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Abstract

We investigate a large class of N' = (2,2) supersymmetric field theories in two di-
mensions, which contains the Murugan-Stanford-Witten model, and can be naturally
regarded as a disordered generalization of the two-dimensional Landau-Ginzburg mod-
els. We analyze the two and four-point functions of chiral superfields, and extract from
them the central charge, the operator spectrum, and the chaos exponent in these mod-
els. Some of the models exhibit a conformal manifold parameterized by the variances of
the random couplings. We compute the Zamolodchikov metrics on the conformal man-
ifold, and demonstrate that the chaos exponent varies nontrivally along the conformal
manifolds. Finally, we introduce and perform some preliminary analysis of a disordered
generalization of the gauged linear sigma models, and discuss the low energy theories
as ensemble averages of Calabi-Yau sigma models over complex structure moduli space.
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1 Introduction

Disordered couplings have provided us a large class of large N solvable models, and brought

many new insights into the dynamics of black holes in quantum gravity. The classic example
is the Sachdev-Ye-Kitaev (SYK) model [1,[2], which is a quantum mechanical system of
N Majorana fermions interacting with random multi-fermion couplings. Using large N

techniques, the correlation functions of the fermions in the SYK model can be explicitly

solved [3H5]. For instance, the two-point function can be solved by summing over the melonic

diagrams using the Schwinger-Dyson equation, and the four-point function is solved by



summing over the ladder diagrams. Interesting physical observables are then extracted from
these exact solutions, such as the spectrum of two-particle states and the chaos exponent
from the Euclidean and the out-of-time order four-point correlation functions, respectively.
They reveal many remarkable properties of the SYK model.

At low temperatures, the SYK model exhibits an emergent time reparameterization sym-
metry, which is weakly broken by finite temperature leading to a Goldstone mode, the
Schwarzian sector [4,6]. Despite the low energy spectrum of the SYK model is not sparse,
the Schwarzian sector dominates over the rest of the states. Consequently, the holographic
dual at low energies is governed by a two-dimensional dilaton gravity, the Jackiw Teitelboim
(JT) gravity [6-8]. The SYK model further displays maximal chaos, as the chaos exponent
saturates the bound on chaos [9], which is a notable feature that shares with black holes in
Einstein gravity [10].

Over the years, the SYK model has been generalized to include complex fermions [11H13],
additional flavor symmetry [14], and supersymmetry [15-20]. Going beyond 041 dimensions,
the two and three-dimensional generalizations of the SYK have been studied with various
numbers of supersymmetries [21-27]. In higher dimensions, one has to consider nontrivial
renormalization group (RG) flows, which introduce additional complications. On the one
hand, the couplings involving only fermions are (marginally) irrelevant in two dimensions
and above. On the other hand, the bosonic models typically require fine-tunings of the
relevant couplings to reach the conformal fixed point in the infrared (IR), which becomes
subtle when the couplings are random variables. Nevertheless, with A/ = 2 supersymmetry in
two dimensions, the Murugan-Stanford-Witten (MSW) model, introduced in |21], overcomes
both problems and admits a superconformal fixed point.

In this paper, we study generalizations of the MSW model by introducing multiple families
of disordered chiral superfields. The models are solvable in the large N limit, defined as the
numbers of the chiral superfields in each family becoming large while the ratios between
the numbers remain finite. They can also be viewed as the disordered generalization of the
N = 2 Landau-Ginzburg models in two dimensions, and follow a similar classification [2830]
(see Section [2.2)[] The MSW model is the simplest model in the classification with only
one family of chiral superfields. An important new feature of the more general disordered
Landau-Ginzburg models is that when there are two or more families of chiral superfields, the
models could admit nontrivial conformal manifolds in the IR parametrizing by the variances
of the random couplings. We investigate several examples in the classification with two
families of chiral superfields, including one with an IR conformal manifold (see Section .
In particular, we compute the two and four-point functions of the chiral superfields in these
models in the large N limit by summing over the melonic and ladder diagrams, and we

LA closely related tensor model generalization of the N = 2 Landau-Ginzburg models was studied in [31].



extract the chaos exponents from the four-point functions. In general, the chaos exponent
A, depends on the ratio of the numbers of chiral superfields in each family, as well as the
coordinates of the conformal manifold (when the manifold exists). We find an upper bound
Ar < 0.5824 across all the examples we studied. We propose that this is a universal upper
bound for the chaos exponents in the disordered Landau-Ginzburg models.

Besides large N techniques, the disordered Landau-Ginzburg models can also be studied
by supersymmetric localization. Following the analysis of the non-disordered models in
[32-34], we compute the two-sphere partition functions and the two-point functions of the
disordered models (see Section. In the large N limit, the results of the two-point function
coefficients agree nicely with those computed before from summing Feynman diagrams. This
provides extra evidence that the disordered Landau-Ginzburg models flow to superconformal
fixed points in the IR. Furthermore, in the example with an IR conformal manifold, we
compute the Zomoldchikov metric by taking derivatives of the two-sphere partition function.

Another new feature when there are multiple families of chiral superfields is that the
superpotential could be engineered such that the theory possesses nontrivial flavor U(1)
symmetries. Such a superpotential always has flat directions, and the IR theory is non-
compact. One could make the theory compact by gauging the U(1) flavor symmetries,
where the D-terms potential lifts all the flat directions. The resulting theory is a disordered
generalization of the gauged linear sigma models. In the seminal work [35], it was shown
that the (non-disordered) gauged linear sigma models, with an anomalous-free axial R-
symmetry and a positive Fayet-Iliopoulos coupling, are in the same universality class as the
nonlinear sigma models on Calabi-Yau target spaces, i.e. they flow to the same N = (2,2)
superconformal field theories. This result implies that the disordered gauged linear sigma
models, with the same conditions as above, are IR-dual to the ensemble averages of the
Calabi-Yau sigma models over the complex structure moduli (see Section . To support
this, we compute the two-point functions of the chiral superfields and the result confirms
that the theories flow to IR superconformal fixed points.

The remainder of this paper is organized as follows. Section [2.2]introduces the disordered
Landau-Ginzburg models and presents a classification of the models. Section [2.3|reviews the
Murugan-Stanford-Witten model. Section studies examples of the disordered Landau-
Ginzburg models with two families of chiral superfields, computing the two and four-point
functions and analyzing the chaos exponents. Section applies the supersymmetric local-
ization to the disordered Landau-Ginzburg models, and computes the two-sphere partition
functions, two-point functions, and the Zamolodchikov metric for several examples. Sec-
tion |3| introduces the disordered gauged linear sigma models, discusses their relations to the
ensemble averages of Calabi-Yau sigma models, and performs some preliminary analysis.



2 Disordered Landau-Ginzburg models

2.1 The models

Let us consider a disordered N' = 2 Ginzburg-Landau model with n different families of
chiral superfields: <I>§1) fori=1,---, Ny, (1352) for i = 1,---, Ny, and so on. The chiral
superfields have a standard kinetic term

Lion = / 0d* (30 + BP0 4 ... 4 B | (2.1)
and are coupled via an interaction term

L :i/dQGW@g”,m L™ s he. (2.2)
=0=0

Our conventions of the superspace are given in Appendix [A]l The disordered superpotential
W contains terms with random couplings, with the general form as

1dn 1 1 n n
e X g e o3
p=(p1,,pn)€T

where 7 is an index set that controls which terms would appear in the superpotential, the

index I, is a collection of p, indices, I, = (i1, - ,1p, ), and (@g‘:))p“ stands for
(@) =l . o (2.4)

oI

The coupling constants gél = are independent Gaussian random variables with zero mean

and variance as

J2 . .
I In\ _ J oy A _ I In I _ (i ip)
(™) =00 (0 " Tpryr) = oo Of b =005 (2)

where N = Ny + --- + N,,, We are interested in the limit /V; — oo while fixing J, and the
ratios

A=t (2.6)

The superspace coordinates 0 and 6~ have charges (1,0) and (0,1) under U(1), x U(1)g
R-symmetry, and the coordinates #* have the opposite charges. For the interaction terms
to preserve the U(1), x U(1)g symmetry, the superpotential has to be a quasi-homogeneous
polynomial, and we further demand that the chiral superfields in the same family scale by
the same weight, i.e.

wared .o Ay = aw (@ ... ") for AecCr. (2.7)
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Under the renormalization group, the theory flows to a strongly coupled V' = (2,2) SCFT.
The U(1), xU(1) g R-symmetry becomes the part of the superconformal algebra. The bottom
component of the chiral superfields ®@ become chiral primary operators of R-charges (¢a, ¢a)-
By the quasi-homogeneity condition, the powers p, in (2.3)) and the R-charges ¢, satisfy

Zpaqa =1. (2.8)
a=1

For a given (p1,- -+ ,pn), we focus on the cases that the couplings g{,l’“"fn are generic, since
generic couplings give dominant contributions to the ensemble average over the coupling
constants.

