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Abstract

The magnetic doublet ground state (GS) of quantum dot (QD) could be changed to a
spin-singlet GS by coupling to a normal superconductor. In analogy, here we study the
GS phase transitions in QD-Majorana zero mode (MZM) coupling systems: GS behaves
phase transition versus intra-dot energy level and QD-MZM coupling strength. The phase
diagrams of GS are obtained, for cases with and without Zeeman term. Along with the
phase transition, we also study the change of spin feature and density of states. The
properties of phase transition are understood via a mean-field picture.

Copyright attribution to authors.
This work is a submission to SciPost Physics.
License information to appear upon publication.
Publication information to appear upon publication.

Received Date
Accepted Date
Published Date

1

Contents2

1 Introduction 13

2 Model and formula 34

3 Phase transition without Zeeman term 65

4 Phase transition with Zeeman term 96

5 Conclusion 127

References 138

9

10

1 Introduction11

When a quantum dot (QD) couples to a BCS-type superconductor, rich physical contents12

emerge in the quantum phase transition of the QD [1–7]. By controlling the intra-dot en-13

ergy level, the QD itself could exhibit two kinds of ground states (GSs): a magnetic doublet14
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state and a spin singlet state. The doublet state represents two degenerate spin-ħh/2 states, a15

spin-up state | ↑〉 and a spin-down state | ↓〉. The QD is occupied by one electron, while the16

level with opposite spin is repulsed above Fermi surface by the Coulomb interaction and is17

empty. The singlet state originates from spinless states |0〉 and 1p
2
(| ↑↓〉− | ↓↑〉), with zero and18

two electrons occupied, respectively. When coupled to a superconductor, the doublet state of19

the QD could be changed to a singlet state, either by the proximity effect of spin-singlet Cooper20

pairs or by coupling to the quasiparticles outside the gap [6,8–10]. Whether the GS is doublet21

or singlet is mostly determined by the charging energy, the intra-dot energy level, and the22

coupling strength [2–7, 11, 12]. This doublet-singlet phase transition plays an important role23

in properties of the QD-superconductor hybrid devices, such as 0−π transition of Josephson24

junctions [1,13,14] and level crossing of Andreev bound states [2–6].25

In certain superconducting systems, there could exist a special Andreev bound state called26

Majorana zero mode (MZM), which is its own antiparticle [8, 9, 15–37]. MZM is a hotspot27

in condensed matter physics because of its non-Abelian statistics, which can be managed to28

achieve fault-tolerated topological quantum computation [38–41]. Like a superconductor, the29

MZM also couples to electron and hole simultaneously [42]. Especially, because of its self-30

Hermitian property, the half fermionic MZM couples to a certain spin channel, leading to the31

resonant equal-spin Andreev reflection [26, 27, 29, 43, 44]. The MZM thus behaves strong32

spin-triplet pairing correlations [44,45], and induces a zero bias peak spectrum in both charge33

transport and spin-dependent transport [42,43,46].34

In platforms for generating MZMs, Coulomb interaction could play an important role by35

influencing the Andreev bound states [4, 6, 9, 21, 24–27]. In particular, a QD region can be36

formed nearby the MZM, e.g. by an adatom deposited on the iron-based superconductor [9,47]37

or by a section of the Majorana nanowire [4–6, 21]. The QD-MZM coupling system can be38

regarded as a counterpart to the QD-superconductor hybrid structure, because the MZM is39

an Andreev bound state generated by the superconductor. But differently, the coupling term40

between the QD and the MZM involves only one spin channel, destroying the spin rotation41

symmetry. Compared with coupling to normal superconductor, does phase transition also42

happen in QD-MZM coupling systems? Will the peculiar features of the MZM lead to novel43

transition characteristics?44

In this paper, we study the QD-MZM coupling system and find the corresponding phase45

transitions. Because spin rotation symmetry is broken, the degeneracy of the magnetic doublet46

state is destroyed, with GS becoming a spin-polarized state. By changing the intra-dot energy47

level and coupling strength, phase transition of GS happens with spin reversed. We study two48

cases without and with Zeeman term (which should be included considering experimental49

conditions), and give global phase diagrams showing the phase transition lines. These phase50

transitions influence occupation numbers, spin polarization, density of states (DOS), and the51

weight of zero energy state. These features are explained by a mean-field picture. Our theo-52

retical results are also discussed by comparing with experimental observations. These phase53

transitions can provide an insight on MZM-related transport experiments.54

The rest of this paper is as follows: In Sec. 2, the model and formula of the system are55

given. In Sec. 3, we study the phase transitions without Zeeman term. In Sec. 4, we consider56

the Zeeman term and study the corresponding phase transitions . At last, a brief conclusion is57

given in Sec. 5.58
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Figure 1: The schematic plot for the QD-MZM coupling system. In addition, the
QD is weakly coupled to a normal lead, for the visualization of DOS and a better
description of practical experiments. ΓN and t respectively indicate the strength of
QD-normal lead coupling and QD-MZM coupling.

