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Abstract

One way to perform field theory computations for the bond percolation problem is
through the Kasteleyn and Fortuin mapping to the n + 1 states Potts model in the limit
of n — 0. In this paper, we show that it is possible to recover the e-expansion for critical
exponents in finite dimension directly using the M-layer expansion, without the need
to perform any analytical continuation. Moreover, we also show explicitly that the criti-
cal exponents for site and bond percolation are the same. This computation provides a
reference for applications of the M-layer method to systems where the underlying field
theory is unknown or disputed.
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1 Introduction

The percolation problem provides one of the simplest examples of a second-order phase tran-
sition, in both the versions of site or bond percolation. Despite the simplicity of the model, it is
at the basis of different problems in many different fields, from condensed matter to telecom-
munication engineering, from graph theory to epidemic spreading [1,2]. In the standard site
(bond) percolation problem, each site (bond) is present independently of the neighbors with
probability p. Above a certain threshold p., a giant cluster of nearest-neighbor sites is present
in the thermodynamic limit while below this threshold neighboring sites are grouped into many
small clusters of non-extensive size. The value p. corresponds to the transition point and one
can associate standard critical exponents that describe how critical observables behave near
P.. Despite the deep similarities with respect to critical behavior, the main difference between
percolation and other phase transition models is the absence of an associated Hamiltonian and
a corresponding partition function.

The renormalization group (RG) is the main tool to study second order phase transitions.
It can be applied in two ways: the first one is by performing explicitly an RG transformation
on a given two- or three-dimensional lattice while the second relies on field theory. The first
method typically requires uncontrolled approximations (needed to close the RG equations and
find a fixed point) while the second is more powerful as it allows one to systematically obtain
the critical exponents in dimension D in powers of € = D, — D where D, is the upper critical
dimension. The first method can be applied to percolation as it is [3,4] but one could think
that the lack of a Hamiltonian would make the application of the second impossible. However,
in a seminal paper, Kasteleyn and Fortuin showed that the bond percolation problem is exactly
related to the n — 0 limit of an n-component (n + 1 states) Potts model [5]. It was then
recognized [6] that this mapping allows the application of field-theoretical techniques and
today the exponents are known up to the 5th order in an e-expansion around the upper critical
dimension [7-11] .

In this paper, we reproduce the same expansion up to one-loop order by means of the M-
layer construction. This construction has been introduced in Ref. [12], and then applied to a
variety of models [13-18]. The useful property of the M-layer construction is that one also
can study the critical behavior, in finite dimensions, of problems which are not defined by a
Hamiltonian, such as the percolation. One has to introduce M — 1 independent lattices, in
addition to the original one; the M layers will then be coupled together through a random
rewiring of the bonds. The M — oo limit gives the Bethe lattice solution [19] of the model,
while if M = 1 one obtains the original model. An expansion in 1/M can be properly set
up, that is in practice an expansion in the number of the topological loops considered. The
M-layer construction can be applied to any model that can be defined on the Bethe lattice,
including percolation. This is interesting, because, with this approach, there is no need to
invoke the n — 0 analytic continuation discovered by Kasteleyn and Fortuin. Furthermore,
with this method, we can also analytically verify that the critical exponents of site percolation
are equal to those of bond percolation.
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The additional value of this paper is methodological: we show for the first time that from
the 1/M expansion on the M-layer lattice one can obtain the e-expansion, through the suitable
introduction of an adimensional beta function in analogy with what is usually done in standard
field theory [20,21]. This is a fundamental step that will help in applying in the future the
same techniques to more complicated systems, for which a finite-dimensional solution is still
not known, such as the Edward-Anderson spin-glass model [17] or Anderson localization [18].

The paper is organized as follows: In Section 2 we present the model and the main results,
in particular we sketch the derivation of the e-expansion for the critical exponents from the
1/M expansion of two- and three-point correlation functions. In Section 3 we introduce the
problem on the Bethe lattice with a novel derivation of the cluster distribution function. In
Section 4 we recall the general properties of the 1/M expansion and the operative rules to
compute it. In Section 5 we present the actual computation for site percolation. In Section 6
we briefly show how the same computations easily generalize to the case of bond percolation.
In Section 7 we give our conclusions.

2 Models and main results

In this Section we list the results of the application of the M-layer construction to both the bond
and site percolation problems on a hyper-cubic lattice in D dimensions. We briefly describe
the steps needed to reach the final results which will be summarized next.

In the standard site (respectively bond) percolation problem, each site (respectively bond)
is present, or “active”, independently of the neighbors with probability p. In the site percola-
tion problem one then defines a cluster as a subset of nearest-neighbour active sites, while in
bond percolation a cluster is defined as a subset of sites connected by nearest-neighbour active
bonds. At p,. a giant cluster appears, that contains a finite fraction of all the sites N. Our anal-
ysis will mainly apply to the non-percolating phase p < p. and from now on we refer to this
case. The critical behavior in the non-percolating phase is characterized by considering the
average number n(s, p) of clusters of size s in a system of size N. This distribution is cut off at
a typical size s* that diverges at the critical point. We also consider the function Cj(x1,...,X)
that gives the probability that the points x4, ..., x; belong to the same cluster. According to
scaling arguments [1,22], we expect that the two-point function obeys the following scaling
form for large |x; —x5| and for p close to p,:

1 J—
Ca(xq,x2) = fe, (|XI le) ) €]

g —xp[P=2+1 §

where fc, is a proper scaling function, 7 is the anomalous dimension and ¢& is the correlation
length that diverges at the critical point as:

1
~— (2)
5 lp —pcl”
The typical size s* scales with the correlation length as
st~ el 3)

where Dy stands for the fractal dimension of the clusters. The distribution of the cluster sizes
also obeys a scaling law [1,22]:

n(s,p) =s""fo(lp —pcls?), 4



SciPost Physics Submission

o2 where f,(x) is another scaling function. We also consider the space integrals of the Cp, (x4, ..., Xg),
o3 called susceptibilities,

Xq = Z Ck(x1:°"axq) (5)

Xz,...,xq

o2 that are independent of x; in a homogeneous system (they only depend on the differences
os between the points). They are related to the moments of the n(s, p) through:

oo

2= D,sn(s,p). ©6)

s=0

96 The scalings of the typical size s* and the correlation length & give

1
o=—), (7
VDf
o7 while, given the relation
D
T=1+—, (8
Dy

os comparing Egs. (5) and (6) and using the scaling of n(s,p) one can easily find that the
o9 susceptibilities diverge as
2a ~ T, ©)

100 from which it follows that the following quantity goes to a constant at the critical point:

ZZ
Aoc P2 (10)
Xy

101 On the M-layer lattice x5 and y3 are given by the Bethe lattice result in the limit M — oo
102 and we computed the first 1/M correction, for both site and bond percolation, this allows us

103 to write A as: )
7 u D
pmu-p(3-2) o

10s The constant u is defined as u = g mP=®, where m = £~! and g is a O(1/M) constant that
105 depends on the microscopic details of the model including whether we consider bond or site
106 percolation. Note that the adimensional constant u diverges at the critical point for D < 6
107 because m vanishes, while A remains finite at the critical point according to Eq. (9). More
108 precisely we expect that:

AxA+c1E=A+cym™®, for E—>o00,m—0 (12)

100 Where ¢; is a model-dependent constant, while w is a universal exponent that controls the
110 corrections to scaling [20]. Now, following a standard field-theoretical procedure (see Ref.
11 [20], Chap. 8), we define the function b(A), using the above relationships:

d
b(l)Emzmlz —% cgm™® z—%(l—lc), (13)

112 meaning that at the critical point

b(A.)=0, w=—2b"(A,). (14)
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From (11), we obtain an expression of b(A) to second order in A from which the following
scenario emerges: for D > D, = 6 only the solution A = 0 exists meaning that A tends to zero
at the critical point with & = 6 — D, while for € = 6 —D > 0 a new solution A, # 0 appears:

3
_ 2(n) €+ 0(€e?) (15)

Ac
and A tends to A, at the critical point, with @ = —e + O(€2). Following similar standard
computations (see Ref. [20], Chap. 8), from the value of A, and the scaling laws, we obtained
the e-expansion for the critical exponents:

1 5
v==+—e+0(e?), 16
2t: (%) (16)
= ics +0O(€?) 17)
=" '
Comparing Eq. (9) with the scaling law g5 ~ £2" we obtain
D+2—
D;=——, (18)

all the other critical exponents can be obtained from 1) and v through the scaling laws given
above. Note that the result is independent of the actual values of any non-universal constant,
ensuring that the critical exponents are the same for bond and site percolation, as explained
more extensively in Appendix 6. As it should, the results coincide with those obtained from
the e-expansion for the (n + 1)-state Potts models in the limit n — 0, which coincides with
bond percolation according to the Fortuin-Kasteleyn mapping. In appendix D we have also
computed the expansion of y, in powers of 1/M checking that it diverges at the critical point
with an exponent equal to that predicted by Eq. (9).

3 Percolation on the Bethe Lattice

In this Section we will show how to write exact equations for the critical behavior of important
observables for site percolation on a Bethe lattice, and how to derive the exact critical expo-
nents in this case. Here and in the following we call “Bethe lattice” a random regular graph
with fixed connectivity c.

Given g(s,p) = s n(s, p)/p that is the probability that a randomly chosen site belongs to
a cluster of size s, we accordingly define the cavity probability g ., (s, p) on a site where one
of its edges is removed. The cavity probability obeys the following self-consistent equation on
the Bethe lattice with fixed connectivity c:

(o ] (o ]
gCaV(SJp) = (1 —P) 55,0 +p Z T Z gcav(slyp) .. °gcav(sc—DP)5s,l+sl+~~~+sc_1 )
Sl=0 SC—1=0
The probability g(s, t) can then be expressed in terms of the cavity probability as:
(o ] oo
g(s,p) = (1 —P) 5s,0 +p Z e Z 8cav (Sl,P) ] 'gcav(sc:p)55,1+s1+--'+sC . (20)
51=0 5.=0

Next we define the generating function g (t, p) = Yoo, & (s, p)e™* and its cavity counterpart,
&cav(t,p). Eq. (19) becomes:

Zeav(t,pP)=(1—=p)+p @ear(t,p)) e ". (21)
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Deriving the above equation with respect to t and setting t = 0 we obtain

- p
rav(0,p) = ————, 22
&:qv(0,p) e — (22)
from which we obtain 2( )
p‘(p+1
22(p)=—pg’(0,p) = ——, (23)
1—-p(c—1)

that diverges, as expected, at the critical point p, = 1/(c —1). We are interested in the
functions g (s, p) for p close to the critical point and s large, that corresponds to small values
of t in g(t,p). We now define

5§(t,p)=g(t,p)—1=> g(s,p)(e " —1) (24)
s=0

and its cavity counterpart 6 &.q, (t,p) = &.4v(t, p) — 1. Differentiating Eq. (21) with respect
to t we obtain, for small values of t and p close to p,:

5gc,av(t’p)(1 _p/pc —(c— 2)6§cav(t:p)) =—Dc¢> (25)

from which we have

88eav(t,p) = a(1—(1+1t/t*)"?), (26)

where 5

—1 —1

6p =p —p. aE—5pc ,t*E&pz(C ) . 27)

c— 2c—4

For small values of t and 0 p we also obtain
~ c ~

0g(t,p)= C_—ISgcav(t:p)- (28)

Replacing the sum with an integral (which is justified by the fact that small values of t corre-
spond to large values of s) we obtain, computing the inverse Laplace transform of Eq. (26)
and using Eq. (28)

g.p)~ e = n(s.p)~ e (29)
that obeys Eq. (4) with exponents
1 5
o=— and 7=-—, (30)
2 2

that we identify with the mean-field values. In the next Section we will consider percolation on
the M-layer random lattice in finite dimension D. In the limit M — oo the function n(s, p) of
the M-layer becomes identical to that of the Bethe lattice and therefore T =5/2 and o = 1/2.
In addition, we will show that for M — oo the two-point function obeys the scaling form (1)
with exponents )

v=2, 1=0, (31)
in all dimensions D > 2. Note that these relationships are consistent with (7) and (8) only
for D = D, = 6. Indeed 7 = D /Dy + 1 is a hyperscaling relationship that is not generically
valid [22] at variance with the more general 0~ = vD ¢, which implies Dy = 4 for the M — oo
model in any dimension. Computing the 1/M corrections around the M — oo limit, we will
show that for M finite the critical exponents are the same of the M — o0 limit for D > D,, = 6
while they are different for D < D, = 6. On the other hand for D < 6 both relationships
(7) and (8) hold. We note that the M — o0 model plays essentially the role of the Gaussian
model in ferromagnetism, see [20], Chaps. 4 and 5.

6
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4 The M-layer expansion

Conceptually the M-layer method is rather straightforward: 1) one introduces a D—dimensional
random lattice depending on a parameter M, the limit M — oo of the model is solvable as
it coincides with the Bethe lattice solution; 2) then one computes the finite-M corrections in
powers of 1/M around the Bethe lattice solution. The goal is to study the critical behaviour
near a second order phase transition for a model on a given lattice and, as we anticipated in
Section 2, from the 1/M expansion one can obtain the e-expansion. The M-layer expansion
has been introduced in Ref. [12] where diagrammatic rules were derived to compute 1/M cor-
rections, in this Section we recall these rules, referring to the original paper for their derivation
and all the details. Note that percolation itself is particularly useful to understand the origin
of these rules and it is treated as an example in Section D of Ref. [12].

One can build the so-called M-layer construction considering M different layers of the orig-
inal model, and then rewiring the bonds between each nearest-neighboring node among the
layers in such a way that each node on each layer still has the same number of neighbors, that
now can be placed at different layers [23]. In the following we will focus on D-dimensional
hyper-cubic lattices (for which the connectivity is 2D), even if the M-layer construction can
be applied to any type of lattice. In the end of the procedure, the number of topological loops
in the M-layer lattice will typically be reduced and in the M — oo limit there will be no
loops of finite length: the M — oo solution of the model will correspond to the Bethe solu-
tion [19], computed on a random regular tree-like graph with the same fixed connectivity as
the original model. At this point we can expand around this Bethe solution, introducing the
small parameter 1/M. The original model corresponds to M = 1, thus in principle one should
need all orders in 1/M to obtain the correct solution for the original model. However, we are
interested in the critical behaviour of the model, which should be independent of the actual
value of M due to universality. This expectation will indeed be confirmed in the context of
percolation by the present computation. Furthermore, this implies that at each order in the
1/M expansion we only need to consider the contributions that diverge the most approaching
the critical point. One can show that the 1/M expansion for a generic observable corresponds
to an expansion in the number of topological loops considered when computing that observ-
able. In particular, if one wants to compute the 1/M expansion for a generic observable O,
the following steps are required:

* Step 1: Identify the possible topological diagrams

Depending on the order at which one wants to perform the expansion, one should iden-
tify the possible topological diagrams over which one needs to compute the chosen ob-
servable. If one is interested in the leading order, one should only look at diagrams
without loops, that correspond to the Bethe locally tree-like topology. If one wants to
compute the next-to-leading order, one has to identify all the possible topological dia-
grams that correspond to a Bethe lattice in which it has been manually injected a single
topological loop, while any additional topological loop inserted will bring a new factor
1/M in the expansion.