IR conformal manifold and field redefinitionss In the non-disordered models, the
coefficients in the superpotential modulo (quasi-homogeneous) field redefinitions of the chiral
superfields correspond to exactly marginal deformations of the IR SCFTs. In disordered
models, the coefficients in the superpotential are random couplings and should be averaged
over, but we could still vary the variances .J, in . Some of the variances could be fixed
again by field redefinitions (of bilocal superfields), and the remaining variances give marginal
deformations and parameterize the IR conformal manifold of the disordered models.

To see more precisely how field redefinitions fix the variances, let us integrate out the
random couplings gél"'ln’s and arrive at the action of the bilocal superfields G(“)(Zl, Z5) and
E(a)(zh Z2)7

S =" N,logdet [9125125«12))5(@2))1)232 + 2@ (7, 22)} +N ) Tr (2@ G@)

~ - - (2.9)
_ N/anldQ'zZz Z ng(l)(Zb Zy)Pt G(")(Zl, Zo)Pr

PE(Pl,"' »pn)ez—

where Z = (y,7,0,0), 7= (gj,ﬁ,é, 5) The super-derivatives D, D are defined in , and
the super-distances (12) and (12) are defined in (A.9). We have used the matrix notation
for the second term on the first line of (2.9) as

Tr (2@ . G@) = / PR 2,2 72, 59 (Zy, 2,) G (Zy, Zs) . (2.10)

In the low energy limit &/ < J,, we can drop the derivative term D»>Ds in ([2.9).

Now, we follow the arguments in |36,137] (with suitable generalizations to bilocal actions)
to show that one could use field redefinitions to simplify the action (2.9). Consider the field
redefinition of the bilocal field G(® as

G972y, Zy) = G\Y(Zy, Zy) = FNGCD(Zy, Zo),--- G2y, Zs)), (2.11)
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where F(® is a quasi-homogeneous polynomial that has the same homogeneous degree as

G qe.
FONGY(Z), Zy), - NG (Zy, Zy)) = N FO(GD(Zy, Zy), - -, G2y, Z,)) . (2.12)
Under the field redefinition , the path integral measure DG becomes

DG — DG = |det(6F/6G)| DG (2.13)

The Jacobian |det(dF/0G)| is a constant and can be ignored because dF/0G could be
arranged to a block upper triangular matrix with constant diagonal blocks by the quasi-
homogeneous condition ([2.12)).

Next, we consider the field redefinition of ¥(®) as
2@ 4 5@ = 5@ . G@ . (@)1 (2.14)

where “-” is the matrix product that stands for integrating over Z or Z as in (2.10), and
(F(@)~1is the matrix inverse of F(*). Under the field redefinition (2.14), the path integration
measure DY@ changes to

DE@ — DE@' = |det [G) - (F@)~]|" DD, (2.15)

where V is the rank of the bilocal superfield £(® regarded as a matrix In summary, we
arrive at the action

S = ZNlogdet +N2Tr (@ . @)

—N/d2|2Z1d22Z2 Yo RFEZ, Zy - P2, Zo) (2.16)

pE(plv". 7Pn)€z

N Z<Na — V) logdet (F(a) ) (G(a))—l) '

The last term in (2.16) can be written as a ghost action
S = (Na—V) / 22,4 2, C(Z,) [F - (G) ] (21, 2,)C(Za) (2.17)

where C and C' are the anti-chiral and chiral ghost superfields, respectively. Because F(®@ is
a quasi-homogeneous polynomial with the same degree as G(@ it should take the form as

FOGD ... G = k@ 4 HOGO, ... g ... Gy, (2.18)

2More precise definition of V' can be found in [38].



where H® is a quasi-homogeneous polynomial that does not depend on G®. We have
[F@ - (GD) ] (Z1, Za) = Kbafrad((12))5((12)) + [H® - (G9) ] (Z1, Z,) . (2.19)

Substituting (2.19)) into the ghost action (2.17)), the first term in (2.19) gives a mass term
for the ghost fields C' and C'. Hence, in the IR limit, we can integrate out the ghost fields C'

and C , equivalent to deleting the last term in (2.16)). Because F(®)’s are quasi-homogeneous,
the second line of (2.16) can be rewritten as

N [@ndtz, Y ROVG GO Bz (o)
p=(p1,,pn)EL

which takes the same form as the second line of (2.9), but with new coefficients .J;* which
are linear combinations of the old coefficients J2. Hence, the field redefinition (2.11]) gives
us equivalence relations between variances

JP e~ 2 (2.21)

which can be used to fix (some of) the variances .J.

2.2 A classification

We presently discuss the constraints and classifications of the disordered superpotential W.
In this discussion, we could treat a family of superfields {q>§“) |i=1,---,N,} as a single su-
perfield @@ and treat the superpotential W as a function of the variables &) ... &™) The
classification problem now reduces to the problem of classifying non-disordered Ginzburg-
Landau theories (N; = 1 for all ¢ = 1,--- ,n) [28-30]. We briefly review the classification
in [30].

We impose the following two constraints on the superpotentials.

1. The IR SCFT has a unique normalizable vacuum. This implies that the superpotential
W (@) is compact, i.e. the equations

a(I)(l)W —_ = a@(n)W — 0 (222)

has a unique solution
oM — ... =M — 0. (2.23)

2. The theory is indecomposable, which implies that the superpotential cannot be written
as a sum of two terms involving different variables, i.e. for example

W(cp(l)’ e 7@(71)) — Wl(fl)(l), e 7@(’{)) + W2(<I>(k“), e ,q)(n)) ) (2.24)
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Since we will focus on the IR SCFT, two different superpotentials, which define different
UV theories, are regarded as IR-equivalent if the theories flow to the same IR SCFT. In
particular, this implies the following two IR-equivalence relations between superpotentials.

1. If two superpotentials are related by a field redefinition compatible with quasi-homogeneity,
then they are IR-equivalent.

2. If a superpotential W has a variable ®@ which appears only linearly or quadratically,
then W is IR-equivalent to a superpotential given by substituting equations of motion
&p(a)W =0 into W.

In [30|, the authors found all the possible R-charge assignments to the superfields &),
o+, ®™ up to n = 5, which give superpotentials that satisfy the above two constraints and
two equivalence relations. We will focus on the cases of n =1 and 2.

For n = 1, the possible R-charges are

1
Q= 7’ for qeZx;. (2.25)

The superpotential is

W(®;) = gil'”iqq)il Dy (2.26)
where we have suppressed the superscript. This model has been studied in |21, 22|, and
we refer to it as the Murugan-Stanford-Witten (MSW) model. The MSW model with a
specified ¢ would be referred to as the MSW, model. Some analysis of the MSW model will

be reviewed in Section For the non-disordered model (N = 1), this superpotential was
referred as the A,_; superpotential in [28].

For n = 2, the possible R-charges are

[—11
Ik:,l : (ql, (]2) = (7, 7) fOI' (lf, l) € ZZQ X Zzg, (227)
and
l—1 k-1
IIk,l : (ql, QQ> = m, m for (k’, l) S ZZQ X ZZQ . (228)

We will refer to them as type I;; and type II;; models. These two classes of models are
overlapped, and we have the identifications

Top =10 0 (2.29)

Given the R-charges of the chiral superfields, we consider the most general quasi-homogeneous
superpotentials up to field redefinitions. Such superpotentials would satisfy the compactness
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and indecomposable conditions. If we specialize the superpotential by turning off some of the
coefficients, then the superpotential might not satisfy the compactness and indecomposable
conditions.

In Section we will study and give detailed analyses of the models
IQ,q ) I3,3 ) 14,3 ) II3,4 . (230)

For the non-disordered theories (V; = Ny = 1), the type lo,, I33, and I3 superpotentials
were referred as the D, 1, Fr, and Jjg superpotentials, respectively, in [28|. The superpoten-
tials of Iy, I3 3 and II3 4 do not have any exactly marginal deformations. The models I3 4 has
one-dimensional conformal manifolds. We will inspect how physical quantities (especially
the chaos exponent) vary along the conformal manifolds.

2.3 Review of the Murugan-Stanford-Witten (MSW) model

The models with only one type of disordered chiral superfields and A,_; superpotential
were studied in [21,22]. Let us give a brief review following [22] of the computation of the two
and four-point functions of the chiral superfields ®;, the operator spectrum in the ®; x ®;
OPE, and the chaos exponent of the model.

We start with the two-point function
(®(21)0;(Z2)) = 5:G((12)) (2.31)

which is a function of the super-distances (12) and (12) given in (A.9). The coordinates Z, Z
are Z = (y,7,0,0), Z = (7,7,6,0). In the leading order of the large N limit, the propagators
can be computed by summing over the melonic diagrams and satisfy the Schwinger-Dyson
equations

DsDsG((13)) + 4. / a0, G((12)G((32)7 " = Biafipd((13))0((13),  (2.32)

In the low energy (conformal) limit F < J, we can drop the first term of the equation, and
solve the equations by considering the conformal ansatz

G((12)) = (2.33)

[(12)[2Ae

Casting the ansatz into Dyson-Schwinger equation, one can determine the scaling dimension

and the coeflicient: 1

2

1
Np=—, bJ? =
q 47

- (2.34)



In Section 2.5 we compute the same two-point function using supersymmetric localization,
and find agreement with (2.33) and (2.34)).

