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Abstract

In this paper, we apply the method of Fourier transform and basis rewriting developed
in [1] for the two-dimensional quantum double model of topological orders to the three-
dimensional gauge theory model (with a gauge group ) of three-dimensional topological
orders. We find that the gapped boundary condition of the gauge theory model is char-
acterized by a Frobenius algebra in the representation category Rep(G) of G, which also
describes charge splitting and condensation on the boundary. We also show that our
Fourier transform maps the three-dimensional gauge theory model with input data G
to the Walker-Wang model with input data Rep(G) on a trivalent lattice with dangling
edges, after truncating the Hilbert space by projecting all dangling edges to the trivial
representation of (G. This Fourier transform also provides a systematic construction of
the gapped boundary theory of the Walker-Wang model. This establishes a correspon-
dence between two types of topological field theories: the extended Dijkgraaf-Witten and
extended Crane-Yetter theories.
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1 Imntroduction

Exactly solvable lattice models are a useful tool for studying topologically ordered matter
phases (topological orders, for short). For instance, the Kitaev quantum double model
(QD) [2], the Levin-Wen model (LW) [3], and the twisted quantum double model (TQD) [4]
describe two-dimensional topological orders, while the Walker-Wang model (WW) [5] and
the twisted gauge theory (TGT) model [6] describe three-dimensional topological orders.
In two dimensions, the QD model and the LW model are related by Fourier transform
and basis rewriting [1,7,8], while the relationship between the TGT model and the WW
model is still less understood.

1.1 Key results

In this paper, we apply the method of Fourier transform and basis rewriting developed
in [1] for the two-dimensional QD model of topological orders to the three-dimensional
untwisted gauge theory (GT) model of three-dimensional topological orders. The following
are the key results.

e The Fourier-transfomed GT model with input data G and the WW model with input
data Rep(G) are exactly identical by comparing their Hilbert spaces and Hamilto-
nians. A full set of gapped boundaries, including rough boundaries which has not
been explored in the existing literature, can thus be constructed for the WW model
with input data Rep(G) through the Fourier transform method.

e Similar with the two-dimensional cases, the gapped boundaries of the WW model
and the Fourier-transfomed GT model are specified by the Frobenius algebra Ag .,
where finite groups GG and K are the bulk and boundary input data of the original
GT model respectively. The Frobenius algebra Ag i explicitly indicates charge
condensation and splitting at the boundary.

1.2 Backgrounds and motivations

Two-dimensional topological orders have been well studied though the QD model, which
is the Hamiltonian extension of the untwisted Dijkgraaf-Witten theory [9], and the LW
model. Despite the apparent differences between the QD model and LW model, the two
are intimately related: They are dual to each other in the sense that the QD model with
a finite gauge group G as its input data can be mapped to the LW model with input data
Rep(G) (the representation category of G) via Fourier transform [1,7,8]. Both the QD and
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LW models have been extended to the case with gapped boundaries, called the extended
QD [10-13] and LW models [14-16]. While the gapped boundary of the extended QD
model is specified by a subgroup K C G of the bulk gauge group G, that of the extended
LW model is specified by a Frobenius algebra object of the input fusion category of the
bulk. The extended QD and LW models can also be mapped to each other via Fourier
transform and basis rewriting [1]. The boundary input data K C G of the extended QD
model is mapped to the boundary input Frobenius algebra Ag g € Obj(Rep(G)). The
gapped boundaries of two-dimensional topological orders are well understood through
anyon condensation! [12,14,22-28], where the charge condensation at the boundary is
observed from the input data of the boundary via the Fourier transform [1]. This Fourier
transform and basis rewriting also manifest the full electromagnetic (EM) duality in these
models [1]. It is believed that the understanding of the relationship between the QD
model and the LW model is now complete. The EM duality in the TQD model is also
studied [28].

In contrast to two dimensions, the models of three-dimensional topological orders and
their exact relations are less understood. The TGT model is believed to describe all possi-
ble three-dimensional topological orders with point-like bosonic excitations [29]. The TGT
model is specified by an input finite gauge group G and a 4-cocycle w € H*[G, U(1)], and
the gapped boundary of the TGT model is specified by a subgroup K and a 3-cochain
a € Z3[G,U(1)] [30]. We will explore charge condensation in the untwisted TGT model,
i.e., the GT model, which reveals the relationship between the bulk and the gapped bound-
ary of the GT model. In two dimensions, the bulk charges may split and partially or fully
condense at the boundary, depending on the gapped boundary condition [1]. In three di-
mensions, however, the phenomenon of boundary charge condensation has not been fully
understood from the perspective of the lattice model [31]. Although layer construction
offers another approach to understanding charge condensation at the boundary of certain
three-dimensional topological orders [32,33], most current understandings of this phe-
nomenon are either categorical and abstract or limited to specific cases [31,34]. Therefore,
investigating the splitting and partial condensation phenomena in concrete lattice models
of three-dimensional topological orders with general input data would be worthwhile. In
this paper, we generalize the method of Fourier transform and basis rewriting developed
in [1] from two to three dimensions to investigate the gapped boundaries of a three-
dimensional GT model. We prove that the boundary theory of the Fourier-transformed
model is also characterized by the Frobenius algebra. Then, similar to the two-dimensional
extended LW model with input data Rep(G), the charge of the condensates is described
by the Frobenius algebra and the splitting process originates from the multiplicity of the
objects of Rep(G). Thus, we explain these phenomena using only the input data of the
three-dimensional model.

On the other hand, the three-dimensional WW model is specified by an input unitary
braided fusion category (UBFC) and describes a family of three-dimensional topological
orders [35,36]. In this paper, we show that our Fourier transform, extending the map-
ping process from QD models to LW models into three dimensions, indeed maps a three-
dimensional GT model with input data G to a WW model with UBFC Rep(G) as its input
data on the level of Hilbert spaces and Hamiltonians. Furthermore, the Fourier transform
of the gapped boundaries of the three-dimensional GT model also gives a full systematic
construction of the gapped boundaries of the WW model with UBFC Rep(G) as input
data. Here the phrase “UBFC Rep(G)” means the representation category of finite group

!The underlying mathematics of anyon condensation was firstly presented in RCFT [17]. Then, the
concept of anyon condensation was firstly introduced in the context of (2 + 1)-dimensional TQFT [18,19].
The first works discussing anyon condensation in lattice models were [20, 21].
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G equipped with a braiding structure. Prior to our work, a canonical smooth boundary
was described explicitly in three-dimensional toric code and double-semion, with a de-
tailed discussion of the resulting boundary excitations [37], and a second class of gapped
boundary conditions for WW models was discussed in detail and in full generalty [38].
Nevertheless, no systematic construction of the rough boundary Hamiltonian of the WW
model has been established. Our understanding of the relationship between the TGT
model and the WW model is also limited to some special cases, such as the example of the
Zy X Zs twisted gauge theory model, which is shown to share the same modular matrices
with the corresponding WW model [36].

In this paper, we focus on three-dimensional GT models defined on cubic lattices with
boundaries, with input data being a finite group G in the bulk and a subgroup K C G
within the boundary. The more complicated cases, i.e., the twisted gauge theory models
and twisted boundaries, are our ongoing work and will be reported elsewhere. The Fourier-
transformed basis of the Hilbert space of the GT model leads us to rewrite the model on
a slightly different trivalent lattice T' with a tail (dangling edge) attached to each vertex.
This lattice is precisely where the WW model lives on with an enlarged Hilbert space. This
enlargement is necessary since the original WW model has a Hilbert space insufficient for
accommodating the full spectrum of charge excitation. After the Fourier transform, the
bulk input data becomes a UBFC Rep(G), while the boundary degrees of freedom are
projected into Frobenius algebra Ag r, as in the case of Fourier-transformed QD model
in two dimensions. We also show that the Fourier-transformed GT model with input data
G on the revised lattice T' can be mapped to a WW model with input data Rep(G) on
the same lattice after truncating the Hilbert space by projecting all dangling edges to
trivial representation. Since both GT and WW models with gapped boundaries serve as
Hamiltonian extensions of the extended untwisted Dijkgraaf-Witten and extended Crane-
Yetter topological field theories, our results also establish a correspondence between these
two types of topological field theories.

Our paper is organized as follows. Section 2 reviews the three-dimensional GT model
with gapped boundaries. Section 3 Fourier transforms and rewrites the extended GT
model. Section 4 verifies the emergent Frobenius algebra structure on the boundary.
Section 5 proves that our Fourier transform indeed maps the three-dimensional GT model
to the WW model. Finally, the appendices collect a review of the WW model and certain
details to avoid clutter in the main text.

2 Three-dimensional GT model with gapped boundaries

The GT model with gapped boundaries is a Hamiltonian extension of the Dijkgraaf-Witten
topological gauge theory with a finite gauge group. Without taking twist into consider-
ation, the model can be defined on an arbitrary lattice with one or multiple boundaries.
Topological invariance enables us to define the model on a specific lattice for simplicity.
In this paper, we consider an oriented cubic lattice T' with boundaries, part of which is
shown in Figure 1.

