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Abstract

Tensor cross interpolation (TCI) is a powerful technique for learning a tensor
train (TT) by adaptively sampling a target tensor based on an interpolation
formula. However, when the tensor evaluations contain random noise, opti-
mizing the TT is more advantageous than interpolating the noise. Here, we
propose a new method that starts with an initial guess of TT and optimizes it
using non-linear least-squares by fitting it to measured points obtained from
TCI. We use quantics TCI (QTCI) in this method and demonstrate its effec-
tiveness on sine and two-time correlation functions, with each evaluated with
random noise. The resulting TT-QTT exhibits increased robustness against
noise compared to the QTCI method. Furthermore, we employ this opti-
mized TT-QTT of the correlation function in quantum simulation based on
pseudo-imaginary-time evolution, resulting in ground-state energy with higher
accuracy than the QTCI or Monte Carlo methods.
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1 Introduction

Tensor networks have emerged as a powerful technique for e ciently representing state vec-
tors with exponentially large dimensions, originating from quantum many-body physics. In
recent years, their applications have expanded to diverse elds, including image compres-
sion—{?} [1], machine learning [2, 3], solving partial di erential equations - [4{8], chemical
master equation- [9], quantum eld theory - [10{12], and nance- [13, 14]. The success of
tensor networks in these domains can be attributed to the inherent low-rank structure of
the target tensors.

This hidden structure enables the e cient compression of high-dimensional tensor
objects with numerous elements and computations using a key technique called tensor cross

method that builds tensor trains (TTs) by adaptively sampling target tensors with a low-
rank structure according to specic rules. Unlike singular value decomposition, which
requires access to full tensors, TCI only needs a subset of the tensors, making it highly
advantageous. TCI o ers a promising approach for solving high-dimensional problems
with low-rank structures and can potentially serve as an alternative to the Monte Carlo

However, when TCI is applied to tensors whose entries are a ected by random noise
during evaluation, its e ectiveness becomes uncertain. This is because TCI interpolates
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the noise at the chosen points, leading to over tting. This situation is particularly relevant

in practical applications, such as quantum computing or Monte Carlo simulations, where
statistical errors are unavoidable when measuring expectation values. In quantum com-
puting, which is the main application of this study, shot noise arises from the nite number
of measurements needed to compute the expectation values of an observable. This noise
can lead to inaccuracies in the tensor elements and subsequently a ect the quality of the
TT approximation obtained through TCI. Therefore, the presence of noise in tensor eval-
uations raises questions about the robustness and reliability of TCI in practical scenarios.
A recent study- [18] has investigated the e ect of noise in TCI, while previous research has
employed an error-mitigated technique such as supervised machine learning, using qubit
measurement results as training data in quantum state tomography with TCI [19].

Here, we propose a new method for optimizing TTs that is more advantageous than
interpolating noise on chosen tensors. Speci cally, we start with an initial guess of TT and
optimize it by tting it to the measured points obtained from TCI by using the non-linear
least-squares method. These measured points served for tting collectively capture the
global structure of the target function. This optimization process allows us to mitigate the
e ect of noise and get the optimized TT that correctly approximates noise-free functions.
To demonstrate the e ectiveness of our proposed method, we combine it with quantics
TCI (QTCI) - [20] and apply it to two di erent functions with continuous variables: a sine
function and a two-time correlation function. In both cases, we show that our method
achieves higher precision compared to the QTCI method (see Figs. 3 and 7). Finally,
we apply our proposed method to quantum simulation based on pseudo-imaginary-time
evolution for calculating the ground-state energy. Our proposed method yields a more
accurate ground-state energy than those obtained using QTCI or Monte Carlo methods
(see Fig. 6). Our results demonstrate that our proposed method enables robust learning
TTs from functions under the in uence of noise

Section 3 introduces TCI for building TTs by adaptive sampling of target tensors Sectlon 4
introduces our proposed method for optimizing TTs for functions aected by random

study and discusses future directions.

2 Quantics tensor train

We introduce the TT and quantics tensor train (QTT) - [21{23], suitable for compressing
functions with continuous variables.
2.1 Tensor train

Where each local index | (for I =

ZZZZIIIIZ RO L

type of tensor network with a one-dimensional structure. A TT decomposition is achieved
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by applying matrix decomposition techniques- [15, 24]:

I:12::: L‘ Pl 20 L
X1 X1
= [Fidyt, A1, , [Fult
1=1 L o1=1
[Fad, [R], [Fd,; 1)
where the third-order tensor [F|] ' has dimensions | | 1 |, where ,isthe virtual

bond index with dimension |, réflerlred to as the bond dimension. The maximum bond

dimension is denoted by . If the bond dimension | remains constant with increasing the
number of tensorsL, the tensorF , ,.. | has a low-rank structure. The tilde in F | .. |
indicates TT compression, and this notation is used hereafter.