Next, we turn to the four-point function. We focus on the average four-point function
which has a large N expansion as

% > {(B(Z0)0i(2)0,(Z) ¥ (Z:) ) = G({12)G((43)) + %F(Z, 2,73, Zs),  (2.35)

i,j=1

where the first term is from a disconnected diagram. The leading connected four-point
function F(Zy, Zs, Z3, Z4) can be computed by summing over the ladder diagrams, which
gives the result

F(Zl, ZQ, Zg, Z4> = Z K % Fo(Zl, ZQ, Zg, 24) s
n=0 (236>
FO(Z, 2, 23, 24) = G((13))G((42)),
where K is the ladder kernel, whose action, denoted by *, is given by
K * F(Zl7 Z27 Z37 2/4) = /d2yad28ad2gbd20~b ’C(Zla Z27 ZCU Zb>F(Zb7 Za’ Z37 2/4) 5 (2 37>

K(Z1, 22, 73, Za) = (p — 1) T°G((1,3))G((4,3)"*G((4,2)),

and K*" denotes the n-th power of the x-product, i.e. for example K*? = K x K.

The kernel can be diagonalized by the eigenfunction

- 1 (12)\ ?
Vadfo ) = s (113 (239

as
knoVai(Zy, Zy) = / APy d?0,d>G,d20, K(Z1, Zy Zay Z0) Vi Zy, Za) - (2.39)

The eigenvalue is

1-Ap T(1—-2As)T(52 + M) (A + Ag)
Ag T(As)2T(1+ 52 — Ag)I(1+ 25 — Ay)

kae = (2.40)

The spectrum of the operators in the ® x ® OPE can be computed by solving the equation
kaeg=1. (2.41)

Each solution in the domain A > 1 corresponds to a superconformal primary of dimension
A and spin /.

10



Using the superconformal symmetry, we can fix the four-point function as

- ~ 1 B
F(Zl,ZQ,Zg,Z4) = <12>2A¢<43>2A¢‘F(2’Z)’ (242)
where z and Z are the cross ratios
_(12)43)  __ (12)(43)
T a2y 7T @) (2:43)

The four-point function could be expanded in the superconformal partial wave basis as

H F = z
Fz.2) Z/ AZ: 0) HA,Z(ZH;Z) | (2.44)

) <:A,€7 :A,€>

where s = —iA, Za (2, Z) is the superconformal partial wave, and (-, -) is the superconformal
invariant inner product. We have removed the §(0) in the inner product (Ea ¢, Za¢) in the
denominator. Their explicit expressions are given in Appendix[B] Using the relation between

superconformal partial waves and superconformal blocks (B.2]), we can rewrite the expansion
as

F(z2) =) / ds p(A, 0)Gas(2, %), (2.45)
=0 "~
where the density function p(A, ¢) is explicitly given by

PMFT(Aa g)

o800 = PERR (2.46)

where pyvpr (A, £) is the density function for the mean-field theory, explicitly given by

<—'A€=‘F0> SAZ

<-A £y HA £>

__21—2A¢+ZCSC(1 (A — g+2Aq>)sm( (A—0— 2Aq>))
F(1-As)T(31-A+0)T (3(A+20)
F(Ae)T (32—A+0))L (3(1+A+10))
P(—5—£+A80)T(3(=A+0) + Ag)

pmrT (A, €) =

X 2.47
F(32—A—0—=20))T (52— A+0—-2Ag)) (247)

The operator spectrum in the ® x ® OPE is given by the solutions to the equation
k(A 0)=1. (2.48)

11



The OPE coefficients are given by the residue of the density function. In particular, the
OPE coefficient of (the bottom component of) the stress tensor multiplet R is given by

2 1 4AZ
|cior| = _NE&E?(P(A, 1)) = N1 —2Ag)’ (2.49)
from which we compute the central charge of the IR theory
12A2
c= 2 = N(3-6As) ZG(——Aq)) . (2.50)
o]

We recognize that the central charge computed in this way agrees with the one obtained
from the general arguments using the R-symmetry anomaly matching and the structure of
N = (2,2) superconformal algebra [28,[39]. This central charge coincides with the central
charge of N copies of the A, ; type N' = (2,2) minimal model, which shows up as the
IR theory of the non-disordered (N = 1) version of the superpotential [28]. This
is because the central charge is invariant under exactly marginal deformations [40], which
corresponds to deformations of the UV superpotential.

As discussed in |21], after analytic continuing of the Euclidean four-point function (2.44))
to the out-of-time-order correlator in the Lorentzian signature, and taking the long time
limit (chaos limit), the chaos exponent A; is computed by solving the same equation
with A =0 and ¢ = A\;. The chaos exponent A\, as a function of Ag is plotted in Figure [T}
At Ay = % (¢ = 3), the chaos exponent reaches the highest value \j ~ 0.5824.

A
0.5824

0.58
0.58
0.57
0.56

0.55

1 1 1 A
0.1 0.2 0.3 ®

Figure 1: The chaos exponent \; as function of Ag = E in MSW model. When Ag = ,
chaos exponent arrives at the maximum value 0.5824. Extrapolation is used to reach large
g behavior.
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2.4 Models with two disordered chiral superfields

Let us now consider the models with two disordered chiral superfields CID(D P for i =
1,---Nyand a =1,--- Ny. For type I;;; or II;,; models, the general form of the superpotentlal

(2.3)) specializes becomes
(2) = i1im,a an ( (1)... WY@ ...p®
W Y ey s Y ol a0,

(m,n)eT (m,n)eT

where the random coupling g #m)-(a1,.an) gatisfies

P11 ‘]727171 7 % a a
<g7,1~~-Zm7a1.~~angi/1”.i$r”a,1.“a{n> — Nm+’n—15§11 o 7:1)5 1, .5a/n) ' (2.52)
1

n

Note that we have changed to a different convention on the variance here comparing to (2.5).
The index set Z is given by

1= {(m,n) € ZZO X ZZO | mqi + ngs = 1}, (253)

where ¢y, gy are the R-charges of ®) and ®® given in (2.27) and (2.28). The large N limit

of these models are taken as
N.
Ny, Ny — oo fixing X = 2 (2.54)
Ny
We would follow Section , and perform the same analysis for the type Ij; and IIj
models as we did for the MSW model. We first consider models with general k, [, and
derive general formulae for the two and four-point functions. Then we would specialize in
the models in (2.30) and study the spectra and chaos exponents. To start, we consider the
two-point functions

(V2085 (22)) = 6:Gow ((12)),  (®PU(Z1)07 (%)) = 5Garn ((12)),  (2.55)

where Z = (y,7,0,0) and Z = (§, 7,0, 9:), and the super-distances (12) and (12) are given in
(A.9). In the large N limit, the two-point functions satisfy the Schwinger-Dyson equations

D3E3G¢(1)(<13>> + /d2y2d292 G(b(l) (<12>)E¢(1)<<32>) - é13§135(<13>)(5(<13>) ;

o (2.56)
D3DsG g ((13)) + / d*yad?0y G o ((12))Spe ((32)) = 0130136 ((13))5((13)),
where the self-energies >51) and g2 are
Sem ((32)) = Y mA"J,,Gam ((32))™ ' Gae ((32))"
(m,n)eZ
(2.57)
S ((32) = Y nA"TNI L Gan ((32)) " Gae ((32)"
(m,n)eT
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Similar to the MSW model, in the low energy limit £ < J, after ignoring the first terms of
the equations in ([2.56|), we consider the conformal ansatz

Goo (12)) = ﬁ o (12)) = ﬁ (2.58)

The Schwinger-Dyson equations ([2.56)) fix the conformal dimensions A;, Ay by R-charges as

Ar=q, Ay=gq, (2.59)
and impose the equations on the two-point function coefficients by, bs,
1 1
n 72 min __ n—1 72 min __
D mNLBI = Y AT = (2.60)
(m,n)eT (m,n)eZ

The equations (2.60)) admit multiple solutions. Unitarity imposes further constraints that
the two-point function coefficients b; and by are non-negative numbers,

by >0, by>0. (2.61)

Later in the examples, we will see that the unitarity bounds (2.61]) give bounds on A, and
the model becomes non-compact when the bounds are saturated.

Next, we consider the averaged four-point functions,

1 - -
(O1(Z1, 25)O1(Zs, Z3)) = Go ((12)) G ((34)) + A F\(Zy1, Z, Z3, Zy),
1

1 ~ -
(O 71, 75)Os(Z4, Z3) ) = G ((12))Gee ((34)) + FF22(217227Z37Z4)7
2
1 (2.62)
<Ol Z17Z2 02 Z47Z3 > FF12 Z17Z27Z37Z4)
2
- - 1 - -
(Os(Z1, 25)01(Zs, Z3)) = FF21(Zla Zy, Z3, Zy)
1
where O; and O, are the bi-local operators
_ 1 X _
O1(Z1,22) = N Z oW (Z1)0M(2,),
iz
. M ) (2.63)
Oy(Z1,Zy) = E ; @710 (Z,).

