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ABSTRACT: In this work, we investigate the off-shell expansion relation of the Yang-Mills scalar theory.
We have shown explicitly that the single-trace Berends-Giele currents in the Yang-Mills scalar theory
can be decomposed into a term expressed by a linear combination of bi-adjoint scalar Berends-Giele
currents and one that vanishes under the on-shell limit. We proved that the bi-adjoint scalar currents,
as well as the corresponding coefficients, can be characterized by a graphic approach that was originally
studied in Einstein-Yang-Mills expansion. Furthermore, we generalized the decomposition to the
multi-trace case through unifying relations and established the connection both in single-trace and
multi-trace graphic descriptions. Finally, we established the relations between the Yang-Mills currents
and the single-trace Yang-Mills scalar currents by choosing special reference orders of the Yang-Mills
graphs.
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1 Introduction

As the leading order of the scattering amplitude, the structures of the tree-level amplitudes in diverse
theories play important roles in the modern amplitude theory. Meanwhile, the relations between the
tree-level amplitudes of different theories have also attracted a lot of attention, e.g. the expansion
relations which will be mainly discussed later. The expansion relations of tree amplitudes construct
an amazing web of different theories [1-5]. For example, one can expand gravity tree amplitudes as a
combination of Einstein-Yang-Mills (EYM) tree amplitudes or pure Yang-Mills (YM) amplitudes. An
analog of the expansion of gravity theory is the expansion of pure YM amplitudes to the Yang-Mills



scalar (YMS) amplitudes or bi-adjoint scalar (BS) amplitudes, which will be mainly studied in this
paper.

Expansion relations have developed very well recently. The expansion relations can be understood
by the Cachazo-He-Yuan (CHY) formalism considering the relations between the CHY integrands [3, 5—
10]. We can also use different bases to express the expansion relations so that the expansion coefficients
can be given by some graphic rules [11-13], which will also give the Bern-Carrasco-Johannson (BCJ)
numerators [14, 15]. However, unlike the elegant results for amplitudes, an off-shell view of the
expansion relations is still unknown. The off-shell expansion relation is a Feynman-rule version of the
amplitude expansion relation, and it will help to construct the expansion relation for loop integrands.
To fill this gap, we start with the simplest off-shell object: Berends-Giele (BG) current [16]. The
definition of an n-pt BG current is an (n+1)-pt tree amplitude with one leg off-shell, which allows us
to construct BG currents recursively by “gluing” vertices and the off-shell legs of some subcurrents
and is easy to be generalized [17-21]. Obviously, the recursion of BG currents is equivalent to the
recursion of tree amplitudes. Moreover, the existence of the recursion allows us to prove relations
about BG currents by induction. Pioneering work for the expansion relation of BG currents of YM
theory can be seen in [22]. In that work, the authors also generalized the graphic rules (we will explain
this concept later) for on-shell tree amplitudes to the BG currents. However, there are still some
questions remaining. The most urgent one is the expansion relation for the YMS tree amplitudes
with any number of scalar traces. In this paper, we have solved this question using some differential
operators [23] and the same method in [22]. We will also show how to emergent multi-trace YMS
graphic rules from the single-trace ones. Moreover, we have studied how to obtain single-trace YMS
results from the YM results.

This paper is organized as follows. In Section 2, we will review some concepts, including graphic
rules, BG currents, and unifying relations. In Section 3, we consider the single-trace currents and
prove the expansion relation for these currents by induction, using the method in [22]. In Section 5,
we will show how to obtain the expansion relation of the multi-trace YMS currents from the single-
trace YMS currents through the unifying relations. In this process, the emergence of the multi-trace
YMS graphic rules from the single-trace ones will be done. In Section 6, we will demonstrate how to
obtain the single-trace YMS expansion relations from the YM results. Although we failed to emergent
the single-trace YMS graphic rules from the YM ones, we still figured out the connection between the
single-trace YMS and the YM results by choosing some special reference orders.

2 Preliminaries

In this section, we will make a brief review on basic concepts, including BG currents in BS and YMS,
the graphic rules in YMS theory, as well as unifying relations.

2.1 BG recursion in BS

The BG current ¢(1,...,n — 1|01, ...,0,—1) in BS theory is defined by [24]
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Here 0 = {01, ...,0,,—1} denotes a permutation of external lines 1,...,n — 1. When o involves only one
element, the recursion is defined as

1(I'=1
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It is clear from (2.1) that the BS current ¢(a1, - ai|bl7 ey bi) will vanish when {aq, ..., a; }\{b1, ..., b;} #
(). The on-shell BS amplitude A(1,...,n|oq,...,0,) is then obtained by taking the following limit

oI’y = { (2.2)

AL, 2, s |o1, ey o) = [slmn,m(l, 2,..,n— 1oy, ...7an,1)} (2.3)
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Here, we present three relations of the BS current (2.1) that will be used in subsequent discussions:

e Reflection relation
o(1,..on—1|or,.,on-1) = (=1)"¢(1, ...,n — 1]on_1, ..., 01). (2.4)

o Kleiss-Kuijf (KK) relation [25]

6(1,2,...,n 1|8, 1,a) =Y (-1)¥I4(1,2,...,n — 1]1,aw g7). (2.5)
L
e Two generalized KK relations
> o(1,2,.n—1|awB) =0, (2.6)
w

> o(1,2, o —1|BwA" La) =Y (-)e(1,2,..,n - 1]8,1,awy). (2.7)
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In the equations above, a, f and 4 denote ordered sets. The notation |B], || indicates the number
of elements in B and 7, respectively, while BT represents the inverse permutation of 8. The shuffling
permutations A W B of two ordered sets A and B are defined as all permutations resulting from
merging A and B while preserving the relative order of elements in each set. The reflection relation
(2.4) is a special case of the KK relation (2.5) when @ = (). The relation (2.6) is derived from the KK
relation (as noted in [26]), and the relation (2.7) can be directly proven by the KK relation (2.5). For
the YMS theory, the (color-ordered) BG currents can also be constructed similarly. In this paper, we
adopt the natural number order for the color labels involving both gluons and scalars. Consequently,
we will omit the label of this color order and focus on the other color order that involves only scalars.

2.2 BG current in YMS
The Lagrangian of YMS theory has the following expression [27],

£YMS — _iFguFaHy + %(Du(bA)a(Du(bA)a _ %jfabefecd¢Aa¢Bb¢Ac¢Bd + %FABCfabc¢Aa¢Bb¢Cc-

' (2.8)
It includes the gluon field strength F, = 9, A7 —0, A} +gf “bCAZAﬁ, the covariant derivative D, ¢4% =
8#¢A“ +gf “bCAZqSAC, and a scalar field ¢¢ that is charged under two gauge groups whose structure
constants are iF4ABC and if®° respectively. The couplings of these two gauge groups are A and g.

Here we will choose g =1 and A = 2 for convenience.



The YMS BG current Jyys(1[2] - - - [m; G) can be calculated by the perturbiner method! [28, 29].
In particular, we denote the single-trace BG current as Jyys(1l,---,n — 1), in which the particles of
the ordered set {1,2,...,mn — 1} can be either scalar or gluons, and the last particle “n” is always fixed
as a scalar and in general off-shell: k2 # 0. For simplicity, the color order involving only all scalars
is chosen as an ordered subset of the ordered set {1,2,...,n — 1} and we will always omit this color
order in our notation when considering the single-trace case. For example, for a color order involving
all particles {1,2, 34,44, 5}, the scalar color order is {1,2,5}.

