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1 Introduction

The existence of an infinite hierarchy of conservation laws associated to every complexified self-

dual Einstein manifold with zero cosmological constant can be traced back to the work of Pleban-

ski and Boyer [1,2]. These conservation laws are related to the action of singular diffeomorphisms

in twistor space, which act as symmetries and whose infinitesimal action is the Lw1+∞ algebra.

The singular nature of these diffeomorphisms means that they can change the complex struc-

ture which, by Penrose’s nonlinear graviton construction [3,4], amounts to deforming a self-dual

spacetime into another. In this sense the Lw1+∞ algebra acts as symmetry on the space of

self-dual Einstein spacetimes. In fact, several constructions in twistor theory have been making

use of singular transformations as methods for generating new solutions [5–13].

The Lw1+∞ algebra has recently made a dramatic comeback in the context of the celestial

holography program, whose goal is to encode quantum gravity in asymptotically flat spacetimes

in terms of a theory living on the celestial sphere. Celestial amplitudes, namely scattering

amplitudes recast in a conformal primary basis on the celestial sphere (see [14–17] for reviews),

exhibit an infinite tower of ‘conformally soft’ graviton theorems, which appear when the conformal

dimension of the external graviton takes certain integer values [18–21]. It was shown that, in

the positive helicity sector, the infinite collection of soft graviton currents can be organized into
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the loop algebra of the wedge algebra of w1+∞ [22] (see also [23–38] for related works). In other

words, Lw1+∞ provides a symmetry organizing principle for the soft sector of celestial CFTs.

The explicit relation between soft theorems and the Lw1+∞ symmetries of twistor space was

realized by T. Adamo, L. Mason and A. Sharma in [27]. The main new ingredient was the use

of a new twistor sigma model developed in the last years [39–42]. This new model is based

on the theory of asymptotic twistor spaces [43, 44], which are closely related to Newman’s H-

spaces [45, 46]: These are particular realisations of the nonlinear gravitation construction where

the deformation of twistor space is parameterized by the gravitational data (i.e. the shear)

at null infinity. This point of view, together with their sigma model which permits to probe

gravitational amplitudes beyond the self-dual sector, allowed these authors to establish a close

connection between scattering amplitudes and the action of the Lw1+∞ algebra. In particular,

their work made it very clear that in principle the algebra acts on gravitational data. However,

as often in twistor theory, the construction is somewhat implicit and the exact realisation of this

action was left aside. The main result of our article is that, in this particular instance, one can

be particularly explicit about the action of the symmetry and find a closed expression for the

action suggested by the work [27]. The second result is that the action can be extended to act

on the asymptotic data of any spin.

On another front, while the w1+∞ structure was explicitly related to the celestial operator

product expansions of soft gravitons, it was not clear how it could be seen to emerge from a

gravitational phase space point of view. To remedy this situation, the works [47, 48] proposed

a construction of charges associated with a higher-spin tower of symmetries. One of the key

properties of these higher-spin charges is that they satisfy a set of recursion relations which, once

truncated to quadratic order in the fields, is equivalent to the tower of conformally soft symme-

tries. This allowed the authors of [48] to provide a canonical realization of the Lw1+∞ algebra

on the gravitational phase space from the bracket of (a renormalized version of) these higher-spin

charges. In [33, 49] it was further shown that these canonical charges form a representation of

a shifted Schouten-Nijenhuis algebra, which reduces to Lw1+∞ under certain holomorphicity

conditions of the transformation parameters. We will in fact be able to show that this canonical

realization precisely coincides with the twistor action.

The goal of this work is therefore to provide a direct derivation of the representation4 of Lw1+∞

symmetries on fields living at null infinity (I ) from its twistor action. We will refer to objects

intrinsically living at I as ‘Carrollian fields’, following a recent nomenclature (see [50–52] and

references therein for a Carrollian perspective and see [38, 40] for recent works connecting the

Carrollian and twistor perspective). Our derivation will consist of a direct computation where

we ‘bring down to I ’ the action of Lw1+∞ symmetries in twistor space. More precisely, we will

4In other terms, the linear action of Lw1+∞ on linearized fields at I .
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follow the sequence of steps which are outlined in Fig. 1. This intricate journey will eventually

Figure 1: Schematic view of the different steps. One starts at the upper left corner with the

shear σ̄ at I (of coordinates u, λ) and constructs its uplift in twistor space, h ∈ PT. The

action of the loop algebra Lw1+∞ of generators g is linear on twistor space and renders δh.

A Penrose transform allows to obtain the transformed bulk field δΦ, from where a stationary

phase space approximation leads to the explicit action of w1+∞ symmetries on the asymptotic

shear, δσ̄.

render a remarkably simple expression for the action of Lw1+∞ on the shear which the reader

can find in Proposition 1. What is more, it will automatically ensure that the action forms a

representation of the algebra, see Proposition 2. We will also show that our result matches with

the canonical action of higher-spin charges found in [48], thereby unifying the aforementioned

results on the appearance of w1+∞ symmetries from twistor space, celestial CFT, Carrollian and

gravitational phase space points of view.

This paper is organized as follows. We start in section 2 with a presentation of conventions

and the key relationships that allow us to go from twistor representatives to Carrollian fields at

null infinity and back. In section 3, we present our main results, namely the explicit realization

of the action of Lw1+∞ symmetries on the gravitational shear, and that the latter forms a

representation of the algebra. We then show in section 4 that our expressions derived from twistor

space coincide with the canonical action that was previously obtained from a gravitational phase

space perspective. Section 5 contains the detailed steps of the proof of Proposition 1.
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2 From null infinity to twistor space and back

In this section, we set up our notations and detail the journey of a Carrollian field of helicity

±2 at I to its uplift to twistor space, and back; see Fig. 2. The first step consists in mapping

the shears σ̄ (resp. σ) to their twistor representatives h (resp. h̃). Applying the corresponding

Penrose transform renders a field in the bulk Φ(x), from which one can recover the initial field

at I from an asymptotic (large r) expansion. The consistency of this trivial journey will ensure

that our conventions are consistent and prepare the ground for the action of the Lw1+∞ algebra.

Figure 2: Schematic representation of the circular journey (here depicted for the case of

positive helicity) with the identification of σ̄, h and Φ and their relationships.

2.1 Bondi coordinates and spinors

Our conventions for the contractions of spinors with the Levi-Civita symbol ϵαβ, with ϵ01 = 1,

are ⟨ab⟩ = ϵαβaβbα = aαbα, [ãb̃] = ϵα̇β̇ãβ̇ b̃α̇ = ãα̇b̃α̇ and, in particular, we will make important use

of the following

λα :=

(
z

−1

)
nα :=

(
1

0

)
⟨nλ⟩ = 1 dλα = dz nα Dλ := ⟨λdλ⟩ = −dz.

Bondi coordinates are chosen as (u, r, λα, λ̄α̇) together with a null vector nαα̇ = nαn̄α̇

λα = (1, z), nαα̇ =

(
1 0

0 0

)
, (2.1)

such that Minkowski space M is parametrized by

xαα̇ = unαα̇ + r λα λ̄α̇ ∈ M (2.2)
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with flat metric

dxαα̇dxαα̇ = 2dudr − 2r2dzdz̄ . (2.3)

We note C∞
k,k̄

(I ) the space of Carrollian fields at I of weight (k, k̄). They are represented

interchangeably : (i) either by functions ϕ(u, z, z̄) on R× S2 with the prescribed transformation

law (see e.g. [51,52])

δξϕ(u, z, z̄) =

(
T +

u

2

(
∂Y + ∂̄Ȳ

))
∂uϕ(u, z, z̄) +

(
Y∂ + Ȳ ∂̄ + k∂Y + k̄∂̄Ȳ

)
ϕ(u, z, z̄) (2.4)

under an element5 ξ =
(
T + u

2

(
∂Y + ∂̄Ȳ

))
∂u + Y∂ + Ȳ ∂̄ of the (extended) BMS algebra [53],

or by (ii) functions ϕ(u, λα, λ̄α̇) on
6 R× C2 with the following homogeneity [44]

ϕ
(
|b|2u, bλα, b̄λ̄α̇

)
= b−2kb̄−2k̄ϕ

(
u, λα, λ̄α̇

)
(2.5)

under multiplication by a non zero complex number b ∈ C. These are two different realisations

of the same Carrollian field. The identification is explicitly given by the fact that they define the

same tensorial field Φ ∈ (Ω(1,0))k ⊗ (Ω(0,1))k̄ on I ,

Φ = ϕ(u, z, z̄)(−dz)k(−dz̄)k̄ = ϕ(u, λα, λ̄α̇)(Dλ)k(D̄λ̄)k̄. (2.6)

The null momenta pαα̇ for a particle heading towards the point ζα = (1, ζ), ζ̄α̇ = (1, ζ̄) on the

celestial sphere will be written as

pαα̇ = ωqαα̇(ζ, ζ̄) = ωζαζ̄ α̇ , (2.7)

and we define the polarization tensor as

ϵ
(+)
αα̇ =

ιαζ̄α̇
⟨ιζ⟩

, ϵ
(−)
αα̇ =

ζαῑα̇
[ζ̄ ῑ]