The four-point functions Fiy, Fis, Fyy, Fy can be computed by summing over the ladder
diagrams, and the result can be written in a compact form as

. (Fn F12) - <K11 K12>*n (Fno 0 )
F(z,2) = = * ’ , 2.64
(2:2) <F21 Fy ; Ko Ko 0 Fay (264)
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Fi10, Fa o are the zeroth ordered disconnected ladder diagrams,

Fiio=Gs0)((13))Go)((42)), Frap = Gge((13))Gee ((42)) . (2.65)

The matrix elements K11, K12, Ko7, Ko of the ladder kernel matrix are

Kii= Y m(m—1DA"J, G ((13)Gan ((42)) Gom ((43)™ *Gae ((43))",

(m,n)eT

K= ) mnA"J2 ,Gewm ((13)Gam ((42))Gan ((43)™ ' Gaw ((43))"
(m,n)eT

Ky = Y mnA""'J2  Gao ((13))Gae ((42))Gan ((43))™ Gae ((43))"

(m,n)eT

Kp= Y n(n—1A"""72 oo ((13)) G ((42)) Gau ((43)) " G ((43)" 2

(m,n)eT

(2.66)

which acts on Fi10, Fa in the way as in (2.37)).

Consider the eigenvector:

Vai= <r<43>T5A1A (Eiii) T Gig;)) 7 (2.67)

the ladder kernel matrix acts on VX , as a 2x2 matrix,
( — DAk mn Aty )
Vae

Kll K12
<K21 K22> Var= 2. mn AP ke n(n — DAL Ky
(m,n)eZ (2.68)

k11 kw)
= VA
<k21 Eao At

where ki, ko are functions of the conformal dimension A and spin /,

I(1-2) (52 +A)T (52 +A)
D(A)T (1452 —A)T (1+52 - A)

k(A 0) = 4% (—1)! (2.69)

We denote the eigenvalues of this matrix by ki (A, ¢) and k_(A,¢). The four-point function
can be expanded in the superconformal partial waves as

EA’g(z, 5)

=\ __ - > 1
F(z,2) —[X;/O ds(l — k(A 0))(1 = k(A 0) (Eae, Ear)

« <1 - k22 k12 > (<EA,€7-F11,0> 0 )
k21 1- kll 0 <EA,57~F22,0> ’
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where again we have removed the 6(0) in the inner product (Za ¢, =a ) in the denominator.

Using the shadow symmetry of the superconformal partial wave, the s-integral can be
completed to the entire real line R. The conformal block expansion of the four-point function
is obtained by pulling the s-contour to the right. The operator spectrum in the @ x O
OPE is given by the solution to the equation

(1= ki (A, 0)(1—k_(A, ) =0. (2.71)

The OPE coefficients between the disordered chiral superfields ™, ®® and the bottom
component of the stress tensor multiplet R are extracted from the residues

‘0(5(1)¢(1>R|2 _ —LRes < 1 — koo (A 0) <EHA,£7]:11,0> ‘ >
Nia=1 \ (1 =k (A 0))(1 = k_(A0) (Eanp,Eng) le=1) (2.72)
‘C<I><2>q><2>n|2 = —iRes < L= k(4,0 <iA’£7J‘:—22’0> ’ ) :
Noa=1 \ (1 — k(A 0))(1—k_(A,0) (Eae,Enay) le=1
We also obtain the central charge of the IR SCFT
oo 12Row _ 28ge (2.73)
lczoeorl”  CG@s@rl?

For the examples (2.30) that will be studied in details in the following subsubsections, we
show that (2.73]) simplifies to

1 1

which is consistent with the R-symmetry anomaly matching and the IR N = (2,2) super-
conformal algebra, and is independent of the couplings (coefficients) in the superpotential as
expected from the Zamolodchikov c-theorem [40]. Finally, similar to the MSW model, the
chaos exponent \; can be computed by solving the equation with A =0 and ¢ = A\.
For the examples we studied below, the chaos exponents are bounded above by

A < 0.5824, (2.75)

where the upper bound is the chaos exponent for the MSW3 model.

In the following subsections, we will specialize the above analysis of the two and four-point
functions to the models (2.30)).

2.4.1 I, type

For I, , model, which is also a disordered generalization of D, type model, the superpotential
is:

i1 12

_ijead (D) &) & (2 ai-a 2 2
W = g"72®; /0 )0 + gt 9P pP) (2.76)
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which means the index set Z is

T=1{(21),00,9)}. (2.77)
Following the discussion in Section the field redefinitions of the bilocal superfields give
the equivalent relations
34 MA2J3
)~ S 2.78
Ge)~ (s i

When J;; and Jy, are both non-zero, we use this field redefinition to set
J271 == Jg7q = J, (279)

where J is a dimensionful overall coupling that sets the energy scale of the theory. The
physical observables in the IR (E < J) SCFT are independent of .J.

The conformal dimensions and R-charges of the chiral superfields ®) and ®®) are

qg—1 1

A=qg=——, Ay=qg=—, 2.80
! ! 2q 2 2 q ( )
Specializing the equations (2.60]) for the two-point function coefficients b; and by gives
_ 1
2X\J3 1 biby = T LG b8+ T3 biby = yok (2.81)

When A < 1, all the solutions to (2.81)) violate the unitarity bounds (2.61). When A > £,

27

there is a unique solution to (2.81)) that satisfies the unitarity bounds (2.61)):

M5 i (21 — 1)

20 g2 q g —1)q¢

bl = LOVq 5 b2 = W . (282)
Jg,l (2)\ — 1)2q QEWEQE Jo(iq)\

At X\ = 1/2, the equations (2.81)) imply Jy, = 0, and the theory becomes non-compact. The
formula (2.73)) gives the central charge of the theory

c 3 2 1
— == 1—— —Z ) > =, 2.
woars(im2) (g) 23 289

The kernel of the theory is

(ku k12) _ <2Ab§b2J§71k1(A,€) NBSJ2 Ky (A, €) )

2.84
ka1 koo 2blb%J22’1k2(A,€> q(q — 1))\q71bg<]g’qk32(A,£) , ( )

where k1 (A, £) and ko(A, £) are given in (2.69)). The equation ([2.71)) for the operator spectrum
in the OPE can be explicitly written down as

Am2(2) — 20 + ¢ — Dka(A, 0) — ki (A, €) (X — 2Aq + ¢ + D)ka(A, 0) + 872N)

1
+ 3274\

=0,
(2.85)
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where we have substituted b; and by by using the equations (2.81)).

The chaos exponent A;, can be computed by solving the equation (2.85) with A = 0 and
¢ = X\r. The result is shown in Figure [2]

AL

A = 0.5 (non-compact)

— =1

— X > oo (MSW)

I I I I I
0.24 0.26 0.28 0.30 0.32

\ Ay

Ay

0.05 0.10 0.15 0.20 0.25 0.30

Figure 2: The chaos exponent for the I, (D,) type model as a function of flavor ratio A > 3
and Ay = %. For a fixed A, the chaos exponent grows monotonically in a similar way to the
MSW model (A — o0). For a fixed Ay = %, the chaos exponent decreases with the growth
of \. The dotted red line 0.5824 in the subfigure is the upper bound for the MSW model,
which turns out to be also the upper bound for I, type model. The dots stand for the
integer value of ¢, and extrapolation is used for the general value q.

2.4.2 1373 type
The I35 type (aka E; type) superpotential is:

__ _i1i9i3,a 1) 1) 1) 5,2 ajaza 2 2 2
W = g2ised; Ny Vi) dR) + g1e203 o2 ) p2) (2.86)

i1 42 1 a2 Tag

and we have the index set
T—{(3,1),(0,3)}. (2.87)

Again, the field redefinitions of the bilocal superfields give the equivalent relations

BN (N2
J ~ ’ . 2.88
(Jag) ( N2, (2.88)
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We use it to set the variances of the random couplings to

J3,1 = Jo,g =J. (289)

The conformal dimensions and R-charges of the chiral superfields ®) and ®® are

2 1

Ar=q=5 Do=g=x 2.90
1 q1 97 2 q2 3 ) ( )
The equations (2.60) for the two-point function coefficients b; and by become
1 1
BAJ??,lb?b? = Ma 3)\2ng35§’ + J3271b?bg = m . (291)

When A > 3, there is a unique solution to ([2.91)) that satisfies the unitarity bounds (2.61)):

A—1)3
= BATDE

by E —.
263579 J2,(3\ — 1)8 (67)3\ T3

(2.92)

At A = 1/3, the equations (2.91) imply Jys = 0, and the theory becomes non-compact.
When \ < %, (2.91)) does not admit any unitary solutions. E| From (22.73)), the central charge
of the theory is
c 1
— =24 (A—=| >2. 2.93
=2+ (r-3)2 (2.99)
The kernel of the theory is

k11 k12 6030 N J2 k1 (AL 0) 3DINTE k(AL 0)
= 212 72 312 72 - (2.94)
kot koo 301byJ5 ko (A, £) 6byA*Jg ko (A, £)
The equation (2.71) for the operator spectrum can be explicitly written down as
201 _ _ _ 2
m 8m(1 — 3N ko (A, ) + k1 (A 0) (12X — T)ko (A, £) — 2472N) _0. (2.95)

4874\

We further take a look at the chaos exponent A\;, by solving (2.95) with A = 0 and ¢ = Aj.
The result is shown in Figure [3

2.4.3 1473 type

The I4 3 model has the superpotential

IRy (1) (1) 111 ,a1a (1) (1) 2 2 i,a Q (1) 2 2
LL =g E 3¢i1 e ¢i3 + g 192,41 2¢i1 (Di2 ¢1(11)¢)((12) + g L 4¢)’i (1)((11) e @EM)
ai-a 2 2
g 1 6@((11) [ ®((l6) . (296)

3We thanks Micha Berkooz for discussion on this point.
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0.5824 frmm == === e mmmmm oo mmmmm e mmmo oo
0.58

0.57 -

0.56 {

0.55 4 (1/3,0.5496)

0 20 40 60 80 100

A

Figure 3: The chaos exponent of the I3 3 model as function of \. When A — oo, the chaos
exponent saturates 0.5824. When \ — 1

3, the chaos exponent equals to the non-compact
lower bound 0.5496.

