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Abstract

We study closed universes in simple models of two dimensional gravity, such as Jackiw-Teiteilboim
(JT) gravity coupled to matter, and a toy topological model that captures the key features of the
former. We find there is a stark contrast, as well as some connections, between the perturbative
and non-perturbative aspects of the theory. We find rich semi-classical physics. However, when non-
perturbative effects are included there is a unique closed universe state in each theory. We discuss

possible meanings and interpretations of this observation.
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1 Introduction

Over the past decades we have learned a lot about quantum gravity in asymptotically AdS spacetimes
through the AdS/CFT correspondence [1-3]. Quantum gravity in spacetimes without AdS asymptotics
is less well understood. The universe we live in may not have an asymptotic boundary, and is more

similar to de Sitter due to the positive cosmological constant.

De Sitter space has many mysterious features. It does not have a spatial boundary and it is
exponentially expanding. Studying de Sitter space directly is quite challenging, but see [4-9] for some
recent works. In this paper we will study the simpler problem of AdS cosmologies, i.e., closed universes
with negative cosmological constant. They are FRW cosmologies where the universe begins with a
big bang and ends with a big crunch. Like de Sitter space, they also do not have spatial boundaries.
Unlike de Sitter space, they do not expand forever in the future. See Figure 2. Our hope is that AdS
cosmologies are easier to study than de Sitter space due to our understanding of AdS/CFT, and we
may learn some general lessons about closed cosmologies which can be applied to de Sitter space and

potentially our universe.

Spacetimes without spatial boundaries are very different from spacetimes with boundaries such as
asymptotically anti-de Sitter or asymptotically flat spacetimes. One feature of asymptotically anti-de
Sitter space is that it has a fixed, cold boundary where gravity is turned off. It offers a natural location
where a dual quantum mechanical system can live. It can also play the role of an observer relative to
which we can describe bulk physics and define bulk operators. Without spatial boundaries whether or
not a closed universe has a dual non-gravitational description, or what the structure of such a dual is,

is unclear.

Closed universes in AdS space have been studied in higher dimensions in a variety of works. A
common approach to study Lorentzian AdS cosmologies is to first find a Euclidean wormhole connecting
two asymptotically AdS boundaries [10], and analytically continue the geometry to get a big bang/big
crunch cosmology without any asymptotic boundaries. Maldacena-Maoz constructed such wormholes
with the aim of understanding closed universes in AdS/CFT [10]. The implication of Maldacena-Maoz
like wormbholes for cosmology was discussed by McInnes in [11,12], and more recently investigated

by [13-19]. These higher dimensional investigations have largely been focused on perturbative questions.

In this paper we will take one step in exploring closed universes without boundaries, both perturba-
tively and non-perturbatively. We will study simple toy models in two dimensions where calculations
are more tractable than higher dimensions. We will see that there is a stark contrast, as well as some
connections, between semi-classical and non-perturbative aspects of the theory of closed universes. A
very interesting and important question is how to reconcile these two aspects. We will not be able to
answer this question in general in this paper. Instead, we will point out various features occurring in

simple models and discuss the lessons we learn from them.



Summary of results.

Perturbative construction. In section 2 we study perturbative aspects of closed universes. The
model we consider is JT gravity coupled to matter fields O;. We will be considering cosmological states
of closed universes on Cauchy slices with topology S'. We specify a cosmological state by inputting a
set of asymptotic boundary conditions, and performing the gravity path integral up to a compact slice
of the closed universe. We consider boundary conditions specified by an insertion tr(e*BH (’)i) where
O; has vanishing one-point function. We find the dominant saddle point configuration is a trumpet
geometry that ends on a compact circle, with a massive particle on the slice, see figure 1. This gives
a wave functional for a closed universe on a circle. We can then perform Lorentzian time evolution of

the closed universe, where it collapses in a big crunch.

Figure 1: Preparing a closed universe state with a particle (dashed blue).

We can prepare an infinite number of seemingly orthogonal cosmological states by changing the asymp-
totic boundary conditions. For example, by exciting different flavors i, j of matter fields at the asymp-

totic boundary

05 = © wid= G D v (11)
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These states clearly appear orthogonal. If we consider the inner product matrix defined by M;; =
(1]7) then it appears we can make its rank as large as we want. Namely, we can construct semi-classical
states with incredibly varied physics. We will see this is no longer true when non-perturbative effects

are included.

Non-perturbative physics. In section 3 we consider a topological toy model that mimics the key
features of JT coupled to matter fields (1.1). This model is motivated by the topological model studied
by Marolf and Maxfield in [20]. The model is defined by defining states to live on circles with an

insertion carrying a flavor index i = 1, ..., k. Observables specified by some set of boundary conditions



are evaluated by summing over all bulk manifolds M and over all pairwise contractions of matching

flavor indices on M:

. I(M) = —SoX + Imatter - (12)

i)

:

The action weighs bulk manifolds by the Euler Characteristic x, and Inatter enforces that all matter
flavors ¢ must pairwise contract, otherwise the manifold M does not contribute. For example, in the

above picture we have (1;]1;) = &;; + O(e~2%)

. Thus, the inner product matrix M;; = (v;]1);) appears
to have a large rank due to the large number of seemingly orthogonal states. However, when including

the effect of spacetime wormholes, we will show the following:

e Non-perturbative wormhole effects dramatically modify the above inner product. The dimension

of the closed universe Hilbert space is reduced to one.

e The topological model computes an ensemble average over distinct theories (a-sectors). We study

the probability distribution for the ensemble.

In each a-sector, the matrix M has rank one with a single eigenvalue given by tr M. We elaborate on
this argument shortly. tr M should be thought of as a random variable with distribution over different

a-sectors. We will find that in this model it is the product of two independent random variables:

k

tr M = Z(ZA?). (1.3)
i=1

The first factor, Z, is the dimension of the Hilbert space of two-sided wormholes in each a-sector and

obeys Poisson statistics. As a boundary Hilbert space dimension, the eigenvalues of Z are discrete

and equally spaced. The second factor, Zle A?

¢, comes from pairing up flavor indices and obeys the

chi-squared distribution. It can be thought of as the square of the matter thermal one-point function

(0;)? in a fixed member of the ensemble. The number 4; € R takes continuous values.!

More generally, the matrix elements of M take the form
Mij = Z (Ai4j) (1.4)
as an equality between random variables.

Non-perturbative Hilbert space. We give the general argument that the dimension of the Hilbert

space of quantum gravity on compact Cauchy surfaces is one dimensional. This argument was given

! The variables A; are drawn from a gaussian distribution, with zero mean and variance one.



in [21] in the context of dS and we summarize and generalize it here. The argument relies on defining
the inner product between states through the gravitational path integral [22], and is insensitive to the
details of the theory of interest and even the dimensionality of the spacetime.? The key ingredient is

that the states live on slices without boundaries.

The starting point is to define states on compact Cauchy slices. Since we will be general, we will

take states |i), |j) to be labelled by generic boundary conditions on the slice.> The inner product will

be defined by

(ilj) = / Dy el S (1.5)

Y

In the above we sum over all manifolds M with boundaries given by Cauchy slices with boundary
conditions 7, j, and over all Euclidean metrics ¢.* To confirm that states are orthogonal we should
calculate higher moments to check that the variance is small [21,23]. Doing this for the inner product

between seemingly orthogonal states (i|j) = d;;, we find

[l P = (ila) (Gl + - (1.6)

Since the states live on slices without boundaries, bulk manifolds can cross connect different bras and
kets, and give large corrections to inner products. The above fact implies that the dimension of the

Hilbert space is greatly reduced. More precisely, consider the Gram matrix M;; = (i|j) built from a set

of states |i) with ¢ = 1,..., k. The number of non-perturbatively orthogonal states is given by
rank(M) = lim Tr (M") . (1.7)
n—0

The right-hand side needs to be evaluated for all integer n using the gravity path integral, and then
analytically continued to take the limit. When Tr (M™) is calculated it can immediately be seen that
Tr (M™) = (Tr M)". This is true because the boundary conditions can be permuted without changing
the value of the path integral, see section 3. This immediately implies that lim, o Tr (M™) = 1, and
we conclude

A0 (Hetosed) = 1. (1.8)

All states defined on compact Cauchy slices turn out to be equivalent non-perturbatively.

2 One caveat is that the gravity path integral is not as well defined in higher dimensions and with general theories. The
argument relies on formal manipulations of higher moments of inner products in higher dimensions, where higher moments
may not have convergent answers if taken literally. The conclusion regarding the Hilbert space dimension being one relies
on an analytic continuation of these divergent moments to a zeroth power.

3 For example, in 4d general relativity the boundary conditions label different three metrics, whereas in pure JT the
boundary conditions would label the size b of geodesic circles from section 2.

