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Abstract

We investigate fractionalization of non-invertible symmetry in (241)D topological
orders. We focus on coset non-invertible symmetries obtained by gauging non-normal
subgroups of invertible 0-form symmetries. These symmetries can arise as global
symmetries in quantum spin liquids, given by the quotient of the projective symmetry
group by a non-normal subgroup as invariant gauge group. We point out that such coset
non-invertible symmetries in topological orders can exhibit symmetry fractionalization:
each anyon can carry a “fractional charge” under the coset non-invertible symmetry given
by a gauge invariant superposition of fractional quantum numbers. We present various
examples using field theories and quantum double lattice models, such as fractional
quantum Hall systems with charge conjugation symmetry gauged and finite group
gauge theory from gauging a non-normal subgroup. They include symmetry enriched S3
and O(2) gauge theories. We show that such systems have a fractionalized continuous
non-invertible coset symmetry and a well-defined electric Hall conductance. The coset
symmetry enforces a gapless edge state if the boundary preserves the continuous non-
invertible symmetry. We propose a general approach for constructing coset symmetry
defects using a “sandwich” construction: non-invertible symmetry defects can generally
be constructed from an invertible defect sandwiched by condensation defects. The
anomaly free condition for finite coset symmetry is also identified.
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Symmetry fractionalization describes how zero-form symmetry can act projectively in topo-

logically ordered systems [1, 2]. Given an underlying topological order and an invertible

zero-form symmetry, one can enumerate all of the mathematically consistent ways the sym-

metry can act projectively. In particular, junctions of the symmetry defects can be modified

by an Abelian anyon.



Given the enormous body of work on fractionalization of invertible symmetries, it is
natural to consider the fractionalization of non-invertible symmetries (see [3—7] for recent
reviews of non-invertible symmetries). Examples of non-invertible symmetries are discussed
extensively in the literature. They occur in various field theories such as discussed in [8-17]
and lattice models such as discussed in [18-31]. In this work we present a first step toward
extending symmetry fractionalization to non-invertible symmetries.

As in the case of invertible symmetries, the anomalies of non-invertible symmetry constrain
the low energy dynamics [8, 32-36]. Since the anomalies depend on the fractionalization
pattern [35-39], it is important to understand how non-invertible symmetry fractionalizes in
quantum systems.

We will focus on a class of non-invertible symmetries, given by cosets G/K for group G
and a non-normal subgroup K [6, 11, 40-43]. Such coset symmetries arise naturally in spin
liquids: when the microscopic model has symmetry G, i.e. the “projective symmetry group”,
a subgroup (the “invariant subgroup”) can act trivially at low energy and it is gauged [44-46].
Such models describe K gauge theory of spin liquids, and they have coset global symmetry
G /K, which is non-invertible for non-normal K. Thus, understanding the fractionalization
of the coset symmetry is important for such quantum spin liquids.

For instance, in many condensed matter system the U(1) electromagnetism is usually
treated as a classical probe field. When the system has charge conjugation symmetry,
we can consider the situation where the electromagnetism can be extended to be Alice
electromagnetism [47-49] where the Zy charge conjugation is gauged. While the fluctuations
of the U(1) gauge field can be suppressed by the electric coupling, the fluctuations of the flat
Zs gauge field are not suppressed, leading naturally to a (U(1) X Zsy) /Z, electromagnetic
coset non-invertible symmetry. This provides further motivation for studying such class of
non-invertible symmetry. We will show that such a system with coset symmetry can also have
a well-defined electric Hall conductance, that cannot be explained by taking the symmetry to
be U(1).

1.1 Summary of results

Here we summarize the main results of the paper. We consider the coset non-invertible
symmetry expressed as G/K, obtained by gauging a discrete subgroup K of the invertible
zero-form symmetry GG. The symmetry G can be either continuous or discrete. We show
examples where the coset symmetry is fractionalized in (2+1)D topological phases.

An example of such symmetry fractionalization is found in fractional quantum Hall (FQH)
systems with Zs charge conjugation symmetry gauged. By FQH system, we simply mean a
topological order with a zero-form U(1) symmetry that is fractionalized, leading to anyons
carrying fractional U(1) charge. For simplicity, we will consider bosonic FQH systems, but
the discussion can be extended to fermionic ones. In FQH states, the U(1) fractionalization is



understood by identifying an Abelian anyon v, called the vison, with the vortex of U(1) global
symmetry. Fractional U(1) charge of each anyon in the system is determined by its braiding
with v. In other words, the junction of U(1) symmetry defects is modified by a decoration
of an Abelian anyon v. When we gauge the charge conjugation of the (bosonic) Abelian
FQH state described by U(1)gx Chern-Simons theory, the resulting theory is a non-Abelian
topological order described by O(2)9;, Chern-Simons theory. The gauged FQH state now
has a continuous non-invertible symmetry (U(1) % Zs)/Zs. This symmetry is referred to as
cosine symmetry, since its non-invertible fusion rule is reminiscent of the product to sum
formula of cos 6.

We point out that this cosine symmetry is fractionalized, where the anyons of O(2)q (for
k =1 the anyons are Abelian) carries fractional charge under the continuous non-invertible
symmetry. This fractional charge of the anyon is a certain superposition of the opposite
fractional charges related by charge conjugation.

Since the conductivity matrix is even under charge conjugation, one can still define the
electric Hall conductance in the gauged system, which is now associated with the response
under the continuous non-invertible symmetry. While the fractional part of the U(1) electric
Hall conductance of the standard (bosonic) FQH state is determined by the spin of the
Abelian anyon as oy = 2h, mod 2, the vison after gauging the charge conjugation typically
behaves as a non-Abelian anyon. Hence, the Hall conductivity is no longer associated with
the spin of an Abelian anyon, but rather with the spin of a non-Abelian anyon. Therefore,
the value of Hall conductance for continuous non-invertible symmetry cannot generally be
computed in the same way as that for an invertible U(1) symmetry. We show that the nonzero
Hall conductance enforces the gapless edge state, once the boundary theory is required to
preserve the cosine symmetry.

Similar to Abelian FQH states, phases with fractionalization of non-invertible coset
symmetry can also be understood from modification of junctions of the zero-form symmetry
defects. To describe the junctions of the coset symmetry, we first need to describe the
individual defects. We show that the defects can be obtained using a “sandwich” of topological
operators. Specifically, the coset symmetry defects are generally described by an invertible
symmetry defects sandwiched by the non-invertible topological interfaces. This expression
is useful for systematically describing the fractionalization of the coset symmetry using
the standard symmetry fractionalization theory of invertible zero-form symmetries [1]. We
establish an algebraic formalism of the fractionalization for coset symmetry G/K in (2+1)D
bosonic TQFT, in terms of the G-crossed braided fusion category interacting with the non-
invertible topological interfaces. When G is a finite group, we also find necessary conditions
for the coset symmetry G /K being free of 't Hooft anomalies.

We further find that fractionalized coset symmetry can be realized as an exact symmetry
of the microscopic lattice model of the non-Abelian topological order. In particular, we find
a fractionalized cosine symmetry in the S3 quantum double model [18, 50], which is arguably



the simplest exactly solvable lattice model that hosts non-Abelian topological order. This
cosine symmetry of the S3 quantum double model is understood as the resulting symmetry
from gauging the Z, charge conjugation of U(1) X Z; symmetry in the Zj toric code. In
the S3 quantum double model, the fractionalized cosine symmetry acts on a non-Abelian
anyon to produce the cosine of the non-trivial U(1) fractional charge g, reflecting that the
non-Abelian anyon carries a superposition of the fractional charge (¢, —q).

The work is organized as follows. In section 2 we review the fractionalization of invertible
symmetry in terms of Abelian anyons. In section 3, we discuss a class of non-invertible coset
symmetry constructed from the outer automorphism, such as Z, charge conjugation of U(1).
In section 4, we construct quantum double lattice model for S3 enriched by non-invertible
coset symmetry. In section 5, we discuss general coset non-invertible symmetry and a bulk
TQFT that describes the symmetry, and use the bulk TQFT to derive dynamical consequences
from the coset symmetry. In section 6, we apply the discussion to provide construction of
new quantum spin liquids enriched with non-invertible coset symmetry, and give examples
of new deconfined quantum critical points with non-invertible symmetry. In section 7, we
discuss the results and mention several future directions.

2 Review of Invertible Symmetry Fractionalizations

Let us first briefly review the fractionalization of invertible symmetry in (241)D. The subject
is discussed extensively in the literature (e.g. [1, 39, 51-53]), and we will only summarize the
properties relevant to our discussion.

2.1 Fractionalizations: modifying junctions of symmetry

An invertible ¢-form symmetry is generated by codimension-(q + 1) topological defects in
Euclidean spacetime! that each have an inverse. To fully specify the g-form symmetry, we
also need to specify the junctions of the domain walls. A codimension k& > ¢ + 1 junction
where multiple defects meet can be modified with the topological defects of (k — 1)-form
symmetry. The allowed modification is constrained by the higher-group structure of the
symmetries [2]. In this work we will focus on ¢ = 0 and k = 2. For zero-form symmetry G
and 1-form symmetry A, the fractionalizations can be classified by H?(G, .A), which specifies
the Abelian anyon at the codimension-two junctions of G defects in (2+1)D [1].? If the
junction of three G domain walls g1, g2, 9192 are modified with additional 1-form symmetry
defect 1(g1, g2) € A, then the line operators that braid with the junction acquire additional
projective representation given by the braiding phase with 1(g;, g2). The 1-form symmetry

'Here, we will use defect and operators interchangeably.
2In the presence of 2-group symmetry, some fractionalization classes can be identified [38, 39].



operators inserted at the junction modify the correlation functions of the zero-form symmetry.
This can result in additional anomalies depending on the fractionalization (see e.g. [37-39]).

In terms of symmetry operators on the Hilbert space, fractionalization means that the
fusion rules of the ¢-form symmetry generators U,(X) supported on a codimension-¢ spatial
region with boundary is modified compared with the generators on region without a boundary.
The spatial boundary can be modified with another codimension-(¢q + 1) symmetry generator
Uy+1(0%) for a (¢ + 1)-form symmetry. Such boundary modification affects the symmetry
action on excitations that have braiding with the U,;;(0X) symmetry.

A method of describing particular fractionalization class is breaking the 1-form symmetry
A with additional microscopic degrees of freedom to screen the 1-form symmetry generator,
then the 1-form symmetry generator is no longer topological and we do not have the
freedom to modify the junction. Rather, when the 1-form symmetry generator is stuck
at the junction the entire configuration is topological. Since there is no 1-form symmetry
topological operators that can modify the junction, there is no longer freedom of changing
the fractionalization, and the microscopic model without the 1-form symmetry corresponds
to a particular fractionalization class. For instance, in gauge theories we can break the center
1-form symmetry by introducing heavy matter fields in the fundamental representation, and
we can break the magnetic 1-form symmetry (for instance, consider continuous gauge group
in (341)D) by introducing dynamical magnetic monopoles, which replace the non-simply
connected gauge group such as U(1) with a simply connected gauge group such as SU(2) of
the same rank. In TQFT, the fractionalization class is an additional data in TQFT enriched
with symmetry.

2.2 Example: fractional quantum Hall systems with U(1) symmetry

As an illustrative example, we can describe the fractionalization of U(1) symmetry in FQH
systems. For simplicity, we will only consider bosonic FQH systems. These theories can be
described as bosonic topological orders with G = U(1) zero-form symmetry.

