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the algebra. Finally, we show that this action coincides with the canonical action of 2w

Noether charges on the asymptotic phase space.
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1 Introduction

The existence of an infinite hierarchy of conservation laws associated to every complexified self-
dual Einstein manifold with zero cosmological constant can be traced back to the work of Pleban-
ski and Boyer [1,2]. These conservation laws are related to the action of singular diffeomorphisms
in twistor space, which act as symmetries and whose infinitesimal action is the Zw; ., algebra.
The singular nature of these diffeomorphisms means that they can change the complex struc-
ture which, by Penrose’s nonlinear graviton construction ,, amounts to deforming a self-dual
spacetime into another. In this sense the Zw;, . algebra acts as symmetry on the space of
self-dual Einstein spacetimes. In fact, several constructions in twistor theory have been making
use of singular transformations as methods for generating new solutions [5-13].

The Lwi,+ algebra has recently made a dramatic comeback in the context of the celestial
holography program, whose goal is to encode quantum gravity in asymptotically flat spacetimes
in terms of a theory living on the celestial sphere. Celestial amplitudes, namely scattering
amplitudes recast in a conformal primary basis on the celestial sphere (see for reviews),
exhibit an infinite tower of ‘conformally soft’ graviton theorems, which appear when the conformal
dimension of the external graviton takes certain integer values . It was shown that, in

the positive helicity sector, the infinite collection of soft graviton currents can be organized into



the loop algebra of the wedge algebra of w1 [22] (see also [23-38] for related works). In other
words, w1+ provides a symmetry organizing principle for the soft sector of celestial CFTs.

The explicit relation between soft theorems and the Zw;, o, symmetries of twistor space was
realized by T. Adamo, L. Mason and A. Sharma in [27]. The main new ingredient was the use
of a new twistor sigma model developed in the last years [39-42]. This new model is based
on the theory of asymptotic twistor spaces [43,/44], which are closely related to Newman’s H-
spaces [45,46]: These are particular realisations of the nonlinear gravitation construction where
the deformation of twistor space is parameterized by the gravitational data (i.e. the shear)
at null infinity. This point of view, together with their sigma model which permits to probe
gravitational amplitudes beyond the self-dual sector, allowed these authors to establish a close
connection between scattering amplitudes and the action of the Zw;,, algebra. In particular,
their work made it very clear that in principle the algebra acts on gravitational data. However,
as often in twistor theory, the construction is somewhat implicit and the exact realisation of this
action was left aside. The main result of our article is that, in this particular instance, one can
be particularly explicit about the action of the symmetry and find a closed expression for the
action suggested by the work [27]. The second result is that the action can be extended to act
on the asymptotic data of any spin.

On another front, while the w; ., structure was explicitly related to the celestial operator
product expansions of soft gravitons, it was not clear how it could be seen to emerge from a
gravitational phase space point of view. To remedy this situation, the works [47,/48] proposed
a construction of charges associated with a higher-spin tower of symmetries. One of the key
properties of these higher-spin charges is that they satisfy a set of recursion relations which, once
truncated to quadratic order in the fields, is equivalent to the tower of conformally soft symme-
tries. This allowed the authors of [48] to provide a canonical realization of the Zwy 1 algebra
on the gravitational phase space from the bracket of (a renormalized version of)) these higher-spin
charges. In [33,/49] it was further shown that these canonical charges form a representation of
a shifted Schouten-Nijenhuis algebra, which reduces to 2w, under certain holomorphicity
conditions of the transformation parameters. We will in fact be able to show that this canonical
realization precisely coincides with the twistor action.

The goal of this work is therefore to provide a direct derivation of the representationﬁ of Zw1 oo
symmetries on fields living at null infinity (.#) from its twistor action. We will refer to objects
intrinsically living at .# as ‘Carrollian fields’, following a recent nomenclature (see [50-52] and
references therein for a Carrollian perspective and see [38,140] for recent works connecting the
Carrollian and twistor perspective). Our derivation will consist of a direct computation where

we ‘bring down to .#’ the action of Zw; . symmetries in twistor space. More precisely, we will

“In other terms, the linear action of .Z W1400 ON linearized fields at 7.



follow the sequence of steps which are outlined in Fig. [II This intricate journey will eventually
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Figure 1: Schematic view of the different steps. One starts at the upper left corner with the
shear ¢ at .# (of coordinates u, A) and constructs its uplift in twistor space, h € PT. The
action of the loop algebra .Zwi1 of generators g is linear on twistor space and renders dh.
A Penrose transform allows to obtain the transformed bulk field §®, from where a stationary
phase space approximation leads to the explicit action of w14, Symmetries on the asymptotic

shear, 5.

render a remarkably simple expression for the action of Zw; ., on the shear which the reader
can find in Proposition [I What is more, it will automatically ensure that the action forms a
representation of the algebra, see Proposition 2l We will also show that our result matches with
the canonical action of higher-spin charges found in [48], thereby unifying the aforementioned
results on the appearance of wy . symmetries from twistor space, celestial CF'T, Carrollian and

gravitational phase space points of view.

This paper is organized as follows. We start in section [2| with a presentation of conventions
and the key relationships that allow us to go from twistor representatives to Carrollian fields at
null infinity and back. In section [3] we present our main results, namely the explicit realization
of the action of Zw;,+ symmetries on the gravitational shear, and that the latter forms a
representation of the algebra. We then show in section [4] that our expressions derived from twistor
space coincide with the canonical action that was previously obtained from a gravitational phase

space perspective. Section [5| contains the detailed steps of the proof of Proposition



2  From null infinity to twistor space and back

In this section, we set up our notations and detail the journey of a Carrollian field of helicity
+2 at Z to its uplift to twistor space, and back; see Fig. The first step consists in mapping
the shears & (resp. o) to their twistor representatives h (resp. H) Applying the corresponding
Penrose transform renders a field in the bulk ®(z), from which one can recover the initial field
at . from an asymptotic (large r) expansion. The consistency of this trivial journey will ensure

that our conventions are consistent and prepare the ground for the action of the Zw;, o, algebra.

o h = h(u = pA, A) DX

twistor lift

Figure 2: Schematic representation of the circular journey (here depicted for the case of

positive helicity) with the identification of &, h and ® and their relationships.