The index set is Z = {(3,0), (2,2), (1,4) (0,6)}. The field redefinitions of the bilocal super-
fields give the equivalent relations

J??,O )\i’ 0 0 O J32,0

By | [sax a0 oo || 207
J1274 3&2)\1 2&)\1)\% )\1)\421 0 J1274 ’
J&G a®  a®Ai aly S Jgﬁ

We find a combination that is invariant under the above transformation

: 3 (4 — 374 T30)"
U= 7 — ol (2.98)
(J39 —3J%,4T30) [2J26,2 —9JF T30 50 + 27056 T30 — 2 (J§,2 - 3J12,4J§,0) 2]

Hence, in the IR, there is a one-dimensional conformal manifold parameterized by u. Equiva-
lently, one can use the equivalence relation to set the variances of the random couplings
to

Jia=0, Jso=Jog=J, Jaa=ul, (2.99)

20



where J is an overall dimensionful coupling. At u = 0, the theory factories into a tensor
product of a MSW3 model and a MSWg model. The parameter u can be regarded as the
coupling between the MSW3 and the MSW¢ models.

Another interesting limit is © — co. To properly take this limit, we apply the transfor-
mation (2.97) with @ =0, \; = ©~3, and Ay = u~3 on (2.99), and find
J174 = O, J370 = J076 = u_lJ, J272 =J. (2100)
Hence, the theory becomes non-compact in the limit u — oo.

The conformal dimensions of the chiral superfields are

1 1
A==, Ay=—. 2.101
1 37 2 6 ( )
The two-point function coefficients b; and b, satisfy the equation
1
2A2J3,b505 + ANTT 4biby + 3500 = —
i (2.102)
6N J3 6bS + 20 J3 b33 + 4N T2 b1 by = ol
b b I ,7-‘-

The equations admit one or zero solution that satisfies the unitarity bounds
depending on the values of A and u. It is hard to determine the precise region for the
existence of a unitary solution. We have tested numerically that a unitary solution exists for
all values of A\, u > 0.

The ladder kernel is

(kll k12)
k21 k22

_(2b] (b%)\zJi2 + 3b1J§70) ki(Al) 4b3by \? (b§/\2J1274 + b1J22?2) ki(Al)
—\4b3A (b%)?JfA + b1J2272) ko(A, 1) 203\ (156‘21)\4(]376 + 6b1 D3N T, + b%JQ%Q) ko (AL))
(2.103)
The equation (2.71) for the operator spectrum can be explicitly written down as
5N+ 8)k1 (A, L
g(u) <2)\k1(A7£) + ka(A, 1) (8 - (BA+ 2) 21( ’ )>)
T
N (k1(A, 0) — 27?) (5ko(A, €) — 4n?) 0 (2.104)

8
g(u) = bibo u*J?,
where b; and by can be solved by the equations (2.102)), and g(u) is a function of only the
variable u. For general A\, g(u) is a complicated function, and becomes simple when A = 1

as
1

u = .
g(u)],_, e (%23 +2> (2.105)
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The OPE spectrum depends on w only through the function g(u). The formula (2.73))
gives the central charge of the theory:

c

— = 1+2)
NT L (2.106)

The central charge is independent of the g(u) even though the ladder kernel function is the
function of the parameters. However, the chaos exponent, equivalently the Regge intercept
of the theory, is the function of these parameters. When g(u) = 0, the two models decouple,
hence one finds two roots corresponding to chaos exponent for the MSWj3 and the MSW,
respectively.

AL

0.581

0.56 f

0.54 {

0.52

(00,0.5068) —e

1 1 1 1

20 40 60 80 100

Figure 4: The chaos exponent of the I;3 model as function of A when g(u) = 1. When
A — 0, the chaos exponent saturates the bound (2.75)), when A — oo, the chaos exponent
goes to the one of the MSW.

To see the dependence between the exactly marginal deformation and chaos exponent, we
first set A = 1, then g(u) = b?b3u?J?. One can then solve by, by from the simplified equations
numerically as function of u. Together with , we find the relation between u
and Az, as shown in Fig.

22



0.57

0.56

0.55

0.54

(00,0.5379) —e
| | | | u
1 2 3 4

Figure 5: The chaos exponent of the I, 3 model as function of © when A = 1. When u = 0,
the model becomes decoupled MSW3 and MSWjy with the chaos exponent equals to 0.5824.
When increasing u, A\; decreases and becomes the value 0.5379 of a non-compact model
when u — co. The chaos exponent depends on v weakly when u > 27333 ~v 1.37, where the

Zamolochikov metric in (2.132]) becomes negative.

2.4.4 I3, type

The II3 4 model has the superpotential:

_ irigar (1) (1) (2 i1,a1--a1 g (1) §, (2 2
W = gisng ). .. op o) 4 ghiorag VR ... ¢l (2.107)
We have the index set to be
T—{(3,1),(1,4)}, (2.108)
and the conformal dimensions and R-charges are given by:
3 2
A= — = —. 2.109
1 11 ) 2 11 ( )
The two-point function coefficients satisfy the equations
1 1
BAJ3 103y + AT 4biby = s J31b3by + AN 7 4 biby = el (2.110)

When 4 > \ > %, the equations (2.110]) admit a unique solution that satisfies the unitarity
bounds (2.61). At A = %, the equations (2.110) imply J1 4 = 0, and at A\ = 4, the equations
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(2.110) imply J5; = 0. The model is non-compact at both of these two points. When A > 4
or A < %, 2.110]) does not have any unitary solution.
The kernel of the theory is

ki ki) 6030 N J3 1 K1 (A, L) 3bINJT3 (ki (A, £) + 4DTHINYTT k1 (A, £)
Koy kas) 3b303J3 1 ko (A, 0) + 4b3NPJT yko (A, 0) 12616503 JF k2 (A, €) ‘
(2.111)
From Eq.(2.73)), we can obtain the central charge is
c 3
— = — 2.112
N 11 (547N ( )

The OPE spectrum can be explicitly written out:

3(—4+ A) 3— 9\ —32+9(8 — 3A)A

= = 2.113
2972 kl( 76) + 1172\ kQ(Ay E) + 17671'4)\ kl(A’ E)kQ(A’ E) 0 ( )

1+

The chaos exponent is shown in Fig. ()

AL

0.555

T

05501 (1/3,0.5514)

0.545

T

0.540 +
0.535 F
0.530

0.595 (4,0.5261)

T

1 1 1 1 1 A
0 1 2 3 4 )

Figure 6: The chaos exponent as function of A in the type II34 theory. When A = 1/3 and
4, the model is non-compact.
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2.5 Two-sphere partition function and two-point functions

The two-sphere partition function of the Landau-Ginzburg models can be computed by
supersymmetric localization [32|. Consider a theory with N chiral superfields ®; for i =
1,--+, N and a superpotential W (®,), the infinite-dimensional path integral localizes onto
constant field configurations and becomes a finite-dimensional integral

7 — / (H d(ﬁzng) 6747rirW(¢i)747rirW($i) ’ (2114)

where 7 is the radius of the two-sphere, and ¢;, 52 are the bottom components of the chiral and
anti-chiral superfields &;, &)i, respectively. The integration contour of the integral
is defined along the half-dimensional space given by ¢' = ¢ inside the space C2V of the
variables ¢;’s and QE“S. A common method to evaluate the integral is to decompose the
contour as a sum over Lefschetz thimbles by the Picard-Lefschetz theory (see Appendix D
in [34]).