2 Model and formula59

As shown in Fig. 1, the system we study consists of a QD coupled to a MZM and a normal60

lead. The total Hamiltonian is61

H = HD +HDM +HN D +HN . (1)

Here HD, HDM , HN D, and HN respectively represent the QD, the coupling between QD and62

MZM, the coupling between QD and normal lead, and the normal lead [42,43,46,48,49]:63

HD = (ε0 − VZ)d
†
↑d↑ + (ε0 + VZ)d

†
↓d↓ + Un↑n↓, (2)

HDM = i t(d↑ + d†
↑ )γ, (3)

HN D =
∑

kσ

tN c†
kσdσ + h.c., (4)

HN =
∑

kσ

εkc†
kσckσ, (5)

where dσ and ckσ are annihilation operators of electrons in QD and normal lead, respectively,64

with spin σ =↑,↓. ε0 is the intra-dot energy level of the QD. The electron-electron interaction65

is included in HD as the term Un↑n↓, with U the charging energy and nσ = d†
σdσ the particle66

number operator [1,4,6,50–54]. γ is the operator of the MZM. The MZMs always emerge in67

pair, and their coupling strength is determined by the overlap of their wavefunctions [16,22,68

48]. In topological superconductors, there exist a couple of nontrivial MZMs localized on two69

sides. As long as they are far away from each other (e.g. the Majorana nanowire is long), they70

are almost decoupled and only one MZM γ couples to the QD [42, 43]. In order to regulate71

the topological superconductor to the nontrivial phase, a magnetic term, such as an external72

magnetic field [18, 19] or magnetic exchange coupling of QD [8, 9], is usually demanded.73

Therefore, the QD inevitably feels a Zeeman energy VZ , which here represents the effective74

magnetic field parallel to the spin-up direction. Due to the self-Hermitian property γ† = γ,75

the MZM couples to electrons and holes with the same strength t [42], and only one spin76

channel is coupled [43]. This coupled spin direction is approximately parallel to the magnetic77

field [43, 44], so we set that the MZM couples to electrons and holes of spin-up channel, as78

shown in Eq. (3). tN is the hopping strength between the normal lead and the QD. In our79

calculations, we always set U = 1 as the energy unit.80

In fact, when the normal lead is decoupled, the system can be exactly solved by diagonal-81

ization. Here we consider the normal lead coupled to the QD, because (i) a lead is usually82

needed to probe the existence of MZMs in experiments and (ii) the normal lead can facilitate83

the visualization of DOS by directly providing a broadening on the imaginary parts of retarded84

Green’s functions. The normal lead-QD coupling strength is described by ΓN = πρN t2
N with85

ρN the DOS in the normal lead [46]. Below we assume a weak normal lead-QD coupling with86
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ΓN = 0.01U . What is more, because the coupling between QD and normal lead is weak, the87

Kondo temperature TK is very low [55], and the Kondo effect [56–60] can be neglected for88

T >> TK .89

Below we first diagonalize the system without normal lead to obtain the GS. By doing this,90

the energy level and occupation numbers 〈nσ〉 are exactly solved, and the phase transitions91

are revealed. Based on the GS, we introduce the normal lead as the imaginary part of Green’s92

function, so that the DOS has a broadening and can be visualized. We represent the MZM by93

the normal Fermion operator γ= 1p
2
(c + c†).94

When the normal lead is absent, there exist four possible occupations of the QD, and two95

possible occupations of the MZM system. Therefore, the Hamiltonian can be written as a 8×896

matrix, in the basis (|0,0, 0〉, |1,1, 0〉, |1, 0,0〉, |0,1, 0〉, |0,0, 1〉, |1, 1,1〉, |1, 0,1〉, |0,1, 1〉). Here97

|i, j, k〉= |nc = i, n↑ = j, n↓ = k〉= (c†)i(d†
↑ )

j(d†
↓ )

k|0〉. (6)

The Hamiltonian has four 2× 2 blocks H1 ⊕H2 ⊕H3 ⊕H4, with98

H1 =

�

0 i tp
2

−i tp
2
ε0 − VZ

�

, H2 =

�

0 −i tp
2

i tp
2
ε0 − VZ

�

, (7)

H3 =

�

ε0 + VZ
itp
2

−i tp
2

2ε0 + U

�

, H4 =

�

ε0 + VZ
−i tp

2
i tp
2

2ε0 + U

�

. (8)

The four blocks correspond to eight eigenvalues99

ε1,± = ε2,± =
ε0 − VZ ±

p

(ε0 − VZ)2 + 2t2

2
, (9)

ε3,± = ε4,± =
3ε0 + U + VZ ±

p

(ε0 + U − VZ)2 + 2t2

2
. (10)

Focusing on the occupation of the QD, we can find that H1, H2 both correspond to basis100

(|n↑ = 0, n↓ = 0〉, |n↑ = 1, n↓ = 0〉), and H3, H4 both correspond to basis (|n↑ = 0, n↓ = 1〉, |n↑ = 1, n↓ = 1〉).101