, (2.8)

where ια is an unspecified reference spinor corresponding to residual gauge freedom. From (2.2)

we also deduce that

∂̄ = rλαn̄α̇ ∂

∂xαα̇
(2.9)

and that the contraction with the polarization tensor is

∂̄⌟ϵ(+) = ∂̄αα̇ϵ
(+)
αα̇ = r

⟨λι⟩
⟨ιζ⟩

, ∂̄⌟ϵ(−) = ∂̄αα̇ϵ
(−)
αα̇ = r

⟨λζ⟩[n̄ ῑ]

[ζ̄ ῑ]
. (2.10)

In the same vein, we note that

xαα̇qαα̇ = u+ r⟨λζ⟩[λ̄ζ̄] = u+ r|z − ζ|2. (2.11)

5Here and everywhere in this article ∂ stands for the partial derivative ∂
∂z while ∂̄ stands for ∂

∂z̄ . To avoid

potential confusion, the Dolbeault operator on twistor space will be denoted d̄.
6(u, λ, λ̄) ∼ (|b|2u, bλ, b̄λ) then stand for homogeneous coordinates on I .
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2.2 A trivial journey

We now detail the round trip from I to twistor space and back as depicted in Fig. 2, namely

we check that one can recover the asymptotic shear from its uplift to twistor space by applying a

Penrose transform, followed by a stationary phase space approximation. These are coordinate in-

variant operations and we will work with the coordinate system (2.3) for concreteness. Following

the notations and conventions of [51], we start with the Carrollian representative (shear)7

σ̄(u, λ, λ̄) = − iκ

8π2

∫ ∞

0

dω
(
a−(ω, λ, λ̄)e

−iωu − a†+(ω, λ, λ̄)e
iωu
)
, (2.12)

which encodes the self-dual radiative degrees of freedom [54–57], together with its opposite

helicity counterpart,

σ(u, λ, λ̄) = − iκ

8π2

∫ ∞

0

dω
(
a+(ω, λ, λ̄)e

−iωu − a†−(ω, λ, λ̄)e
iωu
)
, (2.13)

which encodes the anti-self-dual radiative degrees of freedom. Here, κ =
√
32πG and a, a† are

annihilation and creation operators in momentum basis. The fields’ commutation relations are

given by

[aα(ω, λ, λ̄), a
†
α′(ω

′, λ′, λ̄′)] = 16π3δα,α′ω−1δ(ω − ω′)δ(z − z′),

[σ(u, z, z̄), σ̄(u′, z′, z̄′)] = −i
κ2

4
sign(u− u′)δ(z − z′).

(2.14)

i) Lift to twistor space I → PT

Let us start with the positive helicity Carrollian field (2.12). We introduce, following [27,44],

h(u, λ, λ̄) = ∂−1
u σ̄(u, λ, λ̄) =

κ

8π2

∫ ∞

0

dω

ω

(
e−iωu a−(ω, λ, λ̄) + eiωua†+(ω, λ, λ̄)

)
. (2.15)

where ∂−1
u =

∫ u
du acts on plane waves as ∂−1

u eiωu = 1
iω
eiωu.

The uplift to twistor space of the Carrollian representative (2.12) then is

h(ZA, Z̄A) = h
(
µα̇λ̄α̇, λ, λ̄

)
Dλ̄

= − κ

8π2

∫ ∞

0

dω

ω

(
e−iωµα̇λ̄α̇ a−(ω, λ, λ̄) + eiωµ

α̇λ̄α̇a†+(ω, λ, λ̄)
)
dz̄

(2.16)

where Dλ̄ := [λ̄dλ̄] and twistor coordinates are ZA =
(
µα̇, λα

)
∈ C4. The weights of σ̄ ensures

that h is homogeneous of degree (2, 0) in the twistor coordinates
(
ZA, Z̄A

)
. Indeed, σ̄ has

Carrollian weights (k, k̄) = (−1
2
, 3
2
) i.e.

σ̄(|b|2u, bλα, b̄λ̄α̇) = b−2kb̄−2k̄σ̄(u, λα, λ̄α̇) =
b

b̄3
σ̄(u, λα, λ̄α̇) , (2.17)

7The expression below really corresponds to the projection of CAB along the null sphere frame in Bondi

coordinates, which relates to Newman-Penrose’s shear as σ̄NP = 1
2 σ̄

here.
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for any non-vanishing complex number b, and hence

h(bZA, b̄Z̄A) = b2h(ZA, Z̄A) . (2.18)

One can also check that the twistor representative h ∈ Ω0,1(PT,O(2)) is holomorphic in twistor

space, d̄h = 0, where d̄ := dZ̄A ∂
∂Z̄A .

For the negative helicity field (2.13) of Carrollian weights (3
2
,−1

2
), we introduce instead

h̃(u, λ, λ̄) := ∂3
uσ(u, λ, λ̄) =

κ

8π2

∫ ∞

0

dω ω3
(
e−iωu a+(ω, λ, λ̄) + eiωua†−(ω, λ, λ̄)

)
, (2.19)

and the following uplift to twistor space

h̃(ZA, Z̄A) = h̃
(
µα̇λ̄α̇, λ, λ̄

)
Dλ̄

= − κ

8π2

∫ ∞

0

dω ω3
(
e−iωµα̇λ̄α̇ a+(ω, λ, λ̄) + eiωµ

α̇λ̄α̇a†−(ω, λ, λ̄)
)
dz̄ .

(2.20)

The weights of σ imply that the twistor representative h̃ ∈ Ω0,1(PT,O(−6)) is homogeneous of

degree (−6, 0) in the twistor coordinates ZA, Z̄A. It also satisfies d̄h̃ = 0.

To summarize, we have two linear maps (one for each helicity)

T+2

∣∣∣∣∣ C
∞
(− 1

2
, 3
2)
(I ) → Ω0,1(PT,O(2))

σ̄ 7→ h

T−2

∣∣∣∣∣ C
∞
( 3
2
,− 1

2)
(I ) → Ω0,1(PT,O(−6))

σ 7→ h̃

(2.21)

lifting the shear to the corresponding twistor representatives. For a general Carrollian field

ϕ(u, z, z̄) of weight (k, k̄) =
(
1−s
2
, 1+s

2

)
we have a map

Ts

∣∣∣∣∣ C
∞
( 1−s

2
, 1+s

2 )
(I ) → Ω0,1(PT,O(2s− 2))

ϕ 7→ f = fD̄λ
(2.22)

given by f(ZA, Z̄A) :=
(
∂1−s
u ϕ

)
(u = µα̇λ̄α̇, λ, λ̄).

ii) Penrose transform: PT → M

Functions f(ZA, Z̄B) on T which are homogeneous degree k in the holomorphic twistor coordinate

ZA i.e.

f(bZA, b̄Z̄B) = bkf(ZA, Z̄B) (2.23)
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correspond to sections of the holomorphic bundle O(k) → PT. Twistor representatives are

given by d̄ closed (but not exact) (0, 1)-forms f ∈ Ω0,1(PT,O(2s − 2)). The Penrose transform

then identifies the corresponding cohomology class with massless fields of helicity s ∈ Z (see

e.g. [58–63]):{
zero rest mass fields on MC of helicity s

}
≃ H0,1 (PT,O(2s− 2)) . (2.24)

In particular, from our twistor representative h ∈ Ω0,1(PT,O(2)), given by (2.16), one can recover

the corresponding positive helicity 2 fields as8

Φαα̇ββ̇(x) =
1

2πi

∫
CP1

⟨ζdζ⟩ ∧ ιαιβ
⟨ιζ⟩2

∂2h

∂µα̇∂µβ̇
(µα̇ = xαα̇ζα, ζα) (2.25)

=
κi

16π3

∫
CP1

⟨ζdζ⟩ ∧ [ζ̄dζ̄]
ιαιβ ζ̄α̇ζ̄β̇
⟨ιζ⟩2

∫ ∞

0

ωdω
(
e−iωxαα̇ζαζ̄α̇ a−(ω, ζ, ζ̄) + eiωx

αα̇ζαζ̄α̇a†+(ω, ζ, ζ̄)
)

=
iκ

16π3

∫ ∞

0

ωdω

∫
CP1

dζdζ̄ ϵ
(+)

αα̇ββ̇
(ζ, ζ̄)

(
e−iωxαα̇ζαζ̄α̇ a−(ω, ζ, ζ̄) + eiωx

αα̇ζαζ̄α̇a†+(ω, ζ, ζ̄)
)
.

Here, in order not to confuse it with the spacetime coordinate λα = (1, z), the integration vari-

able has been taken to be ζα = (1, ζ).

