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Abstract

In this work, we present a comprehensive analysis of the structure of six-derivative
bosonic couplings in heterotic string theory. First, we determine the maximal covariant
and Yang-Mills gauge invariant basis, which consists of 801 independent coupling con-
stants. By imposing T-duality constraints on the circular reduction of these terms, we
obtain 468 relations between the coupling constants at the six-derivative order and the
known couplings at lower derivative orders. Through the use of field redefinitions, we
are able to eliminate the remaining 333 coupling constants. Remarkably, we find that
the Yang-Mills field strength only appears through the trace of two field strengths or
their derivatives. Finally, we perform further field redefinition to rewrite the remaining
couplings in a canonical form characterized by 85 independent couplings.
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1 Introduction

(Classical string theory is known to exhibit T-duality to all orders in derivatives, as demonstrated
in previous studies [1, 2, 3]. This powerful T-duality symmetry has been recently leveraged
to establish that all covariant and Yang-Mills (YM) gauge invariant couplings involving an
odd number of derivatives in heterotic string theory vanish [4]. Furthermore, this symmetry
has been used in [5] to include the YM couplings at the four-derivative order in the covari-
ant Metsaev-Tseytlin and Meissner actions. The four-derivative couplings in heterotic string
theory have also been determined within the frame-like Double Field Theory approach [6, 7],
which reproduces the couplings found in the non-covariant Bergshoeff-de Roo action. Building
upon these previous insights, in this work we utilize the T-duality symmetry to determine the
complete set of six-derivative order covariant couplings in heterotic string theory.

To construct higher-derivative couplings by T-duality, one should first find the appropriate
basis for the covariant couplings with unknown coupling constants, and then fix the coupling
constants by imposing the non-geometric O(1, 1,7Z) symmetry on their circular reduction [§].
The basis may be a minimal basis, in which redundancy due to field redefinitions, integration
by parts, and various Bianchi identities are removed [9], or the maximal basis, in which the
redundancy due only to integration by parts and various Bianchi identities are removed. In
the absence of YM fields, one can impose T-duality on either basis. If one imposes it on the
minimal basis, then T-duality fixes all coupling constants, and the results are consistent with
S-matrix elements [8, 10, 11, 12]. If one imposes it on the maximal basis, then T-duality
produces the same number of constraints between the coupling constants as in the minimal
basis [8, 13]%. However, in this case, there remain some unfixed parameters indicating there are
some extra T-duality invariant couplings in addition to the T-duality invariant couplings in the
minimal basis. These extra T-duality invariant couplings can be removed by appropriate field
redefinitions. In fact, any set of Neveu-Schwarz-Neveu-Schwarz (NS-NS) couplings which are
removable by field redefinitions are invariant under T-duality.

In the presence of YM fields, however, the number of constraints that T-duality imposes
on the maximal basis at 5-derivative order and higher is greater than the number of couplings
in the minimal basis. This reflects the fact that any set of couplings involving the YM and
NS-NS fields which can be removed by field redefinition may not be invariant under T-duality.
Previous work has identified examples of such couplings at the 5-derivative order [4]. We expect
there to be similar couplings at all higher orders as well.

In other words, the NS-NS couplings in any scheme are invariant under T-duality with ap-
propriate higher-derivative corrections to the Buscher rules [8]. In contrast, the combination of
the NS-NS and YM couplings in any arbitrary scheme may not be invariant under T-duality.
Therefore, in the presence of YM fields in more than four-derivative couplings, one should im-
pose T-duality on the maximal basis to establish relations between the coupling constants, and

2Note that the number of relations between the couplings in the maximal basis in [8] is 8, which is one relation
more than those in the minimal basis. This is a consequence of the fact that the most general correction to the
Buscher rule was not considered for AH. If one considers all possible corrections to the Buscher rules, then one
would find 7 relations between the couplings, as in the minimal basis.



then remove the remaining parameters by field redefinitions [4]. After removing the remaining
parameters, the action may not be in a suitable form. However, it will be invariant under
T-duality with appropriate corrections to the Buscher rules. One may then use further field
redefinitions on the resulting couplings to rewrite them in various other schemes. The final
result may not be invariant under T-duality with any specific correction to the Buscher rules.
However, it will be physically equivalent to the T-duality invariant couplings and should be
consistent with the S-matrix elements.

At the four-derivative order and in the presence of YM fields, the number of constraints
that T-duality produces on the maximal basis is the same as the number of constraints in
the minimal basis. In both cases, there are 24 constraints [5]. However, in that case, if
one imposes the T-duality constraints on the maximal basis, which has 42 couplings, and on
the HS) coupling resulting from the Green-Schwarz mechanism [14], one finds there are 18
unfixed parameters. These parameters are not all removable by field redefinitions. One should
impose an additional constraint that the remaining parameters must be removable by field
redefinitions. This produces one extra relation between the coupling constants. Hence, even at
the 4-derivative order, there are 24 relations in the minimal basis, whereas there are 25 relations
in the maximal basis. Imposing these 25 relations on the maximal basis, one finds the effective
action which has 17 arbitrary parameters that are removable by field redefinitions [5]. In this
paper, we are going to extend the above calculations to the six-derivative order.

