, 122] that for this particular quiver there exists

a chamber where the BPS spectrum decomposes into two copies of the 4d SU(2)

massless Nf = 1 theory, together with a tower of KK states. The corresponding 4d

sub-quivers are coloured in the above diagram.

We can also find the explicit holonomy saddles from the DS1E3 theory to massive

Nf = 1 SQCD with a generic mass. For M1 = −M2 = M , we find agreement of the

curves for

U(τ) =
√
16(Mλ)

2
3
u1(τ,m)

Λ2
1

+ 4λ(1−M2) + 4, (4.17)

where u1(τ,m) corresponds to the massive 4d Nf = 1 curve, and we relate Λ1 =

4m(M4λ)
1
3/(1 −M2(1 + λ)). This agrees with (4.14) in the massless case. We will

extend this example to other massive cases below.

The DS1E5 theory. Consider next the case of DS1E5, where (4.3) specializes to:

E5 : (I4; 8I1)
Z2−−−→ (I∗2 ; 4I1) . (4.18)

We immediately note that the RHS is a configuration of the 4d SU(2) Nf = 2 theory.

To realise this folding explicitly, we are again looking for E5 configurations that have

at least a Z2 symmetry.

Consider the massless 4d theory, in which case the Z2-folding corresponds to:

E5 : (I4; 4I2)
Z2−−−→ (I∗2 ; 2I2) . (4.19)

This E5 configuration was discussed in detail in [22], and can be found, for instance,

for the following values of the mass parameters: M1 = M2 = M , M3 = M4 = − 1
M
,

with λ = 1. In this case the U -plane has a Z2 × Z2 symmetry, which turns into

Z4 for the fixed value M = e
πi
4 . Note that these Z2 factors are extensions of the

Z2 residual R-symmetry present on the Coulomb branch of the massless 4d Nf = 2

theory. When the Z4 symmetry is present, the light BPS states are given by [22]:

γ1, γ5 : (1, 0) , γ2, γ6 : (−1, 1) ,
γ3, γ7 : (−1, 0) , γ4, γ8 : (1,−1) .

(4.20)

The associated quiver is depicted below:

γ1

γ5

γ4

γ8

γ3

γ7

γ2

γ6

(4.21)
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with the massless 4d SU(2) Nf = 2 subquivers coloured. Here we introduce the block

notation for a BPS quiver [123, 124]. Namely, we group together in a single block

the nodes that share the same incidence with all the other nodes in the quiver. For

instance, there are four morphisms involving node 1: X12, X16, as well as X41, X81.

We also find:

UE5(τ,M) =
√
64u2(τ,0)

Λ2
2

+ 41+M4

M2 , (4.22)

with u2(τ, 0) the order parameter of the massless 4d SU(2) Nf = 2 theory. As for

the E1 and E3 quivers discussed above, it was also shown in [37] that there exists a

chamber of the above quiver where the BPS spectrum organises as two distinct copies

of spectra of the massless 4d SU(2) Nf = 2 quivers, as explained around (4.12).

The DS1E7 theory. Another example of the folding (4.3) involves the DS1E7 and

the 4d SU(2) Nf = 3 theories. For the massless 4d theory, this reads:

E7 : (I2; 2I4, 2I1)
Z2−−−→ (I∗1 ; I4, I1) . (4.23)

To find the above E7 configuration, we first express the characters in terms of gauge

theory parameters. Then, we set the masses to Mi = 1 for i = 1, 2, 3 and Mj = −1
for j = 4, 5, 6, while the λ parameter does not need to be fixed. In this case, we find:

UE7(τ, λ) =
√
−212 u3(τ,0)

Λ2
3
− 4 (λ2−1)2

λ2
. (4.24)

The relevant Z2 symmetric DS1E7 quiver is given by:16

γ1 γ2 γ3

γ4 γ5

γ6γ7γ8

γ9γ10

(4.25)

As before, we use the block notation. We again expect that there is a chamber where

the BPS spectrum of the KK theory decomposes into two copies of the massless

Nf = 3 sub-quivers. To the best of our knowledge, this has not been discussed in

the literature.

Other examples. It was recently argued in [24] that the global forms of a theory

can be detected directly from the Seiberg–Witten geometry. More specifically, while

the SW geometry for the 4d pure SU(2) theory is known to be described by the

16This is mutation equivalent to other known dP7 quivers [123].
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configuration (I∗4 ; 2I1), the SO(3)± global forms were found to be (I∗1 ; I4, I1), where

the I4 singularity is undeformable.

In a similar fashion, as the DS1E1 theory has both a 0 and a 1-form symmetry,

there are multiple global forms allowed for this theory. The geometry that we have

mostly dealt with, (I8; 4I1), was denoted in [24] as E1[SU(2)]
[0,1], emphasising the

choice of global form for the gauge group. Meanwhile, the E1[SO(3)±]
[0,1] forms are

described by the configurations (I2; 2I4, 2I1). The Coulomb branches of these models

can be shown to consist of two distinct copies of the 4d SO(3)± theories.

4.3 Massive holonomy saddles

The correspondence between 4d and 5d theories can be refined in the presence of

mass deformations, which allows to test the proposal (4.5) in a large part of the

parameter space. While on the 5d side we are able to probe roughly half of the

parameter space, in 4d this map characterises the whole parameter space.

When turning on arbitrary masses, the Coulomb branch geometry becomes

rather involved, and we have to proceed more systematically in finding the explicit

mapping between the CB order parameters.

4.3.1 The 5d–4d dictionary

In order to find a 5d SU(2)+2Nf phase which allows a Z2-folding, we need to find the

E2Nf+1 curves whose functional invariant J (U) is symmetric, i.e. J (−U) = J (U).
Let us first focus on Nf = 0, 1, 2, 3, and we will comment on Nf = 4 below. If we

express the En curves in terms of the flavour symmetry characters χEn , as is done

for instance in [15, 17], we find that this Z2 symmetry appears whenever

χ2j+1 = 0 , for j = 1, . . . , Nf , (4.26)

Indeed, the E1 curve has a Z2 symmetry for any value of χ1 or λ,17 while for the

E2Nf+1 curves with Nf ≥ 1 these give Nf constraints on the vanishing of all odd

characters except χ1. We are then studying the geometry changing Z2-foldings with

generic masses, which features only bulk I1 fibres,

E2Nf+1 : (I8−2Nf
; (2Nf + 4)I1)

Z2−−−→ (I∗4−Nf
; (Nf + 2)I1) . (4.27)

Under this mapping, the 2Nf +1 parameters of the E2Nf+1 curves, reduce to Nf +1

free parameters, due to the Nf constraints needed for the Z2 symmetry. These free

parameters can be matched with the Nf mass parameters mi of the 4d SU(2) curves.

17For E1, we have χ1 =
√
λ+ 1/

√
λ.
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Matching the functional invariants. Consider now the functional invariants

J4d(uNf
) for the 4d SU(2) SW curves [2], and denote the corresponding invariants

for the E2Nf+1 KK theories by J5d(U2Nf+1). While it is difficult in general to find

solutions to J4d(uNf
) = J5d(U2Nf+1), the previous considerations suggest the ansatz

uNf
= aNf

U2
2Nf+1 + bNf

. (4.28)

The existence of such an identity is only possible if the 5d mass parameters are

related to the 4d parameters. Assuming that this relation holds, the constants aNf

and bNf
can be easily found by eliminating the first two nonzero coefficients in the

large U2Nf+1 series of J5d(U2Nf+1)−J4d(aNf
U2
2Nf+1+bNf

). Rather surprisingly, these

take a very simple form for all Nf = 0, . . . , 3, and we find

U2Nf+1 =

√√√√(−1)Nf
2

12
4−Nf

Λ2
Nf

(
uNf

+
1

4−Nf

q
m2
j

y)
+QNf

(χ) , (4.29)

where
q
m2
j

y
:=

∑Nf

j=1m
2
j , and QNf

(χ) ∈ Q[χ] are polynomials in the characters χj.

Concretely, we have:
Q0(χ) = 4χ1 ,

Q1(χ) =
1
3
(12χ1 + χ2

2) ,

Q2(χ) =
1
2
(12χ1 + χ4) ,

Q3(χ) = 10χ1 + χ6 + 43 .

(4.30)

The 5d–4d dictionary. Finding a precise agreement between the 4d and 5d the-

ories requires the curves to agree, under the correspondence (4.29). This can be

checked efficiently by calculating the previously mentioned large U2Nf+1 series. If

the proposal (4.29) were to be trusted, this would collapse the infinite system of

equations to a finite one. Indeed, this turns out to be the case, and we find the

relations between the 5d characters and the 4d masses as shown below:

Nf = 0 : ∅ ,

Nf = 1 : χ2 = 4m ,

Nf = 2 : χ2 = −3 + 64m1m2 ,

χ4 = −64(m2
1 +m2

2)− 4χ1 ,

Nf = 3 : χ2 = 35 + 212(64T3 − 3T2) + 10χ1,

χ4 = 35− 212(3T2 + 384T3 − 212 T4) + (60− 214 T2)χ1 + 15χ2
1 ,

χ6 = −15 + 212 T2 − 6χ1 .
(4.31)

Here, we define T2 =
∑3

j=1m
2
j , T3 = m1m2m3 and T4 =

∑
i<jm

2
im

2
j , while we implic-

itly divide all masses by the scale ΛNf
in order to get dimensionless quantities. The
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structure is clear: all odd characters except for χ1 vanish, while all even characters

are polynomials in χ1 and the 4d masses mj. More specifically, since the SW curves

for 4d SQCD can be expressed in terms of SO(2Nf ) Casimirs (of order 1, 2 and 4

for Nf = 1, 2, 3), the even characters are then polynomials in χ1 and those Casimirs.

Inserting these 4d-5d relations into the map (4.29), we find the universal relation:18

U2Nf+1 =

√
(−1)Nf 2

12
4−Nf

uNf

Λ2
Nf

+ 4χ1 (4.32)

This relation is interesting for various reasons. First, it should give a non-trivial

check of the proposal (4.5) relating 5d BPS quivers to two copies of 4d quivers,

which for arbitrary masses can be quite involved. Second, only massive expressions

allow to tune to superconformal points. For instance, we can easily construct a 5d

configuration which is Z2-folded to the simplest SQCD configuration featuring an AD

point. Using the relation between the 4d and 5d masses (4.31), the E3 configuration

(I6; 2I1, 2II) found for χE3 = (χ1, 3, 0) can be Z2-folded to (I∗3 ; I1, II), i.e. the Nf = 1

theory with a type II AD point. Finally, the case Nf = 3 is of special interest, as it

involves the BPS quivers of the non-toric E7 theory, which are more difficult to find

in general.

For any given 4d SQCD configuration (m1, . . . ,mNf
), using (4.31) we can thus

find a double cover of the E2Nf+1 curve with all characters completely determined,

except for χ1. This character is singled out of course since it is contained in all

E2Nf+1 curves. It is also clear that in the 4d-5d matching, only one character can

remain undetermined: the E2Nf+1 curve has 2Nf +1 characters, out of which Nf are

set to zero in order to obtain the Z2 symmetry. The remaining Nf + 1 characters

are matched with the Nf masses, such that one character – χ1 – remains. The fixed

point under the folding on the 5d CB is U = 0, while from (4.32) we can see that it

corresponds to uNf
/Λ2

Nf
= (−1)Nf2−2(2+Nf )/(4−Nf )χ1. That is, the distance from the

origin of the image of the fixed point under the folding is measured exactly by χ1.