The negative helicity linearized Weyl tensor is recovered from the twistor representative h̃ ∈
Ω0,1(PT,O(−6)), given by (2.20), as:

Ψαβγδ(x) =
i

2π

∫
CP1

⟨ζdζ⟩ ζαζβζγζδ h̃(µα̇ = xαα̇ζα, ζα) (2.26)

=
iκ

16π3

∫ ∞

0

ω3dω

∫
CP1

dζdζ̄ ζαζβζγζδ

(
e−iωxαα̇ζαζ̄α̇ a+(ω, ζ, ζ̄) + eiωx

αα̇ζαζ̄α̇a†−(ω, ζ, ζ̄)
)
.

iii) Large r limit: M → I

Contracting (2.25) with (∂z̄)
αα̇ and making use of (2.9), we obtain

Φz̄z̄(x) =
r

2πi

∫
CP1

⟨ζdζ⟩ ∧ ⟨ιλ⟩2

⟨ιζ⟩2
nαnβ ∂2h

∂µα̇∂µβ̇
(µα̇ = xαα̇ζα, ζα) (2.27)

=
κr2

8π3

∫ ∞

0

ωdω

∫
CP1

i

2
dζdζ̄

⟨ιλ⟩2

⟨ιζ⟩2
(
e−iωxαα̇ζαζ̄α̇ a−(ω, ζ, ζ̄) + eiωx

αα̇ζαζ̄α̇a†+(ω, ζ, ζ̄)
)
.

8The Weyl tensor would have been obtained as Ψα̇β̇γ̇δ̇(x) = i
2π

∫
CP1⟨ζdζ⟩ ∧ ∂4h

∂µα̇∂µβ̇∂µγ̇∂µδ̇
(µα̇ = xαα̇ζα, ζα).

Note the sign difference which ultimately mirror the fact that Ψ0
4 = −∂2uσ̄.
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Taking the large r limit and making use of the saddle point approximation or the identity

e∓iωxαα̇ζαζ̄α̇ = ∓ πi
ωr
e∓iωuδ(z − ζ) +O(r−2), one recovers9 the asymptotic shear (2.12) from which

we started, namely

σ̄(u, λ, λ̄) = lim
r→∞

r−1Φz̄z̄(x)

= − iκ

8π2

∫ ∞

0

dω
(
e−iωu a−(ω, λ, λ̄)− eiωua†+(ω, λ, λ̄)

)
,

(2.28)

as expected.

Similarly, for the opposite helicity, we contract (2.26) with nα to obtain Ψ4

Ψ4(x) = nαnβnγnδΨαβγδ(x) =
i

2π

∫
CP1

⟨ζdζ⟩ ∧ h̃(µα̇ = xαα̇ζα, ζα)

=
κ

8π3

∫ ∞

0

ω3dω

∫
CP1

i

2
dζdζ̄

(
e−iωxαα̇ζαζ̄α̇ a+(ω, ζ, ζ̄) + eiωx

αα̇ζαζ̄α̇a†−(ω, ζ, ζ̄)
)
,

(2.29)

and recover σ(u, λ, λ̄) as given in (2.13) from [64,65]

∂2
uσ(u, λ, λ̄) = −Ψ

0

4(u, λ, λ̄) = − lim
r→∞

rΨ4(x)

=
iκ

8π2

∫ ∞

0

ω2dω
(
e−iωu a+(ω, ζ, ζ̄)− eiωua†−(ω, ζ, ζ̄)

)
,

(2.30)

as it should.

3 Carrollian representation of the Lw1+∞ algebra

3.1 Representation of the Lw1+∞ algebra

We now turn to the action of Lw1+∞ algebra on Carrollian fields living at I .

The Lw1+∞ algebra

The generators g(ZA, Z̄A) of the Lw1+∞ algebra, as realized in twistor space, are the functions

on T of homogeneity degree 2 (in ZA = (µα̇, λα)) such that

g = g0(z)︸ ︷︷ ︸
n=0

+ gα̇(z)µ
α̇︸ ︷︷ ︸

n=1

+ gα̇(2)(z)µ
α̇(2)︸ ︷︷ ︸

n=2

+ . . .
(3.1)

with

gα̇(n)(z) =
+∞∑

k=−∞

g
(k)
α̇(n)z

k (3.2)

9Note the δ-function normalisation
∫

i
2dζdζ̄ δ(ζ) = 1.
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some holomorphic functions on C∗ = C \ {0}. The generators are decomposed into polynomials

gα̇(n)(z)µ
α̇(n) of degree n ∈ N on the plane of coordinates µα̇ = (µ0̇, µ1̇). Here and everywhere in

this article we make use of the notation (commonly used in the higher-spin literature) α(n) :=

(α1α2 . . . αn) for n symmetrized indices and similarly µα̇(n) = µα̇1 . . . µα̇n .

The Lw1+∞ algebra is explicitly realized through the holomorphic Poisson bracket ϵ =

ϵα̇β̇ ∂
∂µα̇

∂

∂µβ̇
[27]

{g1, g2} := ϵα̇β̇
∂g1
∂µα̇

∂g2

∂µβ̇
. (3.3)

It can be alternatively expressed in terms of the modes

wp
m := (µ0̇)p+m−1(µ1̇)p−m−1 , |m| ≤ p− 1 , (3.4)

with p = n+2
2

as (see e.g. [22] in the celestial literature)

{wp
m, w

q
n} = 2(m(q − 1)− n(p− 1))wp+q−2

m+n . (3.5)

Carrollian fields

A Carrollian field ϕ(u, z, z̄) ∈ C∞
(k,k̄)

(I ) of weight (k, k̄) = (1−s
2
, 1+s

2
) lifts, through the map

(2.22), to an holomorphic form f = fD̄λ̄ ∈ Ω0,1(PT,O(2s − 2)) in twistor space. The action of

the Lw1+∞ algebra is then given by (see [27]10)

δgf = {g, f} = {g, f}D̄λ̄. (3.6)

Since g is generically singular at z = 0 and z = ∞, the resulting twistor field δgf(µ
α̇, λα) will

be singular. This is a problem as it might render the Penrose transform ill-defined or generate

a singularity in the resulting field. It will thus be useful to restrict ourselves to Carrollian fields

with support inside an annulus

A =

{
z ∈ C s.t.

1

R
< |z| < R

}
where R is some fixed number that can be taken as large as we want. We will denote such fields

ϕ(u, z, z̄) ∈ C∞
(k,k̄)

(IA). These are such that, for example, (3.6) is regular on the whole of S2. A

perhaps more physical justification for this space of fields is the following: as was pointed out

in [27], due to Dolbeault-Cech equivalence of cohomology, the generator (3.1) of a symmetry

can be equivalently realized as the twistor representative d̄g of a linearized field; the presence

10In this reference the symmetry is thought of as a deformation of the complex structure, which yields an extra

inhomogeneous term d̄g. In this article, we restrict ourselves to the linear action on the linearized fields. This

action will induce a representation on the Carrollian fields and, by construction, this excludes an inhomogeneous

(soft) shift.
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of a singularity now being essential to ensure that the corresponding cohomology class is non

trivial. Accordingly, (3.6) can be thought of as the action of a graviton on an other and the above

restriction amounts to requiring that these are not inserted at the same point of the celestial

sphere (thus avoiding a type of collinear singularity).

Carrollian representation of the algebra

The action δgϕ(u, z, z̄) of a generator (3.1) on a Carrollian fields ϕ(u, z, z̄) ∈ C∞
(k,k̄)

(IA) of

weight (k, k̄) = (1−s
2
, 1+s

2
), with s = ±2, is obtained by following the successive steps of

Fig. 1: i) First the Carrollian field ϕ(u, z, z̄) is lifted to the preferred twistor representative

f := Ts(ϕ) ∈ Ω0,1(PT,O(2s − 2)) via the map (2.22). The generator g of the algebra then acts

on this representative as (3.6). ii) Second the Penrose transform of δgf yields a solution δgΦ(x)

of the zero-rest-mass equation of helicity s. iii) Third, taking the limit r → ∞ we obtain the

corresponding Carrollian field δgϕ(u, z, z̄).

In section 5 we go through this procedure for a Carrollian field σ̄ ∈ C∞
(− 1

2
, 3
2
)
(IA) correspond-

ing to a field of helicity +2 (respectively for σ ∈ C∞
( 3
2
,− 1

2
)
(IA), corresponding to a field of helicity

−2) and derive the following.

Proposition 1. The action of the generator gα̇(n)(z) of the Lw1+∞ algebra on the Carrollian

fields of spin 2, σ̄(u, z, z̄) and σ(u, z, z̄), is given by the following:

δnσ̄ =
n∑

ℓ=0

∂̄n−ℓ
(
gα̇(n)λ̄

α̇(n)
) ℓ

(n− ℓ)!
∂3
u

(
un−ℓ ∂−1−ℓ

u ∂̄ℓ−1σ̄

)
,

δnσ =
n∑

ℓ=0

∂̄n−ℓ
(
gα̇(n)λ̄

α̇(n)
) ℓ

(n− ℓ)!
∂−1
u

(
un−ℓ ∂3−ℓ

u ∂̄ℓ−1σ
)
,

(3.7)

where n ∈ N and ∂̄ := ∂
∂z̄
.