The input data of the bulk theory is a finite gauge group G. The total Hilbert space is
the tensor product of the local Hilbert spaces of each edge of I', which is spanned by the
basis {|g) }4ec. The total Hilbert space is thus given by

j{gT = ®j{e = ®spangeeg{\ge)}, (1)
ecrl’ ecl’

where e is an edge in I'. The local basis vector |g.) is invariant if we reverse the direction
of the edge e and take the inverse of g. as go = g, ! simultaneously. In this paper, we
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Figure 1: A part of an oriented cubic lattice, on which the three-dimensional GT
model with gapped boundaries is defined. Each edge of the lattice is assigned
with a group element of a finite gauge group G. The thick lines comprise the
boundary while the dashed lines comprise the bulk.

will work with the fixed orientation shown in Figure 1. The inner product in the local
Hilbert space is simply (g,|ge) = 04/ The Hamiltonian of the model is the sum of a bulk
Hamiltonian and a boundary Hamiltonian:

HE =HG" + HET. (2)

Here and hereafter, an operator with an overline is a boundary operator. The bulk Hamil-
tonian consists of the sum of vertex operators and that of plaquette operators:

HG' = - Y 48— ¥ BT, ®)
veEM\Ar pET\OT

where the sums run over all vertices and plaquettes in the bulk of T'. The vertex operator
AST acts locally on the six-valent vertex v:

where A7 is a local discrete gauge transformation given by the group element x € G,
and thus A, is the gauge transformation averaged over G. Clearly, AT is a projector
which projects out local states that are not invariant under the gauge transformation.
The plaquette operator acts locally on the four edges bounding the plaquette p:

which is also a projector that projects out local states with non-vanishing flux through
the plaquette p. All plaquette operators and vertex operators commute.

The gapped boundary condition of the three-dimensional GT model is characterized
by a subgroup K C G. The boundary Hamiltonian consists of respectively the sums of
boundary vertex, plaquette, and edge operators:

HET = - Y AT Y BT Y T, ©)

veIT peIT ecor
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where the sums run over all the boundary vertices, plaquettes, and edges on the boundary
OT of T. The definition of the boundary vertex operators and plaquette operators are
similar to the bulk operators: AGT is again defined as a gauge transformation averaged
instead in the subgroup K, and the definition of BET is just the same as BET. The edge

[ l
e ‘ >—5ZGK e ‘ >, (7)

which projects the boundary degrees of freedom into the subgroup K. The boundary
vertex, plaquette, and edge operators all commute with each other and with the bulk
vertex and plaquette operators. Therefore, the total Hamiltonian (2) is exactly solvable.
The ground states are the common +1 eigenstates of all operators in the total Hamiltonian.
The ground state degeneracy (GSD) can be computed by

operator CeGT is a projector:

GT
Ce

GSD = Tr( IT 45" I BS™ II AS* IT BS™ [1 CST) ) (8)

vel\oT p€eT\OT vedr pedT e€dr

where the trace is taken over the total Hilbert space (1). The elementary excitations in the
model without boundary are charges on the vertices and loop-like excitations. A charge
at vertex v arises when A, = 0; a loop-like excitation occurs when B, = 0 on a series
of plaquettes which forms a loop [39,40]. If the gapped boundary is included, there still
exists one more type of elementary excitations, that is, the bulk string-like excitations
that terminate at gapped boundaries (see Figure 2). In three dimensions, the braiding
between point-like charges is trivial, while the braiding with loop-like excitations or string-
like excitations is highly non-trivial. Thus, despite some recent progress [29,40-42], our
understanding of the elementary excitations in three-dimensional topological orders is still
incomplete.

Figure 2: Charge excitation (red dot) and string-like excitation (deep blue dashed
line, consisting of a series of light blue plaquettes where the local flatness condition
is violated) that terminates on the boundary in the three-dimensional GT model
with gapped boundaries.

3 Fourier transform the three-dimensional GT model with gapped
boundaries

In this section, we Fourier-transform the basis of the Hilbert space of the three-dimensional
GT model with gapped boundaries from the group space to the representation space, which
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allows us to rewrite the three-dimensional GT model with gapped boundaries on a trivalent
lattice. We then Fourier-transform the boundary Hamiltonian of the three-dimensional
GT model. The transformation given by (32), (33) and (39), is determined by the data
{Cuvps Rzy}, where C),,, is the 3j-symbol of the irreducible representions of the input finite
group G, and Rf,, is the R-matrix of the representation category Rep(G). Generally, given
the input finite group G, the data {C).,, Rf,,} cannot be uniquely determined, which gives
a series of transformations. In the following subsection, we will introduce a convention
to uniquely determine the 3j-symbol, while the discussion of the R-matrix will be left to
subsection 3.2.

3.1 A graphical tool for group representation theory

To make derivations easier in this paper, especially the Fourier transform, we employ the
subsequent graphical tools for group representation theory as put forth in [43]. Denote by
L¢ the collection of every unitary irreducible representation V,, (up to equivalence) of a
finite group denoted by GG. We will use Greek indices p to label irreducible representations
and Latin indices m,, to label the basis of the representation space V.

Duality map The duality map w), is an intertwiner

wu :C — VN & VN’ 1— Z Q/;Lnunp* ernH & enﬂ*7 (9)

T,y *

“w

where u* € L¢ is the dual of the irreducible representation p € Lg. The dual representa-
tion p* is equivalent (but not necessarily identical) to the complex conjugate representation
of . The intertwining property of w, implies that the complex matrix Qﬁ%unm maps p to
©* by similarity transformation

(@") ' DH(g)" = (D" (9)), (10)
where DH(g) is the representation matrix of group element g. We also require that Q%Wu*
satisfies the normalization condition QfQ = 1.

Within the normalization condition, the matrix Q* can only be determined up to a
phase factor. If y is self-dual, then the transpose of Q* is also a duality map, which implies
that Q* = §,(2")T with 8, = £1. It can be proved that §, is completely determined by
p and thus can be viewed as an intrinsic property of p, called the Forbenius-Schur (FS)
indicator. Moreover, if 1 is not self-dual, we always set 3, = 1.

Graphically, the duality map and its inverse have presentations

my e -
H _
M EQ%M”#*7 /\\ =[@") l]mu*"u‘ (11)
1 n,

Being an intertwiner, the duality map commutes with group actions, namely

My Npx my e
@ @ = \v/ 7 (12)
M N A
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where we have introduced the graphical presentation for group actions:

my
1
= Df, n,.(9), (13)

Ny

and the contraction of Latin indices is presented by concatenating two lines. Note that
the direction of all lines in our graphical presentation are upward by default. A line with
label p directed downward should always be regarded as the line with label p* directed
upward.

Since all irreducible representations u € Lg are unitary,

my1* Ny
u . u B Iz H
(D3, (O = Dy, (9) = = @ (14)
ny my
Then, (10) can be graphically presented as
My
l,l/*
= @ . (15)
Ty

3j-symbol Frequently in later derivations, we will need 3j-symbols to deal with the cou-
pling of three representations of G. A 3j-symbol is a tensor Cyypim,m,m, that is defined
as an intertwiner:

Cuvp : Vu @V, @V, = C, |umy,vmy, pmy) = Crvpimumym,- (16)
A 3j-symbol is depicted as

1% p My
14 mu

My my = C/wp;mumumpv = (Cm/p;mumump)*' (17)
m, H P

The normalization condition of 3j-symbols can then be presented as

> Cuvpimpmom, (Cuvpimymym, )" = # P =1. (18)

mumymy

Being an intertwiner, a 3j-symbol is invariant under group actions, namely

(19)
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In this paper, we will also use a lot of Clebsch-Gordan (CG) coefficients C%,, : V, @V, — V,
and C1" : V, =V, ® V,,, which can be defined using 3j-symbols and duality maps:

re re
H 4 * *
p*mp* . 1% 4 . P o p
CMV MuMy =M, = - Z pr;mumumpgmpmpw (20)
my e
v
muﬂ my,
m my my
14
m v
vy o K
UM, _ N
M p* e
P

The CG coefficients enable the following basis transformation:

|my) @ |vmy) =Y Chrimem™ | pmy,), (22)

psMp
which is the foundation of rewriting the basis of the Fourier-transformed Hilbert space on
a trivalent lattice.