This result has been generalized to extremal correlators on the two-sphere [33,34], which
is an n-point function of n — 1 chiral operators inserted at arbitrary points on the two-sphere
and one anti-chiral operator inserted at the south pole. For instance, the two-point function
of a chiral operator O at the north pole and an anti-chiral operator O at the south pole is
computed by

<6O>82 _ %/ (Hd¢zd$l> 60ef4ﬂirW(¢i)f47rirW($i) ) (2115)

When the IR theory is an SCFT, the correlation functions on S? can be conformally mapped
to the correlation functions on R2. In particular, the two-point function on the two-sphere
is related to that on the plane by

(2)**(00) . = lim [2**(O(@)O(0) )z (2.116)

Now, let us apply supersymmetric localization to the disordered Landau-Ginzburg models
with the superpotential (2.3]). The disorder-averaged two-sphere partition function is

NP1+ APl I,

1 N A -, M g M Gt et _
Z= N/( II a9 I”dgp,hmfn) € B 2(g.9),
Tty (2.117)

s N S

NP1+ In _
_ IR Xy gz 9p Ip.Iy--In
N—/( ” dg, ndgp,h---ln)e b )
I

1y dn,p

where Z(g, g) is the two-sphere partition function with fixed coupling constants gI{l"'I" and
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Gp.1,-1,,- Using supersymmetric localization, Z(g, g) is computed by the integral

Z(9,9) = / <HHd¢£a)da(a),i> exp l— Amir Z 11 I (¢(1)) _(¢g:))pn

p=(p1,,pn)ET

(2.118)
— 4qrir Z Gty 1, (¢(1)»Il P (¢(n)»ln>pn] _
p=(p1,+,pn)€T
Recall our notation I, = (i1, - ,14,,) and (qﬁgj))Pa = (/51(?) e ¢Z(,Z)_ Performing the g}{l"'ln and

Op.1,--1,, integrals first, we find

= / <H H d(ﬁga)d(g(a),i) exp [_167T2V(¢§a)’ 5(““) 7
-~ a 1 2J2 N (2119>
V(¢Ea), Qﬁ(a)ﬂ) - Z W(¢(l qb(l ) . (¢(n)¢(”))pn

pE(pl?"' 7pn)€I

Note that since the functlon V(ng (@) 5@) with ¢@4 = (¢\))* is real and bounded from
below, and the integral (2.119) is much easier to compute than the integral (2.114)) for
non-disordered theoriesﬁ The integral can be further simplified as

27 IN,—1 167T2T2J§ 2p -
2= [l i) en |- S G )

(plv'“ 7Pn)€I

p

where we have used the spherical coordinates with the radius R? = gb(“)a(a).
The disorder-averaged sphere two-point function is

NP1+ FPn—1 Iy..Ip

<60>82:/\%/< H dg;gl T dgp 1, . 1n> e_z”#gz’ Ip.Iy++In
/(HHd% 4§ 60

X exp [— 4dmir Z Il I"(Cb[l - (¢§:))pn

p=(p1,,pn)EL

(2.121)

— 4mir Z §p711.“1n(<’5(1),11 P (g(n),ln)pn

p=(p1,,pn)EL

Note that (2.121)) is more precisely an annealed disordered sphere two-point function, mean-
ing that the disorder averages in the numerator and denominator are performed separately.

4We thank Sungjay Lee for a discussion on this point.
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This definition allows us to compute the two-point functions exactly in the following exam-
ples.

As discussed in the previous subsection, the variances that cannot be fixed by field
redefinitions parameterize the IR conformal manifold. Similar to the non-disordered model
in [4133], we can compute the Zamolodchikov metric of the IR conformal manifold by taking
derivatives of the two-sphere partition function as

Iprpr = —0,, 0, log Z . (2.122)

In the following, we compute the two-sphere partition functions and the two-point func-
tions of chiral superfields in the MSW, Iy ,, and I3 3 model, and compute the Zamolodchikov
metric of the I, 3 model.

Supersymmetric localization in the MSW, [,,, and I33 models The two-sphere
partition function of the MSW model with the superpotential (2.26) is

Znisw, = %/ ( | H dgil"'ingil.,.iq>e_Nj2_1|gi1».4iq|2 / (Hd@d&)
X exp (7—:7rirg“"'iq¢1 Qi — 4mrgi1...@-q251 e &q)
(L) e (-5 0 @

1675 NY TR (X
q
TN+ 1)

Next, we compute the disorder-averaged sphere two-point function,

i MSWq _ 1 i1ig 17 S NI gt ial2 i
<¢ QSJ NZMSWq / (z Hz " dgilmiq)e o / <H oo >
« (gl(bj exp (—47Ti7”gi1miq(]51 C. (biq — 47Ti7’§i1...iq(gl T 51}1) (2_124)

o (52)

16imaJaNireD (%) '

In the large N limit, the result becomes

>MSWq 5;

(d'¢; = +O(NY. (2.125)



Mapping the two-point function from S? to R? using (2.116]), we find

(0))gs " = % +ONY. (2.126)

QSZ( )¢J 2 1 2 2
< (2m)apaJa|x|s

We see that our result here nicely agrees with (2.33) and (2.34) from summing over the
melonic diagrams using the Schwinger-Dyson equation.

Now, let us perform the same computation for the I, ; and I3 3 models. For the I, ; model,
we find

Ng(g—2)+Nq N1(g+1)+2No(g—1) B Ny —2Ng
RN TR () 1 (2 ()
ZI2,q - 2N (q—1)+4Ng+q N ’
2 q qF (Nl) r (NQ) (TJ2’1> !
1 1(01_ 1
oy iU e g o (2ag) )
(oW ¢ = 0; , (2.127)

I (%) r <2N22qN1> (rJ2,1)

N%IF (2N2—N1+2>

2q

<;Z§(2),a¢é >1822q — 5(1

Y

16070 NoT (295220 ) ()

where the two-point functions in the large N limit agree with the previous result ([2.82))
computed by solving the Schwinger-Dyson equations.

For the I3 3 model, we find

1
é(5N1+3N2)N1§(7N1+6N2)F

213,3 =

(
95 (2N1+3N2) g (N,
)

Ni+1 3N>—N1—1 TJO,S %
T Al s 1 €9,

(2.128)

<¢(2 agb@ >133_5a P( 9 -
I ( :

where the two-point functions in the large N limit agree with the previous result ([2.92))
computed by solving the Schwinger-Dyson equations.

Zamolodchikov metric of the I3 model Let us compute the two-sphere partition
function of the I, 3 model. For simplicity, we focus on the case N; = Ny = N, and use the
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parametrization of the variances (2.99)). The formula (2.119) gives
ZI4,3 — / <Hd¢z(1)d€g(1),l Hd(b((f)dgg@),a) eXp{ . 167T |: (¢(1)¢(1) )

2T2J2
N3

+ o (0P (6P + ’fv—‘fw%@%af] } (2129)

_ 2NN2N/ / dRydRy RN~ 1R2 167167r2Nr2J2(R5+u2R2R2+R3)

where we have changed the integration variables as ¢§ ¢(1) * = NR; and (ba = NvVR
The integral in the large N limit can be evaluated using the saddle point approxnnatlon.
The result is

7T2

2% 2,2 (2%u2 + 3)

3 1
log Z1,, = N | 5 + - log

5135 + O(N"). (2.130)

For a consistency check, we take u = 0 of log Z1, , and find that it factorizes to a sum of the
log of the partition functions of the MSW3 and the MSWg models in in the large N
limit,

log 71, , |u:0 = log Zysw, + 1og Zyvswy - (2.131)

Taking u-derivatives, we compute the Zamolodchikov metric,
PlogZ _ |\ 325 —2x 20’
du? (3+23u2)2

Curiously, note that the metric g,, vanishes at u = 2_%3%, and becomes negative when
u> 27332,

Since the random couplings gI1 In in the superpotential (2.3]) are complex, it is tempting
to replace the variance Jg in . 2.5)) by Jpjp for a complex J,. This leads to the replacement
of u? by uw in the two-sphere partition function (2.130). Now, the conformal manifold is

complex one-dimensional, and we find the metric
3N
23 (34 25uti)?

Gua = (2.133)
which is the metric of a round two-sphere of radius y/N/2. However, since u always appears
in the combination uu, we do not know how to probe the angular direction on the conformal
manifold.

We have seen that the theory becomes non-compact in the u — oo limit. The u = oo
point is at infinity on the conformal manifold with respect to the metric (2.132)), but at a
finite distance with respect to the metric (2.132)).
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3 Disordered gauged linear sigma models

Let us start by reviewing some basics of the gauge linear sigma models following [35] to set
up our convention and notation, and along the way introduce the disordered couplings to
the theory. Consider a U(1) gauge theory with chiral superfields Cbgl) fore =1,---,N of
charge 1 and o for a = 1,--+, M of charge —q. The U(1) gauge field and its superpartners
form a vector superfield V', or equivalently a twisted chiral superfield ¥ = %Eﬁv. The
(Euclidean) Lagrangian density of the model is

L = Lyn + Lw + Ly,

Lign = /d40 <<I> WiV 4 §@rag-2a-Vp® 4 4%@2) |
e

3.1
Ly = —/d20 W(c1><1>,c1><2>)) _ —he, (3.1)
6=6=0
= gt ~ it —
Ly =— [ dfdb ﬁz\ézézg + [ dodo ﬁz\gzgzo.
The superpotential W is a homogeneous polynomial given by
W (@D, @) = PGe(eM) = gh-inap® ... pMe? (3.2)

where the coupling constants g, ...;, is a Gaussian random variable with mean and variance

o J? i i
<gll"'ZQ7a> — O’ <g“ “ig, agﬂl s b> — m525](1 . 6],3) . (33)

Ly is the Fayet-Iliopoulos term. After integrating out the Grassmann coordinates, it be-
comes

6

Ly =1D + : —Fy, (3.4)

2m

where t = ir + % is the Fayet-Iliopoulos parameter.

