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Abstract

Entanglement plays a crucial role in the development of quantum-enabled devices. One
significant objective is the deterministic creation and distribution of entangled states,
achieved, for example, through a mechanical oscillator interacting with confined elec-
tromagnetic fields. In this study, we explore a cavity resonator containing a two-sided
perfect mirror. Although the mirror separates the cavity modes into two independent
confined electromagnetic fields, the radiation pressure interaction gives rise to high-
order effective interactions across all subsystems. Depending on the chosen resonant
conditions, which are also related to the position of the mirror, we study 2n-photon
entanglement generation and bilateral photon pair emission. Demonstrating the non-
classical nature of the mechanical oscillator, we provide a pathway to control these
phenomena, opening potential applications in quantum technologies. Looking ahead,
similar integrated devices could be used to entangle subsystems across vastly different
energy scales, such as microwave and optical photons.
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1 Introduction13

The ability to control quantum mechanical systems using radiation pressure has given rise to14

the field of optomechanics [1–4], an interesting platform for exploring the quantum properties15

of mesoscopic objects [5–7]. Cavity optomechanical systems, which involve the interaction16

between mechanical vibrations and electromagnetic fields, hold the potential for observing17

quantized vibrational modes in macroscopic objects, even reaching their ground state [8–15].18

This opens the door to creating entangled and superposition macroscopic states, paving the19

way for novel approaches to processing and storing quantum information [16–20].20

In general, when electromagnetic quantum fluctuations interact with a very fast-oscillating21

boundary condition, pairwise real excitations can be created from the vacuum of the electro-22

magnetic field [21–23]. Such a purely quantum phenomenon is known as the dynamical23

Casimir effect (DCE) [24, 25], which has been experimentally realized in superconducting24

circuits [26] and Josephson metamaterials [27].25

Cavity optomechanics involves the modulation of boundary conditions through a mobile26

mirror, enabling the observation of the DCE. In this scenario, the fundamental process involves27

the conversion of mechanical energy into photons [28]. A detailed derivation of the optome-28

chanical Hamiltonian can be found in Ref. [29]. Subsequent advancements extended this29

model to incorporate incoherent excitation of the mirror [30,31], and other works examined30

back-reaction and dissipation effects within this framework [32, 33]. Notably, investigations31

have expanded to consider a cavity with two mobile mirrors [34–36]. In this case, the cavity32

field facilitates an effective interaction between the two mirrors, resulting in phonon hopping.33

This broader exploration adds depth to our understanding of the complex dynamics within34

optomechanical systems.35

The present work investigates a cavity resonator equipped with a two-sided perfect mirror36

embedded within. This configuration corresponds to a tripartite system, where two separated37

electromagnetic fields interact with the vibrating mirror by radiation pressure (see fig. 1).38

Despite the mirror separating the cavity modes into two distinct electromagnetic fields, the39

radiation pressure interaction induces high-order processes across all subsystems. Recently,40

this configuration has been studied, shedding light on the dressed ground state and the corre-41

lation between the two cavity modes [37], and on the optomechanically induced two-photon42

hopping effect [38].43

Furthermore, path-entangled microwave radiation was observed from strongly driven mi-44

crowave resonators [39], where the entanglement of two distinct driven resonators is gener-45

ated thanks to the presence of a common mechanical membrane. Here, instead, we propose46

a scheme to generate 2n-photon entanglement (e.g., two-, four-photon) and bilateral photon47

pair emission (that we name the Janus effect), already in an undriven setup, which can be48

achieved with few photonic excitations (allowing us to explore more easily the quantum prop-49
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Figure 1: Pictorial representation of our setup. Two electromagnetic cavities sepa-
rated by a movable two-sided perfect mirror.

erties of the system). In particular, the emerging entangled states have the structure of NOON50

states, which are important in quantum metrology and quantum sensing for their ability to al-51

low precision phase measurements [40]. As a process involving only a few photons, this setup52

facilitates the examination of the quantum properties of the states. Additionally, it offers en-53

hanced resilience to losses, which increase with the number of photons. The measurement of54

quantum correlations between the two cavities can be seen as direct evidence of the quantum55

nature of mesoscopic mechanical objects, without measuring them directly [41,42].56