* Step 2: Weights, number of projections and symmetry factors

For any diagram G identified in Step 1, one needs to associate to it:

— a weight W(G), that will be a power of 1/M and will indicate the probability that
a topological diagram of that kind is obtained in the rewiring procedure;

— a symmetry factor S(G), completely equivalent to that introduced in field theory
for Feynman diagrams [21], that takes into account the number of ways in which
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vertices and lines can be switched leaving the topological structure of the diagram
unaltered;

— the number of realizations of the chosen topological diagram on the original lattice,
N(G): just as an example, if the chosen diagram is a line of length L between two
points x; and x,, the number of such diagrams in the M-layered lattice having
a different projection on the original lattice corresponds to the number of non-
backtracking paths (NBP) of length L between the two points and its analytical
expression is known in the literature [12,24]. One can define N (x1,x2, {, ¥) as
the number of NBP of length L where the directions {x and % of the lines entering
respectively in the external points x; and x5 is fixed to one among the 2D possible
ones. In the large L limit, the actual value of the number of NBP will be independent
on those directions, and we will simply define this number as Ni(xi,x3). The
total number of the simple line diagrams of length L between two points x; and x5
will thus be AV (G) = (2D)2N(x1, x5), where the factor (2D)? counts the possible
entering directions of the line in the two external points. If one has a more complex

diagram, to identify N(G) it is sufficient to multiply a factor Ny (x;,x;) for each

. . 2D)!
internal line of length L, a factor 2D for each external vertex and a factor (Z(D—I—);c)!

for any internal vertex of degree k, to count the different possible directions of the
lines entering the vertex.

* Step 3: Computation of the line-connected observable on the chosen diagram

For any diagram G identified in Step 1, one then needs to compute the value O(G) of
the chosen observable computed on a Bethe lattice in which the topological structure of
that diagram has been manually injected. This observable will depend on the topology
of the diagram and on the length of the lines. One then needs to compute the line-
connected observable [12], subtracting to O(G) the value of the observable computed on
the sub-graphs G’ € G with proper coefficients in such a way that the final line-connected
observable tends to zero if any line of G has a diverging length.

» Step 4: Sum of the contributions

At the end, we need to sum the contributions to the chosen observable coming from the
different chosen diagrams. Because the values of the chosen observable only depend on
the projection of the considered diagrams, for each diagram G, we multiply the value
of the line-connected observable 0;.(G) by N(G), S(G), W(G), and we sum over the
position of internal vertices and over the length of the internal lines.

5 M-layer on site percolation in D dimensions

In this Section we apply the procedure described in the previous Section to the percolation
problem. We consider firstly the problem of site percolation on a hypercubic lattice in D
dimensions, which we denote a;ZP, considering a; the lattice spacing. Following the notation
of Sec. 2 we define p (where 0 < p < 1) as the probability that a site is present. Since the M-
layer approach is a way to construct an expansion for observables around the Bethe solution,
we define the “bare mass”

,uE—ln(ﬂ) for p~p., (32)
Dc

where p. = 1/(2D—1) is the critical value for site percolation on a Bethe lattice with branching
ratio 2D — 1, above which the so-called “giant cluster” is present.

8
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Following the prescriptions of the M-layer construction [12,23] we report here the results
of the application to the site percolation problem in the non-percolating phase, p < p.. We

are interested in two observables: the two and three-point correlation functions Cy(x1,Xx5)

and Cs(xq, x5, Xx3), where - denotes the average over the rewirings of the M-layer procedure.
According to the M-layer rules these correlation functions will be written as sums, over dif-
ferent diagrams, of C, ;.(G; {£}), the n-point line-connected correlation, averaged over the
realizations of the percolation problem and computed on the diagram G, embedded on a tree
graph, where {£} indicates the length of the different lines of the diagram. The two-point
(three-point) correlation is defined as the probability that two (three) sites, at positions x;
and x5 (xq1, x5 and x3) are occupied and belong to the same cluster. In the end, at one loop
level, we must subtract pieces already considered in loop-free diagrams, to compute the “line-
connected” observable [12,23]. We analyse the two observables separately, following for each
of them the steps listed in the previous Section.

Observable: Cy(x1,x5)

e Step 1: Identify the possible topological diagrams

The simplest diagram connecting two points is the bare line, which we will call G;. Includ-
ing the possibility of a loop to be present we consider the diagram composed of four lines with
two vertices of degree three, where the two internal lines compose a loop. We will call this
diagram G,.

1
(@) <M> gl . o;o
I T2
L
L
Ly ) y
1 L L L L Lp
0(_2) Go: o4 s G oicl 2 g o
M 1 iUOL Ty T2 1 To T2 Ly o Lo
B

Figure 1: Diagrams that contribute to the two-point correlation functions up to one
loop.

Other possibilities are the tadpole-type diagrams, connecting two points with a loop gen-
erated by one four-degree vertex or connecting two points by two three-degree vertices, re-
spectively the diagrams G’ and G’/ in Fig. 1. Nevertheless, these last two diagrams give no
contributions to the line-connected two-point observable for percolation, as we will see in Step
3 below. We won’t consider them in the following steps.

e Step 2: Weights, number of projections and symmetry factors

Diagram Gj:

* W(G) =
& N(G1;L;x1,x2) = (2D)* Ny (x1, X2);
® S(G1)=1.
Diagram G,:
* W(G) = 3
(2D)!

- 2
® N(Ga;L;x1,x2) = (2D)? (W) Exo,x() N, (o1, x0) N, (x5 x2) TT N, (x0,x0);
i=A,B

9
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® 5(Gz)=2.

where I = (Lq,La, Lg, Lo).

e Step 3: Computation of Cy 1.(G1;L) and Cz,lc(gz;f.)

Given the definition of the line-connected two-point correlation for the site percolation
problem, we compute the two contributions:

Ca,1¢(G1;L) = p p*; (33)
Co,1c(Gg; L) = —plrtietlatls (34)

The first result is immediate since, in the non-percolating phase, all the L + 1 sites, connected
by a line of length L, must be active, in order to connect the two sites at the extremities.
The second result appears because, for the sites at the extremities to be connected, one or
both lines of the loop must consist on active sites, in addition to the external lines, which
also need to be composed of active sites. The associated probability for this to happen is
plitl(pla=l 4 pls=1 — platls=2)pla+1  The aforementioned result is obtained subtracting
the straight line contributions, already taken into account with G;: plitlpla—lpla+1 and
plitlpls—1pla*+1 This last operation is the application of the “line-connected” definition [12].

Performing the same computation for diagrams G’ and G’/ we obtain zero, as anticipated.
The reason is that the two tadpoles, that enter the site xq, do not change the probability that
sites x1 and x5 belong to the same cluster with respect to the case where the loop is not present.
Indeed, independently of the lines of the tadpole, site x, must be active in order to connect the
two sites, then, subtracting the contributions needed to define the line-connected observable,
that are the simple lines without tadpoles, the net contribution is zero. These diagrams are
instead relevant in the percolating phase that we aim to study in subsequent work.

e Step 4: Sum of the contributions

S e— 1
Ca(x1,x2) = MZN(gl;L;xl:xz)cz,lc(gl;L)"'
3

1
2M2

- - 1
b SN G L1, ) (G5 T) +o(ﬁ) . (35
L

Observable: C3(xq,x5,x3)

e Step 1: Identify the possible topological diagrams

The simplest diagram connecting three points is the bare three-degree vertex, which we will
call Gs. Including the possibility for a loop to be present, we consider the diagram, composed
of six lines, with three vertices of degree three, we will call this diagram G4. At one-loop
level there are three more diagrams connecting three points with a single loop, which are the
same as (3, but where one of the external legs is dressed with G,. We call such a diagram Gs,
including all the permutations. All these diagrams are reported in Fig. 2.