The U(1) symmetry fractionalization is described by an Abelian anyon a inserted at the
junction of three U(1) transformations 61,0y, [01 + 63]2, where 6; ~ 6; + 27 are angles, and
0]+ is the restriction of # to [0,27). The Abelian anyon can be written as v"“1:%2) where

v is an Abelian anyon called a vison, with n(6y,6;) = [91]2”[02}22’;_[01%2]2”. 3 This has the

following consequences:

e Particles can carry fractional U(1) charge given by the mutual statistics with v. The
particles that braid with the v with phase e!® carry fractional charge given by ¢ /27

3In fermionic systems, fractional quantum Hall states obey the spin/charge relation where the Z, subgroup
of the U(1) electromagnetism is identified with the fermion parity symmetry. This implies that there is an
odd number k such that v* = f is the transparent fermion. For instance, in the fermionic Laughlin state
U(1)s, the simplest choice for v has spin 1/6 and k = 3.



mod 1: the transformations by 6y, 6, do not compose into that of [f; 4 6]2,, but only
up to a phase ei%([91]27T+[02]27r_[01+02]2‘n’).

e The self-statistics of the Abelian anyon at the junction results in nontrivial correlation
function of the U(1) symmetry defects. The fractional quantum Hall conductance oy
for the U(1) symmetry is given by the spin of the Abelian anyon as oy = 2h, mod 2

(see e.g. [2]).

3 Fractionalization of Non-Invertible Symmetry: An

Example

3.1 Coset Non-Invertible Symmetry From Outer Automorphism

Let us describe a mechanism for coset non-invertible symmetry. We start with a system
with an invertible symmetry G, which has automorphism group Aut(G). G can be either
continuous or discrete. We gauge a discrete symmetry K that acts on G by p: K — Aut(G).
If p maps elements in K to nontrivial elements of Aut(G), then the symmetry G becomes
non-invertible. To see this, we note that an operator U, for g € G is not gauge invariant
under discrete gauging if ¢ is permuted by p. Instead, the well-defined symmetry generator is

Ulg) = @ Upig) > (3.1)
keK
where [g] is the orbit under the action of K, which has length |K|/|K,| for stabilizer K, C K
of g. The non-invertible fusion rule of U follows from the invertible fusion rules of {U,, ()}
up to condensation defects.*
We can describe the non-invertible symmetry as the coset

Gx, K
K Y
where the discrete group K acts on G by p. Since K is not a normal subgroup for nontrivial

action p, the coset is not a group, but rather a non-invertible symmetry. In addition, when
K is not normal, the left and right cosets differ. Here, we will always refer to the right coset.

Non-invertible coset symmetry G = (3.2)

Example: cosine symmetry from gauging charge conjugation Consider G = U(1),
and K = Zs that acts on GG by charge conjugation. Gauging K results in the non-invertible
symmetry

U[g] =Uyg®U_y , (3.3)

4As we will show below, when the fusion of Up,(g) produces the trivial element in G, the fusion outcome is
replaced by condensation defect for gauging K symmetry on the domain wall, i.e. condensing the Wilson
lines of K on the wall.



where the U(1) transform is e, and § — —6 under charge conjugation. It satisfies the fusion
rule (here we take 6 # +0")

Ut % Uppy = Uppro + U] - (3.4)

The above fusion rule is reminiscent of the formula 2 cosf cos8’ = cos(f + ') + cos(0 — ¢'),
so this continuous non-invertible symmetry is referred to as cosine symmetry.

The cosine symmetry can be described by the coset O(2)/Zy, where Z, is the charge
conjugation. Since the Z, is not a normal subgroup, the coset is not a group, but rather a
non-invertible symmetry.

Example: non-invertible SWAP symmetry Consider two copies of a system with K
symmetry, in total the theory has G = (K X K) x Zs symmetry, where the Z, exchanges the
two copies and thus swaps the two K groups. Let us then gauge one of the K non-normal
subgroup symmetry: this results in the non-invertible coset symmetry

G (KW x K@) xZ,

KO — K ’ (3.5)

where the K symmetry in jth layer is written as K9, In particular, the Z, SWAP symmetry
becomes non-invertible, with the fusion rule

S/\_A]TA/];) X S\N/_TA/ID = CRep(K(l)) Z Uk<2) 3 (36)
)

E@eK(2

where Chpxn) is the condensation defect of the K" Wilson lines Rep(K™) in the first
layer [54], and U, is the generator of global K(® symmetry in the second layer. An example
of non-invertible SWAP symmetry with K = Z, is found in [29].

3.2 Non-invertible symmetry as sandwich of invertible symmetry

Let us consider the (d + 1)D theory T with zero-form symmetry G, and gauge the discrete
non-normal subgroup K. As discussed in section 3.1, the gauged theory 7 /K has a non-
invertible symmetry G/K with symmetry defects U[g}. The symmetry defect U[g] can be
expressed as the invertible symmetry defect U, sandwiched by non-invertible domain walls.
To determine the appropriate choice of non-invertible domain walls, we must first determine
the “minimal” nonnormal subgroup K/ K. Specifically, there may be a subgroup K C K
which is a normal subgroup of G. Such a K is obtained by a group of elements k € K
satisfying gkg~! € K for any g € G, which can be checked to be a normal subgroup of K, G.
In this case, we first gauge the maximal normal subgroup K of K to obtain an invertible



symmetry G/ K and then gauge the remaining part K / K5 Then the symmetry defect for
G/ K takes the form

Zj[gl - DRep(K/f() x Uq x ERep(K/f()’ (3.7)

Here, U, is a g € G/K symmetry defect of the theory 7 /K before gauging K/K. DRep(rc/i0)
condenses the Wilson line Rep(K/K) of the K /K gauge theory T/K = (T/K)/(K/K), and
regarded as a half gauging defect that interpolates 7 /K and T /K [13] (see Figure 1 for
the case with trivial K ). Without loss of generality, we can assume that K is minimal with
K = {id}, since G/K is a group. In the following we will use condensation defects Drep()-
We will shortly see that the above defect ﬁ[g} only depends on the orbit [g] of g € G under
the action of K. Let us first see a few simple examples for the defect U[g]:

e The defect U[g] obviously gives an invertible symmetry defect if and only if Dgrep(xy,
ERep( k) are trivial.

e When the invertible defect U in the middle is trivial, the defect U, [g] 15 a condensation
defect condensing the electric particles Rep(K’). This corresponds to 1-gauging the
algebra object Rep(K) at a codimension-1 defect [54].

The fusion rules of the half gauging defects are given by (up to normalization)

Drep(r) % Drep(icy = Y _ Uk, (3.8)
keK
DRep(K) X ERep(K) = CRep(K)v (39)

where Uy, is the K symmetry defect of 7 and Cgrep(k) is a condensation defect obtained by
1-gauging Rep(K). Also
Uk X 5Rep(K) = ERep(K), DRep(K) x Uy = DRep(K)7 (3-10)

with k£ € K, and
Dhrep(ic) X Wy = Drep(), Wy X Drep(c) = Drep(k); (3.11)

where W, is an Wilson line carrying the irreducible representation p € Rep(K).
From the fusion rule between Uy, and Dgep(k) one can see that the definition of Uy, only
depends on the orbit [g],

0[9} = DRep(r) X Ug X ERep(K) = DRep(r) X UpUgUp-1 X ERep(K) = Ulkgr-1)- (3.12)

5We use this convention so that if K is normal, then the defect under the sandwich construction is
invertible. If we do not gauge K first, then generically our construction would produce the G/K defect
together with a condensation defect, even if K is normal.

8



The fusion algebra of U[g] follows from the fusion rules above:

Uil % Utg) = Drep(ic) X Uy % (Z Uk:) x Uy X Drep(x)

keK

= DRep(k) X (Z Ugrgi—1 Uk:) X ERep(K)

keK (3.13)
= Drep(x) % (Z ngg/kl) X Drep(x)
keK
= > Uighy'i
keK
When [¢'] = [g7!], one of the fusion channels is Uj;) which is the condensation defect
Uy = Crep(x)- (3.14)

Finally, we can compute the fusion rules of U, [¢ With the Wilson line of K gauge theory
using (3.11):

Ug X W, = Uy =W, x Uy. (3.15)

Junction of coset symmetry defects Two coset symmetry defects ﬁ[g] can fuse at the
junction into a third defect, which corresponds to one of the fusion outcomes

Ut % Uty = ) Ugigri) - (3.16)
ke K
For example, the junction for the fusion channel ﬁ[g] X [7[9/] — U[gkg/k—l] can be obtained
by the junction of invertible G symmetry defects g, kg’k~! and gkg'k~! sandwiched by the
non-invertible defects Dgep(k), as shown Figure 2 (a).

As mentioned earlier, the sandwich construction for the coset symmetry defect has a
redundancy (7[91 = U[kgk—1]. In other words, the invertible defect ¢ € G or kgk=! € G leads to
the same coset symmetry defect. This leads to the redundancy in expressing the junction of
the coset symmetry defects: the junction of invertible defects g, ¢’ into g¢’ gives an identical
junction of coset symmetry defects as the junction of kgk™!, k¢g'k~! into kgg'k™! for k € K
(see Figure 2 (b)).

Example: cosine symmetry For example, when G = O(2) = U(1) X Zy and K = Zy =
{1, ¢} that acts on G by charge conjugation, the fusion rule of the symmetry defects of 7 /K
is given by

U[g] X U[g/} = DRep(K) X Ug X (1 + Uc) X Ug/ X ERep(K)

* (3.17)
= DRep(K) X <U9+9’ + UG—Q’UC) X DRep(K)



T/K T T/K

DRep(x) Uy Drep(x)

Figure 1: The non-invertible symmetry defect of the gauged theory 7 /K is understood as an
invertible defect sandwiched by a pair of half gauging defects.

@) (b)
g ko k™ g g kg k'

~_

Q

DRep(K)

/

gkg'k™1 g9 /fgg/kfl

Figure 2: (a): The junction of the cosine symmetry defects that corresponds to the fusion
channel U[g] X (7[5,/] — U[gkg/kfl]. (b): Conjugating the invertible defects by k € K in the
network of coset symmetry defects leads to an another expression of the same defect network
in terms of a sandwich.

We then have the fusion rule U, x 5Rep( K) = ERQP( K), SO
0[9] X [7[9/} = [}[ng@/] + 0[9,9/] (3.18)

This reproduces the fusion rule of the cosine symmetry (3.4), and is a particular case of
(3.13). When [0] = [¢0'] we get

Upg) * Upg) = Upzg) + Crep(xc)- (3.19)

3.3 Exotic quantum Hall conductance for continuous coset sym-

metry

In the section above, we described how to construct defects of non-invertible 0-form symmetry.
We now study the possible decorations of junctions of such defects; these decorations specify
fractionalization patterns of non-invertible 0-form symmetry. We begin with an example. Let

10



us start with an ordinary fractional quantum Hall system with U(1) symmetry in (2+1)D,
and then gauge the charge conjugation symmetry. This converts the U(1) symmetry into the
non-invertible cosine symmetry, which can be expressed as the coset O(2)/Zs for non-normal
charge conjugation Zy. The non-invertible symmetry obeys the fusion rule (3.4). We note
that the cosine symmetry does not permute the anyons, just as the ordinary continuous U (1)
symimetry.

The current is odd under Z, charge conjugation and therefore becomes not gauge invariant.
Similarly, the electric and magnetic fields are also odd under Z, charge conjugation. Thus the
conductivity matrix is gauge invariant after gauging the charge conjugation and well-defined.