Each process is activated by a specific resonance condition, which depends on the reso-57

nance frequency of the three subsystems, and thus on the position of the mirror. Through-58

out our analysis, we carry out analytical aspects and numerical simulations to delve into the59

resonant dynamics and the interplay between the system’s parameters, including coupling60

strengths, bare frequencies, and initial conditions.61

In principle, the effects predicted in this work could be experimentally observed using62

circuit optomechanical systems, namely, employing mechanical micro- or nano-resonators op-63

erating in the ultra-high-frequency range within the GHz spectral domain [43, 44]. Despite64

the current limitations of the experimental feasibility of reaching these resonance conditions,65

the technology behind the optomechanical systems is advancing very fast. With this theoreti-66

cal proposal we hope to stimulate future experimental realizations. Moreover, the addition of67

artificial atoms in a superconducting microwave setup strengthens the coupling with the me-68

chanical resonator [45–49], making it a very promising setup. A valuable alternative approach69

would entail employing a quantum simulator [50, 51], wherein two LC circuits emulate the70

cavities, and a superconducting quantum interference device (SQUID) takes on the role of the71

high-frequency vibrating mirror.72

The article is structured as follows: in section 2 we introduce our quantum model, ana-73

lyzing in detail three specific resonance conditions: (i) two-photon entanglement generation74

in section 2.1; (ii) four-photon entanglement generation in section 2.2; (iii) bilateral photon75

emission, which we call Janus effect in section 2.3. Finally, in section 3 we offer concluding76

remarks and outline potential trails for future research in this field. Some details are left on the77

Appendices. More precisely, in appendix A we employ the Schrieffer-Wolff method to derive78

the effective Hamiltonians, and we also show all the coefficients related to the Janus effective79

Hamiltonian.80
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2 Quantum Model81

Consider two non-interacting single-mode cavities separated by a vibrating two-sided perfect82

mirror, as sketched in fig. 1. The three bosons are described by ladder operators â(â†), ĉ(ĉ†)83

for the cavities and b̂(b̂†) for the mirror, satisfying canonical commutation relations. The84

Hamiltonian can be derived by quantizing the classical Lagrangian description (see Appendix85

in Ref. [38]), and it reads (ħh = 1)86

Ĥ = ωa â†â +ωb b̂† b̂ +ωc ĉ† ĉ −
g

2

�

(â + â†)2 −Ω2(ĉ + ĉ†)2
�

(b̂ + b̂†) . (1)

where ωa,ωc are the bare frequencies of the cavities, ωb is the bare frequency of the mirror,87

g is the coupling strength, and the ratio Ω = ωc/ωa is related to the mirror position. In the88

limit of large detuning ωb ≪ ωa,c , the rotating wave approximation can be applied, and the89

standard optomechanical interaction term, proportional to the number operators â†â(ĉ† ĉ), is90

obtained [3]. It is worth noting the presence of the minus sign in front of the Ω factor. This91

arises from the given configuration, where the radiation pressure of the right cavity pushes the92

mirror in the opposite direction with respect to the radiation pressure of the left cavity [38].93

With this Hamiltonian, we will describe three peculiar configurations. By employing the94

Schrieffer-Wolff approach (see Refs. [52–54] and appendix A), we obtain effective Hamilto-95

nians which directly show the high-order non-linear processes related to specific resonance96

conditions.97

Although we analytically characterize all these processes by using effective Hamiltonians,98

all the simulations are carried out by employing the quantum trajectory approach [55,56], and99

using the full Hamiltonian in eq. (1). To explore the phenomenology, we numerically calculate100

the time evolution of the mean values of the dressed number operators [57,58], i.e., 〈X̂−o X̂+o 〉101

(o ∈ {a, b, c}). Each dressed operator is defined as102

X̂+o ≡
∑

j>k

〈k|(ô + ô†)| j〉 |k〉〈 j | , X̂−o = (X̂
+
o )

