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ABSTRACT: We study the renormalization group flow of unitary Quantum Field Theories
on two-dimensional de Sitter spacetime and on the Euclidean two-sphere of radius R. We
prove the existence of two functions ¢;(R) and co(R) which interpolate between the central
charges of the UV and of the IR fixed points of the flow when tuning the radius R while
keeping the mass scales of the theory fixed. ¢1(R) is constructed from certain components
of the two-point function of the stress tensor evaluated at antipodal separation. cy(R) is
the spectral weight of the stress tensor over the A = 2 discrete series. This last fact implies
that the stress tensor of any unitary QFT in S2/dSs must interpolate between the vacuum
and states in the A = 2 discrete series irrep. We verify that the c-functions are monotonic
for intermediate radii in the free massive boson and free massive fermion theories, but we
lack a general proof of said monotonicity. We derive a variety of sum rules which relate
the central charges and the c-functions to integrals of the two-point function of the trace of
the stress tensor and to integrals of its spectral densities. The positivity of these formulas
implies ¢V > ¢!®. In the infinite radius limit the sum rules reduce to the well known
formulas in flat space. Throughout the paper, we prove some general properties of the
spectral decomposition of the stress tensor in S%+! /dSgqy1.
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Figure 1: c3(R) for the free massive fermion and free massive boson flows in dS,.
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1 Introduction

Unitary and Lorentz invariant quantum field theories (QFTs) in two dimensions describe
renormalization group (RG) flows between two conformal field theories (CFT), one in the
long distance (IR) regime, and one in the short distance (UV) regime. Zamolodchikov’s
seminal paper [1] showed that to each flow one can assign a function which is monotonic
in the scales of the theory, and which asymptotes to the central charges of the two CFTs
at the fixed points. The difference between the two central charges Ac = c¢VV — R is
positive, a fact that is usually referred to as the c-theorem, and it can be related to sum

rules involving integrals of observables computed along the flow [2-5]

Ac — 62 4 B * ds
c=6m /0 rdr(©(r)0(0)) = 1277/0 ?g@(s), (1.1)
where r is a radial coordinate on the Euclidean plane, © is the trace of the stress tensor and
oe is its spectral density over the s = m? > 0 unitary irreducible representations (UIRs)
of the Poincaré group in two dimensions.

The existence of a function that is monotonic under RG flows implies that the flows
themselves are irreversible, giving a quantitative basis to the intuition that there is a loss of
degrees of freedom when “zooming out” and coarse graining in QFT. It is thus interesting
to establish the existence of other RG-monotonic functions (also called c-functions) for
QFTs in higher dimensions and on curved backgrounds, providing new general constraints
on RG flows.

In [6], Cardy conjectured that the one-point function of © integrated over a sphere
could be a c-function in spacetimes with an even number of dimensions. This fact was
proven in 4d by Komargodski and Schwimmer [7] and is called the a-theorem, since said
integral isolates the coefficient of the Euler density in the trace anomaly of the UV and IR
CFTs, usually denoted as a. In 3d, Casini and Huerta proved the F-theorem [8], stating
that the finite part of the free energy on a three-sphere satisfies FUV > FI®_ This had been
conjectured in [9], and in [10-12] it was proposed that sin (3d) log Zga with Zga being the
partition function of the theory on S¢, could be the generalization of F' to any dimension.
While many checks and no counter examples are known, there is still no proof for this last
statement.

In this work, we focus on RG flows in reflection positive QFTs on a two-dimensional
Euclidean sphere S?, or equivalently unitary QFTs in two-dimensional de Sitter spacetime
dSy. The study of RG flows in dS has a long history, see for example [13-43]. Leveraging
recent advances in understanding non-perturbative unitarity [44-49] and analyticity [50—
54], our main result is to prove the existence of two functions ¢i(R) and ca(R) which
interpolate between the central charges at the fixed points of the RG flow as we tune the
radius of S2/dS, while keeping the mass scales of the theory fixed. At infinite radius we

recover CIR

and at vanishing radius ¢YV. In contrast to the F-theorem and its general-
ization, ¢1(R) and ca(R) are related to correlation functions of a local operator, namely
the stress tensor. In the examples of a free massive boson and free massive fermion, we

find that these functions are also monotonic for intermediate R, although we do not have
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Figure 2: Both in Euclidean and Lorentzian signature the functions ¢; and ¢y interpolate
between the central charges of the CFTs at the endpoints of RG flows.

a theory-independent proof of this fact. We further consider the example of the massless
Schwinger model, in which ¢; and ¢ match the same functions as in the free massive boson
theory, hinting towards the fact that there exists a field redefinition that relates the two
theories in dS, just as in flat space.

The general point we advocate for in this work is that the radius of the sphere provides
a valuable IR regulator which can be used to follow RG flows in any QFT of interest.

Outline The paper is structured as follows. In section 2, we define ¢;(R) (2.29) and
derive a sum rule (2.30) to compute ¢V — ¢;(R) in terms of an integral of the two-point
function of the trace of the stress tensor over the chordal distance. We take a flat space
limit and recover Cardy’s sum rule [2], showing that c;(00) = c!R. Then, we use the Killén-
Lehmann decomposition in de Sitter [44-46, 55] to prove a sum rule for ¢VY — ¢ (R) in
terms of the spectral densities of the trace of the stress tensor (2.39). Its flat space limit
reproduces the sum rule from [3]. Finally, we show that c;(0) = cYV.

In section 3, we show that conservation greatly simplifies the spectral decomposition
of the stress tensor (3.6) in any number of dimensions. In two dimensions, we show that
there are only three independent spectral densities: one for the principal series, one for the
complementary series and one for the A = 2 discrete series (3.8). The latter quantity is
precisely co(R). We show that cz(c0) = ¢! and ¢3(0) = ¢YV, and we prove sum rules for
eV — c3(R) in terms of integrals of the other spectral densities (3.15) and in terms of an
integral of the two-point function of the trace of the stress tensor in position space (3.19).
We also show sum rules which compute c¢VV (3.12) and ¢1(R) (3.11) independently.

In section 4, we verify all our sum rules in the cases of a free massive boson and a free
massive fermion. We find that ca2(R) is monotonic and interpolates between the two central
charges in both cases. The divergences associated with massless scalars in de Sitter spoil
the sum rule for ¢;(R), making it zero for all radii in the free massive boson theory. The



theory of a massless fermion in dS, instead, is devoid of IR divergences and so ¢ (R) still

UV and ¢™® in the massive fermion flow. We comment on the fact

interpolates between c
that the massless Schwinger model has the same c¢; and cs functions as the free massive
boson theory.

In section 5, we conclude and discuss some open questions.

2 The first c-function and its sum rules

In this section we define ¢;(R) and we provide sum rules to compute cVV — ¢;(R), checking
that the flat space limit reproduces the known formulas from [2, 3]. The techniques we use
here closely parallel what was done in [56] to derive sum rules for ¢VV in Anti de Sitter.

2.1 Preliminaries

We are going to treat both the Euclidean and Lorentzian cases together. The S%t! and

RLd+1

dSg+1 can be embedded in as follows

(Y2 + (Y2 ...+ (Y42 = R%. (2.1)

We introduce the two-point invariant

1
o= ﬁyl . Y2 (22)
where the dot is either Y7 - Yy = nABYlAYQB or Y1 -Y, =6 ABYlAYQB depending on the
signature of choice, and the indices are A =0,...,d + 1. For now, we will set R = 1 and

then restore it when it is convenient. Operators can be lifted to embedding space and are
related to their local counterparts in some coordinates y* with = 0,1,...d as follows

oy gy

A1 Ay .
T ayﬂl ayﬂJ

THH (2.3)

The induced metric in embedding space and the covariant derivative are
G =pP —vAYP VA= 0] —YAY - 0y). (2.4)

The proof of the existence of ¢i(R) starts from considering the two-point function of the
stress tensor on the Bunch-Davies vacuum, with the following choice of normalization®
2 68

gl 09

Let us for now stay in general dimension d 4+ 1. By group theory, the two-point function

T,, = (2.5)

of any spin 2 symmetric tensor can be decomposed into 5 linearly independent tensor

structures .

(TP )TP (V) = ) TP (o). (2.6)

=1

'In our conventions the metric guv is dimensionless, so T, has mass dimensions d+1, as does the trace ©.
Furthermore, we will consider the tensor structures (2.7) dimensionless and the functions 7; dimensionful.



The tensor structures we choose are, specifically,
A
TABCD _ yAyByByD
TACBD Vl ‘/lCGBD G?CVQB VQD ,
TEOPP = VAVPGE - VOG- VORGP GR L (2)
TACBD GACGBD
TEPP = GG + Gy G
with N A N
Vit =Y - (V1 Ya) Yot Vi =Y -1 Y2)Y5,
GfB = 77 - YlAY1 ) G1243 = UAB - YQAYQB ) (2 8)
GAB _ AB _ Y5'yy"
All of the tensors in (2.8) are transverse, so that we force the stress tensor to be tangential
to the surface (2.1):

Vi Yi=GPYia = GiYia =Gy Yo = 0. (2.9)

The connected two-point function of the trace © = T‘i‘ will then be given by

(0(Y1)0(Y2)) =(0* — 1)°T1(0) +2(d + 1)(1 — 0*)Th(0) + 4 <i_ - 0> T3(0)
(2.10)
+(d+1)Ty(o) +2 <d—|— 012> T5(0).

The coincident point limit probes the CFT in the UV fixed point of the RG flow defined
by our QFT. In particular, in that limit the two-point function (2.6) has to reduce to the
CF'T two-point function of the stress tensor in the UV. This is uniquely fixed by symmetry
and conservation up to a constant that is proportional to ¢VV. In some Riemann normal
coordinates x*, this means

Uv
. Cp 1 1
ill)%<TW($)TQU(O)> ~ 2d2 |5 (WpoWro + WpoWye) — d 1 e | s (2.11)
ith
wi - 5,0
Wy = Ty — 2757 (2.12)

where cgv is the normalization of the stress tensor two-point function in the UV, which in

two dimensions is related to the central charge as follows

1
CcT = ﬁc . (213)
This matching in the UV implies that the T;(c) functions have the following behaviors at

coincident points (see appendix (A.2) for more details on how to derive this)

eV 2d—2 cp”
h=~sgsr  Tero@™), B -——mg,
v v (2.14)
Ti ~ — cp 1 T~ cp 1
AT T 2 57 Ty 2dv2



When defining the stress tensor through (2.5), we effectively impose it to be conserved at
the fixed points, but we allow for the presence of local contact terms in its expectation
values. To be more precise, (2.14) should also include contact terms in the form of delta
functions and their derivatives, such as is done explicitly in [57, 58]. All these terms would
drop out of the sum rules we derive, and thus we do not report their explicit forms here.