The paper is structured as follows: In Section 2, we find the maximal basis that incorporates
the NS-NS and YM field strengths at 6-derivative order, and remove the redundancy due to
integration by parts and Bianchi identities. This basis has 801 terms with unfixed coupling
constants. In Section 3, we employ the T-duality technique to explicitly determine the coupling
constants in the basis. We find that T-duality produces 468 relations between these coupling
constants, and the fixed numbers resulting from the 2-derivative corrections to the Buscher
rules that have been found in [5], and from fixed couplings resulting from the Green-Schwarz
mechanism [14] that replaces H — H — (3a//2)Q2 into the 2- and 4-derivative couplings. We
choose the 4-derivative coupling to be the Meissner action in which the YM fields are included
[5]. We find that the remaining 333 parameters can be removed by using field redefinitions. The
result is 260 couplings with fixed coupling constants that are invariant under T-duality. The YM
field strength F' appears in the couplings only as the trace of two F’s or their derivatives. These
couplings are in a non-standard form, which includes derivatives of the dilaton, derivatives of
the Riemann curvature, and the second derivative of the H-field and F-field. They also have
Ricci and scalar curvatures, as well as two-field and three-field couplings. In Section 4, we
use a basis with 468 couplings which have no Ricci and scalar curvatures, no couplings with
derivatives of the Riemann curvature, and no second derivatives of the H-field and F-field. We
impose T-duality on this basis to fix its coupling constants. In this case, we found 107 non-zero
couplings. We observe that they are the same as the 260 couplings, up to some field redefinition.
These couplings are also not in a standard form because they have three-field couplings. In
Section 5, we use field redefinitions on 260 or 107 couplings to rewrite them in a canonical
form, in which the dilaton appears only as the overall factor e 2®, and the derivatives of the
Riemann curvature, the second derivative of the H-field and F-field, and the Ricci tensor and



Ricci scalar as well as three-field couplings are removed. We could write the couplings in terms
of 85 couplings. The couplings with the structure Tr(FF)R? are the same as the couplings
resulting from (Tr(FF) — R?)? that were found by the S-matrix method long ago [15, 16].
Section 6 provides a concise discussion of our findings and their implications. Throughout our
calculations, we utilize the "xAct” package [17] for computational purposes.

2 Maximal basis

To construct the maximal basis, one should first consider all contractions of the NS-NS and YM
field strengths and their derivatives at six-derivative order. This results in a total of 2980 such
couplings. However, there is redundancy in these couplings due to integration by parts and the
use of Bianchi identities. To remove the redundancy due to integration by parts, following [18],
one should include all 6-derivative total derivative terms constructed from the YM and NS-NS
field strengths with arbitrary coefficients to the 2980 couplings.

To remove the redundancy due to the Bianchi identities, we use the covariance and gauge
invariance of the couplings to employ local frames: In the external space, a local frame can be
used in which the Levi-Civita connection is zero, but its derivatives are not [18]. In the internal
space, a local frame can be used in which the YM connection is zero, but its derivatives are not
4].

In the internal space local frame, the derivatives on the YM field strength become ordinary
covariant derivatives [4], and the YM field strength becomes:

F,9 = 0,A,7 —0,A,%. (1)

Here, the YM gauge field is defined as A,7 = A,7(\)¥, where the antisymmetric matrices
(A)% represent the adjoint representation of the gauge group SO(32) or Eg x Eg with the
normalization (A1);;(A7)% = 677, It satisfies the following Bianchi identity:

OaFai = 0. 2)

In order to impose the above Bianchi identity into the 2980 couplings, one can write those
couplings that have a derivative of F', in terms of the YM field A.
The H-field strength without its Lorentz Chern-Simons contribution is [19, 15]:

3.
Hyp = 38[#31/#] - §A[u jFl/p]ija (3)
which satisfies the following Bianchi identity:
3 i
et pun) + 7 Flap” Fuujiy = 0. (4)

4

To impose this Bianchi identity, one can define the terms on the left-hand side of the above
equation as a 4-form, and then make all contractions of this 4-form and its derivatives with H,



F, R, V® and their derivatives to make six-derivative couplings. They are then added with
arbitrary coefficients to the 2980 couplings.

To impose the Bianchi identities corresponding to the Riemann curvatures and the covariant
derivatives, one writes all the couplings in the external local frame and writes the derivatives of
the Levi-Civita connection in terms of derivatives of the metric. Then, following the same steps
as in [18], one finds there are 801 independent couplings. These couplings, in a particular scheme
which has no second derivative of Riemann, Ricci or scalar curvatures, no third derivative of
H and F, and no fourth derivative of the dilaton, is:
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The expression above represents a subset of the 801 independent couplings, with the ellipsis
symbolizing an additional 794 terms that are not explicitly listed.

If we had removed the redundancy of field redefinitions as well, which would require including
the following terms to the original 2980 terms [5]:

1
K = (ivA,HO‘ﬂ7 — H*P N®)6B,s
. - 1 .
—(VPE,57 —2F, 59V ® — §Fﬁ“”Ha5u)5Aaij

1 1.
(R = JHHP 5 4 2VP9°0 — W F9,1)0G s (©)

1 1 3 1
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where the perturbations 6G,,, By, 0®,5A,"” are constructed from the NS-NS and YM fields
at the four-derivative order with arbitrary coefficients, then one would find the independent
couplings in the minimal basis, which has 435 couplings. However, we are not interested in the
minimal basis because, as we will see, T-duality produces more than 435 relations between the
coupling constants in the maximal basis®.