Distinction between foldings and geometric engineering. As a final com-

ment, we want to stress that the above-constructed map from the DS1E2Nf+1 theory

to 4d N = 2 SU(2) SQCD with Nf hypermultiplets is not the only map relating

the KK theories to 4d SQCD. Of course, another well-studied limit is the geometric-

engineering limit in type IIA, where one obtains 4d N = 2 SU(2) gauge theories with

Nf ≤ 4 flavours as a limit of the DS1ENf+1 theories [131]. In this situation, two out

of the (4 + Nf ) I1 singularities merge the fibre at infinity, which becomes an I∗4−Nf

after a quadratic twist. We clarify this distinction in the following diagram 5. Note

that in both cases the 4d pure SU(2) theory can be obtained from the E1 curve.

18For Nf = 3, we furthermore introduce a shift of u3/Λ
2
3 by −7/210. Such shifts of u for Nf = 3

are necessary in many other contexts [125–130].
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DS1ENf+1(
I∞8−Nf

; (Nf + 4)I1

) DS1E2Nf+1(
I∞8−2Nf

; (2Nf + 4)I1

)

4d SU(2) + Nf flavours(
I∗,∞4−Nf

; (Nf + 2)I1

)

geometric
engineering
limit

Z2-folding

Figure 5: Distinction between the geometric engineering limit and the Z2-folding of the 4d KK

theories to 4d SQCD.

4.3.2 6d–4d foldings

The previous analysis suggests that the Nf = 4 SCQD theory would be related to the

six-dimensional E-string theory, which is a 6dN = (1, 0) SCFT [15, 17, 81, 132]. The

Seiberg–Witten geometry of the E-string theory on R4 × T 2 depends modularly on

the complex structure τ of the torus T 2 [17, 81]. Upon decoupling mass parameters,

this parameter becomes the bare coupling for 4d SU(2) Nf = 4.

A relation analogous to (4.32) has already been found in [17] (see also [105]). The

Weierstraß invariants g2 and g3 of the E-string curve are degree 4 and 6 polynomials

with coefficients in the eight masses Mi and the modulus τ of the torus. In analogy

with the above four cases Nf ≤ 3, the relation to SQCD requires setting all odd

coefficients in the curve to zero.19 Then, schematically we have [17, (6.16)]

UE-string =
√
N4 u4 + c4 , (4.33)

where N4 and c4 depend on the modulus τ and the masses. Additionally, there is

an explicit dictionary between the four 4d Nf = 4 SQCD masses mj, and the four

remaining masses Mj [17, (6.12)–(6.15)]. Together with (4.32), this completes our

discussion of massive holonomy saddles (4.27), which for Nf = 4 becomes

E9 : (I0; 12I1)
Z2−−−→ (I∗0 ; 6I1) . (4.34)

This is a special case, where the fibre at infinity F∞ = I0 is smooth rather than

singular.

A similar situation arises in the rank-one M-string theory [133–135], that is, the

six-dimensional N = (2, 0) A1 SCFT which is the UV completion of 5d N = 2 SYM.

Introducing a mass m for the adjoint breaks the theory to N = 1∗, for which the

corresponding SW curve has been studied in the context of integrable systems – see

e.g. [136]. As was recently discussed in [24, 36], this theory is expected to be related

19In the conventions of [17, 105], this determines four masses to be zeros of theta functions.
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from the point of view of holonomy saddles to two copies of the 4d N = 2∗ theory.

We give for completeness the relevant relation [24]

UM-string =

√
− 4

m2 ℘(iβm, τ0)
uN=2∗ + 1 , (4.35)

where uN=2∗ is the 4d N = 2∗ Coulomb branch parameter, UM-string parametrises

the M-string curve, and β is the radius of the S1. Meanwhile, ℘ is the Weierstraß

function. A BPS quiver for the 6d M-string was proposed in [24], by making use of

this map.

5 Mixed ’t Hooft anomaly

Some of the theories that we have discussed so far have both non-trivial global 0-form

as well as 1-form symmetries. In such cases, there can be a mixed ’t Hooft anomaly

between the two types of symmetries. This has the effect that if one symmetry

is gauged, the other one disappears. Put differently, if a theory has a mixed ’t

Hooft anomaly between two symmetries, there is an obstruction to gauging both

symmetries.

We have already seen that the group of automorphisms preserving the zero-

section of the SW geometry, Autσ(S), includes the 0-form symmetries of a given

theory. Similarly, the Mordell–Weil group of the SW elliptic fibration, MW(S),
contains the 1-form symmetry of a theory [22]. The discrete gaugings of 1-form

symmetries from this perspective was recently done in [24].

Mixed ’t Hooft anomalies can often be expressed in terms of short exact sequences

and group extensions (see e.g. [137, 138] for a review). This leads to the natural

proposal that the automorphism group Aut(S) of an elliptic surface S – taking the

form of a semi-direct product Aut(S) = MW(S)⋊φ Autσ(S) – contains information

on the mixed ’t Hooft anomaly. For the rest of this section, we study the details of

this proposal. We leave to Appendix A.2 some more details about the structure of

Aut(S).

5.1 Anomaly criterion

The semi-direct product structure of Aut(S) gives an action of Autσ(S) on MW(S):
any automorphism α ∈ Autσ(S) preserving the zero section acts as α · tP = tα(P ),

where tP denotes the translation by a section P ∈ MW(S). Moreover, we have a

short exact sequence [25, 27]:

1 −→ MW(S) ↪−→ Aut(S) −→ Autσ(S) −→ 1 , (5.1)

with both MW(S) and Autσ(S) being subgroups of Aut(S). This structure arises

as a natural candidate for describing the mixed anomaly between the 0 and 1-form
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symmetries. However, in general, neither of the two factors in Aut(S) are exactly

the 0-form and 1-form symmetries; instead, these symmetry groups generally appear

as strict subgroups of the two factors [22, 24]:

Γ(1) ⊂ Φtor(S) ⊂ MW(S) , Γ(0) = AutS(P1) ⊂ Autσ(S) . (5.2)

Here Φtor(S) denotes the torsion subgroup of MW(S), while the group Autσ(S)
is a Z2 extension of the 0-form symmetry group (see Appendix A.2 for the precise

definitions).20 Importantly, Γ(1)⋊Γ(0) is not a subgroup of Aut(S), since the product
is not well-defined. Indeed, if Γ(0) were to act non-trivially on Γ(1), then Γ(1) ⋊ Γ(0)

would not be closed under multiplication.

We thus propose the following. Let

K(S) = {α ∈ Γ(0) |α(P ) = P , ∀P ∈ Γ(1)} (5.3)

be the subgroup of Γ(0) = AutS(P1) preserving all torsion elements of MW(S) that we
identify with the 1-form symmetry group Γ(1). As we focus on the 0-form symmetries

that are cyclic, K will always be a normal subgroup of Γ(0). Thus, by taking a

quotient, from this we can define an anomaly group

A(S) = Γ(0)/K(S) . (5.4)

We propose that A(S) measures the mixed anomaly, and in particular:

A(S) = 1 ⇐⇒ there is no mixed ’t Hooft anomaly (5.5)

Namely, if A(S) is trivial, then Γ(0) does not act on Γ(1), so Γ(1) ⋊ Γ(0) is a well-

defined group, being in fact a direct product Γ(1) × Γ(0). In a similar vein, the

semi-direct product Aut(S) = MW(S) ⋊φ Autσ(S) is actually a direct product if

ker(φ) = Autσ(S), that is, if Autσ(S)/ ker(φ) is trivial. However, since Autσ(S) is a
Z2 extension of Γ(0), one cannot only rely on this latter assertion.

Mathematical intuition. By definition, K is a subgroup of the 0-form symmetry

group, Γ(0), that preserves the torsion sections which define the 1-form symmetry

group of the theory, Γ(1) ⊂ MW(S). Let us assume that Γ(0) = Zk. Then, upon

folding the RES S, as achieved through a change of coordinates Ũ = Uk, the resulting

SW geometry S̃ looses the Γ(0) symmetry.

Recall that the Γ(1) torsion sections of S are rational functions of the CB param-

eter U . Importantly, the sections that are left invariant by the Γ(0) action will remain

torsion sections of S̃. For instance, this is easily seen in a Z2-folding, as follows:

PZ2 =
(
aU2 + b, 0

)
→ P̃Z2 =

(
a Ũ + b, 0

)
. (5.6)

20We denote by Γ(0) here the subgroup of the full 0-form symmetry that acts non-trivially on the

Coulomb branch.
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Note that a linear term in PZ2 would instead imply that the folding does not preserve

the torsion section. As such, whenever K ∼= Γ(0), the full 1-form symmetry group

Γ(1) is preserved in the folded RES. Meanwhile, if K is a strict subgroup of Γ(0), only

part of Γ(1) may be preserved.

Let us note that this argument does not have any implications on the full MW

group of the folded surface. We will see in the case of DS1E0, where Γ(0) ∼= Z3

and Γ(1) ∼= Z3 in the electric frame, that K is trivial, thus implying that the 1-form

symmetry group is not preserved under a Z3-folding. Nevertheless, both the folded

and unfolded surfaces have Z3 MW groups. Thus, our assertion is that the MW

group of the folded surface does not originate from the 1-form symmetry group of

the unfolded theory.

5.2 Examples

The criterion (5.5) is sufficient to detect the ’t Hooft anomaly in the three ‘electric’

cases that we consider: the pure 4d SU(2) gauge theory, as well as the DS1E0 and

DS1E1 KK theories. We furthermore comment on the M-string theory.

Pure 4d SU(2). The pure N = 2 SU(2) theory in 4d has a classical U(1)r R-

symmetry, which in the quantum theory is reduced to a Z(r)
8 symmetry due to the

ABJ anomaly. This is spontaneously broken on the CB and acts on the CB parameter

as Z
(r)
8 . The Z(1)

2 1-form symmetry itself is anomaly-free – of course, and gauging it

leads to the theory with SO(3) gauge group.

While the SU(2) theory has a mixed anomaly between the Z(1)
2 electric 1-form

symmetry and the Z(r)
8 0-form symmetry, the SO(3) theory does not [96, 139]. This

anomaly is related to the θ-angle: in the SU(2) gauge theory, the θ-angle is 2π-

periodic; meanwhile, for SO(3) theory has an extended 4π periodicity for θ, and thus

the ABJ anomaly breaks U(1)r to Z(r)
4 instead.

Let us now check the proposal (5.5). Consider first the SU(2) curve, which has

a Z2 torsion section21 [24]

P
SU(2)
Z2

=
(u
3
, 0

)
. (5.7)

This section is not invariant under the Z2 symmetry (u 7→ −u) ∈ AutS(P1). Thus

A(S) = Z2, which agrees with the theory having a mixed anomaly. For the SO(3)±
curve, AutS(P1) = 1 is trivial and so is A(S) = 1. This again matches with the

expectation that the SO(3) theory does not have a mixed anomaly.