The Jyms(1, -+ ,n — 1) has the following expression
6
i=1
and each T; (¢ = 1,...6) in above equation is given by
1 n
T = ﬁz 2(Jyms(1,--- i = 1) - Jyms(i, -+ ,n — 1)),
..... n—1 725
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2.3 Graphic rules in YMS theory

Here we briefly review a graphic approach to calculating YMS amplitudes, which is based on the
recursive expansion of EYM amplitudes. The EYM amplitude can be decomposed into a basis of
EYM amplitudes with fewer gravitons and finally could be expressed by a summation of pure YM
amplitudes. The expansion coefficients are polynomial functions of polarizations and momentum, i.e.
(€ - €5), (& - kj) and (k; - kj). If the three types of elements are drawn by arrows and nodes (as
shown in Fig. 1 (al)-(a3)), the expansion coefficients as well as the permutation of YM amplitudes can
be described by graphs. Similarly, the YMS amplitudes A (1]2]...|m; G||y) also have such expansion
properties. From now on we always choose v = {1,2,...,n} without loss of generality and ignore this
label.

An arbitrary tree level YMS amplitude A (1]2|...|m; G) with the gluons set G and the scalar traces
1={1,2,...,7,n},2,...,m can be generally expressed as a combination of tree-level color-ordered BS
amplitudes

AYMS(1|2|...|m;G):Z(—)fcf{ > Avus(Lo,n) |, (2.11)

F ceF|1\{1,n}

Mn this paper, we always choose the Feynman gauge for YMS currents.
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Figure 1. (al), (a2) and (a3) correspond to the element €; - €;, €; - k; and k; - k;, respectively. (ad) denotes
two scalar particles ¢ and j connected through a dashed line. The antisymmetric tensor F/"” = kl'e} — (1 <> p)
is defined by a vertical line in (b1).

where we have summed over all possible connected tree graphs F which are constructed according to
the graphic rules [2, 13]. The "n” is fixed as the last point of the first trace 1.

Fig. 1 (al)-(a3) are shown to represent three components €;-€;, €;-k; and k;-k;. The antisymmetric
tensor F/" = [kl'e” — (u <> v)] is drawn by a vertical line in Fig. 1 (bl). The graph that two nodes
are connected by a dashed line (in Fig. 1 (a4)) is also introduced to denote the relative positions of
scalar particles. The graphic rules in YMS amplitudes are given as follows.

e Step-1 The nodes of the ordered set 1 = {1, ..., 7, n} are connected with dashed lines. In partic-
ular, node “1” and “n” are chosen as two endpoints of this chain 2. The set R = {ry, ..., 71 m_1}
is defined with a given reference order: ry > r9 > ... > 7;4,—1, and it can be any permutation
of the traces 2,...,m and gluons g1, ..., g;. A root set R = {1,...,r} is also defined.

e Step-2 Define a chain with the elements in R: r;, — r;,--- — r;, — j. The starting point
r;, of the chain corresponds to the element with the highest priority in R (here it refers to ry),
while the internal points r;,,...,7;, could be any other elements in R. The chain is attached to
an arbitrary node j of the root set R. Furthermore, a new set R is defined as R\ {r;,,....7;, },
and the elements of this chain have been removed from original R. The root set is re-expressed
by R U {r1,7,,...,7i, }, which is the union of original root set R and {r;,,...,7; }. Following
the procedure and constructing more chains until the set R becomes empty, we finally have
constructed a sum of connected graphs with all particles in 1,...,m and G.

e Step-3 As shown in Fig. 1 (b2) and (bl), the gluon g; represents a polarization vector ¢; if
it appears as the starting point, and a tensor F/" for internal point of the chains in step-2,
respectively. For scalar trace 4, we need to search for all possible pair (a;, b;), for which the trace
i has the expression: ¢ = {a;,a,b;,8}. The trace becomes {a;,a L BT, b;} by shuffling @ and S,
which can be decomposed into a sum of chains with a; and b; as endpoints. If a trace ¢ appears
as the starting point of any chains in step-2 (shown in Fig. 1 (b3)), an arbitrary b; is fixed, while
all possible a; of pair (a;, b;) (a; # b;) are connected to second point of this chain, contributing
a vector (—kf ) to the graph C”. When the trace appears as the internal point of each chain
in Fig. 1 (b4), b; and a; will be connected to left- and right-hand adjacent points of the chain,

2In fact, arbitrary two nodes can be chosen as the endpoints.



respectively, contributing a term (k{f )(=Fk%.) to the graph C”. The ending point j of each chain
(in Step-2) denotes a vector kY.

e Step-4 The permutations o € Fl; \ {1,n} associated with the graph F in eq. (2.11) are
determined through the following two steps: (i). For any two adjacent nodes a and b such that a
is closer to gluon 1 than b, the permutation o must satisfy c=1(a) < o=1(b), where 0=1(a) and
o~ 1(b) denote the positions of a and b in @, respectively. (Specifically, if the position of a in o is
j, then a = 0 = o(j), which implies that j = o~ '(a).) (ii). For two subtree structures attached
to the same node, the corresponding permutations are shuffled together while preserving the
permutation order within each subtree.

e Step-5 Each trace i contributes a (—)7 = (—1)8! for given a; and b;, where |B] is the number
of elements in B for each i = {a;,a W BT, b;}.

The YMS amplitude (2.11) can be calculated by summing over all possible graphs F described
by the above rules. For each graph of single-trace YMS amplitudes, only gluon particles appear on
the chains (of step-2), of which the graphic rule is much easier than that of pure YM amplitudes [22].
Moreover, since particles in 2,...,m and G are not connected to “n”, we would be able to generalize
the graphic rules by letting the last particle “n” off-shell. The current defined by off-shell graphic
rules (by letting “n” off-shell) is shown as

jYMS(1|2|...|m;G)ZZ(—)}_C}_{ > 6(1.m—1]1,0)

F oceF|1\{1,n}
= ZNYMS(LU]:) ¢(1,...,Tl* 1‘170}-)7 (212)
oF

which is called the effective current.

2.4 Unifying relations

There exist some differential operators that can transform the amplitudes of pure YM theory into those
of YMS theory, which are determined by on-shell kinematics and gauge invariance [23]. In addition,
these operators can also connect gravity, the non-linear sigma model, and so on. Since this work
focuses mainly on the unifying relations among the YMS amplitudes (or BG currents) with different
numbers of scalar traces, here we will demonstrate the relationship between the YM theory and the
YMS theory. For some more studies of these differential operators, see [30-33].

Color-ordered YM amplitudes can be turned into YMS amplitudes through the relation:

Ayms = Tlivg] Tlizge) -+ Tlinjn] - Avym (2.13)

where Tlisjs| with (s = 1,...,n) are differential operators, is and js refer to i-th and j-th gluon
particles in YM amplitudes Ay, respectively. The equation above is exactly the unifying relation
between YM amplitudes and YMS amplitudes. Note that the operator T[isjs] is defined as:

0

ORIV

where ¢€;, denotes the polarization vector of the i4-th particle. Furthermore, the differential operator
is generally shown as T[a], where a@ = {aq, ..., @, }, and |a| > 2. The Ta] can be expressed as:

Tlisjs) =0 (2.14)

n—1

T[a] = 7:!1 ap * H 7:11'_1 i iy (215)

1=2



in which 7;; = T[i j] and T;;; = Ok;e; — Okye;» and k; refers to the momentum of the i-th particle.