Proof. See section 5.

The proposition can also be rephrased as follows: for a Carrollian field ϕ of weight (1+s
2
, 1−s

2
),

corresponding to a zero-rest-mass field of helicity s = ±2, we can write the action of the generators

as

δnϕ =
n∑

ℓ=0

∂̄n−ℓ
(
gα̇(n)λ̄

α̇(n)
) ℓ

(n− ℓ)!
∂1+s
u

(
un−ℓ ∂1−s−ℓ

u ∂̄ℓ−1ϕ
)
, (3.8)

and it is tempting to conjecture that this formula extends to any spin s ∈ Z. Even though

our method of derivation in principle applies to any spin in practice the computation is rather
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lengthy and in this article we will only explicitly show the proof for the spin-two case formula.

Nevertheless, as it should be clear from the proof of the proposition below, the representation

itself does extend to any spin. Let us emphasize, though, that the corresponding representation

on spin-one fields should not be confused with the infinitesimal action of the symmetries of self-

dual Yang-Mills in twistor space (as e.g. in [6, 7]) nor with the one appearing in the celestial

gluon OPE [22–24]. Rather, these are the extension of the gravitational twistor symmetry to

other spins (this is similar to the fact that the BMS group acts on all fields regardless of their

helicity but e.g. is not the group of asymptotic symmetries of QED).

The action (3.8) is obviously linear (and as such does not contain an inhomogeneous (soft)

shift). In fact, as we shall now see, it forms a representation of the algebra.

Proposition 2. The action of the generators (3.1) on Carrollian fields C∞
(k,k̄)

(IA) of weight

(k, k̄) = (1−s
2
, 1+s

2
), as defined through the procedure explained before Proposition 1, forms a rep-

resentation of the Lw1+∞ algebra. In particular the action (3.7) is a representation of Lw1+∞.

Proof.

Let ϕ(u, z, z̄) be a Carrollian field of weight (k, k̄) = (1−s
2
, 1+s

2
). Via the map (2.22) it defines

a preferred twistor representative f = Ts(ϕ) ∈ Ω0,1(PT,O(2s − 2)). In this proof only, let

us introduce a shorthand notation that will be very useful: if A ∈ Ω0,1(PT,O(2s − 2)) is any

twistor representative we will denote by Ã(u, z, z̄) the Carrollian field of weight (k, k̄) = (1−s
2
, 1+s

2
)

obtained fromA by successive Penrose transform and large r expansion. For example we have, by

construction, f̃(u, z, z̄) = ϕ(u, z, z̄). Let δgif = {f, gi}D̄λ̄ be the twistor representative resulting

from the action of elements g1, g2, on f and let δgiϕ(u, z, z̄) := δ̃gif(u, z, z̄) be the corresponding

action on the Carrollian field. We will note fi = Ts (δgiϕ) the preferred twistor representative

associated to δgiϕ(u, z, z̄). Both δgif and fi define the same spacetime fields through the Penrose

transform,

δgiϕ(u, z, z̄) = δ̃gif(u, z, z̄) = f̃i(u, z, z̄),

but they do not have to coincide in general. Rather these two representatives must be in the same

cohomology class (this is because of the isomorphism (2.24) underlying the Penrose transform,

see [59] for a proof). This means that

δgif = fi + d̄αi

where α1, α2 are some functions on twistor space. Importantly, since both δgif and fi only have

support on the annulus A so do α1 and α2. Now by definition δg2δg1ϕ(u, z, z̄) = δ̃g2f1(u, z, z̄) and

thus

δg2δg1ϕ(u, z, z̄) = δ̃g2δg1f(u, z, z̄)− δ̃g2 d̄α1(u, z, z̄).
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In order to prove that we have a representation of the algebra, we need to prove that the Carrollian

field δ{g1,g2}ϕ(u, z, z̄) = ˜δ{g1,g2}f(u, z, z̄) obtained from δ{g1,g2}f = (δg1δg2 − δg2δg1)f coincides with

(δg1δg2 − δg2δg1)ϕ(u, z, z̄). We therefore need to prove that

δ{g1,g2}ϕ(u, z, z̄)− (δg1δg2 − δg2δg1)ϕ(u, z, z̄)

= ˜δ{g1,g2}f(u, z, z̄)− (δg1δg2 − δg2δg1)ϕ(u, z, z̄)

=
(
δ̃g1δg2f(u, z, z̄)− δ̃g2δg1f(u, z, z̄)

)
−
(
δg1δg2ϕ(u, z, z̄)− δg2δg1ϕ(u, z, z̄)

)
= δ̃g1 d̄α2(u, z, z̄) + δ̃g2 d̄α1(u, z, z̄)

vanishes. We will in fact prove that the terms δgd̄α are d̄-exact, since the Penrose transform

annihilates exact forms this will be enough to conclude. To see this, we note that

δgd̄α = {g, d̄α} = d̄{g, α} − {d̄g, α}.

Now d̄g has only support on z = 0 and z = ∞, while α only has support on the annulus A
therefore the last term vanishes. Finally since g is non singular on A and α only has support on

this set it follows that {g, α} is a non singular function on the whole of S2. Thus δgd̄α = d̄{g, α}
is d̄-exact and δ̃gd̄α(u, z, z̄) = 0.

Note that, even though the action (3.6) would be admissible for any g(z, z̄), holomorphicity on

A of g, ∂̄g = 0, is crucial in the above proof.

3.2 Action of the simplest generators n = 1, 2, 3

In order to illustrate the general expression of Proposition 1, let us write down the action

of the simplest generators11.

n = 1

δ1σ̄ =

[
gα̇1λ̄

α̇1∂u

]
σ̄ , δ1σ =

[
gα̇1λ̄

α̇1∂u

]
σ . (3.9)

This coincides with the usual action of a supertranslation vector field which can be expanded in

modes as

τg1(z, z̄)∂u = gα̇1λ̄
α̇1∂u =

(
∞∑

m=−∞

1∑
m̄=0

Tm,m̄z
mz̄m̄

)
∂u . (3.10)

11Notice that the n = 0 (p = 1) generator acts trivially.
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n = 2

From

δ2σ̄ =

[
∂̄
(
2gα̇(2)λ̄

α̇(2)
)(3

2
+

u

2
∂u

)
+
(
2gα̇(2)λ̄

α̇(2)
)
∂̄

]
σ̄ ,

δ2σ =

[
∂̄(2gα̇(2)λ̄

α̇(2))

(
−1

2
+

u

2
∂u

)
+
(
2gα̇(2)λ

α̇(2)
)
∂̄

]
σ .

(3.11)

one recognizes the usual action of the vector field

τg2(z, z̄) ∂̄ = 2gα̇β̇(z)λ̄
α̇λ̄β̇ ∂̄ =

(
∞∑

m=−∞

2∑
m̄=0

Lm,m̄z
mz̄m̄

)
∂̄ (3.12)

on the shear. To interpret this, it is here useful to read from (3.3) with n = 2 the algebra,{
g1αβ(z, z̄)µ

αµβ , g2αβ(z, z̄)µ
αµβ
}
= 4 g1γα(z, z̄)g2

γ
β(z, z̄)µ

αµβ. (3.13)

When the generators are globally holomorphic, this is the SL(2,C) algebra. Under the more

general assumption (3.2) that the generators admit Laurent series on C∗, this is the SL(2,C)-
loop algebra [66]. A direct computation shows that it is isomorphic to the algebra of vector fields

on C∗ of the form (3.12).

n = 3

Let us finally illustrate the action for the (less familiar) n = 3 generator,

δ3σ̄ =

[ (
λ̄α̇(3)gα̇(3)

)
3 ∂−1

u ∂̄2 + ∂̄
(
gα̇(3)λ̄

α̇(3)
) (

2u+ 6∂−1
u

)
∂̄

+ ∂̄2
(
gα̇(3)λ̄

α̇(3)
) (

3u+ 3∂−1
u +

1

2
u2∂u

)]
σ̄ ,

δ3σ =

[ (
λ̄α̇(3)gα̇(3)

)
3 ∂−1

u ∂̄2 + ∂̄
(
gα̇(3)λ̄

α̇(3)
) (

2u− 2∂−1
u

)
∂̄

+ ∂̄2
(
gα̇(3)λ̄

α̇(3)
) (

− u+ ∂−1
u +

1

2
u2∂u

)]
σ .

(3.14)

This action corresponds to the one of the sub-subleading current labelled by s = 2 in [47,48] and

denoted by p = 5
2
in [22].

4 Canonical action of charges

In this section, we show that the action of the Lw1+∞ symmetries at null infinity derived in

Proposition 1 coincides with the action of the canonical charges on the radiative data that was
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derived from gravitational phase space methods in [48]. The dictionary is that the label s referred

to as the spin there is related to the generator index as s = n−1 = 2p−3 (hence supertranslations

are spin 0, superrotations spin 1, etc.).