Two dimensions Effectively, in two dimensions (2.6) is a redundant decomposition,
since there are only 4 linearly independent tensor structures. This can be seen from the
fact that necessarily

WABCD = vy Pss =0, whend+1=2. (2.15)

It is possible to check, then, that the equation WAlfggDWBlBC?gF = 0 with (4;B;) and

(A2 By) symmetrized, is equivalent to
2

2 1
—;Tl - ;TQ + gTs +2

T; =0, (2.16)

where we suppressed all the indices on the T; to avoid clutter. This shows indeed that the
tensor structures are degenerate in two dimensions. The T;(o) functions are then defined
up to a common shift by a generic function g(o)

Ti(0) ~ Ti(0) = 9(0),  Tolo) ~Talo) ~ ~59(0)
o2 —
T(0) ~ To(o) + 0(0),  Talo) ~Ta(o) —275 L g(o), (2.17)
o2 -1

Ts5(0) ~ Ts(0) + = g(o).

We thus construct four quantities which are invariant under this shift?

0.2
Ti(o) = (1 —0?) [le(J) - ;TQ(O’):| , T3(0) = %T4(U) — (1 —0*oTs(0)
(2.18)
To(o) = (1 — o?) [_;TQ(G) _ JTg(J)] : Ti(o) = %T4(a) 4 Ty(0).

In this basis, the two-point function of the trace of the stress tensor has the following
expression, in two dimensions

Go(o) :% (1=0)Ti(0) = (1 +30)Ta(0) + (30> — 1)T3(0) + (1 + 0*)Ta(0))  (2.19)
where we introduced the notation
Ge(o) = (O(Y1)O(Y2)) . (2.20)

Notice that the regularity of Gg(o) at o = 0, which is not a special configuration on the
sphere or in de Sitter, implies the following relation for the 7; functions

71(0) + T4(0) = 72(0) + 73(0) - (2.21)

2The precise overall o-dependent coefficient of each 7; function was chosen a posteriori after having

derived their spectral decompositions (C.16) in such a way that they would not diverge at antipodal
separation o = —1.



2.2 Proof of the position space sum rule
For the purposes of our proof, we want to find a kernel r(o) and a function C(c) such that

r(0)Gol(0) = %0(0) . (2.22)

Moreover, to extract the central charge, we would like to have C(1) = ¢YV

up to contact
terms, such that integrating both sides of (2.22) will give us a sum rule. For this to work,
necessarily r(1) = 0 to kill the divergence of Gg (o) at coincident points.

In order to solve (2.22), we use the following ansatz with four unknown functions g;(o),

purely motivated by the fact that it works®

4
=Y 9i(0)Ti(0). (2.23)
=1

Then, we impose the conservation of the stress tensor
VATAB(Y)) TP (V) = 0. (2.24)

This induces three linearly independent scalar differential equations on the T; functions,
which we obtain by multiplying with three linearly independent projectors, see (A.1) for
details. Using (2.18), the conservation equations transform into three differential equations
for the 7;’s (A.3).

Call E; with i = 1,2,3 the three conservation equations (A.3). Then, we introduce
three unknown functions ¢;(o) and say

3

r(0)Gel0) — =C(0) = 3 4i(0)E. (2.25)

do :
=1

We impose that this equation be true for any 7;(c) and any 7(c), giving us 8 differential
equations with 8 unknown functions, namely r(o), ¢;(c) and ¢;(0). We find three solutions
which we report in (A.4). Only one of them has C(1) = ¢V up to contact terms and

r(1) = 0. It has kernel
r(o) = 812 [1 _p <10g <1 ; J) + 1)} , (2.26)

and associated function C(o)

Clo) = 2(1 = 0%)?log(¢) Ti (o)
+2(0%(1 = 0)* + (0 — 1)(20° + 1) 10g(()) T2(0)
+ (o(1=0)*(1 = 20) +2(20° — 1)(1 — 0%) 1og(¢)) T3(0)
— (o(o0 —1)% +2(¢% — 1) log(O)) Talo) |

(2.27)

3This choice was inspired by [56] where a similar construction led to convergent sum rules for ¢V in

AdS,.



where ¢ = 1%’ The fact that lim,_,; C(0) = c¢VV up to contact terms can be checked by
using (2.18) and (2.14). Importantly, at antipodal separation, we have

C(—1) = 32n°R* (T5(—1) — Ty(—1)) = 327 R* (Ta(—1) — 3T3(-1)) , (2.28)

where we used the fact that the T;(o) and 7;(o) functions cannot diverge at o = —1 and
that 72(—1) = 0, both facts which we prove in total generality in appendix C.2, and we
restored factors of the radius. This is our ¢;(R), and we claim it interpolates between UV

and ¢ as we change the radius of $?/dS,

a(R)=C(-1). (2.29)

UV and ¢®, and we will verify in examples

We will prove that the end-points of ¢;(R) are ¢
in section 4 that ¢;(R) is a non-increasing function of the radius in between.

Let us emphasize that, in a given QFT, each 7; function depends on the mass scales
of the theory {my} through dimensionless products such as m;R and m;/m;, hence the
dependency on the radius of ¢1(R).

Integrating both sides of (2.22) over the domain of the normalized inner product on
the sphere o € [—1,1), while being careful to avoid contact terms at o = 1, we get to one

of our main results

WV — ¢ (R) = 8n? /1 do [1 @ <log <1;C’> + 1)] RGe(0), (2.30)

-1

where we restored the necessary factors of the radius.
Let us note that, in this form, this sum rule is analogous to what was obtained in
two-dimensional EAdS in [56]%

-1 _
VWV = 87r2/ do [—1 -0 (log <120> + 1)] R'Ge(0), in AdS,. (2.31)

—00

Notice the slightly different kernel, the different integration domain and the fact that the
information about the intermediate flow is lost in the AdS case.

Flat space limit Let us show that (2.30) reduces to (1.1) in the flat space limit, thus
proving that ¢1(R) interpolates between the two central charges at the fixed points. We
start from the flat slicing coordinates ds? = R2w and we chose conventions in which
the metric is dimensionless. The flat space limit is achieved by takingn — t—Rand y — =

and then taking R — oo. Then the metric becomes ds? = —dt? + dz? and
- n 4+ — (1 —y2)? o1 —(t1 — ta)* + (21 — 29)* =1_ r? (2.32)
2mne 2R? - 2R% '
4For a direct comparison, use opere = —2€there — 1.



Our formula (2.30) then changes as follows

R—o00 R—o0

5 )+1>}R4G@(a)
= 672 lim 2Rr3dr Go <1 ) (2.33)

R—o0 0

1
WV — lim ¢ (R) = 87% lim do [1 -0 <10g (
-1
r2
2R?

o0
—or [ ar@meo)™,
0
The last form precisely matches (1.1), implying that

lim ¢;(R) = '}, (2.34)

R—o00
2.3 A sum rule in terms of spectral densities

We are interested in phrasing (2.30) in terms of an integral over the spectrum of the theory.
To do that, we are going to use the fact that the two-point function of the trace of the
stress tensor in the Bunch-Davies vacuum in a unitary QFT in dSs has a Kéllén-Lehmann
decomposition into UIRs of SO(1,2) as follows’[44-46, 55, 59-62]

dA 1
Go(o) :27r/ —— gg(A)GA(a)Jr/ dA 05(A)GA(0), (2.35)
1R 27 0
with ) )
Ga(o) = ZCSC(’/TA) o Fy <A A1, _;U> , A=1-A, (2.36)

where A parametrizes the eigenvalue of the quadratic Casimir of SO(1,2) as follows
SO0 _ A(1— A) = m?R2. (2.37)

The first term in (2.35) stands for contributions associated to principal series UIRs, while
the second one stands for complementary series contributions. In a unitary theory, the
spectral densities gg(A) and Q%(A) are positive on their domains of integration. For early
references on the full classification of UIRs of SO(1,2) see [63-66]. For recent reviews, see
[67, 68].

Notice that we are excluding the possibility that, in two dimensions, the discrete series
of UIRs (A = p € N/{0}) could contribute to the Kéallén-Lehmann decomposition of the
trace of the stress tensor, since it is a scalar operator. In [45, 50] we phrased more precisely
some arguments in favor of the fact that only operators with spin J > p can interpolate
between the vacuum and states in the discrete series. The results in the examples in section
4 add evidence to this fact, even if a rigorous and complete proof is still missing. Some
references which speculate on possible loopholes to these arguments are [69-71]. At the
moment, no explicit counterexample to this statement is present in the literature.

5In our conventions Ga is dimensionless, so the mass dimensions of the trace of the stress tensor are
captured by the spectral densities, which thus have mass dimension 4.



Given these assumptions, the derivation of the spectral sum rule is straightforward:
we plug (2.35) into (2.30) and carry out the integral over 0. We use the following identities

[N o aim= L L
10 A0727TAA’

1 1 1
/_ldJUGA(U):QTr(A—i-l)(A—Fl), (2.38)
1 140 1 AA — 4 csc(mA)
/_1da alog( 5 ) Galo) = rAAA+12(A+1)2 2A+1D)(A+1)
We obtain
W aa 2472 87 ase(rA) -
¢t —ca(R) —/%HR 2 ((A FPA+I? A+ D)A+ 1)> Teol8) (2.39)
Laa 24r? 8% ese(nA) |

Notice that, now, the integrands on the right hand side are manifestly positive on the
principal and complementary series domains A = % + iR and A € (0,1), implying that

%V > ¢ (R). (2.40)

Flat space limit Let us show that (2.39) reduces to (1.1) in the flat space limit. We
start from the fact that, reinstating factors of the radius, [45]

R
lim ——oh(A =i = ohat 2.41
Jim \/590( iRVs) = 05" (s) ; (2.41)
where s = m? is the flat space mass that is integrated over in the Killén-Lehmann

representation. Taking the flat space limit of (2.39) gives

*© Rds 1
oV — ng%o c1(R) =127 I%gréo [/0 7:$2R4 \}/jR‘lQ%at(s) + complementary

o0
d
= 127r/ —jg%at(s) + lim complementary (2.42)
o S R—o0

="V — ™™ 4 lim complementary,
R—o0

where we used the fact that the csc(mA) factor exponentially suppresses the spectral density
in this limit, which cannot compete due to Tauberian theorems in flat space, and that the
first term in the penultimate line was exactly the spectral sum rule (1.1). Since we showed

1

that limp_,0 c1(R) = ¢! in the previous section, we just proved that

Laa < 2472 873 csc(mA)
(A+1)2(A+1)2  (A+1)(A+1)

lim —
R—o0 0 2

> R*S(A) =0, (2.43)

~10 -



meaning that the complementary series contribution has to vanish when taking the R — oo
limit.