Note that the operators Tle] are also referred to as “trace operators”, and all the elements
contained in e (i.e. @ would be regarded as an arbitrary permutation of these elements) are in the
same trace if T[e] acts on a certain amplitude. In addition, the operator 7 [a] is invariant under the
cyclic permutations of the trace a. For example, the operator 7[123] is given by

T[123] = Ti2Th2s = 861 €2 [8k1 €2 8’% 62] : (2'16)

If the operator acts on four-point YM amplitude Aywm(1,2,3,4), we immediately have a single-trace
YMS amplitude with the scalar trace consisting of 1, 2, and 3:

Avms(1,2,3,44) = T[123] - Aym(1,2,3,4). (2.17)

Finally, it is important to mention that the unifying relations also hold for BG currents under the
same gauge, which can be proved by induction directly [29, 34]. The relation will hold on the off-shell
level when we choose g =1 and A = 2 in the YMS Lagrangian (2.8),

Jyms = (=) FTlirg1) Tlizga) -+ Tlingn] - JFym - (2.18)

The power of the minus sign can be determined by the concrete form of the differential operators. The
relation above will be used in the following discussion.

3 The off-shell expansion relation of the single-trace YMS currents

The YM BG current can be decomposed into an effective current (called BG current in BCJ gauge)
and another two terms relating to gauge transformation [22], and for more details, a brief review is
included in Appendix A.

In this section, we show that the single-trace YMS BG current Jyms(1, -+ ,n — 1) in (2.9) could
also be decomposed as follows:

Jyms(L, -+ ,n—1) = Jyus(L, -+ ,n — 1) + Lyms(1, - ,n — 1), (3.1)

where jYMs(l, ...,n — 1) is the effective current in single-trace YMS that can be described by the
off-shell graphic rules, while Lyns(1,...,n — 1) is related to gauge transformation. Note that the
particles 71, ...,n — 1”7 can be either gluons or scalars. The jYMS(L ...,n—1) and Lyys are explicitly
shown as

Jyms(L,...,n—1) = > Nywms(i1,0) ¢(1,...,n —1|i,0),  (3.2)

ocPerm(1,...,i1—1,i1+1,...,.n—1)

LYMs(l,...,n— 1)

= Z (=)™ Tyms (St,a1—15 Kar o) Sbrt1,as—1 K(anba)s -+s K(ag br)s Sor+1,n—1)-

{a;,b;}C{1,....n—1}
no scalar between a; and b;

(3.3)

The i1 in eq. (3.2) denotes the first scalar in Jyys(1,...,n—1) 3, and the numerator Nyys(i1,0) can
be characterized by the off-shell graphic rules. The S 4,1 refers to the sequence (1,2, ...,a; —1), while

31n this section, we denote the first and last scalar in the single-trace YMS current Jyms(1,--- ,n — 1) as 41 and ig,
respectively. The reference order of the gluons is chosen as R = {1, ..., } \ 1.



K(a, ;) is used to denote Kywm(as,...,b;) for short. The Jyms(S1,a;—1, K(ar,b1)s -+ Kag,br)s Sor+1,n-1)
stands for the single-trace BG current when {a;,a;y1,...,b;} (i = 1,...,I) is considered as a single
external line with the polarization vector Ké;iabi) = Kyy(ai, ..., b;) and momentum kf;, , .

The BG current in YM theory satisfies an identity (A.6-A.7) if the external polarization vector ¢;
(or arbitrary sub-current Jynm(A)) is replaced by an off-shell momentum k; (or k4). The single-trace
YMS current has a similar identity with this replacement, and it can be proven following the same
way as that in YM theory. Alternatively, the identity in YMS can also be derived from the unifying
relations, leading to the natural vanishing of Lyms(1,...,n — 1) under the on-shell limit, which will
be discussed Section 6.2.

3.1 Decomposition of the single-trace YMS current

Suppose the decomposition (3.1) is satisfied for any single-trace BG current Jywys(1,...,m) if m < n—1.
Here we study the decomposition of Jyms(1,...,n —1).
The T; in eq. (2.10) can be decomposed in the form,

= Z {JYMS(L"'al_l)JYMS<Z,"'an_1)
S1..n—1 . 5
i=i1+1
+ Lyms(1, -+ i — 1) Jyms (i, ,n — 1)
4 Jyms(L, o i — 1) Lyms (i, - ,n—l)]. (3.4)
The “1” in this case is in the sub-current Jyyms(1,--,4 — 1) while “i5” in Jyms(é,--+ ,n —1). The
T5 in eq. (2.10) can be rewritten as
1 n—1 N N
Ty = ——— Z {JYMS(L ceyi—1) [JYM(ia ceon = 1) (=2k1 0 — ki,nq)}
S1,....n—1 . =
1=1i2+1
+ Lyms(L,--+,i—1) {JYM(Z', = 1) (=2ky 0 — ki,n—l):|
+ vus (L i = 1) [LyaCis - = 1) (=2k1io1 = Kino1)| } (3.5)
where the decomposition (3.1) of lower-point Jyyms(1, -+ ,7 — 1) has been used. The first term in the

braces of above equation can be decomposed further
Jyms(l, - i —1) [jYM(i, n—1)- (—zkl,H)}
—Jyms(L, - i 1) [KYM(i,-.. 1) (—ki,n,l)}
Fvas(l, - i — 1) [(LYM(i, o —=1) + Kyi(iy - on— 1)) - (=2kyi-1 — km_l)}
Fivms(L, e yi— 1) {(JYM(Z', cooon—=1) = Lym(i, -+ n—1)) - (—ki,n,l)}, (3.6)

Since Ky has the expression (A.4), the second line in eq. (3.6) is equivalent to

n—1

Frus(Leyi=1) > (Bl i = 1) - Tyl n = 1)), (3.7)
j=i+1



The last two lines in eq. (3.6) and last two terms in the brace of eq. (3.5) will contribute to Lyms(1, -+ ,n—
1). The T3 could be decomposed similarly, i.e.

T3 = —— Z {{JYM(L coeyi = 1) 2k 1 + kl,i—l)} Jyms (i, ,n—1)

S1,...,n—1 im1
[ AL i = 1) @k + ko) Eyais (e n = 1)
[ (Lym(L e i = 1)+ Byaa(L e 50 = 1) - (ki + k)| Fyaas (o on = 1)},
(3.8)
The first term in the brace of eq. (3.8) can be decomposed further

[JYM(L e im 1) (21@-,”,1)] Jyms(i, - o — 1)

By i = 1) - ()| s (e on = 1)

+[(JYM(1, i = 1) = Lyni(1,-++ i — 1)) (kl,i_l)} Jyas(i, - n— 1), (3.9)

By using eq. (A.4), the second line of the above equation could be simplified into

i—1
_jYMS(ia"' ,n—l) [jYM(l,“' ,j—l)'jYM(j,'” ,i—l)]. (310)
J

/|
N

The Ty, Ts, and T are related to the four-point vertex and could be decomposed in the following way

Ty = ! > {2[jYM(1a"'7i_1)'jYM(j7"'7n_1)} Jyws (i, j = 1)