4 In principle the manifold could be multiple disjoint manifolds.



Outline

This paper is organized as follows. In section 2 we study perturbative aspects of the theory of closed
universes in JT gravity plus matter. We obtain wave functionals on spatial slices and show that there is
rich semi-classical physics. In section 3 we include non-perturbative effects in a simple topological model
that mimics JT coupled to matter. We show that if we include the effects of spacetime wormholes, there
is only one closed universe state in each a-sector. We also obtain the distribution of the norm-squared
of this state and discuss its physical meaning. In section 4 we point out unanswered questions and

future directions.

The goal of this work is to study closed universes in the simplest setting where non-perturbative
effects can be included and are under complete control. The aim is to understand the framework for
describing physics in closed universes. We will find that various observables and calculations that are
well defined perturbatively seem to become ill-defined when non-perturbative effects are included. There
have been other inspiring works studying non-perturbative aspects of closed universes. In particular, [10]

and [24] contain a lot of comments which overlap with what we discuss.

2 Perturbative Aspects of JT closed universes

In this section we study the perturbative physics of a closed universe in JT gravity. We first consider the
case without matter as a warm-up, then we study the case with matter. We will see that by specifying
different asymptotic boundary conditions, we can construct a large number of orthogonal semi-classical

states that describe very different closed universes.

2.1 Closed universes in JT

We first consider Lorentzian JT gravity on the cylinder topology S' x R. The Lorentzian action is
given by [25]°
1
I[g, @] = B /dQI'\/—g(I) (R+2), (2.1)

in terms of the dilaton ® and metric g. The equations of motion are
The classical solutions are given by

ds® = —dt* + b cos®(t)do?,  ®(t) = pesin(t), (2.3)

5 Throughout the paper we set 871Gy = 1.
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Figure 2: Classical solution for a closed universe. It begins at a big bang and re-collapses in a big
crunch. The green geodesic is the maximal slice of the universe.

with compact spatial coordinate o ~ o+ 1 and time ¢t € (—g, g) See figure 2. The space of solutions is
labelled by b > 0 and ¢, € R. This geometry corresponds to a big bang/big crunch universe that comes
into existence at £ = —3 from a conical singularity and expands before re-collapsing into a conical
singularity at t = §. The universe reaches a maximal spatial size b at ¢ = 0, which is the only closed
geodesic on the geometry. The dilaton functions as a clock, attaining maximal amplitude |¢.| at the

big bang/crunch.

Canonical quantization. The classical theory is very simple due to the lack of asymptotic bound-
aries, and has no apparent interesting dynamics. Phase space is labelled by the maximal size of the
universe and the value of the dilaton (b, ¢.). The quantization of this system is straightforward to carry

out (see [26] for the case with boundaries) [27-29]. The symplectic form can be evaluated to find
w =8¢ A b, (2.4)

so b and ¢, are conjugate variables. We can canonically quantize in the b basis obtaining a basis of delta
function normalized states |b), with ('|b) = 6(b—b') being the natural inner product from the Euclidean
path integral. We can prepare natural wavefunctions for these closed universes by doing Euclidean path
integrals over, for example, a trumpet geometry ending on a geodesic of size b. Such wavefunctions are

dominated by small universes with b — 0 and so do not appear particularly interesting.

Another approach to quantization is through the Wheeler-DeWitt wavefunctional. Leaving technical
details to appendix A.1, the WdW wavefunction for 2d dilaton gravity theories on spatial slices ¥ = S*
was solved in [28,30,31]. The input is given by the value of the dilaton ¢(o) and the induced metric h

) )

where there is a continuous family of solutions to the WdW equation labelled by a parameter ¢? which
2

along the cauchy slice. There are two branches of solutions [31]

W [6(0), ] = exp (iz' / 4oV [m ¢ tanh ™! ( o g;f n 1>

turns out to be dilaton squared. Following Hartle-Hawking [22] the amplitude squared |‘I/;f2 [p(0), h]



roughly tells us the likelihood to find a Cauchy slice with field configuration (¢ (o), k) in the state with
fixed ¢2. We restrict to the case of a constant dilaton profile ¢ on a slice of length L. We find that

to reproduce semiclassical expectations of the geometry we must carefully choose an ie prescription to

2
Vg.[¢o, L] = exp (icbcL\/l—ng'eqﬁc) : (2.6)

Note that if we restrict to the geodesic slice where ¢g = 0, we recover e*?®, which is consistent with the

avoid the branch cut

fact that b and ¢, are conjugate variables. To see that this wavefunction (2.6) reproduces semiclassical
expectations it is more intuitive to work in the |b) basis. Since b is canonically conjugate to ¢. we

change basis to find

Wylgo, L] = e~ be eIl 9T | depoebbe gL/ FE—GF Fie
R<0 R>0

2 cos ((]ﬁg\/@) , L <b,

(2.7)
e~ PoVLA=b? L>b.

We see the result for the amplitude is quite reasonable. In an eigenstate |b) the universe attains a
maximal size b and has slices of all smaller lengths L < b. The wavefunction oscillates in this regime,
signaling classically allowed behavior. In the classically forbidden regime L > b the wavefunction

exponentially decays.

2.2 Closed universes in JT with matter

We will now consider JT gravity coupled to matter. Pure JT is exactly solvable but lacks a number
of key features that give rise to a rich set of perturbative physics in closed universes. Primarily, by
including matter we can introduce a notion of an observer living in a closed universe. We will again

construct a large class of seemingly orthogonal semiclassical states.
The model we consider is JT gravity coupled to a massive particle.® The Lorentzian action is given
by’

I[g,®] = ;/d%\@@ (R+2) — m/ds,/gWXuXv + Vhdy (K — 1), (2.8)

bdy

where X*#(s) is the worldline of the massive particle with s an affine time along the worldline. The

5 For some discussions when we have massive scalar field, see appendix A.4 .

" The boundary term vanishes and does not contribute on the Lorentzian cosmology. We include it for the Euclidean
discussion later.



equations of motion are

X, X
R+2=0,  (-VuVy+guV? —gu) ®() =m / 520 (XM o) (29)
X2
with the particle following a geodesic. The stress tensor of the particle implies a jump in the dilaton

nt0,® = m across the particle, where n is the normal vector to the particle. The classical solutions are

m

ds® = —dt* + b* cos?(t)do?, =——
2sinh 5

cos(t) cosh(bo) + ¢p¢sin(t) , (2.10)

with the particle sitting for at o = :t% for all time which is identified under o ~ o +1.% The first term in
the dilaton has discontinuous derivative across the particle. Note that again the classical solutions are
characterized by two parameters, the size of the universe b and the dilaton value ¢.. The symplectic
form can again be evaluated and found to be w = ¢, A db indicating that ¢. and b are conjugate
variables, just as in the case of pure JT. We can again quantize in the |b) basis and obtain a set of

states of closed universes with a massive particle on the Cauchy slice.

2.2.1 Euclidean path integral construction

We would like to construct a large basis of closed universe states by using Euclidean path integral
techniques. Following [22] we can specify a closed universe state by specifying boundary conditions and
performing a path integral up to a compact slice. With the no-boundary proposal in [22], the wave
functional Unpl[b] is obtained by integrating over all Euclidean geometries ending on a circle of size b

and no other boundaries.

In our context we will specify cosmological states by choosing a different set of boundary conditions.
We specify our boundary condition by the following quantity: tr (e_fBH Oi), where H should be thought
of as the boundary Hamiltonian dual to JT + matter and O; is a matter operator insertion [32]. This
maps to a Euclidean boundary condition given by a circular boundary of length 8 with an operator
insertion O;. We will treat Euclidean wormholes between these boundaries as computing an inner
product between different cosmological states. We can then cut apart the Euclidean wormhole along a

geodesic slice b and analytically continue the geometry to get a closed universe.

In JT with matter the Euclidean wormhole that will be important for us is the double trumpet

geometry. The metric is given by
ds® = dp® + b* cosh?(p)do? (2.11)

where p € (—o0,00) and again 0 ~ o + 1. The two asymptotic boundaries are at p — £oo, and the

only closed geodesic is at p = 0. By analytically continuing along the time symmetric slice p — it we

8 With the particle present, we must explicitly restrict to o € [—%, %]



obtain the closed universe cosmology (2.10) [10]. See Figure 3.

Figure 3: Matter stabilized Euclidean wormhole (left), and the analytic continuation (right) to real
time. The wormhole geometry becomes a closed universe with a heavy massive particle (dashed blue),

with a maximal geodesic slice (green circle).

Comparison with black hole case. It is instructive to contrast our approach with the standard
way of constructing the thermofield double state (TFD). In preparing the TFD one specifies Euclidean
time evolution e~  on the half circle. With this boundary condition we get a wave-functional on

spatial slices, and the leading saddle is eternal black hole with temperature %, see figure 4(a).