4.1 Canonical charges

Let us first review the prescription of [48] for the construction of spin-s charges Qs
12. As part of

the procedure, a first set Qs for s ≥ −2 is defined by solving the following recursion relation

Qs(u, z, z̄) =
(
∂−1
u ∂̄
)
Qs−1 +

s+ 1

2
∂−1
u [σ̄Qs−2] , (4.1)

starting from Q−2 :=
1
2
∂2
uσ. The hard charges, denoted by Q2

s, are then obtained by only keeping

the terms in Qs which are quadratic (hence the superscript 2) in the shear σ̄, σ. The result is

Q2
s(u, z, z̄) =

1

4

s∑
ℓ=0

(ℓ+ 1)∂−1
u

(
∂−1
u ∂̄
)s−ℓ

[
σ̄
(
∂−1
u ∂̄
)ℓ
∂2
uσ
]
. (4.2)

It receives the following interpretation: for s = −2,−1, 0, 1, 2 each of the quantities Qs is propor-

tional to the Newman-Penrose scalars Ψ0
4,Ψ

0
3,Ψ

0
2, Ψ

0
1, Ψ

0
0 and the recursion relations (4.1) corre-

spond to their associated Bianchi identities [65]. The charges Q2
s for generic s are thus quadratic

quantities in the shear that generalize the behavior of the (quadratic part of) Newman-Penrose

scalars.

The action of these charges on the shear would generically be divergent (see [47]); for this

reason one introduces the following renormalization prescription

q̂2s(u, z, z̄) :=
s∑

n=0

(−u)s−n

(s− n)!
∂̄s−nQ2

n(u, z, z̄) , (4.3)

which will define higher-spin charge aspects q2s(z, z̄) = lim
u→−∞

q̂2s(u, z, z̄). Using (4.2), one then has

q̂2s(u, z, z̄) =
1

4

s∑
n=0

n∑
ℓ=0

(ℓ+ 1)(−u)s−n

(s− n)!
∂−(n−ℓ+1)
u ∂̄s−ℓ

[
σ̄
(
∂−1
u ∂̄
)ℓ
∂2
uσ
]
. (4.4)

Ashtekar-Streubel’s symplectic structure [69]

{∂uσ(u, z, z̄), σ̄(u′, z′, z̄′)} =
κ2

2
δ(u− u′)δ(z − z′), (4.5)

12The dictionary to convert the expressions of this reference into ours is C 7→ σ̄ and D := 1√
2
k 7→ ∂̄. Note

again that, as compared to the usual definition of the shear, we have σ̄here = Cz̄z̄ = 2σ̄NP; see [67, 68] for a

remainder of Newman-Penrose (NP) conventions.
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then allows to compute the action of the charges as

{q2s(z, z̄), σ̄(u′, z′, z̄′)} = lim
u→−∞

{q̂2s(u, z, z̄), σ̄(u′, z′, z̄′)} ,

{q2s(z, z̄), σ(u′, z′, z̄′)} = lim
u→−∞

{q̂2s(u, z, z̄), σ(u′, z′, z̄′)} .
(4.6)

The result is13 [48]

{
q2s(z, z̄), σ̄(u

′, z′, z̄′)
}
=

κ2

8

s∑
n=0

(−1)s+n (n+ 1)(∆̂ + 2)s−n

(s− n)!
∂1−s
u′ ∂̄nσ̄(u′, z′, z̄′)∂̄s−nδ(z − z′) ,

(4.7){
q2s(z, z̄), σ(u

′, z′, z̄′)
}
=

κ2

8

s∑
n=0

(−1)s+n (n+ 1)(∆̂− 2)s−n

(s− n)!
∂1−s
u′ ∂̄nσ(u′, z′, z̄′)∂̄s−nδ(z − z′) ,

where ∆̂ := u∂u + 1 and (x)n = x(x− 1) · · · (x− n+ 1) is the falling factorial.

4.2 Matching with the twistor space action

The integration of (4.7) against a function τs(z, z̄) on the sphere yields the actions of a generator

δτsσ̄(u, z, z̄) =

{
8

κ2

∫
S2

dζ2τs(ζ, ζ̄)q
2
s(ζ, ζ̄) , σ̄(u, z, z̄)

}
δτsσ(u, z, z̄) =

{
8

κ2

∫
S2

dζ2τs(ζ, ζ̄)q
2
s(ζ, ζ̄) , σ(u, z, z̄)

} (4.8)

which reads

δτsσ̄(u, z) =
s∑

ℓ=0

(ℓ+ 1)(∆̂ + 2)s−ℓ

(s− ℓ)!
(∂̄s−ℓτs)∂̄

ℓ∂1−s
u σ̄(u, z)

δτsσ(u, z) =
s∑

ℓ=0

(ℓ+ 1)(∆̂− 2)s−ℓ

(s− ℓ)!
(∂̄s−ℓτs)∂̄

ℓ∂1−s
u σ(u, z) .

(4.9)

In order to relate these expressions with the results of section 3, it is useful to note the following

identities [48]

un∂n
u = (∆̂− 1)n , ∂n

uu
n = (∆̂ + n− 1)n , u−n∂−n

u = (∆̂ + n− 1)−1
n ,

∂u(∆̂ + α)n = (∆̂ + α + 1)n∂u , ∂−1
u (∆̂ + α)n = (∆̂ + α− 1)n∂

−1
u ,

u(∆̂ + α)n = (∆̂ + α− 1)nu , u(∆̂ + n− 1)−1
n = (∆̂ + n− 2)−1

n u .

(4.10)

13See eq. (67) and (68).
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They lead to

(∆̂ + 2)s−ℓ

(s− ℓ)!
= ∂3

u

(
(∆̂− 1)s−ℓ

(s− ℓ)!

)
∂−3
u = ∂3

u

(
us−ℓ

(s− ℓ)!
∂s−ℓ
u

)
∂−3
u , (4.11)

and, similarly, one has

(∆̂− 2)s−ℓ

(s− ℓ)!
= ∂−1

u

(∆̂− 1)s−ℓ

(s− ℓ)!
∂u = ∂−1

u

(
us−ℓ∂s−ℓ

u

(s− ℓ)!

)
∂u . (4.12)

We can therefore rewrite the action (4.9) as

δτsσ̄(u, z) =
s∑

ℓ=0

(ℓ+ 1)

(s− ℓ)!
(∂̄s−ℓτs) ∂

3
u

(
us−ℓ∂−2−ℓ

u ∂̄ℓσ̄(u, z)
)
,

δτsσ(u, z) =
s∑

ℓ=0

(ℓ+ 1)

(s− ℓ)!
(∂̄s−ℓτs) ∂

−1
u

(
us−ℓ∂2−ℓ

u ∂̄ℓσ(u, z)
)
.

(4.13)

Using the relationship s = n− 1, they read

δτn−1σ̄(u, z) =
n∑

ℓ=1

ℓ

(n− ℓ)!
(∂̄n−ℓτn−1) ∂

3
u

(
un−ℓ∂−1−ℓ

u ∂̄ℓ−1σ̄(u, z)
)
,

δτn−1σ(u, z) =
n∑

ℓ=1

ℓ

(n− ℓ)!
(∂̄s−ℓτn−1) ∂

−1
u

(
un−ℓ∂3−ℓ

u ∂̄ℓ−1σ(u, z)
)
,

(4.14)

with coincides with the twistor actions of Proposition 1 with generators τn−1 = gα̇(n)λ̄
α̇(n). In

[49], a direct proof that this action forms a representation of the Schouten-Nijenhuis algebra of

multivector fields [70]

[τn−1, τ
′
m−1] = mτ ′m−1∂̄τn−1 − nτn−1∂̄τ

′
m−1 (4.15)

was given under the condition that ∂̄n+1τn−1 = 0, which is satisfied by the generators τn−1 =

gα̇(n)λ̄
α̇(n). This condition corresponds to the vanishing of the integrated soft charge. This result

confirms the conclusion of Proposition 2 derived from the twistor action. In [33, 49], it was also

shown that relaxing the condition ∂̄n+1τn−1 = 0 is possible at the price of having a non-linear

action of the Schouten-Nijenhuis algebra on the asymptotic phase space. We leave the discussion

on the meaning of this nonlinear extension from the twistor space perspective for future work.

5 Details of the proof

This section contains the proof of Proposition 1, following the different steps as described in

Fig. 1.
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5.1 Positive helicity

We will evaluate the action of the algebra on plane waves

σ̄(u, λ) = ∓ iκ

8π2
e∓iω0uδ(⟨λw⟩) ∈ C∞

(− 1
2
, 3
2
)
(IA); (5.1)

by linearity of the representation it will extend to any Carrollian field (2.12) admitting a Fourier

transform.

The first step (i) consists in uplifting the self-dual Carrollian field (5.1) to twistor space.