† , (2)

where | j〉 is the j -th eigenstate of the full Hamiltonian in eq. (1). This properly defines the103

jump operators, which by construction act like an annihilation (creation) operator in the en-104

ergy basis. In this dressed picture, the quantum jumps are between the dressed states (the105

eigenstates of the full Hamiltonian) which contain contributions from bare states with an ar-106

bitrary number of excitations. With this notation, we refer to the mean value of the number107

operator of the single quantum trajectory, while average quantities obtained over 1000 quan-108

tum trajectories are indicated as 〈X̂−o X̂+o 〉. The dissipation rates of the three subsystems are109

indicated as γa, γb, and γc .110
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2.1 Two-photon entanglement generation111

Let us consider the condition ωa ≃ ωb ≃ ωc . The effective Hamiltonian up to the second112

order becomes (see appendix A)113

Ĥeff =Ĥ0 + Ĥshift + Ĥhop + Ĥent +O(g 3) (3)

Ĥshift =−
g 2

3ωb
−

4g 2

3ωb

�

â†â + ĉ† ĉ
�

−
4g 2

3ωb

�

â†â + 1+ ĉ† ĉ
�

b̂† b̂

−
5g 2

6ωb

�

â†2â2 + ĉ†2 ĉ2�+
2g 2

ωb
â†âĉ† ĉ

Ĥhop =−
g 2

6ωb

�

â†2 ĉ2 + ĉ†2â2�

Ĥent =−
g 2

ωb

�

(â†2 + ĉ†2)b̂2 + (â2 + ĉ2)b̂†2� ,

where Ĥ0 =ωa â†â +ωb b̂† b̂ +ωc ĉ† ĉ is the same in any derivation of effective Hamiltonian.114

The Hamiltonian term Ĥshift contains only numbers operators (and their powers) describ-115

ing bare energy shift due to the perturbation. The two effective interaction terms clarify an116

otherwise complex dynamic implicit in eq. (1). Indeed, Ĥhop shows the two-photon hopping117

sub-process [38] while Ĥent links the three sub-parts together ultimately bringing to tripartite118

entanglement.119

The effective Hamiltonian in eq. (3) admits the lowest energy closed dynamics in the sub-120

Hilbert space spanned by the states {|2, 0, 0〉 , |0, 2, 0〉 , |0, 0, 2〉}. Here, the first and third en-121

tries represent the a and c cavity excitations, respectively, while the second represents the mir-122

ror (b) excitation. Under the resonance condition ωa = ωc = ω, we can define the ordered123

basis {|0, 2, 0〉, |ψ(2e)
+ 〉, |ψ

(2e)
− 〉}, with |ψ(2e)

± 〉 = (|2, 0, 0〉 ± |0, 0, 2〉)/
p

2 being the symmetric124

and anti-symmetric two-photon maximally entangled states between the two cavities. Notice125

that these entangled states have the structure of NOON states, which are typically exploited126

in quantum-enhanced metrology [40]. Therefore, the Hamiltonian takes the block form127

H =









2ωb −
3g 2

ωb
−2
p

2g 2

ωb
0

−2
p

2g 2

ωb
2ω− 5g 2

ωb
0

0 0 2ω− 13g 2

3ωb









, (4)

highlighting the fact that the dynamics occurs between the state |0, 2, 0〉 and |ψ(2e)
+ 〉. In other128

words, two phonons are exchanged with a symmetric entangled state of two totally delocal-129

ized photons. The non-uniformity of the matrix elements in eq. (4) stems from the different130

coefficients appearing respectively in Ĥhop and Ĥent as well as the different coefficients ap-131

pearing in Ĥshift. Indeed, in general, the eigenstates of the effective Hamiltonian are written132

as a generic superposition of |0, 2, 0〉 and |ψ(2e)
+ 〉. However, we can make the superposition133

symmetric by choosing the condition ω = ωb + g 2/ωb, which makes the upper-left block a134

symmetric matrix with equal diagonal terms. The same condition can be found by minimizing135

the difference of the two eigenvalues in eq. (4) as a function of ω. Under this condition the136

eigenstates of the upper-left block become137

|φ(2e)
± 〉 = (|0, 2, 0〉 ± |ψ(2e)

+ 〉)/
p

2 . (5)