For the closed universe the boundary condition is a full circle represented by tr(e‘ﬁH (’)Z-). We
choose O; such that its one-point function vanishes, which implies that the disk amplitude vanishes.
As a result we get a wave-functional on compact slices, with the leading saddle corresponding to closed

universe of size b, see figure 4(b). The double trumpet geometry computes the norm squared of this
state [tr(e*ng(’)l-)]%

(a)

Figure 4: Boundary conditions preparing a black hole state and a closed universe state

Closed universe with one observer

The classical wormhole with a massive particle can be found by finding the saddlepoint for the quantity
(Tr[e_ﬁH Oi})z. This amounts to a geometry problem where we must cut out a double trumpet from the

hyperbolic disk with a worldline running through the center, which is a standard construction [33-35].

10



In appendix A.2 we give details on constructing the solution. The final result is there is a classical

wormhole with geodesic throat size

bo ~ 2log (mﬁ> : (2.12)

TPy

In the above we have taken the limit of m > % > 1 for a large wormhole. With matter, the dilaton

has an on-shell solution given by

ds® = dp® 4 b3 cosh?(p)do?, O(p,0) ~ 7r§>r cosh(p) cosh(bgo) , (2.13)

where we have expanded the overall prefactor of the dilaton at large by. Taking this solution and
analytically continuing p — ¢ along the time symmetric slice we arrive at a large semiclassical closed

universe with a massive particle

ds® = —dt?® + b2 cos?(t)do? O(t,o) = 7T§r cos(t) cosh(bgo) . (2.14)

We show the construction along with the analytic continuation in Figure 5.

Figure 5: The grey lines are lines of constant dilaton. (a) shows the double trumpet solution embedded
into the hyperbolic disk, with the blue line the massive particle. The green line is the geodesic throat
bp. The two blue lines are geodesics and are identified. (b) shows the analytic continuation of the
double trumpet into Lorentzian time p — it, where it becomes a closed universe. (c) shows the closed

universe solution embedded into a WDW patch.

Adding additional particles

We can also solve for the classical geometry perturbatively with additional particles. Assume that in
addition to the observer with mass mj, we also have a light particle with mass msy. We consider the

quantity (Tr[@le_ﬁlH(Oge_fBQH])Q where (1 + 8o = 8 and assume mq > “ET > mo, The Euclidean

11




double trumpet geometry, along with the dilaton profile, can be solved using hyperbolic geometry and
charge conservation which we do in appendix A.3. The geometry can then be analytically continued to

obtain a closed universe with two matter excitations.

Figure 6: (a) The euclidean double trumpet with two matter excitations. (b)Analytic continution of

(a) from time-reflection symmetric slice.

The geometry is denoted in Figure 6. The two red lines are identified and represents the light particle

ms. The blue line represents the heavy observer my. The size of the closed universe b is given by

81

g 2B (TP 2 T 2
b_b0+7r<b,« tan<2ﬂ> - 1 tan(ﬂTgl> + O ((m2fB/ér)?) (2.15)

where by is the size of the universe with only the heavy observer (2.12). One feature of equation 2.15 is

that as we move the light particle relative to the heavy particle, with 8 fixed, the size of the universe

b will change. The dilaton is slightly more complicated, and given in equation (A.23).

2.2.2 Wave functional of a closed universe with one observer

Figure 7: Given boundary conditions tr (e_BH (’)i), we compute the wave functional in the |b) basis by

integrating over trumpet geometries.
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After obtaining classical solutions, we now look for wave functionals on spatial geometries. Given
boundary condition tr(e‘ﬁH (92-), we will compute the wave functional in the |b) basis by integrating

over trumpet geometries (Figure 7). The Euclidean action is given by

1

I= —2/\/§Q>(R+2) - Vhdy (K —1) +mL. (2.16)
bdy

We perform the computation where only the dilaton is allowed to be off-shell.” Details are left to

appendix A.4, with the final result for the wavefunctional of the universe created by tr(e‘ﬁH (91-) in |b)

basis given by

N B/9r 2, 2<. b> 19, () ( b>
\Ilg(b)—exp< mlog (cosh (%) p— (sinh%)) + 5 arctan smh2 5 sinh 5 arctan smh2 .

(2.17)
It can be checked that the saddlepoint for this wave functional at large m is at by = 2log (”f )
which corresponds to the classical solution where all modes are on-shell. Here we ignore Schwarzian
and matter fluctuations by taking 5/¢, < 1 and m > 1. The amplitude is highly peaked around the

classical value.

Similar to our calculation of the WdW wavefunctional 1[¢¢, L] in the case without matter, we can
repeat the procedure with matter for a generic slice of length L with dilaton profile (o). We do this
in appendix A.5 for a profile ®(¢) = B cosh(bo). The final wavefunctional is given by

WslLod) = [ U 0(L.D), (2.18)

where (L, ®) is the transition amplitude between a geodesic of size b and a slice with (L, ®) which is

a finite cut-off trumpet. We perform the calculation semi-classically. For L > b, we find

Yp(L, ® = B cosh(bx))

R~ exp( 2 L2 |B|s1nh< >+marcsinh (LZb_bz>sgn(B)) . (2.19)

As the classical solution of the closed universe has L < b, the regime of L > b is classically forbidden.
This is consistent with the fact that we see exponential decay in (2.19). For the classically allowed

region L < b we have

2Vb? — L? b Vb2 — L?
Yp(L, ® = Bcosh(bx)) =~ 2cos (bB sinh (2> — marcsin<b>> , (2.20)

and the oscillating behavior is as expected. One can check that the wave functions (2.19) and (2.20)

9 This is similar to the wavefunction of the two sided BH computed in JT [26]. This results in the corner contribution to
the extrinsic curvature being off-shell.

13



satisfy the Wheeler-de-Witt equation when 2B % sinhg =m.10

Non-perturbative inner product in JT gravity.

For completeness and to give an example of the formalism outlined in the introduction, we briefly
mention the non-perturbative inner product for the case of pure JT gravity. The Euclidean JT gravity
action is given by!!

1g, ] = —Sox (M) — ;/\/g<1>(R+ 2), (2.21)

where y is the Euler characteristic of the bulk manifold M and suppresses higher genus contributions.
We define the inner product (V'|b) to be computed by the Euclidean path integral with boundary

conditions specified by geodesics of size b, b’

b/

'|b) = / DygDde 1192 = ... (2.22)

b

States with b # ' are orthogonal at the cylinder topology level. (b/|b) = $5(b—b')+O(e=20). However,

as explained in the introduction the variance of such an inner product is large
(V' [b)]2 = (b|b) x (B'|b) + O(e™250). (2.23)

This implies that the states |b), [b’) are not orthogonal. Running through the general argument in the
introduction, we find the Hilbert space is one dimensional. All of these arguments extend to JT coupled

to matter, where now states can be prepared by inserting operators of many flavors ¢ on the slices.

3 Non-perturbative aspects and a topological model

In section 2 we found that we could prepare distinct semi-classical states of closed universes by setting
different asymptotic boundary conditions. In this section we will study non-perturbative corrections
in a simple topological model that mimics JT coupled to a large number of matter fields of different

flavors.

It would of course be more desirable to study both perturbative and non-perturbative aspects in the

10 In principle the result of gravitational path integral should always satisfy WDW equation for any input L and ®(o) [22].
Here we obtained (2.19) and (2.20) by saddle point approximation, which is only valid when B is on shell.

' 'We do not need additional boundary terms for geodesic boundary conditions [36].

14



same model. However, the ensemble interpretation of JT gravity plus matter is still under investigation

[37], and detailed calculations are much more involved without modifying the key conclusions.

3.1 A simple topological model

The topological model we consider is motivated by the Marolf-Maxfield model [20]. We define our

topological model to consist of operators that create asymptotic circles with a flavor index 7 that takes

) (3.1)

1

values in ¢ = 1,..., k.

i)

This definition is motivated by tr (e_ﬂH (91-) in JT coupled to matter. We will think of these operators

as creating states of closed universes.

We can consider performing the gravity path integral with some number of |¢;) boundaries in-
serted.'? With our choice of action, an odd number of these insertions vanishes, and so we can always

write our asymptotic boundary conditions as products of objects such as (;[1);).

We define the Euclidean action on a manifold M to be
I(M) = —S()X + Imatter (32)

where Y is the Euler characteristic, and Iatter is defined to pair up the flavor indices of the asymptotic
circles |¢;) on which M ends. The matter action multiplies the path integral by an integer given by
the number of distinct pairings of flavors on M. This is motivated by tr (e_BH (91-) = 0, and that for JT

on a manifold all operator insertions O; must connect to give a non-zero answer.