2.1 Bondi coordinates and spinors

Our conventions for the contractions of spinors with the Levi-Civita symbol ¢*?, with €% = 1,
are (ab) = €*Pagb, = a®b,, [ab] = ¢ dﬁi)d = a%, and, in particular, we will make important use

of the following

1
Ao = ( : ) n® = (0> A =1  d\*=dzn®  D\:= (\d\) = —dz.

Bondi coordinates are chosen as (u, 7, Ao, \g) together with a null vector n®® = n®n®

Ao = (1, 2), n* = ((1) 8) : (2.1)

such that Minkowski space M is parametrized by

%Y =un® 4+ rA* N €M (2.2)



with flat metric
Az drys = 2dudr — 2ridzdz . (2.3)

We note C°(.#) the space of Carrollian fields at .# of weight (k,k). They are represented
interchangeably : (i) either by functions ¢(u, z, z) on R x S? with the prescribed transformation
law (see e.g. [51},52])

Sep(u, 2,2) = (T + g (0Y +0Y) ) Oud(u, 2, 2) + (ya + Y0 + kOY + Eé?) d(u,2,2)  (2.4)

under an elemen§ = (T+2%(0Y+0Y)) 0y + YO + YO of the (extended) BMS algebra [53],
s A

or by (ii) functions ¢(u &) onf| R x C2 with the following homogeneity [44]

& (161, DA, DAG) = 72072 (1, Aa, Aa) (2.5)

under multiplication by a non zero complex number b € C. These are two different realisations
of the same Carrollian field. The identification is explicitly given by the fact that they define the

same tensorial field ® € (Q0)k @ (QODYE on 7

O = ¢(u, 2, 2)(—d2)"(—dz)* = d(u, Aa, Aa) (DA)F (D). (2.6)

The null momenta p®* for a particle heading towards the point ¢, = (1,¢), (4 = (1,¢) on the

celestial sphere will be written as

P = wg™ (¢, ) = w((, (2.7)
and we define the polarization tensor as
) = taSe, ) = ot (28)
(«C) <]

where (* is an unspecified reference spinor corresponding to residual gauge freedom. From ([2.2))

we also deduce that

_ )
0=r\"n"—— 2.9
rAT g (2.9)
and that the contraction with the polarization tensor is
_ _ A - — (- () |nt
et = 80“’6&? = rﬂ, D) = an‘e&d) = 7“< Cﬁn 4 (2.10)
(c€) (<]
In the same vein, we note that
2% Gaa = u + (AN = u+ 7|z — (% (2.11)
9 9

SHere and everywhere in this article 0 stands for the partial derivative -2 while 0 stands for To avoid

0z
potential confusion, the Dolbeault operator on twistor space will be denoted d.

6(u, A\, A) ~ (|b|?u, bA, b)) then stand for homogeneous coordinates on .#.

E.
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2.2 A trivial journey

We now detail the round trip from .# to twistor space and back as depicted in Fig. [2, namely
we check that one can recover the asymptotic shear from its uplift to twistor space by applying a
Penrose transform, followed by a stationary phase space approximation. These are coordinate in-
variant operations and we will work with the coordinate system for concreteness. Following

the notations and conventions of [51], we start with the Carrollian representative (shear )]

a(u, \, ) = —% OOO dw (a_(w, A A)e™ % — al (w, A, X)e“’“) : (2.12)
which encodes the self-dual radiative degrees of freedom [54H57|, together with its opposite
helicity counterpart,

o(u, \, ) = —% OOO dw <&+(w, AN e @ —al (w) ) 5\)(3"‘”“) : (2.13)
which encodes the anti-self-dual radiative degrees of freedom. Here, k = v/327G and a, a' are

annihilation and creation operators in momentum basis. The fields’ commutation relations are

given by
[aa(w, M, A), al (W' N, N)] = 16700 ww ™ 0(w — W)d(z — 2),
(2 (2.14)
lo(u,2,2),a(u,2,2")] = —iZSign(u —u')d(z — 2').

i) Lift to twistor space .# — PT
Let us start with the positive helicity Carrollian field (2.12]). We introduce, following [27,44],

_ _ % 4 , _ . _
h(u, A\, \) = 0515 (u, \, \) = i/ aad (wwu a_(w, \,A) + < al (w, A, A)) . (2.15)
812 J, w
where 9,1 = [“du acts on plane waves as 0, '™ = L

The uplift to twistor space of the Carrollian representative (2.12)) then is
h(Z4, Z4) = h (1*Aa, A, ) DA

K > dw

(2.16)

(e—iw#é‘;\d a. (W, )\7 5\) + eiwudj\aai(a]’ >\7 5\)) dz

8 )y w
where D) := [Ad)] and twistor coordinates are Z4 = (/ﬁ“, )\a) € C*. The weights of & ensures

that h is homogeneous of degree (2,0) in the twistor coordinates (ZA,ZA). Indeed, & has

Carrollian weights (k, k) = (=3, 3) i.e.

5 ([b*, DAa, bAG) = 0075 (1, Aay Xs) = 750(1, Ao M) (2.17)

=

"The expression below really corresponds to the projection of Cy4p along the null sphere frame in Bondi

coordinates, which relates to Newman-Penrose’s shear as 6" = %6}1‘”6.



for any non-vanishing complex number b, and hence
h(bZ4,024) = v*h (24, Z4). (2.18)

One can also check that the twistor representative h € Q% (PT, O(2)) is holomorphic in twistor
space, dh = 0, where d := dZAggj.
For the negative helicity field (2.13)) of Carrollian weights (%, —%), we introduce instead

h(u, \,\) == o (u, A\, \) = i/ dw w? <e_’““ ay(w, A\ A) + e“tal (w, A, X)) : (2.19)
0

2

and the following uplift to twistor space

h(Z4, Z4) = h (1Xa, A, A) DX
o0 . I i} (2.20)
= —8—; dw w? <6_W“ Ay (W, A )+ eragt (), )\)) dz .
0
The weights of ¢ imply that the twistor representative h € QOL(PT, O(—6)) is homogeneous of
degree (—6,0) in the twistor coordinates Z4, Z4. It also satisfies dh = 0.