What is more, because H1 = H∗2, H3 = H∗4, their eigenvectors satisfyψ1,± =ψ∗2,±,ψ3,± =ψ∗4,±.102

For the above reasons, ψ1,± and ψ2,± (ψ3,± and ψ4,±), the degenerate eigenstates of H1 and103

H2 (H3 and H4), have the same occupations of the QD and indicate spin-up (spin-down) states.104

Thus, we can just analyze H1 and H3 only.105

The GS energy can only equal to ε1,− or ε3,−. The GS is judged by the sign of ε3,− − ε1,−.106

For ε1,− < ε3,−, the GS energy is ε1,−, and its occupation numbers can be obtained from ψ1,−107

for Hamiltonian H1108

〈n↑〉=
1
2

�

1−
ε0 − VZ

p

(ε0 − VZ)2 + 2t2

�

, 〈n↓〉= 0. (11)

Because 〈n↓〉= 0, the state of the QD is spin-up and contributed by |0〉 and | ↑〉. For ε1,− > ε3,−,109

the GS energy is ε3,−, and its occupation numbers can be obtained from ψ3,− for Hamiltonian110

H3111

〈n↑〉=
1
2

�

1−
ε0 + U − VZ

p

(ε0 + U − VZ)2 + 2t2

�

, 〈n↓〉= 1. (12)

Because 〈n↓〉 = 1, the state is spin-down and contributed by | ↓〉 and 1p
2
(| ↑↓〉 − | ↓↑〉). When112

the parameters change, the sign of ε3,− − ε1,− can also change and result in the GS transition113

between ψ1,− and ψ3,−.114
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Next we solve the single-particle DOS from retarded Green’s function. The single particle115

can be electron eσ or hole hσ, with spinσ =↑,↓. The energy space Green’s function is obtained116

from the time space via Frourier transformation117

Gr
D,e(h)σe(h)σ(ε) =

∫

d teiεt Gr
D,e(h)σe(h)σ(t). (13)

The time-space Green’s function of eσ is118

Gr
D,eσeσ(t) = −iθ (t)〈g|dσ(t)d†

σ(0) + d†
σ(0)dσ(t)|g〉

= −iθ (t)
∑

j

[〈g|dσ(t)| j〉〈 j|d†
σ(0)|g〉+ 〈g|d

†
σ(0)| j〉〈 j|dσ(t)|g〉]

= −iθ (t)
∑

j

[ei(εg−ε j)t〈g|dσ(0)| j〉〈 j|d†
σ(0)|g〉+ ei(ε j−εg )t〈g|d†

σ(0)| j〉〈 j|dσ(0)|g〉]

= −iθ (t)
∑

j

[ei(εg−ε j)t |eAσ(g, j)|2 + ei(ε j−εg )t |eAσ( j, g)|2]. (14)

Here we use the eigenstate basis j = 1, 2,3, ..., 8 corresponding to ψ1,−,ψ1,+,ψ2,−, ...,ψ4,+.119

g indicates the order number j of GS. When ε1,− < ε3,− (ε1,− > ε3,−), g = 1(g = 5) indi-120

cates ψ1,− (ψ3,−). Note that the term 〈g|dσ(t)| j〉 is in the Heisenberg representation and can121

be transformed to Schrödinger representation 〈g(t)|dσ(0)| j(t)〉 = ei(εg−ε j)t〈g|dσ(0)| j〉. Simi-122

larly, we get 〈 j|dσ(t)|g〉 = ei(ε j−εg )t〈 j|dσ(0)|g〉. eAσ(x , y) = 〈x |dσ(0)|y〉 is the representation123

of dσ(0) in the j basis. It is obtained by a unitary transformation on Aσ, which is the represen-124

tation of dσ(0) in the basis of H1 to H4 (basis Eq. (6)): A↑ is a 8×8 matrix with four nonzero125

elements A↑(1,4) = A↑(5, 8) = 1, A↑(3,2) = A↑(7, 6) = −1. A↓ is also a 8× 8 matrix with four126

nonzero elements A↓(1, 5) = A↓(2,6) = 1, A↓(3,7) = A↓(4,8) = −1. The transformation is127

eAσ = V †AσV , with V = V1 ⊕ V2 ⊕ V3 ⊕ V4 obtained from the eigenvectors of H1 to H4:128

V1 =





i t
Ç

t2+2ε2
1,−

i t
Ç

t2+2ε2
1,+p

2ε1,−
Ç

t2+2ε2
1,−

p
2ε1,+

Ç

t2+2ε2
1,+



 , (15)

V2 =





−i t
Ç

t2+2ε2
1,−

−i t
Ç

t2+2ε2
1,+p

2ε1,−
Ç

t2+2ε2
1,−

p
2ε1,+

Ç

t2+2ε2
1,+



 , (16)

V3 =





i tp
t2+2(ε3,−−ε0−VZ )2

i tp
t2+2(ε3,+−ε0−VZ )2p

2(ε3,−−ε0−VZ )p
t2+2(ε3,−−ε0−VZ )2

p
2(ε3,+−ε0−VZ )p

t2+2(ε3,+−ε0−VZ )2



 , (17)