The simplest quantity we can consider in this model is the inner product matrix

Mi; = (hilt;) = (3.3)
J
We will study all moments of this matrix M. Let’s examine the first few examples
(Wil;) = 0ij + O(e72%), ; (3.4)

12 We do not consider insertions with multiple dots on a single circle.
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(Wil ;) * = 1+ O(e™>%)

If we compare (3.4) and (3.5) we immediately notice that, as claimed in the introduction, we have
| (ilthi) 12 ~ (ilhi) (i]eb;). In other words, off-diagonal matrix elements are of the same order of

magnitude as the diagonal elements.'3

More generally, we have that tr(M™) = (tr M)™. As an example, consider (tr M/)3. The boundary

condition are given by
O O O
(teM)* = | : (36)
O O OO
In (3.6), the second row is identical to the first row. Next, we consider tr M3. It is given by

tr M3 = (3.7)

OO IO OO
O OO i

In (3.7), the second row is a permutation of the first row. Putting everything together, the boundary
conditions in (3.6) is identical to that in (3.7). A Similar argument immediately shows the desired
result tr(M™) = (tr M)™.

Comparison to the black hole case. It is useful to contrast the above with the calculation for a
black hole where the rank of the Hilbert space is upper bounded by €0 [21,23,40,41]. The black hole

carries an end of the world brane (with flavor ¢) which is attached to an asymptotically AdS Euclidean

: |(@ilyg))> ~ e, C ) ) : (3.8)
-

—So/2

boundary. The inner products are [21]

(Wilg) ~ 6ij,

Off-diagonal matrix elements are suppressed by e relative to the diagonal, and so we expect

non-perturbative effects to not be important until late times or when one considers very complex

13 Since these inner products are computed using the gravitational path integral they should be interpreted as ensemble
averaged quantities [38,39].

' Tn (3.6) and (3.7), contributions from repeated indices will be summed over.
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quantities.

Let us see why tr(M™) # tr(M)" for the black hole case, which allows for a larger dimensional
Hilbert space. We again compare (tr M) and tr(M?), we have

(tr M)3 =

tr M3 =

(3.9)

The presence of the asymptotic boundary crucially breaks the permutation symmetry of the boundary
conditions, so the two quantities are clearly not equal. This is because the Cauchy slice defining the

black hole state contain a boundary.

Brief review of alpha states/sectors. It was pointed out in [42-44] that including spacetime
wormholes in the path integral is equivalent to an uncertainty in the coupling constants of the theory.
The couplings are conventionally denoted by «, and an a-sector is when the couplings are fixed. In some
special settings it has been shown that gravitational path integrals compute quantities that are averaged
over different a-sectors in an ensemble of theories. Well-known examples include pure JT gravity and
its various variants [38]. In such theories, the gravity path integral evaluated with boundary conditions

Z is to be understood as computing
(Z) = /daP(a)Za. (3.10)

In the above Z, is the value of a partition function in the sector a, and P(«) is a probability measure

for distinct sectors.

Connection to Marolf-Maxfield Model. We briefly point out the connection of our topological
model to the Marolf-Maxfield (MM) model [20].1% In the MM model, the basic object is the operator
Z which creates an asymptotic boundary. We can evaluate Z"™ with n € N in some state of closed

universes. The simplest choice is the Hartle-Hawking state

(HH|Z"|HH) . (3.11)

15 We thank Douglas Stanford for emphasizing this point to us.
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In our case, we can interpret the matrix M;; as inserting operators Z;, Z; of flavored circles. The

evaluation of our amplitude can then be written as
(HH|Z;Z;|HH) , (3.12)

with higher moments following from the above.

3.2 Ensemble averaging and the distribution of tr M

In the previous subsection we came to two conclusions: non-perturbatively we have rank(M) = 1
and that tr M should not be thought of as a fixed number but as a random variable evaluated over a

probability distribution over a-sectors
(tr M) = /daP(a) tr M, . (3.13)

Within each a-sector tr M is given by a particular eigenvalue, but this eigenvalue can take different
values in different members of the ensemble.

In this section we will evaluate this probability distribution in the special limit where we exclude

So _

higher genus effects by setting e 0o. One way to extract the probability distribution for tr M is to

compute all higher moments tr(M™).!% Since we are suppressing higher genus effects the only geometries
that contribute are cylinders. The computation of tr M™ reduces to the problem of wick contractions
of the same flavored cylinders. In this case we can easily solve for the probability distribution. We can

represent each state by a zero-dimensional dot carrying flavor index .

(3.14)

(3.15)

We assign each dot ¢ a random Gaussian variable A; with mean 0 and variance 1. A;’s are independent

for different 7. Then we have the distribution

L Ty [ dA; A2 ’“H"
M;j = (ilj) = Aidy, <trM>—i1_Il/mexp< 2)(;&&). (3.16)

In gravity language, the above probability distribution wick contracts circles of the same flavor. We

16 With the rules defined by the gravity path integral, bras and kets can connect with each other. This implies that the
closed universe states live in a real Hilbert space [45]. More explicitly, to mimic the rules of the gravity path integral we
find we can write states in an alpha sector as A; (o)|), where the coefficients A are real numbers. See equation (3.16).
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see that fixing to an a-sector amounts to fixing to a choice of values 4; ,), and it’s immediately clear
that the matrix M has rank one in each sector. Note that the above integral is identical to the model
describing a completely evaporated black hole with e“8H = 1 [21]. In this sense there is some similarity

between the closed universe and the black hole interior.

We find the distribution for x = tr M is the chi-squared distribution

£k/2-1

_z
2

)

)

pum(z) = (3.17)

25T (

Sy

The details are in appendix B.1.!7 From (3.17), the value of tr M is centered at k as expected. To

compare the distributions at different value of & we consider the normalized quantity tré\/l , finding

=)
T

o
T

IS
T

. e k=500
xk/271€—§w sl k =100

T)= "%/, >
kM (%)k/2F(§) R 1 k=10

}\\.

1 2 3 4 5

(3.18)

We denote this distribution by p(>)(z) as we will use it later. We see that as k increases the distribution
is more sharply peaked at 1, as we are washing out the variance in the square of the one-point function
A2,

Semiclassical states from alpha sectors. We would like to point out that the existence of the large
number of semi-classical states we found is a result of a large number of a-sectors.!® In an alpha sector,
the states can be labelled by [1;) = A; (4)|), where |a) is the unique state for the closed universe.
The inner product matrix in each a-sector is given by Ni(ja) = Aj (A Summing over « sectors,
we obtain Ny = > A; o)A

the number of alpha sectors and k is the number of semiclassical states we tried to construct. In our

Ji(@)

j(ay)- We see the rank of this matrix is given by min (k,m), where m is

case we could construct as many orthogonal semiclassical states as we wanted since our models have

infinitely many alpha sectors.

17 The chi-squared distribution can also be obtained directly by doing the Gaussian integral in (3.16).
'8 We thank Juan Maldacena for pointing this out.
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3.2.1 Including higher topologies

In obtaining (3.17) we excluded higher topologies. We now include them by setting e to be finite.
The distribution we get for tr M is given by

k
_ X e | €250 (B)2 fge2S0\2Th Lm0
pen(e) = <o)+ S | T () e
' 2

n=1

B o e—)\)\n - erSo 6250
= e o)+ ) — P )< - ) - (3.19)
n=1

250

where A = = —5;, and p'°) () was defined in equation (3.18). The derivation of (3.19) is in appendix

B.2. From (3.19), we see that the distribution of tr M is the convolution between the Poisson distribution
with rate A and chi-squared distribution p(°. Since Poisson is discrete (3.19) is a sum of equally-spaced

peaks (Figure 8).

; « k=1000
0.8

: k =100
osf “ k=10

S TSN

Figure 8: Probability distribution for tré\/[ , with the inclusion of higher topologies, for different values

of k with €25 = 4. We see that as k gets larger, the peaks get sharper.

3.3 The meaning of tr M

We now discuss the interpretation of our probability distribution for tr M. One way to think about the
model is that there are two independent « parameters we can tune. One parameter sets the number
of states in the asymptotic boundary theory, which must be discrete. The second parameter, denoted
A;, gives values for the matter one point function evaluated on thermofield double state within each

a-sector.'” In appendix B.2 we find that tr M = Z <Zf:1 A?) as random variables. Z satisfies Poisson

19 As the distribution we obtain is continuous, it is not clear if the model satisfies reflection positivity as outlined in [46].
All of the states we considered have positive norm. We thank Xi Dong for discussion on this point.
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statistics with rate A = 176627;3230 and spacing e72% .20 As a random variable, Z can be defined by the

following boundary condition:

1 (3.20)

+ higher genus =1- 1= 25

N
1i

+... (3.21)

O

1 g 1
:1'<1_67—2s0) te ™ T

The operator Z is defined to be a pair of linked circles. When two circles are linked together, we are
not allowed to separate them when forming higher topology surfaces. From this we can see that Z is
the trace of the identity operator over the Hilbert space of the two-sided wormhole, and higher genus

effects show that it has a discrete spectrum.?! We can thus identify

Z = Tripggr (1). (3.22)
’/

(b)

Figure 9: By cutting the double trumpet in different ways, we can obtain either a closed universe (a),

or a two-sided wormbhole (b).