Another way to see that the Hall conductance remains well defined is by using the current
two point function. This quantity is invariant under charge conjugation, and its contact term
gives the Hall conductivity:

(u(z,y,1)40(0)) D orewrd8 (z,y,t) (3.20)

where og is the quantum Hall conductance in the unit of ¢?/h for electron charge e and
Planck constant h. The formula follows from taking the functional derivative in the quadratic
Chern-Simons response [55]. We note that while the full two-point function requires a Wilson
line of the Z, gauge field connecting the two points after gauging the charge conjugation
symmetry, the contact term is not modified. Thus the Hall response is well-defined for the
non-invertible cosine symmetry, and it is given by the response before gauging the charge
conjugation symmetry.

3.3.1 O(2) Chern-Simons theory

We now show that the theory above has a fractional quantum quantum Hall response oy for
non-invertible continuous symmetry that cannot be obtained from the spin of a vison.

Let us start with U(1)g theory for integer £ > 1. We can enrich the theory with U(1)
symmetry by identifying the vison with the charge-one Abelian anyon v. We can read off the
Hall conductance as oy = 1/(2k), from the spin of v.

Now, let us gauge the charge conjugation symmetry in the minimal way. In general,
gauging a O-form symmetry in (2+1)D comes with a choice of an H3(K,U(1)) class. Physically,
this corresponds to stacking with a K SPT before gauging. For simplicity, we will only
consider gauging without any additional SPT in this example.

The charge conjugation symmetry transforms a — a~! for a generic Abelian anyon a, so
the gauged theory becomes a non-Abelian topological order. The gauge symmetry is enlarged
to be U(1) x Zy = O(2), i.e. the theory becomes O(2)yr Chern-Simons theory. The new
particle content is

e Charge @ # 0, k: these anyons become non-Abelian anyons with quantum dimension
two, given by Q @ (—Q).

11



e Charge () = 0: the vacuum anyon and the Zy symmetry defects lead to four anyons:
the trivial anyon, the Abelian boson W given by the Z, Wilson line, and anyons &g, X
of spin 1—16 and 1% respectively. The quantum dimension of & and g is v/k. Therefore,
these are non-Abelian for k& > 1.

e Charge @) = k: this anyon and Z, symmetry defects together with this anyon also
lead to four anyons: the Abelian anyons a;, as with spin %, and anyons &g, xx of spin
% and 1% respectively. The quantum dimension of &,y is also vk, so these are also
non-Abelian for £ > 1.

In the new theory O(2)g the only Abelian anyons have spin 0, k/4 mod 1, so one would
not be able to detect the fractional quantum Hall conductance oy = 1/(2k) for k > 1
from looking at the spins of the abelian anyons. It is instead related to the spin of the
non-Abelian anyon v & v~!. Thus the non-invertible cosine symmetry O(2)/Z, gives rise to a
Hall conductance proportional to the spin of non-Abelian anyon, rather than an abelain one.

We remark that when k = 1, O(2)s <> U(1)g is an Abelian TQFT [56, 57]. Thus even in
Abelian TQFTs there can be fractionalized non-invertible coset symmetry. The Wilson line
of the Z, charge conjugation gauge field is the charge 4 Wilson line in U(1)g, and such line
can end on the O(2)/Z;y coset symmetry generator. Thus the symmetry acts on the theory
through the surface operator where the charge 4 Wilson line condenses, which is described in
[58].

3.3.2 Gapless edge modes

Here we consider a (141)D edge state of the above FQH state with cosine symmetry. We
argue that the nonzero electric Hall conductance (3.20) enforces a gapless edge mode if
the boundary preserves the cosine symmetry. Before giving a proof for this statement, we
first need to clarify what we mean by a symmetry-preserving edge state, since there can be
multiple definitions for it which bifurcate for non-invertible symmetries [59]. In this paper,
symmetry-preserving boundary condition means a boundary condition that satisfies the
following two requirements:%

1. The boundary state is invariant the symmetry action. That is, the boundary state
|B) supported on a closed 2d space is an eigenstate of the symmetry operators D:
D|B)  |B). This is equivalent to requiring that the type of the boundary condition is
invariant under pushing the symmetry defect onto the boundary.

2. The symmetry defect can terminate at the boundary. Its endpoint is topological and
defines the symmetry defect at the boundary theory.

Let us show that the cosine symmetry-preserving gapped boundary must carry oy = 0.

6Following the terminology of [59], this amounts to requiring that the boundary condition is both strongly
and weakly symmetric.
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We take a symmetry-preserving gapped boundary state |B). First, the invariance of the
boundary state on a torus |B) under the cosine symmetry defect Uy—o implies that the Wilson
line W of the Z, charge conjugation symmetry must be condensed at the boundary. This
can be seen by noticing that Uy_ is a condensation defect of W due to (3.14), which acts on
a torus T, by an operator (1 4+ W (7)) + W(vy) + W ()W (7).

Meanwhile, the boundary state |B) on a torus contains a state |1) labeled by a trivial
anyon 1, and has the form of |B) = |1) + Zw |W) + ... with some non-negative integer Zyy.
One can then immediately see that the state Us_g|B) contains the state [IW) with some
positive coefficient, which implies that W is condensed at the boundary once we require
Us—o |B) o |B).

Therefore, it must be possible to obtain the gapped boundary must by first condensing W
in the theory 7 /Zs. This brings the theory back to an original FQH state T with U(1) x Zy
symmetry. If there is a gapped boundary, then we can further condense Lagrangian algebra
anyons in 7. In other words, without loss of generality, we can describe the boundary state
|B) of T /Zy by first acting the operator Dgep(z,) on some gapped boundary state |B’) of the
theory T,

|B) = Drep(z,) |B') (3.21)

where Dgep(z,) is an interface operator obtained by half-gauging (see section 3.2 for discussions).
The gapped boundary B is obtained by pushing the defect Dgep(z,) in parallel onto the gapped
boundary B'.

Now let us consider a cosine symmetry defect Uy terminating at the gapped boundary B.
Since the Uy is transformed into Uy or U_g by crossing through the interface DRep(z,), Oone
can see that the U(1) defects Uy have to end at the gapped boundary B’, meaning that the
gapped boundary B’ preserves the U(1) symmetry. This enforces oy = 0.

3.4 More example of fractionalized coset symmetry: S3; gauge
theory

Let us consider Zs gauge theory enriched by U(1) symmetry, where the fractionalization is
given by braiding with v = em. Since v carries the spin h, = 1/3, this topological order has
the Hall response oy = 2/3. If we gauge the charge conjugation symmetry, we get S3 gauge
theory with the Hall response for the cosine symmetry.

There are eight anyons in the S3 gauge theory (see e.g. [60]), which are usually denoted
by A,B,C,D,E,F,G,H. Each anyon is associated with a conjugacy class of S3 and an
irreducible representation of the centralizer of a representative element from the conjugacy
class:

e {1}: the centralizer is S3 with the trivial (A), sign (B), and two dimensional (C) irreps.
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o {s,sr,sr?}: the centralizer is {1, s} with the trivial (D) and sign (E) irreps.
e {r,r?}: the centralizer is {1,7,7?} with the trivial (F), e*™/3 (@) and e*™/3 (Q) irreps.

The T matrix is diag(1,1,1, —1,1,1,e*"/3 ¢*™/3) A and B correspond to the vacuum of the
Zs3 gauge theory with and without the charge conjugation charge respectively. C' corresponds
to the orbit (e, e?) under charge conjugation. D and E correspond to Zy charge conjugation
defects with and without the charge conjugation charge. F,G, and H correspond to the
orbits (m, m?), (em,e*m?), and (e*m, em?). Note that the S3 gauge theory does not have an
Abelian anyon with the spin 1/3, so the Hall conductance oy = 2/3 cannot be accounted for
by ordinary fractionalization using Abelian anyons.

Based on the example discussed in section 3.4, we can describe the cosine symmetry defect
of S35 gauge theory as a sandwich of gapped interfaces of S3 gauge theory. As discussed in
section 3.2, this perspective allows us to describe the junction of the symmetry defects of
cosine symmetry. The junction of the cosine symmetry defects that corresponds to fusion
outcome ﬁ[g] X U[gq — U[9+9/] can be realized by the junction of invertible symmetry U(1)
defects among 6,60, 0 + 0" decorated with non-invertible defects, see Figure 3. Similarly, the
junction for the fusion outcome U[g] X U[gl] — U[g,g/] can also be obtained from the junction
of invertible symmetry U(1) defects among 0, —6',0 — ¢'.

The symmetry fractionalization of a non-Abelian anyon G = (em,e*m?) in S3 gauge
theory is illustrated in Figure 3. When the line operator of the non-Abelian anyon G crosses
through the junction of cosine symmetries, the junction non-trivially acts on the anyon G,
which is regarded as the symmetry fractionalization.

Unlike the standard fractionalization of the invertible symmetry, the fractional charge
of the cosine symmetry is given by a superposition of opposite U(1) fractional charges. It
reflects Figure 3: the fractional charge depends on whether it splits into em or e*m? with the
opposite U(1) charge when the S5 gauge theory is condensed into a Zs gauge theory.

4 Lattice Model with Fractionalized Non-Invertible
Symmetry

In this section, we demonstrate the properties of the non-invertible symmetry fractionalization
with a microscopic lattice model. We consider the (2+1)D quantum double model on a square
lattice, which is a standard lattice model effectively described by a finite G' gauge theory. We
find that the quantum double model with the gauge group G' = S3 has a fractionalized cosine
symmetry.
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(em,e"m~) (em, €2m?)

0+0 0+0

(em, e*m?) (em, e*m?)

0+0 0+ 6

Figure 3: The symmetry fractionalizaton of the non-Abelian anyon G' = (em, e*m?). This
anyon splits into em, e?>m? of Zs gauge theory and they carry the opposite fractional charge.
As a result, the fractional charge carried by G is a diagonal matrix diag(1/3,2/3) rather than

a number.

4.1 Cosine symmetry in S5 quantum double model

Warm-up: Z;3 gauge theory with U(1) symmetry Let us start with Z3 toric code with
U(1) symmetry in (2+1)D. We consider a square lattice with a Zs qudit on each edge, with
the Hamiltonian

Hy,=-> A,—) B, (4.1)

where v and p denote the vertex and plaquette respectively. Specifically, each term is given
by

|
A= (1 + X X)Xy ) Xy + XL(U)XTE(U)XW(U)XS(U)> , (4.2)
1

These two terms are illustrated in Figure 4.
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Figure 4: The edges nearby a vertex v and plaquette p.

We define the Zj3 gauge field a on links satisfying ¢5'% = Z,. The state with B,=1
corresponds to the flat Z3 gauge field da = 0. A, = 1 corresponds to the Gauss law constraint
of the Z3 gauge field, so the ground state Hilbert space is described by the Z3 gauge theory.

The U(1) global symmetry Uy is defined as the action on the state

Uy la) = exp (@'[9]% / %) a). (4.4)

where @ is the integral lift of a. This U(1) symmetry exhibits the symmetry fractionalization.
When we write the electric particle of the Z3 gauge theory as labeled by e, the Abelian anyon
e91:92) ig decorated at the junction of U(1) transformations 6y, 65, and 6; + 63 mod 2.