10
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Z2
1 L L2
o (W) Us L {zo
I Ls
€3
1 .
O\ 3 g, gs : +perm

Figure 2: Diagrams that contribute to the three-point correlation functions up to one

loop.
318 e Step 2: Weights, number of projections and symmetry factors  Diagram Gj:
1
319 * W(G3) = 35
* NG T _ (2p)3.22 3\ .
320 (G35 L' X1, X3, x3) = (2D)° 55—, Do [imi Moy (x5, %0);
321 & S(G3)=1.
322 Diagram Gy :
1
323 ® W(Gy) = 3
- 2Dy \3
® N(G4;175 %1, %2,%3) = (2D)° ooz )
324
325 Zxo,x(’),xg’ N, (1, x0) N, (x2, X(/,)NL3(X3,X6’)NLA(X0, x(,))NLB(XO, X(/)’)NLC (x(’,,x(’,’);
326 & S(Gy)=1.
327 Diagram Gs:
1
328 L 2 W(gs) =3
- @p) \3
* N(gs;L”/;XI,XZ, x3) = (ZD)3 ((2D—3)!)
329
330 Zxo,x('),x(')' NLl(xl,xO)NLZA (xo, x(/))NLzB (xzyx(/)')NLg(xs,xo) l_[ NLi (x('), x(')’);
i=A,B
331 ® S(G5)=2,

332 Where .-l:, = (Ll,Lz, L3), z” = (Z,, LA) Lli’ Lc) and fn,/:: (LI:LZAiLA’ LBLL231L3)'
333 e Step 3: Computation of Cs 1c(Gs;L’), Cs,1c(G4; L") and C3 1.(Gs; L")

334 As for the two-point function we compute the contributions:
Cs,1c(Gs; L") = p phr+ietts; (36)
335
C3’lc(g4; L//) = _2pL1+L2+L3+LA+LB+LC ; (37)
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C3,lc(g5; Z///) — _pL1+L2A+LzB+LA+LB+L3 . (38)

The result for G5 is easily derived, considering that all the sites of the topology must be active
for the extremities to be connected. The result for s is obtained by multiplying the contri-
bution for the bare vertex by the loop correction of the two-point function, diagram G,, with
the corresponding lengths. The contribution of G, is a generalization of the computation for
Go; to connect the three extremities two of the three (or all the three) lines of the loop must
consist on all active sites. Moreover, in this case we have to subtract three contributions, cor-
responding to cutting L,, Lg, and L. respectively, already included in the bare contribution
Gs.

e Step 4: Sum of the contributions

_— 1 - -
Cs(xq,x2,x3) = M2 ZN(%;L,Zxl,x2,x3)C3,1c(gsiLI)+
L/

1 T -
+ ﬁZN(g4, L”;Xl,XZ, x3)C3,lc(g4; L”)+
L//

- - 1
ZN(gs;L"’;xl,xz,x3)C3,lc(gs§Lm) +0 (W) . (B9

7

1
2M3

+

In appendix C we discuss why we didn’t include other possible but irrelevant diagrams to
study the critical behavior of the percolation problem and we present the explicit computation
of the leading order critical behaviour of the four-point correlation function.

Computation of the moments of n(s,p) In order to compute g, and y3 we Fourier trans-

form Cy(x1,x5) and C3(xq,x5,x3), given in Egs. (35) and (39), using the following conven-
tion:

D
R =ap Y hx)e™, h(x)=J TR @0

xéazp n n] (ZW)D

“aa

27
D ikx .
(—) o0 (k)= E e 41D

l xX€a;zZP

that implies

We also use the fact that N (x,x5) is a function of the difference between the starting and
arrival point only, so that, in Fourier space, we have

Ni(kq, ko) = (27)° 8 (ky + ko) Ny (k1) (42)
where, for small k [12,15],
Ni(k) ~ 2D(2D — 1)* " aPe " o 1/(2P=2) (43)

In view of the fact that in the critical region the sums will be dominated by large L contribu-
tions, we may write the sums over the lengths as integrals:

oo oo
> - f dL, (44)
L=1 1/A2

where we introduced the UV cutoff A = 1 to make contact with field theory. Note that while in
field-theory the UV cutoff is inserted manually, in the M-layer construction it arises naturally

12
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360 due to the lattice spacing (see more details in appendix B). The resulting expressions for the
361 two and three-point functions are respectively

Eﬁzal) 1

Au k2+1

~ D 4 D5 = —~ T
- A’iu,z J d°q fdiAdiBe_(H(k—Q)Z)LAe—(1+62)L3 +O(i) (45)
2(k2+1) ) @n) e

Co(k,k’) = 2m)P 6P (k + k') x

362 and

CB3a®® (27)P6D(ky + ky + k3) 3
App (k2 +1)(k2 +1)(k2 +1)

Dg ~ -~ . ~ ~ ~
(1 — 23“'%—3J (‘21 ;ID f dL,dLgdL; e (1 katks+q)*)Lag—(1+(ka+q))*)lp g—(1+3*)Lc 4.
T

63(’(1, kz, ks) =

1 Kug_3
2 (ky+k3)2 +1

DG I ~
474 AL dLy e 1+t DNae=(H s 4 porm. |+ 0 (i) , (46)
(2m)P M4

363 where wis the one defined in Eq. (32). We also defined the following non-universal constants:

~_1( (2p) \ _, g( 2D )3
A_M((ZD—S)!) p(2D-2) 2D—1) "’ “47)
~ 1 (2D)! 2D \?
BE—ZD( )( ) . (48)
M (2p-3)1J)\2D—1
C=(2Dp—2)7, (49)

ss4 and we rescaled the momenta and lengths according to:

—~ a —~
k=k——L-—— and I, =L;u. (50)

Ju2D—2)

365 Note that in Egs. (45), (46) we have omitted the the extremes of integration (u/A2, 00) of
366 the integrals over L. In appendix A we show how to generalize this kind of computation for a
367 V,-point function, with V, > 2, moreover we explain the reasoning behind the identification

ses  of the constants A, B and C. In appendix B we show that the above expression, for C(k, k’)

seo and Cs(kq, ks, k), are precisely the same that appear from the Feynman diagrams of the
s70 corresponding scalar cubic field-theory obtained from the Fortuin-Kasteleyn mapping to the
371 n + 1-state Potts model in the limit n — 0, corresponding to percolation [6-9].

372 From the above expressions we compute the functions g4 introduced in Section 2. Notice
373 that we did not rescale the momenta inside the momentum conservation delta functions, thus,
374 to compute gg4, according to Eq. (5), we have simply to divide by a(q_l)D, remove (27)P times

1
375 the conservation delta function and set the external momenta to zero. This leads to

—~ D —~ —~

CB2 Auz—3 di,dl; - -

xz(u«)=A—(1— DJ APl LB), (51)
A 2(4n)z J (La+1Lp)=

376

13



377

378

379

380

381

382

383

384

385

386

387

388

389

SciPost Physics Submission

~ ~ D —~ —~ —~

CB3 2Auz "3 dL,dLpdL - = =
23(w) = = (1— aull J — AP € _elalsley

Au? 4n)z J Ta+Ip+Lc)?