To summarize, we have two linear maps (one for each helicity)

C® . (F) = QU(PT,0(2))

T+2| (-3:3)
o —> h
(2.21)
T é”_%)(ﬂ) — Qovl(PT,NO(—6))
o — h

lifting the shear to the corresponding twistor representatives. For a general Carrollian field

d(u, z, 2) of weight (k, k) = (%, %) we have a map

Coe 1y (#) = QOI(PT,0(25 ~2))

27 2

o —> f=fDX\

T® (2.22)

given by f(24,24) := (9720 ) (u = j"Xa, A, A).

ii) Penrose transform: PT — M

Functions f(Z4, ZP) on T which are homogeneous degree k in the holomorphic twistor coordinate
Z4 ie.
fOZ4bZ8) = vk f(24, ZP) (2.23)



correspond to sections of the holomorphic bundle O(k) — PT. Twistor representatives are
given by d closed (but not exact) (0,1)-forms f € Q%'(PT, O(2s — 2)). The Penrose transform
then identifies the corresponding cohomology class with massless fields of helicity s € Z (see
e.g. [58-63]):

{zero rest mass fields on Mg of helicity s} ~ HOY(PT,0(2s —2)) . (2.24)

In particular, from our twistor representative h € Q%(PT, O(2)), given by (2.16)), one can recover
the corresponding positive helicity 2 fields asﬁ

oy 1 latg 0*h o
q)adﬁﬁ(x) - % /(CIF’I <<d§> A <LC>2 ‘5‘8 ﬁ(,u =T COUCO() (2.25)
Kl Lo ﬁCaCQ

= T6r 3/ (¢d¢) A [¢dC] <C> /0 wdw <e_iwxad4“§d a_(w,C,f)+ei“zad<“5°"ai(w,§,§)>

167?3/ de/;m dCdCE (C C)( —iwr®ala g (w,¢,C) + el Cala ot " (w, ¢, C))

Here, in order not to confuse it with the spacetime coordinate A\, = (1, z), the integration vari-
able has been taken to be (, = (1, ().

The negative helicity linearized Weyl tensor is recovered from the twistor representative he

QUYPT, O(—6)), given by (2.20), as:

Do) = % [C (CC) ol G B(H® = 26, ) (2.26)

== / wPdw /C | dedc Caprs (€770 0 (0,¢, )+ " Sonal (0,¢, ) )

iii) Large r limit: M — .
Contracting (2 with (9:)** and making use of (2.9), we obtain

_ r <L>\>2 a, B 82 .k
%(x)—% / (e W<“ = 296, ) (2.27)

_ —iwz®4Cals a iwz®%(als 1 >
2 [ [ qacas 2 (o a_(@.0.0) + e e al (w,,0))

4 . .
8The Weyl tensor would have been obtained as Uyps5(T) = o5 fcpl ¢de) A m(ua = 2%, Ca)-
Note the sign difference which ultimately mirror the fact that U9 = —92%5.



Taking the large r limit and making use of the saddle point approximation or the identity
eFiwr Gale = i eFiwus(y — ¢) 4+ O(r~2), one recoversﬂ the asymptotic shear (2.12)) from which

we started, namely

6(“, )\, 5\) = hm Tﬁlégg(ﬂj)

r—00

N | i i (2.28)
- —% i dw (e_“"“ a_(w,\,A) — el (w, A A)) :
as expected.
Similarly, for the opposite helicity, we contract (2.26) with n® to obtain W,
— — 1 ~ . .
TUy(x) = n*n’n'n’,p.45(z) = 2—/ (CdC) N h(u® = 2%y, Ca)
T Jcr (2.29)
- w3dw/ 3dgd{" <te_i°“’:mco‘§‘i ay(w, ¢, ¢) + eiwr™ala g (w, ¢ f))
87{'3 C]Pl 2 ) 7 — J ) )
and recover o(u, A\, \) as given in (2.13) from [64}65]
2o (u, \, \) = —Wg(u, A A) = — lim 70y ()
r—00
. o 2.30)
o K 2 — zwu T - (
=5 |, WP (e w,00 — el (0,0,0) |

as it should.

3 Carrollian representation of the 2w, algebra

3.1 Representation of the Zw,,,, algebra

We now turn to the action of Zw; ., algebra on Carrollian fields living at .#.

The Zw; .. algebra

The generators g(Z4, Z4) of the £ w; . algebra, as realized in twistor space, are the functions

on T of homogeneity degree 2 (in Z4 = (u, \,)) such that

9= g0(2) + ga(2) 1 + gace)(2)u® + .. -
e 3.
n= n= n=2

with

goc(n Z goz(n (32)

k=—o00

9Note the J-function normalisation [ %d(déé(() =



some holomorphic functions on C* = C\ {0}. The generators are decomposed into polynomials
Ga(m) (2)u™ of degree n € N on the plane of coordinates pu® = (10, ub). Here and everywhere in

this article we make use of the notation (commonly used in the higher-spin literature) a(n) :=

(ay ... ap) for n symmetrized indices and similarly pd™ = g .. pdn,
The L w1100 algebra is explicitly realized through the holomorphic Poisson bracket ¢ =
a 0
ﬁau ouP [ ]
w5 091 092
= aﬂ_‘_. . 3.3
{91, 92} =€ O P (3.3)
It can be alternatively expressed in terms of the modes
wh = (Ot ml <p -1, (3.4)
with p = %2 as (see e.g. [22] in the celestial literature)
{wh, wi} = 2(m(q —1) = n(p — 1)uwp 8. (3.5)

Carrollian fields

A Carrollian field ¢(u, z,2) € C(kk (ﬂ2 of weight (k, k) = (%,%) lifts, through the map
(2.22)), to an holomorphic form f = fDX € Q" (PT, O(2s — 2)) in twistor space. The action of
the Zw1 1 algebra is then given by (see [27]")

0, = {9,£} = {g, [} DX. (3.6)

Since g is generically singular at z = 0 and 2z = oo, the resulting twistor field d,f(u®, \,) will
be singular. This is a problem as it might render the Penrose transform ill-defined or generate
a singularity in the resulting field. It will thus be useful to restrict ourselves to Carrollian fields

with support inside an annulus
1
A:{ZGC s.t. E<|z|<R}

where R is some fixed number that can be taken as large as we want. We will denote such fields
o(u,z,2) € CE’,Z,—C)(JA). These are such that, for example, (3.6) is regular on the whole of S?. A
perhaps more physical justification for this space of fields is the following: as was pointed out
in 27, due to Dolbeault-Cech equivalence of cohomology, the generator (3.1) of a symmetry

can be equivalently realized as the twistor representative dg of a linearized field; the presence

10Tn this reference the symmetry is thought of as a deformation of the complex structure, which yields an extra
inhomogeneous term dg. In this article, we restrict ourselves to the linear action on the linearized fields. This
action will induce a representation on the Carrollian fields and, by construction, this excludes an inhomogeneous
(soft) shift.