2.4 Behavior of the first c-function at vanishing radius

Let us study the behavior of ¢;(R) as we take R — 0. We start from (2.30) and study the

limit .
lim [ do {1 —0 <1og <1 + ”) + 1)] Geo(o, {m;R}), (2.44)
R—0 -1 2

where Gg = R*Go is the dimensionless two-point function of the trace of the stress tensor,
and we made explicit the fact that it can in general depend on all the dimensionless
combinations of the mass scales of the theory and of the radius. Taking R — 0 in this
formula while keeping my fixed is equivalent to taking all m; — 0 and keeping R fixed,
probing the UV fixed point of the theory, which is a CFT on a two-sphere of radius R. It
is a general fact that in a CFT in curved space, the two-point function of the trace of the
stress tensor vanishes up to contact terms®. Then, we notice two more facts: the divergence
of the kernel at ¢ = —1 is logarithmic and thus integrable, and the divergence of Geg at
o = 1 is logarithmic and cured by a simple zero in the kernel. We can thus safely state
that

lim ¢;(R) = c¢YV. (2.45)

R—0

This has implications regarding the integrals appearing in the spectral sum rule (2.39).
Specifically, we can say that necessarily

) dA 2472 873 cse(mA)
L U;HR i (@ ra et A ) M (2.46)
Laa 2472 83 cse(mA) B '
+/0 pr ((A T12AT1?  ArD)BT 1)) Rg§(8)] =0,

This will be important when studying the second c-function in the next section.

3 Spectral densities of the stress tensor and the second c-function

In this section, we derive a series of properties regarding the spectral representation of the
stress tensor in unitary QFTs in de Sitter and on the sphere. In subsection 3.1, we show the
most general form of the spectral decomposition of the stress tensor in d + 1 dimensions,
taking into consideration only the contributions from the principal and complementary
series. The conservation of the stress tensor implies relations between the spectral densities
associated to different SO(d) spin, making the expressions much simpler than initially
expected. In subsection 3.2, we specify to the case of two dimensions and we take into
account all the UIRs that the stress tensor can in principle couple to. After imposing
conservation, we find once again a much more compact expression than one would expect,
and we show that from the discrete series only the A = 2 UIR can appear. We leave many
details of this section to the appendix C.1.

The precise expression is (@(x1)0(x2)) = —ﬁV%(Q)(wl —x2) [57]

- 11 -



3.1 Spectral decomposition of the stress tensor in higher dimensions

The stress tensor is a symmetric spin 2 operator. As such, naively, one would expect it
to have a total of five independent spectral densities: one associated to its trace, three
associated to the SO(d) decomposition of its traceless part, and one associated to the
mixed two-point function of its trace and its traceless parts. In equations,

2
o)~ [ 8 > o7 (N6AT 7y
: - » GCD GAB
+ o) (1160 + 1576 (0))
GABGC’D
+ QS(A)ﬁGA(O') + other UIRs. (3.1)

where G’gi’CD(Yl, Ys) are the blocks that appear in the Kéllén-Lehmann representation
AP
(]

of traceless symmetric spin 2 operators on the Bunch-Davies vacuum, is a traceless

symmetric differential operator

48 = dilc:;‘vi —viAvP (3.2)

and Ga (o) is the canonically normalized free scalar propagator in d 4+ 1 dimensions in the

Bunch-Davies vacuum”
r'(A)(A) - d+1 1+0 1
=—F (A A —— =—Y1 Y. .
GA(U) (47‘_)% STy Ty , o R2 1 2 (3 3)

In particular, the £ = 2 block Ggg’CD(Yl, Ys) is explicitly reported in (B.16) and the ones

for £ = 0 and ¢ = 1 can be found in index-free form in appendix F.3 of [45]. Embedding

GAB are defined in section 2.1. In

space covariant derivatives V4 and the induced metric
this section, we are again setting R = 1.

Taking or removing traces from (3.1) reduces it to the following, naively independent,

decompositions
2
. . dA
(TAB(Y1)TCP (Ys)) = 2 [1 o g?}Z(A)Gig’CD(Yl,Yg)+other UlRs,
§+ZR /=0
. dA N
(O(M)TP(v3)) = 27r/d T 0F o (ATISPG () + other UlRs, (3.4)
PRI
dA
(O(V1)O(Y2)) = 27 /I 2 6B(A)Ga(9) + other UTRs.
£4+4R

2

The conservation of the stress tensor induces relations among these spectral densities,
totally analogous to those in flat space [5]. We relegate the proof of these relations to

"We use the notation for the regularized hypergeometric function F(a,b, ¢, z) = ﬁ 2F1(a,b, ¢, z), and
in this section A = d — A, while in the rest of the paper A =1 — A.
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appendix C.1. Here, we report the results®

B 0o(A) ) _ 0e(A)
or0(&) = dA+1)(A+1)’ 0r,0(A) = (A +1)2(A+1)%°

The Kallén-Lehmann decomposition of the stress tensor thus reduces to
(AP ()T () = 2 [

dA[79

07 ,(D)GAL P (Y1, Y2)

06(A)
Ad?(A+1)2(A+1)
+ other UIRs

. (3.6)

SIPPTISPGA(0)

where Hf‘B comes from the combination of the various propagators proportional to gg after
applying (3.5)
A8 = GAP (d+ V2) - vvD). (3.7)

In this representation, both lines in (3.6) are independently conserved: V AGiBé’CD =0 by

definition and it can be checked that VA4II4ZGa = 0. Group theoretically, the first line
corresponds to states which carry SO(d) spin 2, while the second line corresponds to all
other scalar states.

3.2 Spectral decomposition of the stress tensor in two dimensions

In two dimensions, the picture simplifies even further: there is no dynamical propagating
massive traceless symmetric spin 2 field, so GgB’CD(Yl, Y5) = 0. Moreover, the only UIRs
that can contribute, other than the principal series, are the complementary series and the
irrep with A = 2 in the discrete series. We prove this fact in appendix C.1. We are left
with?

P
AT W) <2 [ S R P gP G o)

2

! 06(4) (3.8)
+/0 dA(A " 1392@ " 1)2H‘143H2CDGA(0)

+ Q?QH{‘BHgDGAZQ (J) .

8Here we omit the superscripts on the spectral densities specifying the series of UIRs because these
identities apply also to the complementary series, given that the functional form of its contribution is just
the analytic continuation of the principal series ones.

9We use the same notation for projectors and propagators that we used in the higher dimensional case,
but we are implicitly setting d = 1.
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Since for the discrete series there is no integral over A, we call Q?Z the spectral weight of
the stress tensor in the A = 2 UIR.

When the theory has a good continuation in the number of spacetime dimensions,
there is a final simplification. If in higher dimensions the stress tensor only decomposes in
principal and complementary series, then when continuing to d = 1 the only contribution
to the A = 2 discrete series comes from spurious poles at A = 2 and A = 2 in Ggg,CD
which will cross the contour of integration over the principal series and lead to the discrete
series A = 2 contribution. This is in fact what happens in the free massive boson case, as
we will discuss in further detail in section 4.1 and appendix B.1. We can thus state that if
the theory has a good analytic continuation in d, with only principal and complementary
series contributions to the stress tensor in higher dimensions, we have

2 QP(A)
g? _4ﬂReS<(A+1§)(A+1)2>. (3.9)

3.3 Finding the second c-function

By comparing the definitions (2.6), (2.18) and (2.29) with the spectral decomposition (3.8),
it is possible to derive formulas which extract ¢VV and ¢;(R) individually as integrals over
the spectral densities of the stress tensor. To start, in appendix C.2 we show how to relate
the 7;(o) functions to integrals over the spectral densities of the stress tensor, obtaining

equations (C.16). Then, evaluating them at o = —1, we obtain
Ti(=1) =0, T2(-1) =0,
3 77 dA (44 AAD)cs ( A) p
1) =-—— — — A 1 t
TN =g 07+ 5 [, (A (A 4 1) B(A) + complementary,
3 »p i dA (44 3AA)cse(mA) p
-1 2+ — — _ A 1 t
Ta(—1) = 32:9% T 33 Lem 21 (BB D) 06(A) + complementary ,

where “complementary” stands for the same exact expression as the principal series case
but with an integral over the A € (0,1) contour. Now, using the definition of ¢1(R) (2.29),
we get

272 dA csc(mA)oB(A) 7 [P esc(mA)db(A)
R)=12nR* | 022 — =~ — -9 / dA -9
alf) =12 (9 A+D) 3 A+

r 3 Jipir2mi (A +1)( (A+1)(A+1)
(3.11)
Using our sum rule (2.39), we can thus derive a formula for ¢VV which is valid for any R:

NN 1 (8)
V—127R! P22/ = 2= /dA ST
T\ T e A )2B )y A+ 1°A+1)

(3.12)

Interestingly, in the flat space limit the second term in (3.12) independently reduces to the
Uv IR
—c

sum rule for ¢ , see the previous paragraph. At the same time, the principal series
integral in (3.11) vanishes in this limit. Moreover, (2.43) implies that both complementary

series integrals in (3.12) and (3.11) vanish in this limit. Finally, in section 2.4 we showed
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that all of these integrals of the spectral densities of the trace of the stress tensor vanish
as R — 0. We can thus define

ca(R) = 12 R* 22 (3.13)

and state that
Rlim ca(R) =
— 00
(3.14)
lim cp(R) = YV .
R—0
In other words, the spectral weight of the stress tensor in the discrete series A = 2 irrep

IR ond UV

is another candidate c-function which interpolates between c as we vary the
radius. In the example of the free boson, we explicitly checked that it is also monotonic
for intermediate radii. Let us write down two sum rules for c2(R). The one in terms of

spectral densities is obtained by combining (3.11), (3.12) and (3.13):

_ dA 06(4) L dA 06 (4)
%V —c3(R) = 2472 R* (/é“R i (AT 1?2(A+ 2 +/0 o (A4 1()92(A+ 1)2> (3.15)

once again from this we can deduce ¢V > ¢!, Comparing with (2.39) we can further state
CQ(R) Z Cl(R) . (3.16)

Deriving the position space sum rule for ca(R) is slightly more involved. We make use of
the inversion formula from [39, 45, 46], which in two dimensions states that the principal
series spectral density associated to a two-point function G(o) is given by

1 _
pP(A) = <2 — A) iCOt(ﬂA)/ do o F} <A,A, 1,
Ck

1—0

) G(o), (3.17)

with the contour Cj being a “keyhole” contour wrapping the branch cut of G(¢), which
for a physical two-point function is at o € [1,00), see figure 3. In practice, evaluating
this integral corresponds to computing the residue of the integrand at ¢ = 1 and the
discontinuity of G(o) around the cut.