One easily obtains the twistor representative h = h(u = µα̇λ̄α̇, λ)Dλ̄ with

h(µα̇λ̄α̇, λ) =
κ

8π2ω0

e∓iω0(µα̇λ̄α̇) δ(⟨λw⟩) . (5.2)

The action of the w1+∞ symmetries on h is given by (3.6)

δh = {g,h} =

(
∂g

∂µα̇

)
ϵα̇β̇

∂h

∂µβ̇
Dλ̄ , (5.3)

with the generators g given in (3.1). We thus get, at fixed n,

δh(µ, λ) =
∓iκ

8π2

(
∂g

∂µα̇1

)
λ̄α̇1 e∓iω0(µα̇λ̄α̇) δ(⟨λw⟩)[λ̄dλ̄]

=
∓iκn

8π2
G(n)(µ, λ) δ(⟨λw⟩)[λ̄dλ̄] ,

(5.4)

where

G(n)(µ, λ) := gα̇1...α̇nλ̄
α̇1µα̇2 . . . µα̇ne∓iω0(µα̇λ̄α̇) . (5.5)

We now implement the second step (ii) by plugging the transformed twistor representative h

into the Penrose transform. This leads to

δΦαα̇ββ̇(x) =
1

2πi

∫
CP1

⟨ζdζ⟩ ∧ ιαιβ
⟨ιζ⟩2

∂2δh

∂µα̇∂µβ̇
(µα̇ = xαα̇ζα, ζα)

= ∓ κn

16π3

∫
CP1

⟨ζdζ⟩ ∧ [ζ̄dζ̄]δ(⟨ζw⟩) ιαιβ
⟨ιζ⟩2

∂2G(n)

∂µα̇∂µβ̇
(µα̇ = xαα̇ζα, ζα)

= ±iκn

8π3

ιαιβ
⟨ιw⟩2

∂2G(n)

∂µα̇∂µβ̇
(µα̇ = xαα̇wα, wα) ,

(5.6)

where

∂2G(n)

∂µα̇∂µβ̇
(µ,w) =

(
− (ω0)

2gα̇1...α̇nw̄
α̇1µα̇2 . . . µα̇nw̄α̇w̄β̇ ∓ iω02(n− 1)w̄(β̇gα̇)α̇1...α̇n−1w̄

α̇1µα̇2 . . . µα̇n−1

+ (n− 1)(n− 2)gα̇β̇α̇1...α̇n−2
w̄α̇1µα̇2 . . . µα̇n−2

)
e∓iω0(µα̇w̄α̇) (5.7)
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and where we used the δ-function normalisation
∫

i
2
dζdζ̄ δ(ζ) = 1. Note that in the above

equation the generators gα̇(n) really are functions of w, which correspond to the direction of the

plane wave, and not functions of z which are the Bondi coordinates. Contracting (5.6) with

(2.9), we obtain the transformed bulk field

δΦz̄z̄(x) = ±r2
iκn

8π3

⟨ιλ⟩2

⟨ιw⟩2
n̄α̇n̄β̇ ∂2G(n)

∂µα̇∂µβ̇
(µα̇ = xαα̇wα, wα) . (5.8)

We will split the computation according to the three different terms that appear in (5.7), namely

δΦz̄z̄(x) := F1(x) + F2(x) + F3(x) (5.9)

with

F1(x) = ±r2
iκn

8π3

⟨ιλ⟩2

⟨ιw⟩2
n̄α̇n̄β̇

(
− (ω0)

2gα̇1...α̇nw̄
α̇1µα̇2 . . . µα̇nw̄α̇w̄β̇

)
e∓iω0(µα̇w̄α̇)

∣∣∣
µα̇=xαα̇wα

= − ⟨ιλ⟩2

⟨ιw⟩2
(
(ω0)

2gα̇(n)w̄
α̇µα̇(n−1)

)(
±r2

iκn

8π3
e∓iω0(µα̇w̄α̇)

) ∣∣∣
µα̇=xαα̇wα

,

(5.10)

where we recall that we use the notation α̇(n) := (α̇1 . . . α̇n) for n symmetrized indices,

F2(x) = ±r2
iκn

8π3

⟨ιλ⟩2

⟨ιw⟩2
n̄α̇n̄β̇

(
∓iω02(n− 1)w̄(β̇gα̇)α̇1...α̇n−1w̄

α̇1µα̇2 . . . µα̇n−1

)
e∓iω0(µα̇w̄α̇)

∣∣∣
µα̇=xαα̇wα

= ∓2i(n− 1)
⟨ιλ⟩2

⟨ιw⟩2
(
ω0 gα̇(n)n̄

α̇w̄α̇µα̇(n−2)
)(

±r2
iκn

8π3
e∓iω0(µα̇w̄α̇)

) ∣∣∣
µα̇=xαα̇wα

, (5.11)

and

F3(x) = ±r2
iκn

8π3

⟨ιλ⟩2

⟨ιw⟩2
n̄α̇n̄β̇

(
(n− 1)(n− 2)gα̇β̇α̇1...α̇n−2

w̄α̇1µα̇2 . . . µα̇n−2

)
e∓iω0(µα̇w̄α̇)

∣∣∣
µα̇=xαα̇wα

= (n− 1)(n− 2)
⟨ιλ⟩2

⟨ιw⟩2
(
gα̇(n)n̄

α̇(2)w̄α̇µα̇(n−3)
)(

±r2
iκn

8π3
e∓iω0(µα̇w̄α̇)

) ∣∣∣
µα̇=xαα̇wα

. (5.12)

We will first focus on working out the first term (5.10), which reads

F1(x) = − ⟨ιλ⟩2

⟨ιw⟩2
(
(ω0)

2gα̇(n)w̄
α̇xα̇(n−1)α(n−1)wα(n−1)

)(
±r2

iκn

8π3
e∓iω0(xαα̇wαw̄α̇)

)
. (5.13)

Remembering that

xαα̇wα = (unαn̄α̇ + r λα λ̄α̇)wα

= rλ̄α̇⟨λw⟩+ un̄α̇ ,
(5.14)

one finds the identity

gα̇(n)x
α̇(n−1)α(n−1)wα(n−1) = gα̇(n)

(
rλ̄α̇1⟨λw⟩+ un̄α̇1

)
. . .
(
rλ̄α̇n−1⟨λw⟩+ un̄α̇n−1

)
= gα̇(n)

n−1∑
ℓ=0

(
n− 1

ℓ

)(
r⟨λw⟩

)ℓ
λ̄α̇(ℓ) un−1−ℓn̄α̇(n−1−ℓ) .

(5.15)
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We now arrive at a crucial step in the proof (step (iii)), which consists of performing the

large-r expansion in order to obtain the transformed field at I . At face value, it seems from the

presence of rℓ terms in expression (5.15) that (5.13) will render an expression which dramatically

blows up at I . This is however not the case, due to a mechanism we will now detail.

As r → ∞, the plane waves admit to be written as14

e∓iω0(xαα̇wαw̄α̇) = e∓iω0(u+r|z−w|2)

= ∓iπ
e∓iω0u

rω0

(
1 +

1

±iω0r
∂∂̄ +

1

2(±iω0r)2
(∂∂̄)2 + ...

)
δ(⟨λw⟩)

= ∓iπ
e∓iω0u

rω0

∞∑
k=0

1

k!

(
r−1

±iω0

∂∂̄

)k

δ(⟨λw⟩) ,

(5.16)

and hence

±r2
inκ

8π3
e∓iω0(xαα̇wαw̄α̇) =

rnκ

8π2ω0

e∓iω0u

∞∑
k=0

1

k!

(
r−1

±iω0

∂∂̄

)k

δ(⟨λw⟩) . (5.17)

Plugging (5.15) and (5.17) into (5.13), we arrive at

F1(x) =− rnκω0

8π2
e∓iω0u

⟨ιλ⟩2

⟨ιw⟩2
(5.18)

× gα̇(n)w̄
α̇

n−1∑
ℓ=0

∞∑
k=0

((n− 1

ℓ

)
(r⟨λw⟩)ℓ λ̄α̇(ℓ)un−1−ℓn̄α̇(n−1−ℓ)

) 1

k!

(
r−1

±iω0

∂∂̄

)k

δ(⟨λw⟩) .

Therefore, thanks to the distributional identity

⟨λw⟩m∂nδ(⟨λw⟩) = δm,n(−1)nn! δ(⟨λw⟩) , ∀ m ≥ n , (5.19)

we see that each overleading term in r vanishes! Moreover, all factors neatly combine to give a

leading O(r) term free from the residual gauge ambiguity related to ια, namely

F1(x) =
rnκω0

8π2
e∓iω0u gα̇(n)w̄

α̇

n−1∑
ℓ=0

(−1)ℓ+1

(
n− 1

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−1−ℓ)un−1−ℓ

(
∂̄

±iω0

)ℓ

δ(⟨λw⟩)

+O(r0) .