One may use field redefinitions to study which couplings in (5) are unambiguous, that is,
they are invariant under the field redefinitions. We find there are 83 couplings in (5) that are
unambiguous, and all others are ambiguous and are changed under the field redefinitions. The

3In fact, we first found the couplings in the minimal basis and observed that they are not fully consistent with
T-duality. This indicates that T-duality should impose more than the 435 relations that hold in the minimal
basis. Consequently, it is more legitimate to consider a basis that includes a larger set of independent couplings.
The maximal basis, which has the greatest number of independent couplings, is therefore a more appropriate
starting point for the analysis.



T-duality should fix the unambiguous couplings uniquely and should fix the ambiguous cou-
plings up to some parameters that are removable by field redefinition. So it is more convenient
to write the couplings in the maximal basis (5) as unambiguous and ambiguous terms. That
is:
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where dots represent 718 ambiguous couplings. The above basis includes the YM field strength
and its derivatives, such as Tr(F'F), Tr(FFF), Te(FFFF), and Tr(FFFFFF). In the above
equation, ¢y, o, - - -, cgg1 are 801 background-independent coupling constants that will be found
in the next section using T-duality. We will find that T-duality fixes all unambiguous couplings
which have traces of more than two F’s and their derivatives to be zero. In other words, the
unambiguous couplings involving Tr(FFF), Tr(FFFF), Tr(FFFFFF), and their derivatives,
are set to zero by the T-duality constraint.

There are two other sets of couplings at 6-derivative order with fixed coupling constants that
result from replacing H — H — (3a//2)Q2 into the 2- and 4-derivative orders. This replacement
into the 2-derivative order (see eq.(15)) produces the following coupling at 6-derivative order:

20/2

2 — _
So = 3

3
/ 4z —Ge%[— D] 8)
The Chern-Simons three-form is given by:
v 2 1% v v 1%
Qe = Wy, 0o + 3Wluns YWy MWl W = €7, Ve, (9)

where e,"1e,"'1,,,, = G,,. The covariant derivative in the definition of the spin connection
applies only on the curved indices of the frame e,#*. Our index convention is that u,v,... are
the indices of the curved spacetime, and pq, vy, ... are the indices of the flat tangent space.

The action at the 4-derivative order depends on the scheme. We consider the 4-derivative
couplings in the Meissner scheme, in which the YM couplings are added [5] (see eq.(17)).
The nice property of this action is that these couplings do not change the propagators that
are produced by the couplings at the 2-derivative order. This action also manifestly satisfies
the T-duality constraint at the 4-derivative order [5]. The Green-Schwarz replacement H —
H — (3d//2)Q2 into this action produces the following couplings at the 6-derivative order:
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(10)
The effective action at the 6-derivative order then is:
S® = 8§, 48, 83, (11)

In the next section, we impose T-duality on this action to find the couplings in the maximal
basis Sl(z).

3 T-duality Constraint on the Maximal Basis

Having found the maximal basis, we now impose the T-duality on the circular reduction of the
couplings to find the corresponding coupling constants. The circular reduction of the couplings
and the corresponding T-duality transformations involve the scalar component of the YM fields
nonlinearly [21]. It has been proposed in [5] that the imposition of the truncated T-duality
transformations on the truncated reduction of the couplings has enough information to fix the
coupling constants. This constraint is the following [5]:

Za/n SL(n)(w) _ Z a/m[s(n,m) (wé)]L o /de 9% |:€—2$JaL(n+1/2) (w):|] =0, (12)
n=0 m=0

where the superscript L in each term indicates that only the zeroth and first order terms of
the scalar should be retained. We refer the interested readers to [5] for details of each term
above. It has been observed in [4] that the odd-derivative couplings in the effective action and
in the corrections to the Buscher rules are zero, hence, m and n in the above equation take
only integer values.

The Taylor expansion of the o"-order action S™ at order o™ has the following contributions:

(n,m) __ (n,m)
S - Z S(p) ’ (13)
p={m}

where {m} is the number of partitions of m, e.g., {2} = {(1,1),(2)}. (1,1) represents two
first-order corrections to the Buscher rules; and (2) represents one second-order correction to
the Buscher rules. Using this relation, one may write (12) as:

San = 3 amst )t - [ #zer [emegpoar <w>]]
n=0

m=1



= " [ SH(yy) — +Z Yo amSe W’ (14)

m=1p'={m’}

where {m'} is the number of partitions of m that do not use m, e.g., {2’} = {(1,1)}.

At a given order of o/, the terms on the left-hand side of (14) have arbitrary parameters in
the total derivative terms and in the correction to the Buscher rules at that order of o, whereas
the terms on the right-hand side have arbitrary coupling constants at that order of o/ and all
other terms from the Taylor expansion in the last term are fixed at the lower orders of /. This
equation then has a homogeneous solution which satisfies the homogeneous part of the equation
(14) where the right-hand side is zero. We are not interested in this homogeneous solution.
Instead, we are interested in the particular parameters that satisfy the inhomogeneous equation,
where the right-hand side is not zero. The particular solution should fix the parameters in terms
of the coupling constants in the maximal basis and the fixed numbers on the right-hand side of
(14). Tt should also fix some relations between the coupling constants and the fixed numbers.