After integrating out the auxiliary fields, the potential for the bosonic fields is

L R0 S TS o)) 3

1
i=1 [a=1 a¢()

aG(9%) (3.5)

with
N M
¢’ (Z 12— g Y o2~ ) , (3.6)
i=1 a=1

where ¢§1> and ¢§f) denote the bottom components of the chiral superfields <1>§” and <I>((12)
For generic couplings g, ...i,.«, the polynomials Go(oW) satisfy the “transverse” condition, i.e.
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for any (gb?), e 551)) # (0,---,0), the equations

M
8Ga
o) =0= 3o 2l 37)
a=1
have a common solution only for ¢§1) == gbg\l,) = (0. Note that the transverse condition is

different from the compactness condition (2.22)), (2.23)) of the disordered Landau-Ginzburg
models.

Let us analyze the low energy physics of the model. First, we assume r > 0. Vanishing
of the D-term (D = 0) requires qﬁgl) cannot all vanish. The transverse condition then implies

2 =0. Hence, vanishing of the potential U gives

N
STV =r, GUeW) = 0. (3.8)
=1

We further divide the space of solutions of by the U(1) gauge transformation, i.e.
imposing the identification ¢§1) = ¢§1)ew. Therefore, the classical moduli space X is an
intersection of hypersurfaces H, = {G4(¢V)) = 0} inside the complex project space CPY ™!
with the projective coordinates ¢§1). After integrating out the massive fields gf)((f), the low
energy effective theory is a sigma model with target space X.

Next, we consider the case r < 0. Vanishing of the D-term requires (;5((12) cannot all vanish.
The transverse condition then implies gbz(l) = 0. The classical moduli space is then a CPM !
with the projective coordinates gbaz . For ¢ > 2, the massless ﬁelds are the qbgl) and the
oscillations tangent to the CPM~!. For ¢ = 2, some parts of the ¢ become massive. The

low energy effective theory is a hybrid Landau-Ginzburg/sigma model on a vector bundle
over CPM~1,

We will be particularly interested in the case when the IR theory is a CFT. The N = 2
superconformal algebra contains a U(1)g affine Lie algebra. However, in general, the axial
part U(1), x U(1)g R-symmetry is broken quantum mechanically due to a mixed anomaly
with the U(1) gauge symmetry. Vanishing of such an anomaly requires

(3.9)

It is expected that the IR theory is a CFT when the condition is met. When r > 0,
this condition also implies that the classical moduli space X is a Calabi-Yau manifold;
hence, the IR CFT is a Calabi-Yau sigma model. The space of the Calabi-Yau manifold X
becomes the conformal manifold of the IR CFT. In particular, the complex structure moduli
of X is parametrized by the Gaussian random coupling constants g;,..;, » With mean and
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variance given in (3.3). The ensemble average over g, ..;,,« becomes an average of the Calabi-
Yau sigma models over the part of the conformal manifold corresponding to the complex
structure moduli.

The theory is solvable in the large N limit:

M
N — oo, )\EW, q, t, J, p=eVvN, (3.10)
where the last two parameters J, u have classical dimension one, and the other parameters
are dimensionless. We relax the condition (3.9) so that A and ¢ are independent parameters.

We focus on the two-point functions of the chiral superfields,
(W Z)\)(Zs)) = 6iGem ((12)),  (DP(Z)) 7 (Zs)) = 65 Gam ((12)) . (3.11)

They satisfy the same Schwinger-Dyson equations as the disordered Landau-Ginzburg
models. We note that, in the leading order of the large N limit , the propagators of
the chiral superfields do not receive corrections from the loops involving the gauge field and
its superpartners. It is similar to the case of the quantum electrodynamics (QED) or the
CP"~! model in two or three dimensions, where the matter propagators also do not receive
loop corrections from the gauge fields in the leading order large N limit.

In the low energy limit £ < J, we consider the same conformal ansatz (2.58]). The
Schwinger-Dyson equations ([2.56)) imply

gAL + Dy =1, )\:3, JQb‘{b2:4i7T2. (3.12)
Note importantly that we have reproduced the condition for the absence of U(1), sym-
metry anomaly, which gives evidence for the IR conformal fixed point. This gives additional
evidence that when (3.9) is satisfied the IR theory is conformal. The dimensions A; and A,
for the chiral superfields are undetermined and constrained only by the linear equation in
. This does not imply that the theory is short of determinability because the chiral su-
perfields @) and ®® are not gauge invariant operators. The only constraint on the scaling
dimensions is that to ensure the self-energy dominates in IR, the scaling dimension of ®()
should satisfy A, € (0, 7).

The natural next step is to study the four-point function of the superfields ®® and CTD(“),
and extract the OPE spectrum and the chaos exponent. However, since the ®® and @
are not gauge invariant operators, the interpretation of these quantities is subtle. We leave
the analysis for future work.
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4 Summary and discussion

In this paper, we studied N' = (2,2) supersymmetric field theories with random couplings
in the superpotential.

1. We introduced the disordered Landau-Ginzburg models, which generalize the Murugan-
Stanford-Witten model by including more families of chiral superfields. The models
follow a similar classification as the non-disordered Landau-Ginzburg models. In par-
ticular, with two families of chiral superfields, the model are classified as type I;; and
I, with R-charges given in (2.27) and ([2.28).

2. We analyzed the models I 4, I3 3, 143, and II5 4. From the two and four-point functions
computed exactly in the large NV limit, we extracted the conformal dimensions of the
chiral superfields A; and A,, the central charge ¢, and the chaos exponent A;. The
former two agree with the expectation from the IR superconformal field theories.

3. The chaos exponent \;, depends on the ratio A of the numbers of chiral superfields in
each families. For the examples we studied, we plotted Ay against A in Figures [2] [3]
M and [6] From these data, we proposed a universal upper bound A, < 0.5824 for the
chaos exponents in the unitary disordered Landau-Ginzburg models.

4. We computed the partition functions and two-point correlation functions of the dis-
ordered Landau-Ginzburg models on a two-sphere using supersymmetric localization.
In the large N limit, we showed that the results on the two-point function coefficients
for the MSW, I, ,, and I3 3 models nicely agree with those computed by summing over
melonic diagrams. We also computed the Zamolodchikov metric for the I, 3 model.

5. We introduced the disordered gauged linear sigma models, and showed that with a
positive Fayet-Iliopoulos parameter and an anomalous free U(1)g symmetry, they flow
to the ensemble averages of Calabi-Yau sigma models over complex structure moduli.

It is important to extend our analysis of the disordered gauged linear sigma models to
the four-point functions, from which we can extract many physical quantities such as the
OPE spectrum and the chaos exponent. This would give as valuable information about the
ensemble averages of Calabi-Yau sigma models. In Section [3 the average over the coupling
constants in the gauged linear sigma models was performed with a Gaussian distribution.
It would be more natural to consider instead the average with a measure implied by the
Zamolodchikov metric on the conformal manifold following [42—44].E] In the IR Calabi-Yau

5We thank the SciPost referee for comments on this point.
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sigma models, on the part of the conformal manifold corresponding to the complex structure
moduli space of the Calabi-Yau target space, the Zamolodchikov metric at one-loop order in
the large volume limit is the Weil-Petersson metric [45].

In [46], the ensemble average of Calabi-Yau sigma models over complex structure moduli
in the large volume limit with an uniform distribution was studied. It was found that the
averaged spectrum of scalar local operators exhibits the same statistical properties as the
Gaussian orthogonal ensemble of random matrix theory. It would be interesting to compare
their result with the OPE spectrum in our model.

Our studies on the disordered Landau-Ginzburg models can be straightforwardly gener-
alized to higher dimensions. In three dimensions, the superpotential can be at most cubic in
order for the theories to flow to nontrivial superconformal fixed points. With three or more
families of chiral superfields, the disordered cubic superpotentials would have some random
couplings whose variances are not fixed by field definitions, and the IR theories would exhibit
nontrivial conformal manifolds. The OPE spectrum as a function of the coordinates on the
conformal manifold could provide nontrivial data for testing the CF'T distance conjecture
in [47].
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A N = (2,2) superspace

The N = (2,2) superspace has the holomorphic and anti-holomorphic coordinates

Syl

(2,0.0), (%0,0). (A.1)
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The super-derivatives are

9 -9  — o -
D:— - D:—,
a6 "V 26 Vs
p=-2 42 p-_9 42
00 0z 00 0z

o -0 — 0 =
o Y0 o Yoz
~ 0 0 = 0 0
Q__a_é Qaa Q——£+9£

The integration measure for the superspace is defined as
d*0 = dhdo, d*G = dbdo .

A chiral superfield ® satisfies the condition

D®=0=D9%,
and an anti-chiral superfield ® satisfies the condition
D®=0=Dd.