For later convenience, we list a few properties of 3j-symbols as follows. For a generic
group G, we can always construct such 3j-symbols satisfying the following properties [43]:

lﬂclosed 1—‘closed 1—‘closed
XA AD
Z pAVAPL = plvipy s (23)
%\5 T
My, My My, my, My M, My, My My

where Tgjoseq means that the part of the graph does not have any open edges. Moreover,
we have the following orthogonality conditions:

p
0
I v o— iap,p(sm, o (24)
dp
P
Mp

where J# = B,d,, is the quantum dimension of the representation .
Similarly to duality maps, a 3j-symbol C),,, is also determined up to a complex number.
In order to construct symmetrized 6j-symbols via 3j-symbols, we further require that

Cm/p;mumump = chpp,u;mpmum,, (25)
and that
x p v w*
(Cyup;mumymp> - Z Cp l/*,LL m * TN, % MM *Qm *mpﬂm *myﬂmu*mu' (26)
mp‘*my*mp*

Combining the two requirements above and the definition of 3j-symbols, we can completely
determine all 3j-symbols for a given finite group G. Note that (25) yields £,5,5, = 1 if
Cuwp does not vanish. Some examples are listed in [43].



SciPost Physics Submission

Symmetrized 6j-symbol A 6j-symbol F : LS, — C is defined by

where we have omitted Latin indices m,, m,,---. The above expression relates the two
equivalent ways of decomposing the tensor product representation V,« ® V),» ® Vi«. Using
the second equation of (24), the 6j-symbol can be expressed as

n
P
AN_ 5t y _ 3 A
Pl = g, * = d,G1. (28)
K
n
Here we introduce the symmetrized 6j-symbols, given by Gﬁ,‘,’;;} F#:,f‘ / d~p. In terms of
3j-symbols and duality maps, we have
A A
G%p Z Qumun *anl,n *Qm)\n)\* Q77mnn *anmn,i* anpnp*
all m’s and n’s (29)

KA1 n*v*p pr K" HUA
X Cmnn,\*mncn * T *man *TLM*TLK* mumymA'

Graphically, symmetrized 6j-symbols can be presented either by a planar graph or a
tetrahedron

7
p p p
GHEA = 11 y = = 30
nkp L N =1 (30)
K
K* K
n

The tetrahedral symmetry of G%‘Z;‘ then follows from (30).

Other conventions The great orthogonality theorem of finite group representations will
be often used in our paper; it can be presented graphically as

l/

‘G’ ,UJ/ munu(snumu7 (31)
geG
N, Ty
which yields
o
L e e
1 1
_ S
a2 a, " "
g€ @ T
v

10
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Here and hereafter, the horizontal lines should be understood through the following con-

vention:
_— = o, e = e

3.2 Fourier transform on the Hilbert space

The Fourier transform of the operators in the Hamiltonian requires defining the Fourier
transform of the Hilbert space of a three-dimensional GT model with gapped boundaries
with G as input data. In this subsection, we will first discuss the Fourier transform on the
local Hilbert space of a vertex. Then, we will show that to define the Fourier transform
on the total Hilbert space, the braiding structure must be introduced.

A sketch of the Fourier transform on the Hilbert space In this subsection, we describe
this Fourier transform step by step. The explicit transformation will be dealt with a little
later. Our focus here lies in the logic and physics of the basis transformations.

Step 1: Fourier transform the local Hilbert space

The total Hilbert space H of the model is the tensor product of all local Hilbert spaces
H. on the edges. The basis vector |g) of H, Fourier-transforms as:

v
o) = 2 3 Dl (9)l), (32)
geG

where v, = d,l/ %, We dub the Fourier-transformed basis {lg,my, my) } the local rep-basis.
The local rep-basis {|x, my,n,)} and the group-basis {|g)} have the same dimension due
t0 X ere di = |G|. Furthermore, using the great orthogonality theorem, we can prove
that the rep-basis is also orthonormal: (u/,m',n’|p, m,n) = 8,/,,6m/m0p/n. We can Fourier
transform H. on each individual edge independently, resulting in a linear superposition
of the rep-basis states, shown in Figure 3. Here, the orientations of the rep-basis states
inherit from those of the group-basis states.

Mo

my,
Nl
FT \1/'\ . n>/)\/
—_— m, T
% mp\,u'\n
ng * P i

Np

Figure 3: The Fourier transform of a six-valent vertex in the bulk of the lattice
I' on which the three-dimensional GT model is defined.

Step 2: Rewrite the rep-basis to get a trivalent lattice
Although the rep-basis is orthonormal and has the same dimension as the group basis

{lg)}, it cannot describe the states of a lattice model because it does not contain vertices.
Therefore, we need to rewrite the rep-basis state and identify it as a trivalent lattice.

11
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Recall the definition of CG coefficients (22), which can be graphically presented as a
basis rewriting:

my, My my, my, m
2 v A
pr o A=y : (33)
A,mx A wov
Ny Ny my ny ny

The orthonormality of the rewritten basis still comes from the normalization condition
of the 3j-symbol. The rewritten basis also has the same dimension as the rep-basis due
to the defining property of the 3j-symbol. By the equation above, we can fuse the six
representations and six Latin indices in a specific order at the vertex, as depicted in
Figure 4.

Step 3: Add a dangling edge

As shown in Figure 4, we first fuse © and A by contracting there indices m, and ny,
resulting in a linear combination of irreducible representations {a} with a free end labeled
me. Then, we fuse a and o by contracting their indices m,, and n,, which results in another
linear combination of irreducible representations {8} with another free end. Repeating
this procedure and, in the end, we need to fuse v and §. As v and § are not always the
same, in order to maintain the correct number of local degrees of freedom, we need to add
an extra dangling edge s with a free end labeled by mg, as shown in the final result in
Figure 4. Such a dangling edge will be labeled by {s, ms} and called a tail for short.

So far we have rewritten the basis of the total Hilbert space as defined on an actual
trivalent lattice T', with a tail attached to each of the original vertices. Note that these tails
do not belong to any plaquette in T'. If we restrict the total Hilbert space to a subspace in
which the degrees of freedom on the tails are all projected to the trivial representation, the
newly obtained lattice T' can serve as a suitable lattice for defining a WW model. We will
discuss the relationship between our Fourier-transformed GT model and the WW model
in section 5 and revisit this point therein.

Mg me
ko- m)\ AU
My Ne n/ my Mol
\V‘\nu gl \V‘\n Mmao 2
mnm“ > T?L a
n
n g w n K
7 | P n 1P
P P

Figure 4: Rewrite the rep-basis as defined on a trivalent lattice. In the first step,
we fuse  and A by contracting their indices m,, and ny, which results in a linear
combination of irreducible representations {a} with a free end and labeled by
me. Repeating this procedure and in the end, we fuse § and v and obtain a tail
attached to the original vertex with an free end, labeled by (s, ms).

The Fourier transform of a boundary 5-valent vertex To better understand the Fourier
transform and basis rewriting illustrated in Figure 3 and Figure 4, let us consider the local
Hilbert space of a boundary 5-valent vertex in detail. By doing so, we aim to obtain a
precise linear transformation of the basis with commensurate coefficients. In our graphical

12
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representation and by (32), the Fourier transform of the group-basis to the rep-basis of
the local Hilbert space reads

m X
D\‘l/\ny ’I’l)\/')\/
my mpm
nn/7'7/ + L
0
Tp

Vv ‘G|5 jikgheG nn/nV@

Here, the edges i,7j,g, and h are lying on the boundary, while the edge k lies in the
bulk. We denote the group-basis and rep-basis states in the above equation as |jikgh) and
|uvpnA). Then, we can rewrite the rep-basis by first fusing p and p, resulting in a set of
representations {a}, and then fuse o and A to get 3, and then fuse 5 and 7 to get v, and
finally we fuse v and v, resulting in a dangling edge {s,ms}. Using (33), this procedure
yields four 3j-symbols with some indices contracted, yielding the expansion coefficients:

my
AM

M=o

/)p

"—F'H/)\

|uvpnA) = Z Zvavﬂvyvs ‘ﬂ)‘

Mt—e

afyeLg 8,Ms n

Ib—HmS

where the coefficients v,vgv,v5 are introduced such that the rewritten basis is still or-
thonormal. We denote the rewritten rep-basis state at the vertex by |¥s,,,) and write
down the inverse transformation as:

v
4
e
my>—9
|\P8ms> = Z VUV~ Vs g I |,UJ//)7])\> (36)
MmuMmpmny ) \ X
NANMLMs o
mp—ro—«
o
My

The linear transformation (35) rewrites the subspace spanned by {m,,m,, m,,n,,ny} of
the local Hilbert space spanned by {uvpnA}. Under this transformation, the degrees of
freedom m,,, m,, my, n,, and ny, which are all independent of each other, are transformed
into «, 3,7, s, and my, which are not all independent, while other degrees of freedom remain
unchanged. In fact, as the 3j-symbol ensures an intertwiner space at each vertex, «, (3,
and ~ are determined by the choice of all the irreducible representations labeling those
edges with an open end in the local Hilbert space spanned by |, ), i.e., u, v, p,n, A, and

13
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s. Thus, we may simplify by labeling the new transformed basis as |Ws,,, ), while keeping

all the other labels in the graph unobvious, which causes no confusion because in the

actual calculation, e.g., in computing the inner product of two such local basis states, i.e.,

(U, [Wem,), the prime in ¥’ indicates that the hidden labels in ¥ should all be primed

as well. In the next subsection, we will see another advantage of this simplified notation.
Equations (36) and (34) then lead to the following inner product:

_ UpUyUpUnUAUa VU4 Vs

(jikgh|Wey,,) =
vIGP

which directly defines a transformation between the rewritten rep-basis and the group-
basis at a boundary vertex. We prove in Appendix B that the local basis states |, ) are
orthonormal and complete so that the inner product defined above is indeed a well-defined
basis transformation of the local Hilbert space.