V4 =





−i tp
t2+2(ε3,−−ε0−VZ )2

−i tp
t2+2(ε3,+−ε0−VZ )2p

2(ε3,−−ε0−VZ )p
t2+2(ε3,−−ε0−VZ )2

p
2(ε3,+−ε0−VZ )p

t2+2(ε3,+−ε0−VZ )2



 . (18)

From the process above, eAσ and Gr
D,eσeσ(t) are solved, and Gr

D,eσeσ(ε) is obtained via Eq. (13)129

130

Gr
D,eσeσ(ε) =

∑

j

[
|eAσ(g, j)|2

ε− ε j + εg + iΓN
+

|eAσ( j, g)|2

ε− εg + ε j + iΓN
]. (19)

Here, the coupling of normal lead is included as the imaginary part ΓN = πρN t2
N = 0.01U [46].131

Similarly, Gr
D,hσhσ(ε) can be solved by substituting dσ by d†

σ in Eq. (14), and is equivalent to132

substituting eAσ by eA†
σ in Eq. (19). The single-particle DOS is obtained from the retarded133

Green’s function [4]134

ρe(h)σ(ε) = −
1
π

Im[Gr
D,e(h)σe(h)σ(ε)]. (20)
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3 Phase transition without Zeeman term135

First we consider a simple case that the Zeeman term VZ = 0. When the QD-MZM coupling136

strength t = 0, the result returns to that of an isolated QD [4–7,11,12]: The QD has a degen-137

erate doublet GS in the range −U < ε0 < 0, while the GS is singlet outside this region. The138

physics we most concern is how the doublet state of QD is influenced by the MZM, i.e. the case139

−U < ε0 < 0. When the MZM is not coupled to the QD (t = 0), the spin rotation symmetry140

leads to the doublet state: With total occupation number being 1, the two degenerate states141

| ↑〉 and | ↓〉 are respectively occupied by just a spin-up electron and just a spin-down electron.142

The GS can be either | ↑〉 with 〈n↑〉= 1, 〈n↓〉= 0 or | ↓〉 with 〈n↑〉= 0, 〈n↓〉= 1.143

The MZM only couples to spin-up channel with strength t, causing the broken spin rota-144

tion symmetry and broken degeneracy of doublet state. According to Eqs. (11,12), the two145

eigenstates ψ1,−,ψ3,− consist of both spin-up and spin-down occupation. They are respec-146

tively majored by spin-up and spin-down components, and can be respectively called spin-up147

state and spin-down state.148

On this condition, the energy of spin-up state and spin-down state ε1,−,ε3,− are different,149

and the GS is determined by the sign of150

ε3,− − ε1,− =
1
2

�

2ε0 + U +
q

ε2
0 + 2t2 −

Æ

(ε0 + U)2 + 2t2
�

=
2ε0 + U

2



1−
U

q

ε2
0 + 2t2 +

p

(ε0 + U)2 + 2t2



 . (21)

Note that when t 6= 0,
q

ε2
0 + 2t2 +

p

(ε0 + U)2 + 2t2 > U , and 1− U
q

ε2
0+2t2+

p
(ε0+U)2+2t2

> 0.151

Therefore, the sign of ε3,− − ε1,− is determined by the sign of 2ε0 + U . When ε0 < −U/2152

(ε0 > −U/2), ε3,− < ε1,− (ε3,− > ε1,−), the GS is the spin-down state ψ3,− (spin-up state153

ψ1,−). As shown in Fig. 2(a), we calculate and compare the energy ε1,−,ε3,−, so that we154

judge which is the GS. Then the spin of GS 〈n↑〉 − 〈n↓〉 is plotted in the ε0, t parameter space.155

A remarkable signature is the phase transition at ε0 = −U/2, consistent with Eq. (21). Indeed,156

the GS is spin down for ε0 < −U/2 and reversed to spin up for ε0 > −U/2. The case is different157

from coupling to normal superconductor, where the doublet GS can be changed to spin-singlet158

GS [4–7,11,12].159

The phase transition can be understood by the single-particle effective energy levels in a160

mean-field picture. Due to the intra-dot Coulomb repulsion Un↑n↓, the energy level of certain161

spin is lifted from ε0 by the filled electron with opposite spin: The spin-up and spin-down162

occupations are determined by their spin-dependent effective energy levels ε↑ = ε0 + 〈n↓〉U163

and ε↓ = ε0 + 〈n↑〉U . Without coupling of MZM (t = 0) and for doublet state (−U < ε0 < 0),164

the spin-up state | ↑〉 corresponds to 〈n↑〉 = 1 and 〈n↓〉 = 0, so ε↑ = ε0 and ε↓ = ε0 + U are165

respectively below and above the Fermi energy EF = 0. Self-consistently, these spin-dependent166

effective levels indicate occupation numbers 〈n↑〉 = 1 and 〈n↓〉 = 0 and that only spin-up167

channel is occupied [1,4,6]. Similarly, the spin-down state | ↓〉 corresponds to ε↑ = ε0+U and168