For now, we will assume that there are no further contributions to the spectral decom-
position of our two-point function. We will see that the sum rule we obtain in this way
works even if there are complementary series contributions.

To proceed, we plug (3.17) inside (3.15), and we use the following identity

1_
2 F1 <A,A, 1, 1- U) = %F(AA)) (2(1i0))A 2 F1 (A,A,QA, 1_12_J> +(A < A). (3.18)
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Figure 3: In blue, the contour of integration Cy in (3.17). It wraps the branch cut of the
two-point function for time-like separation. In practice, it is equivalent to summing the residue
at 0 =1 and the discontinuity at o € (1, 00).

Exploiting the symmetry of the integral, we can drop the second term in (3.18). Now the
integrand decays with large Re(A). Assuming the convergence of the sum rule (3.15) and of
the inversion formula (3.17), we can swap the integrals and close the contour of integration
over A on the right half of the complex plane, picking up the residue on the only pole of
the integrand, which is at A = 2. We obtain the following position space sum rule,

WV _ cy(R) = /C do r2(0) R Go (o). (3.19)

with the explicit form of the kernel being

i o 3 oc—1)(o 3
(1[10)2 20°coth™! (o) + o2 log (M) + o log <( 1)1(6 +1) > (3.20)

+ log ("24_ 1) +2(1 + 0)? <1 —0 <coth1(a)1og (U g 1) — Liy (&)))] ;

where Lis(x) is a dilogarithm. Notice that ra(c) is purely imaginary in o € (1,00), as is

7"2(0’) =

the discontinuity of Ge(o), so that the integrand in (3.19) is real.

Let us also state that, as long as the two-point function Gg(o) can be analytically
continued to some regime where only the principal series contributes to its spectral decom-
position, then this formula works in every other regime. We checked this works in the free
massive boson case, even when complementary series contributions appear.
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As a final note, let us emphasize that what we showed in this section implies that in
any QFT'Y the spectral decomposition of the stress tensor must contain a contribution

from the A = 2 discrete series irrep, since its spectral weight has to interpolate between
™ and V.

3.4 Independent argument for the second c-function

2 interpolates between ¢VV and P

Here we will give an independent argument for why Q?
as we tune the radius of the sphere R. Let us start by writing down the Ké&llén-Lehmann

decomposition of the stress tensor in two-dimensional flat space [3—5]

IR

[eS)
<T“V($1)Tpo($2)>ﬂat = 71027TH}1LVH§UG0(.I1,¢T2) +/
0

ds

S—Qée(s)HT”HQOGs(m, z9), (3.21)

where we separated the massless contributions from the massive ones, and

1
Gs(l‘l,l‘g) = %Ko(\/axl — 33‘2’), (322)

is the canonically normalized propagator of a massive free scalar with m? = s in two
dimensions, with K, (x) being the modified Bessel function of the second kind, and

Y = no? — okoy (3.23)

are the divergence-less projectors which ensure conservation of the stress tensor. Notice
that the massless contribution in (3.21) is also traceless. That is necessary, since it is what
survives in the IR CFT. In fact, it can be checked that

CIR

1o I 57 Go(a, 22) = (T (21)T77 (22)) o - (3.24)

On the other hand, consider the Kallén-Lehmann decomposition of the stress tensor in
S? /dSy which we derived in the previous section and which we report here for convenience

B dA 06(A)
(TAB(v))TP (v2)) _2”/1+iR2m<A+1§)2(A+1)2

2

I I5PGa(o)

! 06(4) (3.25)
+/0 dA(A " 1392(5 " 1)2H’143H20DGA(0)

+ Q?QH{‘BHQDGAZQ ((7) .

In [45] we studied the flat space limit of the principal series contributions and showed
that they account for the continuum part in (3.21). Then, in (2.43) we argued that the
complementary series part has to vanish in the flat space limit. What remains is only
the last line in (3.25). Now notice that the A = 2 contribution is precisely the two-point
function of the stress tensor in a CFT on the two-sphere, up to a normalization factor

+ + + + 17AB71CD
WEW Wi Wi I IS Camalo) = g2 (3.26)

sphere
o (T(Y1, W) T (Yo, W55y et

10The only exception is, of course, the empty theory.
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where Wi are null vectors we are using to contract indices and give a compact form to the
final expression, and the + stands for their behavior under parity. We explain some more
details on them in appendix B.1 and in our previous work [45]. Then, based on what we
argued about the flat space limit, this is what matches the massless part in (3.21) when
R — o0, so that
M =127 lim R*%22. (3.27)
R—o00 T

On the other hand, as we discussed in 2.4, taking R — 0 is equivalent to probing the theory
on the sphere at fixed radius but with all mass scales taken to zero, effectively flowing to
the UV CFT on S%/dSs, where the spectral densities of the trace of the stress tensor vanish
and the only term surviving in (3.25) is the discrete series. This implies that

Uuv : 4 D

=12n 1 22 2
c WRIEIOR 07" (3.28)
Uv

giving an independent argument for why ca(R) defined in (3.13) interpolates between ¢
and !},

4 Examples

In this section, we apply the sum rules (2.30), (2.39), (3.15) and (3.19) in the cases of a free
massive scalar and a free massive fermion to compute the associated c-functions ¢;(R) and
c2(R). In the free massive boson case we compute all the spectral densities of the stress
tensor and show that the conservation relations (3.5) are satisfied.

4.1 Free massive scalar

Consider the theory of a free massive scalar with m?R? = Ay(1 — Ay).

S = —% / d*z/g (9" 0,$0u ¢ + m*¢?) | (4.1)

In the UV, this can be seen as the free theory of a massless scalar, for which we expect
cYV = 1, perturbed by the relevant operator m?¢?. Following the flow to the IR, we get to
the trivial empty theory, ¢'® = 0. In flat space, this is one of the simplest examples of RG
flows in QFT and the sum rules (1.1) work perfectly fine. In de Sitter, the IR divergences
associated to the zero mode of a massless scalar will instead slightly spoil this picture.

As we take the radius to zero, in fact, we are going to find that the two-point function
of the trace of the stress tensor becomes a non-zero constant, due to the divergence of (p¢)
in this limit, which is equivalent to the massless limit. This is going to affect ¢;(R), which
is inherently connected to the trace of the stress tensor, and will simply be zero for all
radii. Instead, co(R), which only depends on the traceless part of the stress tensor, will

Uv

succesfully interpolate between ¢V and ¢!®. Let us discuss the details.

The stress tensor for this theory, computed from its definition (2.5), is

1
T;w = u¢au¢ - ig;w [6p¢8p¢ + m2¢2} : (4'2)
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Its trace is © = —m2¢?. The two-point function of the trace is thus

2

Go(o) =2m! (GA¢(U)) (4.3)

Using the explicit expression of Ga(o) (2.36), the sum rule reads

WV — ¢1(R) = 1672 /1 do [1 to <log <2> - 1)] mR* (Ga,(0))? . (4.4)

—1 ].—|—O'

This integral can be carried out numerically and, to arbitrary precision, it returns
WV —¢(R) =1, (4.5)

implying that ¢;(R) = 0 for all R. In appendix B.1, we compute the full two-point function
of T" and independently verify that ¢;(R) = 0 using its definition (2.29). This is due to
the fact that the massless scalar theory is ill defined in de Sitter, because of the divergent
zero mode. This leads to the fact that, for example, the two-point function of the trace of
the stress tensor does not vanish as R — 0, but rather it asymptotes to a constant.

1

- (4.6)

. 4 4 2_
}l%lir%)Qm R (Ga,(0))" =

While this problem affects our first c-function ¢;(R), which depends on the trace of the
stress tensor, it does not affect co(R), which only depends on its traceless part.

In order to study co(R) we first need to discuss the spectral decomposition of the stress
tensor in this theory. In appendix B.1 we compute all the spectral densities and we check
formulas (3.5) and (2.39). Let us report here the resulting decomposition

B dA 06(A)
(TAB(Y)TCP(Yy)) = 27rﬁ+iR mi(d T 1()92(5 e

2

3\ [* o5 (A)
0 Ay — = dA 6\ 48P A 1—-A
+ <Re o 4>/0 AT 12Ar1E L e Galo) +(Ay — ¢)

e N (4.7)

I PTI5P G A (o)

where 0(x) is a Heaviside step function, signaling the appearance of a complementary series
irrep if the free scalar is light enough, and the differential operators Hf‘B where defined in
(3.7). As expected from our arguments, we observe the presence of a discrete series irrep
with A = 2. The explicit form of the spectral densities is, for the principal series

2
1 m*Asinh(7) _ [ 3 £i) LHix+2i),
P . 2 2
i) = r r|2———"2, 4.8
%o (2 ! ) 1674 (L £ iA) ( 2 11 2 (48)

T4

where we used Ay = % + 1Ay for convenience, so then m2R? = i + )\3). For the complemen-
tary and discrete series we find

3 - AR5
Lt -9) ’

| >

(A +1)2A cos(mA)I(
4

06(A) = —6(A — 24 +1) 2A—A2R

, (4.9)

Apm
g? = %cseh(%r)\qg),
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Figure 4: Plot of the second c-function in the free massive scalar case, for which we derived an
analytic expression, eq. (4.11). It interpolates between cVV = 1, the CFT of the free massless
scalar, and c¢'® = 0, the empty theory.

which can be checked to be positive''. If one considers a massless and compact scalar, as

in [38], then Gg(0) = 05(A) =0 and Q?Q = iz, giving
1
(T8 (Y1)TP (Vo)) = T I PI§P Gass(0). (4.10)

In the massless case the stress tensor precisely corresponds to the A = 2 irrep in the
discrete series. This makes sense, given that this theory is conformally invariant and the
stress tensor in a CFT is a spin 2 primary with A = 2.

Now that we have all the spectral densities, we can check the individual formulas for
"V (3.12) and ¢;(R) (3.11). We find once again that cVV = 1 and that ¢;(R) = 0 for all
R, due to the IR issues of the massless scalar theory in de Sitter. We can also compute the
second c-function ca(R) from its definition (3.13), and we obtain explicitly

1 1
c2(R) = dmrm®R*\/m2R? — chch <2mlm2R2 - 4) . (4.11)

As argued before, this function depends only on the traceless part of the stress tensor and
is insensitive to the IR divergence of the massless scalar theory. We plot it in figure 4,
and we observe that it indeed is a monotonic function which interpolates between ¢V =1
and ¢ = 0. We also check that the sum rule (3.19) returns the same function, testing
the fact that it works even when the complementary series contributes to the spectral

decomposition of Gg(0).