3.0 dL,dLy _; 3
_ _A‘uj_?’ f %e_LA_LB) . (52)
2 (La+Lp)?
Introducing the function G(k), corresponding to the propagator in the field-theoretical lan-
guage, as

Cy(k,k’) = (27)° 6P (k + k)G (k) , (53)
we can define the correlation length &:

2G1(k)

G(0
(0) T2

) (54)
k2=0

gz

where, with a little abuse of notation, we identify with k the modulus of the corresponding
vector. Since

o dk*? a8 94 2 55
k2 3k2 k2 .UE; k2
we have: ey D N
. CB“4a A\ 5—3 di di PN
G(0) = —— (1— a ”f — 2 als | (56)
Ap 2(4m)7 J (La+15)2
and for small A (that is for large M):
—~ —~ D —~ —~ PN
- A ~ Auz—3 dL,dL, —I %23 7
G (k) ~ AAMD (k2+1+ ad "J — P Tarly @ L”), (57)
CB2%q 2(4m)z J (L, +1p)2

where in the rh.s. we have replaced k with k according to the definition given in (50). We
then obtain:

~ ~ ~ D_ ~ o~ T.D, -
3G-1(k) __Au - Auz—3 f dL,dTL, LTy d (e_%kz)
—~ —~~ D ~ —~ D —~ b
ok? =0 CB2a) \  2(am)7 ) (T,+1,)7 k2 R2=0
(58)
where
dL,dL, 5 ; 8 [ —lbge dLdl, . . - =
f Aa—Abne_L“_L”T(e Tatty ) =-— f —— 2 Talge . (59)
(Lo +1p)2 ok2 k2=0 (Lo +1p)z+
Defining
e e—La—Tb
I,(w= J dLedLy— (60)
/A2 (L, +1Lp)=
and oo ~ ~
PN L.L s
Ip(w) = f dL,dL,—2 L ls, 61)
/A2 (L, +Lp)z"!
we have
1 a? 1;\\“%_3
()= — = — | 1- 3 (LG + 1w | (62)
m2(W)  Goy 2 (4n)>

14
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In the integrals in Egs. (60), (61), we have written explicitly the extremes of integration that
we have omitted previously. Notice that the integral I,(u) is divergent in D = 6 for u— 0
(i.e., p — p.). Now we can simply invert the relation, to express u as a function of m2:

2 25-2 2 1ng_6E§_la?_6 2 2
u(m?) = a}CPm?*| 1~ o (Ia(u(m ) + I (u(m ))) . (63)
4m)z

Notice that the previous equations for y, and x5 are written as functions of u, which is not
the “physical mass”, thus they can be divergent, for y— 0, near the upper critical dimension,
Dy = 6. To avoid the divergences we need the expression of uas a function of m2, to correctly
write A, as defined in Eq. (67). To this aim we compute §2(u) (and so m2(u)) from its
definition.

At this point we have all the ingredients to write y and x3 as functions of the physical
parameter m2. Plugging Eq. (63) into Egs. (51) and (52) we obtain:

6
o2 A D—60 5—1,D—6
CB2Cp» _ 1Am~—°Cp a;
12 (mz) = — m2|1+= — I, (,u(mz)) + 1 (,u(mz)) X
2 2
Aa; (4m)z
1 ZmD_6Eg_1af_6
x| 1-3 ~ I, (W(m?))
(4r)?
2 T D—67——1,D—6
CB2Cro 1Am Co a
=——m?1+= L1 (wm?) |, 64
e 2 @)
OSSN A D—63 5—1,D—6
CB3Cro _ 3Am Co al
13 (mz) = — me|l1+= — I, (,u(mz)) +1p (,u(mz)) X
6 2
Aa; (4m)7
AmP-6C5—14P—6 3 AmP-6C5—1qDP—6
I I
«[1-2 o, (um®) - 2 1 ()
(4m)= (4m)=
g6 A D—6 1,D—6
CB3C§ _ Am Co al 3
SpcLACLIw] P _ (Ezﬁ (u(m?)) —21, (,u(mz))) . (65)
aQ (4m)=
where o
e e~ La—Lg—Lc
IT(‘U/) = dLAdLBdLC — — — o ° (66)
u/A2 (La+Lg+Lc)z

Notice that yo(u) and g3(w) have UV divergences near 6 dimensions due the presence of
I,(w), which disappears when they are written as functions of m, i.e. o (mz) and g3 (mz)
are free of UV divergences near 6 dimensions.

Critical exponents in fixed dimension In this Section we perform the fixed-dimension com-
putation of the critical exponents [20]. Led by the scaling laws discussed in Sec. 2, we compute

the following adimensional ratio:
a; b Z3z(m2)
A=|— (67)

§) zi(m2)
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On the other hand m? is connected to the bare distance from the critical point by

m?~|u—ul?”  and &~ |u—pl, (68)