Cosine symmetry of S; gauge theory We then consider the S3 quantum double model
in (24+1)D. The local Hilbert space on each edge has 6 dimensions, whose basis states {|g)}
are labeled by group elements g € S5. The Hamiltonian is given by

_ ZA” — Z B, (4.5)

with each term given by

T % 05 T 11 A

= -1 -1, .
S(v)? p 5901913902 993 ;0

geG

Here we defined the Pauli X like operators as
Xon) = |ghy, X9 |h)=|hg™") . (4.7)

It is convenient to label g € S3 by a pair g = (a,b) with a € Z3,b € Z,, satisfying the group
multiplication law

(a1,b1) % (az,by) = (a; + (—=1)"ag, by + by). (4.8)

a,b are regarded as Zsz and Zy gauge fields respectively.
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Let us define the operators acting like Pauli X, Z operators on the a, b fields:

Z%a,b) = e 5 %a,b), X%|a,b) = |a+1,b) (4.9)

Z(a,b) = (—1)*a,b), X'|a,b) = |—a,b+ 1), X’|a,b) =|a,b+1)  (4.10)

Yb, &b corresponds to the left and right action of (0,1) € S; on (a, b) respectively.
The vertex term of the S3 quantum double model can then be expressed as

A, = A®Ab (4.11)

where A¢ is the vertex term of the Zs toric code expressed by X“, and

g 1t X80 X ) X X

2

(4.12)

We then define the projection operator

pb:H<1+223)7 (4.13)

e

and the projection operator
=] 4 (4.14)

Now we are ready to describe the cosine symmetry of the S3 quantum double model (4.5).
The generator of the cosine symmetry is given by

Uy = 2. 11°U, D (4.15)

where |v| is the number of vertices. This generates an emergent non-invertible symmetry
of S5 gauge theory within the low energy subspace where II® = 1 is satisfied. Within this
subspace, Uy is expressed as

Uy = 2. 1I°DPU, DI (4.16)

This operator (4.16) generates an exact symmetry of the S3 quantum double model. Note
that since we have a projector II° on the right, the operator (4.16) annihilates the state with
electric particle of Z, charge conjugation symmetry, while (4.15) does not.

In the expression (4.15), D condenses the Wilson line for the gauged charge conjugation
symmetry, resulting in a Zs gauge theory. Uy is an invertible symmetry in Z3 gauge theory,
and II then brings the theory back to S5 gauge theory. Due to the projector D?, it eliminates
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the electric particle excitation of charge conjugation symmetry from the state. Since the
particle excitations carry finite energy, its elimination implies that the operator (4.15) only
commutes with the Hamiltonian in the subspace without Z, electric particles, i.e., II* = 1.

We note that the form of the operator Uy is aligned with the sandwich form (3.7); the
operators I on the left, D’ on the right of (4.15) correspond to half-gauging defects DRep(z.)
ﬁRep(ZQ) at a time slice. For the purpose of computing the fusion rule of operators below,
we consider the low energy subspace where II° = 1 is satisfied. This allows us to derive the
fusion rules for the coset symmetry in the absence of electric particle excitations for charge
conjugation symmetry. If there are such excitations, the fusion rules can be modified to
reflect the fractionalization of the symmetry on the excitations. We note that for invertible
symmetries, the symmetry action on a pair of conjugate excitations is the same as the action
on the vacuum, since the projective phases cancel. Here, when the symmetry is non-invertible,
we need to be more careful about the distinction.

Below let us derive the properties of the operator:

e When 6 = 0,
Upo = 21 . TI°DP1T® (4.17)

Here, note that D° can be rewritten as the sum of open string operators

Db = % > (H ZQ) (4.18)

CeCy(M,Z2) \eCcC

where the sum of C' is over all possible 1-chains of the square lattice, and |e| is the
number of edges. When projected onto the states with A% = 1, only the closed strings
C survives, since the product of Z° is a line operator of the Abelian anyon in S5 gauge
theory and it excites A® at its ends. We then have

Upop =T0" [ 271 ) <H2§3> I, (4.19)

CeHY(M,Z3) \ecC

where x = |v| — |e| + |p| is the Euler characteristic of the lattice. This is a condensation
operator for the Abelian boson of S3 gauge theory that is the Wilson line from gauging
the charge conjugation symmetry. See Refs. [29, 61] for other examples of condensation
operators on (2+1)D lattice models.

e Let us then derive the fusion rules of the operators. One can derive

Ug X Ugl = UQ_HQ/ + ﬁg_gl (420)
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To see this, it is convenient to find a simple expression of the operator D’II*D’. Since
the operator ?l]’v(v)?%@)yl",{,(v)§g(v) shifts b fields b — b + dv, most of the product of
these vertex terms are projected out by D’. We can get

1
DDt = Db (H Afj) Db = %Db (1+Vg5)D° (4.21)

with

Vi, = H ??V(v)?%(v)y%/(v)ybs(v) (4.22)

One can see that VZC2 leaves b fields invariant, while it acts by charge conjugation on the
Zs gauge field a,

Vi, {a}) = [{—a}). (4.23)
The fusion rule of Uy is derived by

Up x Uy = 22| . TI"D'U, D'TI"D Uy D11
= 2. I"D*Uy PP (1 + Vi) DUy D11
= 2" 1I"DU, (1 + Vi) Up DI
= 2P TI"DPU, (Uy + U_g Vi, ) DI (4.24)
= 2P TI"DPUy o DI + 21 - TIPDV Uy Vi, DPTT?
= 2L TI"DPU, o DPTI + 2P 11 DY U, DPIT
= Upor + Up_p

4.2 Fractionalization of cosine symmetry in S; quantum double
model

Warm-up: Fractionalization of U(1) symmetry in Z; gauge theory Let us consider a

state with anyon excitations, and suppose that an anyon x is separated from other excitations.

Let us pick a subsystem R that contains the z excitation. The fusion rule of the U(1)
symmetry generators support at R is given by

Uy(R) x Uy/(R) = Upsg(R) x W.(OR)"®9) (4.25)

where 7(0,60") = [9]2”[6,]22’;_[9%,12’“. Here, W,(OR)"%%) is a closed string operator for ¢7®?)
that wraps around the boundary of R. Note that when the closed string operator acts on
a state with no anyon excitations, it gets absorbed into the ground state. However, when
there is an anyon excitation in R, the string operator produces a braiding phase between the
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anyon and e”??). This implies that the difference between the action of Uy x Uy and Up,g
on the anyon x is given by the fractional phase

Ug(R) x Up(R) |z, ...) = Upyor(R) x W.(OR)" ) |z, .. )

o (1.26)
= Upto (R) x exp (2mig,n(0,0")) |z, ...)

where exp(27miq,) = M, ., and M, . denotes the mutual braiding between two particles z, e.
The phase proportional to the fractional charge ¢, manifests the symmetry fractionalization
on the anyon =x.

Fractionalization of cosine symmetry in 53 gauge theory We will see that the
cosine symmetry Uy induces the symmetry fractionalization of the anyon (m,m?) in the S3
gauge theory. The anyon (m,m?) is created by an open string operator on the line 4,
terminating at the plaquettes p, p’. Given that each anyon carries the quantum dimension 2,
the dimension of the Hilbert space with a pair of anyon excitations has 4 dimensions and is
spanned by the states |(j, k)). Note that this 4 dimensional Hilbert space is technically not
physical because the individual states cannot be distinguished by gauge invariant operators;
J, k € {1,2} labels the internal basis states of non-Abelian anyon at p, p’ respectively. The
symmetry fractionalization can be seen by acting the symmetry generators at the region R
that contains the plaquette p but not p’ (see Figure 6). We explicitly compute the action of
cosine symmetry in the presence of anyon excitations, and show that

Us(R) x Uy (R)|(5, )

— Jeos (%000 + 510+ 01 )+ con (0.~ + Lo - 0 ) | . + 20
(4.27)

and
(O (R) + T (R)] 1GG,1)

1 1 (4.28)

= [cos (5[9 + 9']%) + cos (3[9 — 9']Qﬂ>} (I(1, k) + [(2,k)))

By comparing the above two expressions, one can see that the fusion rule Uy x Uy =

Upro + Uy_g is modified by the fractional charge proportional to 2?”77(«9, +6’). This implies

that the non-invertible cosine symmetry is fractionalized on a non-Abelian anyon (m,m?).
There are two points special about fractionalization of cosine symmetry:

e The fusion of cosine symmetries Ug X U@/ splits into two fusion outcomes Ug+9/ or 09_9/.
Depending on the fusion outcome, the effect of symmetry fractionalization becomes
different; in the former case it depends on n(#,6’), while in the latter n(6,—0").
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e Once we focus on one fusion outcome Uprg, the symmetry fractionalization appears as
the difference between Uy X Uy and Uy in the cosine of the fractional U(1) charge

carried by an anyon.”

Below, we confirm (4.27), (4.28). First, we have

Us(R) x Uy (R) = 2" [II"D*UpUp D'11*] , + 2" - [I"D°UU_o DT’ , (4.29)

See Figure 5 for details of the operators I1°, D, Uy defined on the region R.

Let us describe an open string operator for the anyon (m,m?) in S3 gauge theory. We
consider a straight line of the dual lattice App With length L terminating at two plaquettes p,
p'. Then, the string operator Wmm? (pp) s labeled by (7, k), where j, k € {1,2} labels the
basis for the Hilbert space with anyons with quantum dimension 2. The Hilbert with a pair
of anyons (m, m?) has 4 dimensions, and its basis is given by |(j,k)) = WU (Ypp) |GS).

(m,m2)

The string operator is then given by [50]

WD, () = ([T azgk> 1+HL ' 20
j; 1 L 1 Zb
W2, Gpwr) = (T e = ozsk>
jz ' L 1 Zb (4.30)
WD Gowr) =  TLXEHTE- )
7=0
L ; L—1 b
W2 ) = | TN M0 2 ) HHTZ

where we label the edges by numbers starting with 0 at the plaquette p, and terminating
with L at the plaquette p’. é; is an edge of 4,y cutting the edges, and e, is an edge of 7, .
See Figure 6 (b) for an illustration.

Let us consider a line operator Wm mQ)(’AyM/) starting at a plaquette p inside the region
R. The termination p’ is away from the region R. The state with an anyon (m,m?) at the
plaquette p is given by acting any of the four line operators W Tzl ) (4pp) on the ground
state. See Figure 6 (a) for the geometry.

The symmetry fractionalization on (m,m?) can be seen by acting symmetry generators

"We note that cosine symmetry acts on the state |(1,%)) + |(2, k)) by an overall normalization given by
cosine of fractional U(1) charge. In particular, the above fusion rule can annihilate the states with specific
choice of 8,6, One could normalize the state |(1, k%)) + |(2,k)) to suppress the effect of fractionalization with
specific 6,6, but one cannot choose a normalization which eliminates the fractionalization of all symmetry
operators.
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Figure 5: The region R consists of a set of plaquettes inside a disk. The edges of the plaquettes
in R are represented by orange lines, and the vertices of plaquettes in R are represented by
purple dots. Then, I1° is the product of A% over the purple vertices v, D? is the product of
(14 Z°)/2 over the orange edges ¢, and Up is the integral exp(i[]s~ [ da/3) over the orange
region R. Note that I1° also acts on thick black edges, since the operators A% on the boundary
of R act on these vertices.

Uyp(R) in the presence of the anyon.

Us(R) x Uy (R)|(j, k)) = 2" - [P DU Uy D'II] |, WIE) (4, 10) | GS)

v] byb b1 (Gk) /2 (4'31>
+ 2l [P DU U_p DU, WIE) ) (3,00) |GS)
The projector II, = [[, A, behaves as an identity operator away from the anyon excitations,
but A, can change the internal state of the anyon |(j, ¥)) when v is located at the position
of the anyon. More concretely, the star operator ?V(v) %(U) I{)V(v) g(v) acts by charge
conjugation on the internal state of the non-Abelian anyon. One can explicitly check that
Lk) /a Lk) 4 2.k) /4
[Hb] R W((mm)z?)(%m’) GS) = <W(m 77)12 (o) + W(m 77)12 (%/ﬂ)) |GS) (4.32)
2k) - LE) » 2k) - '
1], W () 168) = 5 (WS () + W) () ) 1GS)
After the wave function is projected by the operator [D%]g, the Z, gauge field satisfies
7" = 1 inside the region R. According to the expression in (4.30), the expression of string
operator inside the region R is fixed as
Wk (3 ) =TT X*  when restricted to the region R. 4.33
To.p éj &

(m,m?)
J
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Figure 6: The anyon created by an open line operator 7.