1The density QSZ is positive for all Ay € RU i(—%, %) The complementary series density o$ is positive
on the support of the Heaviside theta function in (4.7) after applying the Dirac delta
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27, 2A4 — 1

Figure 5: In blue, the contour of integration v in (4.12). A vertical line runs over the principal
series and circles surround the poles corresponding to a discrete series and a complementary
series UIR contributing to the spectral decomposition of the stress tensor. Because of shadow
symmetry, the residues on a pole at A and 1 — A are equal and opposite in sign. Here, we
represented the case where the massive boson is in the complementary series and has Ay > 3/4.

Finally, notice that in this special case of the free massive boson, the full spectral
decomposition of the stress tensor can be expressed as one spectral integral with a modified
contour. That is because there exists a regime of the parameters of the theory, namely in
d>1and Ay € %l +iRU (il, %d), for which only the principal series contributes. We show
this in appendix B.1. Then, since the two-point function of the stress tensor is an analytic
function of d and Ay, the only thing that can happen is that poles in the principal series
spectral density cross the integration contour and lead to extra contributions to the Kéallén-
Lehmann decomposition as we continue in the mass of the scalar and in the dimensions.
These poles can be accounted for by modifying the contour of integration, leading to the
following decomposition in two dimensions

dA QS(A)
2mi (A +1)2(A 4+ 1)

(TAB(Yv)TOP (v3)) = / SIS P Galo) (4.12)

with the contour v shown in blue in figure 5.

4.2 Free massive fermion

As a second example, consider the theory of a free Majorana fermion in two dimensions

S = —;/d%\@@ (V+m)¥. (4.13)

This can be seen as a specific field parametrization of two-dimensional Ising field theory
on the sphere above the critical temperature and with zero magnetic field. The Ising CFT
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is reached when m = 0, and it notoriously has ¢VV = % The mass term m¥W¥ acts as a

deforming operator which triggers a flow to the trivial empty theory in the IR, which has
R =0.

We leave many details to appendix B.2. The canonically normalized two-point function
is [48, 72]

(0 (1) () = — iltm +m) + (11 — 1)IGo(0) [(m —m) + (Y1 — 12)IGF(0)
VI \ [(y1 = y2) — (m — m2)]G3, (o) il(m +m2) — (1 — y2)]Gr(0) |
(4.14)
where ) -
Gl (o) = =m csch(mmR) oFy (1 —imR,1+imR, 1, c ,
i < 2 ) (4.15)

G

] 1
(O’) — _%mZR CSCh(T"mR) 2F1 <1 — ZmR, 1+ sz, 2, 42_0-> ;

and we are working in flat slicing coordinates ds? = RZW and z# = (n,y). The
two-point invariant then takes the form

2 2 N2
2mmne

In appendix B.2 we show that, in the flat space limit, (4.14) reduces to the canonically nor-
malized two-point function of a free fermion in two-dimensional flat space. The symmetric
and conserved stress tensor for this theory is [73]

1- > +
T = g ¥ (ruvu + F,,VM> v, (4.17)

x4
where AV, B = A(V,B) — (V,A) B, and I',, are the Dirac gamma matrices in de Sitter,
related to the flat space gamma matrices through the zweibein (see B.2 for an explanation).
Using the equations of motion, the trace of the stress tensor reduces to

0= —%\il\ll, (4.18)
with two-point function
Gol0) = (B(z1)0(x)) = 2m* (1 - 0) (G1(0))* + (1 +0) (Cm(0))?) . (419)

Applying our formula (2.30) we numerically verify that

1
V'~ lim ¢;(R) = =. (4.20)

R—o00 2
In contrast to the free boson case, there are no IR divergences associated with massless
fermions in de Sitter, and c;(R) is well behaved throughout the flow. Using that ¢VV = %,
we show a numerical plot of ¢;(R) in figure 6. It is a monotonically decreasing function of

the radius.
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0.5 1 === ¢1(R) for free massive fermion

c2(R) for free massive fermion
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Figure 6: Numerical plots of ¢;(R) and co(R) for the free massive fermion, obtained by using
(2.30) and (3.19) with the two-point function of the trace of the stress tensor in this theory
(4.19), and knowing that ¢VV = 1/2. They interpolate between the critical Ising model in the
UV and the empty theory in the IR.

To compute ca(R) for this theory, we start from the sum rule (3.19), which requires
computing the integral of r2(0)Ge(o) over the contour C shown in figure 3. We notice
that (4.19) has a simple pole at ¢ = 1 and a branch cut at o € [1,00). The sum rule thus
becomes

VWV — y(R) = /100 do ro(0)Disc [R4G@(O')] — 2mi lj_es [TQ(U)R4G@(U)] (4.21)

The discontinuity can be computed analytically knowing that

211 —a—b
——(z—-1)"""F(c—a,c—bc—a—-b+1,1—-2),
F(a)F(b)( ) ( ) (4.22)

Disc [F?(a, b, ¢, 2)] = (Disc[F(a, b, ¢, 2)] + 2F(a, b, ¢, z)Disc[F (a, b, ¢, 2)]) .

Disc [F(a,b,c, z)] =

The residue is simply

7T2
2mi 52% [TQ(O')R4G@(O')] = m2R? <2 — 3> . (4.23)

We evaluate the remaining integral numerically and plot the function c3(R) in figure 6. It
is also a monotonic function of R, and it satisfies the condition (3.16).

4.3 A comment on the massless Schwinger model

The massless Schwinger model is an integrable QFT in dSs [74-76]. Here we show that its
associated functions c¢; and cy are precisely the same as in the free massive scalar theory,
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indicating that the two theories are related by a field redefinition as in flat space. The
massless Schwinger model is defined through the following action

S = / d*z\/g [\p (Y +id) U+ 422F"”FW (4.24)

where ¥ is a Dirac spinor, A, is a compact U(1) gauge field with field strength Fj,, =
OuA, — 0,A, and ¢ is the gauge coupling, which has mass dimensions 1. The trace of the

stress tensor (2.5) is, on-shell,
1

= o

The two-point function of F' in the Bunch-Davies vacuum is written explicitly in [74], and

S F'E,, (4.25)

it has the precise form of the two-point function of a free massive boson (2.36):

\/glxigy<Fo1($1)F01($2)> = —iGAq(U), (4.26)

where in this case Ay(1 —A,) = %qQRQ. Since in two dimensions this is the only degree of
freedom of the field strength, this implies

2

2
Golo) =2 <i) (Ga, (). (4.27)

This is exactly the same two-point function as in (4.3). Since ¢; and co can be derived
through sum rules (2.30) and (3.19) which only depend on the trace of the stress tensor, they
are precisely the same as for the free massive boson theory, up to the mapping m? <> %.
This is not unexpected: it is well known in flat space that the massless Schwinger model
can be mapped through a field redefinition to the free massive boson theory, precisely with
m? < % [77, 78]. This equality of the c-functions hints to the fact that carefully bosonizing
the action (4.24) should lead to the free massive scalar theory in dS; as well.

5 Discussion

In this work we have studied RG flows in unitary QFTs in dSs and S%. We have introduced
two functions of the radius which interpolate between the central charges of the CFTs that
live at the fixed points of any RG flow. One is defined through certain components of the
two-point function of the stress tensor at antipodal separation (2.29), while the other is the
spectral weight of the traceless part of the stress tensor in the A = 2 irrep (3.13). The fact
that this spectral weight has to interpolate between the two central charges implies that it
needs to be non-zero for any QF T, or in other words the stress tensor has to always couple
to discrete series A = 2 states. We have verified our formulas in the examples of the theories
of a free massive boson, a free massive fermion and the Schwinger model. We showed that
c2 is monotonically decreasing in every case, while ¢; is monotonically decreasing in the
free fermion flow and it is zero for all radii in the free boson case where the massless regime
is ill-defined due to IR divergences. We found that the massless Schwinger model has the
same c¢; and co as the free boson theory. As an intermediate step, we worked out the
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details of how the conservation of the stress tensor simplifies its spectral decomposition
greatly. We argue that, in general, the sphere and de Sitter can be interesting background
geometries to study QFT since the radius acts as a symmetry preserving IR regulator, and
can be tuned to follow the RG flow and reveal new facts about QFTs of interest which
may be inaccessible in flat space. Moreover, the existence and behavior of ¢; and co are
new rigorous constraints that any unitary QFT in dSs must satisfy.

There are some open questions which would be interesting to explore in the future:

e The c-functions we have introduced interpolate between c¢VV and ¢!®. We also showed

that ¢V > ¢;(R) for both, implying in particular Zamolodchikov’s c-theorem ¢V >
™. In the two examples we studied, we also verified that they are monotonic for
intermediate radii. It would be interesting to establish whether the monotonicity is

true for all QFTs with a general proof or a counterexample.

e The examples in which we could test our formulas were gapped theories. In the
future, we hope to test them in flows which have ¢!® # 0, such as between minimal
models in de Sitter.

e Can a similar approach to the one utilized in this work be adapted to the problem
of finding RG-monotonic functions constructed from the stress tensor two-point
function in higher dimensions? Analogously to what happens in AdS [56], the simple
generalization of the differential equation (2.22) to higher dimensions is not enough
to extract the trace anomalies, so a more sophisticated approach is required.

e The results of this paper can be thought of as a new set of constraints that any
unitary QFT in S2?/dSs needs to satisfy. Some of them are in the form of positive
sum rules on two-point functions of the stress tensor which relate IR and UV data.
Combining these with constraints on higher-point functions one may be able to set
up numerical bootstrap problems in de Sitter, as suggested in [44-47, 50, 79, 80].

e Are there any RG flows of interest for which the approach presented in this paper
is more efficient than the well known flat space techniques? It would be interesting
to understand whether there are computational advantages that come, for example,
from the fact that one of the c-functions we propose is only dependent on the A = 2
contribution to the spectral decomposition of the traceless part of the stress tensor,
which has the form of a CFT two-point function of a spin 2 primary on the sphere.
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A Details on the position space sum rules
In this appendix we report some details concerning section (2.2) of the main text.

A.1 Conservation equations and solutions of (2.22)

Here we report the three linearly independent constraints we get from imposing the con-
servation of the stress tensor on the functions T;(o).