where v is the critical exponent for the divergence of the correlation length. In the end,
defining

~~~06
u=AC E_Iaf’_6 mP—6 = g mD_E’, (69)
we can compute the ratio A
_ u 3 5 9
A=ul1-2—= (I (wm?) + 21, (W(m®) ) | - (70)
(4m)=

Note that A depends on the microscopic parameter of the model only through the single pa-
rameter u = O(1/M). Now we can compute the integrals Ig and I, in the limit m2 — 0,
which are convergent near D = 6:

1 D
lim I Y)N==r({3—= 1
mgrgoﬂ(,u(m )) . (3 2), (71)
1 D
lim I ))==r(3—=). 2
Jim 1 () = 31 (3-3) 7
Thus in the limit m2 — 0
7 u? D
A=u—— DI' 3——1, (73)
(47)z 2
from which 52
7 D
U~A+— DI‘(S——). (74)
4 (4n)z 2
Now, following the standard procedure (see Ref. [20], Chap. 8), we define the function b(A)
as:
0 1 ) 1 7 2 D
bA)=m?——|  A=_(D—6)u— ;L:—(D—s)(u—— “ Dr(s——)).
d g fixed U2 fixed 2 2 (4n)z 2
(75)
From Eq. (74) we obtain:
1 7 A2 D
b(A)=-(D—6) (l—— DF(B——)) . (76)
2 4 (4m)3 2

We constructed A to be an adimensional quantity that does not diverge at the critical point.
For this reason, we can identify the critical value of A as the point at which the function b(A)
is zero, as we discussed in Sec. 2. While a trivial zero is always present at A = 0, for D < 6
we see that there also exists a non-trivial zero:

D
4 (4n)=
=2 7 77)
7t(3— 2)
(3-2
Remembering that m? ~ (u— u.)?”, following standard computations [20], we define:
o
z(A) = ~ m?P1 78
W= 78)

16
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1 .
425 where Dy = 55 — 1. We can thus compute it as:

3 — In(z(1)). (79)

g fixed

226 In the same way, for the computation of 1) we need to define:

JIn 1,(0) 2 Ui
D,(W=——  , p0)~m’7T, DAJ=—l+_. (80
dlnm2 | . . 2
g fixe
427 We start from the computation of z:
25-2 1 u 2 0 D—4 2
z(l)=alC B 1—5 T /3(”( ))—5 n m Ia(,u(m )) (81)
(4m)z (4m)z O™
428 where
7} < o~ e Ll
5 (mD_4Ia (,u(mz))) =—mP® f dL,dLy———F— = —mD_6I‘; (,u(mz)) .
em p(m2)/A2 (Lo +Ip)71
(82)
a20  We can compute I:
D
lim I, (W(m?)) =T (3 — —) , (83)
m2—0 2
430 obtaining
1 D\D—-16
(M) oc1—2 Dr(s——) ) (84)
2 (4m)> 2) 12
431 and, from the definition of D;(A4), we arrive at the critical exponent ¥ in D dimensions:
42
Yp = . (85)

84+ (6—D)(D—16)
432 The next exponent, 7), requires the computation of Dy(A)

dlny, _m? 3y,

Dy(A) = = 7, 2m?
2

142 lDzﬁ(mmz))(g—s), (86)

d Inm? g fixed (4n)z

g fixed

433 which can be obtained using

0 1 D—
Zzz o< —m ™+ = z ~ m_4I/5 (,w(mz)) b-8
dm g fixed 2 (4m)z 2
1
(4n7)
434
22 0cm 2(1+— Ip (u(mz))), (88)
(477)
435 from which we have
D—6
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e-expansion Given the results of Egs. (85) and (89) in fixed dimension we can perform the
computation in D = 6—€:

1 5
=-+—e+0(e?), 90
v=+ et o) (90)

n =—2—11€+O(€2). 91)

These results are, to first order in €, equal to the expansion of the standard field theory asso-
ciated with the percolation problem [3,6,8-11].

6 The case of bond percolation

An interesting application of the M-layer construction to percolation theory is to show that
there is no difference between the critical behavior of the site and the bond percolation prob-
lems. Standard field theoretical approaches are used to compute the critical exponents, resort-
ing to the mapping between the (n + 1)-state Potts model and the bond percolation in the limit
n — 0 [25]. Here we show how to apply the same procedure described in the previous Sec-
tion to the bond percolation. The bond percolation is defined as the site percolation, with the
only difference that now p is the probability that each bond independently is present. Thus,
the only differences are the computations of Cy ;.(G; {£}) and Cs3,1c(G; {£}) on the different
diagrams mentioned in Sec. 5, that for bond percolation take the form:

Cy0n (G L) = pt; ©2)

C;,’ol,cld (G f.) — _pL1+L2+LA+LB ; (93)
Chnt (G5 L) = phrriathe; O
Cé,’ol,cld (94; f.") — _sz1+L2+L3+LA+LB+LC ; (95)
OG5 T) = ettt ©)

As one can see, the expressions of the observables in the Bethe lattice, for the case of bond
percolation, Egs. (92) to (96), are the same as the ones for the site percolation, Egs. (33),
(34) and (36) to (38), except for the factors p for the bare cases of the two and three-point
functions. This simple fact implies the change of the non-universal constant A. All the diverg-
ing integrals, together with their numerical prefactors are kept unchanged, thus the critical
exponents are the same. All the details of the computation of the non-universal constants can
be found in App. A.

7 Conclusion

In this article we have shown how to recover, at one-loop level of approximation, the results
of the e—expansion for the critical exponents of the percolation problem on a D-dimensional
regular lattice, by means of a new method, the M-layer construction. To do so, we computed
the observables of interest for the case of site percolation in the non-percolating phase — the
two- and three-point correlation functions, i.e. the probability that two or three sites belong
to the same cluster — in properly chosen graphs at the leading orders. We then computed
the e—expansion for the critical exponents, recovering, at first order, the same values already
obtained for bond percolation using the n — 0 continuation of the field theory applied to the
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Potts model with n + 1 states. Moreover, we have shown that within the M-layer construction
the bond percolation problem differs from site percolation only for non-universal constants,
which directly implies the universality between site and bond percolation in any dimension D.
The analysis presented here clearly illustrates that the M-layer construction effectively allows
one to extract quantitative information on the critical behavior even for problems which are
not defined by a Hamiltonian, such as percolation.

We explained for the first time how this method can be applied to a known problem in
order to obtain the e—expansion of the critical exponents. Recent studies have used the M-
layer construction to derive non-trivial insights into models whose critical behavior is not yet
completely understood [ 14-18], or to show that for well-known problems the one-loop results
align with those from standard field theory [13,23]. In this paper, we push this approach a
step forward by showing how, applying the standard theoretical recipes of the renormalization
group, one can extract the series of the critical exponents. We believe that this investigation
could be highly beneficial in guiding the computation of critical exponents for problems where
the standard RG approach is inapplicable [18].

Regarding the specific problem of percolation, it would be interesting to extend the calcu-
lations made in this work for the percolating phase p > p.. In this sense, the preliminary cal-
culation of the Ginzburg criterion at the bare order (i.e. without loops) has already been done
using the M-layer construction, obtaining the known upper critical dimension, Dy = 6 [26].
To proceed further and obtain the values of the critical exponents in the non-percolating phase,
it is necessary to calculate the same observables as Ref. [26] with the corrections due to the
one-loop structures. We leave this analysis to future work.

A Identification of the constants in the M-layer expansion

In this Section we generalize the computation of the main text for the two and three-point
function, with the goal of identifying the least number of constants that describe the loop