(5.20)

We can now rewrite F1 by recalling the definition of the plane waves (5.1); using

(±iω0)
me∓iω0u = (−∂u)

me∓iω0u , (5.21)

14This expression can be derived by looking for the unique solution of the wave equation in Bondi coordinates(
− 1

r∂u − ∂u∂r +
1
r2 ∂z∂z̄

)
ϕ = 0 which is the form e∓iω0uψ(r, z, z̄) and satisfies the asymptotic boundary condition

e∓iω0(x
αα̇wαw̄α̇) = ∓ πi

ω0r
e∓iω0uδ(z − ζ) +O(r−2). See also [71] for similar asymptotic expressions.
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we get

F1(x)

= ±irnω0gα̇(n)w̄
α̇

[ n−1∑
ℓ=0

(−1)ℓ+1

(
n− 1

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−1−ℓ)un−1−ℓ

(
∂̄

±iω0

)ℓ ](∓iκ

8π2
e∓iω0uδ(⟨λw⟩)

)
+O(r0)

= rngα̇(n)w̄
α̇

[ n−1∑
ℓ=0

(
n− 1

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−1−ℓ) un−1−ℓ ∂̄ℓ(∂u)

1−ℓ

]
σ̄ +O(r0) . (5.22)

We now make use of the following identity

w̄α̇(∂̄)mδ(⟨λw⟩) = λ̄α̇(∂̄)mδ(⟨λw⟩) +m∂̄λ̄α̇(∂̄)m−1δ(⟨λw⟩) , (5.23)

and obtain

F1(x) = rngα̇(n)

[ n−1∑
ℓ=0

(
n− 1

ℓ

)
λ̄α̇(ℓ+1)n̄α̇(n−1−ℓ) un−1−ℓ ∂̄ℓ(∂u)

1−ℓ

+
n−1∑
ℓ=0

ℓ

(
n− 1

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−ℓ) un−1−ℓ ∂̄ℓ−1(∂u)

1−ℓ

]
σ̄ +O(r0)

= rngα̇(n)

[ n∑
ℓ=1

(
n− 1

ℓ− 1

)
λ̄α̇(ℓ)n̄α̇(n−ℓ) un−ℓ ∂̄ℓ−1(∂u)

2−ℓ (5.24)

+
n−1∑
ℓ=1

ℓ

(
n− 1

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−ℓ) un−1−ℓ ∂̄ℓ−1(∂u)

1−ℓ

]
σ̄ +O(r0)

= rngα̇(n)

[ n∑
ℓ=1

λ̄α̇(ℓ)n̄α̇(n−ℓ)

(
n− 1

ℓ− 1

)(
un−ℓ(∂u)

2−ℓ + (n− ℓ)un−1−ℓ(∂u)
1−ℓ
)
∂̄ℓ−1

]
σ̄ +O(r0)

= rngα̇(n)

n∑
ℓ=1

λ̄α̇(ℓ)n̄α̇(n−ℓ)

(
n− 1

ℓ− 1

)
∂u

(
un−ℓ(∂u)

1−ℓ ∂̄ℓ−1σ̄
)
+O(r0) ,

where we used
(
n−1
ℓ

)
= n−ℓ

ℓ

(
n−1
ℓ−1

)
in the third equality. Finally, using that

gα̇(n)λ̄
α̇(ℓ)nα̇(n−ℓ) = gα̇(n)

ℓ!

n!
∂̄n−ℓ

(
λ̄α̇(n)

)
, (5.25)

we end up with

F1(x) = rngα̇(n)

n∑
ℓ=1

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ!
n!

(
n− 1

ℓ− 1

)
∂u

(
un−ℓ(∂u)

1−ℓ ∂̄ℓ−1σ̄
)
+O(r0)

= rgα̇(n)

n∑
ℓ=1

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ

(n− ℓ)!
∂u

(
un−ℓ(∂u)

1−ℓ ∂̄ℓ−1σ̄
)
+O(r0) .

(5.26)

21



The computation for the two remaining terms will follow along very similar lines. The second

term (5.11) reads

F2(x) = ∓2i(n− 1)
⟨ιλ⟩2

⟨ιw⟩2
(
ω0 gα̇(n)n̄

α̇w̄α̇xα̇(n−2)α(n−2)wα(n−2)

)(
±r2

iκn

8π3
e∓iω0(xαα̇wαw̄α̇)

)
. (5.27)

Using again (5.17) together with the identity

gα̇(n)x
α̇(n−2)α(n−2)wα(n−2) = gα̇(n)

n−2∑
ℓ=0

(
n− 2

ℓ

)
(r⟨λw⟩)ℓ λ̄α̇(ℓ)un−2−ℓn̄α̇(n−2−ℓ) , (5.28)

we obtain

F2(x) = ∓n(n− 1)irκ

4π2
e∓iω0u

⟨ιλ⟩2

⟨ιw⟩2
(
gα̇(n)n̄

α̇w̄α̇

n−2∑
ℓ=0

(
n− 2

ℓ

)
(r⟨λw⟩)ℓ λ̄α̇(ℓ)un−2−ℓ

)
n̄α̇(n−2−ℓ)

)
×

∞∑
k=0

1

k!

(
r−1

±iω0

∂∂̄

)k

δ(⟨λw⟩) . (5.29)

All overleading terms in r and residual gauge factors in (5.29) again disappear thanks to the

identity (5.19) and we are left with

F2 =
∓n(n− 1)irκ

4π2
e∓iω0ugα̇(n)w̄

α̇

n−2∑
ℓ=0

(−1)ℓ
(
n− 2

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−1−ℓ)un−2−ℓ

(
∂̄

±iω0

)ℓ

δ(⟨λw⟩) +O(r0)

= 2n(n− 1)r gα̇(n)w̄
α̇

[
n−2∑
ℓ=0

(
n− 2

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−1−ℓ)un−2−ℓ∂̄ℓ∂−ℓ

u

]
σ̄ +O(r0) , (5.30)

where we have reinstated σ̄ as given in (5.1). We can now make use of the identity (5.23) to
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write

F2(x) = 2n(n− 1)rgα̇(n)

[ n−2∑
ℓ=0

(
n− 2

ℓ

)
λ̄α̇(ℓ+1)n̄α̇(n−1−ℓ)un−2−ℓ∂̄ℓ∂−ℓ

u

+
n−2∑
ℓ=0

ℓ

(
n− 2

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−ℓ)un−2−ℓ∂̄ℓ−1∂−ℓ

u

]
σ̄ +O(r0)

= 2n(n− 1)rgα̇(n)

[ n−1∑
ℓ=1

(
n− 2

ℓ− 1

)
λ̄α̇(ℓ)n̄α̇(n−ℓ)un−1−ℓ∂̄ℓ−1∂1−ℓ

u (5.31)

+
n−2∑
ℓ=1

ℓ

(
n− 2

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−ℓ)un−2−ℓ∂̄ℓ−1∂−ℓ

u

]
σ̄ +O(r0)

= 2n(n− 1)rgα̇(n)

[ n−1∑
ℓ=1

λ̄α̇(ℓ)n̄α̇(n−ℓ)

(
n− 2

ℓ− 1

)(
un−1−ℓ∂1−ℓ

u + (n− 1− ℓ)un−2−ℓ∂−ℓ
u

)
∂̄ℓ−1

]
σ̄

+O(r0)

= 2n(n− 1)rgα̇(n)

n−1∑
ℓ=1

λ̄α̇(ℓ)n̄α̇(n−ℓ)

(
n− 2

ℓ− 1

)
∂u

(
un−1−ℓ∂−ℓ

u ∂̄ℓ−1σ̄
)
+O(r0) ,

where we used
(
n−2
ℓ

)
= (n−ℓ−1)

ℓ

(
n−2
ℓ−1

)
in the third equality. Finally, using (5.25), we end up with

F2(x) = 2n(n− 1)rgα̇(n)

n−1∑
ℓ=1

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ!
n!

(
n− 2

ℓ− 1

)
∂u

(
un−1−ℓ∂−ℓ

u ∂̄ℓ−1σ̄
)
+O(r0)

= 2rgα̇(n)

n−1∑
ℓ=1

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ

(n− ℓ− 1)!
∂u

(
un−1−ℓ∂−ℓ

u ∂̄ℓ−1σ̄
)
+O(r0) .

(5.32)

Finally, following the same procedure as described above for the last term (5.12), we get

F3(x) = (n− 1)(n− 2)
⟨ιλ⟩2

⟨ιw⟩2
(
gα̇(n)n̄

α̇(2)w̄α̇xα̇(n−3)α(n−3)wα(n−3)

)(
±r2

iκn

8π3
e∓iω0(xαα̇wαw̄α̇)

)
,

=
n(n− 1)(n− 2)rκ

8π2ω0

e∓iω0u
⟨ιλ⟩2

⟨ιw⟩2
(
gα̇(n)n̄

α̇(2)w̄α̇un−3−ℓ

n−3∑
ℓ=0

(
n− 3

ℓ

)
(r⟨λw⟩)ℓ λ̄α̇(ℓ)n̄α̇(n−3−ℓ)

)
×

∞∑
k=0

1

k!