10



of a singularity now being essential to ensure that the corresponding cohomology class is non
trivial. Accordingly, (3.6) can be thought of as the action of a graviton on an other and the above
restriction amounts to requiring that these are not inserted at the same point of the celestial

sphere (thus avoiding a type of collinear singularity).

Carrollian representation of the algebra

The actionic?ggb(u,z,i) of a generator (3.1)) on a Carrollian fields ¢(u,z,z) € CE’;]—{)(%A) of
weight (k, k) = (452, 12), with s = £2, is obtained by following the successive steps of

Fig. [1} i) First the Carrollian field ¢(u, z,z) is lifted to the preferred twistor representative
f:=T(¢) € Q" (PT,O(2s — 2)) via the map (2.22). The generator g of the algebra then acts
on this representative as (3.6)). ii) Second the Penrose transform of §,f yields a solution §,®(x)
of the zero-rest-mass equation of helicity s. iii) Third, taking the limit » — oo we obtain the
corresponding Carrollian field é,¢(u, z, Z).

In section |5{ we go through this procedure for a Carrollian field o € C(’j 13 )(J 1) correspond-
272

)(f 1), corresponding to a field of helicity

ing to a field of helicity +2 (respectively for o € C(OO

3 _1
2'7 2

—2) and derive the following.

e N

Proposition 1. The action of the generator gam)(2) of the Lwi4 algebra on the Carrollian
fields of spin 2, 6(u, z,z) and o(u, z, Z), is given by the following:

0,0 = i ot (gd(n)jxé‘(”)) ¢ o3 <u”*€ 3;174 3815) ,

= (n—0)!
o , (3.7)
571 _ 5n—£ i j\d(n) a—l n—{ a3—é 66—1
7 ; (9100 >(n—€)!“<u L),
where n € N and 0 := %.
Proof. See section 5 O
The proposition can also be rephrased as follows: for a Carrollian field ¢ of weight (%, %),

corresponding to a zero-rest-mass field of helicity s = 2, we can write the action of the generators

as

Onp = ; ot (ga(n)xd‘("» o f 5)!5’5“ (U”_e 9, 5“%) : (3.8)

and it is tempting to conjecture that this formula extends to any spin s € Z. Even though

our method of derivation in principle applies to any spin in practice the computation is rather

11



lengthy and in this article we will only explicitly show the proof for the spin-two case formula.
Nevertheless, as it should be clear from the proof of the proposition below, the representation
itself does extend to any spin. Let us emphasize, though, that the corresponding representation
on spin-one fields should not be confused with the infinitesimal action of the symmetries of self-
dual Yang-Mills in twistor space (as e.g. in [6}|7]) nor with the one appearing in the celestial
gluon OPE [22-24]. Rather, these are the extension of the gravitational twistor symmetry to
other spins (this is similar to the fact that the BMS group acts on all fields regardless of their
helicity but e.g. is not the group of asymptotic symmetries of QED).

The action (3.8)) is obviously linear (and as such does not contain an inhomogeneous (soft)

shift). In fact, as we shall now see, it forms a representation of the algebra.

Proposition 2. The action of the generators (3.1) on Carrollian fields CE);,E)(jA> of weight

(k, k) = (%, %), as defined through the procedure explained before Proposz'tz'on forms a rep-

resentation of the L w11« algebra. In particular the action (3.7)) is a representation of L w1 -

Proof.

Let ¢(u, z,z) be a Carrollian field of weight (k,k) = (452, 12). Via the map it defines
a preferred twistor representative f = T%(¢) € QUY(PT,O(2s — 2)). In this proof only, let
us introduce a shorthand notation that will be very useful: if A € Q%(PT,O(2s — 2)) is any
twistor representative we will denote by A (u, z, z) the Carrollian field of weight (k, k) = (52, 1)
obtained from A by successive Penrose transform and large r expansion. For example we have, by
construction, f(u, 2,2) = ¢(u, 2, 2). Let 0,,f = {f, g} DX be the twistor representative resulting
from the action of elements g¢i, g, on f and let oy, ¢(u, 2, 2) = 5;3'(1;, z,Z) be the corresponding
action on the Carrollian field. We will note f; = T (d,,¢) the preferred twistor representative
associated to dy,¢(u, 2, ). Both 6,,f and f; define the same spacetime fields through the Penrose
transform,

dg,P(u, 2,2) = ggjf(u, 2,Z) = E(u, 2, Z),

but they do not have to coincide in general. Rather these two representatives must be in the same
cohomology class (this is because of the isomorphism ([2.24) underlying the Penrose transform,

see [59] for a proof). This means that
5gif = fl + a.(lfi

where oy, ay are some functions on twistor space. Importantly, since both d,,f and f; only have
support on the annulus A so do oy and ay. Now by definition 6,4,04, ¢(u, 2, Z) = 0,4,f1(u, 2, Z) and
thus

—_——
P

00001 0(U, 2, Z) = 04,04, f(u, 2, 2) — 0gyda (u, 2, Z).