ε↓ = ε0. The discussion and symbol εσ above is based on that GS spin has been determined.169

Before the GS is determined, we consider both cases of spin polarization and take the average.170

The average energy levels are ε̄↑ = ε̄↓ = ε0 + U/2, as schematically shown in the two major171

DOS peaks in Figs. 2(b, c). Therefore, the GS is degenerate doublet state | ↑〉 and | ↓〉.172

When MZM is coupled to QD with t 6= 0, the MZM leaks into the spin-up channel of the173

QD [61], bringing an additional peak at zero energy [zero-energy peaks in Figs. 2(b, c)]. The174

spin-up channel is initially located at ε̄↑, the MZM induced zero-energy peak effectively moves175

its energy level close to 0. When ε̄↑ = ε̄↓ = ε0+U/2< 0, the effective energy level of spin up is176

6
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Figure 2: (a) The phase diagram versus intra-dot energy level ε0 and MZM coupling
strength t for VZ = 0. Here we plot 〈n↑〉 − 〈n↓〉 to show the spin polarization. (b, c)
The mean-field picture for the phase transition. Without the coupling of MZM, spin
↑ and ↓ have the same average energy level ε̄↑ = ε̄↓ = ε0+U/2. The leakage of MZM
induces a zero-energy peak in spin-↑ channel. Thus, the spin-↑ energy is effectively
increased (decreased) for ε0+U/2< 0 (ε0+U/2> 0), corresponding to a spin-down
(spin-up) GS.

lifted to higher than ε̄↓, as shown in Fig. 2(b). The higher energy of spin-up channel indicates177

that the GS is spin-down state ψ3,−. On the other hand, for ε0 + U/2> 0, the spin-up energy178

is effectively reduced by MZM coupling, as shown in Fig. 2(c). Thus, the spin-up channel179

has the lower energy than spin-down channel, and the GS is spin-up state ψ1,−. This picture180

explains the phase transition and spin change in Eq. (21) and Fig. 2(a).181

In the presence of QD-MZM coupling t, the broken spin rotation symmetry not only de-182

stroys the degeneracy of doublet state for −U < ε0 < 0, but also transforms the initial spin-183

singlet state for ε0 < −U or ε0 > 0 to be spin polarized. In other words, the GS is spin-polarized184

in the whole phase diagram [Fig. 2(a)], which is distinct from the doublet-singlet phase di-185

agram in spin-singlet superconductor-QD system [4–7, 11, 12]. In addition, if the MZM is186

decoupled, the QD should be occupied by zero or two electrons when ε0 > 0 or ε0 < −U , and187

the state should respectively be spin-singlet |0〉 or 1p
2
(| ↑↓〉 − | ↓↑〉). Thus, the corresponding188

spin polarization is nearly zero for very small MZM coupling t.189

We also investigate the features of GS phase transition versus the intra-dot energy level190

ε0. In experiments this ε0 can be regulated by applying a gate voltage [4–6, 21]. The QD-191

MZM coupling strength is fixed to be t = 0.1U . The energy comparison of states ψ1,−,ψ3,−192

is plotted in Fig. 3(a). Because ε1,−,ε3,− are both mainly proportional to ε0, the energy are193

simultaneously subtracted by ε0 in Fig. 3(a) for a clear comparison. Just as the Eq. (21)194

and Fig. 2(a), ε1,− > ε3,− (ε1,− < ε3,−) for ε0 + U/2 < 0 (ε0 + U/2 > 0), indicating the GS195

is the spin-down (spin-up) state. Fig. 3(b) shows the occupation numbers 〈n↑〉, 〈n↓〉 versus196

ε0. As ε0 increases and crosses −U/2 and phase transition happens, the spin polarization197

of GS undergoes a sharp transition from 〈n↓〉 = 1 to 〈n↓〉 = 0. In the mean-field picture,198

ε↑ = ε0+〈n↓〉U also changes from ε↑ = ε0+U = 0.5U to ε↑ = ε0 = −0.5U . For ε↑ = 0.5U > 0,199

the spin-up channel is almost not occupied, with 〈n↑〉 ≈ 0. But for ε↑ = −0.5U < 0, the spin-up200

channel is almost occupied, with 〈n↑〉 ≈ 1. On the other hand, the MZM-induced zero-energy201

peak tends to move 〈n↑〉 to 0.5, thus around ε0 = −U/2, 〈n↑〉 is a bit deviated from 0 or 1. The202

lower |ε↑| is, the more evident is the MZM-induced zero-energy leakage. Because ε↑ = ±U/2203

is far from zero, the leakage effect is weak and 〈n↑〉 is almost 0 or 1 around ε0 = −U/2.204

For the two separated regions ε0 < −U/2,ε0 > −U/2, as ε0 increases, ε↑ increases and 〈n↑〉205

decreases, while the decrease is not sharp due to the MZM coupling, as shown in Fig. 3(b).206

Next we study its single-particle DOS. As shown in Fig. 3(c), we plot the spin-resolved207
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Figure 3: Phase transition of GS versus intra-dot energy level ε0 for VZ = 0. (a)
Energy comparison of spin-up and spin-down states ε1,− and ε3,−. ε0 is substracted
for clarity. (b) The occupation numbers 〈n↑〉, 〈n↓〉 of GS. (c) The spin-resolved single-
particle DOS. (d) The weight of zero-energy spin-up DOS. In these figures (a-d), the
QD-MZM coupling strength t = 0.1U .