WAk (Yppr) = I_IXS;r when restricted to the region R. (4.34)

(m,m?)
J

With this in mind, one can rewrite the expression as
Up(R) x Uy (R)|(4, %))
— ofl . [I*D'U, U, DI, ( 00 ) + W(jlilz)(:yp7p/)> GS)

1
2
1 Lk) 2k) 4

) (W(m m?) (o) + W((m m2)(7pp )> |GS)

+ 2V DU, U_y DI,

= oMl . [HbDb RZ {— exp

< (4.35)
#2100, 3 [ oo (200 + 1010 ) W )] 69

1 j k) /s
) ) W3 G| 1G8)
3
One can then see that
(m,m?) (m,m?)

21 [prb}R W(J k) (:Ypp ) |IGS) = (W(l " (Yppr) + w2 (&pm’)) |GS) (4.36)

so we have

Up(R) x Uy (R)|(4, %))

~cos (%aebﬂ . mm) (LR +1(2, k) + cos (%qe]zﬂ T [—e']m) (LK) + 12 })))
(4.37)
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which produces (4.27). Meanwhile, the action of Uy, (R), Uy_g(R) are evaluated as

Gosar(R) 10 1)) = cos ( 310+ 0ar ) (101,10 + 12,0,
(4.38)

G- ()17 0) = o5 (516 = 0 ) (10,0 + |2 40)

which produces (4.28).

5 General Coset Symmetry Fractionalization and Bulk
TQFT

5.1 General coset symmetry and its fractionalization in (241)D
topological order

We now describe the general framework for describing fractionalization of non-invertible coset
symmetry G/K in (2+1)D topological orders. We start with a (24+1)D TQFT with 0-form
global symmetry G and gauge the non-normal subgroup K. G can either be a continuous
or discrete group. The original TQFT is described by a modular tensor category C, whose
objects Obj(C) corresponds to the set of anyons. When G is not a connected group, the
GG symmetry can act on anyons by permuting their labels according to different connected
components my(G) , pg : a =9 a for a € Obj(C),g € G. The G symmetry action on the
TQFT is then characterized by the symmetry fractionalization data {U,n} (see Figure 7).

Let us gauge the non-normal K subgroup of the modular tensor category C. The gauged
theory is described by a K-equivalentization of the category C, which we denote as C/K.
Algebraically, the gauging procedure to obtain C/K is performed in two steps [1]. The first
step is to include the vortices of the symmetry group K, which is to take the K-crossed
extension Cj of the category C,

cx =P (5.1)
keK

where a simple object of C; represents the vortex labeled by k € K. The second step is to
make the K gauge group dynamical, and include the electric charge of K symmetry. The
simple anyon in the gauged theory is labeled by ([ax], 7) € Obj(C/K), where ax € Obj(Ck)
is a vortex carrying the holonomy & € K in the ungauged theory, and [ay| denotes the orbit
of a; under the permutation action of K. 7, is an irreducible projective representation of the
gauge group described as follows. Let us write a subgroup K, C K which fixes the label of
the anyon a; under its action. 7, then satisfies

(k) ma(K') = na(k, K)o (kK)  for k, k' € K,. (5.2)
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Figure 7: Anyon lines (black) passing through invertible symmetry defects g,h € G and
graphical definitions of the U and n symbols.

This is regarded as an electric charge attached to the particle. The above projective represen-
tation is referred to as an 7,-irrep, and its set is denoted by Irrep, (K,).

Fractionalization of coset symmetry in the gauged theory C/K As described in
section 3.2, the gauged theory C/K has the coset symmetry defect expressed by the sandwich

Ulg) = Drep(i) X Ug X Drep(r)- (5.3)

When the anyon ([a], 7,) of C/K tunnels through the non-invertible defect Uy, it can be
transformed into multiple choices of anyons. Concretely, U, transforms the anyon according
to the channels

(la], m0) — ([kgkfla],migk,la), for k € K, m, 1 € Trrep, (Kyp1,) (5.4)

Intuitively, the way the non-Abelian anyon ([a], 7,) is transformed by Uy, depends on the
internal state of the non-Abelian anyon excitation. This leads to the multiple ways the anyon
gets permuted (5.4), as well as the superposition for the distinct fractional charge of the
anyon.

The pattern of the coset symmetry fractionalization depends on the choices of the
transformation (5.4) labeled by k& € K. The effect of crossing the anyon through the
junction of coset symmetry defects is described in Figure 8. The phase for the symmetry
fractionalization 7, (g, ) depends on the label of the anyon *a € Obj(C) inside the sandwich.
This leads to the phenomena that the fractional charge is given by a superposition of distinct
fractional phases, see section 3.4 for an example.

The action of the coset symmetry on the junction of anyons is described in Figure 9.
Here, we introduced the tunneling matrix My~ where the fusion vertex of the anyons p is
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'u].:”)

Figure 8: The anyon line (a, m,) crosses through the junction of the cosine symmetry defects.
The fractional phase 7x,(g, h) appears depending on the way the anyon tunnels through the
defect.

([a], ma) ([b]=7r[1> ([a], 7a) ([b]ﬂﬂ—b)

_ werrvo kK 3 k" op
P f = D S mpureta v om
k.k'eK kK, k"EK vo g c

(c], 7e) (le], me)

Figure 9: The cosine symmetry defect crosses through the junction of anyons. The phase
factor U appears depending on the way the anyon tunnels through the defect. u,v, o, p are
the labels for the basis of the fusion vertex.

transformed into the new vertex v by crossing through the gapped interface D, see Figure 10.
This quantity has been introduced in [62].

Redundancy in expressing the coset symmetry defect by a sandwich As discussed
in section 3.2, the sandwich of g € G or kgk™! € G with k € K leads to the same coset
symmetry defect. More generally, for a given network of coset symmetry defects in the
spacetime, redefining the sandwich g — kogky ! for all the defects in the network with a single
element ky € K gives an another expression of the same network. However, this redundancy
is not manifest in the symmetry fractionalization laws in Figure 8, 9. Let us investigate the
effect of replacing g —* g := kogk; ' with ky € K on the symmetry fractionalization data.
We will confirm that the relabeling g —*0 ¢ leads to the same symmetry fractionalization
class of the coset symmetry, related by a natural isomorphism of the modular tensor category.
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Figure 10: The tunneling matrix Mp is defined by the shift of correlation function when the
gapped interface D crosses through the junction of anyons. For simplicity of figure, we have
suppressed the label at the intersection between the anyon and D.

In Figure 8, the replacement g —* ¢ affects on the phase factor by

@ma(g, h) ..— @ma(kog,ko h) ... (5.5)

keK keK

The above change of the phase factor is rewritten as

mea("0g o h) =

7 (#koq) (gh)
= (g, h), 5.6
ngl(kﬁ()a) (h)fy(kEOa) (g) n(kkoa) (g ) ( )

with

Mrow (9, kg ')
'Vz(g): 0_1 L 1N
77k0x(k0 , kogky )

This transformation by ~ is a natural isomorphism, which corresponds to redefining the G

(5.7)

action on the theory C by the unitary I'y |a, b; ¢) = [7a(9)7(9)/7(9)] |a, b; ¢) acting on fusion
vertices of the anyons. The natural isomorphism induces the equivalence of the G' symmetry
action on the modular tensor category C. By relabeling k — kko in the expression (5.5), the
phase factor after the replacement g —* ¢ is given by

B iialg. ) ... (5.8)

keK

where we defined the new symbol 7 related by the natural isomorphism to the original one

Y:(gh)
79_1x(h>7w (g)

Similarly, under the replacement g —*° ¢ Figure 9 is transformed into

P > v tal o oM (5.10)

k.k"k"eK v,o

1:(g, h) = (g, h) (5.9)
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The above phase factor U is rewritten as

U:Q(;(ka’kl b’k’” C) — fykEOa(g)fYk’Eob(g) [UkoUg(kEOCE,kJEO b,k”EO C)UEO}VO' (511)

Virrso . (9)

By relabeling the group elements {k, k', K"} — {kko, k'ko, k"ko}, the phase factor in Figure 9
after the replacement g —*° ¢ is expressed as

B D> mpvrtat vt oMy ... (5.12)

kK K'EK vo

where we defined the new tunneling matrix as Mp = MUy, My = Uz, Mp. Mp, M
correspond to the tunneling matrices for D X Uy, Ur x D, Whi(ih is the same as D, D due
to the fusion rule of defects (3.10). It is hence expected that Mp = Mp, Mz = Mz, but
detailed analysis to verify this property is left for future work. Also, the new symbol U is
related to the original one by the natural isomorphism

- Ya(9)7(9)
U”(a,b,c) = ————==U"(a,b,c 5.13
0.b.0) = LBy (a b (5.13)
Therefore, the replacement g —*0 g leads to the same symmetry fractionalization class related
by the natural isomorphism of the data {U,n}.

Additional corners at junction of sandwich We remark that the junctions of finite-size
sandwich configurations can contain three extra corners where the exteriors of the sandwich
can change, i.e. additional insertion with boundary-changing topological defects. We will
not consider such junctions in our discussion, and we will take the limit where the three
corners coincide into the same junction in the center. For coset symmetries, we do not need
to consider such junctions because there is a canonical choice of domain wall. This domain
wall is simply Drep(k), where K is the minimal nonnormal subgroup (see the discussion in
section 3.2).

5.2 Non-invertible symmetry from invertible symmetry

A general, gapped domain wall in (241)D topological orders can be expressed as a sandwich,
consisting of an invertible domain wall in the middle region of a possibly different topological
order sandwiched by two gapped non-invertible interfaces connecting the middle region to
the original theory [63, 64]. The gapped domain walls between two (2+1)D TQFTs Cy,Cs is
generally described as

D =Dy, xU X Dy, (5.14)

28



where D 4, denotes the gapped interface that condenses the anyons specified by the condensable
algebra A; of a modular tensor category Cy, and the theory obtained by anyon condensation
is given by a modular tensor category C. U is an invertible symmetry defect of C, and D A, 18
(orientation reversal of) the defect that condenses the algebra A, of Cy to obtain C. When
C, = Cy = C, the above defect D gives a general expression for non-invertible symmetry of
the (24+1)D TQFT C.