In Fig. 2(a-b) we show two different trajectories, while Fig. 2(c) shows the master-equation-138

like behavior that arises taking the average over 1000 trajectories. Both the snapshots high-139

light a fascinating trapping effect that occurs whenever one photon is detected in one of the140

5



SciPost Physics Submission

0.0 0.5 1.0
0

1

2

3
(a)

0.0 0.5 1.0

(b)

𝛾t
0.0 0.5 1.0

0

1

2

3
(c)

⟨𝓧̂a
− 𝓧̂a

+ ⟩

⟨𝓧̂b
− 𝓧̂b

+ ⟩

⟨𝓧̂c
− 𝓧̂c

+ ⟩

⟨𝓧̂a
− 𝓧̂a

+ ⟩

⟨𝓧̂b
− 𝓧̂b

+ ⟩

⟨𝓧̂c
− 𝓧̂c

+ ⟩

⟨𝓧̂a
− 𝓧̂a

+ ⟩

⟨𝓧̂b
− 𝓧̂b

+ ⟩

⟨𝓧̂c
− 𝓧̂c

+ ⟩

Figure 2: Two-photon entanglement generation. The time evolution of the mean
values of the dressed number operators for different trajectories and the average
over 1000 trajectories. (a) A trajectory where the first jump occurs with a phonon
loss, locking the system into the state |0, 1, 0〉, until a second quantum jump occurs.
(b) A trajectory where the first jump occurs in cavity c, locking the system into the
state |0, 0, 1〉, as a clear signature of an entangled state. (c) The average behavior
shows the coherent and dissipative energy exchange between the bare state |0, 2, 0〉
and the entangled state |ψ+〉. The used parameters are: ωa = ωc = ωb + g 2/ωb,
g = 0.05ωb, and γa = γb = γc = 5× 10−4ωb.

cavities, or when a phonon is detected in the mirror. For instance, in Fig. 2(a) we clearly see141

that the first jump occurs with a phonon loss, locking the system to the state |0, 1, 0〉, while142

the coherent dynamics is lost. After a certain time, a second jump occurs leaving the system in143

its ground state. On the contrary, in Fig. 2(b) the first jump occurs in cavity c, and the system144

is locked in the state |0, 0, 1〉. Note that, when the cavity c jumps, the number of photons in145

cavity a immediately goes to zero, as a clear signature of the quantum correlations exhibited146

in the entangled state |ψ(2e)
+ 〉. Again, when the second jump occurs, the system reaches its147

ground state.148

This trapping effect occurs because the effective Hamiltonian does not contain terms that149

allow the exchange of a single photon-phonon excitation, while the act of measuring (losses)150

is modeled as a single boson detection. The remaining excitation is localized in the subsys-151

tem where the first measurement occurred until a second measurement occurs. In Fig. 2(c)152

(obtained by averaging over 1000 trajectories) one clearly sees the coherent and dissipative153

energy exchanging over time, between the bare state |0, 2, 0〉 and |ψ(2e)
+ 〉, meaning that two-154

phonon generates two-photon entanglement. Note that, the above-mentioned trapping effects155

are washed out by the averaging of a master equation [59,60]. The parameters used to repro-156

duce fig. 2 are: ωa =ωc =ωb + g 2/ωb, g = 0.05ωb, and γa = γb = γc = 5× 10−4ωb.157
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2.2 Four-photon entanglement generation158

Under the resonant conditions, ωb ≃ 4ω (ω = ωa = ωc) the effective Hamiltonian up to the159

third order in the coupling constant becomes (see appendix A)160

Ĥeff =Ĥ0 + Ĥshift + Ĥhop + Ĥent ,

Ĥshift =−
2g 2

3ωb
−

5g 2

3ωb

�

â†â + ĉ† ĉ + â†2â2 + ĉ†2 ĉ2�

+
4g 2

3ωb

�

â†â + ĉ† ĉ + 1
�

b̂† b̂ +
2g 2

ωb
â†âĉ† ĉ

Ĥhop =
2g 2

3ωb

�

â†2 ĉ2 + â2 ĉ†2�

Ĥent =
2g 3

3ω2
b

�

(â4 − ĉ4)b̂† + (â†4 − ĉ†4)b̂
�

. (6)

As we did in the previous case we can look for the simplest closed dynamics and project the161