DOS, which is defined as [62]208

Sblock
z = ρe↑ −ρe↓ +ρh↑ −ρh↓. (22)

Here we set e ↑, h ↑ components as positive (red color), and set e ↓, h ↓ components as neg-209

ative (blue color). This quantity also reflects the total single-particle DOS. For t = 0 with-210

out MZM, the DOS of doublet state is a Coulomb diamond centered at ε0 = −U/2, like211

shown in experiments [4, 13]: Two electron levels εe1 = ε0,εe2 = ε0 + U and two hole levels212

εh1 = −ε0,εh2 = −ε0 − U , intersecting at points (ε0,ε) = (−U , 0), (0,0), (−U/2, U/2), and213

(−U/2,−U/2). As MZM is coupled to QD, the Coulomb diamond shape almost keeps, but has214

two differences: First, at ε0 = −U/2 the electron spin is reversed due to phase transition, see215

the two electron-like levels εe1 ≈ ε0,εe2 ≈ ε0 + U in Fig. 3(c). Because ε0 = −U/2 is the216

particle-hole symmetric point, the phase transition just changes the signs of levels, and there217

is not a sharp change in the total DOS spectrum. Second, the spectrum opens two gaps at218

ε0 = −U , 0. Inside the gaps, the zero-energy positive peak is apparent. Because the MZM cou-219

ples to spin-up channel, this peak indicates the high equal-spin Andreev reflection strength,220

which is a symbolic signature of the MZM [43,62].221

To quantitatively show the MZM signal, we calculate the weight of the zero-energy peak222

presented in Fig. 3(d), which is defined as223

W =

∫ 0.04U

−0.04U
dε(ρe↑ +ρh↑). (23)

Because the MZM is only coupled to the spin-up channel, we only consider the DOS from224

e ↑-h ↑ block and exclude irrelevant contributions. The weight is high at ε0 = −U , 0, but225

low around ε0 = −U/2. The distinct MZM signal can also be understood from the mean-field226

picture. In fact, the MZM can always induce a zero energy peak as shown in Fig. 3(c), but the227

leakage strength is strongly dependent on the ratio t/|ε↑|. Note that the leakage of MZM is228
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Figure 4: (a) The phase diagram versus intra-dot energy level ε0 and MZM coupling
strength t for VZ = 0.06U . Here we plot 〈n↑〉−〈n↓〉 to show the spin polarization. (b,
c) The mean-field picture for the phase transition. Without the coupling of MZM, spin
↑ and ↓ have different average energy levels ε̄↑ = ε0+U/2−VZ , ε̄↓ = ε0+U/2+VZ .
ε̄↑ < ε̄↓ causes a spin-up GS. The MZM effectively lifts (decreases) the spin-↑ energy
for ε̄↑ < 0 (ε̄↑ > 0). When the effective spin-↑ energy is lifted over spin-↓ energy, the
GS changes from spin-up to spin-down.

strong for a low |ε↑| value. For ε0 < −U/2, ε↑ = ε0 + U is zero at ε0 = −U . For ε0 > −U/2,229

ε↑ = ε0 is zero at ε0 = 0. Therefore, the weight is maximized at ε0 = −U , 0. If the spin-up230

effective level ε↑ is far away from zero (e.g. ε0 = −U/2), the MZM will be prohibited from231

leaking into the QD. It indicates that when experimentally probing MZM, even if the MZM232

actually exists, its signal may be subtle because it is weakened by a high QD energy level |ε↑|.233

4 Phase transition with Zeeman term234

Above we study the phase transition without considering the Zeeman term. In fact, this Zee-235

man term should be involved, because the nontrivial phase of topological superconductors236

and MZM are usually induced by a magnetic field [18, 19], or an exchange coupling from a237

magnetic QD [8, 9]. The magnetic direction is approximately parallel to the MZM coupling238

channel spin up [43, 44]. Below we study the case with a Zeeman term, which is always set239

as VZ = 0.06U . By involving the practical Zeeman term, the phase transition features become240

remarkable and can be used to understand MZM-related experiments.241

As the Zeeman term is involved, when t = 0, the degenerate doublet GS is destroyed to242

a spin-polarized GS by the Zeeman term, where the energy of spin-up and spin-down states243

are split by 2VZ . The phase diagram versus ε0 and t is shown as Fig. 4(a): Basically, the GS244

is spin-up for a high ε0, and is spin-down for a low ε0. However, the phase transition with245