2.2 Quantics tensor train

To introduce QTT, we consider a univariate function f (x) de ned on x 2 [0;1). Here,
we discretize the continuous variablex by setting up d = 2R equally spaced grids on the
x-axis. This discretization allows us to obtain a tensor representation off (x) as a vector
F with d elements indexed by :

F=fX()): (2)
In QTT, the discrete variable x is encoded in binary code:
>8 r
X( 1,110 R)= o r 210;1g; 3)
r=1

where | represents bits indicating di erent length scales 2 ', and R denotes the number
of bits. Next, we reshape this vectorF into an R-order tensor of 2 2:

fx)=f(x(1 2000 RN)=F,, x,=F: 4)

We assume that the correlation between signi cantly di erent length scales is weak. To
take advantage of this weak correlation structure, we employ the TT decomposition, as
de ned in Eq. (1), to compress the tensor as follows:

F=F, s F =[F] [F], [Fr],: 5)
QTT can also be extended to a multivariate function f (x) with real continuous variables
X =(Xj1;:::;Xpn) denedin [0;1). Each variablex(I = 1;:::;n) is discretized and encoded
in binary code:
X Ir
xiCitn R)= e 2f01g0 T=10n (6)
r=1

In multivariate functions, we perform scale separation, which involves arranging indices
representing the same length scales to be adjacent. This yields amR -order tensor F  of
f (x). We decomposeF as follows using TT decomposition:

Fro=F s nims e ne g onis e e
=f(Xe( 100 r) X2 ( 215000 2r) s i Xn (1 il nR))
" Fo=[Fd, [Fer]l L (7)
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As a concrete case of a bivariate functiorf (x;y) de ned for normalized variables x;y 2
[0; 1), we decomposd- into F as follows:

F =F 11; 2155 1R 2R
=f(X( i )Y 21:00; 2r))
" F =[F  [Fal L, [Fal [Fal,,  [For 1l [For],, (8)

2.2.1 Examples of QTT

For some analytic functions, their exact bond dimensions in QTT are known. The simplest
example is an exponential function. For the exponential functionf (x) = e*, F can be
obtained in QTT as shown in Eq. (9):

F = e 72 (9)

indicates that the QTT has a exact bond dimension of 1.

For another example, the sine functionf (x) = sin( x ), being exactly equal to the
subtraction of two exponential functions €* ande '* , is known to have a bond dimension
of 2in QTT-[22,23].

3 Tensor train learning algorithm

We introduce a tensor train learning algorithm to build TTs from target tensors: tensor
cross interpolation.

3.1 Tensor cross interpolation

Tensor cross interpolation (TCI) is a method for building a TT by adaptively sampling a

when the number of elements of the target tensor is substantially large because it only
requires some tensor elements to build the TT. Thus, TCI adaptively selects sampling
points to learn the tensor network, which can be regarded as active machine learning. In
particular, combining QTT and TCI is called quantics tensor cross interpolation (QTCI) -
[20], allowing for the e cient compression of functions with continuous variables and
computations. TCI is a quasi-optimal algorithm in the maximum norm, as given by

— jF r:'TTJ.max_
TCI TS (10)

where F is the original function, and Frt is the estimated TT obtained by TCI [17].
The denominator is a normalization factor, which is the estimated absolute value of the
function F , denoted asjF jmax, and is used to handle cases wheré might include zero
values for numerical stability. In this paper, we perform TCI by setting the maximum
bond dimension of Frt, instead of specifying a tolerance as in Eq. (10).

TCl is an interpolation formula, meaning that at the selected interpolation point
F strictly matches Frt as

FTT =F : (11)
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Here, we de ne measured points as the set of all indices and corresponding tensor
values sampled during the execution of TCI. Interpolation points are a subset of these
measured points used to build the TT through TCI.

3.2 Singular value decomposition

In this study, we use singular value decomposition (SVD) to reduce further the bond
dimension of TTs obtained from TCI. SVD can decompose a given TT into another TT
with an optimal rank in terms of the Frobenius norm, using a given error tolerance syp.

This tolerance is de ned by

. 0 .
_ P FrriE

— (12)
iFrT i

SVvD

wherej j% indicates the Frobenius norm,Ft1 is the TT obtained from TCI and F‘?T is
the other TT after SVD. In this paper, we perform SVD by setting the maximum bond
dimension of F‘?T .