Hamiltonian in corresponding basis. This subspace is spanned by the states {|0, 1, 0〉 , |2, 0, 2〉,162

|4, 0, 0〉 , |0, 0, 4〉}, but due to the form of interaction Hamiltonian part and resonant con-163

ditions one can define the ordered basis {|0, 1, 0〉, |ψ(4e)
− 〉, |ψ

(4e)
+ 〉, |2, 0, 2〉}, where |ψ(4e)

± 〉164

= (|4, 0, 0〉 ± |0, 0, 4〉)/
p

2 being the symmetric and anti-symmetric four-photon maximally165

entangled states between the two cavities. Again, we highlight that these states have the166

structure of NOON states. Using this basis, the Hamiltonian takes the block form167

H =

















ωb +
4g 2

3ωb

8g 3

p
3ω2

b

0 0

8g 3

p
3ω2

b

4ω− 80g 2

3ωb
0 0

0 0 4ω− 80g 2

3ωb

8g 2

p
3ωb

0 0
8g 2

p
3ωb

4ω− 16g 2

3ωb

















, (7)

revealing the two concurrent dynamics: the oscillation between |0, 1, 0〉 and |ψ(4e)
− 〉 and the168

one between |2, 0, 2〉 and |ψ(4e)
+ 〉. The latter, namely, the lower-right part of the matrix de-169

scribing the dynamics between the states |2, 0, 2〉 and |ψ(4e)
+ 〉, can be explained in terms of the170

two-photon hopping terms [38]. It originates only from the third line in (6), and thus it does171

not introduce any new effect. Since the mirror plays a role only in the first sub-dynamics, only172

the upper-left block becomes important for the four-photon entanglement generation process173

we are describing. To look for symmetric eigenstates, we can proceed as in section 2.1, by174

choosing ω such that the diagonal terms are equal. Note that, in this case, the same cannot175

be done for the lower-right part because the non-linear Hshift acts differently on these states,176

making the two dynamics mutually exclusive.177

In particular, for ω =
ωb

4 + 7
g 2

ωb
, the eigenstates take the form178

|φ(4e)
± 〉 =

1
p

2

�

|0, 1, 0〉 ± |ψ(4e)
− 〉
�

, (8)

in analogy to section 2.1. The above state again encompasses entangled cavities but now with179

a higher number state. Compared to the two-photon entanglement, we now get a third-order180

process, which results in a greater sensitivity to finding the resonance point of maximum in-181

teraction. This gives a small difference between the resonance condition obtained analytically182

with the effective Hamiltonian and the one required from the full Hamiltonian of eq. (1).183
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Figure 3: Four-photon entanglement generation. The time evolution of the mean
values of the dressed number operators for different trajectories and the average over
1000 trajectories. (a) A trajectory where the first jump occurs with a photon loss from
cavity a, projecting the dynamics into an incomplete coherent process involving the
two-photon hopping between |3, 0, 0〉 and |1, 0, 2〉. A second jump puts the system
into the state |2, 0, 0〉, allowing this time a complete two-photon hopping process
between the two cavities [38]. When a third jump occurs with a photon loss from
cavity a, the system jumps to the locked state |1, 0, 0〉, and the coherent dynamics
is lost. After a certain time, a fourth jump leaves the system in its ground state. (b)
The occurrence of a jump with a phonon loss brings the system directly to its ground
state, because of the lack of energy. (c) The average behavior shows the coherent
and dissipative energy exchange between the bare state |0, 1, 0〉 and the entangled
state |ψ(4e)

− 〉. The used parameters are: ωa = ωc ≈ 0.2566ωb, g = 0.03ωb, and
γa = γb = γc = 2× 10−5ωb.