expansion in the M-layer framework. To start with we write all the contributions, in Fourier
space, of a generic V,-point correlation, computed on a generic topology, G, with I lines, V,
external points, V; internal vertices, Nj,,p, number of loops:

_ (2D)V 2D) Vi [+ A~
g_S(g)MNwopWe—l((zp_s):) (l:” dL‘)(Zn) ’ j;kj x
Nloop qul

1
| [ T1 (l_[/VLi ({ql},{k,-})) P f(Cy, 1) pZmt, (A)
1=1 (271:)D i=1

with the same convention for the Fourier transform used in the main text, Eq. (40). Notice that
N, are functions of linear combinations gi({qi}, {k;}) of internal ({q;} for I = 1,..., Nisep)
and external momenta ({k ]-} forj =1,...,V,), that ensure momentum conservation at each
vertex. The factor p/=2Vi and the function f (Cy,,1c) come from Egs. (33), (34), (36), (37)
and (38). The first is the eventual extra factor p, which is present only for Cy;.(G1;L) and
Cs,1c(Fs; I’), as can be checked by substituting the corresponding values for I and V; (notice
that the specific expression, pI=2Vi, is valid only for three-degree vertices, for V; d-degree
vertices it is pI~(4=1)Vi and can be generalized if vertices of different degree are present). The
same goes for the factor (2D — 3)! , whose generalization for a d-degree vertex is (2D —d)! .
The function f(Cy, ;) assumes the following values:

Cv, ({k;})

f(Cq1c(G15L)) =1, (A.2)
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f(Ca1c(Ga; L)) =—1, (A.3)
f(C31c(G33L)) =1, (A.4)
f(Cs1c(G3 1)) =2, (A.5)
f(C31c(Gs; L)) =—1. (A.6)

Notice that the diagrams we computed in this work are of the form of Eq. (A.1). We believe
that higher order diagrams (with three-degree vertices only) for a generic V,-point function
obey it as well, but this hypothesis is not necessary for the results described in this paper.

Next, using the asymptotic expression of the NBP in Fourier space, Eq. (43), together with
the rescaling of momenta and lengths, in Eq. (50), we arrive at

R G @)\ (T (e
g B S(g)MNlOop_l+Ve ((ZD—S)!) w (ll:!J‘ dLl X
Nloop
(2m)P 6P (Zk) (J l_[ (zn)D) Vi £(Cy 1)

E(Nloop_l) 5 11 —~

u(2D —2) u(2D —2) 2D e~ siU@LHENLL gID (7 7)

2 2 2D—1) ?} b .
i=1

Cv, ({k;})

a; a4

where k is a function of k according to (50). Note that, as done in the main text, we did not
rescale the external momenta inside the delta function.

Given the known relations for V;, V,, I and Nj,,p in a generic diagram with internal
vertices of degree three:

Vi =V, +2(Nipop—1) and =2V, +3(Njep—1), (A.8)

in Eq. (A.7) we can identify the following topology-dependent term:

Nloop qu\l I N R
=i ({@ L {k; DL 1L;
S(g)( f )(J (Zn)D)f €0l ]« )

and the following three factors:

* a constant to the power (Nigop —1):

1, (2D) > _ o 2D \® o, . D_

* a constant to the power V,:

1 (2D)! 2D > , o o p o
MzD((zp—s)!)(zp—l) wHEBaK (1D

¢ an overall factor:

I’A _
(2m)P 6P (Z k,-) (”(Lzz)) = (2n)° 5 (Zk ) P12 € ar (A12)
j=1 a;

as defined in Egs. (47), (48) and (49). With the expression given in Eq. (A.7) it is possible
to easily identify the relevant constants to perform the expansion in inverse powers of M.
Notice that these are all non-universal constants, as directly shown for the case of the bond
percolation problem in the main text.

[N}
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s B Connection with field theoretical expressions

532 In this Section we show how to write the expressions for Ez,lc(k, k’) and Eg’lc(kl, ko, k3),
533 Egs. (45) and (46), in terms of scalar propagators, as in the corresponding field theory. To do
s34 S0, starting from the mentioned equations, we first perform the integrals over the lengths with
535 lower and upper limits of integration respectively u/A% and oo. Notice that we are interested
s36 in the critical behavior, that is for u— 0, thus we can set the lower limit to 0, which amounts
537 to neglecting higher orders in w. The results are

— CB2d?
Co(k, k') = ———= (2m)P 6P (k + k') x
Aun k241
—~ D
Apz—3 d’g 1 1 1
- A 4__ _ +0(—), B.1)
2(k2+1) ) 2P 14 (k—q)2 1+7q2 M3
_—m EEB(IZD D sD
= 1 (2m)PoeP(ky+ ky + k3)
Cs(kq, ko, k3) = — = ,\21 2,\2 3 x
Au3 (k1+1)(k2+1)(k3+1)
~ dPq 1 1 1
(7P 1+ (ky + k3 +§)2 1+ (ky + )2 1 +G2
—~ D
1 273 d’q 1 1 1
— T = pi J 1 — — +perm.)+(’)(—). (B.2)
2(ky+k3)2+1) 7P 14 (ky+G)2 1432 M4

s3s Next we rescale the momenta and we define the bare mass and coupling, respectively mj and
530 gp, according to:

k=w2a’™ Arm Bom k (B.3)
540
2 LR B
my = ua b+2 AD+2 +2 (B.4)
541
D2t 4 _p6_ . 3D
gy =a, "7 APR BpR2 CT2TD T3 (B.5)

s42 and we obtain

Co(k,k’) = (2m)P 8P (k + k") x

ENIS P N ' S R U PO
INcZ+m12) 21’(%2+mi)2 (277:)9(%_{1‘)2+m§¢72+mi M3 '

P —— 1 PR
C3(ky, k2, k3) = = PR PR 5 (27)°8° (ky + kp + k3)x
(k3 +m3)(k; +my)(k; +my)
dPq 1 1 1
(gb—Zg: 27 (k. 4 % 2 (v a2 m?
(2m) (k2 +k3+q)2+m; (ky+q)2+m; q2+my

1, 1 dq 1 1
— -8, = = = — 5 T perm. +0|—), B.7)
277 (ky + k32 +m2 ) (2700 (ky +G)2 +m?2 G2+ m; M4
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which are the results of the corresponding field theory associated with the percolation problem
[7,9].

As a last remark we notice that it is not always possible to write the results of the M-layer
construction in terms of scalar propagators. For the percolation, problem the observables
computed on a given topology, such as Egs. (33) or (34), are powers of the probability p to
some combination of the lengths of the lines, thus the integrals over the lengths give the scalar
propagator factors. For a generic problem the expressions of the observables can be more
complicated functions of the lengths (see Refs. [14,17] as an example) and the corresponding
integrals do not give the simple structure of a scalar propagator. On the other hand, for simple
problems, whose field theoretical analysis is clear, the propagator structure is recovered by
means of the M-layer construction [23].

It is also interesting to note that the integrals occurring in field theories are actually com-
puted through the application of formulas like the following:

1 o
L e Lk +m?) g (B.8)
k24+m2

see e.g. the appendix to chapter five in [20] and this amount to back from Egs. (B.1) and
(B.2) back to Egs. (45) and (46). Thus the M-layer approach directly gives expressions in
the above treatable form. Furthermore, the integration variable 1, that seems artificial in field
theory, has instead the natural meaning of the length of the internal lines of the diagrams in
the M-layer approach.

C Other diagrams

In this appendix we take into account other possible diagrams of order O(1/M?) that may
contribute to the two-point correlation. As discussed in Ref. [23], the computation of the line
without loop should be corrected to O(1/M?) by diagram g; in Fig. 3, with the corresponding
weight: W(G]) = 1/M(1—1/M). While the contribution of G| at order O(1/M) is already
included in Eq. (35), its contribution at order O(1/M?2) is not included there because Q;
diverges with a lower power of wwith respect to G,, which also contributes at order O(1/M?2).

Lo
L L
gy : ! 2 gs :

T Zo )

Figure 3: Less divergent diagrams that contribute to the two-point function. Notice
that the two couple of vertices in xy and x(’) belong to two different layers while on
the projection they are superimposed. The two lines of length Ly coil themselves in
the M-layer lattice, in such a way that the projection on the original lattice looks like
a loop.

The contribution of G] at order O(1/M?) is

_(2p)* (2D)!
M2 (2D —4)!

Z ZNLl (%1, X0) N1, (%0, X0) N, (X0, X2) Co, 1c(G15 L1, Lo, Lp), (C.1)