VZ 6= 0 does not happen at the particle-hole symmetry point ε0 = −U/2.246

To understand this feature, we also use the mean-field picture Figs. 4(b, c). The spin-247

dependent effective energy levels are ε↑ = ε0 + 〈n↓〉U − VZ and ε↓ = ε0 + 〈n↑〉U + VZ . When248

MZM is absent t = 0, by substituting (〈n↑〉, 〈n↓〉) = (1, 0), (0, 1) and taking the average, one249

finds ε̄↑ = ε0 + U/2− VZ , ε̄↓ = ε0 + U/2+ VZ that determine GS spin. The relation ε̄↑ < ε̄↓250

destroys the degeneracy of doublet GS to spin-up GS. The MZM may change the spin-up GS to251

spin-down by the leakage effect: As shown in Figs. 4(b, c), the MZM effectively lifts (reduces)252

the energy of spin-up state towards 0 for ε̄↑ < 0 (ε̄↑ > 0). Thus, if the effective energy of spin253

up is lifted to higher than ε̄↓, the GS will be changed to the spin-down state. This demands two254

conditions: First, ε̄↓ < 0 (which sufficiently satisfies ε̄↑ < 0) because the effective energy of255

spin up is at most raised to 0. Second, the QD-MZM coupling t should be high enough, so that256

the spin-up energy can be lifted to overcome the energy difference ε̄↓ − ε̄↑ = 2VZ . Note that257
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Figure 5: Phase transition of GS versus intra-dot energy level ε0 for VZ = 0.06U . (a)
Energy comparison of spin-up and spin-down states ε1,− and ε3,−. ε0 is substracted
for clarity. (b) The occupation numbers 〈n↑〉, 〈n↓〉 of GS. (c) The spin-resolved single-
particle DOS. (d) The weight of zero-energy spin-up DOS. In these figures (a-d), the
QD-MZM coupling strength t = 0.1U .

for a low ε0, the ratio |ε̄↓− ε̄↑|/|ε̄↓| is low, and the phase transition can happen for a relatively258

low QD-MZM coupling t, as shown in Fig. 4(a). The GS transition line is vertical without the259

Zeeman energy [Fig. 2(a)], which means that the GS can only change by regulating the intra-260

dot energy level ε0. But the Zeeman term changes the GS transition line to be oblique [Fig.261

4(a)], and it becomes possible to also change the GS via just increasing QD-MZM coupling262

strength t, which is studied later.263

The representative phase transition versus intra-dot energy level ε0 is summarized in Fig.264

5, fixing t = 0.1U . Compared to the VZ = 0 case Fig. 3(a), the energy of spin-up state ε1,− and265

spin-down state ε3,− is respectively reduced and lifted by about VZ . This leads to the change266

of critical intra-dot energy level from ε0 = −U/2 to ε0 = εc < −U/2 [Fig. 5(a)]. In Fig. 5(b),267

the occupation number 〈n↓〉 is suddenly changed from 1 to 0 at ε0 = εc . But the change of268

〈n↑〉 is not remarkable, because the critical energy level εc is about −U and GS tends to be a269

double occupation singlet state 1p
2
(| ↑↓〉−| ↓↑〉) and spin-up level always tends to be occupied.270

With the Zeeman term, the single-particle DOS versus ε0 still behaves the Coulomb dia-271

mond feature, as shown in Fig. 5(c). Unlike the phase transition and spin reversion in Fig.272

3(c), here the spin keeps in the range ε0 > εc [see the spectral lines with positive slopes]273

indicating the large parameter range of the spin-up GS. When the phase transition happens274

(ε0 = εc), the spin-down states intersect at zero energy. Meanwhile, the spin-resolved DOS275

peaks with nonzero energy have the energy unchanged but spin sign reversed. Notably, the276

zero-energy peak of MZM is subtle on the right of εc , but is obvious on the left. This is because277

ε↑ = εc+U ≈ 0 on the left suddenly changes to ε↑ = εc ≈ −U on the right. The sharp increase278

of |ε↑| causes the sharp decrease of MZM leakage, which is quantitatively shown in the weight279

W Fig. 5(d). This can be analogized to the weight transitions of Andreev bound states in280

QD-normal superconductor system in Ref. [2]. In Fig. 5(d), with the increase of ε0 from εc ,281

the weight gradually becomes apparent due to the decreased |ε↑|, and it has a large value for282

a high energy level ε0, like the VZ = 0 case Fig. 3(d). This result is similar to the experimental283
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Figure 6: Phase transition of GS versus QD-MZM coupling strength t for VZ = 0.06U .
(a) Energy comparison of spin-up and spin-down states ε1,− and ε3,−. ε0 is sub-
stracted for clarity. (b) The occupation numbers 〈n↑〉, 〈n↓〉 of GS. (c) The spin-
resolved single-particle DOS. (d) The weight of zero-energy spin-up DOS. In these
figures (a-d), the intra-dot energy level ε0 = −0.9U .