The mixed anomaly of the SU(2) theory can also be studied from the perspective

of the modular function parametrising the Coulomb branch. For the SU(2) global

form, the monodromy group is Γ0(4) and the CB is parametrised by a Hauptmodul

of Γ0(4). Gauging the Z(1)
2 symmetry gives the SO(3) curve, where the monodromy

group is Γ0(4) and the CB parameter uΓ0(4) is a Hauptmodul for that group [24].

21See Appendix A.2 for the definition of torsion sections.

– 48 –



The two groups are related by the map τ 7→ τ
4
, which corresponds to a composition

of two 2-isogenies. In the SU(2) theory, the Z(0)
2 R-symmetry acts by u 7→ −u, which

corresponds to τ 7→ τ + 2. Transferring this map along the isogeny to the Γ0(4)

curve, it corresponds to τ 7→ τ + 1
2
. Indeed, one can check using doubling formulas

such as (A.20) that

uΓ0(4)(τ +
1
2
) = −uΓ0(4)(τ) . (5.8)

The mixed anomaly of the SU(2) theory demands that u 7→ −u can not be a sym-

metry of the SO(3) curve. Indeed, we see from the relation above that it is not a

(induced) symmetry of the underlying elliptic curve, since the map τ 7→ τ + 1
2
is not

an element in PSL(2,Z) and the elliptic curve does not transform under it. Rather,

it exchanges the SO(3)+ and SO(3)− global forms [24]. This can then be viewed as

a remnant of the broken 0-form symmetry.

In some cases, the topological defect of a 0-form symmetry after gauging a 1-

form symmetry and coupling to a TQFT becomes a well-defined 3-dimensional non-

invertible defect N , satisfying Kramers-Wannier fusion rules [140]. This is also the

case for pure N = 2 SYM, where the non-invertible symmetry is subtly incoded in

the Z4 torsion sections of the SO(3) curves, as recently discussed in [24].

The DS1E1 theory. The E1 SCFT admits a deformation to a 5d N = 1 gauge

theory with gauge SU(2) gauge group and thus has a global form with a 1-form sym-

metry Γ
(1)
5d . The circle compactification DS1E1 has the corresponding Z(0)

2 and Z(1)
2

0-form and 1-form symmetries, which do not have mixed anomalies. To make the dis-

tinction clear, we follow the conventions of [24] and denote this as DS1E1[SU(2)]
[1,0],

with the superscript indicating the global symmetries. The Z(0)
2 symmetry acts as

U → −U . For λ ̸= 1, the DS1E1 curve has Mordell–Weil group MW(S) = Z ⊕ Z2

with torsion subgroup Φtor = Z2 identified with the Z(1)
2 1-form symmetry. The Z2

torsion group is generated by [24]

PZ2 =

(
1

12
(U2 − 4λ− 4), 0

)
, (5.9)

for generic values of λ. For λ = 1, the torsion subgroup enlarges to Z4. Nevertheless,

since the 1-form symmetry is independent of the value of λ, we can identify the

Z2 subgroup of Z4 generated by (5.9) with the 1-form symmetry [22]. Since this

subgroup is invariant under U 7→ −U , both Γ(0) and K(S) are isomorphic to Z2, and

so A(S) is trivial, in agreement with the theory being anomaly-free.

One can consider gauging the 1-form symmetry of the KK theory, which leads

to some new theory denoted by DS1E1[SO(3)]
[1,0]. This has Z4 torsion, and we are

again only interested in the Z(1)
2 subgroup, generated by

P ′
Z2

=

(
1

24

(
−U2 + 4(1− 6

√
λ+ λ

)
, 0

)
. (5.10)
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This remains invariant under the P1 automorphism U 7→ −U as well, and thus A(S)
is again trivial.

The ‘magnetic’ theory would be obtained by gauging both the 0 and 1-form sym-

metries of the KK theory, which is equivalent to gauging the whole 1-form symmetry

for the 5d SCFT. However, our proposal will not apply in this case.

The DS1E0 theory. The next example is the E0 SCFT, which also has a 1-form

symmetry, Γ
(1)
5d = Z3 [97, 98]. The resulting KK theory, DS1E

[1,0]
0 , then has Z(0)

3

and Z(1)
3 0-form and 1-form symmetries. Correspondingly, the DS1E0 theory has Z3

torsion, generated by

PE0
Z3,1

=

(
3

4
U2, 1

)
, PE0

Z3,2
=

(
3

4
U2, −1

)
. (5.11)

The crucial difference compared to the previous cases is that the torsion sections

do not respect the Z3 0-form symmetry U → ζ3U . Thus, K(S) is trivial while

A(S) = Z3, suggesting an anomaly in this theory, as pointed out in [24]. This

anomaly originates from a cubic anomaly for the 1-form symmetry in the 5d SCFT

[141]. Thus, gauging the 1-form symmetry in the KK theory will lead to theories

without a 0-form symmetry.

M-string theory. Finally, let us consider the SW curve of the M-string theory. In

the electric frame, the gauge theory interpretation is that of the 5d N = 1∗ theory

with gauge group SU(2). As previously argued, this curve is found from the 4d

N = 2∗ geometry, upon applying the map: uN=2∗ 7→ U2
M-string + constant, or more

precisely (4.35) (see also [24]). Then, the torsion sections of the M-string curve will

simply follow from those of the 4d N = 2∗ curve.

Recall that the absolute 4d N = 2∗ SU(2) curve is described by the (I∗0 ; I4, 2I1)

configuration of singular fibres. The curve has a Z2 MW torsion group, with the Z2

section having the schematic form:

PN=2∗

Z2
= (a+ b uN=2∗ , 0) . (5.12)

This section intersects non-trivially the bulk I4 fibre, as well as the fibre at infinity.

It immediately follows that the corresponding Z2 section of the M-string theory will

only depend on U2
M-string, being thus invariant under the Γ(0) = Z2 action of the 0-

form symmetry. Consequently, we have K = Z2, leading to a trivial anomaly group.

As such, there is no mixed ‘t Hooft anomaly in this theory, as expected from the

analysis of [24].

Discussion. Indeed, in all six cases, A(S) (5.4) is trivial if and only if the theory

is free of mixed ’t Hooft anomalies. We conclude with some comments. First, it
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would be great to have a more conceptual understanding of the group K(S) defined
in (5.3), which determines the subgroup of Γ(0) interacting non-trivially with Γ(1).

Another intricacy is that the mixed anomalies can have different origins. In

pure 4d SU(2), the anomaly can be computed from the Pontryagin square of the

background gauge field B ∈ H2(X,Z2) associated with the Z(1)
2 centre symmetry,

schematically of the form B2. On spin manifolds X, this anomaly is Z2 valued,

while on non-spin manifolds it is Z4 valued [96]. For the E0 theory, there is a cubic

anomaly for Γ
(1)
5d = Z3, corresponding to an anomaly term B3 in 6d [141]. In the 4d

KK theory, this reduces to a mixed anomaly B2
2B1 between the 1-form and 0-form

symmetry, with B2 and B1 their associated background gauge fields.

Let us also comment on a possible connection to 2-groups. The semi-direct

product Aut(S) is induced by a homomorphism φ : Autσ(S) → Aut(MW(S)), as
defined precisely in (A.11) in Appendix A.2. Meanwhile, 0-form and 1-form global

symmetries can combine into 2-group global symmetries [97, 142–145]. Since 0-form

symmetries can act on the 1-form charges, the symmetry defect demands an action

ρ : Γ(0) → Aut(Γ(1)). Together with the Postnikov class [β] ∈ H3
ρ(BΓ(0),Γ(1)),

this action defines a general 2-group G = (Γ(0),Γ(1), ρ, [β]) [144]. Our discussion

elucidates the way in which the homomorphism φ descends to the action ρ. It would

be interesting to connect these ideas to theories that indeed admit 2-groups, as well

as non-invertible symmetries [22, 97, 140, 142–144]. See also [107] for a related

approach.

6 Discussion and overview

Automorphisms of Seiberg-Witten geometries have been known to lead to discrete

symmetry gaugings. In this work, we presented a general framework for analysing

surgeries arising as quotients of the SW geometry by its automorphisms and extended

these constructions beyond discrete gaugings. A key feature of our methods is the

complete classification of automorphisms of rational elliptic surfaces [25, 26]. The

SW curves for many higher-rank theories and their automorphisms have been stud-

ied already from various perspectives [5, 23, 99, 102, 103, 107, 108, 108, 146–149].

However, to the best of our knowledge, analogous classifications of automorphisms

do not exist for these models, which renders a generalisation of our results more

challenging.

The automorphisms originating from the Mordell–Weil group can sometimes

relate to symmetries of the BPS quivers. Then, quotients by such automorphisms

can lead to Galois covers [18, 31]. A more general discussion of these Galois covers will

be presented in the future work [32]. Another interesting avenue for future research

concerns the relation between 4d BPS quivers and 5d BPS quivers, as discussed in

Section 4. Since we refined the correspondence between 4d and 5d theories in the
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presence of mass deformations, it would be important to test the proposal (4.5) by

an explicit calculation of the BPS spectra for general masses.

Section 3 explored the foldings of the U -plane based on the Coulomb branch

symmetries. These symmetries are indeed predicted by the classification of automor-

phisms on the base P1 induced by automorphisms of the underlying elliptic surface.

The classification of these automorphisms AutS(P1) contains also non-abelian groups,

such as the dihedral groups Dk for k = 3, 4 or 6, and the alternating group A4. Such

non-cyclic groups are indeed realised on the Coulomb branches of 4d N = 2 theories.

It would be interesting to understand better the physical origin of these non-abelian

symmetries, and if a form of gauging of these symmetries is allowed or meaningful

and can lead to new theories.

Finally, an important application of SW geometry is the topological twist of 4d

N = 2 theories, where topological correlation functions on compact four-manifolds

can be expressed as an integral over the Coulomb branch – see e.g. [72–74, 121,

126, 128, 150–154]. In particular, correlation functions can be formally expressed as

functionals of the rational elliptic surface associated with the theory [75, 76]. In this

context, the automorphisms of the SW geometry are expected to leave correlation

functions invariant, but their consequences on the topological theories remain to be

studied.
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A Elliptic surfaces and modular forms

In this appendix, we review definitions and notions used throughout the main part

of the paper, including elliptic surfaces, modular forms and congruence subgroups.

See e.g. [60, 109, 155, 156] for more comprehensive treatments.