Ly,Lo,La Xo
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where

C2,1c(Gy3 L1, Lo, L) = Ca,1c(G1; L1 + Lo + Ly) = p pl1thottz, (C.2)

In Fourier space, using Egs. (42) and (43), it becomes:

—_ (Zﬂ)DsD(kl + kz)

(2D)? (2D)! ( 2D )3 oD 1 1
al P > X
M2 (2D—4)!\2D—1

4

2 aq o
1
555Ky t U 55k, + 1

a? .

(Zn)D w/ A2
which can be rewritten by scaling all the momenta, k=k ‘/%, apart from the ones in

the delta function, as:

2 3 , a’p(2D—2)2
— @R 8Pk +h) P B (2R s @ P

X
M2 (2D—4)!\2D—1 (k2 + 1)(k2+1)
—~ D
dPk, 1 uz—3
= o<
(27)P k2 +1 M?2

, (C.4)

where, as usual, we neglected higher orders in w setting the lower limit of the length integra-
tion to 0. The other contribution to order O(1/M?2) is from diagram G,, repeating the same
steps we have

D
(2D)2( (2D)! )2( 2D )4 >, a? (2D —2)z 3
am2 \(2p—3)) \2p—1 (&2 + 1)(R2 +1)
d’k 1 1 pz

ST o< ——, (C5)
(2P k241 (k;—k)2 +1 M

—(2m)° 6" (kq + k3)

from which it is clear that near the critical point, u ~ 0, the contribution of g; can be neglected
with respect to the one of G,. Analogously, diagram G, is negligible with respect to G, and
Gs. Thus the computations for the three-point correlation function of the main text give the
correct critical behavior.

It is also possible to generalize this argument, at least in the case of the percolation prob-
lem. Since for each line of the diagram a factor proportional to u! (k2 +1)7! appears, we
understand that, at a given order in O(1/M) the most divergent diagrams, in the limit g — 0
are the ones with the largest number of lines. This argument is not valid generally for any
problem or model. Indeed, the computation of the observables on a given diagram is the only
model-dependent part of the M-layer procedure and in general the result can be a non-trivial
function of the lengths, as we noticed at the end of appendix B.

D Four-point correlation function
We present, in this appendix, the computation for the most divergent contributions to the

four-point correlation function. All the possible topologies, with only three and four-degree
vertices, are shown in Fig. 4.
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1
(m) Gio Z>—O—< Gi3: Gia Gis: X
+3 perm +3 perm +3 perm
O(%) g16:>—?_< 9173% G1s G19
+3 perm. _|_3 perm
(-2) 50X a8l e X a>Z
+1 perm +3 perm. +3 perm.

Figure 4: Diagrams contributing to the four-point correlation function up to one loop.

501 Along the lines of the reasoning given for neglecting g; with respect to G, we identify
so2 the most divergent diagrams to each O(1/M) order for the four-point correlation function
s03 simply considering the diagrams with the largest number of lines. It turns out that the relevant
so4 diagrams, for the four-point function, are the ones shown in Fig. 5: G, to order O(1/M3),
505 Go, G12 and Gy3 to order O(1/M*). Notice that, in principle, we should have considered also
soe diagrams with vertices of degree larger than four, but they all have, at one loop order, fewer
so7 lines than the ones we included in Fig. 5, thus they are less divergent near the critical point
so8 W~ 0.
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Figure 5: Most divergent diagrams contributing to the four-point correlation func-
tions up to one loop near the critical point.

599 Now we can write the contributions of the identified diagrams:

C4(x1,x2,x3,x4) =

Z Z N(Gr3 L3 x1, %2, X3, X4, X0, X)Ca, 16(G73 L)+

L xo,o

1
+WZ{ /}Zl 4/\/’(99,L 3X1, X2, X3, X4, X1, X5, X35, X,4)Ca, 1c(Go3 L)+
L’ {x:},i=1,...,

Z Z N (G103 I7; X1, X2, X3, %4, X, X0, X, X )Ca, 1c(G10; L)+

L/ x01x0:x0
1
+ — N(G12; 751, X2, X3, %4, X7, X3, X3 ,%4)Ca, 1e(G12; L)+
2M4 &~ ;4
L’ {xi }i=1,...,4
+L N(Gi13;L7;x1, X9, X3, X4, X, X0, X1, X2 )Cs 1c(G13; L) + O 1
2M4 b b b b b 5 l, b 0’ O "y C b Ms b

i x xo,x xO

(D.1)

s00 where the lengths are defined as I = (Lg,L1,Ly,Ls,L4), L’ = (L1,Lo,L3,La,La,Lg,Lc,Lp),
sor L” =(Ly,L3,L4,Ly,,La,,La,Lp,Lc,Lp), and the NBPs:

N(g7§i;x1, X2, X3, X4, X0, X(/)) =
A (@D) 2 ,
@0)* (o2 ) [T A ioxo) [ Moo xolh (o), (92
(2D —3)! i=1,3 i=2,4

602
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N(QQ’L xl,xz,xg,x4,x x X X4)—

2Dp)! \*
uufﬂi—l—)[]NmmmgMgﬁmgM4gxpN;u;amgu;ﬁx
i=1

(2D —3)!

r 14 4 14
N(QIO;L’;XI:XZ, X3, x4,xl,x0, xo: xo ) =

(D.3)

4 (ZD)! ‘o ’ ’ ’ r 1 ”
@D)* [ ——— ) [ Ve Gets x)INL, (] x0) N, (0, XN (g, g ING, (X0, X7) 5 (D.4)
i=1

(2D —3)!

(2D)!

4
m) NLl(xlxx;)x

N(glz;fl;xl)XZJ X3, x4,x1,x2, x35x4) = (2D)4(

/\/},2 (%2, xi)NL3 (x3, X{)NL4(X4, XZ})NLA(X{, XQ)NLB (X;, X?/,)NLC (Xé, X;)NLD (x‘/p X;) , (D.5)

(2D)!

N (G133 L5 %1, X9, X3, X4, X, X0, %0, x') = (2D 4(—
( 13 1> A2, 435445952054 ( ) (ZD 3)|

)Mmpx

NL3(X3,X{)M4(X4,Xo)NLO(X{,XO)NLZB(Xz,x )Mz (xO, O)MA(XO’ O)NLB(XO’ 0):

and finally the observables

T — Li+Ly+L3+Ls+Lg ,

C4,lc(g7:L)—pP1 2T 0’
T Li+Ly+L3+Ls+Lpo+Lg+Lc+Lp .
Ca,1c(Gg; L) = —3p ™ 72T eTHaTRATIBTRCTED o
LTy — L1+Lo+L3+La+Lao+Lg+Lc+Lp .
Ca,1c(Gro; L") = —2p™1 T2 s RaT s TReTID
LT Li+Lo+L3+Lg+Lao+Lg+Lc+Lp .
C4lc(g12:l‘)__ 1 2 3 4TLA B C D

— L+L +L4+Lo+Ly, +Ly, +Lao+L
C4lc(g13,L) 1To3ThqThoTlhoy TLop TLATLE |

(D.6)

(D.7)

(D.8)
(D.9)
(D.10)
(D.11)

Since the identified diagrams, G-, Gg, G19, G12 and G;3, contain only three-degree vertices, we
can use the generic equation derived in App. A for this kind of vertices, Eq. (A.7), where

f(Cate(G7 L, Ly, Lo)) = 1,
f(Ca1c(Go; L)) =3,
f(c4,lc(g10;z)) =

f(c4,lc(g12;z,,)) =—1= f(c4,lc(913§ il”))
and S(G7) = S(Gg) = S(G10) = 1, $(G12) = 2 = S(G13):
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A
& D =D 8 BlaPC A 1 T o—Lo—(k1+ks)?L
CateUkidion,..a) = @r)°8° | D ki | —— [ | = dLy e to-tatka) oy

i=1 AMS i=1 k2 +1

-3 A\“]g—3 dL — 1 1 G2La—(G+k2)?Lp—(G+ka+k3)?Le—(k1—3)*Lp
(Zn)”
i=A,B, C D

—2 Eug_s l_[ dzi e—ii e_(ﬁl +E3 Y’La d_q e—ﬁzfs—(& +E2)2fc—(¢'j+§2+ﬁ4)2fp
i=A,B,C,D (27)P

-~ ~ o Dy - ~ o o~ o~ o
— 22‘(1,2_3 l_[ dii e Li e_(k2+k4)2LA d_q e_quB_(q_kl)ZLC_(q_kl_k3)2LD

l_[ dL e_Ll e_(kl +k3)? (LA+LD) —qziB—(q—El—’Es)ch
(275 )D

i=A,B,C,D

4 = PN S dDA = . =
Z dL; e bt o= Fr+ks) To—R3 (L, +155) [ L o—0La—@+k)7Ts
(2m)P

j=1i=0,A,B,ja,jB

[N ]

-3

_s:)

N

1
+0 (m) . (D.16)

617 As for the two and three-point correlation functions, we define y4(u) as the four-point correla-
618 tion function at zero external momenta, divided by al3D and without the factor (27t)P? 6P (Z;;l ki):

BC(. 5Auz3 Apz—3 Apz3
24() = (1—— -4 -3 Is(M)) (D.17)
A\ 2(4n)z (4rm)z (4m)z

10 where I, and I, are defined in Egs. (60) and (66) respectively, while

e e e La—Lg—Lc—Lp
Is(w) Ef dLjdLgdLcdLp = (D.18)
v (La+Ip+Lc+1p)2
620 and consequently
6—D D
lim Iz(u) = ——T (3— —) . (D.19)
u—0 12 2

621 Using the relation between w and m2, Eq. (63), we can write y, as a function of m?

27) — BCrH! —10( 5 2
24 (,u(m )) Ea}o 1+ 5 (4“:)% I (,u(m ))+
I, (W(m?) —3—— I (u(mz))), (D.20)
(4m)z (4m)z

622 where u is the bare coupling constant, defined in Eq. (69). Now we can look at the scaling,
623 near the critical point m2 — 0, of the four-point function

3 In g4 (W(m? ~ 0))

D,(A) = , 2 ~ 0)) ~ m2Pa(3) D.21
= Ot ) 021
g fixe
624 Using the expression of y4(m?) we have
D,(A.) = —(D(3D —55) + 12). (D.22)
42

27



625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

SciPost Physics Submission

We can now compare with the scaling of the four-point function

2 2D,(4,) _49 q D ( q)
m°>~0))~m4 s D,(A)=—1m—=+—(1—=], D.23
Zq (1 ) (A= =+ (1-3 (D.23)
with q = 4, which gives the expected result of Eq. (89)
D—6
=—. D.24
Mo 21 ( )
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