4 ' ' Adaptive sampling-based optimization

We propose a method for optimizing TTs for functions a ected by random noise in function
evaluations. Here, we optimize an initial guess of TT by tting it to measured points

This optimization yields the optimized TT that accurately approximates the noise-free
function. Especially for functions with continuous variables, we use the QTCI[20] in our
proposed methods. We demonstrate our approach with a simplein-sine function example.
More challenging examples, such as cases where the bond dimension is not exactly known,

will be introduced in the next section.

4.1 Outline

Step (a) Perform QTCI to learn Fjyp from a function fheise(X) that is subject to random
noise during evaluation, setting the maximum bond dimension of QTCI to ~ At the
same time, we store all the results of function evaluations on the measured points
obtained from QTCI shown in Fig. 1(a).

Step (b) Prepare the initial guessFint for optimization by compressing Fiy, from maximum
bond dimension ~to  ( ~) using SVD shown in Fig. 1(b).

the noise-free functionf (x).

Each of these Steps is explained in more detail below.

6
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QTCI to the function f gise (X) evaluated with random noise and store measured points
obtained from QTCI. In Step (b), we build Fiy, , which is composed of interpolation points
obtained from QTCI, where the triangle marks in (b) represent the interpolation points.
This is then compressed by applying SVD to obtain an initial guess of QTT, Finit. In
Step (c), we optimize the Fj,; by tting it to the measured points obtained in Step (a)
by applying the least squares method to reduce the e ect of noise ifFi; . This results in
Fopt that approximate the noise-free function f (x).

In Step (b), we employ SVD to reduce the maximum bond dimension ofFjy, from ~to a
smaller value , which is treated as a hyperparameter. This truncation process yields a new
QTT, denoted as Finit , which serves as the initial guess for the subsequent tting process.

in Sec. 5.2.3.
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’\){Cl 2
cost( ) z 2° Fine( 1) (13)
.

where a—e—&—N—éenetethe#alueseHheN—measwedpemts—Furthermer&
z,—rﬁ%N&representthewalueseffzim(t 1; NTC ) denotesthe value ,of_f,,no.se

the optlmlzed TT that accurately approxrmates the noise- free function.

4.2 Demonstration

As a simple demonstration, we consider the sine functiorf (x) = sin(2 x ) de ned over
the interval x 2 [0;1). We add Gaussian noise in the form of a normal distribution
N(; ?) withmean and standard deviation , resulting in the function fpoise(X; ; )=
f(x) (L+N( ?).

The numerical details are as follows. We seR =12, the mean of the normal distribu-
tion =0, ~=6,and =2. The choice of =2 is based on the exact bond dimension
required for representingf (x) = sin(2 x ) in QTT, while ~ = 6 is selected to larger value in
order to increase the number of tting points which capture the global structure of the tar-

Also, we set the number of tting iterations nj,; =500. This number was set after ob-
serving the decrease in the cost function during iterations, ensuring that the cost function
converged su ciently and remained nearly constant. We repeated this procedure 20 times
using di erent realizations of noise.
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Fig. 3(a) shows results for = 0:1. Our proposed method not only brings the mean
values closer to those of the noise-free function but also reduces the variance. Furthermore,
the results for absolute error demonstrate that the proposed method reduces the average
e ect of noise on the function in terms of absolute error.

FigureFig. 3(b) shows results for smaller = 0:01. One can see that, even with a
further reduction of the noise e ect, both variance and absolute error have been reduced
by the proposed method.
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5 Application to quantum simulation based on pseudo-imaginary-
time evolution

5.1 Setup

We use our proposed method to learn QTTs of two-time correlation functions, calculated

included. We then apply these optlmlzed QTTs to quantum simulation based on pseudo-
imaginary-time evolution to robustly compute the ground-state energy. For details on this
pseudo-imaginary-time evolution method, please refer to Ref.[27].

5.1.1 Imaginary-time evolution

Using the traceless HamiltonianH (where Tr(H) = 0) and a parameter Eo, we rede ne the
Hamiltonian as H = H  Eol. Let Eg be the ground-state energy ofH obtained through
exact diagonalization. The parameterEg is a hyperparameter necessary for determining
the ground-state energy. Now, let be the imaginary-time, j (0) i the initial state, and
O a physical quantity. In the imaginary-time evolution method, the expectation value of
the physical quantity O at time , denoted ashOi ( ), is calculated as:

h(0) je Hoe " jO i HOi(ii ).
h(0) je 2H j(0) i i (i)’

hoi () = (14)

10
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