A.1 Weierstraß model

Let us first review some basic aspects of elliptic curves and elliptic surfaces. As

explained in Section 2.1, the SW geometry of a rank-one 4d N = 2 theory is a

rational elliptic surface S, which we may describe by the Weierstraß model (2.3),

namely:

y2 = 4x3 − g2(U)x− g3(U) . (A.1)
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The CB singularities correspond to the zero locus of the discriminant

∆(U) = g2(U)
3 − 27g3(U)

2. (A.2)

We define the J -invariant (or functional invariant) of the surface as

J (U) = g2(U)
3

∆(U)
. (A.3)

This object can be related to the modular J-invariant, which is a function of the

complex structure parameter τ of the elliptic fibre. In this way, we can relate the base

parameter U to τ , giving modular as well as non-modular functions U(τ) in many

interesting examples (see e.g. [5, 6, 14, 22, 43]). The possible singularity structure of

the SW geometry is captured by the Kodaira classification of singular fibres, which

is expressed in terms of the orders of vanishing of the Weierstraß invariants g2, g3
and the discriminant:

g2 ∼ (U − U∗)
ord(g2) , g3 ∼ (U − U∗)

ord(g3) , ∆ ∼ (U − U∗)
ord(∆) . (A.4)

The different types of fibres are listed in Table 4. There, we also list the monodromy

induced by these singularities on the periods, and the associated flavour symmetry

if the singularity is fully deformable. Note that the 4d low-energy description for the

II, III, and IV fibres is that of Argyres-Douglas SCFTs [3, 4], while the II∗, III∗,

or IV ∗ fibres correspond to either the Minahan-Nemeschansky SCFTs [7, 8], or other

SCFTs with frozen singularities, such as the Argyres-Wittig theories [16]. Meanwhile,

Ik singularities can be described by U(1) gauge theories with k flavours, while I∗k
correspond to SU(2) gauge theories with Nf = 4 + k fundamentals. Note also that

all singularities except I∗0 require a fixed value for the complex structure parameter

τ at the singular point.

A.2 Automorphisms of elliptic surfaces

Consider a rational elliptic surface S. The rational sections β : S → P1 of S form

the Mordell–Weil group MW(S), which is a subgroup of the group of automorphisms

of S, Aut(S) [25–27]. It can be shown (see [25]) that the automorphism group of S
is isomorphic to the semi-direct product22

Aut(S) = MW(S)⋊φ Autσ(S) , (A.5)

where Autσ(S) is the subgroup of automorphisms preserving the zero section σ,

Autσ(S) = {τ ∈ Aut(S) | τ(σ) = σ} . (A.6)

22Recall that for two groups G and H, a group homomorphism φ : G → Aut(H) defines a semi-

direct product H ⋊φ G ⊂ H ×G with the multiplication (h1, g1)(h2, g2) := (h1φ(g1)(h2), g1g2). For

(h, g) ∈ H ⋊φ G, the inverse is found as (φ(g−1)(h−1), g−1).
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Fibre τ ord(g2) ord(g3) ord(∆) M∗ g

Ik i∞ 0 0 k T k su(k)

I∗
k>0 i∞ 2 3 k + 6 PT k so(2k + 8)

I∗
0 τ0 ≥ 2 ≥ 3 6 P so(8)

II e
2πi
3 ≥ 1 1 2 (ST )−1 -

II∗ e
2πi
3 ≥ 4 5 10 ST e8

III i 1 ≥ 2 3 S−1 su(2)

III∗ i 3 ≥ 5 9 S e7

IV e
2πi
3 ≥ 2 2 4 (ST )−2 su(3)

IV ∗ e
2πi
3 ≥ 3 4 8 (ST )2 e6

Table 4: Kodaira classification of singular fibres based on orders of vanishing of g2, g3 and ∆.

The semi-direct product. We can define a map

ψ :

{
Aut(S) −→ Autσ(S) ,
τ 7−→ α := ψ(τ) := t−τ(σ) ◦ τ ,

(A.7)

which is called the linearlisation of τ [25, 27]. It can be shown that ψ is a group

homomorphism. The kernel of this group homomorphism is a normal subgroup of

Aut(S) which acts by translations by sections. Indeed, it is the Mordell–Weil group,

ker(ψ) = MW(S) ◁ Aut(S) . (A.8)

In fact, we have a short exact sequence:

1 −→ MW(S) t
↪−→ Aut(S) ψ−→ Autσ(S) −→ 1 , (A.9)

with both MW(S) and Autσ(S) being subgroups of Aut(S). The first non-trivial

map is an embedding, defined on smooth fibres by translation,

t :

{
MW(S) ↪−→ Aut(S) ,
P 7−→ tP .

(A.10)

The Mordell–Weil group is sometimes identified with its image in Aut(S). The semi-

direct product (A.5) requires an action of Autσ(S) on MW(S). This is the group

homomorphism

φ :

{
Autσ(S) −→ Aut(MW(S)) ,
α 7−→ {φα : tP 7→ φα(tP ) := tα(P )} ,

(A.11)

– 54 –



Then a general element of Aut(S) can be written as τ = (tP , α) with P ∈ MW(S)
and α ∈ Autσ(S). The group law on Aut(S) is

(tP1 , α1) ◦ (tP2 , α2) = (tP1φα1(tP2), α1, α2)

= (tP1tα1(P2), α1α2)

= (tP1+α1(P2), α1α2) .

(A.12)

Note that the inverse of (tP , α) ∈ Aut(S) is (tα−1(−P ), α
−1).

The kernel of the homomorphism (A.11) is a normal subgroup of Autσ(S), being
given by

ker(φ) = {α ∈ Autσ(S) |φα = id}
= {α ∈ Autσ(S) | tα(P ) = tP ,∀P ∈ MW(S)}
= {α ∈ Autσ(S) |α(P ) = P, ∀P ∈ MW(S)}
◁ Autσ(S) .

(A.13)

Induced automorphisms. The automorphism group preserving the zero section

is related to the automorphism group on the base P1 in a simple way: For every

automorphism τ of S, there is an induced automorphism τS on P1 such that the

obvious corresponding diagram with rational sections β : S → P1 is commutative.

There is another group homomorphism

ϕ :

{
Aut(S) −→ Aut(P1) ,

τ 7−→ τP1 ,
(A.14)

which associates to every automorphism τ its action on the base P1. The auto-

morphism group of P1 is, of course, PGL(2,C), which manifests through Möbius

transformations. If S has a non-constant J -map, Aut(S) is a finite group, and thus

the induced automorphisms on the base Aut(P1) is a discrete subgroup of PGL(2,C).
Every finite subgroup of PGL(2,C) is isomorphic to a finite subgroup of SO(3,R),
which is the group of isometries of the unit sphere. All such subgroups are known:

they are the cyclic groups, dihedral groups, the tetrahedral, octahedral and icosahe-

dral groups (see for instance [157, p. 184]).

The group of induced automorphisms on P1 is defined as the image AutS(P1) =

ϕ(Aut(S)). Any automorphism which induces the identity on P1 and also preserves

the zero section acts on each smooth fibre as either the identity or the inversion,23

and hence ker
(
ϕ|Autσ(S)

)
= Z2. This yields Autσ(S) as a Z2 extension of AutS(P1),

1 −→ Z2 −→ Autσ(S) −→ AutS(P1) −→ 1 . (A.15)

23The inversion here is the inversion of a point on the elliptic fibre with respect to the group law

of the elliptic curve. The inverse of a point P = (x, y) is given by −P = (x,−y)
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Here, the Z2 can be understood as the map (x, y) 7→ (x,−y) on the elliptic fibres.

For instance, if AutS(P1) = Zn is cyclic, then [25]

Autσ(S) =
{
Z2n , or

Z2 × Zn ,
(A.16)

and AutS(P1) ⊂ Autσ(S) is a subgroup.

Mordell–Weil group. The other component of (A.5) is the Mordell–Weil group

MW(S). It is constructed from the group structure of the elliptic fibres as follows.

For an elliptic surface S, the Weierstraß invariants g2 and g3 in (A.1) are valued in

C(U), that is, the field of rational functions of U . A rational section of this elliptic

fibration is a rational solution to the equation (A.1), P = (x(U), y(U)), where x(U)

and y(U) are in C(U). By the Mordell–Weil theorem, the sections of S form a finitely

generated abelian group,

MW(S) ∼= ZrkMW(S) ⊕ Zk1 ⊕ · · · ⊕ Zkt . (A.17)

This has two components: the free part has rkMW(S) independent generators, which
also define the rank of the group. The point at infinity, O = (∞,∞), is the neutral

element and does not contribute to the rank. The second component is the torsion

subgroup, which we will sometimes denote by Φtor. The addition of sections in

MW(S) is given by the standard addition law of rational points of an elliptic curve.

In particular, the inverse of a point P = (x, y) is −P = (x,−y), such that P−P = O.

A section P is Zk torsion if kP = P + P · · · + P = O. As such, 2-torsion sections

have the particularly simple form P = (x, 0).

The possible Mordell–Weil groups of rational elliptic surfaces have been classified

in [158], with the result that MW(S) is one of 26 distinct groups, with rkMW(S) ≤ 8,

and the possible torsion subgroups being Zk with k = 2, 3, 4, 5, 6, and Z2 × Z2,

Z4 × Z2, and Z3 × Z3. The Mordell–Weil group is uniquely determined by the

singular configuration of a RES and has been determined for each such configuration

in [112].

A.3 Modular forms and congruence subgroups

The Jacobi theta functions ϑj : H→ C, j = 2, 3, 4, are defined as

ϑ2(τ) =
∑

r∈Z+ 1
2

qr
2/2 , ϑ3(τ) =

∑

n∈Z

qn
2/2 , ϑ4(τ) =

∑

n∈Z

(−1)nqn2/2 ,
(A.18)
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with q = e2πiτ . These functions transform under T, S ∈ SL(2,Z) as

S :

ϑ2(−1/τ) =
√
−iτ ϑ4(τ) ,

ϑ3(−1/τ) =
√
−iτ ϑ3(τ) ,

ϑ4(−1/τ) =
√
−iτ ϑ2(τ) ,

T :

ϑ2(τ + 1) = e
πi
4 ϑ2(τ) ,

ϑ3(τ + 1) = ϑ4(τ) ,

ϑ4(τ + 1) = ϑ3(τ) .

(A.19)

They furthermore satisfy the doubling formulas

ϑ2(
τ
2
)2 = 2ϑ2(τ)ϑ3(τ) ,

ϑ3(
τ
2
)2 = ϑ2(τ)

2 + ϑ3(τ)
2 ,

ϑ4(
τ
2
)2 = ϑ3(τ)

2 − ϑ2(τ)
2 .

(A.20)

We also define the modular j-invariant

j = 256
(ϑ8

3 − ϑ4
3ϑ

4
4 + ϑ8

4)
3

ϑ8
2ϑ

8
3ϑ

8
4

, (A.21)

which is a modular function for SL(2,Z). Another normalisation we use throughout

the text is J := j/123.

We use modular forms for the congruence subgroups Γ0(n) and Γ0(n) of SL(2,Z).
They are defined as

Γ0(n) =

{(
a b

c d

)
∈ SL(2,Z)

∣∣ c ≡ 0 mod n

}
,

Γ0(n) =

{(
a b

c d

)
∈ SL(2,Z)

∣∣ b ≡ 0 mod n

}
,

(A.22)

and are related by conjugation. The principal congruence subgroup Γ(n) is the sub-

group of SL(2,Z) ∋ A defined by elements A ≡ 1 mod n. A subgroup Γ of SL(2,Z)
is called a congruence subgroup if it contains Γ(n) for some n ∈ N.