The appearance of two-sided wormholes is not a total surprise, as we can cut the double trumpet in

20 More concretely, Z € e~2%0n with n € N and the integer n should be thought of as a boundary Hilbert space dimension.
The prefactor can be adjusted by adding a boundary term to the topological action, see [20].

2! The operator Z we defined above is the analog of the operator Z in Marolf-Maxfield model [20].
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two ways. In one way we obtain the closed universe we have been discussing (Figure 9(a)). In the other
way we get a two-sided wormhole (Figure 9(b)). We expect there will be some connection between
the theory of closed universes and the theory of two-sided wormholes. It will be very interesting to

understand this in more general contexts like JT coupled to matter, and we leave it to future work.

Putting everything together, we have

k
tr M = Trygp, (1) (Z Af) (3.23)
=1

The theory of two-sided wormholes has a boundary dual, and so has a well-defined Hilbert space
dimension within each a-sector. The distribution we found with equally spaced peaks (3.19) arises
from the discreteness of this Hilbert space dimension. The smearing around each peak comes from the
average over A;. We thus see .
tr Mo, = Zo (Z Ai(a)) : (3.24)
i=1
where again in this model the first term on the right hand side of (3.24) gives the number of states in
the corresponding two-sided boundary Hilbert space, whereas the second term gives the square of the

thermal one-point function in an a-sector.

More generally, the matrix elements of M are given by
M;; = Z(AAj). (3.25)

Where again (3.25) is an equality between random variables. The derivation closely follows from the

derivation of (3.23) in appendix B.2.

4 Discussion

One dimensional Hilbert space. A one dimensional closed universe Hilbert space and the existence
of a single cosmological state is an old claim that has received renewed interest in recent years due to
recent developments involving Euclidean wormholes [10,20,21,42,47-50]. The majority of the arguments
rely on some form of the gravitational path integral, and so are restricted to a given gravitational theory.
In [49] it was conjectured, through the baby universe hypothesis, that in string theory there is a unique
closed universe state that unifies all closed universes across different spacetime dimensions.?? This is a
stronger claim regarding closed universes than the ones that can be argued for by the standard rules

of the gravity path integral.

In this work we have compared perturbative and non-perturbative aspects of the theory of closed

22 Abstractly, this unique state may be thought of as a wave-functional that takes as input boundary conditions corre-
sponding to data on Cauchy slices across different spacetime dimensions with different fields on the slice.
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universes in simple two dimensional models where we have complete control over the gravity path
integral. We have found that the quantum gravity Hilbert space is one dimensional for closed universes.
This arises from a choice of inner product defined by the gravity path integral,?? first used in the context
of dSy closed universes by [21] but also see [20,51]. We have further argued that this inner product will
lead to a one dimensional closed universe Hilbert space beyond the simple models considered here.?*
These conclusions are heavily contrasted with the rich perturbative physics we find before including

wormbhole effects.

We end with some comments and questions, with the most crucial question being:

e How do we describe the experience of an observer in a closed universe? How does

Quantum Mechanics work with a single unique state?

We don’t know. A semiclassical state with a massive worldline seems to be non-perturbatively
equivalent to every other semiclassical state. All naively defined observables seem to receive large

corrections from wormholes.

4.1 Comments on the unique cosmological state and tensor network

We showed that the gravitational path integral indicates that within each a-sector there is a unique
cosmological state of closed universes. A natural question is how to understand such a state. Let’s
fix one a-sector and assume the boundary theory has a Hilbert space spanned by energy eigenstates
|E;). This closed cosmological state is NOT any state in the Hilbert space, that is it is not some linear
combination of |E;). In fact, it is a number. For example, tr (6*5H O;) is a number for fixed H and O;.

As all numbers are proportional to each other, there is a single closed universe state in each a-sector.

How is it possible for a number to encode the rich semi-classical physics we discussed in section
27 It obviously cannot. In the discussion of section 2, we get the rich perturbative physics out of the
boundary conditions we set at infinity. Different boundary conditions prepare different cosmological
states, but at the end after taking trace all they give is a number in a fixed a-sector. This number

clearly contains very limited information, but how we obtained this number may encode rich physics.

For the simplest cases in the standard AdS/CFT dictionary, there is a one-to one correspondence
between bulk and boundary states. Subtleties may already arise for complex enough states like late time
black holes [52]. Our case of closed universes is more extreme, where the boundary state tr (6*5H 0;)

is simply a number in each a-sector while the bulk contains rich physics.

23 An obvious question is why this inner product is preferred over other choices. One answer is that when this inner
product is applied to problems involving black holes in asymptotically AdS space we recover the correct black hole Hilbert
space dimension €0 [21,51].

24 For more general theories in higher dimensional spacetimes additional assumptions need to be made regarding the
gravitational path integral. The argument for a one-dimensional Hilbert space is more formal since moments of inner
products need to be formally manipulated, and cannot be directly evaluated as can be done in two dimensions. See
around equation (1.5) and footnote 2 for further discussion of the required assumptions.
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In the language of tensor network [53,54], in our case the output of the tensor network is simply
a number. We certainly cannot reconstruct the tensor network out of one number, but it’s the tensor

network itself which encodes the semi-classical physics.

4.2 Connection to evaporating black hole and non-isometric codes

The closed universes considered in this paper are similar to the black hole interior. After the black hole
completely evaporates, the radiation is in a pure state in a spacetime without a black hole, and the
interior exists as a disconnected closed universe. This closed universe is inside the entanglement wedge
of the radiation [21,23,39,55].

In the language of non-isometric codes [52], there are two descriptions of the same state. In the
semi-classical effective description, there is large amount of entanglement between the closed universe
and the radiation. On the other hand, in the fundamental description, the radiation is in a pure state
by itself. In order for this to happen, in the map from the effective description to the fundamental

description, the seemingly different closed universe states will have to be mapped to numbers.

However, as discussed in [52], the map may have various problems when the evaporating black hole
becomes too small as errors suppressed by e “BH are no longer small. This is essentially the same
problem as the contrast between rich semi-classical physics and unique state of closed universes. It
seems likely that most naively defined observables in closed universes will receive large corrections from

spacetime wormholes. How to understand this is an important problem.

4.3 The role of ensemble averaging in cosmology

The presence of a-sectors has some appealing features when it comes to describing cosmology [56,57].
One positive feature is the following. An observer in a universe might not exist long enough to fix all
the couplings in the theory to reduce themselves to a single sector, and so it seems natural to average
over theories consistent with their experience. We certainly do not know all aspects of the fundamental
theory of our own universe, such as all coupling constants. Furthermore, in cosmologies that only exist
for a finite amount of time there is a limit to the number of experiments that can be carried out to

determine the a-sector.

A possibility is that a unique a-sector with a unique wavefunction for closed universes exists for
quantum gravity [49]. This raises the problem of what observables we can measure when there is only

one state.

It is important to mention that our JT closed universe construction depends on an ensemble av-
eraging interpretation. The models we studied, JT coupled to matter, and the simple topological
model, are both known to have ensemble duals. In our construction we had that tr(e*ﬁH (’)i) =0 but
[tr (e‘ﬁH Ol)} 2 = (0, which can only arise from an ensemble average. It is natural to ask how this story

changes when we fix ourselves to a single theory. In a single a-sector it is appealing to think that

24



tr (e‘ﬁH (’)i) is no longer zero, and comes from some kind of bulk half-wormhole geometry, see [58,59].

Such a contribution may then directly give us the state of the closed universe.

4.4 Comments on operator reconstruction

In the standard story of operator reconstruction in AdS/CFT, a particle in the bulk can be created
in the entanglement wedge by acting with an operator in the boundary theory. In the case of a fully
evaporated black hole, the black hole interior is a closed universe, and it is part of the entanglement
wedge of the radiation. By applying unitary operators to the radiation one can create particles in
the black hole interior.?” In this case, the bulk dual (effective description) is more than just a closed
universe. It is a closed universe entangled with the radiation, which is a well defined quantum system

on which operators can act on.

In section 2 we defined states of the closed universes by specifying boundary conditions tr (e‘ﬂ H Oi).
This boundary condition prepares a state of a closed universe with a single particle. Clearly we can
insert additional operators to change the state of the closed universe. For example, we can insert
an additional particle by considering tr(e_ﬂlH Qe B=BOH Oj). At first sight this may look like we
are applying a boundary operator to change the state. However, this operator reconstruction is quite
different from the case of an evaporating black hole. We add excitations to the universe by changing
boundary conditions, but the operator was applied before taking the trace. In the language of tensor
networks, the operator was applied to the tensor network itself, not the state made by the tensor

network.
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A Details on closed universes in JT+matter

We include some additional technical details not present in the main text.