Hence, the chiral superfield ® depends only on the coordinates

Z:(y7g797‘§>7 y22+9§, §:2+§§,

and the anti-chiral superfield d depends only on the coordinates

Z =y,

Syl

2

nlll

The super-distances are defined as the combinations

<12> =01 —Y2— 251927 <12> = 171 — Y2 — 29:19_27

which are annihilated by all the supercharges Q1 + Qo, @1 + @27 Q) + Qs 51 + 52.
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B Two dimensional superconformal partial wave

When expanding the four point function in the basis of superconformal partial waves, one

(Ea, Fo) Zas(u,v)
F— / AZ7 m— H7 B.1

Z KB, GasZad) B
The principal series for the A/ = 2 superconformal partial waves have conformal dimension

A = 1is,s € R. There are some related works about the bosonic partial waves in general d
dimensions, see [25,48,49].

has:

One has two quantities to evaluate from the above expression: the inner product between
zero rung ladder and conformal partial waves (=a ¢, Fo) and the norm of superconformal par-
tial waves (Za ¢, ZEa ). Our strategy is to use known relations between superconformal blocks
and bosonic blocks which enable us to deduce the relationship between the superconformal
partial waves and bosonic conformal partial waves.

The superconformal partial wave is a linear superposition of superconformal blocks:
En(2,2) = S5 Gau(2,2) + Saubx (2, 2) (B.2)

Sa, are some coefficients determined by A and /¢, and A = —A is the 2 dimensional super-
shadow of A. By using the shadow symmetry, we can unfold the integral:

~A€7f0> SaGn(z %) / pMFTgAZ<Z z)
E E ds B.3
7o / k(A L) (EaeEa) k(A 0) (B.3)

where we have defined:

<EA74’ ]:0>SA V4
PMFT = —== (B.4)
(EaeZae)
as the mean field spectral function. When z, Z — 0, the superconformal block with 4 identical
operator relates bosonic conformal block by

_ I 11
Gnu(z,2) = MGAH (2, 2) (B.5)
Gﬁf’A“ is the bosonic conformal block in the four point function with primaries A,,a =
1,---,4, and Ap = A1 —Ay, A3y = A3—A,. The relation enables us to write superconformal

partial waves in terms with bosonic conformal blocks:

- _ 1 - - - _
‘:‘A7é(zv z) = m (SAEGZJJ,K(Z? Z) + SA,KG}LAl,e(Zv Z)) (B'G)
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on the other hand, since the linear combination of blocks appears in the superconformal
partial wave, we must have

- _ 1 - _
Eas(z,2) = MN(A’ f)@kﬁ}e(z, ) (B.7)

here \Ilﬁlf’A‘“"‘ is conformal partial waves in the four point function with primaries A,,a =
1,---,4, which can be expressed as the linear combination as the bosonic conformal block:

A12,A34 @34 vA12,A34 Aq2 ¥A12,A34

A = 2 — A is the bosonic shadow of A. N(A, /) is the normalization coefficient, which
relates the Sa ¢ and Say by:

Sae=N(A, 0S4 (B.9)

The shadow coefficient is given by:

DA+ —1)T (3+A234+4) T (3_%34“)

Azq _ _ B.10
Al F(A + K)F (A+A234+e) T (A—A234+€) ( )
the normalization of the superconformal partial waves follows from the bosonic case:
— — 1ol 1 1,—-1 1 1,—1
<:.A7g, :.Ar’g/> = N(A, E)N (A" 1) —\I/A’_’_Lg, _\IJA’/_i_l,El
2] 2] SUSY
1,-1 (B.11)

= N(A,ON (A ) (U5 0 TR )
= N(A, E)QTLA_HJQW(S (8 - 8/) (Sgg/,

Bosonic

here we denote (, )susy and (, ) Bosonic a8 SUSY /bosonic invariant inner product under properly
gauge fixing, for the detail of measure after gauge fixing, refer to [25]:

1 1 12— 4=
(F, G)SUSY:/dZZmFG:/dQZWOZ’F)(‘Z’G) = (|2|F, |21 D)pazmd™

(B.12)
na, is the normalization coefficients in 2d bosonic conformal partial wave:
AL = volv(()slcgfcj_Z)1)) e _;):;(g - 132(6 td-2) L (A=A -g)
_ 2T (0+ 4) 2 (A+€—1)(A+£—1)FE§1—3)1)F(A_1)

We need not care about the expression of N'(A, ¢), since it cancels in the calculation of pypr
in the following context. Let us now consider the superconformal zero rung laddder diagram.
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For simplicity, we fix the gauge to be (®(0)®(z)®(1)®(cc)). Under this gauge, the zero rung
ladder becomes |z|?2®. The inner product is given as:

Eae Fo) = N(A, ) < :

M‘I’ZI,@ IZIQA“’> = N (A (TR0 P2 ) Boonic (B.14)

SUSY
Within the new gauge set up & = {x; = 0,29 = 1,25 = o0}, one can evaluate the above

inner product as:

(En s Fo) _/ Py - dPag |Tg| A TR gy AT (\x14|)A21 (I:zm\)A34 o N )FHﬁ
5 0/ = 1y e - 5
’ vol(50(2,2)) |12|*|23a]* |23 | 213 A+l T 0

&
(B.15)
in our definition,
Arz,A d T Y
Wy ™ = / d®xs = - - —Cy(n)  (B.16)
) |$25’A2+A AN ’$15|A1+A Az |1735|A3+A_A4 |ZE45|A4+A_A3
where
J J ool n-m
In|”|m|”C; Tl = (n**-.-n" — traces ) (my, ---m,, — traces) (B.17)
nllm
and
n= |2 15] |was] | 235 | 245 (@ _ %) ) (% B %) _ I T34 (B.18)
|12 |34] at; @3 w3 i) e |34]
And the zero rung ladder under the gauge is normalized as:
204 204
PR e 271 (B.19)

B |3013|2A‘I>‘$24|2A“I>

Inserting Eq.(B.16)(B.17)(B.18)(B.19) into Eq.(B.15)), we have:

205 —A—2 N 7. =
22y (-1)C, (1 ‘7”) = N(8,07(a, 0

2
<EA7g,.F[)> == N(A,f); /d2$3d2l'4

|4 *w5[*R2[1 — @y[?20 |34]
(B.20)
% comes from the Berzinian under this gauge. The integral can be evaluated as:
2 |x34|2Aq>7A72 - T. .2—7’34
= | dPasd? ~1)'C | —
R e e e
2 o o |wgg[PReT AT () ahs — traces)
= %/d Ly3d x4 a2 = Tas P [T — g (€u, -~ -€,, — traces )
2 A/ o it alt — traces
= %F(A(b —1- 5 - 5, —Aq>,£> (6#1 €y traces )/d $4|x4|A+£+2|1 — x4|2A<1>
=—FAs—1——=—=, =D, ) F(—— — = — 1,—As,0)Cy(1 B.21
ZF(B0 1= 5 = £~ An OF (-5 = £ = 1, -0, 0)C(1) (B.21)
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where

sin7(a + s) Fla+ 1)+ D (a+s+1)

. B.22
"Snma+b+s+ D)(a+b+2)T(a+b+s+2)T(—b) (B-22)

F(a,b,s) =

~ 1
Ci(1) = (e" - -- el — traces ) (e, ---e,, — traces ) = 5 (B.23)

Since we have collected all the necessary data, we can get the spectral coefficient function:

(Ean Fo)Sae N OT(A OS5 T(AOSE!

pr = ENEN S N(A, 0P natiy N Na+Le
1
= — 21 2Betl g (ﬁw(A — 0+ 2Aq>)) sin ( (A -1 — 2A<I>))

F(1—As) T (3(1=A+0))T (2(A+0)
[(Ae)T (32— A+0)T (3(1+A+10))
I'(—2 —L+As) T (3(-A+0) + Ag)

F(32—A—0—20))T (52— A+ —2As))

(B.24)

X

C Two dimensional central charge

Under the gauge {0; = 6, = 3 = 6, = 0}, the superconformal block expansion of four point
function for identical complex scalar reads:

‘_ o <_€5 (1) & (72 >
01=02=03=0,=0 <¢ (3:1 332 ><¢ xS >>

W(Xl,XQ,Xg,X4) Z |C@§O|QQA7€<U7U)

Ocdxd

(C.1)

The superconformal block can be regarded as linear superposition of conformal block:

Gar=Gar+ai1(A,0)Gas1 41 + a2(A, 0)Gayr—1 + az(A, 0)Gayoyp (C.2)
(A+7)
) = ————
AL+ )
_(A=9
T Ny (C3)
(A+0)(A=2)
a3 =

I6(A+0+1)(A—=0+1)
notice that when (A, /¢) = (1,1), as = ag = 0. In the limit of v — 0,v — 1, the conformal
block goes to:

Gas(u,v) — u (1 — ) (C4)




By using the OPE, we have the contribution from stress tensor in the above four point

function:
Coar VA ((urv—1% 1\ _ (1) ¢ (1) b (23) (a2))
1+ = - = = — (C.5)
c U v duv 2 <¢ (z1) <I2)> <¢ (z3) ¢ (x4)>
compare with the linear combination of superconformal blocks, we have:
2
C,
2
(8,0 Crgr]” = ¢§T| Vi (C.6)
where the Ward identity fixes the OPE coefficient |Cy,r|:
Ag
Csor| = — C.7
Chorl = = ()
together with Eq.(C.3)) and Eq.(C.6|), we have:
12A2
c= — (C.8)
|C§¢R‘2
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