Index. Let us also study the projective indices of several subgroups of PSL(2,Z),24

Γ(n) ◁ Γ1(n) ◁ Γ0(n) ⩽ Γ(1) . (A.23)

Consider first the principal congruence subgroup Γ(n). Its index in PSL(2,Z) is

[PSL(2,Z) : Γ(n)] =
n

2
J2(n) =

n3

2

∏

p|n

(1− 1
p2
) , n ≥ 3 , (A.24)

24See for instance [155, 159]
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where the product runs over all prime divisors of n, and J2 is Jordan’s totient func-

tion. For Γ(2), the projective index is 6, and this formula does not work since Γ(2)

is not torsion-free, as it contains −1. For Γ0(n), the index in PSL(2,Z) is

[PSL(2,Z) : Γ0(n)] = n
∏

p|n

(1 + 1
p
) , (A.25)

where the product runs again over prime divisors of n. This is precisely the Dedekind

psi function, ψ(n). We also have the inclusion Γ(n) ⊂ Γ0(n). The index of Γ(n) in

Γ0(n) is thus

[Γ0(n) : Γ(n)] =
n2

2

∏

p|n

(1− 1
p
) = n

2
ϕ(n) , (A.26)

with ϕ being Euler’s totient function.

If n|m, then Γ0(m) ⩽ Γ(n) is a subgroup. The index of Γ0(m) in Γ0(n) is

[Γ0(n) : Γ0(m)] = m
n

∏

p|m
p∤n

(1 + 1
p
) , (A.27)

where the product again runs over primes.

Since Γ(n) is normal in SL(2,Z), we can study the quotients

SL(2,Z)/Γ(n) ∼= SL(2,Zn) . (A.28)

For small n these have been analysed in [160], where the first few groups are:

n 2 3 4 5 7

Γ/Γ(n) ∼= S3 A4 S4 A5 PSL(2,F7)

[Γ(1) : Γ(n)] 6 12 24 60 168

(A.29)

The order of Γ/Γ(n) matches of course with the index [Γ(1) : Γ(n)]. It is clear that

SL(2,Z)/Γ(n) for larger n cannot be isomorphic to Sm or Am, since |Sm| ∼ m!, while

[Γ(1) : Γ(n)] ∼ n3.

B Foldings of fundamental domains

In this appendix, we discuss how U -plane foldings can be obtained from both mod-

ular and non-modular configurations. This construction is relevant in particular in

Section 3.
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Foldings from modularity. An alternative perspective on U -plane foldings can

be given in terms of the fundamental domains FT of theories T . Focusing on the

case of modular rational elliptic surfaces with monodromy group Γ′ ⊂ PSL(2,Z),
the existence of a ZN symmetry on the U -plane generally implies the existence of a

subgroup Γ ⊂ PSL(2,Z), such that:

Γ(1) ⩾ Γ ⩾ Γ′ , [Γ : Γ′] = N . (B.1)

As argued in [6, 14, 43, 161, 162], inclusion sequences of this type are in one-to-

one correspondence with field extensions of C(Γ(1)), i.e. the field of meromorphic

modular functions of Γ(1) over C:

C(Γ(1)) ⊂ C(Γ) ⊂ C(Γ′) . (B.2)

Such extensions can be also understood from the fundamental domains, as they

typically involve a ‘folding’ of the fundamental domain of Γ′.25 For the case where Γ′

is a normal subgroup of Γ, the proof of the above statement is based on the fact that

the Galois group of the field extension is isomorphic to the quotient group [163]26,

Gal (C(Γ′)/C(Γ)) ∼= Γ/Γ′ . (B.3)

When Γ′ ⩽ Γ is a normal subgroup, the quotient Γ/Γ′ is well-defined and forms a

group of order [Γ : Γ′]. For instance, Γ(n) is a normal subgroup of Γ(1), where

the quotients Γ(1)/Γ(n) are isomorphic to SL(2,Zn), and for small n there are

accidental isomorphisms to the symmetric and alternating groups [160] (see Ap-

pendix A.3). However, pairs of subgroups Γ′ ⩽ Γ which are both congruence sub-

groups of PSL(2,Z) are usually not normal and thus the Galois group of the field

extension cannot be found from (B.3). Indeed, the quotient group Γ/Γ′ is only well-

defined if Γ′ is normal in Γ.

In Section 3, we find in many examples that modular foldings are allowed if there

exist non-trivial cyclic groups ZN which induce them. This raises the question: in

the case where Γ′ is not a normal subgroup of Γ, can we still find cyclic groups in

pairs (Γ′,Γ) of subgroups of PSL(2,Z), even if they are not normal?

Consider first the congruence subgroups Γ0(n) and Γ0(n). It is known that (see

for instance [155])

Γ(n) ◁ Γ1(n) ◁ Γ0(n) ⩽ Γ(1) . (B.4)

It is important to note that the normality property of subgroups is generally not

transitive. However, since Γ(n) ◁ Γ(1), by definition Γ(n) is also normal in any

subgroup of Γ(1) containing it.27 For instance, we have that Γ(n) ◁ Γ0(n). The

25Despite the connection to Galois theory, these foldings will not lead to the Galois covers dis-

cussed in [18, 31, 32].
26See also Exercise III §3 7(b) of [159].
27In particular, any congruence subgroup of level l by definition contains Γ(l) as a normal sub-

group.
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groups Γ0(n) are however never normal in Γ(1), and similarly Γ0(n) is never normal

in Γ0(m) unless m = n.28

An approach to define an analogue group for pairs of non-normal subgroups is

the following. Let Γ(1) = PSL(2,Z), and let Γ be any finite index subgroup of Γ(1).

Then we can decompose Γ(1) into a finite union

Γ(1) =
⋃

α∈CΓ

Γα (B.5)

of right cosets, where CΓ ⊂ Γ(1) is a set of right coset representatives of Γ. The

number of coset representatives is of course just the index |CΓ| = [Γ(1) : Γ] of Γ in

Γ(1).

Then we can consider another subgroup Γ′ < Γ ⩽ Γ(1), which we assume is a

proper subgroup of Γ. We can always choose the coset representatives of Γ and Γ′

such that CΓ ⊂ CΓ′ . We are now interested in relations between CΓ and CΓ′ . Namely,

we can find a finite set Z ⊂ Γ with [Γ : Γ′] elements, such that

CΓ′ =
⋃

β∈Z

βCΓ . (B.6)

The existence of Z is clear, with its elements being precisely the coset representatives

of Γ′ within Γ. If Γ′ ◁ Γ is a normal subgroup for instance, then Z has a natural

group structure, it is precisely the quotient group Γ/Γ′. Our aim is to endow Z with

a group structure for some special cases where Γ′ ⋪ Γ.

Foldings of modular surfaces. We are particularly interested in groups Γ and Γ′

that arise as monodromy groups of modular rational elliptic surfaces [164, 165]. To

each modular RES S we can associate a modular subgroup ΓS ≤ Γ(1). As discussed

in detail in [6, 14, 22], the singular fibres of S are then mapped in a 1-to-1 fashion

to the cusps and elliptic points of the modular group.29

For each RES corresponding to a SW geometry, the singular fibre F∞ at infinity

plays a special role. However, for the monodromy group ΓS , there is no such dedicated

cusp since cusps are just ΓS-equivalence classes of Q ∪ {∞}. Nevertheless, since the

monodromies at infinity in the U -plane are T n for some n, this fixes a particular cusp

of ΓS : it is the cusp τ =∞, which is stabilised by an abelian group of translations.

This group is generated by T
w∞

ΓS , where w∞
ΓS

is the width of the cusp ∞ for ΓS .

Aside from the fibre at infinity and possible additive fibres, the RES have a

singular configuration of the form (Ik1 , Ik2 , . . . , Ikm). These bulk fibres are matched

with the remaining cusps of ΓS . In order to obtain a consistent folding, we need

28See Problem 1, III §1 of [159].
29This is not true for the I∗0 fibres, which are not associated with a cusp but rather an arbi-

trary point in the upper half-plane, as specified by the RES. We momentarily exclude the surfaces

containing I∗0 fibres from the discussion.
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to guarantee that the singular configuration is mapped to the fundamental domain

in a coherent fashion. For this, we put a further constraint on the choices of cosets

(B.5). Each α ∈ CΓS maps ∞ to the cusp α(∞) of ΓS . One necessary condition for

a physically consistent fundamental domain for ΓS is that the singular configuration

of S should be reflected in the decomposition of the index [Γ(1) : ΓS ] into the widths

of all the cusps. Namely, an Ik fibre should correspond to a width k cusp of ΓS . The

width of a given cusp can be read off from (B.5) as the number of cosets α ∈ CΓS such

that α(∞) is equal to that cusp, and that number should equal k if it corresponds

to an Ik singular fibre.30

With this additional constraint, we are interested in the cases when Z, defined

in (B.6), has a natural group structure:

Whenever Z ∼= Z[Γ:Γ′] is isomorphic to a cyclic group, we say that Γ′ can

be folded to Γ, and we denote this by Γ′ < Γ.

In practice, we will find a choice for Z such that it is generated by one element g,

i.e. Z = ⟨g⟩n = {gn|n = 0, . . . , [Γ : Γ′]− 1}, where we identify g[Γ:Γ′] with the neutral

element of Z. After discussing a few examples, we make this notion more precise

below.

Examples. Let Γ′ = Γ(n) for n ≥ 2 and Γ = Γ(1), then Γ′◁Γ is a normal subgroup.

The index of Γ′ in Γ is given in (A.24). The quotients Γ/Γ′ for the first few n are

isomorphic to symmetric and anti-symmetric groups, and in particular, they are

never cyclic unless n = 1. Thus Γ(n) can never be folded to Γ(1).

Consider now the subgroups Γ = Γ0(2) and Γ′ = Γ0(4). We have the coset

representatives
CΓ0(2) = {1, S, T} ,
CΓ0(4) = {1, S, T, T 2, T 3, T 2S} .

(B.7)

It is straightforward to find a subset Z = {1, T 2} ⊂ Γ0(2) such that (B.6) holds.

This subset Z is generated by the element T 2, which in Γ′ = Γ0(4) has order 2. In

this way we find that Z is isomorphic to the cyclic group Z2 of order 2, where 2 is

the index of Γ0(4) in Γ0(2). Thus Γ0(4) < Γ0(2).

Similarly we find that Γ0(9) < Γ0(3), where Z = {1, T 3, T 6} is generated by

T 3 ∈ Γ0(3). For Γ(3) ◁ Γ0(3) we can also easily check that Z = {1, T, T 2} ∼= Z3. In

general, for n ≥ 3 the index of Γ(n) in Γ0(n) is
n
2
ϕ(n) (see Appendix A.3). It is equal

to n for n = 1, 2, 3, 4, 6 but is larger than n for all other integers.