0.2

0—;1 [ —(d+4)o*(c® = 1)T1(0) + (d* + 3d + 4)0* Ta(0) + 4(0 + (d + 1)0°)T3(0)
+ (4 + 2do*)Ts(0) — 03(0% — 1)°T](0) + (d + 2)o>(0? — 1)T4(0)
+ 402 (0? — DT5(0) — (d+ 1)o3Ty (o) — QUTé(U)} =0,

(0.20;31)2 |:(d + 4)0'4(0'2 — 1)T1 (O’) — (d + 4)0'4T2(0-) _ 20-(2 T (d + 2)02)T3(0')
—AT5(0) + 0°(0* = 1)°T{(0) = 20%(0” = 1)T5(0) = 40°(0 = 1)T3(0) (A1)
+ 03Ty (o) +20Ti(0)| =0,
o2 -1

p [(d +4)o* (0% — )Ty (0) — 2(d + 2)0*To(0) — o (4 + 2(d + 2)0? + d(d + 3)o™)T3(0)
— (44 doHTs(0) + o®(c? — 1)*T|(0) — 203 (0 — 1)Ty(0)

— 02(0% — 1)(4 + do)T(0) + o*T}(0) + o (2 + daZ)Tg(a)] ~0.
They are obtained, respectively, by acting on VA(Txp(Y1)Top(Yz2)) = 0 with the projectors
VEGEP VPVEY . GV, (A2)

where the explicit form of these objects is in equation (2.8). In two dimensions, these are
differential equations for the four 7; functions

2+ 0)Ti(o) + (”2 + )Tz(a) — (0> +2)T3(0) + (2 +0°) Ta(0)

o2 -1
+o (0> =1)T{(0) + 0 (1+20°) T3(0) + o (1 —20°) T{(0) — oT{(c) = 0,
)
~(0* +2)Ti(0) + 57— Ta(0) + 2T3(0) = 2Ta(0) (A3)
+o(1—0)T{(0) —a(0® + 1)T5(0) + o(0? = 1)T3(0) + 0T (0) =0,
) ot —o?+2 1, 1 )

~(2+0)T(0) + —5 =5 Ta(0) + 5(0” + 4)Ts(0) — 5(4 + 07)Ta(0)

+o(1-0")T{(0) = 0(0” + DT3(0) + 5 (0? = 9T (0) + 5 (24 0*) T (0) = 0.

— 96 —



And here we report the kernels and functions C' that solve (2.22), parametrized by three
real numbers cq, c2, c3.

1
r(o) =3 [2¢350 — 2¢5 + o(c1 — ea)log(1l — o) + a(ey + o) log(1l + 0)]

C(o) 2% [ - (1- 02)2 (2(cs —e1) + (e1 — c2) log(1l — o) + (e1 + ¢2) log(1 + 0))T1 (o)

+ (2((c* = 20 = 1)e1 + 3 + 02(c3 + 20(co — 0c3)))

+ (1 —0?)(20% +1)(2tanh ™ ()cz + ¢1 log(1 — 62))) Ta(0) (A.4)
+ (=2(6* =502 + 1)c1 — o(1 + 50%)cy + 2(20* — 302 + 1)c3
+ (20% = 30% 4 1)(2tanh ™ (o) ez + ¢ log(1 — 02)))T3(0)
+((2—=402)c1 + (0% + 1)ea + 2(0% — 1)cs
+

1= 0%)((c2 = e1) log(1 = 0) = (e1 + c2) log(0 + 1)) Ta(0)
The particular solution that leads to (2.30) is ¢; = c2 = —872 and c3 = 872 (log(2) — 1).

A.2 Coincident point limit of T;

Here we derive the coincident point limit of the T;(¢) functions in (2.6). We use the
following local coordinate system for de Sitter

yoo L i i, yen o Tloeax (A.5)
2e~t 2e~t
where x € R? with i = 1,...,d and we keep R = 1. In this coordinate system, the metric
is
ds? = —dt? + *'dx?. (A.6)
The two-point invariant reads
1
o — 56—(t1+t2) (6%1 Fete y g2ttty (2tite) (x2 +X%)> . (A7)

Then, by using (2.3) we can compute the behavior of the tensor structures (2.7) near
coincident points in these local coordinates, where z# = (¢,x).

Vpo vV po
TP~ ata¥ 2P o TP~V aPa” + atatnp, — atalaPa”
vVpo
TEPT Ol af 4 a3l 4 Pl al + Pl (A.8)
HVPO PO IV PT iV HVPO [ O VP | P VO
Ty =g =t T = g 4y

This means the coincident point limit of our parametrization of the stress tensor (2.6) is

(TH (2)T*P?(0)) = zta’xPx’ Ty (z) + (P xPx’ 4+ nPoxt ) To(x)
+ (n"7xta? + Mo xVxP + nVPatx” + nHPa¥x?)T3(x) (A.9)
+ "7 Tu(x) + (00" + 00" )T (z) .

We need to match with the well known flat space CFT two point function of the stress
tensor (2.11). We can reshuffle the expression (2.11) in order to expand it in the same
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tensor structures

4CT cr v
(T’“’(w)T"U(O))ﬁFT = —3% ahx¥ Pz’ — o) (" atal 4+ nhoxV af + n'Pata’ + nPaVa”)
cr cr
T @ e 1 g (T ) (A.10)

By matching with our 7; functions, we find the constraints mentioned in the main text

4CT —2d—2 cTr
T1~W, Ty ~ oz ) T3~—W, ALl
T, ~ cT 1 NCT 1 ( ’ )
AT T g2 5 Ty p2d+2

B Details on the free scalar and the free fermion

Here we show some computational details and checks of our formulas in the cases of a free
massive scalar and a free massive Majorana fermion.

B.1 Free massive scalar

Consider the theory of a free massive scalar with m?R? = Ay(d — A,). We work in d + 1
dimensions, but we are ultimately interested in taking the limit d — 1. We will thus ignore
improvement terms in the stress tensor which arise from the conformal coupling in the
action %RqﬁQ,m since in d = 1 the coupling is zero.

1

S=—3 /dd“x 9] (6" 0,0,6 + m2¢?) . (B.1)

As written in the main text, the stress tensor of this theory, which we here report uplifted
to embedding space, is

Tap = VadVi6 — 3 Gas [VEoVeo + m?6?] (B.2)

We can split it into its traceless part and its trace. For convenience, we introduce some
auxiliary vectors W which are null (W? = 0) and tangent to the hypersurface in embedding
space (W-Y = 0), for the purpose of contracting all the indices while enforcing symmetricty
and tracelessness [45, 48, 51, 52, 54, 72, 81]. Embedding space tensors are then traded for
polynomials of W

TW) = WAWBT g = (W - V)p(W - V). (B.3)

To retrieve the expression of the traceless part of the stress tensor with indices, we act with
the Todarov operator [45, 48, 72]
d—1

K ="~ [Owa = Ya(Y - 0w)] + (W - 0w)Oya = Ya(Y - 0w)(W - o)
(B.4)

- %WA [(Ow - Oow) — (Y - 0w)?] ,

12Tn this expression R is the Ricci scalar.
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in the following way
s KaKp
Tap = 5=
2(%51)2

Finally, let us mention that the covariant derivative has to be modified to accomodate the

T(W). (B.5)

use of the W vectors
Va=0ya—YaY -0y)—WaY ow). (B.6)

The first thing we do is to check whether there is some range of parameters for which the
principal series is the only contribution to the Kallén-Lehmann decomposition of T, such
that we can apply the inversion formulae from [45]. The criterion, also outlined in [45], is
based on the fall-off of the components of the two-point function of T as we take ¢ — —oo.

Let us write a generic two-point function of a spin 2 operator in index free formalism as

2
(O, W)O(Ya, We)) = S (Wi - Wa)> ™ [(Yi - Wo) (Yo - W) "Gnl0).  (B.T)

m=0

Then, the criterion for the principal series being the only class of UIRs appearing in the
spectral decomposition of this two-point function is that the fall-offs of the G,, functions
respect the following inequality

d
lim Gp(o) ~ |o|¥m™™, min[Re(wp,)] > 3 +2, (B.8)

When this condition is satisfied, the two-point function is square integrable when continued
to EAdS, which ensures that harmonic functions in the principal series furnish a complete
basis [81, 82|, see section 4.3 in [45] for a detailed discussion. The two-point function of
interest to us is

(T (Y1, W)T (Yo, Wa)) = 2[(Wi - V1) (W2 - Va)(¢(Y1)(Y2))]* . (B.9)
The fall-offs of its components in the basis (B.7) are
min wp = min w; = min wy = 2 + 2min(ReA,, ReAy). (B.10)

We can thus say that for min(ReAy, ReA¢) > %, the principal series is the only contribution
to the spectral decomposition of T'. Let us start by assuming we are in this regime, which is
satisfied when the free boson is in the principal series or in a portion of the complementary
(d 3d)

series Ay € Then, we can decompose the traceless part of the stress tensor in the

principal series only

(T(v1,Wh)T (Y27W2)>:27T/ de.{952(A)GA,2(Y1,Y2;W1,W2)

iR 2m (B.11)
+ 07 o (D) (W1 - V1)2 (W - V2)QGA(U)] )

where we used the facts proven in section C.1 to exclude spin 1 contributions, and the
explicit expression of Ga o is given in (B.16). Applying the inversion formulae from
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[45], specifically with the methods outlined in appendix H there, we compute the spectral
densities in (B.11)

2
. 2+ 2 4i)
Asinh(7A\)T < 2 ) d L - :

P (A) = 2 HF 24+ 5 £id £ 20 (B.12)

Of 9 31drd d - 2 ’ '
’ 2w 2P(§ + 2)F(2 + 5 + Z)\) +.+
x A2y 4ix 2

N ((d—1)AA + 4A45A4)” Asinh(7A)T ( 5 > H . d iyt 22/\¢
O+ = — )

o W A2(A + 1)2(A + 12 T(HT(E +i)) 13

where we are using A = % +iX and Ay = % + iAy and the radius has been set to 1.
The integral in (B.11) can then be checked numerically. We also independently compute
0o and ge and we check that the identities (3.5) are verified. Using those identities
and more in general what is discussed in section C.1, we can thus write the spectral
decomposition of the full stress tensor two-point function for the free boson in the regime
where min(ReAy, ReAy) > 4

dA
T W) =2 [ Eo[oR (M)EA5 M. T)
) 1
QS(A) ABTCD (B43)

T RATAFL?