12



In order to prove that we have a representation of the algebra, we need to prove that the Carrollian
field 04, go10(u, 2, Z) = 14, 9,3F (1, 2, Z) obtained from d¢g, g1 f = (9g,0g, — g, 04, )f coincides with
(0g,0g5 — 04,04, )P(u, 2, Z). We therefore need to prove that

5{91:5]2}¢(u7 2, 2) - (591592 - 592591)¢(u, Z, 5)
= 5{91,92}f(ua <, 5) - (5915512 - 6g2591)¢(ua Z, 5)
— (90O f (1 2, 2) = 0,0 £ (1, 2,2) ) = (G0, 2, ) = 800, 6(, 2, 2) )

= 5glaa2(u, z,Z) + 5923a1(u, 2,Z)

vanishes. We will in fact prove that the terms 5gaa are d-exact, since the Penrose transform

annihilates exact forms this will be enough to conclude. To see this, we note that
59(_1@ = {g,c_loz} = a{g7a} - {c_lg,oz}

Now dg has only support on z = 0 and z = oo, while a only has support on the annulus A
therefore the last term vanishes. Finally since ¢ is non singular on A and « only has support on

this set it follows that {g, @} is a non singular function on the whole of S%. Thus §,da = d{g, a}
is d-exact and d,da(u, z,%) = 0.
[l

Note that, even though the action (3.6)) would be admissible for any ¢(z, z), holomorphicity on
A of g, dg = 0, is crucial in the above proof.

3.2 Action of the simplest generators n =1,2,3
In order to illustrate the general expression of Proposition [1} let us write down the action
of the simplest generatord']
n=1
515’ = |:go'qulau:|5-7 (510’ = [gledlau}U . (39)

This coincides with the usual action of a supertranslation vector field which can be expanded in

modes as

oo 1
T (2,2)00 = ga, N0, = ( Z Z Tm,mzm2m> Oy - (3.10)

m=—o0 m=0

UNotice that the n = 0 (p = 1) generator acts trivially.
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5o = {5 (2042A®) (g + gau) + (204 A*®) 5} 4

1

} (3.11)
090 = {5(29&(2)/_\6‘(2)) (—— + —8u) + (2%(2))\@(2)) 5} o

2 2

one recognizes the usual action of the vector field

Tos(2,2) 8 = 2g,4(2) XN 0 = (Z > Lyma"z ) ) (3.12)

m=—oo m=0

on the shear. To interpret this, it is here useful to read from ({3.3)) with n = 2 the algebra,

{glaﬁ(zv Z)H’Oé:uﬁ ) g?aﬂ(za Z)Ma:uﬁ} = 4917a(za Z)QQ’Yﬁ(Z> z)ﬂa#ﬁ- (313)

When the generators are globally holomorphic, this is the SL(2,C) algebra. Under the more
general assumption that the generators admit Laurent series on C*, this is the SL(2, C)-
loop algebra [66]. A direct computation shows that it is isomorphic to the algebra of vector fields
on C* of the form (|3.12]).

n=3
Let us finally illustrate the action for the (less familiar) n = 3 generator,
520 = [ (0 0ga) 300+ (guo ") (20+60,7)0
_ . 1
+ 0? (gd(g))\a(?’)) <3u +30, " + §u28u)1 7,
(3.14)
(530’ = l (S\d(3)gd(3)) 3 (9;152 + 5 (gd(g) ;\d(3)) (2u - 28;1)5
_ —. 1
+ 0? (gd(g))\a@)) < —u—+ 3;1 + §u28u)} 0.
This action corresponds to the one of the sub-subleading current labelled by s = 2 in [47,48] and
denoted by p = 2 in [22].
4 Canonical action of charges

In this section, we show that the action of the Zw; . symmetries at null infinity derived in

Proposition [I] coincides with the action of the canonical charges on the radiative data that was

14



derived from gravitational phase space methods in [48]. The dictionary is that the label s referred
to as the spin there is related to the generator index as s = n—1 = 2p—3 (hence supertranslations

are spin 0, superrotations spin 1, etc.).

4.1 Canonical charges

Let us first review the prescription of [48] for the construction of spin-s charges QE. As part of

the procedure, a first set Q, for s > —2 is defined by solving the following recursion relation

s—i—l

Qs(ua 2, Z) = (81713) stl + [UQS 2] ) (41>

starting from Q_5 := %850. The hard charges, denoted by Q2, are then obtained by only keeping

the terms in Q, which are quadratic (hence the superscript 2) in the shear &, o. The result is

S

1 e _
Q2(u,2,2) = ¢ D (C+1)0;" (9,0)"" [a (a;la)‘aga] . (4.2)
=0
It receives the following interpretation: for s = —2, —1,0, 1, 2 each of the quantities Q; is propor-

tional to the Newman-Penrose scalars U$, 9, U9 W9 W0 and the recursion relations corre-
spond to their associated Bianchi identities [65]. The charges Q2 for generic s are thus quadratic
quantities in the shear that generalize the behavior of the (quadratic part of) Newman-Penrose
scalars.

The action of these charges on the shear would generically be divergent (see [47]); for this

reason one introduces the following renormalization prescription

S

2, z,2) =Y (Zw)™ nas "Q%(u, 2, Z), (4.3)

— O(S—n)

which will define higher-spin charge aspects ¢2(z,2) = lim ¢*(u, z, z). Using (#.2)), one then has

U——00

Q(u, z, 2) Z Z (¢ +sl— m 8u (n=t41) o=t [6 (leéy (950] ) (4.4)

nOKO

Ashtekar-Streubel’s symplectic structure [69)

2

{0uo(u, 2,2),5(u, 2, 2)} = %5@ — W)z — ), (4.5)

12The dictionary to convert the expressions of this reference into ours is C + & and D := %6 — 0. Note
again that, as compared to the usual definition of the shear, we have %' = C;; = 26NF; see [67,/68] for a
remainder of Newman-Penrose (NP) conventions.

15



then allows to compute the action of the charges as
{(2,2),60,7,2)} = lim {¢*(u,2,2),6(u,2,Z)},
U——00

{%(2,2),0(u, 2 2)} = limoo{cjg(u, z,2),0(u,2',Z)}.

U——

The result i3] [4§]

s

> (=1 (n + 2(_A n+)l2>s—n oL e (v, 2 2)0 6 (2 — <),

oo|§\3

(4.7)

2 S A _ _
{q?(Z’ ?), O’(u/, 2 2/)} _ Z(_l)s+n (n+1)(A 2)5_”8i758”0(u’, Z, 70 (z — Z/) :

where A :=ud, + 1 and (2), = 2(x —1)--- (x — n+ 1) is the falling factorial.