Slom—1 iy T icn1
+2|:jYM<17 7i_ 1) : (LYM(Ja , T — 1) +KYM(.7? ;T — 1))i| jYMS(ia"' 7j - 1)
2Bt i = D) G = )] Lyas(iye o = 1)
+2{(LYM(17"' Ji— 1)+ Kym(l,--,i— 1)) - Jym(f, - ,n— 1)} Jyms (i, — 1)},
(3.11)

7= > {jYMS(L.-- vi— 1) [Fym(i, -, —1) - Iym(G, - on—1)]

Slon—1, i i<n—1
+jYMS(1a"' b= 1) |:~YM(i7"' 7.j_1)' (LYM(ja 7n_1)+KYM(j7"' y L — 1))}
sl = 1) [(Lywl e = 1)+ Kyaais-+ 25 = 1) - Jymls- - = 1)]

+LYMS(17 aZ_ 1) JYM(Z7 7.7 - 1) JYM(]7 y V= 1)]}7 (312)



1 = . = . . = .
Ts = — Z {[JYM(L"' i—1) - Jym(i, -5 — 1] Fyms(G, - n—1)
Slom—1y 5
+ [Pt i = 1) Tyl i = D] Evuis G- o= 1)
+ [jYM(l,“' vi—1) - (Lym(iy-+ 5 — 1) + Kym(i, - - ,j—l))}JYMs(jw' ;n—1)

[y i = 1)+ Boyaa(L i = 1) - Iyl 1§ = D] oBvais (G om = 1)}.
(3.13)

The first term in the braces of eq. (3.12) will cancel with eq. (3.7) while that of eq. (3.13) is equal to
eq. (3.10). Finally, by collecting the decomposition of each T; (i = 1,...,6), the effective YMS current
J(1,..,n—1)in eq. (3.1) is a sum of Ty, T, T5 and T}

J1,on—1) = Ty + Ty + T3 + Ty, (3.14)

which will be proved later. Note that each T} (i=1,2,3,4) has the explicit expression

T = B Z Jyms(1, -+ i — 1) Jyms (i, - ,n — 1), (3.15)
Ln—1 i=11+1
5 1 n—1 B _
T = —— Z JYMS(I,--- ’i—l) [JYM(i,"' 7n_l) '(_le,i—l)}y (3.16)
81,.m i=ia+1
. N ‘ .
T3 = — Z |:JYM(1, sl — ]_) . (2ki,n,1)i| JYMS('% ceen — ]_), (317)

S1,...,n—1 =1

i
[

N 2 { Z [jYM(l,"'7i—1)'jYM(j;"'an_l)}jYMS(ia"'vj_l)

Flen=1 U giciiiipcj<n—1
- Z [Jym (1, i = 1) Jym(iy - f — )] Jyms (- on— 1)}3
L<i<j<iy

(3.18)

while the Lyms(1,...,n — 1) in eq. (3.1) is given by

Lyms ~ Vsa {LYMS (Jyms — Lyms) + Jywms LYMS} + Vap [LYMSJYM + (Jyms — Lyms) (Kym + LYM):|
Vi | (Fyna — Kyar = Lyar) ywis + (Kyaa + L) Sy |
+Vaa | (Fvn = Kyt = Dyaa) (Fvaas = Lvass) (Kvat + Lvar) + (Fvan = Kvag
— Lym) LynsJym + (Kyu + Lyn) Jyns JYM}
+Vip {(JYMS — Lyws) (Jym — Kym — Lym) (Kym + Lym) + (Jyms — Lywms) (Kywm
+ Lym) Jym + LymsJym JYM}
—Vaw [(JYM — Kym — Lym) (Jym — Kym — Lym) Lyws + (Jym — Kym — Lym) (Kywm

+ Lym) Jyms + (Kym + Lym) Jym JYMS} ) (3.19)
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Here the vertex factors like V3, and Vy;, can be obtained directly by summing over the off-shell terms
in T;. For simplicity, we have omitted the Lorentz indices and the concrete expressions of these factors.
A compact form of the off-shell terms can be given by

Lyns ~ Jyms (Stiai -1 Kay b1)> Str+1ias—15 K(azba)s s Kar br)s Sbr+1n—1)- (3.20)

3.2 Proof of eq. (3.14)

Here we show that the r.h.s. of eq. (3.14) is exactly equivalent to the effective current (3.2). Before
proving this, we may introduce two useful relations for Nyus(i1,0) in eq. (3.2). The relations between
off-shell numerators constructed by graphic rules in YM theory ([22]) also hold in that of single-trace
YMS amplitudes.

Relation-1: Given ao = (o,0R), if o1 € Perm(1,...,41 — 1,43 + 1,...,4 — 1) (with 1 <4; < i) and
og € Perm(i,...,n—1) (with ¢ < iy < n), the coefficient Nywys (i1,01,0 ) is equal to the multiplication
of two sub-coefficients, i.e.

Nywis (i1,00,0r) = Nyws (i1,01) Nywms (Or), (3.21)

Relation-2: Ifo; € Perm(1,...,i1—1,i;+1,...,i—1) (with 1 < i; <14y < n)and o € Perm(i,...,n—
1), where %,...,n — 1 denote the gluon particles. Thus Nyys (i1,061,0r) can be decomposed into the
structure

Nywis (i1,01,08) = Nyws (i1,01) [Nym (0r) - k1,i-1], (3.22)

The coefficient N, (0 r) is called type-A numerator in pure YM [22], and it will turn to BCJ numer-
ator under the on-shell limit. The two equations above can be proved in the same way as eq. (A.8),
which has been shown in [22].

This r.h.s. of the above equation is obviously satisfied with graphic rules of the coefficient
NYMS (il,a). ~

Suppose eq. (3.2) holds for the lower-point J(1,...,m) (with m < n — 1), we would try to expand
eqs. (3.15-3.17) for the first step.

Expanding Ty The Ty can be decomposed into the following structure

Tl = 2 22: (Z NYMs(il,G‘L)d)(l, ...,i — 1|i1,UL)> <Z NYMS(UR) ¢(Z, ey U — 1|0‘R)>

i=i1+1 \ oL oR

2 & , o :
= Z ZZ{NYMS(ZMUL) NYMs(O'R)}gﬁ(l,...,Z—1|11,O'L)¢(’L,...,TL—1|0'R)
Sl.n—1 i=i1+1 01, OR
2 < . o :
= 51 . Z ZZNYMs(’Ll,O'L,O'R) ¢(1,...,Z—1|’L1,0'L) ¢(z,...,n—1|03), (323)

i=i1+1 o OR

of which we have used eq. (3.2) in the first equality, while The second equality is maintained due to
the relation (3.21).
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Expanding 7> Since eq. (3.16) contains the effective currents both in YM and YMS, T5 can be
expanded as follows

Ty— i: lZNYMS(il,aL)qS(L...,i—1|i1,aL)] lZ(NYM(aR)-le,i_l)ng(i,...,n—laR)]

s _
L..on 11‘*1’2—&-1 or on

Z SN [Wuisin, o) (Nymi(@R) < biio1) 6(1, i = 1]i1,00)0(, oon — Lon)|

= 7,2+1 O] OR

Z ZZ{NYMS i1,00,0R) ¢(1,....i — 1]i1,01) ¢(i,...,n — 1|oR)|.