Several comments are in order:

e The description of non-invertible coset symmetry (NJ[Q} of (2+1)D TQFT discussed in
section 5.1 fits into the form (5.14), where C; = C, = C/K, C = C, A; = Ay = Rep(K).
U is then taken to be an invertible G symmetry defect of C.

e The expression (5.14) directly implies that the non-invertible symmetry in (2+1)D
bosonic topological order exists if and only if the TQFT contains condensable bosons.
This fact has been pointed out in [62].

e Let us comment on the realization of the operator D in microscopic lattice models. In

the lattice system, the condensed theory C is typically defined on a specific subspace
of the whole Hilbert space H. The operator U is a unitary acting within the subspace
H. The form of the non-invertible operator D = D 4, X U x D4, is reminiscent of the
singular value decomposition (SVD) of the operator D, where the rank of the operator
D is the dimension of the subspace H. 8 This analogy is precise for the cosine symmetry
of S5 gauge theory discussed in section 4. In this case, the subspace H is specified by
7% =1 for all edges as well as V, = 1, which is the Hilbert space of Zj toric code even
under charge conjugation action V. We have D4, = II"D", D 4, = D'II*, U = Uy. They
satisfy DLlDAl = EAQEL — id (up to a real positive value) within the subspace H,
ensuring that the cosine symmetry fits into the form of SVD.
In general, for a given non-invertible symmetry operator D commuting with the Hamilto-
nian DH = HD, let us take an SVD D = D4, x U x D 4,. If there exists a Hamiltonian
H' in the subspace H' satisfying HD, = Dy H', Dy,H = H'D,,, then we have
UH' = H'U and the non-invertible symmetry operator gives a sandwich expression
using an invertible symmetry U and topological interface operators D4,, D4,. We
conjecture that the non-invertible symmetry operator D in (2+1)D topological order
generally admits SVD into the composition of topological operators (5.14).

5.3 Bulk TQFT for finite coset non-invertible symmetry

Let us show that theories with coset symmetry G/K can live on the boundary of G' gauge
theory, where we take GG to be a finite group.

8To be more precise, the SVD expresses the operator D in the form D = D’IVﬁ/2 where V is a full rank
diagonal matrix acting within the Hilbert space H. The matrices Di,ﬁ; satisfy D}/ D} = E;E'; =idy.
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Let us first consider the case K = 1. Any quantum system with G’ symmetry can live on
the boundary of an G SPT phase in the bulk. The G SPT phase has a topological interface
with G' gauge theory given by imposing the Dirichlet boundary condition of the G gauge field,
i.e. condensing the electric Wilson lines. By shrinking the G-SPT region, we find the theory
can live on the boundary of a G gauge theory with Dirichlet boundary condition of the G
gauge field. When the G symmetry is anomalous, the bulk G gauge theory has nontrivial
topological action w describing the anomaly. In (D + 1)-dimensional bulk, we can consider
w € HPTY(BG,U(1)). For instance, on the e-condensed boundary of Z, gauge theory there
is Zo global symmetry.”

For general subgroup K, we can consider imposing a mixed boundary condition of the GG
gauge field, where the G gauge group in the bulk is broken to a subgroup K on the boundary.
If the bulk G gauge theory has topological action w, the subgroup should satisfy

wlg = —da , (5.15)

and the boundary K gauge theory has a topological action a. There are different topological
actions on the boundary of D spacetime dimensions, related by shifting « — o + v with
dv = 0 classified by v € HP(BK,U(1)). We note that the Rep(K) symmetry comes from
the Wilson lines in the bulk G gauge theory parallel to the boundary, while the magnetic
operators of the G gauge theory generate 0-form symmetry on the boundary.'® See e.g. [60]
for a lattice construction for such bulk-boundary description. We remark that the condition
(5.15) on the subgroup K is also appears in e.g. [69].

5.3.1 Anomalies of finite coset non-invertible symmetry

Let us use the bulk TQFT to investigate whether the coset symmetry can be realized by an
invertible phase, following the method of [34, 35]. In other words, we will study whether
or not the 0-form coset symmetry in (2+1)D is anomalous. If the 0-form symmetry were
an invertible symmetry G, then we would be determining whether or not the symmetry
enriched topological order has a nontrivial H*(G,U(1)) class. Since the coset symmetry is
non-invertible, its anomaly is not labeled simply by SPTs in (341)D.

For coset symmetry G/K, we will examine the situation when the bulk TQFT is the
untwisted G' gauge theory without any bulk topological action. We can put the bulk TQFT
on an interval, on one end we impose the boundary condition corresponding to a (2+1)D
theory with G' gauge group broken down to its non-normal subgroup K. This means that
the G Wilson lines that can end at the boundary are those whose decomposition under
the subgroup K contain the trivial K representation, while the other Wilson lines remain
nontrivial on the boundary (i.e. they are not condensed at the boundary). In addition, the

9Such boundary condition is also recently discussed in [65].
0The description of symmetry using bulk TQFT is also discussed in e.g. [66-68].
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magnetic operators in the G gauge theory that carry K -holonomy can end on the boundary,
since the boundary has nontrivial K gauge field; the other magnetic operators cannot end on
the boundary.

We need to determine whether or not there exists a boundary condition to put on the
other side such that no operators can stretch between the two boundaries. Specifically, we
need to determine whether or not there exists a boundary condition describing a theory with
G broken down to K’ such that

e K'N K = 1: This guarantees that there are no nontrivial magnetic operators stretching
between the two boundaries.

e There are no nontrivial representations of GG such that its decomposition under the
subgroups K, K’ simultaneously contains the trivial representations of K, K’. In other
words, there are no nontrivial Wilson lines stretching between the two boundaries.

If any of the above conditions is not met, then is no (2+1)D invertible phase with coset
symmetry G /K. The discussion can be generalized to higher spacetime dimensions.

For instance, if G = S3 = Z3 X Zy and K = Z,, there are three irreducible representations
1,sign, 7 where 7 is a two-dimensional representations. The subgroup K’ that satisfies
KNK'=1is K' = Z3. Only the trivial representation of S3 simultaneously reduces to sums
containing the trivial representation under both subgroups K, K’. Therefore, the second
condition above is not met. As a result, we can conclude that the coset symmetry S3/Zs
cannot be realized in a trivially gapped theory. In our example, it is realized in S3 gauge
theory, which is not trivially gapped. The same discussion applies to G = Zy % Z, and
K =75 for N > 3.

6 Application: Non-Invertible Symmetry in Spin Lig-
uids

In a microscopic model with G global symmetry such that on the low energy states a subgroup
K does not act, i.e. there is Gauss law constraint for K on the low energy subspace, the
low energy effective theory can be described by K gauge theory, and the symmetry is G/K
that acts projectively as G symmetry on the electric excitations. G is called the projective
symmetry group (PSG), K is called the invariant gauge group (IGG), and G/K is the global
symmetry (called the symmetry group (SG) when K is a normal subgroup), which is the
quotient of PSG by IGG [44]. Such symmetry structure arises in parton/slave construction,
where one expresses the physical fields in terms of the parton fields. For instance, in spin
systems one can consider the ansatz in terms of two slave fermion fields ¥y, ¥,

(I)physical = ‘Pl\IJQ . (61)
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The slave fermions have gauge symmetry that leaves the physical boson field ®pyysical invariant,
and it is called the invariant gauge group. The physical boson @ ysical can transform under
a global symmetry group, which in general acts projectively on the slave fermions, since
the transformations only need to compose up to a gauge transformation. Thus the slave
fermions transform under a projective representation of the symmetry group, i.e. a linear
representation of the group extension of the symmetry group by the invariant gauge group,
called the projective symmetry group. In terms of wavefunctions, the physical wavefunction
is obtained by projecting the wavefunction of the two fermions to those with two species of
fermions sitting on top of each other.

When K is a normal subgroup, G/K is an ordinary group-like invertible symmetry,
and the above construction is discussed extensively in the literature. This construction is
particularly useful for describing quantum spin liquids with K gauge theory. For example, [44]
discusses Zs spin liquids described by taking K = Z,, which is the center of the G = SU(2)
projective symmetry group. Here, we generalize the construction to the case when K is not
a normal subgroup. Then we obtain a quantum spin liquid enriched with a non-invertible
global symmetry G/ K. The symmetry is an example of the coset non-invertible symmetry
discussed in section 3 and section 4.

Suppose we start with a trivially gapped system of fields with G' projective symmetry
group and gauge a non-normal subgroup K. As discussed in section 3.2, the remaining G /K
coset global symmetry obeys the fusion rule

QK X K = Z (91k92/€_1) K, (6.2)

keK

where g; K € G/K are elements of the coset. Thus the fusion rule of the coset does not obey
a group multiplication law. We note that even when g, = g; ', the fusion does produce the
coset element K, since g1kg; ! in general is not in the non-normal subgroup K.

6.1 “Projective” symmetry action on Wilson lines

Since we can describe the system starting with a system with G symmetry, the fields that
transform under the K gauge group also transforms under the G symmetry. Thus the
gauge non-invariant fields have G symmetry, while the gauge-invariant operators have G /K
symmetry. To see this using the formalism of section 5, we note that if K is a non-normal
subgroup, the action of the G symmetry can relate a nontrivial K Wilson line with the
vacuum line.

For instance, consider a system with G = S3 = Z3 x Zy symmetry, and we gauge the
Zs subgroup that acts on Zs by charge conjugation. On the gauge non-invariant fields, the
symmetry is S3, while the gauge-invariant operators see S3/Zy symmetry. To see how the
symmetry acts on the Wilson lines of Z, gauge theory, let us decompose the S3 representations
in terms of Z, representations. There are two one-dimensional irreducible representations
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1,sgn of S3 and one two-dimensional irreducible representation 7 of S3, and they decompose
into Zs irreducible representations 1o, 1; (the subscript is the Zs charge 0,1 mod 2) as follows:

o 1 — 1y, sgn — 15.
o ™ — 1o+ 1;.

The decomposition of 7 indicates that the coset symmetry can change the type of the Z,
Wilson line. In particular, it maps it to the vacuum line. Note that this cannot be done with
any invertible symmetry, which must preserve braiding properties. This permutation of the
Wilson line to the vacuum line is consistent with the “sandwich” construction for the coset
symmetry given by sandwiching the S35 generator by interface that condenses the Zs electric
charge: the Wilson line can end on the coset symmetry generator.

6.2 Deconfined critical points with non-invertible symmetry

Let us consider two massless scalars that together transform as the two-dimensional repre-
sentation of S3. Then we gauge the Zs, subgroup symmetry that flips the sign of one of the
scalars. The theory is a Zy gauge theory with coset symmetry S5/Zs. The theory has a Zs
1-form symmetry generated by the Wilson line. Due to the fractionalization, there is a mixed
anomaly between the 1-form symmetry and the coset symmetry. To see this, we note if we
condense the Z, electric charge, i.e. the Wilson line becomes trivial, this implies that the
coset symmetry is extended to be the S3 symmetry. This implies that the theory must have
deconfined excitations that carry the anomaly. In particular, there are no interactions that
can drive the Zy gauge field to confined phase at the critical point.

We note that before gauging the Z, symmetry, the theory is a critical theory of massless
scalars without deconfined excitations, and gauging the discrete symmetry modifies the
spectrum by projecting out the Zs odd local operators while adding a deconfined Wilson line.

7 Discussion and Outlook

In this work we investigate the fractionalization of coset non-invertible symmetry using field
theories and lattice models. We show that the non-invertible defects can be obtained using a
sandwich construction: we can build them out of invertible defects together with condensation
defects. We use operators obtained in this way to explicitly derive fractionalization data on
the lattice for certain examples of non-invertible symmetry fractionalization.

There are several future directions. The framework of the consistency rules described
in section 5 allows us to explore the classification of new quantum spin liquids enriched
by non-invertible coset symmetry. There is much to explore in the landscape of solutions
to those conditions. More generally, it would be interesting to explore constraints on the
fractionalization of other non-invertible symmetries beyond the coset construction. Our
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discussion focuses on theories in (241)D, but the defect sandwich construction can be
generalized straightforwardly to higher spacetime dimensions. Defects in higher dimensions
would have additional higher codimension structures. It would also be interesting to explore
new deconfined quantum critical points with fractionalized excitations for non-invertible
symmetries. Another context where the coset symmetry can arise is in the Higgs phase of G
gauge theory where the gauge group is broken to a non-normal subgroup K, which we will
explore in more detail in an upcoming work.