4.2 Matching with the twistor space action

The integration of (4.7)) against a function 74(z, Z) on the sphere yields the actions of a generator

suotuzn) = {5 [ 06,0 o))
. (4.8)
suotu ) = {5 [ (0. 06.0) . olunn))
which reads
5o z) =3 LT 188(% Z)!Q)” (5°t7) 005 (u, 2)
A (4.9)
Or,0(u,z) = (£+ (A = 2)s (0°*1)0'0 o (u, 2) .

(s—10)!

=0
In order to relate these expressions with the results of section [3] it is useful to note the following
identities [4§]

Wt =(A-1),, du"=A+n—-1),, uw"d"=A+n-1)",

wA+a),=A+a+1),0,, ' A+a),=(A+a-1),0", (4.10)
u(A+a), = (A+a—1),u, uA+n—1"'=(A+n-2)"1u

13See eq. (67) and (68).
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They lead to

(A+2), _ 3 (A=1ar) ,s o w0 s
Goor 0\ oo ) O A GO )% (4.11)
and, similarly, one has
(A —2)s—s -1 (A — 1)y a-1 us_éa{i_e
ool o, oo 0, =0 Goor Dy . (4.12)

*(0e1) (4.13)
+ —
0r,0(u, 2) () 0, (w 0L 0 o (u, 2)
= (s—1) ( )
Using the relationship s = n — 1, they read
— . 4 an—~ 3 n—fa—1—050—1 =
b0, 2) =Y @ ) 0 <u o145 15 (u, z)) ,
= , ' (4.14)
Oryr0(u,2) = Y ———(0° "7 0) 0, (u" 1050 o (u, 2) )
— (n—0)! < >

with coincides with the twistor actions of Proposition |1| with generators 7,,_; = gd(n)jxd("). In
[49], a direct proof that this action forms a representation of the Schouten-Nijenhuis algebra of
multivector fields [70]

[Tno1, 7] =m7, 0T 1 — N7 10T, (4.15)

was given under the condition that 0"*'7,_; = 0, which is satisfied by the generators 7,,_; =
gd(n)jxé‘("). This condition corresponds to the vanishing of the integrated soft charge. This result
confirms the conclusion of Proposition [2 derived from the twistor action. In [33,49], it was also
shown that relaxing the condition 0"'7,_1 = 0 is possible at the price of having a non-linear
action of the Schouten-Nijenhuis algebra on the asymptotic phase space. We leave the discussion

on the meaning of this nonlinear extension from the twistor space perspective for future work.

5 Details of the proof

This section contains the proof of Proposition [I] following the different steps as described in

Fig.

17



5.1 Positive helicity

We will evaluate the action of the algebra on plane waves

— Z.K“ wou [e'e]
a(u, \) = :F@GZF 6((Aw)) € C*

%)(jfl); (5-1)

N|=

by linearity of the representation it will extend to any Carrollian field admitting a Fourier
transform.

The first step (i) consists in uplifting the self-dual Carrollian field to twistor space.
One easily obtains the twistor representative h = h(u = %\, \) DA with

B2, N) = — e Fiwo(h3a) §((Ap)) . (5.2)

N 87T2CU0
The action of the w;,+ symmetries on h is given by (3.6))

- Oh -
h = {g,h} = ( aajd) eaf”;—wm, (5.3)

with the generators g given in (3.1)). We thus get, at fixed n,

h(N) = (a@Tg) A1 eF ol 2a) 5((w) ) AN

. (5.4)
Fikn 0, <N
= 52 G ) 8((w)) A
where
G (1, A) = Gay.ang A 2 L pufmeTioiiAe) (5.5)

We now implement the second step (ii) by plugging the transformed twistor representative h

into the Penrose transform. This leads to

1 oty 0*6h o
5(I)ad66(x) - 2_71'2 /(CIPl <CdC> A <LC>2 auaaﬂﬁ (,u =T Com ga)
92G(n)

kn = Lalg
o [ tedc) it 25 S
ikn tolg O*G™W

. (W5 =200 C)  (56)

S G ey T e
where
aQG(") 2 — 1,00 [6 TOEE— . _ G G P
oo (n,w) = (— (W0)“ Gy @ 2 D W 5 F iwo2(n — 1)w(59a)a1...an_1w [T

96 ...con_o

+(n=1)(n—-2) N K (5.7)
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and where we used the d-function normalisation [ %dCdf 5(¢) = 1. Note that in the above
equation the generators g, really are functions of w, which correspond to the direction of the
plane wave, and not functions of z which are the Bondi coordinates. Contracting (5.6)) with
(2.9), we obtain the transformed bulk field

L, pikn (LA)? - PG

Pos(z) =+ (s = a0 . 5.8
0Pz (2) "8 (Lw)? " audauﬁ(“ T W Wa) (5:8)

We will split the computation according to the three different terms that appear in (5.7)), namely

§®.:(x) == Fi(x) + Fy(x) + F3() (5.9)
with
ikn (N 4 4 _én , G = iwo (n¥ i,
Fl(a:) - 2% <<LUJ>>2 n nﬁ( N (w0)2gd1-~dnw 1,U, . M "wdw3> e’ o p& =gy
o (( )? Gy 0° a(n—U) 2T i () 10
= —— W, aln w T e & 9
<Lw>2 0)" Gér(n) H 83 pE =g Xy,

where we recall that we use the notation &(n) := (& ... d,) for n symmetrized indices,