Let us now consider Γ0(m) ⩽ Γ0(n) with n|m. A necessary condition for Γ0(m) <

Γ0(n) is thus the index [Γ0(n) : Γ0(m)] being equal to m
n
, then it is possible to

30This constraint makes Γ0(8) for instance not foldable to Γ0(2). This is because Γ0(8) has a

fundamental domain which is a four-fold copy of one for Γ0(2), but this choice of domain for Γ0(8)

does not reflect the correspondence between singular fibres and widths of the cusps.
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write CΓ0(m) as a union ∪m/nj=0 T
njCΓ0(n) (this is because Γ0(m) contains Tm, which is

generated by m
n

copies of T n ∈ Γ0(n)). But from (A.27) we see that this is true if

and only if the sets of prime divisors of m and n coincide. In other words, the prime

factorisations of m and n have the same bases, but m can have larger exponents.

This agrees with the two examples above, Γ0(4) < Γ0(2) and Γ0(9) < Γ0(3). A

simple example is when p is a prime number, then [Γ0(p) : Γ0(pk)] = pk−1 for k ∈ N
is precisely the right index. However, if Γ0(pk) can be folded to Γ0(p) depends also

on the cusp structure and remains to be determined.

We can make the above isomorphism between Z and a cyclic group more specific

as follows: Let Γ′ ⩽ Γ be a subgroup, and denote by Γ′ : Γ the set of all right cosets.

There is a group homomorphism

H :





Γ −→ Sym(Γ′ : Γ)

g 7−→ H(g) :

{
Γ′ : Γ→ Γ′ : Γ

Γ′g̃ 7→ Γ′g̃g

(B.8)

from Γ into the symmetric group on the coset space Γ′ : Γ. Thus H(g) is a permuta-

tion of elements in Γ′ : Γ. For instance, H(e) = idSym(Γ′:Γ) is the identity permutation.

The symmetric group Sym(Γ′ : Γ) ∼= S|Γ:Γ′| contains a cyclic subgroup Z|Γ:Γ′|, which

is however not necessarily in the image of H. This enables a definition: Let Γ′ ⩽ Γ be

a subgroup. If there exists an element g ∈ Γ such that H(g) ∼= Z|Γ:Γ′|, then Γ′ < Γ.

Foldings for non-modular domains. The extension to non-modular configura-

tions is rather simple: To any rational elliptic surface S we can associate a funda-

mental domain [6]

F(S) =
⋃

α∈CS

αF , (B.9)

where F is the standard PSL(2,Z) fundamental domain, and CS ⊂ PSL(2,Z) is

a choice of cosets for S. An important feature of non-modular configurations is

the appearance of branch points and cuts in the fundamental domain. These can

obstruct the foldings: Any branch point appears in the fundamental domains at least

twice. If a branch point lies in the interior of the fundamental domain, it must be

connected with a branch cut to another representative of the same branch point.

The boundary of the fundamental domain consists of pairwise identified contours,

and thus if a branch point lies on the boundary then there is another representative

also on the boundary.

In order to obtain the correct descriptions for such ZN covers, we first need to

make sure that the fundamental domains of some given theory are consistent. In

order to guarantee a consistent folding of F(S), we thus impose not only the same

consistency on the coset representatives CS as for the modular case, but also that all

branch points in F(S) must be mapped to each other by the elements of Z, defined
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Figure 6: Top: Fundamental domain for DS1E1 with λ = −1. The four purple dots are the branch

points, which are identified under U(τ,−1). Bottom: Partition of the U -plane of the DS1E1 theory

at λ = −1. The Z4 symmetry U 7→ e
πi
2 U is apparent.

analogous to (B.6). An example is the non-modular configuration (I∗3 , 3I1) of Nf = 1

SQCD, where the branch points are τ ∈ e2πi/3 + Z. These are all related by powers

of T , which generates the folding in that case. Another example is the configuration

(I8, 4I1) of the DS1E1 theory with λ = −1 (see Fig. 6). Only for this choice of λ, the

branch points are identified under the generator of the folding.

With the consistency of the branch point kept in mind, the comparison of repre-

sentatives CS and CS′ for two rational elliptic surfaces S and S ′ proceeds as above.

Since the branch points are identified under the generator of Z, this in particular

means that the branch point is at the origin of the folding in the U -plane. See for

instance Fig. 6 or Fig. 5 in [6].

The examples of Γ′ < Γ which are of interest are those when Z is generated by

a power of T . Let wΓ be the smallest integer such that TwΓ ∈ Γ for any subgroup
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Γ ⩽ PSL(2,Z): This is the width of the cusp i∞ of Γ. Then any proper subgroup

Γ′ < Γ with wΓ′ > wΓ can have a folding generated by TwΓ ∈ Γ, whose [Γ : Γ′]-

th power TwΓ′ is in Γ′. For these cases, we find that the functional invariants JΓ
associated with the subgroups Γ satisfy

JΓ(U
[Γ:Γ′]) = JΓ′(U) , (B.10)

where we implicitly include also shifts and scalings in U . This is only possible if

JΓ′ is a rational function of U [Γ:Γ′]. In particular, it is invariant under U 7→ ζ[Γ:Γ′]U ,

where ζn is an n-th root of unity, ζnn = 1. Therefore, the action of TwΓ′ on U is the

map

U(τ + wΓ′) = ζ[Γ:Γ′]U(τ) . (B.11)

To conclude this section, let us note that for the description of foldings from modular

domains, we have implicitly used that the fixed point of the folding is a smooth fibre.

If the fixed point itself is singular, the discussion needs to be extended. However,

the characterisation (B.10) is agnostic to the fixed point of the folding and works in

either case.

C Non-cyclic symmetries

The Coulomb branch automorphisms induced by automorphisms of the SW geometry

are discrete subgroups of Aut(P1) ∼= PGL(2,Z) of order less than or equal to 12.31

They are: the cyclic groups Zn with n ≤ 12, the dihedral groups32 Dn (of order 2n)

with n = 2, 3, 4, 6, and the tetrahedral group A4. The family of RES supporting the

non-cyclic AutS(P1) is classified by their singular fibres, as given in [25, Proposition

4.2.3].

In this appendix, we discuss these non-cyclic symmetries, as well as their physical

interpretation, and present some examples for the 5d En theories. This extends the

short discussion in Section 3.5.

C.1 Möbius symmetries

We consider furthermore automorphisms of the Coulomb branch that are not induced

by those of the elliptic surface S. Such automorphisms can have distinct physical

origins. Consider the four groups

AutS(P1) ⊂ AutJ (P1) ⊂ Aut∆(P1) ⊂ Aut(P1) , (C.2)

31Automorphisms on P1 are bijective conformal maps.
32For future reference, recall that the dihedral group Dn with 2n elements is the symmetry group

of the regular n-gon and has a presentation

Dn = ⟨r, s | rn = s2 = (sr)2 = e⟩ , (C.1)

such that it is isomorphic to Dn
∼= Zn ⋊ Z2.
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which we define in the following. The first, AutS(P1), was defined as the auto-

morphisms on the base P1 induced by all elements of Aut(S). This is, of course,

subgroups of PGL(2,C) – i.e. the group of automorphisms of P1 – acting by Möbius

transformations

Aut(P1) ∋ φ : U 7→ aU + b

cU + d
,

(
a b

c d

)
∈ PGL(2,C) . (C.3)

Due to the rationality condition of the rational elliptic surface S, AutS(P1) is finite

and thus a finite subgroup of Aut(P1). Moreover, these automorphisms preserve the

elliptic fibres, and thus the J -invariant of S is preserved under such transformations.

We can furthermore study all Möbius transformations preserving the J -invariant,

AutJ (P1) =
{
φ ∈ Aut(P1) | J (φ(U)) = J (U)

}
. (C.4)

Clearly, this group contains AutS(P1). However, in Section C.3 we find examples

where it contains the latter as a strict subgroup: not all transformations preserving

the J -invariant of S are induced by automorphisms of S. We will discuss these

additional symmetries in examples below.

Finally, we can consider the symmetries preserving the CB singularities,

Aut∆(P1) =
{
φ ∈ Aut(P1) | L∆ ◦φ = L∆

}
, (C.5)

where L∆ is the vanishing locus of the discriminant ∆. Clearly, this group contains

AutJ (P1), and indeed, in an example we show that it can also be a strictly larger

group. One purpose of this appendix is to show that the four groups (C.2) are

generally mutually distinct. We further hope that this structure (C.2) will clarify

distinct notions of automorphisms of curves and surfaces related to Seiberg–Witten

curves, and hope it will be beneficial in other contexts [5, 46, 103].

To illustrate the differences between these various groups, consider the DS1E5

curve with the singular fibre configuration S : (I4; 8I1), found for χi = 0 except

for χ2 = 37 + 24
√
3. In this case, the discriminant locus L∆ has a Aut∆(P1) = Z8

symmetry [22]. However, the U -plane itself is only Z4 symmetric, that is, AutS(P1) =

AutJ (P1) = Z4. This can be checked for instance from the fact that the J -invariant
is rational in U1/4, but not in U1/8. Equivalently, the partitioning [6] of the U -plane

will only have a Z4 symmetry, but no Z8 symmetry. These two distinct symmetries

can be clearly seen in Fig. 7. This ‘counterexample’ also clarifies why it does not

show up in Table 2, that is, why it is not a ‘maximal’ cyclic symmetry of the theory.

C.2 Examples of non-cyclic symmetries

We have previously studied gaugings of the Zn cyclic symmetries of the Coulomb

branch. In general, one can also consider gauging non-cyclic abelian groups [33].

The only such group relevant for rank-one theories is the Klein four-group D2 =
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Figure 7: DS1E5 configuration with Z8 symmetric singular locus (orange), while the U -plane par-

titioning itself only has a Z4 symmetry (blue).

Z2 × Z2 [25]. This group acts by Möbius transformations on P1 and is generated by

u 7→ 1/u and u 7→ −u. We will denote these generators by s = ( 0 1
1 0 ) and r = ( −1 0

0 1 ),

respectively, and refer to the corresponding symmetries as inversion and reflection

symmetries.

There are many rational elliptic surfaces S whose induced automorphisms AutS(P1)

on the CB are this simplest non-cyclic abelian group. Indeed, this symmetry is re-

alised for 18 distinct configurations [25]. Any such surface satisfies the property that

4| deg(J). The Z2 extension to the automorphism group preserving the zero-section

is Autσ(S) = D4 = Z4 ⋊Z2 [25]. A discrete gauging of the 4d superconformal SU(2)

SQCD with four flavours by the Klein four-group has recently been considered in

[166].

The transformation u 7→ 1/u interchanging the fibre at infinity with a bulk singu-

larity appears to be rather peculiar. Mathematically, these singular fibres are treated

on equal grounds. For instance, if F∞ = In, then this fibre must be interchanged by

u 7→ 1/u to an equivalent In fibre in the bulk. Indeed, the elliptic fibration S → P1

is obtained by a compactification of the U -plane to P1 by adding the point U =∞.

Physically, however, we distinguish the fibre at infinity F∞, as characterising the ‘UV

definition’ of the theory, as explained around (2.7). Therefore, any automorphism

that does not fix F∞ is not a ‘proper’ symmetry of the theory. As is clear from the

examples below, this implies that any non-cyclic automorphism cannot be a discrete

symmetry of a given theory.