Acknowledgement

We thank Shu-Heng Shao for discussions and comments on a draft. P.-S.H. was supported
by Simons Collaboration of Global Categorical Symmetry, Department of Mathematics
King’s College London. R.K. is supported by JQI postdoctoral fellowship at the University
of Maryland, and by National Science Foundation QLCI grant OMA-2120757. C.Z. is
supported by the Harvard Society of Fellows and the Simons Collaboration on Ultra Quantum
Matter. P.-S. H. and C.Z. are also supported in part by grant NSF PHY-2309135 to the
Kavli Institute for Theoretical Physics (KITP). P.-S.H. and C.Z. thank Kavli Institute for
Theoretical Physics for hosting the program “Correlated Gapless Quantum Matter” in 2024
and Perimeter Institute for hosting the conference “Physics of Quantum Information” in
2024, during which part of the work is completed.

References

[1] M. Barkeshli, P. Bonderson, M. Cheng, and Z. Wang, “Symmetry Fractionalization,
Defects, and Gauging of Topological Phases,” Phys. Rev. B 100 no. 11, (2019) 115147,
arXiv:1410.4540 [cond-mat.str-el].

[2] F. Benini, C. Cérdova, and P.-S. Hsin, “On 2-Group Global Symmetries and their
Anomalies,” JHEP 03 (2019) 118, arXiv:1803.09336 [hep-th].

[3] J. McGreevy, “Generalized symmetries in condensed matter,” Annual Review of
Condensed Matter Physics 14 no. 1, (Mar., 2023) 57-82, arXiv:2204.03045
[cond-mat.str-el].
http://dx.doi.org/10.1146/annurev-conmatphys-040721-021029.

[4] C. Cérdova, T. T. Dumitrescu, K. Intriligator, and S.-H. Shao, “Snowmass White
Paper: Generalized Symmetries in Quantum Field Theory and Beyond,” in 2022
Snowmass Summer Study. 5, 2022. arXiv:2205.09545 [hep-th].

34


http://dx.doi.org/10.1103/PhysRevB.100.115147
http://arxiv.org/abs/1410.4540
http://dx.doi.org/10.1007/JHEP03(2019)118
http://arxiv.org/abs/1803.09336
http://dx.doi.org/10.1146/annurev-conmatphys-040721-021029
http://dx.doi.org/10.1146/annurev-conmatphys-040721-021029
http://arxiv.org/abs/2204.03045
http://arxiv.org/abs/2204.03045
http://dx.doi.org/10.1146/annurev-conmatphys-040721-021029
http://arxiv.org/abs/2205.09545

[5]

[10]

[11]

[15]

[16]

[17]

T. D. Brennan and S. Hong, “Introduction to generalized global symmetries in qft and
particle physics,” arXiv:2306.00912 [hep-ph].

S. Schafer-Nameki, “Ictp lectures on (non-)invertible generalized symmetries,”
arXiv:2305.18296 [hep-th].

S.-H. Shao, “What’s done cannot be undone: Tasi lectures on non-invertible
symmetries,” arXiv:2308.00747 [hep-th].

7. Komargodski, K. Ohmori, K. Roumpedakis, and S. Seifnashri, “Symmetries and
strings of adjoint QCDs,” JHEP 03 (2021) 103, arXiv:2008.07567 [hep-th].

R. Thorngren and Y. Wang, “Fusion Category Symmetry II: Categoriosities at ¢ = 1
and Beyond,” arXiv:2106.12577 [hep-th].

J. Kaidi, K. Ohmori, and Y. Zheng, “Kramers-Wannier-like Duality Defects in (3+1)D
Gauge Theories,” Phys. Rev. Lett. 128 no. 11, (2022) 111601, arXiv:2111.01141
[hep-th].

M. Nguyen, Y. Tanizaki, and M. Unsal, “Semi-abelian gauge theories, non-invertible
symmetries, and string tensions beyond n-ality,” Journal of High Energy Physics 2021
no. 3, (Mar., 2021) . http://dx.doi.org/10.1007/JHEP03(2021)238.

C.-M. Chang and Y.-H. Lin, “Lorentzian dynamics and factorization beyond rationality,”
Journal of High Energy Physics 2021 no. 10, (Oct., 2021) .
http://dx.doi.org/10.1007/JHEP10(2021) 125.

Y. Choi, C. Cérdova, P.-S. Hsin, H. T. Lam, and S.-H. Shao, “Non-invertible
condensation, duality, and triality defects in 34+1 dimensions,” Communications in
Mathematical Physics 402 no. 1, (May, 2023) 489-542, arXiv:2204.09025.
http://dx.doi.org/10.1007/s00220-023-04727-4.

C. Cérdova and K. Ohmori, “Non-Invertible Chiral Symmetry and Exponential
Hierarchies,” (5, 2022) , arXiv:2205.06243 [hep-th].

Y. Choi, H. T. Lam, and S.-H. Shao, “Noninvertible Global Symmetries in the Standard
Model,” Phys. Rev. Lett. 129 no. 16, (2022) 161601, arXiv:2205.05086 [hep-th].

O. Diatlyk, C. Luo, Y. Wang, and Q. Weller, “Gauging non-invertible symmetries:
Topological interfaces and generalized orbifold groupoid in 2d qft,” arXiv:2311.17044
[hep-th].

Y. Choi, D.-C. Lu, and Z. Sun, “Self-duality under gauging a non-invertible symmetry,”
arXiv:2310.19867 [hep-th].

35


http://arxiv.org/abs/2306.00912
http://arxiv.org/abs/2305.18296
http://arxiv.org/abs/2308.00747
http://dx.doi.org/10.1007/JHEP03(2021)103
http://arxiv.org/abs/2008.07567
http://arxiv.org/abs/2106.12577
http://dx.doi.org/10.1103/PhysRevLett.128.111601
http://arxiv.org/abs/2111.01141
http://arxiv.org/abs/2111.01141
http://dx.doi.org/10.1007/jhep03(2021)238
http://dx.doi.org/10.1007/jhep03(2021)238
http://dx.doi.org/10.1007/JHEP03(2021)238
http://dx.doi.org/10.1007/jhep10(2021)125
http://dx.doi.org/10.1007/JHEP10(2021)125
http://dx.doi.org/10.1007/s00220-023-04727-4
http://dx.doi.org/10.1007/s00220-023-04727-4
http://arxiv.org/abs/2204.09025
http://dx.doi.org/10.1007/s00220-023-04727-4
http://arxiv.org/abs/2205.06243
http://dx.doi.org/10.1103/PhysRevLett.129.161601
http://arxiv.org/abs/2205.05086
http://arxiv.org/abs/2311.17044
http://arxiv.org/abs/2311.17044
http://arxiv.org/abs/2310.19867

[18] A. Y. Kitaev, “Fault tolerant quantum computation by anyons,” Annals Phys. 303
(2003) 2-30, arXiv:quant-ph/9707021.

[19] M. A. Levin and X.-G. Wen, “String net condensation: A Physical mechanism for
topological phases,” Phys. Rev. B 71 (2005) 045110, arXiv:cond-mat/0404617.

[20] D. Aasen, R. S. K. Mong, and P. Fendley, “Topological Defects on the Lattice I: The
Ising model,” J. Phys. A 49 no. 35, (2016) 354001, arXiv:1601.07185
[cond-mat.stat-mech].

[21] C. Fechisin, N. Tantivasadakarn, and V. V. Albert, “Non-invertible symmetry-protected
topological order in a group-based cluster state,” arXiv:2312.09272
[cond-mat.str-el].

[22] K. Inamura, “On lattice models of gapped phases with fusion category symmetries,”
Journal of High Energy Physics 2022 no. 3, (Mar., 2022) .
http://dx.doi.org/10.1007/JHEP03(2022)036.

[23] M. Koide, Y. Nagoya, and S. Yamaguchi, “Non-invertible symmetries and boundaries in
four dimensions,” (4, 2023) , arXiv:2304.01550 [hep-th].

[24] C. Delcamp and A. Tiwari, “Higher categorical symmetries and gauging in
two-dimensional spin systems,” SciPost Physics 16 no. 4, (Apr., 2024) .
http://dx.doi.org/10.21468/SciPostPhys.16.4.110.

[25] M. Barkeshli, Y.-A. Chen, P.-S. Hsin, and R. Kobayashi, “Higher-group symmetry in
finite gauge theory and stabilizer codes,” arXiv:2211.11764 [cond-mat.str-el].

[26] M. Barkeshli, P.-S. Hsin, and R. Kobayashi, “Higher-group symmetry of (34+1)D
fermionic Zs gauge theory: logical CCZ, CS, and T gates from higher symmetry,”
arXiv:2311.05674 [cond-mat.str-el].

[27] L. Bhardwaj, L. E. Bottini, S. Schafer-Nameki, and A. Tiwari, “Lattice models for
phases and transitions with non-invertible symmetries,” arXiv:2405.05964
[cond-mat.str-el].

[28] A. Chatterjee, Omer M. Aksoy, and X.-G. Wen, “Quantum phases and transitions in
spin chains with non-invertible symmetries,” arXiv:2405.05331 [cond-mat.str-el].

[29] Y. Choi, Y. Sanghavi, S.-H. Shao, and Y. Zheng, “Non-invertible and higher-form
symmetries in 241d lattice gauge theories,” arXiv:2405.13105 [cond-mat.str-el].

[30] S. Seifnashri and S.-H. Shao, “Cluster state as a non-invertible symmetry protected
topological phase,” arXiv:2404.01369 [cond-mat.str-el].

36


http://dx.doi.org/10.1016/S0003-4916(02)00018-0
http://dx.doi.org/10.1016/S0003-4916(02)00018-0
http://arxiv.org/abs/quant-ph/9707021
http://dx.doi.org/10.1103/PhysRevB.71.045110
http://arxiv.org/abs/cond-mat/0404617
http://dx.doi.org/10.1088/1751-8113/49/35/354001
http://arxiv.org/abs/1601.07185
http://arxiv.org/abs/1601.07185
http://arxiv.org/abs/2312.09272
http://arxiv.org/abs/2312.09272
http://dx.doi.org/10.1007/jhep03(2022)036
http://dx.doi.org/10.1007/JHEP03(2022)036
http://arxiv.org/abs/2304.01550
http://dx.doi.org/10.21468/scipostphys.16.4.110
http://dx.doi.org/10.21468/SciPostPhys.16.4.110
http://arxiv.org/abs/2211.11764
http://arxiv.org/abs/2311.05674
http://arxiv.org/abs/2405.05964
http://arxiv.org/abs/2405.05964
http://arxiv.org/abs/2405.05331
http://arxiv.org/abs/2405.13105
http://arxiv.org/abs/2404.01369

[31]

[32]

[41]

[42]

Y. Li and M. Litvinov, “Non-invertible spt, gauging and symmetry fractionalization,”
arXiv:2405.15951 [cond-mat.str-el].

C.-M. Chang, Y.-H. Lin, S.-H. Shao, Y. Wang, and X. Yin, “Topological Defect Lines
and Renormalization Group Flows in Two Dimensions,” JHEP 01 (2019) 026,
arXiv:1802.04445 [hep-th].

A. Apte, C. Cérdova, and H. T. Lam, “Obstructions to Gapped Phases from
Non-Invertible Symmetries,” (12, 2022) | arXiv:2212.14605 [hep-th].