To determine the appropriate constraints on the effective actions, terms at every order of
o/ must be equated on the two sides of (14). Using the reduction scheme for the NS-NS and
YM fields [20, 21], the above constraint at order o’® has been used to fix the effective action to
be [5]

2 (0% (03 1 1Z)
SO = = [ day=Ge [R— S Hag P 4 AV, V0 — 2 Fuii 9] (15)
which is the bosonic part of the standard effective action of heterotic theory [19, 15]. The
corresponding truncated Buscher rules ¢ have been found to be

er=—p, gr=b., br=g.., G4 = 0w, (16)

Habc = Habca éL = é? (AaL)Z] = Aaij ) (@L)ij = —a" ’
where the base space fields are defined in the reduction of the NS-NS and YM fields with the
notation that has been used in [5].

This constraint (14) at order o’ has been used in [5] to find both the effective action at
4-derivative order and the corrections to the truncated Buscher rules (16) at 2-derivative order.
The couplings in the Meissner scheme are found to be the following [5]:
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The corresponding 2-derivative corrections to the truncated Buscher rules (16) are [5]:
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and ABS (¢) = —Ag,(ll)(wg). They are added to the truncated Buscher rules (16) as:
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clij
which results from the transformation of the H-Bianchi identity in the base space under the

T-duality transformation at order «'.

3.1 T-duality at 6-derivative order

The constraint in (14) at order o/ is:
(S5 I [ [ I0()] =SH(u-SHA WS (WIS W (21)

To solve the above equation, one must assume that the total derivative term JE (5/2) (1) includes
all contractions of the base space fields d¢, 0@, e?/2V, e=?/?W, H, and F,," at the 5-derivative
order, with arbitrary coefficients. Moreover, one needs to include all 4-derivative corrections to



the Buscher rules given in (19)
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The relation between AH® and the corrections AB®, Ag®, Ab>?, Af_lg-), AgM, AW and
A[lg) results from the transformation of the H-Bianchi identity under the T-duality transfor-
mation at order a/?, as:

ARG = 30,AByY = 3e??ViuAgly — 3 ?PWin ALY — 3F,TAAT) (23)
—6AAVI9,AAL). — 6AgV 9B — 6AB9,AG + 6Ab dypAg)

The corrections AB((L?, Ap® . Agt? AP, Agfj}, AP, AAP Aa@ii can be written as all
contractions of the base space fields at the four-derivative order with arbitrary parameters for
each contraction.

The circular reduction of the frame e,*! is given by:

e, 0
e, = <6“0/29a o2 ) , (24)

where éa‘“ébblnalbl = Jg. Using this reduction and the other NS-NS and YM reductions, it is
a straightforward calculation to determine the circular reduction of the 6-derivative couplings
in (11) to calculate SY?)(3)), and its transformation under the leading order T-duality (16) to
calculate S (yf).

To calculate [S((ll)’l)(zboL)]L , one first needs to calculate the reduction of the 4-derivative
couplings in (17) for curved base space, because the T-duality corrections at order o in (18)
have a non-zero Ag&,). Using the reduction (24) and the other NS-NS and YM reductions, one
can calculate SV, Since the correction AaV¥ in (18) is proportional to the scalar o™, one
truncates S to produce S*M(z)). This reduced action includes, among other things, the spin
connection Wy of the base space, which results from the reduction of the last term in (17). In
the Taylor expansion of S“(M) (1)), the correction A(D(S})C then appears. This correction is related
to the metric correction as:

MGl = 1005 — S0AGY (25)
where Agé})) is given in (18). The above relation has been found from perturbing the following
relation for the spin connection around flat space:

1

B 1 1, 4o 1, .-
Wabe = §acgab - §abgac + Eazzeb 1660,1 - 580,60 16bal (26>
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and used the fact that 2Ae,* ép,, = Agep. Note that wgy. is antisymmetric with respect to its
last two indices. Then, using the correction (25) and the corrections in (18), one can Taylor
expand SFW(¢)) around ¢ to calculate [SUV (1h1)]F in flat base space.

To calculate [S ? 12)) (¥E)])F, we use the truncated reduction of the leading- order action ST,

because the first- order correction AaM¥ in (18) is proportional to the scalar a¥. Otherwise,
one should consider the terms in S that have second order of the scalar field as well. We then
Taylor expand S™© and keep the terms that have two first-order corrections. There is also
another contribution to [S((f”lz) (YE))F from the second-order correction AH ﬁi that is replaced

by the relation (23). In this way, one can calculate |5, ?12)) (PE))E.

The calculation of [S [ 02 (z/JO )]¥ in terms of the second-order corrections is similar to the

calculation of [S(® 1)(¢L)] in terms of the first-order correction that has been found in [5]. The
only difference is that one should replace the first-order corrections in [5] with the second-order
corrections.