25 See [52] for potential subtleties.
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A.1 Pure JT gravity

Classical solutions and symplectic form. Given a Lagrangian density, the variation of the density

takes the form
0L = E,00% +dO, (A.1)

where FE, are equations of motion and d is a spacetime total derivative. For a closed universe, the
second term vanishes when integrated over the spacetime manifold since there are no boundaries and
so can be discarded. However it is necessary for computing the symplectic form on phase space [29].

The variation of the JT action can be taken and the pre-symplectic 1-form is given by

1
O =3V (g”ag“ﬁ —g"g*” ) (6V09as — Viddgags) - (A-2)

The variation ¢ is an exterior derivative on phase space. In the main text we saw that the phase space

was labelled by two parameters
ds® = —dt* + b% cos?(t)do?, & = ¢.sin(t), (A.3)

given by b, ¢. and so § has the obvious action on the classical solutions. The current is defined by
V—gJ" = =00 and it can be checked that it is conserved V,J#* = 0 so can be evaluated on any
Cauchy slice. The symplectic 2-form is defined by

W= / ax,J" (A.4)
by
Evaluating the above on the classical solutions we find
w = d¢g N b, (A.5)

as quoted in the main text.

WdAW wavefunction contours. We elaborate on some contour calculations involving the WdW
wavefunction. The wavefunctional was solved for dilaton gravity in [28,30,31], we primarily follow the
notation of [31] where a careful Hamiltonian analysis of JT gravity is carried out. The case of most

interest is for constant dilaton, repeated here

exp(iL\/qbg—cz%jLie), o> 0,
exp (—z’L\/dﬁ - ie) . 6. <0,

o [¢o, L] = (A.6)

There are two branches of solutions to the WdW equation, and we find we must take different branches

for ¢. > 0 and ¢. < 0 to get results consistent with semiclassical expectations. Additionally, to make
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sense of the amplitude for ¢y < ¢. we must make a choice of an ie prescription, which we have done
above. With this definition the wavefunctionals agree at ¢, = 0 as we approach from both sides. To
transform the above into the geodesic length basis we use that b, ¢. are canonically conjugate so that

(¢c|b) = exp(—ibep.). Transforming to the b basis we will have that

W[, L] = / 46V (60 do, L} (belb) (A7)

The saddlepoint analysis is slightly subtle. For b > L there are two saddles, for the positive/negative
branchs we have ¢+ = +bgo/(b*> — L?)'/2. The saddles lie along the real axis with the saddle values
away from the cuts in W. For L > b, there are now two saddles along the imaginary axis at ¢.+ =
+ibgo/(L? — b2)1/ 2. However, the contour for the negative branch cannot be deformed to run along
the negative imaginary axis since the function exponentially grows at —i|¢.|. We can only pick up the
saddle on the positive imaginary axis. This gives the oscillating and decaying behavior respectively in
(2.7).

A.2 Classical solution of closed universe with one observer

With vanishing one-point function: tr (e‘BH(’)i) = 0, we consider | tr(e‘ﬂHO)iF. It’s given by a
wormhole as in figure 10. The insertion of the matter operator stabilizes the wormhole geodesic b. The
insertion of the operator also backreacts and causes a corner in the schwarzian boundary. Here we will
find the classical solution by imposing SL(2) charge conservation at the insertion point of the particle,
which amounts to putting the corner on-shell. The geometry can be constructed by cutting a piece out

of the hyperbolic disk.

Figure 10: The wormhole geometry from a quotient of the hyperbolic disk. The particle is the blue line.

The two thick black lines are geodesics and identified with each other. The green line is the geodesic b.

The metric on a hyperbolic disk is given by
ds* = dp? + sinh? pd¢? . (A.8)
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We construct the wormhole by creating two circles of size Sg/e with radii pg, and translating them in
opposite directions on the disk. Their centers are given by the black dots in 10, and the black lines
are geodesics passing through the circles. The actual asymptotic boundary has length /e, and is a
portion of the pg circles indicated by the thick black lines. Hyperbolic trigonometry applied to figure

10 gives us

. BE o B ' tanh (2) b
2 hpg = — —= 0 = ——=~ ~tanh( = | . A.
wsinh pg = on 355 sin tanh g an 5 (A.9)

We need an additional equation equation which comes from SL(2) charge conservation and puts the
geometry on-shell. We work in embedding coordinates. The hyperbolic disk can be embedded in R!?

with metric
(X924 (X2 4+ (XH2 =1,  ds® = —(dX")* 4 (dX1)? + (dX?)?. (A.10)

First consider the charge associated to a circle. It is given by +/2¢,E(1,0,0) = 277?—;(1, 0,0). The
charge associated with the geodesic of the observer is given by m(0,0,1). Now we translate the circles

in horizontal direction. It is given by a boost in X? — X? plane. Consider the plane X? = vX°. The

translated circle has center located at (X°, X!, X?) = (ﬁ, 0, ﬁ) The distance to the origin y
: 1
satisfies coshy = Tz = 7, S0 we have

coshy 0 sinhy
Th(x) = 0 1 0 (A.11)
sinhy 0 coshy

Transforming the charge, we have

2 2
Qr= mor (coshy,0,sinhy), @Q; = or (coshy, 0, —sinhvy), (A.12)
E E
Imposing charge conservation, we have
2y . . mBe
2sinhy =m, sinhy = , A3
/BE Y Y 47T¢r ( )
We arrive at the condition
Charge conservation:  sinh| — | = tan(f) = tan| — | = , A.14
§ <2> ) <6E im0, (A-14)
We consider the case where m > ﬂgT, Br =~ 25. We find the geometry satisfies
mp3
bo ~ 2lo . A.15
o 2iog( 22 ) (A15)

We see that we can stabilize the geometry at a very large size by provided we take the mass of the field
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to be very large.

A.2.1 dilaton profile

When matter is included the dilaton is also on-shell on the double trumpet geometry. We can extract
the dilaton from the embedding into the disk, where the dilaton profile is manifest. We draw some

embeddings in figure 11. The lines in Figure 11(c) are lines of constant dilaton.

Figure 11: Embedding of the closed universe in the hyperbolic disk, with an analytic continuation at

the time symmetric slice.

The coordinate and dilaton of the closed universe are given by
ds? = —dt® + cos® tdo?, ¢ = ¢pr = ¢y coshocost. (A.16)

Using that r = cosh p, 27r. = %7 Opre = % we have that ‘5—7’; = g—; R % This immediately gives us

(o, t) = 2;? costcosho. (A.17)

A.3 Classical solution with one observer and one light particle

Next, we consider the case where the two insertions are separated by general Euclidean time S and

B2, B1 + B2 = B.
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Figure 12: Embedding of the two-particle double trumpet into a hyperbolic disk.

From geometry, we have

tan(f;) = sinhy;, sinf; = tanhy;, cosh; = L 1=1,2,3,4
cosh y;
01+ 0 o ﬂ
2r  Pip
03 + 0,4 o ﬁ
2r S

From these we get

; 2751 sinh y; + sinh yo
an
B1E 1 — sinh y; sinh y9

27 B sinh y3 4 sinh yy4
tan : p
Bar 1 — sinh y3 sinh 4

From charge conservation:

9 27C
;g(cosh y1,sinhyp,0) — é—E(COSh y3, —sinh ys3,0) = m;(0,1,0)

From this, we first get that

Big _ coshyr  coshys
Bap  cosh Y3 ~ cosh Ya

sinhy;  sinhys  my
B1E B2k 27y
sinhyy sinhyy — mo

Bie Bop 2wy
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From equations (A.18),(A.19),(A.20),(A.21),(A.22), we have six unknowns and six equations. For

consistency, we need to check that the red lines on the left and right have the same length. We need

fir  cosfz  cosby

Bor  cos@;  cosbs

Notice that this is automatically satisfied if the equations of motion are satisfied.

We work in the limit where m; > ”gr > my. We have 01 = %, 03 =~ g Then y; and y3 will be

large.

Pie _ cosly 008(25’;@2 B %) Sin(%@% )
Bop cos 09 COS(E@ %) Sin<27r,81>

1

sinhys ~ — 5
tan( gﬁ;)

1

sinhy, ~ — 5
tan( BZ%)

The charge conservation becomes

6y3 ml eyl
Borp  2rC ~ Bigp
1 1 1 1 mo

S
BiE tan<M> B2k tan(%) 2wy
BiE B2

271 2732
L p— pu— h
et i Ty, B T2, we have

prxy  sinxg

Boxy  sinxy
1 X1 1 i) mo

Etanwl + @tanxz N _E

From these one can solve for S1g and Bog. We rewrite the above equations as

mofBmBasinzy  mof wHsinmy

Ty Bxa - TOr By

COSX] + COsSTo = —

Let’s first solve for the case when mo = 0. We have

T 1
Tr1+2x9 =T, 7:ﬁ7
x2 P

. _7?51 . _W/BQ
1 — =7 2 — N—
B’ B
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Bie = Bor = 28

Note that y2 + y4 = 0. One of them is positive and one of them is negative.