Therefore, to find the maximum interaction point, we obtainω through a numerical optimiza-184

tion process, showing a very small difference from the analytical value, but large enough to185

make this third-order process incomplete if using the analytical point.186

As can be seen from Fig. 3(a) the trapping effect is more cumbersome. Once a measure-187

ment occurs in cavity a, it rips away one photon from a previously four-photon entangled state.188

This measurement projects the dynamics into an incomplete two-photon hopping process, be-189

tween the states |3, 0, 0〉 and |1, 0, 2〉. Indeed, the specific resonance condition we choose here190

does not match with that involving this subprocess, and for this reason, we have an incom-191

plete coherent dynamic. A second measurement restores the inherent parity, washing away192

these spurious beatings, and letting the two cavities interact under the influence of a complete193

two-photon hopping interaction [38]. When a third jump occurs with a photon loss, from the194

cavity a in our case, the system jumps to the locked state |1, 0, 0〉, while the coherent dynamics195

is lost. After a certain time, a fourth jump leaves the system in its ground state. In Fig. 3(b)196

we show how the occurrence of a jump with a phonon loss brings the systems directly to its197

ground state, because of the lack of energy. The average behavior obtained by averaging over198

1000 trajectories shows the coherent and dissipative energy exchange between the bare state199

|0, 1, 0〉 and the entangled state |ψ(4e)
− 〉. This is reported in Fig. 3(c). Note that, the averaging200

process hides the complex dynamics described above. The parameters used to reproduce fig. 3201
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Figure 4: The Janus effect. Time evolution of the mean values of the dressed num-
ber operators for both cavities and the mirror. In the (a) panel a first jump causes
the initial state |2, 0, 2〉 to collapse to the state |1, 0, 2〉 with consequent trapping. In-
deed, from now on, there are no sub-processes involved, and the dynamics becomes
trivial. In panel (b) the initial dynamics is interrupted by the measurement of the
phonon, leaving the system in its ground state. Panel (c) shows the average over 1000
trajectories. The used parameters are: ωa = ωb/4 + ϵ, ϵ = ωb/15, Ω ≈ 0.6067,
g = 0.05ωb, γa = γb = γc = 2× 10−5ωb.

are: ωa =ωc ≈ 0.2566ωb, g = 0.03ωb, and γa = γb = γc = 2× 10−5ωb.202

2.3 Janus effect203

We now move to an asymmetric case, ωa ̸= ωc (i.e., the mirror not in the middle), in which204

the resonance condition is expressed as ωb ≃ 2(ωa +ωc). Under this condition the effective205

Hamiltonian in eq. (A.4) up to the third order becomes206

Ĥeff =Ĥ0 + Ĥshift + ĤJan , (9)

Ĥshift =Ωa â†â +Ωb b̂† b̂ +Ωc ĉ† ĉ +αa â†2â2 +αc ĉ†2 ĉ2

+αa,b â†âb̂† b̂ +αa,c â†âĉ† ĉ +αb,c b̂† b̂ĉ† ĉ

ĤJan =geff
�

â†2 ĉ†2 b̂ + â2 ĉ2 b̂†�

where the corresponding coefficients and also the coupling strength geff are written in ap-207

pendix A. Note that, geff = 0 if ωa = ωc . We call the last interaction Hamiltonian the Janus208

interaction because the exchange is bilateral: for each phonon, two photons are simultane-209

ously generated in each cavity, and conversely. Now, the projecting space for the first reduced210

dynamics is simply spanned by the states {|0, 1, 0〉 , |2, 0, 2〉}, and the Hamiltonian takes the211

form212

H =

�

Ωb 2geff
2geff 2(Ωa +Ωc +αa +αc + 2αa,c)

�

. (10)

The point of maximum interaction can be found again by equating the two diagonal terms.213

However, as for the four-photon entanglement, this is a third-order process, and a more214

9
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accurate resonance condition is found numerically. Since we need ωa ̸= ωc , we can fix215

ωa =ωb/4+ ϵ and ωc to satisfy the required resonance condition.216

Here we choose ϵ = ωb/15, and a numerical optimization procedure allows us to find217

the value of ωc (and so also Ω) to get symmetric eigenstates in terms of |0, 1, 0〉 and |2, 0, 2〉.218

Under this condition, the two eigenstates are219

|ψ(Jan)
± 〉 =

1
p

2
(|0, 1, 0〉 ± |2, 0, 2〉) .