In the remainder of this appendix, we rather want to contemplate the geometric

structure if we do not pose this physical constraint, and thus consider abelian non-

cyclic and also non-abelian symmetries.
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C.2.1 The Klein four-group

As an example, consider the DS1E5 curve with λ = 1 and Mj = i for all j =

1, . . . , 4. This curve is found by setting the E5 characters to χ = (−2,−3, 0, 8, 0).
This configuration has singular fibres (I4; I4, 2I2), the Mordell–Weil group MW(S) =
Φtor(S) = Z4 × Z2, and is modular with monodromy group Γ0(4) ∩ Γ(2) [22]. To

study the Z2 × Z2 symmetry, we rescale the CB parameter, U = 4u, such that the

J -invariant becomes

J (u) = 4 (u4 + u2 + 1)
3

27u4 (u2 + 1)2
. (C.6)

This has the interesting property that the transformations u 7→ −u and u 7→ 1/u

leave it unaffected. These two transformations are, of course, the generators of the

Klein four-group previously mentioned. In fact, we have the stronger statement that

AutS(P1) = D2 [25], as can be seen from the partitioning of the u-plane sketched in

Fig. 4a.

Reflection quotient. It is compelling to consider a quotient by this symmetry,

even though an interpretation in terms of gauging of a discrete symmetry is more

elusive. We can nevertheless consider taking quotients by the full automorphism

Zr2×Zs2, as well as quotients by either factor Zr2, or Zs2. For Zr2 quotients, we identify
u with −u by defining x = u2. For the Zs2 transformation, we identify u with 1/u

and we can thus consider x = u + 1/u. These identifications can give interesting

patterns of quotients.

Consider first the quotient by Zr2. This quotient is a Z2-folding of the E5 curve,

with the folded curve having the configuration of singular fibres (I∞2 ; I∗2 , I2). Note

that this is a DS1E7 configuration, with monodromy group Γ(2). The partitioning

of the folded u-plane is shown in Fig. 8a.

Inversion quotient. The quotient by the Zs2 symmetry makes use of the redefini-

tion x ≡ u+ 1/u, leading to the new curve with J -invariant

J (x) = 4(x2 − 1)3

27x2
. (C.7)

This map identifies the I4 and the I∞4 fibres, as well as the two bulk I2’s. The

smooth points u = ±1 are the self-dual points under u 7→ 1/u, and they become in

fact two III singularities. Thus the singular structure is (I∞4 ; I2, 2III), which is a

particular configuration of the DS1E5 theory. It is in fact a modular configuration,

with monodromy group 4C0, in the notation of [167]. A fundamental domain is

obtained in [14, Fig. 7]. The x-plane is shown in Fig. 8b.
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Figure 8: (a) DS1E7 configuration obtained from a quotient of the DS1E5 curve (C.6) by the Zr
2

symmetry. (b)DS1E5 configuration obtained from a quotient of the same curve by the Zs
2 symmetry.

Full quotient. We can complete the quotient diagram by either taking a further Zs2
or Zr2 quotient of the previously two discussed quotients, respectively. The singular

fibre configuration for the full quotient becomes (I∞2 ; I1, III
∗), which is again modular

with monodromy group Γ0(2). The resulting CB partitioning is shown in Fig. 9.

These quotients are summarised in Figure 10.

-3 -2 -1 0 1 2 3

-3

-2

-1

0

1

2

3

Figure 9: u-plane after taking the quotient by the Z2 × Z2 symmetry of the DS1E5 curve (C.6).

This diagram commutes up to an irrelevant shift of the order parameter. This is

because the full quotient is realised in the two cases from the change in coordinates

u2 + 1/u2, and (u+ 1/u)2, respectively.

C.2.2 The tetrahedral group

The possible non-abelian groups AutS(P1) are the dihedral groups Dn (n = 3, 4, 6)

and the tetrahedral group A4. Rational elliptic surfaces with tetrahedral symmetry
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DS1E5 : (I∞4 , I4, 2I2)

DS1E7 : (I∞2 , I∗2 , I2) DS1E5 : (I∞4 , I2, 2III)

DS1E7 : (I∞2 , I1, III
∗)

/Zr
2 /Zs

2

/Zs
2 /Zr

2

Figure 10: The quotients of the DS1E5 configuration by all subgroups of its automorphism group

AutS(P1) = Zr
2 × Zs

2, where Zr
2 : u 7→ −u and Zs

2 : u 7→ 1/u.

are highly restricted: the possible singular configurations are (4I3) and (12I1). The

latter, (12I1), is the generic configuration of the 6d E-string curve curve [15, 17].

Meanwhile, the configuration (I3; 3I3) can be realised for the DS1E6 curve with

characters χ = (0, 0,−3, 9, 0, 0), having Φtor(S) = Z3 × Z3. It is in fact a modular

elliptic surface, with monodromy group Γ(3). Due to the non-trivial torsion, this

surface plays an important role in the context of Galois covers [31, 32]. In order to

make the A4 symmetry manifest, let us rescale U = 4u. Then we find that

J (u) = (u4 + 8u)
3

26 (u3 − 1)3
, (C.8)

is invariant under the Möbius transformations g1 : u 7→ ω3u and g2 : u 7→ u+2
u−1

, with

ω3 = e2πi/3, which satisfy g31 = g22 = 1 and g1g2g1 = g2g
2
1g2. Thus, these offer a

presentation for the tetrahedral group A4 (see also [25, Section 5.3.5]). The u-plane

with A4 symmetry is plotted in Fig. 4b.

The symmetry can be seen as follows: Connect the three bulk singularities

(1, ω3, ω
2
3) (orange) by a line, then add the point infinity and embed the four points

in the Riemann sphere P1. The A4 symmetry is then the symmetry of the tetrahe-

dron with vertices P = (1, ω3, ω
2
3,∞). We can think of the action of A4 on P1 as

orientation-preserving transformations of this tetrahedron inside the Riemann sphere

P1. Then A4 permutes these vertices P as follows: The g1 action is a rotation by
2π
3
, having u = 0 and the point at infinity as fixed points. Meanwhile, the order 2

Möbius transformation acts as g2(P ) = (∞, ω2
3, ω3, 1), having u = 1 ±

√
3 as fixed

points.

In terms of the monodromy group Γ(3), the A4 symmetry is carried by the cosets,

as can be seen from the fact that SL(2,Z)/Γ(3) ∼= A4 (see Table A.29). We can take

either quotients of the Zg13 ⊂ A4 or Zg22 ⊂ A4, but taking the quotient by one cyclic

subgroup removes the other symmetry. This is due to the map implementing the full

A4 group not being a valid base change of the rational elliptic surface.
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We note also that the finite group A4 ⊂ SU(2) is associated with the E6 Dynkin

diagram through the McKay correspondence (see for instance [168]). This suggests

that the U -plane symmetry A4 is related to the flavour symmetry E6. For this

configuration of characters, the theory has flavour algebra gF = A2 ⊕ A2 ⊕ A2 [14].

This is a rank 6 lattice that embeds into E8. The three copies of A2 are each

associated with the I3 singularities, while the I∞3 singularity at infinity does not

contribute to the flavour symmetry. The (4I3) configuration is extremal, so MW(S)
does not have a free part. One possible way to derive A4 from the flavour symmetry

is to study how the symmetry SU(3)3/(Z3 × Z3) is embedded in E6/Z3. We leave it

for future work to explore this in more detail.

C.3 Non-induced symmetries

Returning to the inclusion sequence (C.2) of automorphisms groups, we defined in

(C.4) the Möbius transformations AutJ (P1) preserving the J -invariant. In this sub-

section, we briefly discuss the difference between this group and the smaller group

of induced automorphisms AutS(P1). The simplest examples can be found in 4-

dimensional massless N = 2 SQCD.

Massless SU(2) Nf = 2. Consider the massless SU(2) Nf = 2 SW curve with

Λ2 =
√
8,33

J (u) = (u2 + 3)
3

27 (1− u2)2
, (C.9)

which has a configuration (I∗2 ; 2I2) and is modular with monodromy group Γ(2).

The flavour symmetry is gF = A1 ⊕ A1. This curve is invariant under the Möbius

transformations m : u 7→ u−3
u+1

and r : u 7→ −u.34 We have m3 = r2 = (mr)2 = 1,

giving a presentation of the dihedral group D3 of order 6 (see (C.1)). In this case,

the m-transformation is induced by a modular transformation ST : τ 7→ − 1
τ+1

, while

the r-transformation is induced by T : τ 7→ τ + 1. These can easily be proven on

the level of the modular functions, as have been found in [40]. Similar to the Γ(3)

modular surface described in the previous section, where Γ/Γ(3) ∼= A4, here we have

Γ/Γ(2) ∼= S3
∼= D3. Thus in this case again the group of Möbius maps preserving

the J -invariant is given by the SL(2,Z) duality group. These duality transforma-

tions clearly permute the singularities P = (1,−1,∞): The map r(P ) = (−1, 1,∞)

interchanges the strongly coupled singularities ±1, while m(P ) = (−1,∞, 1) rotates
all three singularities.

33Or, alternatively, we can set Λ2 = 1 and rescale u.
34The ‘Möbius invariants’ AutJ (P1) of rational functions J can be found as follows. The

PGL(2,C) transformation J (au+b
cu+d )/J (u) of J (u) is a new rational function R(u)/Q(u) with nu-

merator and denominator polynomials R and Q. This quotient is equal to 1 if the polynomial

R(u)−Q(u) is identically zero. This gives a system of deg(J )+1 polynomial equations for a, b, c, d,

subject to the constraint ad− bc ̸= 0.
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The elliptic surface S for massless SU(2) Nf = 2 thus seems to enjoy a ‘large’

symmetry. However, by the classification of [25], D3 symmetries can never be induced

by automorphisms of S if deg J = 6 (see p. 17). Indeed, the only RES with D3 =

AutS(P1) are (3I3, 3I1), (3I2, 6I1), (6I1) and (12I1), all of deg J = 12. Furthermore,

the only possible order n of induced automorphisms on P1 for the surface (I∗2 ; 2I2)

is n = 2 [25, Tables 2 and 11]. This is precisely the symmetry u 7→ −u. It is clear

that the extra symmetry cannot originate from the surface S itself: It exchanges

necessarily the I∗2 with some I2, which is not an automorphism.

To conclude, in the example of massless Nf = 2 the D3 symmetry decomposes as

D3
∼= Z3 ⋊ Z2. The Z2 is due to the non-anomalous R-symmetry, and is an induced

symmetry of the surface. Meanwhile, there is an extra Z3 ‘duality’ symmetry, which

does not originate from automorphisms of S. We see that the group AutJ (P1) can

exceed AutS(P1), as in this example we have AutJ (P1) = D3 ⊃ Z2 = AutS(P1).

Massless SU(2) Nf = 3. We can check explicitly that for Nf = 0, as well as

massless Nf = 1, there is no U -plane symmetry other than the expected Z2 and Z3

cyclic symmetry, respectively. For massless Nf = 3 with Λ3 = 16, we have

J (u) = −(u2 − 16u+ 16)
3

108(u− 1)u4
. (C.10)

It is the modular RES with singularities (I∗1 , I4, I1) and monodromy group Γ0(4).

The flavour symmetry is gF = A3 due to the I4 singularity, and there is no residual

action of the R-symmetry on the Coulomb branch [2].