result by Mourik et al. in a Majorana nanowire [23]: A QD region is formed by a section284

of nanowire with the energy level controlled by the gate voltage. When regulating the gate285

voltage, the nonzero-energy states cross at zero energy. Around the crossing, the zero energy286

signature seems missing on one side, but becomes apparent on the other side. Also, on the287

signature-missing side, as gate voltage is turned away from the crossing point, the zero energy288

peak gradually appears [23]. Our theoretical analysis can provide such kind of experiments289

with a potential understanding from the perspective of QD phase transitions.290

As shown by the phase diagram Fig. 4(a), the phase transition can also happen by just291

increasing QD-MZM coupling strength t. For a fixed intra-dot energy level ε0 = −0.9U , in-292

creasing t from zero to the critical value tc , the phase transition indeed happens. As shown293

in Fig. 6(a), the energy of spin-up and spin-down states are split by about 2VZ at t → 0,294

indicating a spin-up GS. Along with the increase of t, the energy of two states both decrease295

but the spin-down energy ε3,− decreases faster. When t reaches tc , ε3,− becomes lower than296

ε1,− and the GS becomes the spin-down state ψ3,−. In comparison, for VZ = 0, when t = 0,297

ε3,− = ε1,− = ε0 are degenerate in the doublet region. For the same ε0 = −0.9U , due to the298

faster decrease of ε3,− versus t, the GS becomes spin-down state as long as t 6= 0, consistent299

with the VZ = 0 phase diagram Fig. 2(a).300

The occupation numbers versus t in Fig. 6(b) also show the phase transition. Along301

with the increase of t and phase transition happens at t = tc , 〈n↓〉 changes from 0 to 1,302

ε↑ = ε0+ 〈n↓〉U changes from −0.9U to 0.1U . Because of the coupling of the MZM, the occu-303

pation number 〈n↑〉 always tends to be 0.5 as t increases, for both t < tc and t > tc . For t < tc304

and ε↑ = −0.9U , the spin-up channel is almost occupied with 〈n↑〉 ≈ 1. After phase transition305

t > tc , ε↑ = 0.1U is much smaller than the QD-MZM coupling t, so the MZM leakage turns306

〈n↑〉 to be about 0.5. Therefore, the evolved state of QD for a large t is almost equally con-307

tributed by a spin-down state 1p
2
| ↓〉 and a double occupation singlet state 1

2(| ↑↓〉−| ↓↑〉). The308

spin-resolved single-particle DOS of the GS is also shown in Fig. 6(c). Like the phase tran-309
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sition versus ε0, the spin-down levels cross at zero energy at transition point t = tc , and the310

nonzero-energy peaks have energy unchanged but spin sign reversed at t = tc . The zero en-311

ergy peak, which reflects the leakage of MZM, is subtle when t < tc but apparent when t > tc ,312

because |ε↑| is decreased from 0.9U to 0.1U . The weight in Fig. 6(d) gives the quantitative313

description of the emergence of strong zero energy peak.314

The MZM becomes apparent only when the coupling strength t reaches a critical value tc that315

leads to the phase transition. Our theoretical result could provide an understanding of MZM-316

related transport measurements. It is consistent with the recent experimental work by Fan et317

al. in the platform of iron-based superconductor [9], which is believed as one of condensed318

matter systems to realize MZMs [9, 30, 31]. Some adatoms are deposited on the surface of319

the superconductor and create nearby MZMs via their exchange coupling. The adatom can be320

viewed as a QD, and its coupling strength to the MZM is controlled by the distance between the321

adatom and the superconductor surface. As the adatom is pushed toward the superconductor,322

the coupling strength increases and the nonzero energy states cross, and the MZM zero-energy323

peak appears after this crossing [9].324

In phase transitions versus both intra-dot energy level ε0 and QD-MZM coupling strength325

t, the single-particle DOS Figs. 5(c), 6(c) exhibit energy level crossing at the transition point326

εc , tc . Also, after the phase transition, the MZM zero-energy peak becomes apparent, which327

may be mistakenly regarded as the emergence of MZM itself: Similarly, when researchers328

regulate topological transition and induce the appearance of MZM, the energy gap usually329

closes, and reopens with a new zero-energy peak indicating the MZM emergence [16,33]. Here,330

we show that even when MZM already exists, the phase transition of QD leads to the same331

feature as that of topological transition. Therefore, even if the zero-bias peak does not exist,332

one can not definitely judge that the MZM is nonexistent.333

5 Conclusion334

In summary, the phase transitions in QD-MZM coupling systems are investigated. The phase335

diagrams without and with Zeeman terms are both given, showing the transition lines. The336

phase transitions can happen via regulating the intra-dot energy level or QD-MZM coupling337

strength. Along with these phase transitions, the occupation numbers and single-particle DOS338

are studied. The transition features can be understood by the mean-field picture. Our study339

not only provides an analogy to QD-superconductor phase transitions, but also offers an un-340

derstanding on MZM-probing experiments.341
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