T i=ix+1 0L OR

,,nl

(3.24)

where eq. (3.2) and eq. (A.3) have been used above. The second equality in (3.24) is due to the relation
(3.22).

Expanding 75 When {i;,o.} € Perm(i,...,n — 1) and 6z € Perm(1, ...,i — 1) (which implies that
the particles “I,...,4 — 1”7 are gluons), eq. (3.16) can be decomposed further

Tg = #i [Z (NYM(O'R) . Qki)n_l)(ﬁ(l,...,i -1 |0‘R ] [ZNYMS Zl,GL)¢( ,n— 1|21,6L)]

oL

ZZZ{NYMS i1,0L) (Nym(OR) - kin-1) ¢(1,....i — 1|og) ¢(i, . n—1|21,UL)]

L=l i=1 oL OR
= T30 — T, (3.25)
where
Tsa = ZZZ[NYMS (i1,00,0R) ¢(1,....i = 1loR) ¢(i; ..., n — 1|2170L)} (3.26)
Loom— li 1 oL oRr
Ty, = ZZZ 1 ks { Nyms(9r) - Nym(or,)) Nyws(in,0r,)

11crL OR
% S(1,eyi —1|oR) 6(i,. n—1|217aL)] (3.27)

The Th, is expressed by the (n — 1)-point Nywms(i1,0). The expression of Ty is similar to YM case
(see [12, 22]). It can be simplified further by the off-shell graph-based BCJ relation [35], i.e

Ty ZZZZ[ Nywms(or) - Nym(or,)) NYMS(Zlyo'Lg)}(b(ly wi—1|og)

Lo Zl] 1 0 OR

x [qﬁ(z‘,...,j—1\i1,aL1)¢(j,..,n—1|aL2) ~ ((i1,01,) <—>aL2)}
2 oLr, - . )
= ﬁZ[(JYM(l,...,if 1) - Jyaa(iyoonr j — 1)) Jyaas(Gy oo — 1)
S |

— (Jyna(1y ey = 1) - Tyt Gy oo = 1)) Tymas (i, oy — 1)}, (3.28)

which will cancel with 7. The summation over eq. (3.23), (3.24) and (3.26) are exactly equal to
eq. (3.2).
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4 The off-shell Expansion of double-trace BG currents

In this section, we will study the off-shell expansion of double-trace YMS BG currents with unifying
relations. We will show the specific expression of the expansion in a double-trace case.

5 The expansion of BG currents in the YMS theory

Instead of expanding the multi-trace YMS currents directly, we will show the expansion of these
currents through unifying relations in this section.

In this section, we will study the off-shell expansion of arbitrary trace YMS BG currents, and
show the explicit structure of the expansion.

5.1 Unifying relations for YMS effective currents

Here we will obtain multi-trace YMS effective currents from the single-trace ones (3.2) through the
unifying relations. Furthermore, we will also demonstrate how to obtain the graphic rules of multi-trace
YMS currents from the single-trace graphic rules.

5.1.1 Double trace

Here we will prove that a double-trace current described by graphic rules can be obtained if a dif-
ferential operator T[a] acts on the single-trace effective current J(1,...,n — 1; G), where aq, ...., @y, is
the second trace generated by T[a]. If the double trace current is denoted by J(1le; G), we have the
relation

Jyus(le; G\ @) = Tla] Jyus(1:6) = Y [Tle] Nyus(1,67)] ¢(1,..,n —1[1,67),  (5.1)

oF

where eq. (3.2) has been used. Note that the G \ @ means the gluons at a turned into a scalar trace.
To show this, we need to consider two parts: the coefficient C* and the permutation set . We
will prove this by induction on the number of particles in the second trace.

Two-point differential operator 7[a1,as] Let’s first consider the two-point differential operator
Tla] with @ = {1, as}, acting on the effective current (3.2)

Tloa, as] Jyms(1,...,n —1) = Z [Tlea, o] Nyms(1,67)] o(1,...,n —1|1,67), (5.2)

oF

The differential operator 7T [aq,as] is equivalent to removing the term €,, - €,, in each numerator
Nyms(1,67). The numerator Nyys(1,07) of a given graph F will be nonzero when acted by T a1, as]
only if F contains one of the three subgraphs Fig. 2 (al) (a2) and (a3) (without loss of generality, here
the reference order is chosen as a; < az). The a; and «y are internal gluons of a chain in graph (al),
(a2), while in (a3), ay is an internal node adjacent to the starting point as of a chain. The graphs
Fig. 2 (al), (a2) and (a3) will be changed into (b1) (b2) and (b3) through 7oy, as]. The FLYFLP in
(al) becomes (—2kq, )*(2kq,)? in (bl), corresponding to (az,b2) = (a1, az) in Fig. 1 (b4). Similarly,
Fig. 2 (b2) and (b3) correspond to (ag,bs) = (ag, 1) of Fig. 1 (b4) and (ag,b2) = (a1, az) in Fig. 1
(b3), respectively, implying that {a1, as} play as an scalar trace. In addition, the chains or subgraphs
of a given F attached to Fig. 2 (al), (a2) and (a3) are independent of the transformation T [ay, as],
for which the numerators and permutations relating to these chains will not change.
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Q1 9 Qs a1 Q9
(al) (a2) (a3)
—0--——- - — - -o—— — - -.
a1 (9 Qg 1 (9
(bl) (b2) (b3)

Figure 2. The numerators N(1,67) including the sub-graphs (al), (a2) and (a3) will be non-vanishing
through differential operator 7 [a1, a2]. Both a1 and as are internal nodes in graphs (al) and (a2), while in
(a3), a1 and v refer to the internal and starting node of a chain. The graphs (al), (a2) and (a3) will become
(b1), (b2) and (b3) through T{a1, az].

Finally, the term [7[a1, az] Nyms(1,67)] in eq. (5.2) will be a numerator of a graph with scalar
trace 1 and @ = {a1, az} only if F contains any subgraphs Fig. 2 (al), (a2) and (a3). The summation
over all graphs F in eq. (5.2) is equivalent to that over graphs with scalar trace 1 and a = {1, as},
which is exactly equal to the graphic expression of Jyys(1la; G\ a).

Arbitrary-point differential operator 7[a] We first assume that for any || < m, the double
trace effective current can be obtained by acting the differential operator 7[a] on the single-trace

effective current J(1,...,n — 1). Now Let’s consider the operator 7[a] when |a| = m, with a@ =
{a1, ooy m—1, @ }. According to the definition, the operator can be expressed by

Tla] = Tl T, 1.0ma1 = Tam—1,0man 1], (5.3)
where o' = a\ {an} and Ta,, 1 ama1 = (Oka,  can, = Oka e )s Tle] is cyclically invariant. Based

on the assumption, the double trace effective current Jyms (1le/; G\ @') with trace 1 and &’ can be
obtained by acting the differential operator 7[a’] on the single-trace effective current Jyys(1,...,n—1).
Here we only need to prove that the double trace effective current Jyys(1le; G\ @) is equivalent to
Ton—1.m1 J(1]a/; G\ @), where

Jyms(lle’;G\ @) = > Nyms(1,07) ¢(1,...,n — 1]1,07). (5.4)