The final step for solving the equation (21) is to impose the Bianchi identities associated with
the field strengths H, F, V, and W. We impose the H-Bianchi identity in its gauge-invariant
form, while for the other Bianchi identities, we impose them in a non-gauge-invariant form
[22]. The solution of the resulting system of linear algebraic equations provides an expression
for the parameters of the second-order corrections to the Buscher rules. These parameters
are expressed in terms of the coupling constants ¢, ¢, . . ., cgo1 and the fixed numbers resulting
from the couplings at 2- and 4-derivative orders. This solution also establishes 468 relationships
between the coupling constants and the fixed numbers. Replacing these 468 relations into the
maximal basis (7), one finds that all unambiguous couplings in (7) become zero except 3 of
them. That is,

5,0 = 20 / /=G| — S FOPU 0 Hoo Hy™ Hyc Hope

—ﬁH o HYY Hys® H ' H,"H.¢p — éﬂa&ﬂaﬁwﬁfﬂﬂ VeHee + - ] (27)
where the dots represent 717 ambiguous couplings. The coupling constants of these couplings
have fixed numbers as well as 333 unfixed parameters. We have found that these parameters are
removable by the freedom due to the field redefinitions, integration by parts, and the Bianchi
identities. Hence, these parameters can be fixed to any arbitrary values. We have found that
for no specific values for these parameters, the first derivatives of the Riemann, Ricci and scalar
curvature, the second derivatives of the H-field and F-field, and the third derivatives of the
dilaton become zero. For the case that all 333 parameters are zero, the ambiguous couplings
in the above equation have 257 non-zero coupling constants.

Since the T-duality constraint produces 468 relations between the coupling constants in the
maximal basis, and the minimal basis has only 435 couplings, the T-duality constraint (21)
has no solution if one considers the effective action in this equation to be the minimal basis.
In other words, the 468 relations imposed by T-duality are in general incompatible with the
435 couplings present in the minimal basis. This means that the effective action described by
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the minimal basis cannot satisfy the T-duality constraint (21). The T-duality requirements
introduce more constraints than there are free parameters in the minimal basis, resulting in
an overconstrained system with no solution. To resolve this issue, one must work within a
larger basis that has enough free parameters to accommodate the 468 T-duality relations. The
maximal basis, which contains more couplings, provides the necessary degrees of freedom to
find a consistent solution to the T-duality constraint.

The couplings in (27) are invariant under T-duality, with corresponding corrections at the
4-derivative order to the truncated Buscher rules. Since these corrections are very lengthy
expressions, we do not write them here. We observed that for the case where all 333 parameters
are zero, the correction Aag) has terms at the zeroth and the first orders of a*.

4 T-duality on a basis with 468 couplings

In the previous section, we found that T-duality imposes 468 relations between the 801 couplings
in the maximal basis. On the other hand, the minimal basis has 435 couplings, which is 33 less
than the number of couplings required to be consistent with T-duality. Moreover, the T-duality
constraints may fix some of the ambiguous coupling constants to be zero. Indeed, it is possible
to find particular schemes where the minimal basis becomes fully consistent with T-duality. In
such schemes, the T-duality constraints would fix the 33 ambiguous couplings absent in the
minimal basis to vanish. However, finding such schemes is a nontrivial task.

As an alternative approach, we consider a basis that is neither the maximal nor the min-
imal one, but has 436 independent couplings. Starting from the original 2980 couplings in
constructing the maximal basis, we add the field redefinition terms to them and remove the
couplings with terms involving more than two derivatives, Ricci curvature, or scalar curvature.
This constraint and some other constraints reduce the number of relations between the coupling
constants to 468. Then, we choose a specific scheme among the remaining couplings, which can
be described as follows:

20/2

S = —= /dmx —Ge |\ F Mo pomnp e Fst i Fij

K
e B M P [ M € s 1 Fig + caF ORI 0 B s Foi + -
+Cags Hop’ HPVN  Hyo) VPV HL + cyos Hog HN | Hs o VP HC
a5t Hop HONV ooy VP H 4 Cags oo HOPV, Hyc VA H | (28)

The expression above represents a subset of the 468 independent couplings, with the ellipsis
symbolizing an additional 461 terms that are not explicitly listed.

The T-duality constraint (21) for the above couplings may not fix all the 468 couplings
because some of the ambiguous couplings that T-duality fixes to zero may not be included
in the above basis. However, the above basis must be consistent with the T-duality. We
have found that the T-duality constraint (21) produces 416 relations between the 468 coupling
constants and the fixed numbers of the lower-order action. This means the T-duality fixes 52

12



ambiguous coupling constants, which are not included in the above basis, to be zero. We have
also observed that the remaining 52 coupling constants in the resulting T-duality invariant
action can be removed by field redefinitions. So we are free to choose any values for these
parameters. When all these parameters are set to zero, we find the following 107 non-zero
couplings:

$,® = - ;f‘; / @/ =Ge ™| — éFaﬁijFaﬁif‘ Fy PP H B
-9 Favij Fapi Fﬁékl Fee,, H’yeu Hésu + % F, 5ij [P prydkl Fe,, H’yeu Hésu
+%FanjFaﬁijFﬂéleeslewﬂﬂw + %FJUF&W Fs™™ P\ Hs™ Heeyy
—FPI " H o Hg™ Hye Hep + %FWF”ﬂzjHaﬁEhrfﬂhrésﬂtfwC

1 . 1 g
+_Foz,3ijFa6w H'yauH,Y&HéaCHeuC + _FavijFoaﬁz] Fﬁ(sle'yéleeauHeau

48 24
1 1

—EHa5€Ha57H555H7“< H.,"H.¢p + ZHQB5HQ/37H,Y€€H5“C H.,"H.c,
19 y 1 ’