The Fourier transform when edges cross with each other So far, our description of the
Fourier transform on the Hilbert space is still incomplete, because the total Hilbert space
of the Fourier-transformed three-dimensional GT model cannot be trivially viewed as the
tensor product of the Fourier-transformed local Hilbert spaces of single vertices defined
above. In fact, as will be explained in the following context, a braiding structure must be
added.

Without loss of generality, let us consider the state in the Hilbert space with a whole
plaquette in the bulk, as shown in Figure 5. One can observe that when a larger Hilbert
space is considered, edges unavoidably cross with each other in the rewritten rep-basis.
Therefore, defining the inner product between the states that include crossing edges in
the rewritten rep-basis and those in the group-basis becomes necessary. To achieve this,
let us consider the following inner product.

h T v
< + ‘m +V . > _ Uuly é ; ’UMUVD“ ( )Du (h) (38)
) = e a1 D9 D, ()

Ny My <: )\ l,u L
ny

where the first equivalence comes from the Fourier-transformation of the basis vector of

7

He (32), and the equality with a question mark «L» s the evaluation of the graphical

presentation if edge crossing is treated trivially.

2

Clearly, the convention given by «L» is insufficient because it cannot distinguish the
over- and under-crossing relation between the two edges. Nonetheless, we can indeed find
a reasonable convention to evaluate the graphical presentation in (38) that encodes the
crossing information of the edges in the inner product by introducing a braiding structure.

14
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Figure 5: A whole plaquette in the bulk, where the edges labeled by i and v are
crossing with each other, as are edges labeled by p and o.

Using the F-move given by the first equation in (24), formally we have:

m#‘@‘_‘ﬁnﬂ P 4 5 m (39)

uv;m! m!

= Y Jppgw, (9) Dyt (RYRE” Cpmy, " CLe

/ H

/
pyMpMy, MY,

where we have introduced new equivalences in the second row above. Namely

w

my my my my my, my m m,
b\ v L v v rvimm //V =i v
= RP - RP Cpmvp g = RP : (40)
o) P 1o Iz
™M, o my

p

Here, R : L?é — C is called an R-matrix, which cannot be expressed explicitly in
terms of the duality maps and 3j-symbols of the representations of a finite group G. To
determine the R-matrix, we impose the following symmetry constraint of the rewritten
rep-basis (where Latin indices my, m,,--- are omitted):

As a result, the R-matrix elements must be a complex phase and satisfy the Hexagon
identity [5]. Moreover, as the topological spins of simple objects in Rep(G) are always 1,
the R-matrix elements must must satisfy RS R7¥ = 1. Such an R-matrix can always be
found for a gauge theory [3]. We will see in section 5 and Appendix A that, with the
R-matrix defined above, we can properly evaluate the matrix elements of the plagette
operator acting on the local Hilbert space shown in Figure 5 in the Fourier-transformed
three-dimensional GT model, just as what was done in the WW model [5].

The data consisting a label set L, quantum dimension d : Lg — C (where JM = Budy),
6j-symbol F : L%, — C, and an R-matrix form a unitary braided fusion category (UBFC)
Rep(G), which is the input data of the Fourier-transformed three-dimensional GT model
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with input data G. Therefore, as the UBFC Rep(G) is given, we can define the Fourier
transform of the total Hilbert space through (39) and the local Hilbert space Fourier trans-
form (37). Note that although the 6j-symbol F' of the category Rep(G) can be uniquely
determined through the convention introduced in subsection 3.1, multiple solutions may
still exist for the R-matrix. From a single GT model with input data G, we can then
construct a series of Fourier transformations with different R matrix, resulting in a se-
ries of Fourier-transformed model, corresponding to the different choices of the braiding
structure for the representation category Rep(G). Nevertheless, these Fourier-transfomed
models are all physically equivalent to the original model, and hence are also equivalent
to each other. Therefore, we will not specify the braiding structure of Rep(G).

We verify that (39) preserves the orthonormality and completeness of the rewritten
rep-basis in Appendix B.

3.3 Fourier transform of the boundary vertex operators

We are now ready to study how a boundary vertex operator @ acts on a local basis
state |Wsy,,). That is, we need to find the Fourier-transformed version @ of AGT, Since
the group-basis and the rewritten rep-basis {|¥s,.)} are both orthonormal and complete
in the local Hilbert space, we can compute the action of @ by inserting resolution of
identity:

AUGT |qj5m5 >

= W W | S AR ljikgh) (jikgh|)
wv'p'n' N jikgheG
/ﬁ/,yls/m/
nuln W/m /mA/

= > Ve N Yom, | D 4 Z |zj, iz, ok, xg, ha)(jikgh|¥>")
wv'o'n' N jikgheG zeK

a’,@”y’s'msl

Ty 1Tl Tt T, 1T N1

1
= Z T Z s'm ,|CC],’L:E zk » LG, h$><]Zkgh|\P5ms>)’\Psm />

“/l//p/n/A/ ]Zk | K
a B/'y s'mg
n p "/ml,/mx/
We leave the simplification of the two inner products in the above expression in Appendix B

but present the result here:

AT, ) Z ZDmgm, Wimr) = S (P )iy, [Psms)- (42)

mEK m/,

s

We observe that the Fourier-transformed vertex operator AS’T is automatically diago-
nalized in the entire local Hilbert space of the considered vertex spanned by |Ws,.) but
the small subspace — the representation space Vi of s, which is spanned by mg. Here,
Py = (1/|K]) Y pcx D?(x) is a projector in V. As the eigenvalues of a projector must be
0 or 1, a linear transformation V; — Vs, |ms) — |ms) can be applied to diagonalize the
matrix Pg-. This transformation will also transform the basis |Wyy,,) to ¥, ). In such a
basis, (42) can be simplified as

AgT“I’sﬁzs> = PIS(|\IJsﬁzs> = 5(s,ms)€LA "‘Psﬁls>v (43)

where the set L4 collects all the +1 eigenstates of flg}T or its representation Py.. More
precisely, we can write

La = {(s,5)| P Wsa,) = [¥sa.), s € L. (44)
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The states |W,p,) with (s,7,) ¢ La are zero eigenstates of AST, and are thus excited
states. These excitations emerging at the end of the dangling edges, labeled by a pair
(s,ms), are point-like charge excitations at the boundary.

3.4 Fourier transform of the boundary edge operators

We then investigate how the Fourier-transformed boundary edge operator C’ST acts on
a local basis state in the rewritten rep-basis of the Fourier-transformed GT model with
gapped boundaries. According to (7), CST acts on the edge between two vertices. Con-

sequently, in the rep-basis, a local basis state on which C’ST acts would involve the two
end vertices of edge e. In what follows, we denote the local basis states in the group-basis
acted by a boundary edge operator as:

: h

= | T > (45)

and denote the local basis states in the rewritten rep-basis as:

SMg, T My

‘ VTP >:‘

where we have omitted some Latin indices, and the indices m, and m, diagonalize the
boundary vertex operators acting on the two vertices in (46). In the rewritten rep-basis,
the boundary edge operator is not diagonalized only on the subspace spanned by the
degrees of freedom g, s, v, 7, ¢, A, r, and m,. Thus, the boundary edge operator can be
viewed as an operator acting on the open plaquette outlined by these edges.

Similar to the Fourier transform of vertex operators, we can compute the matrix ele-

ments of C’ET in the local basis by inserting resolution of identity:

<\Py’ﬂ’¢>’)\’ |C§T| 1/7r¢)\ >

s'ml,r'm]. SMs My
Y /A/ )\
= (WS Y CET N (W )
ghijleyzweG
A
= D Ger W ) (W) (47)
ghijlzyzweG
K|

L DY (DT 1) (B[R,

s'ml,riml. SMs Ty

= > X

ghijlezyzweG (t,ar)EL A ’ |

where use is made of that

K|
‘G’ dt octat (l) (48)

Slex = Y

(t,at)ELA

The proof of the the above equation and the simplification of the two inner products in
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(47) are left in Appendix B. Here, we just write down the result:

<‘ij7~r/¢/)\/~ ’CGTNJqub)\ >

s'ml,riml. SMg, My

K| N pro o
I i W £ I S U UV To Pl o ~StMsot ~rm
= ( Z ‘G|dtUuUwU¢U/\UsUr[ }R¢> R¢' s/t Cir gtm /
top)ELA
* * )\ /*
X GIYs GIT G GO GRY)

ts/* ! tu'* ! Sr*r!