(
r−1

±iω0

∂∂̄

)k

δ(⟨λw⟩) (5.33)

=
n(n− 1)(n− 2)rκ

8π2ω0

e∓iω0ugα̇(n)w̄
α̇

n−3∑
ℓ=0

(−1)ℓ
(
n− 3

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−1−ℓ)un−3−ℓ

(
∂̄

±iω0

)ℓ

δ(⟨λw⟩)

+O(r0)

= n(n− 1)(n− 2)rgα̇(n)w̄
α̇

[
n−3∑
ℓ=0

(
n− 3

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−1−ℓ)un−3−ℓ∂̄ℓ(∂u)

−1−ℓ

]
σ̄ +O(r0) .
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The identity (5.23) then leads to

F3(x) = n(n− 1)(n− 2)rgα̇(n)

[ n−3∑
ℓ=0

(
n− 3

ℓ

)
λ̄α̇(ℓ+1)n̄α̇(n−1−ℓ)un−3−ℓ∂̄ℓ(∂u)

−1−ℓ

+
n−3∑
ℓ=0

ℓ

(
n− 3

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−ℓ)un−3−ℓ∂̄ℓ−1(∂u)

−1−ℓ

]
σ̄ +O(r0)

= n(n− 1)(n− 2)rgα̇(n)

[ n−2∑
ℓ=1

(
n− 3

ℓ− 1

)
λ̄α̇(ℓ)n̄α̇(n−ℓ)un−2−ℓ∂̄ℓ−1(∂u)

−ℓ (5.34)

+
n−3∑
ℓ=1

ℓ

(
n− 3

ℓ

)
λ̄α̇(ℓ)n̄α̇(n−ℓ)un−3−ℓ∂̄ℓ−1(∂u)

−1−ℓ

]
σ̄ +O(r0)

= n(n− 1)(n− 2)rgα̇(n)

n−2∑
ℓ=1

λ̄α̇(ℓ)n̄α̇(n−ℓ)

(
n− 3

ℓ− 1

)
∂u

(
un−2−ℓ(∂u)

−ℓ−1∂̄ℓ−1σ̄
)
+O(r0) ,

where we used
(
n−3
ℓ

)
= (n−ℓ−2)

ℓ

(
n−3
ℓ−1

)
to get the last equality. Finally, using (5.25), we end up

with

F3(x) = n(n− 1)(n− 2)rgα̇(n)

n−2∑
ℓ=1

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ!
n!

(
n− 3

ℓ− 1

)
∂u

(
un−2−ℓ(∂u)

−ℓ−1∂̄ℓ−1σ̄
)
+O(r0)

= rgα̇(n)

n−2∑
ℓ=1

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ

(n− ℓ− 2)!
∂u

(
un−2−ℓ(∂u)

−ℓ−1∂̄ℓ−1σ̄
)
+O(r0) . (5.35)

We are now ready to collect all three terms Fi(x) (i = 1, 2, 3) and read off the action on the

shear. From (5.26), (5.32) and (5.35), we obtain the final expression

δσ̄ = gα̇(n)

n∑
ℓ=1

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ

(n− ℓ)!
∂u

(
un−ℓ(∂u)

1−ℓ ∂̄ℓ−1σ̄
)

+ 2gα̇(n)

n−1∑
ℓ=1

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ

(n− ℓ− 1)!
∂u

(
un−1−ℓ∂−ℓ

u ∂̄ℓ−1σ̄
)

+ gα̇(n)

n−2∑
ℓ=1

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ

(n− ℓ− 2)!
∂u

(
un−2−ℓ(∂u)

−ℓ−1∂̄ℓ−1σ̄
)

= gα̇(n)

n∑
ℓ=1

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ

(n− ℓ)!
(5.36)

× ∂u

[(
un−ℓ(∂u)

1−ℓ + 2(n− ℓ)un−1−ℓ∂−ℓ
u + (n− ℓ)(n− ℓ− 1)un−2−ℓ(∂u)

−ℓ−1
)
∂̄ℓ−1σ̄

]
= gα̇(n)

n∑
ℓ=1

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ

(n− ℓ)!
∂3
u

(
un−ℓ(∂u)

−ℓ−1∂̄ℓ−1σ̄

)
.
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We now need to remember that gα̇(n) here is a function of w and can therefore freely move through

the derivatives to give

δσ̄ =
n∑

ℓ=1

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ

(n− ℓ)!
∂3
u

(
un−ℓ(∂u)

−ℓ−1∂̄ℓ−1
(
gα̇(n)σ̄

))
. (5.37)

In the above formula, the generator g can now be taken to be a function of z (since σ̄ given

in (5.1) is proportional to a Dirac δ-function). Since, for any integer k, ∂̄kg is only non-zero at

z = 0, z = ∞, we can write (remembering (5.1) that the plane wave only has support on A)

δσ̄ =
n∑

ℓ=1

∂̄n−ℓ
(
gα̇(n)λ̄

α̇(n)
) ℓ

(n− ℓ)!
∂3
u

(
un−ℓ(∂u)

−ℓ−1∂̄ℓ−1σ̄
)
. (5.38)

The formula finally extends to any Carrollian field σ̄ ∈ C∞
(− 1

2
, 3
2
)
(IA) by linear combinations of

plane waves. This concludes the derivation the first equality of Proposition 1.

5.2 Negative helicity

For the opposite helicity, we consider the plane waves

σ(u, λ) = ± iκ

8π2
e±iω0uδ(⟨λw⟩) ∈ C∞

( 3
2
,− 1

2
)
(IA). (5.39)

The twistor representative is h̃ = h̃
(
µα̇λ̄α̇, λ

)
Dλ̄ ∈ Ω0,1(PT,O(−6)) with (2.19)

h̃ =
κω3

0

8π2
e±iω0(µα̇λ̄α̇) δ(⟨λw⟩) . (5.40)

The action of the w1+∞ symmetries on h̃ is given by (3.6)

δh̃ = {g, h̃} =

(
∂g

∂µα̇

)
ϵα̇β̇

∂h̃

∂µβ̇
Dλ̄, (5.41)

and we get, at fixed n,

δh̃(µ, λ) =
±iκω4

0

8π2

(
∂g

∂µα̇

)
λ̄α̇ e±iω0(µα̇λ̄α̇) δ(⟨λw⟩)Dλ̄

=
±iκnω4

0

8π2
gα̇1...α̇nλ̄

α̇1µα̇2 . . . µα̇n e±iω0(µα̇λ̄α̇) δ(⟨λw⟩)Dλ̄ .

(5.42)

We can now plug the transformed twistor representative into expression (2.26) leading to the

Weyl tensor:

δΨαα̇ββ̇(x) =
i

2π

∫
CP1

⟨ζdζ⟩ ζαζβζγζδ δh̃(µα̇ = xαα̇ζα, ζα)

= ∓κnω4
0

16π3

∫
CP1

dζ ∧ dζ̄ ζαζβζγζδ gα̇1...α̇n ζ̄
α̇1µα̇2 . . . µα̇n e±iω0(µα̇ζ̄α̇) δ(⟨ζw⟩)

∣∣∣
µα̇=xαα̇wα

= ±iκnω4
0

8π3
wαwβwγwδ gα̇1...α̇nw̄

α̇1µα̇2 . . . µα̇n e±iω0(µα̇w̄α̇)
∣∣∣
µα̇=xαα̇wα

, (5.43)
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where we integrated the δ-function. This leads to

δΨ4(x) = ±iκnω4
0

8π3
gα̇(n)w̄

α̇xα̇(n−1)α(n−1)wα(n−1) e
±iω0(xαα̇wαw̄α̇) . (5.44)

We already computed a very similar expression in the previous section; see (5.13). We can thus

directly use the result (5.26) and read from (2.30) that

δσ = −∂−2
u lim

r→∞
rδΨ4(x)

= ∂−2
u

n∑
ℓ=0

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ

(n− ℓ)!
∂u

(
un−ℓ(∂u)

1−ℓ∂̄ℓ−1
(
gα̇(n)∂

2
uσ
))

=
n∑

ℓ=0

∂̄n−ℓ
(
λ̄α̇(n)

) ℓ

(n− ℓ)!
∂−1
u

(
un−ℓ(∂u)

3−ℓ∂̄ℓ−1
(
gα̇(n)σ

))
.

(5.45)

By the same argument that we used for the positive helicity case, we can replace the w dependence

of g by a dependence on z and are allowed to move it freely through the derivatives thanks to

our requirement (5.39) on the support of σ, therefore

δσ =
n∑

ℓ=0

∂̄n−ℓ
(
gα̇(n)λ̄

α̇(n)
) ℓ

(n− ℓ)!
∂−1
u

(
un−ℓ(∂u)

3−ℓ∂̄ℓ−1σ
)
. (5.46)

The formula is then extended to any Carrollian field σ ∈ C∞
( 3
2
,− 1

2
)
(IA) by linear combinations,

which proves the second equality of Proposition 1.
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