—I-gFa”Z-jF“ﬁzﬂHﬂ&HwaHﬁcch +35 i PP H s HY H M H_
1 af3ij 6 € 15 & e €

+5F B3 F20 5 H g Hoyge Ho g HES - 1 Hos"H PYH, < Hs M H."H, e
1

1 .
oy H Hoc HY H S Hyycy — o0 FO 035 Hogy HEY Ry
.. 1 .. .
+2FPI 0 H L H M Ry — gFaijaﬁwFW“F@MRW —AF  FPI RGP R 5

_FaﬂiijwsinofEH,BeuR'yéau + 2Fa7'ijFaﬁijFﬁéle€EklR’yeés - 2Fa’yijFa'8inﬁ6€H6suR'yesu
+2H," H*" Hg™ Hy* Ryepue — 2Ho" H* Rgs™ Royeey — 8Ho " H*V Ry% 5" R,

1 1 g g
_gHaﬁéHaﬁ'yHesﬁHeeuR’yuéc + 5 i Faﬁl] R’y&esR’Y&E + 2Fo¢,82] F'yéij Ha'yeH,BE'uR(Sesu

F g PO 0 HL o Ry — 2 Foe P9 HL 9 H5 Ry, — 2F99 0 H (€L 4R
+ra ij B 0% decp afiy 0% decpt ijddap ¥ de€ep

8

13 11
+6H, H Rg* F Rsoep — EHafSEHaﬂVHﬁJEHwCREEuC - gﬂafﬂaﬁmfﬂw Recpc

1 1 -~
+ﬁHamH"‘57H5“C H Ry — EFO“B” HpsHee( H'N o F°

+6FP . Rp5ee Vo F % + 3FPIHg® R 5.V o F1 3y — AR, M PP o HL N g Fst
—2F, 1 PPN N g Fst iy — FOPT Y FM 5 N Foera

—2 P pokINg s 1N o Fo i 4+ 2E, R PN g FOC N Fs e

—2F, 1 FPIN g ORI Fson + F M FP9N 5 Fy V., FO5

—2F, M Fy  Hsee Vo F< 35 + 2F, 3 FOPI g™ Hs .V Fee
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+Fa5leaﬁ” F’yain(Sesv’yFE‘gkl _ _Faﬁz’j Faﬂzj F’y5le66€v’yFeskl (29)

4
1 g
_QHa&HaﬂvRéea,uvaﬁau o § awijFaﬁu Fﬁéleeaklvaéea
2 . 1 g
—gFJijFW”VBH&Eva&s + EH&EH&EVgij V7 Fobii
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—F M PP F  Hyee Vs Fy Py — 2H H Ry Vs Ho gt + iHo‘fBVH‘S“VvHGWV(;Haﬁ“
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1 1
—ZHag‘;Haﬁ”VquEEV“Hf — gﬂamﬂaﬁwveﬂgmvuﬂﬁﬁ

+%Ha57H“57VuH5€5V“H‘*& :

Note that there are three-field couplings in the above action. We have checked that the above
couplings and the couplings in (27) are the same up to appropriate field redefinitions. The
above couplings are manifestly invariant under T-duality, with some lengthy expressions for
the 4-derivative corrections to the truncated Buscher rules. For example, the correction term
Aag) has 292 non-zero terms, which include the zeroth and first order contributions in the
scalar a”. We do not write these expressions explicitly, as they are quite lengthy. These 4-
derivative corrections are needed if one would like to find 8-derivative couplings by applying
T-duality, which is not the focus of our current interest.

5 Couplings in Canonical form

Having found the T-duality invariant couplings with fixed coupling constants in (27) or in
(29), one may use field redefinition to rewrite them in a canonical form where the dilaton
appears only as the overall factor e=2®, and the couplings have no Ricci or scalar curvature, no
first derivative of Riemann curvature, no second derivative of the H-field and F-field, and no
three-field couplings.

To find the couplings in this form, we add the total derivative terms, field redefinition terms,
and the terms from the H-field Bianchi identities to the most general coupling, which has 2980
couplings. We then equate them with the 260 couplings in (27) or 107 couplings in (29) that the
T-duality produces. We go to the local frames in both external and internal spaces to impose
the remaining Bianchi identities.

If one sets to zero some of the 2980 couplings in the resulting equation and the equation
has a solution, then that choice is allowed. In this way, we can write the couplings in the
canonical form. Imposing the canonical form for the 2980 couplings, one finds the equation has
a solution, and there are still some unfixed parameters. We choose them to write the couplings
in the following 85 couplings:

2 12
S, = _% / d"zv/—Ge *®|[NS-NS]yg + [F*H?) 1o + [F?H*Ys + [F*H*R)g + [F*HV F)15
K
+[F*R]y + [FPH*VH)g + [FPRVH|3 + [FA(VF)?g + [F*(VH)*5 + [F2R2]4] . (30)
The NS-NS couplings mentioned are those that have been found in [11] by studying the T-
duality of only NS-NS fields, and written in canonical form in [23]. We have also used an
identity to write the 11 terms reported in [23] in terms of the following 10 terms:

1
[NS-NS)1g = 2H* H° R o 5" Ry e — EHQ‘SEHQBVHB(;EHW“C He"Heen — 2H H*Y Rgs™ Ryee,