K ~~~~~~ * LN *
Z ‘ |dtUI/U7TU¢U)\USv7‘|: }R(ﬁo’ KJ(CT’*t*T,fnT/*mt*FnT) (QT )ﬁli/ﬁLT (Qt )atmt*

G
(tat)eLa Gl
*rs*y—1 WrUS* ~pTVF ~oFOTF AMAPT AN F N
X (CSI*St=m.s’* mso‘t) (Q )ﬁ’b’srhsl* Gts’*u’ th//*ﬂ'/ Gtw’*qﬁ’ Gt¢’*,\’ G(S?“*r’?
(49)
~ 7 ~ ~ T~ .~ ~ o~ ~ P
where ¥, = 1/d,, and ¥, - - 0, [0'] := ¥y - - - U,V - - Ty is introduced as a shorthand nota-

tion. The local state \\I/S”%fimj may be a +1 or zero eigenstate of the boundary vertex

operators acting on the relevant vertices. In general, we would like to study the matrix

elements of C’ST in the local basis states free of any charge excitations. This is accom-
plished by acting the boundary vertex operators on the states \\I/S'/;fimﬁ to project out
all the charge excitations. Equivalently, we can simply replace the indices ms and m, in
(49) by as and o, in (44) and obtain

(WP, |CETIWT,)

slagr,r’ oy sQs, Ty

K ~~~~~~ Ik *
Z ‘ |dtvuv7rv¢7))\vsvr[ ]Rgg 7TU(Cr’*t*r,ﬁzrl*ﬁzt*ar)*(ﬂr )al/m,,/* (Qt )atlfnt*

(t,at)ELA ’G "
X (Corstimeacsar) (O ), Glas) Gl G G GRD (50)
K|

by

0 (0 T U0 [0 Jusun [0 | R RO Gl L GO G 2T GO Gl
(tyot)EL A ’ |

AT to'* or*r

X fr’*ar/t*atrar fs’*as/sastozt 5

where in the last equality we define a map f: Lg X La x Lqg — C as

feracanaboy, = Z uaubuc(cc*ab%mc*aaab)*(QC*);Clmc*7 with (a, aq), (b, ap), (¢, ) € La,
g
(51)
where u, = +/0,.

3.5 Fourier transform of the boundary plaquette operators

Finally, we discuss the Fourier transform of the boundary plaquette operators BET. The
local Hilbert space where BE’T acts on is shown in Figure 6.

We can calculate the group elements of BS’T through a similar procedure of the calcu-
lation in the previous section, resulting in

(i o e P | BGT whev ety
1,0 S VNN A

— Z Ozwzg,e ‘Ifffrz ”fnia At |xyzw><xyzw!¢f%:f;%2m> (52)

=> > fdt oy (TWZG) (WY 0 €T O ) (w20 WGV OTCPIRY,

r'm!.,s'm/, Ty, 8Ms
tELg,mt

where the first summation is over all the relevant group element labels in the group basis
state |zyzw), including those that we haven’t explicitly specified in Figure 6. Here, we
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Figure 6: The local Hilbert space where the boundary plaquette operators BET

and BS’T act on. (a) is the group basis, denoted as |wzyz), and (b) is the rewritten

rep-basis, denoted as ]\Ifﬁﬁfé;éip "), Here we have ignored all the group element

labels and irreducible representation labels which will not appear in the matrix
elements of the boundary plaquette operator.

shall focus on the boundary degrees of freedom (r, 7,.) and (s, ms), which will be projected
into the set L4 by boundary vertex operators. We want to find out whether the Fourier-
transformed boundary plaquette operators would introduce new structures on the set L 4,
like what we have found in the Fourier transformation of the boundary edge operator
where amap f: Lg x Lgy X Ly — R emerges. The answer is however negative.

Since evaluating (52) is very tedious, and since a similar procedure will be shown in
section 5, we simply present the result of (52):

(W|BTIW) = 3 ditba - Oa[0| RERERE RS GG - Gonk,, (53)

tr' L t pl* t/J/I‘C/’
teLg

where |¥) = \\D,’f%ﬁff%ip (| = <‘~I/ﬂ;%;'f;§;§/:/¢p "“*"| and the ellipsis between those 6;-
symbols represent other 6j-symbols corresponding to the vertices along the boundary of
plaquette p.

While factors R® and Rﬁ:s in (53) depend on s, which labels the tail, these R-matrices

do not introduce any new structures on L4 because s should be viewed as an element of Lg

here. In fact, each Fourier-transformed boundary plaquette operators BST is an identity

operator within the subspace spanned by (s,7s) and (r,7,). Hence, unlike AST and

CST, the boundary plaquette operators BET do not project out any degrees of freedom
on the tails attached to the relevant boundary vertices, and thus do not provide any new
gapped boundary condition for the Fourier-transformed three-dimensional GT model.

So far we have Fourier-transformed and rewritten the three-dimensional GT model
with gapped boundaries on a trivalent lattice T'. In the sequel sections, we shall study the
physics revealed by the Fourier transform.

4 Emergence of Frobenius algebras and boundary charge conden-
sation

In this section, we first examine the gapped boundary condition of the Fourier-transformed
GT model, then characterize the gapped boundaries by charge condensation, and finally
explain why the Fourier transform makes the physics at the gapped boundaries of the GT
model more explicit than it was before the transformation.
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4.1 The gapped boundary condition of the Fourier-transformed model

In the previous section, we have found that each Fourier-transformed boundary vertex

operator flg}T projects the degrees of freedom (s, ) on the tail attached to the vertex v
into a set L 4. Along with the Fourier-transformed boundary edge operators, an emergent
map f : La X La X Ly — R appears. Nevertheless, within the subspace spanned by
(s,ms), the relevant boundary plaquette operators behave as identity operators. Hence,
the gapped boundary condition of the Fourier-transformed three-dimensional GT model
can be specified by a pair (Ly, f), which is determined by the input data G and the
boundary condition K of the original GT model.

As proved in the two-dimensional case [1], the gapped boundary condition (L4, f)
indeed forms a Frobenius algebra A, which is an object in the UBFC Rep(G). Generally,
an element of L4 is denoted as a pair (s, as) (or simply sas), where s is a simple object
of a UBFC §. The multiplicity of s in A is denoted by |s| and refers to the number of
different pairs (s, as) with the same s. The multiplication is a map f : Ly X Ly x L4 — C
that satisfies the following associativity and non-degeneracy:

abc* ~ ~
E faaababc*ac fcacrozrs*as Grs*tvcvt = E faozatozts*ozs fbab’rart*at
CQc g

(54)
fbabb’*abzo = 5bb/6abagﬁba

where 0 is the unit element of A and has multiplicity 1, i.e. 0 = (0,1), and o, = \/ch with
d, the quantum dimension of element ¢. That the Frobenius algebra A defined above is an
object of the corresponding UBFC § is understood by writing A as A = @S|SQSELA s®lsl,
which is generally a non-simple object in §. For computational convenience, one may also
write A = SV 2 s,as)€LA Sasy explicitly treating different appearances of s as distinct elements
of A.

Therefore, we conclude that the gapped boundaries of the Fourier-transformed three-
dimensional GT model are specified by the Frobenius algebra Aq x = (La, f)g Kk, which is
determined by the input data G’ and the boundary condition K of the original GT model
through (44) and (51).

4.2 Charge condensation at the gapped boundary

We will subsequently see that the boundary input data Ag x of the Fourier-transformed
model precisely mirrors the charge condensation at the boundary. Recalling (43), each pair

(s,5) labels a local 41 eigenstate Wy, ) at vertex v of the projector AGT. All eigenstates
with matching hidden labels form a subspace within the ds-dimensional representation
space Vi. The dimension |s| of this subspace is determined by the count of (s, as) pairs
with the same s. Following the emergence of the Frobenius algebra, this dimension |s|
is identified as the multiplicity of s found in Ag x. This identification has a strong con-
nection with the charge condensation in three-dimensional topological orders. We quickly
summarize this relationship as follows.

In two-dimensional topological orders, there exist only point-like excitations called
anyons, including charges, fluxes, and dyons. The anyon condensation in two-dimensional
topological orders has been extensively studied recently [17-22,24-28,44,45]. On the other
hand, point-like excitations in three-dimensional topological orders are pure charges, with
additional loop-like and string-like excitations present. Nevertheless, the investigation of
charge condensation in three-dimensional topological orders remains limited to specific
cases [34].
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Generally, in an n-dimensional topological order €, certain types of elementary exci-
tations may condense and cause a phase transition that takes the topological order to a
simpler child topological order U. In an extreme case, U could be merely a vacuum (a
symmetry-protected topological phase precisely speaking) [28,44,46], rendering the origi-
nal topological order entirely broken. This process can also be viewed from the perspective
of creating a gapped domain wall that separates € and U [26]. When U is a vacuum, we
say that certain types of elementary excitations of € can move to and condense at the
gapped boundary between € and the vacuum.