However, one easily shows that J ( u
u−1

) = J (u). This Möbius transformation

generates a Z2 automorphism, since g2 = 1 for g = ( 1 0
1 −1 ). It interchanges the cusps

u = ∞ and u = 1, while leaving the I4 singularity u = 0 invariant. This automor-

phism of P1 is again not induced by the surface S [25, Table 3]: For any surface

with singular configuration (I∗1 , I4, I1), the order n of the induced automorphism is

n = 1. The situation is yet again different here to massless Nf = 2. Indeed, this

configuration is modular for Γ0(4), but Γ0(4) is not a normal subgroup of SL(2,Z),
thus the quotient Γ/Γ0(4) is not well-defined and consequently not isomorphic to an

order 6 group. Rather, it is apparent that the duality group is reduced in this case

to a Z2. Indeed, we can check, starting from the solution35

u(τ) = −4 ϑ3(τ)
2ϑ4(τ)

2

(ϑ3(τ)2 − ϑ4(τ)2)2
, (C.11)

that the S−1T−2S transformation τ 7→ τ
2τ+1

is encoded in the Möbius map

u

(
τ

2τ + 1

)
=

u(τ)

u(τ)− 1
. (C.12)

35See Appendix A.3 for a definition of the Jacobi theta functions and their transformation prop-

erties
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One can easily show that this is not true for the other four cosets S, ST , ST−1

and ST−2 of Γ0(4) in SL(2,Z), which in this case correspond to the four expansions

at the I4 cusp u = 0. These four SL(2,Z) transformations correspond to non-rational

functions of u.

Duality symmetries. We can understand this more generally: From the perspec-

tive of the degree ord(J ) equation (2.5) associated with a generic surface S with

functional invariant J , this picture is quite clear: The ord(J ) zeros of the poly-

nomial PS correspond to the expansions of u(τ) at all cusps, and any non-trivial

map m with the property J (m(u)) = J (u) necessarily permutes the zeros of PS .

The cusp expansions are of course related by modular duality transformations [6].

If m is a Möbius transformation, then there exists a corresponding SL(2,Z) duality
transformation inducing that Möbius transformation on the base P1. As has been

observed in [118, 119], clearly not every SL(2,Z) transformation induces a Möbius

transformation on the base.

We then have some evidence that any such Möbius transformation is an electric-

magnetic duality transformation. When u→ ζnu cyclic symmetry, it originates from

an (accidental) R-symmetry and can be induced by a T -transformation. Möbius

transformations that are pure translations u 7→ u+ b can never be symmetries of J ,
since they do not leave the singularities invariant. Then any non-cyclic Möbius trans-

formation is induced by a duality transformation, and involves an S-transformation.

The fundamental domain for a surface S is given by a set of coset represen-

tatives. In general, they do not form a group [6]. When the rational function J
has a Möbius symmetry AutJ (P1), this exchanges some of the coset representatives.

Since the action of Möbius transformations gives a group, the subset of relevant coset

representatives form a group. In the example of massless Nf = 3, the coset repre-

sentatives 1 and S−1T−2S form a Z2 group, since (S−1T−2S)2 ∈ Γ0(4) and thus is

identified with the identity representative 1.

D Seiberg–Witten curves

In this Appendix, we list some explicit expressions for the Seiberg–Witten curves we

study in the body of the paper.

– 72 –



4d SU(2) SQCD. The Seiberg–Witten surfaces for 4d N = 2 supersymmetric

QCD with Nf massive fundamental hypermultiplets are given by [2]:

Nf = 0 : y2 = x3 − ux2 + 1

4
Λ4

0x ,

Nf = 1 : y2 = x2(x− u) + 1

4
mΛ3

1x−
1

64
Λ6

1 ,

Nf = 2 : y2 = (x2 − 1

64
Λ4

2)(x− u) +
1

4
m1m2Λ

2
2x−

1

64
(m2

1 +m2
2)Λ

4
2 ,

Nf = 3 : y2 = x2(x− u)− 1

64
Λ2

3(x− u)2 −
1

64
(m2

1 +m2
2 +m2

3)Λ
2
3(x− u)

+
1

4
m1m2m3Λ3x−

1

64
(m2

1m
2
2 +m2

2m
2
3 +m2

1m
2
3)Λ

2
3 .

(D.1)

See also footnote 18 for an important comment on the normalisation for Nf = 3.

En theories. The Seiberg–Witten curves for the DS1En theories were studied in

[15, 17, 79–90]. Here, we list the Weierstraß invariants for the toric En curves,

n = 0, . . . , 3:

gE0
2 (U) =

3

4
U
(
9U3 − 8

)
,

gE0
3 (U) =

1

8

(
−27U6 + 36U3 − 8

)
,

gE1
2 (U) =

1

12

(
16λ2 − 16λ+ U4 − 8λU2 − 8U2 + 16

)
,

gE1
3 (U) = − 1

216

(
−4λ+ U2 − 4

) (
16λ2 − 40λ+ U4 − 8λU2 − 8U2 + 16

)
,

gẼ1
2 (U) =

1

12

(
U4 − 8U2 − 24λU + 16

)
,

gẼ1
3 (U) = −λ2 + 1

6
λU

(
U2 − 4

)
− 1

216

(
U2 − 4

)3
,

gE2
2 (U) =

1

12

(
16λ2 − 16λ− 24λM1U + U4 − 8λU2 − 8U2 + 16

)
, (D.2)

gE2
3 (U) =

1

216

(
64λ3 − 24λ2

(
9M2

1 + 6M1U + 2U2 + 4
)

+ 12λ
(
U2 − 4

) (
3M1U + U2 + 2

)
−

(
U2 − 4

)3 )
,

gE3
2 (U) =

1

12

(
16

(
λ2

(
M2

1M
2
2 −M1M2 + 1

)
− λ(M1M2 + 1) + 1

)
−

8U2(λ+ λM1M2 + 1)− 24λU(M1 +M2) + U4
)
,

gE3
3 (U) =

1

216

(
− 24U2

(
λ+ λ2

(
2M2

1M
2
2 +M1M2 + 2

)
+ λM1M2 + 2

)

− 8
(
3λ2

(
M2

1

(
4M2

2 + 9
)
+ 2M1M2 + 9M2

2 + 4
)

− 4λ3
(
2M3

1M
3
2 − 3M2

1M
2
2 − 3M1M2 + 2

)
+ 12λ(M1M2 + 1)− 8

)
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+ 12U4(λ+ λM1M2 + 1) + 36λU3(M1 +M2)

− 144λU(M1 +M2)(λ+ λM1M2 + 1)− U6
)
.

In the Mathematica notebook [56], we furthermore give the explicit curves for the

non-toric DS1En theories.
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[106] P. C. Argyres, O. Chalykh and Y. Lü, Complex crystallographic reflection groups
and Seiberg-Witten integrable systems: rank 1 case, 2309.12760.

[107] G. Arias-Tamargo and M. De Marco, Disconnected gauge groups in the infrared,
2312.13360.

[108] P. C. Argyres, M. Martone and Z. Yu, Genus 2 Seiberg-Witten curves for rank 2
N=4 superYang-Mills theories, 2312.15014.

[109] M. Schuett and T. Shioda, Elliptic surfaces, Mordell–Weil Lattices (2009) .

[110] Y.-H. He, J. McKay and J. Read, Modular Subgroups, Dessins d’Enfants and
Elliptic K3 Surfaces, LMS J. Comp. Math. 16 (2013) 271–318, [1211.1931].

[111] T.-S. Tai, Triality in SU(2) Seiberg-Witten theory and Gauss hypergeometric
function, Phys. Rev. D 82 (2010) 105007, [1006.0471].

– 79 –

http://dx.doi.org/10.1007/s11005-016-0839-5
https://arxiv.org/abs/1503.04806
http://dx.doi.org/10.1007/JHEP04(2021)232
https://arxiv.org/abs/2010.15890
http://dx.doi.org/10.21468/SciPostPhys.11.5.096
https://arxiv.org/abs/2102.01693
http://dx.doi.org/10.21468/SciPostPhys.13.4.101
https://arxiv.org/abs/2201.00018
http://dx.doi.org/10.1007/JHEP02(2015)172
https://arxiv.org/abs/1412.5148
https://arxiv.org/abs/1806.09592
http://dx.doi.org/10.1007/JHEP12(2020)203
https://arxiv.org/abs/2005.12831
http://dx.doi.org/10.1007/JHEP09(2020)024
https://arxiv.org/abs/2005.12296
http://dx.doi.org/10.1016/0550-3213(95)00609-5
https://arxiv.org/abs/hep-th/9510101
http://dx.doi.org/10.1016/j.geomphys.2011.09.010
http://dx.doi.org/10.1016/j.geomphys.2011.09.010
https://arxiv.org/abs/0912.4774
http://dx.doi.org/10.1088/1742-6596/462/1/012001
https://arxiv.org/abs/1007.5026
https://arxiv.org/abs/2209.09248
https://arxiv.org/abs/2209.10555
https://arxiv.org/abs/2210.17324
http://dx.doi.org/10.1007/JHEP07(2023)192
https://arxiv.org/abs/2304.04878
https://arxiv.org/abs/2309.12760
https://arxiv.org/abs/2312.13360
https://arxiv.org/abs/2312.15014
http://dx.doi.org/https://doi.org/10.2969/aspm%2F06010051
http://dx.doi.org/10.1112/S1461157013000119
https://arxiv.org/abs/1211.1931
http://dx.doi.org/10.1103/PhysRevD.82.105007
https://arxiv.org/abs/1006.0471


[112] U. Persson, Configurations of Kodaira fibers on rational elliptic surfaces,
Mathematische Zeitschrift 205 (1990) 1–47.

[113] R. Miranda, Persson’s list of singular fibers for a rational elliptic surface,
Mathematische Zeitschrift 205 (1990) 191–211.

[114] P. S. Aspinwall, D-branes on Calabi-Yau manifolds, in Theoretical Advanced Study
Institute in Elementary Particle Physics (TASI 2003): Recent Trends in String
Theory, pp. 1–152, 3, 2004. hep-th/0403166.

[115] J. Fuchs and C. Schweigert, Symmetries, Lie algebras and representations: A
graduate course for physicists. Cambridge University Press, 2003.

[116] B. Feng, Y.-H. He, K. D. Kennaway and C. Vafa, Dimer models from mirror
symmetry and quivering amoebae, Adv. Theor. Math. Phys. 12 (2008) 489–545,
[hep-th/0511287].

[117] D. Bogdanov, A. A. Kytmanov and T. M. Sadykov, Algorithmic computation of
polynomial amoebas, in International Workshop on Computer Algebra in Scientific
Computing, pp. 87–100, Springer, 2016.

[118] A. Klemm, W. Lerche and S. Theisen, Nonperturbative effective actions of N=2
supersymmetric gauge theories, Int. J. Mod. Phys. A 11 (1996) 1929–1974,
[hep-th/9505150].

[119] E. R. Furrer, Modularity in Supersymmetric Gauge Theory. PhD thesis, Trinity
College Dublin, 2023. http://hdl.handle.net/2262/101759.
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