—2H, HP Rg® P Rseep + Ha* HPV Hos® H* Reeppe — AH Y HO RV 5 H o5
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1
—H, " H*" Rs.., NV Hg™ — §Haﬁ7H5€€vﬁHaaﬂvEHw

1 1

_5 a&eHaﬁvHﬁéusquanc + ZHaéeHaﬁvngéwqume ‘ (31)
By expressing the 11 terms from the previous work in this more compact set of 10 terms, we
have simplified the representation of the NS-NS couplings in the canonical form. The other

couplings that involve YM fields are:

1 . 3 .
[F4H2]12 _ gFavleaﬁzJ FaeijFaule,BEuH’Y(SG + §Fa’ykleaﬁzJ Féeiijleﬁéanyeu
3 af1] € 1 afi] €
—5 a5 F Pid pockl ety Hogse Hoyeyr — 3 W e poe  Fer Hs Hoey,

1 . .
_ZFa'yijFoz,Bz] FéﬁleE#le,BzSeH'yau o Fa'yleaﬁZ] Féele(seinﬁeunsu

_2Faryij FaﬁijFésleLSEleﬂe“Hygy . 2Fa’yijFaﬁijFﬂéleeeleyequisu
1 . 1 iy
‘|‘gFa,@ijFaBUF,Y(sleEElefyeuHSau - 1_6FaﬁijFaB”F’Y(Sleeale'y(SuHeau

1 . 1 L
+§Fa%jFa5” F™ .y Hs ™ Heeyp + gFaﬁijFaﬂ” EfuF M H H,

. 1 .
[F2H4]6 —  _FoBij Fﬂ/ainaweHﬂE“H&chug + §Faﬂw FwinaﬁeHywHéaCHeuC
1 afij de € 1 afij € de
—5 5 F i g% H # Hs.C H, e + 15 Fosii F i [ o HY“ Hs S He e
1 1

— 5 Fo i PP H" Hog™ H Hey + s Fasig PP Hog Y H Heye
[F?HR]y, = 2F“P9F";H,“H, " Rasep, + F*PY F?° i Hoy " H Rpgse
. 1 .
— P Hy® Hyd Rysey, = S PP Hog  HE Ry
—6F, i FP I H Hs " R o)y + 2F°P9 Y H S H ™ Rieey
y 3 y
+2F, i FP I B H * Ryeep — 1 i FOP9 LS HY Ry
—2FPI Y H s H S Ry
[F'R], = 2F, MFPU sy F* i Roeye + 2Fy i F P F5* g FM Ryee
1 . .
_Z aﬁijFaﬁZ]F,YéleGEklRfyéee - 2Fa7klFaﬁl]FﬁéleGEin'ye&7
» 3 »
[F?H?VH], = —2F*"7F"° H,“H,"VsHs., — ZF"‘ﬁ”FWSinMGHf"V(;HBW
y 3 y
+FOPIEY H S Hp PV s Hoyey + gFW” FY i o HN s Hey
1 . .
+§Faﬂ” F° i Hoy S H N sHeey + 28, FOP H Hs'V H.,,
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[FPHVF],, = —FPipm,; F Hiee Vg Fot — Fosi FW%J-E%“HWVBFM;{Z
_2Fa'yleOc52] F(sgin'ysavﬁFéakl + 4Fa'yijFaﬁ7,j Féele’yeaVBFéakl
+6FaﬂijF’yﬁiereleﬁéev’YFaEkl 4 2Fa’yijFaﬂijF(SeleéeevvFﬁskl
_2Fa'ylea,8ijF66ijHBEEV’YF(SSM o Fa'yleaBijFﬁéklHJGEV’YFEEU

i 1 .
+3Fa7ijFalBZjFﬁéle(SeEVryFeekl — ZFCVBUFQBZJ FW&leéegv'yFeekl

_6Fa,yijFaﬁijF&Ele’yeavéF,Bakl + 2Fa'yleo¢ﬁijFésinﬁeav(sF’yakl
+HE PP F M HL Vs F Sy — 2, M TR H i, Y Fg
—4FPI Y PR g N Foet

[F?RVH], = _QFaﬁijF%i‘j‘RvéeavﬂHage +AFPI Y Resee Vo Ho @
—8F, ;" Ry 5.V Hp™
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[F2(VF)%, = —2F,jF*PN s Fsoy + EFO‘ﬁ”F”"SijngwgleEFaﬁkl

+4Fa?fﬂ' F1ORN 3 Fseq Vi + AF P FV??ZVEFMVGFM
—FPIF1 0N FasaV oM — AR M I G B gu VEFR
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2 afi] e af1] e
[FA(VH), = —gFanjF PN g HOSN  Hoo + FOPIFY N s H, SV s H

F2F P 10, N s Hg .V Ho S — 2F, i FOPIN (H. 5.V H ¢
1 -
+§FaﬁijFaﬂZjv6H'y§£V€H76€ )
[F2R2]4 _ _QFQ,BZJ FW&ina'yasRﬁéee + FaﬁZ]F’yﬁzj RaﬁesR'yEes
- 1 -

—AF,) i FPI R R 5. + §Faija5”Rwesm“6€ : (32)
The couplings in (30) are related to the couplings in (27) or (29) by some field redefinitions,
Bianchi identities, and integration by parts. However, the couplings in (30) are not manifestly
invariant under T-duality, unlike the couplings in (27) or (29). The above couplings should be
consistent with the S-matrix elements.