Although a general classification of loop-like excitations in three-dimensional topolog-
ical orders is very complicated [47-49], except for those in three-dimensional GT models
with finite Abelian gauge groups, the charge excitations in the three-dimensional GT
model are always classified by irreducible representation of the input data G. We can thus
investigate the charge condensation in three-dimensional topological orders through the
three-dimensional GT model with gapped boundaries with bulk input data G and bound-
ary input data K C G. Let us consider the situation where K = {e}, known as the rough
boundary condition. Recalling Eqgs.(43) and (44), all irreducible representations in Lg
must also be included in L4. This means that Ly = {(s,as)|s € Lg,as = 1,2,--- ,ds}.
Since the charge excitations in the bulk are labeled by s € L¢, and since each pair (s, a)
is an independent component of Ag g, we say that the pure charge s divides into d, parts,
each of which condenses at the boundary. Consequently, the multiplicity of the charge s
in the boundary condensate is ds = |s|, which coincides with the multiplicity of s in the
Frobenius algebra Ag r. In situations where K is a nontrivial subgroup, it could be that
for some s, only a subset {(s,as)la = 1,2,---,|s| < ds} C La is found. That is, even
though the pure charge s splits into ds pieces, only |s| pieces contribute to the boundary
condensate. For example, letting G = S3 and K = Zg, we have Ly = {(0,1),(2,1)},
where 0 denotes the trivial representation and 2 denotes the two-dimensional irreducible
representation of S3. We thus have [2| = 1 < dp = 2, which means that the charge labeled
by 2 splits into two pieces, only one of which labeled by (2,1) condenses at the boundary.

From the above discussion, we can see that in three-dimensional topological orders, the
charge condensation at the boundary is completely described by the boundary condition.
This statement can also be understood through the layer construction. The layer construc-
tion offers another interpretation for condensation of charge excitations at the boundary
of a three-dimensional topological order [32,33,50]. Here, three-dimensional topological
orders are achieved by sequentially stacking two-dimensional topological orders. For in-
stance, a three-dimensional GT model with input data G can be built by stacking the
QD model with input data G as well. The layers are then glued together by condensing
specific types of quasiparticle pairs between them. Nevertheless, at the final layer of the
two-dimensional topological order, which is the boundary of the three-dimensional topo-
logical order, excitations at the boundary are allowed to condense separately. Different
boundary conditions correspond to different condensates at the boundary.

5 Mapping the three-dimensional GT model to WW model

The two-dimensional QD model with group G as input data has already been proven
to be identified with an LW model with UFC Rep(G) as input data, via the Fourier
transform [1]. A natural question arises: Will the Fourier transform map the GT model,
i.e., the three-dimensional version of the QD model, to the WW model, i.e., the three-
dimensional version of the LW model? The answer is yes. In this section, we will show
that the Fourier transform defined in subsection 3.2 indeed maps the three-dimensional
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GT model with input data G to the WW model with UBFC Rep(G) as input data. Since
the original WW model does not have a boundary Hamiltonian, and since there has not
been any fully systematic construction of the gapped boundary of the WW model, we shall
consider the bulk first and then the boundary. We also suppose that all representations of
G are self-dual for simplicity, as was done in [5]. It is straightforward to generalize to the
case where non-self-dual representations exist. Details of the definition of the WW model
can be found in Appendix A.

5.1 Mapping the bulk Hilbert space

By (33) and the basis rewriting in Figure 4, one can always rewrite a Fourier-transformed
six-valent vertex as a trivalent lattice, as shown in Figure 8, with an extra tail attached
to the vertex. The edges are labeled by irreducible representations u € Lg of group G.
As the representations of a finite group G form a UBFC Rep(G), the sub-Hilbert space
of the Fourier-transformed three-dimensional GT model where all degrees of freedom on
the tails are restricted to the trivial representation, denoted as fJ:CS;T, is the same as the
Hilbert space of the WW model without charge excitations. Since (33) requires that each
vertex in the rewritten rep-basis of the Fourier-transformed three-dimensional GT model
satisfies the fusion rules, all the states in thg'T are already the +1 eigenstates of the vertex
operators in the WW model. Charge excitations can be studied in the larger Hilbert space
that contains non-trivial tails. Nevertheless, in the following we focus on the plaquette
operator and work in the Hilbert space j{gT.

5.2 Mapping the bulk Hamiltonian

In order to Fourier-transform the bulk plaquette operator of the GT model, we consider
two plaquette states, |Wopedpgruvw) defined in (68) and state |g1g29394) defined by

g2 93

91929394) = . (55)
7t 94

As discussed earlier, state (68) can also be viewed as a state in the Hilbert space of the
Fourier-transformed GT model. Therefore, by (37), we can construct the inner product
between the two states above as

’ /
w, U C@ b
d /
C
<91929394|\Ila~-~w> =N Xvg- -V d’ @ q b , (56)
V' v N q
w a @ a, P p/
W'

where we have collected all unimportant coefficients into N, and we also neglect all the
Latin indices mg,---. Note that
Vpy Vgt Vpy Uy Uyt Ut Vot Vg V!

G2

N =
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will not be affected by the action of the plaquette operator.
Inserting resolution of identity, we can write the action of the plaquette operator BET
of the Fourier-transformed GT model as

BpGT ‘\Dabcdpqruvw>

= > lﬁ?TW919293g4><919293g4byabahwruvw>
91929394€G

= Z Og1920574,¢/91929394) (91929394 Yabcdpgruvw) (57)
91929394€G

1 _
= Z Z @dSDfnsms (91929394) ’919293g4> <919293g4|qjabcdpqru'uw>
91929394€G s€Lg,my

In order to compare BST to B;N W by means of our graphical tool, we re-express (57) as

BET "‘Ijabcdpqruvw >

ds
= XY v

91929394€G s€Lg

where use is made of

It is the braiding structure (41) of the representation category Rep(G) that enables us to
put the loop s everywhere we want in the entire graph containing all edges. Note that
here the crossing between loop s and edges ¢’ and ¢’ are inevitable if we want to place
loop s along this plaquette correctly.

To evaluate the graph in the equation above, we introduce the convention

1
Cﬁghiucoyfﬁ% = ﬁé"umuénvmw (60)
0,0y
which can be expressed graphically as
H = ¥,y v

where the dotted line is graced by the trivial representation. It is easy to prove that
convention (60) is consistent with the first equation in (24) and the F-move (27). We can
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then apply F-moves in the graph in (58) and obtain

~ / // /
BIS;T“I}abcdpqruvw> = Z Z 7Rq bRC 'qu Fa 5‘1/,Fp qp co PO,

91929394€G SGLG

X dadbdcddN’Ua s Uy

|91929394).  (61)

Then, applying the second equation in (24) and using the intertwiner property of 3j-
symbols, we find that the graph in the above equation is equal to

(91929394 Wartyr..w)
dadbdcdd X N’Ua// s Ugptt .

The results above enable us to write the matrix elements of the Fourier-transformed pla-
quette operators of the three-dimensional GT model explicitly as

(Bt | BS T W) = |Gf| ﬁfgq bRchq FfﬁZu Fqu{} ... Fuaw,
s€Lg @ Yw
)
= |G| 3u[0"|RIVRSTREY REI GEbe G, - G,
s€Lg
(62)

where the second equality is due to that F#,é‘[f‘ = Gﬁ,’éé (28) is used.

Taking into account that D? = > selg d? = > oseL d?> = |G|, we find that BZ();T is
exactly the same as B;N W Therefore, as far as bulk is concerned, after the Fourier
transform and basis rewriting, and finally projecting all the degrees of freedom on the
tails to the trivial representation, the three-dimensional GT model with input data G has
the same Hilbert space and Hamiltonian term-by-term as the WW model with input data
Rep(G).

We can then discuss the relationship between the ground states and excited states
of the three-dimensional GT model and the WW model. As the Hamiltonian and the
Hilbert space of the three-dimensional GT model are exactly mapped to the Hamiltonian
and the Hilbert space of the WW model, the ground states of the two models are also
related by the Fourier-transform. Hence, the ground-state degeneracies of the two models
are also the same, which indicates that the two models realize the same phases of matter.
We then consider the exitation states. One type of bulk excitations in three-dimensional
GT model is loop-like excitation, which occurs when BET = 0 on a series of plaquettes
forming a loop. As the Fourier-transformed plaquette operator BET is exactly identified
with B;N W it follows that the excited states associated with loop-like excitations in the
three-dimensional GT model analogously map to the excited states of the WW model,
with loop-like excitations living on the same positions of the lattice. A similar argument
also holds for charge excitations which occur when AST = 0. Therefore, we conclude that
the three-dimensional GT model with input data G and the WW model with input data
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Rep(G) exactly describe the same topological order. Moreover, different WW models with
input data Rep(G) equipped with different braiding structures are also equivalent in the
sense that they describe the same topological order as the three-dimensional GT model
with input data G.

Figure 7: Upper: The original boundary lattice. Lower: The Fourier-transformed
boundary lattice. Red wiggly lines are tails attached to original vertices, with
degrees of freedom taking value in Frobenius algebra Ag x. The degrees of free-
dom on the black straight lines still take value in Rep(G).