Note that when Nyms(1,07) is acted by Ta,. 1.am.a.s it Will be nonzero only if the graph F
contains these subgraphs shown in Fig. 3 (al)-(a5). The trace @’ is in the internal positions in Fig. 3
(al)-(a3), while starting positions in Fig. 3(a4)-(ab). The particle ., is adjacent to o’ of the same
chain in (al), (a2) and (a4), while in (a3) and (a5), a chain containing ., are attached to the trace
o' at ¢y € {aq, um—1}. Particularly, ¢ is adjacent to a,,. The five subgraphs (al)-(a5) will turn to
Fig. 3 (b1)-(b5) under 74, ,.a.a:- The graphs (b1)-(b5) are discussed as follows:

e Fig. 3 (al) becomes (b1) through 7, _, a,,.a,- The arrows in (b1) stands for the tenor —(2k% ) (2k}).
The ay in (al) and (bl) can only take o; and a;,,—1 due to the expression of 7o, ;.o .01
When (ag,b2) = (a1,;), where i = 2,...,m — 1, the trace a’ is given by {a1,{ag,...,;_1} W
{1,y m_1}T, a;} accompanied with a factor (—1)™~¢~! thus the permutations of graph
(b1) has the form

(—1)(—1)m_i_1{am,a1, {ag, ...,(Jéi_l} (W] {Oé,H_l, ceny am_l}T, Oéi}. (55)
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Figure 3. The numerators N(1,67) including the sub-graphs (al), (a2) and (a3) will be non-vanishing
through differential operator Ta,, ;,am,a;- The three graphs will become (b1), (b2) and (b3). The same thing
happens for the starting trace case ((a4),(ab) to (b4), (b5)).

The first “ —” sign above comes from the operator Eam717a1,L7a1. When (az,b2) = (m—1,a;),
wherei = 1,2,...,m—2, the trace &' is shown as {1, {a1, @2, ..., a1 J{iy1, ooy 2} 7, i}
accompanied with a factor (—1)™~%~! and the permutation of graph (b2) takes the expression

(—1)m7i{05m, O —1, {041, a2, ..., Ozi_l} LLI {ai—i-h ey O(m_g}T, O(z'}. (56)

The sum of above two equations is equal to (—1)™ " { v, {a1, ooy @1 F {11, oy @1} i }s
which is exactly the graphic expression of scalar trace a, with a,, and «; as leftmost and
rightmost endpoints (comparing with graphic rules in Section 2.3).

Fig. 3 (a2) becomes (b2) through 7a,, , a,,,a,- The arrows in (b2) refers to the tenor —(2k%,)(2k5, ).
The by in (a2) and (b2) can only take oy and a,;—1. When (ag,b2) = (i, 1), where i =
2,...,m — 1, the permutations of graph (b1) has the form

(71)(71)2’72{0%7 {Ozi+1, ey Olm_l} L1 {0427 ceny Ozi_l}T, aq, Olm}, (57)
and if (az,b2) = (@, m—1), where i = 1,2,....m — 2, the permutations of graph (bl) can be
(—1)i_1{ai7 {Oéi+1, ey Oém,Q} LLI {al, ey Oéifl}T, Qpp—1, am}. (58)

the sum of above two equations is equal to (—1)* = {au, {@it1, oy Om_1} W {ar, .o, 1}, m }s
which is the scalar trace a (of Step-2 of graphic rules in Section 2.3), with «; and «, as leftmost
and rightmost endpoints.

Fig. 3 (a3) becomes (b3) through 7s,, _, a,..a,- The arrows in (b3) refers to the tenor —(2k%,)(2ky, ),
and the ¢y of this graph can be a7 and ap,—1. If (a2,b2) = (o, ;) with ¢ < j, the trace o/
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corresponds to the permutation
(=)™ oy, {evig 1, ooy a1t W {ogq1, e Qpet, 0 i1}, a;}. (5.9)
Correspondingly, all possible permutations of graph (b3) for ¢; = «; are denoted by
() (=)= i, ey a1} W41, ey Q1 G W {a, ey i1 33 ) (5.10)
If ¢ = a1, the permutation would be
(—1)”7"*]'*1{0[1-, {aig1, i} W{aj, oo @met, a1, G W {ag, ...,ai,l}}T,aj}. (5.11)
The difference of above two equations is equal to
(=1)Fm=iti o, Loy, ..., a1 {1, ey Qa1 0,y a1, {02, ai 1}, aj;}, (5.12)

which correspond to the trace a with o; and o as two endpoints. The calculation above is also
valid when i > j.

e Fig. 3 (ad) becomes (b4) through 7T, ,.a,..0,- The arrows of graph (b4) represents the vector
—2k% . The permutations of graph (b4) is same to that of (b1), and it correspond to the trace
a with o, and a fixed by as both endpoints.

e Fig. 3 (ab) becomes (b5) through 75, a,,,a,- The arrows of graph (b5) means a vector —2k%, .
The permutations of graph (b5) are same to that of (b3), and they correspond to the trace a
with as and a fixed by as both endpoints®.

The five cases above include all possible permutations of the trace a when it is both in internal
and external positions. Besides, the remaining sub-structures of a given graph connected to a will
not change. It shows that the a double-trace effective current jYMs(1|a; G\ @) can be obtained from
single-trace ones Jywmg(1,...,n — 1) through the operation 7a].

5.1.2 Multi-trace

Since we have proved that the off-shell double trace graphic rules can be derived from single-trace
version by operator 7 [a]. This will be naturally extended to m-trace YMS graphic rules by using a
number of operator T[Ps]-- - T[P,,], where P;NP; = () for any i,j € {2,--- ,m}. The corresponding
current J(1[2]...|m; G) is called m-trace effective current in YMS,

Jyms(1[2]..m; G) = Y " T[Pa] -+ T[Pm](Nyms(1,67))é(1, ...,n — 1[1,67). (5.13)
]_‘

5.2 Unifying relations for off-shell terms

Now let us turn to the off-shell terms of the YMS currents. The YMS currents with an off-shell scalar
leg can be written as follows
Jyms = Jyms + L (5.14)

4Here (b4), (b5) only corresponds to the case the ., not be the fixed point of the starting trace a. If we want a, to
be the fixed point, we should change to another reference order so that a,, can connect to b2 itself and we will obtain
the graph that a,, is the fixed point. In this reference order (a4), (a5) will not appear and we will not obtain (b4), (b5).
In other words, the arbitrariness of the fixed point of the starting trace in the new graph is ensured by the arbitrariness
of the reference order of the old graph.
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where Jywumg is the BG current, jYMS can be given by the graphic rules as before and actually has the
same form as the corresponding YMS amplitudes, L is the total off-shell terms and will vanish after
taking the on-shell limit. Let k£ be the number of on-shell scalars and m be the number of scalar traces
in the multi-trace current. For the single-trace current, we assume that the scalar set is {1,2,--+ ,r,n}
where n is the off-shell scalar without loss of generality. Then we have the following equation where
the extra minus signs come from the analysis of the BG currents from the perturbiner method [28, 34]:

JYMS( T‘2| |IIl G) n+k: mz fol:Zd)BS(]-,"' , I — 1‘170}_) +Lm—trace
’ (5.15)
and
T[PQ]T[Pm]JYMs(L , T G) ( )k = m+1JYMs( . ,T‘2||1’1’17G) (516)

Applying the relation we proved for the expansion coefficient and the single-trace off-shell terms (3.3),
we have the following relation:

Liptrace = (=1)" "7 [Py] - TP, Lynis = Z (=) Iyms(1]2] - - |m; G) (5.17)
{a;,b;}{1,....n—1}

where G is the division of gluons G, and can be defined by

é = {S]/_,al—l’ K(al,bl)v Sl/n-i-l,ag—l’ K(a2,bz)7 sy K(af,bz)’ Slln-',-l,n—l}' (5'18)

In the above expression, 7, _; denotes a set G N S1q,—1. The Jyms(1[2]- - |m; C) refers to the
BG current in multi-trace YMS when {a;, a;41, ..., b;} is considered as a single external line with the
polarization vector K4, 5,). For example, if G = {2,4,5}, then S’ = {2} and {a1,01} = {4,5}. Such
expression of the off-shell terms can be obtained from the single-trace expression (3.3) directly. Note
that the differential operators we considered will not affect the on-shell limit, which means that taking
the on-shell limit before or after acting the differential operators on them will both lead to a zero
result for off-shell terms.