As before, we employ a quantum trajectory approach to investigate how a measurement220

affects the dynamics of the system. In Fig. 4(a) a single quantum jump collapses the initial221

state |2, 0, 2〉 into |1, 0, 2〉. The latter state has no sub-processes and exhibits trivial dynamics.222

Fig. 4(b) shows how the phonon measurement changes the initial dynamics and leaves the223

system in the ground state, in analogy to section 2.2. Fig. 4(c) represents the average over224

1000 trajectories. Note that, the “averaging” process hides the complex dynamics described225

above. We used the following parameters for our simulation: ωa = ωb/4 + ϵ, ϵ = ωb/15,226

Ω ≈ 0.6067, g = 0.05ωb, γa = γb = γc = 2× 10−5ωb.227

3 Conclusions228

In this work, we have investigated the quantum phenomena that arise from a cavity resonator229

containing a two-sided perfect mirror, which acts as a mechanical oscillator interacting with230

two separated electromagnetic fields by radiation pressure. We have shown that, depending231

on the chosen resonant conditions, this system can generate 2n-photon entanglement and232

bilateral photon pair emission.233

We have also explored the effects of the system’s parameters, such as the coupling strengths,234

the bare frequencies, and the initial conditions, on the entanglement and the photon emission.235

We have provided analytical and numerical results to support our findings and to illustrate the236

feasibility of observing these phenomena in realistic setups. Our work contributes to the devel-237

opment of quantum-enabled devices that rely on the deterministic creation and distribution of238

entangled states. Among them, the NOON states, emerging from the 2n-photon entanglement,239

are a promising path for quantum sensing and quantum metrology. Moreover, in this work,240

we exploited high-order effects emerging from the standard Casimir-like interaction between241

mechanical objects and light fields. The Janus effect is an example, where we demonstrated242

the simultaneous conversion of phonons into photons in distinct modes.243

We have proposed circuit-optomechanical systems and quantum simulators as possible244

platforms to implement our scheme, which could also be extended to other physical systems245

and energy scales. Furthermore, our work opens up new avenues for exploring quantum effects246

in tripartite systems. Our findings are expected to stimulate further research in this direction247

and foster the advancement of quantum technologies.248
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A Effective Hamiltonian258

The effective Hamiltonian, which shows in a direct way the high-order processes, can be ob-259

tained through the Schrieffer-Wolff (SW) transformation [52–54]. We start by evaluating the260

following rotation261

Ĥeff = eλŜ �Ĥ0 +λĤI
�

e−λŜ , (A.1)

where262

Ĥ0 =ωa â†â +ωb b̂† b̂ +ωc ĉ† ĉ (A.2)

ĤI =
g

2

�
�

â + â†�2 −Ω2 �ĉ + ĉ†�2
�
�

b̂ + b̂†� ,

and λ tracks how many times we apply the off-diagonal terms. Using the Baker-Campbell-263

Hausdorff lemma264

eB̂Âe−B̂ = Â+
�

B̂, Â
�

+
1

2

�

B̂,
�

B̂, Â
��

+ . . .+
1

n!

�

B̂,
�

B̂,
�

B̂, . . .
�

B̂
︸ ︷︷ ︸

n times

, Â
����

+ . . . , (A.3)

we have (up to the third order on the expansion)265

Ĥeff = Ĥ0 +λĤI +λ
�

Ŝ, Ĥ0 +λĤI
�

+
λ2

2!

�

Ŝ,
�

Ŝ, Ĥ0 +λĤI
��

+
λ3

3!

�

Ŝ,
�

S,
�

Ŝ, Ĥ0 +λĤI
���

+O(λ4)

= Ĥ0 +λ
�

ĤI +
�

Ŝ, Ĥ0
��

+
λ2

2!

�

2!
�

Ŝ, ĤI
�

+
�

Ŝ,
�

Ŝ, Ĥ0
���

+
λ3

3!

�

3!

2!

�

Ŝ,
�

Ŝ, ĤI
��

+
�

Ŝ,
�

Ŝ,
�

Ŝ, Ĥ0
���

�

+O(λ4) .