5.3 Mapping the boundary

Recall that as aforementioned, the gapped boundary theory of the WW model has not been
fully systematically constructed before, except for smooth boundaries and some special
cases. Now that we have already mapped the bulk Hilbert space and Hamiltonian to
the WW model via Fourier transform, the Fourier-transformed boundary of the three-
dimensional GT model with input data G also offers a full systematic construction of the
gapped boundary theory of the WW model with input data Rep(G). The construction is
understood as follows. The boundary lattice is shown in Figure 7. The boundary Hilbert
space is the tensor product of the local Hilbert spaces on those edges and tails. The
black edges are labeled by the objects of the UBFC Rep((G), while the tails are labeled by
elements in the Frobenius algebra Ag x € Rep(G). The boundary Hilbert space can thus
be expressed as

TEWW _ <® span ‘eeiRep(G){Ue)}) ® ( ® SpanjzeAc,Kﬂjt)}) . (63)

ecdl teboundary tails

The boundary Hamiltonian consists of respectively the sums of boundary vertex, plaquette,
and edge operators:

AW = Y AWW Y BWW Y oW, (64)
veadl pedl ecor

The boundary vertex operator AWW is the identity operator if the labels of the three
edges (or tails) around v obey the fusion rules; otherwise it is 0. The boundary plaquette
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operator BZYVW is given by (53). The boundary edge operator C’;Niw acts on the local
Hilbert space corresponds to edge e of the original cubic lattice, as shown in (46), with its
matrix elements given by (50). Since these local operators are obtained from the boundary
Hamiltonian of the three-dimensional GT model via Fourier transform, they commute with
each other. Therefore, the total Hamiltonian of the WW model is still exactly solvable.

A The Walker-Wang model

The Walker-Wang model is defined on a three-dimensional trivalent vertex T', which is
deformed from a three-dimensional cubic lattice. At each six-valent vertex of the cubic
lattice, the deformation is depicted in Figure 8.

-

)

Figure 8: Deform a vertex in a three-dimensional cubic lattice to a trivalent
lattice in the WW model.

The input data of the model is a UBFC, in which the string types will be labeled by
Latin letters a, b, c,--- € L, are assigned to the edges of I'. The Hilbert space HWW of the
model is spanned by all labels of the edges in the lattice I'. The definition of UBFC also
includes a set of symmetrized 6j-symbols G : L% — C and a set of R-symbols R : L3 — C.
The 6j-symbols give the following basis transformation:

=Y tan.Ghr (65)
n

and the R-symbols encode the braidings:

b
a b
= R® : (66)

In the WW model, we also assume multiplicity-free in the fusion rules and self-duality of
all labels, so edges in our lattices are not oriented. The Hamiltonian of the model is

H=-> AW -%"B"W, (67)
vel pel

where v ranges over all vertices in the trivalent lattice I', and p ranges over all plaquettes in
T' which correspond to the original squares of the cubic lattice. For [¥) € HWW  we have
Ay |¥) = |¥) if the three labels around vertex v obey the fusion rules; otherwise A,|¥) = 0.
In order to derive the plaquette operator BXV W we consider the following plaquette with
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the relevant labels:

u u c Y (68)
r
d /
dl ¢ q/ b
) q
v
w a o P P

Then, analogous to the LW model, we define B;NW =3 (JS/DQ)B;, where D? = 3" ./ dz,
and the action of B; on the state (68) is to fuse a simple loop labeled by s with the edges
around the plaquette, through the basis transformation (65), as shown in Figure 9(a).
However, things get tricky when we encounter the vertex where ¢,q’, and b meet. As
shown in Figure 9(b), explicitly applying the basis transformation (65) results in a state
where string s fuses with ¢/, which is not what we want. Thus, we have to twist the
vertex using (66) before applying (65), and twist the vertex back finally to recover the
original lattice. The same procedure is also applied when dealing with the vertex where
¢,d, and r meet. Therefore, compared to the LW model, we get four extra R-symbols in
the expression of the matrix elements of B,.

Figure 9: (a) Fusing the simple loop labeled by s with the edge labeled by a. (b)
In order to fuse the string labeled by s with edge labeled by b, first we have to act
a R-symbol at the vertex and then apply the basis transformation (65); otherwise
the string s will fuse with edge labeled by ¢/, which is not in the boundary of the
plaquette.

Denote the state (68) as |Wspcdpgruvw), then the explicit expression of the matrix ele-
ments of B, is given by

(‘I’a”---w” |B;“I’a---w>

~ ~ ~I ) e 'y 7
= Ga -+ Du[0"|RE"RET R, RUT (69)
a’'va / b b cb / ’ 'd d'vd ’ /
X Gsal’j’p” Ggp?f;,, GZq’?b” Gsb%c” GECC/CT// G;T%Zu G:l;u//qél// Gsd’l’}’v” G’qu/l/],zj// Gévw(/l}g// .

27



SciPost Physics

Submission

Note that in order to evaluate the above expression, here we use the following convention

to remove the bubble:
. + > (70)

which is different from our graphical presentation (24).

a/

UpD
‘b >: {7, C(Sa’a
Vg,

a

B Some proofs

Here we prove that the rewritten rep-basis defined in (36) is orthonormal and complete.

<"I/;’m; [Wem,) = Z <‘Ij;’m’s |jikgh)(jikgh|%sm,)
jikgheG

/
_ UpluUpUnVaValply Vs [v']

|G’5 Z

jikgheG

/
_ UpluUpUnVAValgly Vs [v']

|G|5 Z

jikgheG

VyUAUQ VU Vs[V'] 20" 3
= O 11010 o 507 1 Omt e Omt Z , AL, PA M
G2 KR nEp pSny, g, St iy S np ,@1‘/_‘ g
iheG | M \a ) > >
5 RARPX X¢
m
/
my
ms
s n
YoM
mM—g;0— 73
/ «
= /BaUBU’YUS [U ]5M,M6V’l/57]’775)\’>\5p’p6a’a5nLnH 5m{,ml, 5"%”’7 5m;m/\ 5n/pnp Z v s B/“ s
M—>—9—>—0>
m,n , "Y/ )\A
s
n
/
mS
(71)
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where (24) is used, and the (5, comes from vava/(;a/a/cza. Although the ends labeled by m
and n in the graphical presentation in the last line of the above expression are summed,
they cannot be connected explicitly. In order to evaluate the above graphical presentation,
we use the following trick:

n \ A
B //A B L LAA
—<—t — <
SRS SIS SR
n THAA n ﬁ.\Q n BT
ﬂ \\n 5 n n\)\l\»

A" n' ﬁ—o—:\:n/ ﬁ—c
> <«—
e /B/ACE fr /BA Z (67 ) g B)\ a‘E})\*’ (72)
n’ n’ DG > n BI*FX’TTL ﬁl*

B, Y
= ’}// B/* ﬂ/ )\ = Y (73)
we can simplify the graphical presentation in (71) as
mg ms
S " EN
I v B
% ?/ < < < <
v 771\ g/“a = BBV T 4 AN = 51/:(81)\555758 55’557"758’55m’5m5' (74)
M———>— 0> o> U~ Us
S% v 5/ v B
n
my my
Inserting the above expression into (71) yields
<\I’;/m/5‘\psms> = 61/B/\BaB,Bﬂ'yﬂsé,u/,uéu/u(sn/né)\/)\5p/p5a’aéﬁ/ﬁ(57/'yés/s (75)

X 5nLnu6mLmu6n%nn 5m’>\mA 6n’pnp5m’sms .

Finally, using the fact that 5,6,8, = 1 when C,,,, # 0, we have 3,8)8.638+8s = 1, and
thus it is proved that the basis [Wg,,) is orthonormal.
The proof of completeness is as follows:

Z Z (Jikgh|®sm.) (Ysm, ‘jli,klglh/>

8 My M,

dyudydydydrdadsd.ds

- Z Z IGJ?