Now we start the continuation to d = 1. First of all, let us write the explicit form of
G2, the free propagator of a massive traceless and transverse spin 2 field in de Sitter. In
index-free notation, it is the solution to

(Vi — AA —2) Gao(Y1, Yos Wi, Wa) =0, (K1-V1)Gao(Y1,Yo; Wi, Wa) =0, (B.14)

with the extra condition of finiteness at antipodal separation. Because of SO(1,d + 1)
invariance and the tangential condition W;-Y; = 0, we can express the solution in terms of
three scalar functions multiplying the elements of a polynomial of dot products involving
the W vectors

2
Ga2(Y1, Yo, W1, W) = Z -Wa) 2— MWy - Yo)(Wa - Y1) "G (o), (B.15)
m=0
with [45]
zg\?((g)) =8 (24 + oFY) + (024~ 1)F?) , (B.16)
]9\71((2)) - 8(2d(d + DFD 4 0d(5 + 3d + AAF® + (62d — 1)(A + 2)(A + 2)F<3)) 7
]sz((g)) — 4(d)sF? + (A +2)(A + 2)(4d(d + 2)oF® + (62d — 1)(A + 3)(A + 3)FD) |
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where we use a shorthand notation for some regularized hypergeometric functions

< d+1 1
F(a)EF<A+a,A+a, i +a, ;0) , (B.17)
and here A A M
1
N(A) = ( +d)+(1 + LI _) ). (B.18)
205157 d(A —1)(A —1)
The index-open form of this propagator is then retrieved as
KAKPKSKY
GAB CP(¥1,Ya) = —LLE2 02 G o (Y, Y Wi, W) (B.19)

4 (d2 . ) 2

Notably, the normalization factor (B.18) has simple poles at A = 1 and A = 1, or
equivalently at A = :l:i%. When continuing in the number of dimensions, these poles
will cross the integration contour over the principal series in (B.13) when passing by d = 2.
The residues on their positions need to be added by hand in order to retrieve the correct
Kallén-Lehmann representation in d = 1. In [45], we showed that on these spurious poles,
propagators and spectral densities associated to different spins are related to each other.
The relations relevant here are

2—-d
Res Ga2(Y1,Ye; W1, Wa) = T(Wl - V1)2(Wa - V2)?Gag (o),
A=d—1 (B.20)
A 2 A
QT,Q(d ) d(d )ARSil‘QT 0( )
Using the conservation relations (3.5), we can further say

07 o(d=1) = gy {0+ 2)0s00(d+ 1) = 2g0(d+ 1) (B.21)

We thus see that in two dimensions (d = 1) there will be the appearance of a UIR with
A = 2 in the Kéllén-Lehmann representation of the traceless part of the stress tensor of a
free massive boson. In particular, in this case pg(2) = 0, and what we are left with is

2

4 Apm
Q?Z = §8AQ8(2) = ¢3 csch(2mAy) , (B.22)

where m? = 1 + )\2 (R =1 here). Finally, in d = 1, the following identities are true

(Vi W) (Yo - Wi) = (0 + 1) (Wi W)

(Y- W) (Yo - W) = (0 — 1) (WiE - W5) . (B.23)

where + stands for the SO(1,2) chirality. These identities stem from the fact that spin J
tensors have only two independent components in two dimensions, corresponding to two
SO(1,2)-inequivalent WA, Every two-point function of spin J operators in two dimensions
can be then decomposed in two components, one proportional to (VVljE . W;E)J and one
proportional to (I/VljE W )J . The second one is vanishing except if the theory violates
parity.

~31 -



It can be checked that, using (B.23) in (B.16), both components of the two-point
function G2 vanish in two dimensions. All in all, the spectral decomposition of the
stress tensor of a free massive boson in the principal series in two dimensions, obtained by
continuing in d from (B.13), is

y o B A 05(A) ABC
(T4 () TP (v2)) —2”/1+m ami Br 2GR 0l
),

2
+ 9?2 I PTISP Ga—a (o
with the spectral densities given by setting d = 1 in (B.12) and (B.22).

Complementary series contributions Until now we had assumed the free scalar sits
2 > 3/16. We can analytically
continue (B.24) beyond that regime. From the explicit expression of pg(A) in (B.12) we

in the range min(ReA¢,ReA¢) > %, or equivalently m

see that poles at A = £2A4 + % cross the integration contour over the principal series when
[ImAg| > %. Summing the residues on these poles, we obtain the full decomposition

B dA 06(A)
<TAB(Y1)TCD(}/2)> - 27Tﬁ+iR % (A + 1)92(A + 1)2

2

I PTI5P G A (o)

3\ [! 05 (A)
9 Ay — = dA e\ 48P A 1-A
i <Re ¢ 4)/0 Brip@rnp G B g

+ PTHPIEP G o(o) (B.25)
with

(A +1)2A cos(mA)L(3 — AT (352)T(5)?
24-Ar20(1 - 2) ’

05(A) = —6(A =204 + 1) (B.26)
and where 6(z) is a Heaviside theta function.
Notice that all these extra terms can be added as a modification of the original contour
of integration, becoming
dA 06(A)

(TAB(Y)TCP (v3)) = 27r/7 omi (AT 124 T 1>2H’143H20DGA(0) , (B.27)

where v is the contour represented in blue in figure 5.

The c-functions By using the techniques outlined in appendix C.2, we compute the
function c¢;(R) from its definition (2.29). For the free boson in two-dimensions we obtain,
in particular

4 4

Ta(—1) = %cs&(wd)), Ta(=1) = 3%8csc2(m¢). (B.28)

Using (2.29) we thus get ¢;(R) = 0, which is due to the IR divergences associated to
massless scalars in de Sitter, affecting the trace of the stress tensor. The second c-function
is instead only dependent on the traceless part, and we reported its explicit expression in
the main text (4.11).
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B.2 Free massive fermion

Consider the theory of a free massive Majorana fermion in two-dimensional de Sitter space,
described by the action

S = —;/dgx 9|¥ (Y +m) V. (B.29)

The only spin % UIRs are in the principal series, with mass and conformal weight related
through A = 3 +imR, with m > 0 [83, 84]. We choose to work with conventions in which

U is a real bispinor
(01
U= , B.30
<¢2 (B:30)

where 11 and 19 are real Grassmann functions. Moreover, it is useful to go to local

. . . . — 2 2
coordinates, and we choose the flat slicing metric ds? = RQW. Then, we choose the

(flat) gamma matrices to be

(%) = () )

The corresponding gamma matrices in de Sitter are given by I'* = ef/v%, with the zweibein
satisfying eZegnab = g~ With these conventions, the charge conjugation matrix, defined

by

CrC™ == (B.32)
01 = .
can be chosen to be C' = ( ! O) . Then, we have that ¥ = (—wg ¢1) , and the two-point

function is

7 _ [ —(hi(z)a(z2)) (h1(z1)r(22))
W) = <—<w2<x1>¢2<x2>> <¢2<x1>wl<x2>>> | (B33
As explained in the main text, the trace of the stress tensor in this theory is
O(z) = —%\N(z) = —mahia(z) (B.34)

and the associated two-point function is

(O(21)0(x2)) = m* (Y1 (21)v2(w2)) (¥2(x1) 1 (22)) — (WY1 (21)¥1(2)) (Y2 (21)t2(2))) -
(B.35)
The entries of the matrix (B.33) that solve the equations of motion [48, 85]

1
(Y+m)¥ =0 — (n’y“@u +57+ m) U =0, (B.36)
were given in eq. (4.14) [48, 72].
We are now going to show that, in the flat space limit, we reproduce the correct two-

point function, thus providing an independent check of the normalization presented in the
references [48, 72].
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Flat space limit Let us focus on

G (0) = ~{r (@) (a)) = NEE RO Z W)l

m g ?
V172 () (B.37)
[(m —m2) + (y1 — w2)] ‘
Gt(o) = T T9)) = G;CL o),
(o) = (Y1 (z1)Y1(22)) SR (o)
with G}, and G, given in (4.15).
As usual, we start by taking n - ¢ — R and y — x. Then
2, .2 2 2 2 2
n+m — (Y1 — ) —(t1 — t2)” + (w1 — @) z
= 1-— =1-—. B.
7 2’[’]1772 - 2R? 2R2 ( 38)
After some simplifications, we obtain
m2 22
G (o) — — csch(mmR) o F} (1 —imR,14+imR,2,1 — W) ,
B.39
G (o) = "REME) (e a) oFy (1= iR R - o
o SR 1 —l2T T —2x2) 20 tmiu, tmin, 1, ARZ |

We use the following Barnes representation of the regularized hypergeometric function

fRJrie dsT(a +is)T'(b+is)['(c —a — b —is)[(—is)(1 — 2) '

F(a,b,c,z) = 270 (a)T'(b)I(c — a)T'(c — b)

(B.40)
We can apply it directly to G~ without any issues. Using I'(a &+ ib) = I'(a + ib)['(a — ib),
we write

m?2R csch(mmR)

G0 = A T imR)y

2 8
/ ds T'(1 £4mR + is)['(—is)? (5“122> (B.41)
R+ie 4R
For G, instead, there is a subtlety: the contour in (B.40) does not actually separate the
two series of poles in the gamma functions. We thus need to introduce a regulator which
we take to be a > 1 and we eventually will take to 0, and write

2

h
mesch(mmB) 4 42y —a)F (1 —imR. 1+ imR. 1+ a1 w) - (B42)

Gia() SR

4R?
Then, the Barnes representation for the regulated Q(J; )(cr) reads

mesch(mmR) (1 — te + 1 — x2)
167 RT(£imR)T(1 + imR)

2\ I8
X /R+ ds T(1 £ imR + is)T(—is)[(a — 1 — is) (fR?)

(B.43)

where we already took the regulator to zero where it didn’t cause problems. Now we take
the large radius limit. In this limit,

['(a £ ibR) — 2me ™R (pR)%~1 (B.44)
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and only the growing part of csch(mmR) matters

2 9\ 18
G (o) = —% ds <m a: ) ['(—is)?,
87 JRtie 4
2 22 is (B.45)
g(z)(a) — @((ﬁ —t2) + (x1 — x2)) /R+' ds ( 1 ) Mla—1—1is)T'(—is).