Using the tensor tg which is defined such that the contraction of tg with four arbitrary
antisymmetric tensors M, .- M* is given by [24]:

toomee N MM, My = 8(te M MPMP M + te M MPMPM* + tr M M? M*M?) (33)
—2(tr M MP*tr MPM* + tr M MPtrM? M* + tr M M*tr M*M?),
one can write the couplings [F?R?|, as

Oé/

O[/
2 [F2R?), = —5taﬁw‘“’pATr(FaﬁFw)Tr(RWRpA) : (34)
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Here, the trace on the Riemann curvature is over the last two indices of the Riemann curvature.
The four YM couplings in the 4-derivative couplings (17) and the four Riemann couplings that
the T-duality produces [25] can be written as:

1
[FY, = 3_215@675#@@1«(1?&5&5)%(FM,,FPA), (35)
12
o?[RY, = %Sto‘ﬁ'y‘s“””’\Tr(RagRW;)Tr(RWRpA).

The above four-field couplings can be written as

2 / 1 / /
= / A/ =Ge™ 2 St I Ty (Fy g F5) = TR o) | | Te(E o) = 5 T (R ) |
This expression has been determined in [15] through the study of the four-point S-matrix
element.

6 Discussion

In this paper, we determine the covariant and Yang-Mills gauge invariant couplings in the clas-
sical effective action of heterotic string theory at the six-derivative order. We begin by finding
the minimal basis, which consists of 435 couplings, and then impose T-duality constraints on
this set. However, we find that the 435 couplings do not satisfy the T-duality constraints,
indicating that the number of constraints produced by T-duality is greater than 435. We then
consider the maximal basis, which contains 801 couplings, and impose the T-duality constraints
on this larger set. In this case, we find that the T-duality constraints give rise to 468 relations
between the coupling constants. The remaining 333 unconstrained parameters in this T-duality
invariant basis can be eliminated through field redefinitions. Motivated by the observation that
the T-duality constraints yield 468 relations, we also consider a basis that is neither minimal
nor maximal, consisting of 468 couplings, and impose the T-duality constraints on this set. We
find that all 468 T-duality constraints are satisfied by this basis, and we identify 107 non-zero
couplings. Finally, we perform field redefinitions on the T-duality invariant couplings with
fixed coupling constants to rewrite them in a canonical form. This results in only 85 non-zero
couplings. We show that the couplings of two Riemann curvatures and two Yang-Mills field
strengths are fully consistent with the results obtained from the S-matrix method [15].

To arrive at the final result in (30), we have utilized the covariance and Yang-Mills gauge
invariance of the couplings in the basis. In particular, we have worked in local frames in both
the external and internal spaces. In the internal space local frame, the Yang-Mills connection
A% is zero, while its derivatives are non-zero [4]. In this frame, the Yang-Mills field strength
is given by (1), and its derivatives are ordinary covariant derivatives involving only the Levi-
Civita connection. After obtaining the final result in (30), the gauge field should be replaced
with the full expression:

= 0,47 = 0,4, + —= A" A7), (36)
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and its derivatives should be replaced with derivatives that involve both the Levi-Civita and
Yang-Mills connections. It is worth noting that the final result in (30) does not contain any
couplings with two antisymmetric derivatives on the Yang-Mills field strength that satisfy the
identity [V, V]F ~ FF. This implies that there is no ambiguity in the couplings presented in
(30).

We have observed that T-duality excludes all couplings that contain the traces Tr(FFF),
Te(FFFF), Te(FFFFF), and their derivatives. We conjecture that this observation should
be extended to the traces of all higher orders of the Yang-Mills field strength. This conjecture
is consistent with the recent observation that all odd-derivative Yang-Mills gauge invariant
couplings in the heterotic theory are zero [4], as such couplings involve traces of more than two
F’s. This conjecture can be used to simplify the study of 8-derivative couplings by excluding
all such couplings from the 8-derivative basis. By eliminating these terms a priori, the analysis
can be streamlined and focused on the remaining, non-excluded couplings.

We have shown that the couplings in (30) with the structure [F? R?], are consistent with the
4-point sphere-level S-matrix element. Moreover, the 4-field NS-NS couplings in (31) have been
demonstrated in [23] to be consistent with the corresponding S-matrix elements. These results
provide confidence that the aforementioned couplings have been correctly captured. However,
it is important to note that all the other couplings present in (30) should also be reproduced
by the appropriate 4-point, 5-point, and 6-point functions in string theory. Performing a
thorough comparison between the couplings in (30) and the corresponding higher-point string
theory amplitudes would be a valuable next step. Such a detailed comparison would help to
further validate the completeness and accuracy of the couplings presented in (30). It would
be interesting to carry out this analysis in full detail to ensure that the final result accurately
captures all the relevant contributions from string theory.

Another method for confirming the couplings in (30) is to study their cosmological reduction
and validate that they satisfy the O(d, d) symmetry. For the case of a vanishing Yang-Mills
field, it has been shown in [26, 27, 28, 23] that the 6-derivative couplings do indeed satisfy
this symmetry. It would be valuable to extend this analysis to include the Yang-Mills fields
and confirm that the couplings in (30) are consistent with the O(d, d) symmetry in the cosmo-
logical setting. This would provide an additional, independent check on the completeness and
correctness of the couplings presented in (30).
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