8 My Mg
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d,ydydydydydadgd.d,
lelk

= >

M-S MpyMmaMs

where (23) is used. Using the similar method, we can simplify (76) as

Z Z (Jikgh|Wsm,) (Ysm, U/i/klglh/>

He8 My -,

=2 >

dydyd ydydrdadsd.d, 1
lelk 2 G|

M8 MyMmaMs l1l2l3l4€G
my m
- A
<86 ; ‘
@) o Y n G ! o 0
my, mx
(78)
Let us consider the first term in the graphical representation above, which reads
Z Dy, 1.(3)Dy,(14) Dy, (i") = Tr DY (il4i") = Tr, (V'l4), (79)
my,k,l
where 7 = 7'i. Recalling that
Se= Y, idu Tr DH(1), (80)

e |Gl
we find that the term (79) gives a factor of &z, .. Similarly, the second term of (78) gives
d14 and the sixth term gives 0, , with B’ = h'h. The third term of (78) reads

> D (a)( @),k DY (18)Q0, = D~ B )k D (1)), D7, (13) (81)

mnkl mnkl

=D B[ )] DYy (ls) = By Try (lals),  (82)
kl
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where (10), the unitarity of Q*, and the definition of 3, Q)T = B are used. There-
fore, the third term gives 3,6 in (78). (78) thus can be further simplified as

l_4l3,e

Z Z (§ikgh|sm, ) (Psm, |5k g'H)

S My Mg

= Z Baﬁﬁﬁvﬁuﬁpﬁﬂ X 5%’[4,6614765[4l3765l_3§,e5l_3l2,eéh’lg,eél_ﬂl,66[11576(5[13,6'
l1l2l3l4€G

Noting that 3,3,8, = 1 and 830,08, = 1, we finally get
DY GikghWem, ) (Tan 5T K g'h) = 65 Sggr e Oni 055« = (Gikghli'i'K g'B'),

emiT,
(84)

Z Z |\I’sms><\1’sms‘ =1, (85)

[ My "M

(83)

which implies that

i.e., the basis |Wg,,,) is complete.
We then prove that the rewritten rep-basis with braided edges defined by (38) and
(39) is orthonormal and complete. We define

) 1= \m%> lgh) = |Ll} ) (36)

v

Thus

(W' |uvy = Y (W |gh)(gh|uv)
g,heG

v, 0, [V] s =
- Z M’G|2 dedp'
PP’

g,heG

_ UHUV[U/] 7 37 puv ppr
= Y Gy Lo
g,heG p:p’

— E d J /R IV/R V6 / 6/ 5 6 /1
PP p’ P npErv mM/mM mylmy
p:p'

= Z dy 5p/p§u’u‘sv/v5mmmu Om,m,
p:p’
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- 5 5 5 5m ! Moy 6myzmy 571”/71# 5nulny7

which proves the orthonormality.
To prove the completeness, we need to compute

S > {ghlp)(uvlg'h)
oV MMy Ny My,
my, my [my,

Q@

/

d,d o
= Z Z ‘g|2p Zdﬂdl”

oV M My My PP P P
nyV.  H>on, nyV  H>ony,

m

M vy My Ny oy, I Lo
dudp S~ 5 7 o v Dy v
Y MMy nyny, .0 H @ @ Y
ny n I v

=> > Oy Cf;Zd dy Ry REY

Y My My

=2 )

LV My my

= Ogg Opiv e = Ogg'Onn = (ghlg'h’).

’G|2 mumu(gg) ?numl,(hjl’/)

Thus

o> )| =1,

Y My MyNy My

i.e., the basis |uv) is complete.
Details of the action of the operators AGT are as follows.

| sms>
1 o e

= Z Z ‘7 Z s'm ,|$],Zl‘,$k,{[}g, hl’)<]2k’gh|‘l’sms>)|\1{9 my />

MI.A.S kghe cK
B Z Z Z VU VpUnUAUQUBU Vs [V]
a |K] G]P

u s jikgheG xEK

‘L ~ml
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X |\Ijg’ms/>
Z 1 Z VU VpUnUAVQUBU Vs [V
| K| |G
s’ jikgheG zeK
Ny,
X |q{/9’ms/>
Z 2 Z VU VpUnUAUQUBU Vs [V]
— K| [€E
wes' jikgheG zeK
X |‘I’;’m51>'

In the third equality the fact that 3j-symbols are intertwiners is used. Applying the great
orthogonality theorem and the trick introduced in (72), we have

mS
SA v 8
AR voy
[
—_— VA T4 p{}ﬂ A*
/
AgT‘\Psms> = Z 5#’# e 5)\’)\671;71,1 to m rmy |K‘ Z 5)\51/ :;O/ |\Ijs’m/s>
wees! rzeK L amaT
ny,-my say" B
©
m,
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o Z | Z ﬁA/BV/BOlBﬁB’WBS msm’g(‘%)’qjsm’J

ml a:eK
- Z Z Dmsm ) [Py, )- (89)
xEK

Details of the action of the operators CST are as follows. Recall that

<\IJV7F¢)\ |CGT| 1/7rd>)\ >

s'ml,r'm]. SMs, TNy
’K‘ N T
Z Z G dt atoct (Z) <q15 m ¢’r m |\Ill> <‘II |qlélmf,r7ﬁT>' (90)

g-~~w€G(t,at)€LA| ‘

Similar to the calculation in section 5, we can firstly evaluate D?
reads

(1) (W[ w27 2 ), which

Qo SMq ,I'M

Dt ( )<‘~I’l‘\I/V7~T¢/\ - > — VyUrUpUN\VsUr Uy Vp Vo UpyUs

atot SMg, "My

Gl

(91)

where some edges and Latin indices irrelevant to the calculation are omitted. Note that
the braiding between the lines ¢ and o is unavoidable if we want to evaluate the expression
correctly. Then we can use the convention (60) and apply F-moves to the graph in the
equation above and obtain

_ Z d F,u vs* p7rz/ Rﬂ'o‘ 1%

ts'*v! tl/’*Tr
s'v'w!

= > deFLIEL RIF]Y REOFDY

% 4,0 1% A1 E B
ts'*v! *tv t'* top'* A
Sll//ﬂ—l(b/A/

AP
= Y deFll Y RYTESS REEDY dy

S/lllﬂ.ld)/A/

34



SciPost Physics Submission

— Z ds/F'u*l/S*Fpﬂy*,RgUFU*¢W*Rg:JF7]A¢* Ft)\’*)\

ts'* ! tv'* t7r’*¢’ t(b/*)‘/ dr*r!

S,V/ﬂ'/(z)/A/'I"/

~ * * * * * * 1% s +* : Fopx My _
_ Z ds/F'u o il /Rgo'FO' ¢ Rg:JFn)@ Fg,;\*,,,/)\CSt’m atC l'r Mg+ 1N (Qt) -1

ts"*v! © v tw'* ¢! tp* N s’y /1, My* Qg
S/y/,n—/d)/A/T/

|G| V/ﬂ-/(z)/Al
. Vil 92
Uyt Ut Vgt VA1 Vgt Ut U Up Vs Vg U < l| S’msz,r’mT,> ( )

Substituting the result above back to (90) and using the completeness and orthonormality
of our basis, we get

<\IIV’7T’¢’)\’ |C’§T ’\I’l/mé)\ >

Ty ! oy ! 7 7
s'ml,r'm;]. SMg, Ty

K e e o~~~
Z |G|dtvyvﬂv¢v>\vsvr[1}’]1d8/dyldﬂzd¢/d/\/dw

(t,at)GLA | |

7 *Us* ~Npmv* T AT AMADT AN EN
X RgURg/UG?S/*V/ ny/*ﬂ,/ Gtﬂ"(f(;ﬁ/ G:Z(;ﬁ/(f)\/ G5T*r’
’

N _ _
X (CStS/*§msC¥tmsl* >* (QS )77119/* T7LS/ (Ct*w'/* MMy mrmr/* )* (Qt)mi* at (QT )ﬁ’i/* 7”nT/

Kl - o
Z |G|dtvyvﬂv¢,v)\vsvr[v’]ldszdyldﬂzd(z)/d,\/drz

(t,at)ELA | |

To /o (VST APTVT AT PTT ANAGT AN
X R¢ R¢/ GtS/*l// GtU/*ﬂ/Gtﬂ/*¢/ thﬁ/*)\/G(ST‘*T‘/
* Sl* -1 * t* -1 ,r,/* -1
X (Crestirmgreimgan) ()i o (Crmteriyrurivgning ) (2 Daginge (7 Dy (93)

Finally, let us check:

VyUrVpUN\VsUr [U/]ilds’dz/’dﬂ’dﬁd}\’dr’ = Uy UrUpU)\VsVr [Ul]ﬁy’ﬂr’ﬁ¢’ﬁ>\’ﬁr’ﬁs’- (94)

Keeping mind mind that

B,u = /85/31/ = /85’61/’ =V 55/81153’511”

Bs = BABr = Bx Br =/ BABrBx By, (95)
Bcr = /87r6¢ = 57r’/8¢>’ = \/ /BWB(f)/Bﬂ"B(ﬁ,?
we have
VyVUrUpU\VsUp [U,]ﬁu’ﬁw’ﬁqﬁ’ 5)\’67"’/85’ = ’Duﬁﬂﬁqbﬁ)\f)s@" [17/]7 (96)

which completes our proof of (49).
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The proof of (48) is as follows: multiplying the both sides of (48) by D%tﬁzg (1) and
then summing over | € G will give

‘K| Z 5l€KDmtm (l) = Z ’ Z Datat mtm (l_)

leG (tyot)EL A leG
= Z 6at7ht6atm’ = 5(15 rht)GLA(antﬁzé'
(t,ar)EL A

Recalling the definition of L4, we find that the LHS of the equation above is

!K\ZGZG(S’EK e (! \K!l; g (D) = Ot era O, = RHS.

Thus (48) is proved. Requiring K = {e} in (48) gives (80).
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