Here we recognize the Barnes representations of the modified Bessel function of the second

kind
Ko (2) = 4% () / A TOrE - (g)*mt , (B.46)

with ¢ > max(Re(v),0). For G_, the result is spot on. For g(f), the validity of the integral
representation (B.46) depends on «, specifically a > 1, which is precisely the values for
which (B.43) is valid. We can thus substitute also here the Bessel function, and we obtain

G (o) = —%Ko(mfw\),

m2< 9 )1_a (B.47)

Q(‘;)(a) ™ (t1 —ta + 21 — 2) K1 _o(m|z]).

m|z|

The Bessel function is analytic in its order. We can thus now continue to a = 0 and obtain

G (0) = — o Ko(mlz),

21 (B.48)
n m (t1 —ta + 21 — 22) '
— — K .
G (o) = o 7] 1(mlz)
Summarizing, we have shown that in the flat space limit
_ m —Ko(m|z) bto—f=22 1) (mz|)
U(x1)W - 2l , B.49
(P (@) ¥(z2)) o (tl‘w1;f2+x2 Ki(mlx|) —Ko(mlx]) (B.49)

precisely matching the canonical normalization (see for example [86]).

C Details on the spectral decomposition of the stress tensor

In this section we provide extra details regarding the spectral decomposition of the stress
tensor. First, we prove the relations (3.5) used extensively in the main text. Then, we
relate the T;(o) and the 7; (o) defined in (2.6) and (2.18) to integrals over spectral densities.
This in turn allows us to prove that these functions are always finite at ¢ = —1, a fact that
is crucial in deriving the form of ¢;(R) in (2.29).

C.1 General relations among the spectral densities

Here we prove the relations (3.5) used in the main text. We start from the most general
spectral decomposition of a spin 2 symmetric tensor in dSgy;/S%* !, for which we already
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explained the notation in section 3

<TAB(}/1)TCD(Y2>> _ 27T/ ZQTE AB CD<Y17)/2)

+’LR 27T’l
P G§P B G wop
+ 076(A) d—i—lHl Ga(o) + d+1H2 Ga(o)
GABGCD
+98(A)WGA(U) +other UIRs,  (C.1)

where the other UIRs can be complementary series, which has the same analytic expression
as the principal series but is integrated over A € (0, 1), exceptional series type I and
exceptional series type II [45, 67]. We impose conservation, so from now on we consider
the equation

VA(TAB(Y)TP(Y3)) = 0. (C.2)

Various manipulations of this equation will lead to the spectral relations (3.5). The
complementary series contributions have the same functional form as the principal series
ones, so every relation we are going to find is valid also for the spectral densities on the
complementary series. We thus drop the superscript P and consider a generic contour for
the integral over A. We now start to consider the consequences of (C.2).

First of all, the divergence Kkills the £ = 2 term in the sum, which is automatically and
independently conserved by definition. The first nontrivial statement comes from taking a
trace over the indices C, D

) A
/ dA [QT@(A)VMHAB + éfil)leGfB Ga(0) =0 (C.3)

Using the explicit expressions of the projectors (3.2), the induced metric and the covariant
derivative (2.4), we find that (C.3) implies

QT@(A) =

(C4)
Now we use this fact, and (C.2) becomes

/dA [QT,I(A)VMG'X%CD(E, Ya) + 04.(A) V1Al PTIE P Ga(0)

1 - ap G5P G*P - op

A - P2 11

+eo() (gapa oy (Vi + Via 1P (C.5)
G{BGEP

+V1AW

where we used that by definition G‘gfé CD ﬂ’f‘BﬂgD Ga. Now, carrying out all the
necessary computations, we find the last two relations

ce(A)
oro(8) = d(A+1)2(A 1)’

QT,l(A) = O7 (06)
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where we used the fact that the term proportional to 0 o turns out to have the same tensor
structure as the one proportional to ge, while g7, has an independent tensor structure,
and thus has to vanish on its own. This shows a fact that is well known in flat space: the
stress tensor cannot interpolate between the vacuum and states carrying SO(d) spin 1.

Using all of these relations, the expressions simplify greatly, and all the terms associated
to 0e, 0j¢ and % collapse into one single term, resulting in

dA
@A) =2r [ So[eR (MGA )
) (2
06(2) (C.7)

) [ABTICD
PAFTIZA L2 e Ga(o)]

+ other UIRs,

with TIAP defined in (3.7).
In two dimensions, the argument is very similar. The most general decomposition
of a spin 2 symmetric tensor is

dA NP
(TP () TP(Ya)) =27 / 2 | T (AIGAT T Y) + 07 (A)IFPIIEP G o)
3 (2
P A fIAB GgD G quB f.[CDG
+07(A) | 117 —5—Galo) + — 157 Ga(0)
GABGCD
%QS(A)GA(U) + complementary series (C.8)

+ Q?l f[fo[gDGA:l(a) + Q?QﬂfoIgDGAZQ(U)

where, group theoretically, the first two terms stand for the contributions from states
carrying the two inequivalent chiralities of SO(1,2) (see [45] for an in-depth discussion
on this), and of course states do not carry any spin in two dimensions, so there is no
{ = 2 contribution. The only difference between the complementary and principal series
contributions will be again the domain of integration, while the discrete series has been
explicitly added. Contributions from this series of UIRs can only be traceless because the
trace of the stress tensor is a scalar operator, and as such it cannot carry discrete series
irreps. More in general, local operators with spin J can only couple to discrete series states
with A < J [45, 50].

Now we impose conservation (C.2). For the principal and complementary series contri-
butions, the computations are analogous to what was done in the previous paragraph, and
so one obtains (C.4) and (C.6) with d = 1. For the discrete series, something interesting
happens: we have that

ViAIIPPIISPGao(0) =0,  ViAIPBIISPGay(0) £ 0. (C.9)

This implies that necessarily g?l (A) =0, or in other words the stress tensor cannot inter-
polate between the vacuum and states in the A = 1 discrete series irrep. Instead, the A = 2
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irrep is allowed and is conserved independently from the principal and complementary series
contributions. Using all these facts together, we can write

dA P(A
<TAB(Y1)TCD(Y2)> =2 /1+1'R277i (A+£1)§)2<(A)—|— 1)2HfBHgDGA(U)

2

1 %(4) (C.10)
+/0 dA AT 1?2(A+ 1)211{431120]3%(0)

+ 02T PIEP Gaza(0),

which is the complete and general spectral decomposition of the stress tensor two-point
function in $2/dS,. In section 3 we have shown that in any unitary QFT Q?2 interpolates
between ¢VV and ¢®. This implies that the A = 2 contribution to the spectral decomposi-

tion of the stress tensor is not just allowed but rather it is necessary in any unitary QFT
in S2/dS,.

C.2 How to compute the T; functions

Throughout this work, we have used two decompositions of the stress tensor, namely the
ones in terms of tensor structures (2.6) and the ones in terms of the spectral densities (3.6),
(3.8). Here, we are going to show relations between the two, which are crucial in deriving
formulas for ¢VV and c1(R) independently of their difference. The main idea is to look
closely at the explicit expressions of the tensor structures T; given in (2.7). We notice that
there are some combinations of the coordinates and the metric with specific indices that
appear uniquely in each tensor structure. Specifically,

!
T5ABCD D) {nADT]BC, nACnBD} ’

!
TfBCD D) {nABnCD}’ (C 11)
| .
5P S {on " PYPYE on Py Y}

!
T124BCD 35 {nAB}/lC}/lD> —UnCDle}/QA, _O_,],IC'D}/lA}/QB’ O'??CDYQAYQB} )

whre with the symbol :') we mean the terms on the right hand side appear only in the
tensor structure on the left hand side and not in the others.

Finding the coefficients of any of the terms on the right hand side thus uniquely
identifies the T; component within a two-point function. For 77, it is sufficient to subtract
all other contributions. Here, we will do this in (3.6) in order to find relations between the
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T; and integrals of spectral densities. We obtain

Tiio) =2r [ 5o (5eR,(060l0) + o (A)6A(@)) + ..

4R 27

P
Ty(o) = 27r/ % ( QTQ( (1- 02)2Go(0) + o(0? —1)G1(0) + (0® — d — 2)Go(0))

a R 2mi\(d + 1)2
+ QQO(A) ((d+ ARG A(0) + (1 + 2d + 2AR)Gh (0) + 2G4 (o)) ) .
™ of ,(A)
Ta(o) = _27 P % ( . 1 (200(0) +0G1(9) + 07 (&) (GA(0) + JGZ(U))) T
7 (A)
Ty(o) = QW/MF,R ;ﬁ(g(gi ) ((0® = 1)Ga(0) + 9G1(0) + Go(0)) (C.12)

— 0 ,(8) (([d+2+ AA)GA(0) + 0GK(9) ) + ...

110 = 25 [ 55 (e,(8) (Golo) + 0G1(0) + 0%Ga(o)

o2 d iR 2
+ 02 (D) (2G4 (0) + 40G% (o) + 0*GH(0)) ) ¥

where the functions G, are defined in (B.16), primes are derivatives with respect to o, and
the dots stand for contributions from complementary and exceptional series. In particular,
the complementary series contributions are exactly the same, with the only difference being
the domain of integration. We checked these equations in the case of the free massive boson.

In two dimensions, we can find the analogous relations for the 7; functions by again
extracting the coefficients of the tensor structures (C.11) from (3.8) and then using (2.18).
We obtain

(1 _ ~2 % QZ;(A> A 1" " 1"
Tio)=(-at) [ TS (MDA +5)GA (@) +o(564(0) + aGL ()
%Q?Q (llj_;)?) + complementary (C.13)

5 g
Ta(o) =(1 —0-2) ﬁ_,’_R;iﬂ'AlQ]\?((ﬁ)) ((AA—{—E))G/ (o )+30_G///( )> I %QTPQ (11;|-0)2

+ complementary (C.14)

D
Ta(o) = / . ;% ?\?((ﬁ)) ((AA +1)2Ga(0) + (3 + 2AA)0Gh (0) + (2 — 02)GA (o)

14 20

(1-0)?

2
Ti(o) = /§+iR ;% i\f}’éﬁ)) ((AA +1)2Ga(0) + 3+ 2AA)0G\ (o) + (2 + aQ)Gg(a))

EQ%
& T (1—0)?2

+20(1 — UQ)G/X(O')> + 830? + complementary (C.15)

+

+ complementary , (C.16)
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where here _
(A+1)2(A+1)2

N(A) = (C.17)
™
By plugging in ¢ = —1 and using that the n-th derivative of the scalar propagator at
antipodal separation is
(A +n)['(A+n)
n —
0;Gal0)| = PR E— : (C.18)

we find that all the integrands for T;(—1) go like €™ o5 (A) as A — 1 + ico. They thus
converge if Qg(A) does not grow exponentially in that same limit. This limit corresponds
to the flat space limit, and in flat space spectral densities can only grow polynomially. We
thus proved that the 7; functions are analytic around o = —1. Moreover

Ti(-=1) = Ta(-1) = 0. (C.19)
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