Next we solve it to linear order in TF—QCE =e. We let

1 B2
r1 =T— + 21€, To = T— + 29€
B B
We have

B sin WTEQ + z9€ cos %@2 b1 sin KTEI + z1€cos b

P1 ]
ﬁ ﬂTgQ—i-ZQE B ﬂng-i-Zle
1+ L 1 1+ 1 1
Z29€ — = z1€| ——— — —
tan’TTg2 ’TTEQ tanﬂTgl ”Tgl
1 1 -
L] W<tan”§2 5) _impf, i
™ L1 )y ! T B tan(’%)
tan% % tan% %
1 1
ZQZE Tr(tan? Tr?l) :lL/BQ 1_i€1
™ L1 ), 11 T p tan(’%)
tanwﬁﬁ ”ﬁﬁ tan”ﬁﬂ %ﬂ

Now we assume 1 < 32, we have r1 < § and x2 > 5. As a result, yo < 0 and y4 > 0. That’s why
we draw the figure as in Figure 12.

As a result,

B B2
351—71 1+* 1-— ]
p tan L’BQ)
B
61
PR ) PR PR
B
We have
B2
maf3 B
Prie=20|1- °C 1- z
tan(”sz)

32



maf 5
Bop =28 1- 221 7 __
mC tan(”—ﬁl)
B
B
” 10g<m15) _mB
7r¢7‘ 7T2¢7” tan WT€2>
B
_ o (mB)  map s
ys = log - - —2
7T¢T T ¢T tan(%@)
. 1
Yo = — arcsinh
tan(w%) + —— = 1€
B2
= — arcsinh + m;ﬁ Lﬁl 1-— b
tan(”ﬁﬁl) sin(’TTgl) Tor B tan(%)
. 1
Y4 = — arcsinh
tan(%&) + — =5 €%
B1
= — arcsinh + 3 @25@ 1-— B
tan(L’Bz> sin 722 w2 ¢, 3 tan(L’&)
B B
We have
b=y1i+ty2tys+us
i} s>} B2 i}
z210g<mlﬁ>+”§25 L 1)1 —2 + b 11— —2
Ty TPr sin(”T'gl) tan(%) sm(%) tan(%h)
_ iy 73
:b0+m26 1 cos<5>_g - ?1
Ty sin(”Tgl) ™ tan(”Tgl)
We noticed that b will depend on (1, and achieves maximal value when 5 = o = g
Consider the dilaton profile. It is given by
2n¢r
=L costcosh(z — O<z<ys+y
B(t,x) = B2k ( Ys) Y3 T Ya (A.23)
27¢r

Gorcosteosh(z +y1) —(y1+y2) <z <0

It’s easy to check that the dilaton is continuous across the perturbation. Its derivative is discontinuous

as a result of the stress-energy tensor of the perturbation.
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A.4 Off-shell wormhole Computation

We now construct the off-shell wormhole solution in JT coupled to matter, see [33-35] for closely related
constructions. The correlator we want to evaluate is (Tr[e_fBH (94)2 where O; is a matter insertion of

a massive field with mass m. In Euclidean signature the action with asymptotic boundaries is

I= —;/\/@I)(Rer — | Vh®, (K —1)+ Iy, (A.24)
oM

where I, is the matter action of a massive free scalar. We take boundary conditions where the
boundaries take fixed lengths (/e and the dilaton is fixed to be ®, = ¢,/e. Since the one-point
function of matter fields vanishes on the disk (O;) = 0 the dominant geometry is the double trumpet.
For a sufficiently massive particle the geodesic approximation holds and suppresses the wormhole as

0;0; ~ e~™L where L is the geodesic distance between the operator insertions.

On the double trumpet, the full expression for the two sided two point function is given by

) %s) b
(Tr[e_ﬂH(’)i]) = / db / dr / DfDfre fsenlfrl=Tsenlfr] Zm(b) (A.25)
0 0 e ad
Moduli: length, twist Schw. modes mater one-loop det
N f1(75.0) fR(7).R) ' (A.26)

we—oo \ cosh? [% (fo(1j.L) = fr(TiR + wP))

two-pt function dressed to schw.
including winding w
The operators are inserted with a relative twist 7 with respect to each other at times 7 = 71, + T.
Here f are left and right Schwarzian profiles. We restrict ourselves to the dominant configuration
where the operators are inserted opposite each other, so that 7 = 0. We also ignore the matter one-
loop determinant, which is given by the Selberg zeta function on the double trumpet, and comes from
worldlines wrapping the closed b cycle. This gives a subleading contribution when the wormhole b is
large.?® On the second line we have the two point function dressed to the Schwarzian boundary [61],
at large m this backreacts on the classical profiles fr, fr. We restrict ourselves to the non-winding

geodesic w = 0.

After these restrictions the classical action is given by

I=- / Vhdy (K — 1) 4+ mlog <2;22<:oshD> . (A.27)

where the integral is over two boundaries, and the matter contribution is evaluated with the renormal-

ized length L = Lpae — 2log ®,. Away from the corner where the matter operators are inserted we

) 2
26 At small b this gives a universal divergence limp_0 Zm(b) ~ €. Our analysis is thus not valid at small b since we
do not include winding geodesics connecting the two operator insertions. It was argued in [60] that the summation over
winding geodesics stabilizies the wormhole against this divergence.
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take the equations of motion to hold, and so the boundary cutout is of constant extrinsic curvature
except at the location of the operator insertion. We allow for the geometry to be slight off shell by not

enforcing the equations of motion at the corner.

The three contributions to the action consist of: the particle worldline, the on-shell schwarzian, the
off-shell corner term. To evaluate each contribution we need some basic hyperbolic geometry identities,

with the geometry denoted in figure A.4.

N[®

Figure 13: Geometric construction of the double trumpet with important angles and distances.

The basic identities of hyperbolic geometry give us

inh £ tanh 2 tanh 2
cosf = el , sinf = &, cotf = a.n 5 , (A.28)
sinh pg tanh pp sinh 5
b 1
tan # = tan ﬂ = sinh —, cosf = ———, A.29
0 b
BE 2 cosh 5
tanh 2 inh 2
cos ¢ _ &, sin ¢ _ S,m z (A.30)
2  tanhpg 2 sinhpg

_ Be

where we also have that sinh pp = 5Z

and 6 = ,8 , along with ¢ = m — ¢. Combining the first equation

with the answer for 8, and expanding for small € we find the geodesic distance

Be 3 B% 3
D = 2log ( Ccos 3s) ) coshD = 52,3 €O 5 (A.31)
The angle ¢ can similarly be found by using the equation
. gb) 2me < b) 4me (71‘,8)
sin [ = —— sinh = — tan A.32
( 2 BE p= BE BE (4.2)

Boundary term. The Schwarzian boundaries are at constant radius pg for a total length 5. At

constant radius pg, we have extrinsic curvature K = coth pg. The boundary term, excluding the
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corner, thus contributes

_26:8 426,
2 /3?_:; :

where the second term is from pgp = log B ZE. The corner contributes a delta function to the extrinsic

Ibdy D) (COth PE — 1) = — (A.33)

curvature proportional to the deficit angle

/ dsVhK =71 — ), (A.34)
where we defined 1 above. We previously found that the angle 7 — ¢ = 45’“ tan(éﬁ ) Note that this
is order €, but it cancels the e divergence in the dilaton, we thus get the total contribution from two
corners 5 8

81, T
Teormer = tan A.35
BE (515) (4.35)

The total boundary action is thus

8T m
Thay = —47%0, i + 5@’ an < Bi ) (A.36)
E
Particle Action. The geodesic action is simple to compute since we already found D
2 BE cos (gﬁ )
Loarticle = mlog ( 2— cosh D | =2mlog | ————= A.37
particle g < Qb% ) g T qbr ( )
Total action. We thus arrive at the total action
I =2ml ﬁECOS(%) _an2g, D BTy <”B> (A.38)
=2mlog | ————=~ tan .
s "B Be  \Be
The saddlepoint is given by
™8 _ mPg
Ogp,l =0 = tan — . A.39
o B T ane, (4.39)

This is the same condition we found from charge conservation in section A.2. We see at this value the

Schwarzian is on-shell, including the corner. We can calculate the on-shell action

2
m m
Ion—shell = 2m(1 - log ) d)T

1) 5 (A.40)

where we have expanded in large m.
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Action in b basis.  Using the identities at the start of the section, we can rewrite Sg in terms of b

and express the action in terms of the wormhole size

I =2mlog 7 B/¢r — _ Ao arctan? <sinh b> + 8¢r sinh (b> arctan (sinh b)
cosh (5) arctan (smh 5) B 2 I5; 2 2

(A.41)

sinh(S) arctan <sinh<g>> = Zfr . (A.42)

At large m the solution is given by

The saddlepoint satisfies

(A.43)

b~ 2log (M) .