) A 2 . A . . . . &
FQ(:L‘) = :ETQ%% ﬁaﬁ’B <:FZOJ02(7”L _ 1)@(3‘9@)6&1“.0_‘"71@&1“0@ o /J/Oén—1> e:szo(,u We) A '
uE=x*%qy,,
. (1A)? —6—c, G(n—2) QIR 4, (g
= F2i(n — 1><Lw)2 (wo Ga(m) W ) +r @GJF ok . (5.11)
and
| 2lRkn <L)‘>2 _a-f R Gm iwo (1 W)
F3(x) = +r 877 (w? nen ((n = 1)(n = 2)9up4,. 6, 0 1 2) eTiolr i,
(L\)? (D) . el RN i (i
— -1 ) < a(n &(2),a,,a(n 3)) + 27V Tiwo(nwe) 5.12
(n )(n )<Lw>2 Gamn "W H r 87r36 =i, ( )
We will first focus on working out the first term ([5.10)), which reads
<L)‘>2 —&,.a(n—1)a(n— KN 1w (T WD
Fi(z) = “lw)? <(wo)29a(n)w e I)wa(n—l)) iTQ@ﬁ ol tata) ) (5.13)
Remembering that
%%, = (un®n® + r A\ A\ w,,
(7_ . ) (5.14)
= rA*(Aw) + un®,
one finds the identity
ga(n):pé‘("_l)o‘("_l)wa(nfl) = Ga(n) (7"5\‘5‘1</\w) + uﬁé‘l) e (rjxé‘"*()\w) + uﬁd"”)
n—1
1 0. . (5.15)
= e (n g ) (r()\w>> X&) n—1-tpiln—1-0)
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We now arrive at a crucial step in the proof (step (ii7)), which consists of performing the
large-r expansion in order to obtain the transformed field at .#. At face value, it seems from the
presence of r* terms in expression that will render an expression which dramatically
blows up at .#. This is however not the case, due to a mechanism we will now detail.

As 7 — 00, the plane waves admit to be written ad |

eqiiwo(:cadwawd) _ 6:Fiwg(u+7‘|z—w\2)
() 99 L @97+ .. ) s
R ( * T 00 T 2T 99 +) (o)) (5.16)
eq:iwou o 1 7,.—1 _ k
— T — 00| 0((A
Fom o kz:% 7 (iin ) ((Aw)),
and hence
12l (e tuea) _ TR e*iwwii " 98 k5(<Aw>) (5.17)
83 8wy £ k! \ iw ' ‘
Plugging (5.15) and (5.17)) into (5.13)), we arrive at
MKW (LA)?
F — Fiwou 1
() 812 ¢ (Ltw)? (5.18)
n—1 oo n 1 1 1 k
. 04 B ozé) n—1—¢- a(n 1-¢)
X i) D ZZ(( , )( Oao))e A )k (iw)a@ S(Ow)) .
(=0 k=0
Therefore, thanks to the distributional identity
(Aw)"O"6((Aw)) = pmn(—1)"n!6((Aw)) , VYm>n, (5.19)

we see that each overleading term in r vanishes! Moreover, all factors neatly combine to give a

leading O(r) term free from the residual gauge ambiguity related to (*, namely

n—1 a /
__ 'k $zw0u a E+1 & a n—1— Z) n—1-—¢ 9
o) = St e L ()30 (5) 0w (5.20)

=0

+0(?).
We can now rewrite F; by recalling the definition of the plane waves ([5.1)); using

(Fiwg)"eTwoU = (=9, )meTwon (5.21)

14This expression can be derived by looking for the unique solution of the wave equation in Bondi coordinates
(7%8 — 0u0r + 7 1.0.0- ) ¢ = 0 which is the form eT®ouy)(r, z, z) and satisfies the asymptotic boundary condition
eFiwo (@ wats) — :F T eFiwoug(z — () + O(r~2). See also |71] for similar asymptotic expressions.

woT
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n—1 3 l

~80) — 1t 1 0 Fik
— + €+1 a(l) =a(n—1—¢£), n—1—¢ $zw0u 0
IrNWoYa(n) [ ; < ))\ n u i (8#2 5(()\11)))) + O(r?)

n—

1
= rnga(n)w [ <n R 1> N pa(n=1=) n=1-f 56(&)1[1 g+ 0. (5.22)
=0

l

We now make use of the following identity
@*(9)™((Aw)) = A*(9)™((Aw)) +mOA*(9)™ (M), (5.23)

and obtain

—_

n—

EAN , _
Fi(x) = g [ (n )Xx(eﬂ)ﬁa(nle) W B (8,)

14

I
o

n—1
N Z£<n 2 1) N Ha(n—0) | n—1-¢ 5@1@“)12} &+ O®°)
=0

n 1N\ _
= TNGa(n) [ (Z B 1) KO p&n=) yn—t o 10,)* " (5.24)
=1

_i_Zg(n_l))\a oz(n £) i Ea@ l(a )1 €:|6__'_O(r0)

= rngan LZ AHOpA =0 (Z B 11> (w @)% + (1= (0 ) af-l} G +0(°)

1

S a0 —1
= TNGa(n) )\a(ﬂ)ﬁa(n—ﬁ) (Z_ 1)au (un—€<a )1 — aﬁ 1= ) + O( )
=

[y

where we used (";1) = ”T?E (;}:11) in the third equality. Finally, using that
j\d(f) a(n—0) __ g' 5n—f j\oc(n) 5 25
Ga(n) n _gd(n)m ( ) ) ( . )

we end up with




The computation for the two remaining terms will follow along very similar lines. The second

term ([5.11)) reads

. L>\ 2 &, —a, a(n—2)a(n— IKN two (24 Wa g
Fy(x) = F2i(n — 1) <<Lw>>2 (wogd(n)n we gt n=2)al Q)wa(n_2)> <j:7"2ﬁejF 0(z%%wa ‘1)) . (5.27)

Using again (5.17)) together with the identity

n—2

. -2 —. .

gd(n)wa(n—Q)Oé(n 2)wa (n—2) = Ja(n) Z (n ) >)€ )\a(ﬁ)un—Q—éﬁa(n—Q—f) ’ (528)
£=0
we obtain
. n—2
TL(?’L — 1)7’7,.’% Fiwou <[’)\>2 & a £ya(l), n—2—L\ =c&(n—2—F)
Fg(m) = :F4—7r26 0 <Lw>2 (ga(n n Ez:; >) A u )n )

y Z% (i;oaa) S(Oaw)) (5.29)

All overleading terms in r and residual gauge factors in (5.29)) again disappear thanks to the
identity (5.19) and we are left with

n(n — 1)irk = n—2 d \'
= T grtg e Y- (M) 2 a2 s + o)

42 Fiwg

= 2n(n — )7 gama® [i(

=

l\D

) nd(n—l—é)un—2—€g€a;Z g+ 0@, (5.30)

where we have reinstated ¢ as given in (5.1)). We can now make use of the identity (5.23) to
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14
/=0
n—1
_ _ _ n—2 2O 7a(n—0), n— 16861816 531
=2n(n — 1)rgam) /—1 (5.31)
/=1
n—2 n—
+Z€( , ))\a né)n?fa(la :|0‘+O( )
/=1

+ 0
_ &(6) 756 n—2 n—1—£a—L50—1 =
— 2n(n 1rgan2)\ (6_1)3( ) )+0( 0),

where we used (”;2) = (nfffl) (2:12) in the third equality. Finally, using (5.25)), we end up with

Fy(z) = 2n n—lrga(ni:g (W”)) (E:f)a(nwafa“wou

— 2rgagm) :ién f(ﬂd<n>)—<n_f_l)!a (w=0,015) + O(°).