The eq. (5.18) comes from the following statement: if we act an operator 7[P] on the single-trace
off-shell term Lyys, then P must be i) a subset of the legs replaced by an arbitrary Ky in (3.3) or
ii) has no intersection with any legs in any Kyy. The former case i) will change Ky to Kywms:

Kous(1,2,m—1) = ———k{, _, Z Jyms(1, o) - Jyms(i 41, ...,m — 1), (5.19)

S$12..n—1

Note that here the YMS subcurrents can have both a scalar off-shell leg and a gluon off-shell leg and
can also be multi-trace currents®. Here we have used the fact that the effective current jy MS can
be obtained by acting differential operators on Jy m, which will be demonstrated in the next section.
The latter case ii) is just the unifying relation that changes the gluon legs to the scalar legs in the
same trace. Other cases will not contribute through the following argument. Assuming that the first
element of P = {P;} that intersects with a certain Kywms is P, then from cyclic invariant of the
operator T [P], we can always write T [P] as follows:

T[P] = T[Pl’ U 71:)l—1] X 861’1[617[71 (520)

5Although we do not consider the YMS currents with an off-shell gluon leg in this paper, the decomposition of
the currents (currents as a sum of off-shell terms and effective terms which have the same expansion formalism as the
amplitudes) and the unifying relations still hold in this case.
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However, as P is the first element of P intersect with that Kvywmg, there will not exist any ep, - €p,_,.
Therefore this case will not contribute. Roughly speaking, for a given YMS current, every gluon
internal line will correspond to some off-shell terms by replacing the subcurrent connecting it with
corresponding Kvys.

6 Further study: from YM to single-trace YMS

The unifying relation also connects the YM theory and the YMS theory, and the relation is also valid
off-shell. However, unlike the YMS case, we find that we cannot emergent the whole YMS graphic
rules from the YM graphic rules using differential operators. Nevertheless, we still figure out some
useful relations by choosing some special reference orders in the YM graphic rules. In this section, we
will show how to relate the off-shell terms between the YM currents and the single-trace YMS currents
and give a typical example.

6.1 From YM expansion to single-trace YMS expansion: special reference orders

Even though we have not figured out how to emergent the whole single-trace YMS graphic rules
from the YM graphic rules, we can choose some special reference orders when we draw graphs so
that one can obtain the single-trace YMS expansion coefficients from the YM expansion coefficients
using differential operators just for this special reference order. Without loss of generality, we will
demonstrate how to obtain the single-trace YMS expansion for a scalar trace {1,2,3,...,s}. Firstly,
the reference order should be chosen specially so that the first and the last element of reference order
is 1 and s respectively. Then consider the case the s = 2, the root of the YM graphs can only be
{1,2} and will give the correct contribution after acting 7[12]. Then we use the method in section 5,
consider

T, ya,B,8] =TI, .oy, 8] (Okaes — Okies), (6.1)

we can prove our statement by induction. Therefore, the single-trace YMS expansion coefficients from
the graphic rules for a scalar trace {1,2,3,...,s} can be obtained by acting T[1,2,3, ..., s] on the YM
expansion coefficients from the graphic rules.

Note that this proof is only valid for the reference order R = {1, ..., s} and the particle order in
... is not important. If s is not the last element of the reference order, this proof is not valid. As the
expansion coefficients do not depend on the reference order, we exactly obtain the YMS expansion
coefficients from the YM ones using differential operators. However, how to emergent the whole graphic
rules from the differential operators is still unknown.

6.2 From YM off-shell terms to single-trace YMS off-shell terms
Recall that the K%, and L%, are given in Appendix A:
n—2
1 = N F
Kog(1,2,m=1) = ——— k{0 Y Jym(l, i) - Jym(i+ 1, — 1), (6.2)
$12.n—-1 7’ =
L4\ (1,2,..,n—1)

= Z (_1)I+1J\‘;M(Sl7a1—17K(a1,b1)aSb1+17a2—17K(a2,b2)a---aK(aI,bI)v‘S’b1+17n—1)(6-3)
{ai,b;}C{1,....n—1}

Note that only the Ly terms will contribute to the off-shell terms of the single-trace YMS currents
through unifying relation (2.18).
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The argument for the off-shell terms in this case is similar to before. However, this time we
include the off-shell leg n in the operator 7 [P;] which means that Py will never be in a certain Kyy.
Assuming that the first element of P = {P;} that intersects with a certain Ky is P, then

T[Pl] X TPl—lpln = (akl—lfl - aknﬁz) (64)

will annihilate the YM off-shell terms as we explained before. It also comes from the fact that BG
currents do not include the off-shell momentum k,, explicitly. Hence only the case that P; does not
intersect with any legs in any Ky contributes to the single-trace YMS off-shell terms. We then have
the following equation:

LYMs(L...,n— 1)

= Z (=) Jyms (S1a1-1s Kar 1) Sort1saa—15 K(an ba)s s Kar,br)s Sor4+1,n(6.5)

{aibiyc{l,...,n—1}
no scalar between a; and b;

which reproduces the result in section 3.

6.3 Example: two/three-point BG currents

In this subsection, we will demonstrate two typical examples to verify our results about the decompo-
sition of the YMS currents.

6.3.1 Two-point BG current in YMS
The YM BG current Jyy(12) can be rewritten as the sum of J9,,(12) and K%,,(12), with
Slgj{o{M(].2) = [61 (FQ — €9 - le)]p, SlZKQM(:lZ) = (61 . 62) ka’ (66)

The effective current J9,,(12) will become Jyms(1,24) = (€2 - k1)p(12]12) under the operator 71]23],
while K%,,(12) turns to be 0. In the derivation, we have used the on-shell condition €; - k; = kZ = 0
(i=1,2).