Ty

This again matches the result we obtained in section A.2.

A.5 Wave function on a generic slice

We obtained Wg(b), but we would like to transform to the basis where we can ask about more general

Cauchy slices. The wavefunctional will be given by

R R RO

where Wg(b) was given by (2.17). In this section, we will obtain ,[L, ¢] by first going from the b to
the L, K basis, and then transforming to the L, ¢ basis. We will do the computation by saddle point

approximation. The Euclidean saddle is the double trumpet geometry with a matter excitation

ds® = dp® + b3 cosh?(p)do?, ®(p,0) ~ WET cosh(p) cosh(bo) . (A.44)
We first assume we are interested in a slice with L > b with dilaton profile & = B cosh(bo). We
must calculate the action between the geodesic throat and the slice with this data. On the trumpet

geometry (A.44) there are two such slices with opposite extrinsic curvatures. The extrinsic curvature

and length of constant p slices, along with the action up to the slices, is given by

K =tanhp, L =bcoshp, bsinhp=+/L?— b%sgn(p), (A.45)
2 b
Igray = — / do B cosh(bo)bcosh(p) tanh(p) = —= sinh<> BV L? — b2sgn(p), (A.46)

p M 2
VT st (47

I, = mp = marcsinh ( 2

where the sign of the matter action comes from the need to subtract the particle worldline action when
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going backwards in time.

It is easier to first go to constant L, K slices. The amplitude for the b — (L, K) cylinder is

proportional to a delta function [36],2" including the matter action

2

Yp(L, K) ~ 6(K F4/1— b—) exp <qim arcsinh < (A.48)

L2

b Y

where the F notation means we include a summation over both terms. Since K and ® are conjugate

variables, we can perform the fourier transform to obtain the wavefunction at fixed ®
Yp(L,® = Bcosh(bz)) ~ / dK g exp </ da\fnyEq)) y(L, Kg)
C

2 JT2 _ 12
~ / dKg exp<2bLKEB sinh(;)))(S(KE Fy/1l- %) exp (ZFm arcsinh (Lbb>> ) (A.49)
C

where we emphasize that in these formulas K is the euclidean extrinsic curvature. We must deform

along the steepest descent contour. Notice that at real infinite Kr we need KB < 0. So we can only

)

Next, we consider the case when L < b. In this case there does not exist a Cauchy slice in the

pick up one of the delta function contributions

T2 — 12

— m arcsinh (b) sgn(B)

Note that for large L, the first term always dominates, which is exponentially decreasing.

L? -2 b
LRI

Yp(L > b, ® = Bcosh(bx)) ~ exp <_ [2

Euclidean geometry with such data, and we must deform the double trumpet (A.44) into the complex
p = it plane to see the closed universe with such data. Analytically continuing, the quantities on the

Lorentzian geometry become

Vb2 — 2
L =bcost, |t| = arcsin — Kp=—iKp, (A.50)

2_J2
exp(ily,, 1) = exp (—im arcsin <bb>sgn(t)>, K, = —tant. (A.51)

The amplitude to go from the geodesic b into the Lorentzian geometry is thus

M)) . (A.52)

Vb2 — 2
(L, K1) = 0(Kr F %) exp <:tz'm arcsin ( 5

(A.52) can also be seen from the Euclidean answer (A.48). The transform to the ¢ basis can be done

27 There is also a one-loop determinant factor that we do not include since we only work with the semiclassical action.
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either with the Lorentzian or the Euclidean signature. In either case, we find

—+00

1#(,([; <b,®= BCOSh(bJJ)) ~ / dKj, exp <—Z/d$ﬁKL¢> 1/Jb(L,KL)

+oo 2B b Vb2 — L2 b2 — L2
— / dK exp (—iLKLb sinh 2> (KL F T) exp (iim arcsin <b> )

b2 — L2 b Vb2 — L2
= exp <—2iB sinh 5 + ¢m arcsin (b)) + c.c.

b
G

b2 — L? b
= 2cos <2B sinh 3~ m arcsin<

; (A.53)

When we set L < b, the delta function in (A.52) gives two complex conjugate contributions which are

both picked up with the standard contour, and so we get real and oscillating behavior.

B Distribution of norm squared of the cosmological state

B.1 Distribution of tr M when e is infinity

We first consider finite k£ and infinite Sy. We look at a couple of simple examples.

trM =k, trM?= (tr M)*>=k(k+2)
tr M? = (tr M)® = k(k — 1)(k — 2) + 3k(k — 1)3 + 15k = (k* + 6k + 8k)

We consider tr M" for general n. The boundary condition contains n pairs of circles. We label the

boundary conditions by a set of non-negative integers azi, ..., ax where a; + ... + ax = n. The number of

flavor i circles is 2a;. The number of ways of pairing them up is given by

- ) () ) - 2

wM =Y (”) <" ;2“1)...(” —a _a'k“ - akl)f(al)...f(ak) (B.1)

So we have

ai
al+...+tag=n

! 2a1)!...(2ag)! 1
— Z a 'TZ ar! ( (Iclb)' EL ?k) 2a1+...tag (B2)
al+...+ar=n 1:-.-- 1:...Qk-

We consider the generating function of the distribution:

e == 8 GG) )

n at,...ak
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k
(= @m)! e\
(S
—(1-2t)"2 (B.3)

(B.3) is the generating functional for chi-squared distribution. The distribution of tr M is given by

ptrM<x) =
It is peaked at k as expected.

B.2 Distribution of tr M when e is finite

In this appendix we derive the distribution of tr M for finite k& and finite 0.

Consider tr M"™. We first pair up the flavor indices. As in equation (B.2), this will give a factor

(2(211),';]?%’;)' St ﬁl, +ap - Next, we combine these cylinders into higher topology surfaces. Say, at the end

there are b,, components with 2m boundaries. We have

The number of ways to obtain this partition is given by
n\ /n—by nby, ﬁ mbp,\ (m(by, — 1) m) 1
by 2bs ) T\ nb, ot m m “\m/ by,

B n! " (mby,)!
~ byl...(nby)! 'mH1 [(m!)bmbm!]
n!

ey [0m)omb ]

This partition will give a topological factor

65()(2(b1+...+bn))—2nhb1+..+bn

where

- 1
h= E e 7259 — _ —
‘ 1—e2%
g:

accounts for the effect of handles.
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So we have

o M — 3 (2a1)!...(2ag)! n! 3 £S0(2(b1+.+by)—2n) n! Bt

(a1!...ak!)2 AL

ai+...+ap=n b14+2ba+...4+nbp=n

Let’s solve it in the following way. Equation (B.4) implies that tr M is the product of two indepen-

dent random variables:
(tr M) = A"Z"

For A, we solved its distribution in appendix B.1.

oA = (1—2t)"2 (B.5)
For Z, its generating function is given by
— tr 2™
7 n
e = Z n! 5
n
1
_ —2S50\b1+2b2+...1.b1+...4+bn, 250(b1+b2...+)
- bzb: (se77) h ° (1181 (202, by b !...
1,b2...
1> <h3m62(m1)50>bm 1
- ! b1
m=t \sZo m! bin!
o0 —2mSp 28 00 —28,
=11 exp<hsm€ e O) = exp<he250 > e 0)’”)
m! m!
m=1 m=1
= exp(heQSO (65672% — 1)) (B.6)

We see that Z is a Poisson distribution with rate A = he?% and takes value at integer multiples of
—285g
e .

The object we are interested in is e!4Z = tr (etM ) We have

tr(etM) = etAZ = /d:t:pA(:c)emZ

_ /dpr (x) exp (h(3250 (et;ve*QSO _ 1))

oo

1 -
= eXp(—heQSO) /dpr(x) Z E(hezso)nent:):e 250
n=0

[oe)
1 %5 1
= exp(—he®) Y —(he?)entem* 04
n=0
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= exp(—heQSO) Z %(heZSO)"(l - 2nte*250)_§, (B.7)

n=0

where in going from the first to the second line we used (B.6), and to arrive at the last line we used
(B.5).

From the generating functional (B.7), the distribution of tr M is given by

o 250 250
28 xe e
prem() = e "00(x) + pz(”)pA< )
n=1

n n
00 _pe2S kyE L
he?50)ne=he™0 250 (232 (20250 2 k 2250
= e " 5() + Z ( ) (Q)k e 2 kn (B.8)
n! kn T(2)\ kn
n=1 2
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