In order to cancel the linear term in λ, we now choose Ŝ such that [Ŝ, Ĥ0] = −ĤI , and the266

total effective Hamiltonian becomes267

Ĥeff ≃ Ĥ0 +
λ2

2

�

Ŝ, ĤI
�

+
λ3

3

�

Ŝ,
�

Ŝ, ĤI
��

= Ĥ0 +λ
2Ĥ (2)

eff
+λ3Ĥ (3)

eff
. (A.4)

The most crucial step in doing SW transformation is to get the generator Ŝ, such that [Ŝ, Ĥ0] = −ĤI .268

In the following, we apply a systematic method to obtain it. We impose Ŝ = [Ĥ0, ĤI], and, leav-269

ing the coefficients undefined since they will be obtained using the condition [Ŝ, Ĥ0] = −ĤI ,270

we get271

Ŝ =
�

Ĥ0, ĤI
�

= c0 b̂ + c1 b̂† + c3 ĉ†2 b̂ + c4â† b̂†â

+ c5 b̂† ĉ† ĉ + c6 ĉ† b̂ĉ + c7â†2 b̂ + c8â2 b̂ + c9â†2 b̂†

+ c10 b̂†â2 + c11â†âb̂ + c12 b̂† ĉ2 + c13 b̂† ĉ†2 + c14 b̂ĉ2 .

By using [Ŝ, Ĥ0] = −ĤI , the generator becomes272

Ŝ =
g
�

1−Ω2
�

2ωb

�

b̂ − b̂†�+
g

ωb
â†â
�

b̂ − b̂†�−
Ω2g

ωb
ĉ† ĉ
�

b̂ − b̂†�−
g

4ωa − 2ωb

�

â†2 b̂ − â2 b̂†�

+
g

4ωa + 2ωb

�

â2 b̂ − â†2 b̂†�+
Ω2g

4ωc − 2ωb

�

ĉ†2 b̂ − ĉ2 b̂†�

−
Ω2g

4ωc + 2ωb

�

ĉ2 b̂ − ĉ†2 b̂†� , (A.5)
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and the perturbative Hamiltonians Ĥ (2)
eff

and Ĥ (3)
eff

for the second and third order respectively273

can be obtained following eq. (A.4).274

The total effective Hamiltonian expressed in eq. (A.4) describes all the high-order processes275

up to the third order. By imposing a specific resonance condition, one can make a process276

dominant over the others. By applying the rotating wave approximation (RWA) to Ĥeff, we277

reduce it to a specific effective one that describes that specific process. As done in the main278

text, we want to explore the generation of 2n-photon entanglement (e.g., two-, four-photon)279

and the bilateral photon emission, namely, the Janus effect. In particular, the two-photon280

entanglement is obtained by choosing ωa ≈ ωb ≈ ωc , leading to different oscillating terms,281

which can be neglected by applying the RWA. All the remaining non-oscillating terms form282

the specific effective Hamiltonian, expressed in eq. (3). Similarly, the same procedure can283

be performed in the case of the four-photon entanglement (ωb ≈ 4ω, with ω = ωa = ωc),284

leading to the specific effective Hamiltonian in eq. (6), and in the case of the Janus effect285

(ωb ≈ 2(ωa+ωc)) in eq. (9). In the case of the Janus effect, here we show all the coefficients286

contained inside eq. (9):287

Ωa =
g 2(Ω3+2Ω2−3Ω−5)

ωb(Ω+2) Ωb =
g 2(Ω8+3Ω7+2Ω6+2Ω2+3Ω+1)

Ωωb(2Ω2+5Ω+2)

Ωc =
Ω2g 2(−5Ω3−3Ω2+2Ω+1)

ωb(2Ω+1) αa =
g 2(−3Ω2−6Ω−1)

2Ωωb(Ω+2)

αc =
Ω4g 2(−Ω2−6Ω−3)

2ωb(2Ω+1) αa,b =
2g 2(Ω+1)
Ωωb(Ω+2)

αa,c =
2Ω2g 2

ωb
αb,c =

2Ω5g 2(Ω+1)
ωb(2Ω+1)

288

while the the effective coupling is geff =
Ωg 3(2Ω6+5Ω5+4Ω4−4Ω2−5Ω−2)

2ω2
b
·(2Ω2+5Ω+2)

. After the RWA, the re-289

sult is equal to that obtained with other procedures, such as the generalized James’ effective290

Hamiltonian method [61].291
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