(5.32)

Finally, following the same procedure as described above for the last term (5.12)), we get

R) = (- - 2120 (gdmmd%aw ) (s e )
_ n(n——;igz;—Q)rme¢wmuéf§%; <gd00 e ggéj ( > >)fxdwhfﬂn73f@>
« kf%% (L,;Oaé)ka(uw» (5.33)
= 2= 0B g :_:<—1>£ ("] ¥t (%%)ewww
+ O(r?)

w

(n ) 3))\&(8 —d(n—1— Z) n—3— Zaf(a )717Z 5'+O(7’0)

=n(n—1)(n— 2)rgd(n)u_)d [
¢

Il
=)
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The identity ([5.23)) then leads to

w

n—

n—3

Fy(z) = n(n = 1)(n = 2)rgawm) { )A““*l R0y =g g,) T

~
Il
=)
oo

n—

_|_

~

(n ) 3) )\a(f)nd(n—ﬁ)un—i’)—ﬂgﬁ—l(8u)—1—€:| &+ O

~

—0
n—2 n—3 B
=n(n—1)(n — 2)rgam) { ))\O‘“ 7o =0yn=2-t51(9,) (5.34)
=1
n3 n—3\-. . _
+ E( ’ ))\O‘(z)na("_g)u”_?’_g@e_l(au)_l_e} g+ O

(=1

N

n(n —1)(n — 2)rg, n)Z/\O‘(E pn= é)(g_f)8u<u”_2_e(3u) IRA >+(’)( ),

where we used (";3) = ("7572) (Z‘:f) to get the last equality. Finally, using (5.25), we end up
with

[\

n—

Fy(z) = n(n—1)(n — 2)rgam S 0" (Aaw)‘“ (Z’:f)a (w—?—é(au) 11 )+0( )

~
Il

n—2
:rgd<n>Zén—ﬂ(w’ﬂ)mau(u"—%ﬂ(au) 1515 )+(9( 0). (5.35)
(=1

We are now ready to collect all three terms F;(x) (¢ = 1,2,3) and read off the action on the
shear. From ([5.26)), (5.32)) and ([5.35]), we obtain the final expression

Zan K(A“”) ¢ 5 by (un_e(au)1—z gz-15>

+ 2040 — o+ (y‘dn)) m&‘ (un—l—ﬁa;€5€—15_>

s 00 (F0) g0 (w2 (000 )

= Gamy » 0" (Xé‘(")> (5.36)
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We now need to remember that g, here is a function of w and can therefore freely move through

the derivatives to give

§5 = Xn: gt (W) (n f g)!ag (u”—ﬁ(au)—e—léﬂ—l (gd(n)cr)) . (5.37)

/=1

In the above formula, the generator g can now be taken to be a function of z (since & given
in ((5.1)) is proportional to a Dirac é-function). Since, for any integer k, 9%g is only non-zero at
z =0, z = 00, we can write (remembering (5.1)) that the plane wave only has support on A)

_:n 24 A ¢ e —=1915) . .
5o ;a e(ga(n))\ ) 83<u £0,) 1 10) (5.38)

(n—0)1"
The formula finally extends to any Carrollian field & € C(’fl 3 )(ﬂ 4) by linear combinations of
272
plane waves. This concludes the derivation the first equality of Proposition

5.2 Negative helicity
For the opposite helicity, we consider the plane waves

ik wou 0
o(u, ) = i@ei I((A\w)) € C(%ﬁ%)(,ﬂA). (5.39)

The twistor representative is h = h (1%Aa, A) DX € QU(PT, O(—6)) with (2.19)

~ 3 . &y
B = 20 cisnwAa) 5((Aw)) | (5.40)

872

The action of the wi. symmetries on h is given by (3.6)

~ ~ dg ) o Oh -
Sh={g,h} = _ ) ¥’ —— D), 5.41
(o) = (5% ) (5.1
and we get, at fixed n,
~ +ikwd L as ,
Sh(p, \) = ——0 ( 89.) N& eEieo(h ) §((\w)) DX
ﬁ_” NG (5.42)
) o . sy -
~ 82 % ey o ARt eFiwo(k2a) d((Aw))DA.

We can now plug the transformed twistor representative into expression (2.26)) leading to the
Weyl tensor:

— ?

i) = 5 [ 1600) Gy GOl = 260, o)

27
Knwa > Ta1 G Gn Ao (A Cs
=F 167r§/ ACNAC CalpCiCs G €™ 1 - o " 5((Cw)) pi=gad
CP o
. 4 o
= :]:_Z/{nijo W WRWAWs gd1...dnwdl,ud2 ce ,udn eztiwo(,uo‘wd) . . ) (543)
87T pE=xry,
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where we integrated the d-function. This leads to
4

P @ty s ) (5.44)

Ty (x) = £,

We already computed a very similar expression in the previous section; see ([5.13]). We can thus
directly use the result ([5.26)) and read from ([2.30)) that

b0 = —0, 2 lim 70W,()

=00

no _. !/ 5
=02 () o0 (“n_f(a“)l_laf_l <gd(")83")> (5.45)

— - ot (5\@(”)> 7 f 6)!@;1 (u”‘z(c‘?u)?’_@z_l<gd(n)a>> ‘

(=0

By the same argument that we used for the positive helicity case, we can replace the w dependence
of g by a dependence on z and are allowed to move it freely through the derivatives thanks to
our requirement ([5.39)) on the support of o, therefore

- an— N a(n E — n— —{Aal—

b0 = ;8 (gaA*™) (n_é)!aul(u ‘0.0 ). (5.46)
=0

The formula is then extended to any Carrollian field o & C(°§ a1 )(f 1) by linear combinations,

which proves the second equality of Proposition [I}
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