6.3.2 Three-point BG current in YMS

As a typical example of our statement, consider the following process

Jyn(123) - es " Fnis (16,20, 3) 23 Jyaas (1s]26, 34), (6.7)

For the expansion coefficients from YM to single-trace YMS theory, see appendix ?7?. We will demon-
strate that the off-shell terms of the above double-trace current can be obtained from the YM ones.
For the 3-pt YM currents J9,,(123), the off-shell terms (A.4) and (A.5) are

1 r. .
K@M(l, 2, 3) = E JYM(L 2) -€3+ €1 - JYM(Q, 3) kll),?) (6.8)
LPYM(L 2, 3) = J\‘;M(KYMuv 2)7 3) + Jp(l, KYM(2> 3))v (6'9)

Then the only term that contributes to the single-trace off-shell terms is
Jon (L Kym(2,3)) (6.10)

since other terms will not give a €; - ¢4 after contracting with e4. Then the single-trace off-shell terms
should be

1 €9 - €
(2 €3) [ka - (2k1 + kog)] = ———>

T14]Jym(1, K(2,3)) - €4 = —
5235123 523

(6.11)
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which is exactly the correct answer from direct calculations. The double-trace off-shell term should be

. 1
~TR8)(- 22 = — (6.12)
S23 S23
A direct calculation shows that
ki (ks —k 4k - k 1
8123JYM5(1|2,3) =1-2 ! ( 3 2) = — ! 3 + Slﬁ — LYMS = — (613)
S23 523 523 523

which matches with the results from differential operators.

7 Conclusions

In this paper, we derived the expansion relations for any-trace YMS currents and wrote down the
decomposition of the YMS currents explicitly. We first figured out the expansion relations for the
single-trace current using a method similar to [22]. Then we pointed out how to obtain the multi-trace
graphic rules by acting some differential operators on the single-trace graphic rules for amplitudes.
Such differential operators, known as the unifying relations, are also valid in the off-shell case for the
YM and the YMS theory [34]. A YMS current with an off-shell scalar leg can always be decomposed
into two parts: a part with the same expression as the corresponding amplitudes and a part that
will vanish after taking the on-shell limit which is called “the off-shell terms”. Hence we can use
such differential operators to obtain the expansion relations for multi-trace from the single-trace ones.
Accordingly, we can write down all the off-shell terms in a compact form and find that they come
from gluon propagators. Finally, we connected the YM current expansion and the single-trace YMS
current expansion by choosing some special reference orders and reproduced the expression of the off-
shell terms for the single-trace YM currents. In conclusion, we found that the graphic rules and the
unifying relations allowed us to figure out all terms in the expansion relations explicitly for any-trace
YMS currents and such relations can also be generalized to the YM currents case.
There are still some related problems that deserve further study. We list some of them here:

1. In this work, we only consider the expansion relations for BG currents which have only one off-
shell leg. What about the case that all legs are off-shell? This question is equivalent to finding
out the expansion relation for the Feynman rules.

2. Can we figure out the expansion relations for 1-loop integrands using our method? This question
is equivalent to finding out the possible 1-loop BCJ numerator from an off-shell way. A possible
way to reach this is by finding out the expansion relation for currents with 2 legs off-shell and then
using the sewing procedure [36] to generate a loop. There is also an alternative way to consider
the loop effect [37]. Note that there are also some works about the 1-loop BCJ numerator from
the on-shell methods [38-40].

3. A harder direction is to do the same things on the BG currents for extended gravity [41-43], and
then consider the second question above. This question is more meaningful since we are more
interested in the gravity theory. Note that the unifying relation is only valid for amplitudes
in this case, which means that the method we used in this paper cannot be generalized to the
gravity case.
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A Review on the decomposition of BG current in YM

Here we briefly review on some useful results relating to YM BG current in [22]. The YM BG current
has the form

n—1

1
Jey,n—1) = { STV Fymp (L, ey = 1) Jyat iy oo — 1)

Sl.n-1t 955

+ Y VP Ty (L i = DIy (i s d = Ddyans (G — 1)
1<i<j<n—1

(A1)

where VI"? and V{"*7 are the three-point and four-point vertex in Yang-Mills field. It has shown in
[22] that, the BG current in the Feynman gauge was decomposed as follows

o1y en —1) = J0 (1, on — 1) + K&y (1, cyn — 1) 4+ L5y, (1, .. n — 1). (A.2)

where Jyp(1, ...,n—1) is called the effective current in YM. The K%,,(1,...,n—1) and L5(1,...,n—1)
are related to gauge transformation, which will vanish under the on-shell limit. The effective current
is exactly the BG current in BCJ gauge [19], and it can be expressed by a sum of BS currents

Joy (1, .n —1) = > Ny(e)e,..,n—1[1,0), (A.3)
oEP(2,...,n—1)

in which the coefficients N{,;(1,0) are the off-shell BCJ numerators. Both the permutations o and
N¥{,(1,0) can be characterized by graphic rules in YM. The K¥¢,; and L%, are given by

1 n—2 ~ . ~ .
K\?M(1727,7’l—1) = ﬁklp,n—l E (]Yl\/[(l,...,'t)'J\{'M('L‘i‘l,...,n—1)7 (A4)
e i=1

Loy (1,2, n — 1)

= Z (_1)I+1J$M(Sl7a1717K(ahbl)’Sb1+17a2*17K(a2,b2)a"')K(al,bl)aSbI+1’n71)(7A.5)
{ai,bi}c{l ..... nfl}

where Si 4,1 denotes the sequence 1,2,...,a; — 1, while K4, 3,) refers to Kym(a;,a; +1...,b;). The
Joi(St,a1-1, K(ay by)s - K(ag,br)» Sor41,n—1) represents the BG current when {a;,ait1,...,b;} (i =
1,...,I) is considered as a single external line with the polarization vector Ké‘ b) = Ky (ai, ..., bi)

s,

and momentum kfl‘ b The currents Jyy in Lyy will vanish under on-shell limit, i.e.

kl,n—l . JYM(]-a @ — 1, kal,blabl +1, ey @2 — 1, kag,b2a . ka;,b”b[ + ]., ey — 1) = 0, (AG)
€n * JYM(I, vyar — 1 kal,b17b1 +1,..,a0 — 1, kaz,bgy ey kath,bI +1,...,n— 1) =0, (A?)

which leads to the vanishing of K¢,,(1,2,...,n — 1) and L(1,2,...,n — 1).
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The graphic rules in YM are a little different from that of single-trace YMS. The dashed line of
the scalar trace in step-1 of Section 2.3 is replaced by a chain [61 - Fy - Fj, - en], which is from the
root set R = {1, 71,42, ...,Js}. The ji,...,js are chosen arbitrarily from {2,...,n — 1}. In addition,
the reference order is fixed by the set R = {1,...,n — 1}, and R\R is defined to construct the chain
towards R. The “1” and “n” are fixed as two endpoints of a given graph, and by letting “n” off-shell,
the graphic rules can be naturally generalized into off-shell.

Three types of off-shell numerators, including type-A/B/C numerators, have been introduced.
The type-A/B numerators correspond directly to Ny (1,0) in the effective current. Each N is a
tensor that keeps two endpoints off-shell, while the branches attached satisfy the graphic rules. If
o € Perm(2,...,i — 1) and or € Perm(i,...,n — 1), these numerators are connected through the
relation

Nf‘(l,aL,oR) = [NA<1,0'L)N0(0'R) — NZ(LO'L)(NB(O'R) . kl’ifl)]p, (AS)

which has been proved in [22]. The relation above can be extended to the YMS case, i.e. i) the relation
(3.21) is similar to [N{(1,0,)NA(1,01)]” when the last scalar “i>” in Section 3 is included in o,
and ii) the relation (3.22) is similar to [N%(1,0.)(Np(or) - kl,i_l)]p if “i3” is in o7 (in which op
refer to pure gluons). Egs. (3.21-3.22) can be proved in the same way as eq. (A.8), which will not be
illustrated in the present work.
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