C. Zhang and C. Cérdova, “Anomalies of (1 + 1)D categorical symmetries,”
arXiv:2304.01262 [cond-mat.str-el].

C. Cordova, P.-S. Hsin, and C. Zhang, “Anomalies of Non-Invertible Symmetries in
(3+1)d,” arXiv:2308.11706 [hep-th].

A. Antinucci, F. Benini, C. Copetti, G. Galati, and G. Rizi, “Anomalies of non-invertible
self-duality symmetries: fractionalization and gauging,” arXiv:2308.11707 [hep-th].

M. Barkeshli and M. Cheng, “Relative Anomalies in (2+1)D Symmetry Enriched
Topological States,” SciPost Phys. 8 (2020) 028, arXiv:1906.10691
[cond-mat.str-el].

M. Barkeshli, Y.-A. Chen, P.-S. Hsin, and N. Manjunath, “Classification of (2+1)D
invertible fermionic topological phases with symmetry,” Phys. Rev. B 105 no. 23, (2022)
235143, arXiv:2109.11039 [cond-mat.str-el].

D. Delmastro, J. Gomis, P.-S. Hsin, and Z. Komargodski, “Anomalies and Symmetry
Fractionalization,” (6, 2022) , arXiv:2206.15118 [hep-th].

B. Heidenreich, J. McNamara, M. Montero, M. Reece, T. Rudelius, and I. Valenzuela,
“Non-invertible global symmetries and completeness of the spectrum,” JHEP 09 (2021)
203, arXiv:2104.07036 [hep-th].

G. Arias-Tamargo and D. Rodriguez-Gomez, “Non-Invertible Symmetries from Discrete
Gauging and Completeness of the Spectrum,” (4, 2022) , arXiv:2204.07523 [hep-th].

A. Antinucci, G. Galati, and G. Rizi, “On continuous 2-category symmetries and
yang-mills theory,” Journal of High Energy Physics 2022 no. 12, (Dec., 2022) .
http://dx.doi.org/10.1007/JHEP12(2022)061.

L. Bhardwaj, L. E. Bottini, S. Schafer-Nameki, and A. Tiwari, “Non-invertible
higher-categorical symmetries,” SciPost Physics 14 no. 1, (Jan., 2023) .
http://dx.doi.org/10.21468/SciPostPhys.14.1.007.

37


http://arxiv.org/abs/2405.15951
http://dx.doi.org/10.1007/JHEP01(2019)026
http://arxiv.org/abs/1802.04445
http://arxiv.org/abs/2212.14605
http://arxiv.org/abs/2304.01262
http://arxiv.org/abs/2308.11706
http://arxiv.org/abs/2308.11707
http://dx.doi.org/10.21468/SciPostPhys.8.2.028
http://arxiv.org/abs/1906.10691
http://arxiv.org/abs/1906.10691
http://dx.doi.org/10.1103/PhysRevB.105.235143
http://dx.doi.org/10.1103/PhysRevB.105.235143
http://arxiv.org/abs/2109.11039
http://arxiv.org/abs/2206.15118
http://dx.doi.org/10.1007/JHEP09(2021)203
http://dx.doi.org/10.1007/JHEP09(2021)203
http://arxiv.org/abs/2104.07036
http://arxiv.org/abs/2204.07523
http://dx.doi.org/10.1007/jhep12(2022)061
http://dx.doi.org/10.1007/JHEP12(2022)061
http://dx.doi.org/10.21468/scipostphys.14.1.007
http://dx.doi.org/10.21468/SciPostPhys.14.1.007

[44] X.-G. Wen, “Quantum order: a quantum entanglement of many particles,” Physics
Letters A 300 no. 2, (2002) 175-181.
https://www.sciencedirect.com/science/article/pii/S0375960102008083.

[45] X.-G. Wen, “Projective construction of non-abelian quantum hall liquids,” Physical
Review B 60 no. 12, (Sept., 1999) 8827-8838.
http://dx.doi.org/10.1103/PhysRevB.60.8827.

[46] L. Savary and L. Balents, “Quantum spin liquids: a review,” Reports on Progress in
Physics 80 no. 1, (Nov., 2016) 016502.
http://dx.doi.org/10.1088/0034-4885/80/1/016502.

[47] A. Schwarz, “Field theories with no local conservation of the electric charge,” Nuclear
Physics B 208 no. 1, (1982) 141-158.
https://www.sciencedirect.com/science/article/pii/0550321382901900.

[48] J. Kiskis, “Disconnected gauge groups and the global violation of charge conservation,”

Phys. Rev. D 17 (Jun, 1978) 3196-3202.
https://link.aps.org/doi/10.1103/PhysRevD.17.3196.

Y

[49] M. Bucher, H.-K. Lo, and J. Preskill, “Topological approach to Alice electrodynamics,’
Nucl. Phys. B 386 (1992) 3-26, arXiv:hep-th/9112039.

[50] H. Bombin and M. A. Martin-Delgado, “Family of non-abelian kitaev models on a
lattice: Topological condensation and confinement,” Physical Review B 78 no. 11,
(Sept., 2008) . http://dx.doi.org/10.1103/PhysRevB.78.115421.

[51] J. C. Teo, T. L. Hughes, and E. Fradkin, “Theory of twist liquids: Gauging an anyonic
symmetry,” Annals of Physics 360 (Sept., 2015) 349-445.
http://dx.doi.org/10.1016/j.a0p.2015.05.012.

[52] N. Tarantino, N. H. Lindner, and L. Fidkowski, “Symmetry fractionalization and twist
defects,” New Journal of Physics 18 no. 3, (Mar., 2016) 035006.
http://dx.doi.org/10.1088/1367-2630/18/3/035006.

[53] X. Chen, “Symmetry fractionalization in two dimensional topological phases,” Reviews
in Physics 2 (Nov., 2017) 3-18. http://dx.doi.org/10.1016/j.revip.2017.02.002.

[54] K. Roumpedakis, S. Seifnashri, and S.-H. Shao, “Higher Gauging and Non-invertible
Condensation Defects,” Commun. Math. Phys. 401 no. 3, (2023) 3043-3107,
arXiv:2204.02407 [hep-th].

38


http://dx.doi.org/https://doi.org/10.1016/S0375-9601(02)00808-3
http://dx.doi.org/https://doi.org/10.1016/S0375-9601(02)00808-3
https://www.sciencedirect.com/science/article/pii/S0375960102008083
http://dx.doi.org/10.1103/physrevb.60.8827
http://dx.doi.org/10.1103/physrevb.60.8827
http://dx.doi.org/10.1103/PhysRevB.60.8827
http://dx.doi.org/10.1088/0034-4885/80/1/016502
http://dx.doi.org/10.1088/0034-4885/80/1/016502
http://dx.doi.org/10.1088/0034-4885/80/1/016502
http://dx.doi.org/https://doi.org/10.1016/0550-3213(82)90190-0
http://dx.doi.org/https://doi.org/10.1016/0550-3213(82)90190-0
https://www.sciencedirect.com/science/article/pii/0550321382901900
http://dx.doi.org/10.1103/PhysRevD.17.3196
https://link.aps.org/doi/10.1103/PhysRevD.17.3196
http://dx.doi.org/10.1016/0550-3213(92)90173-9
http://arxiv.org/abs/hep-th/9112039
http://dx.doi.org/10.1103/physrevb.78.115421
http://dx.doi.org/10.1103/physrevb.78.115421
http://dx.doi.org/10.1103/PhysRevB.78.115421
http://dx.doi.org/10.1016/j.aop.2015.05.012
http://dx.doi.org/10.1016/j.aop.2015.05.012
http://dx.doi.org/10.1088/1367-2630/18/3/035006
http://dx.doi.org/10.1088/1367-2630/18/3/035006
http://dx.doi.org/10.1016/j.revip.2017.02.002
http://dx.doi.org/10.1016/j.revip.2017.02.002
http://dx.doi.org/10.1016/j.revip.2017.02.002
http://dx.doi.org/10.1007/s00220-023-04706-9
http://arxiv.org/abs/2204.02407

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

C. Closset, T. T. Dumitrescu, G. Festuccia, Z. Komargodski, and N. Seiberg,
“Comments on Chern-Simons Contact Terms in Three Dimensions,” JHEP 09 (2012)
091, arXiv:1206.5218 [hep-th].

R. Dijkgraaf, C. Vafa, E. P. Verlinde, and H. L. Verlinde, “The Operator Algebra of
Orbifold Models,” Commun. Math. Phys. 123 (1989) 485.

C. Cordova, P.-S. Hsin, and N. Seiberg, “Global Symmetries, Counterterms, and
Duality in Chern-Simons Matter Theories with Orthogonal Gauge Groups,” SciPost
Phys. 4 no. 4, (2018) 021, arXiv:1711.10008 [hep-th].

A. Kapustin and N. Saulina, “Surface operators in 3d Topological Field Theory and 2d
Rational Conformal Field Theory,” arXiv:1012.0911 [hep-th].

Y. Choi, B. C. Rayhaun, Y. Sanghavi, and S.-H. Shao, “Remarks on boundaries,
anomalies, and noninvertible symmetries,” Physical Review D 108 no. 12, (Dec., 2023) .
http://dx.doi.org/10.1103/PhysRevD.108.125005.

S. Beigi, P. W. Shor, and D. Whalen, “The Quantum Double Model with Boundary:
Condensations and Symmetries,” Commun. Math. Phys. 306 no. 3, (2011) 663-694,
arXiv:1006.5479 [quant-ph].

R. Kobayashi and G. Zhu, “Cross-cap defects and fault-tolerant logical gates in the
surface code and the honeycomb floquet code,” arXiv:2310.06917 [quant-ph].

M. Buican and R. Radhakrishnan, “Invertibility of condensation defects and symmetries
of 2 4+ 1d qfts,” arXiv:2309.15181 [hep-th].

A. Davydov, D. Nikshych, and V. Ostrik, “On the structure of the witt group of braided
fusion categories,” arXiv:1109.5558 [math.QA].

P. Huston, F. Burnell, C. Jones, and D. Penneys, “Composing topological domain walls
and anyon mobility,” SciPost Physics 15 no. 3, (Sept., 2023) , arXiv:2208.14018
[cond-mat.str-el]. http://dx.doi.org/10.21468/SciPostPhys.15.3.076.

R. Thorngren, T. Rakovszky, R. Verresen, and A. Vishwanath, “Higgs Condensates are
Symmetry-Protected Topological Phases: II. U(1) Gauge Theory and Superconductors,”
arXiv:2303.08136 [cond-mat.str-el].

W. Ji and X.-G. Wen, “Categorical symmetry and noninvertible anomaly in
symmetry-breaking and topological phase transitions,” Phys. Rev. Res. 2 no. 3, (2020)
033417, arXiv:1912.13492 [cond-mat.str-el].

39


http://dx.doi.org/10.1007/JHEP09(2012)091
http://dx.doi.org/10.1007/JHEP09(2012)091
http://arxiv.org/abs/1206.5218
http://dx.doi.org/10.1007/BF01238812
http://dx.doi.org/10.21468/SciPostPhys.4.4.021
http://dx.doi.org/10.21468/SciPostPhys.4.4.021
http://arxiv.org/abs/1711.10008
http://arxiv.org/abs/1012.0911
http://dx.doi.org/10.1103/physrevd.108.125005
http://dx.doi.org/10.1103/PhysRevD.108.125005
http://dx.doi.org/10.1007/s00220-011-1294-x
http://arxiv.org/abs/1006.5479
http://arxiv.org/abs/2310.06917
http://arxiv.org/abs/2309.15181
http://arxiv.org/abs/1109.5558
http://dx.doi.org/10.21468/scipostphys.15.3.076
http://arxiv.org/abs/2208.14018
http://arxiv.org/abs/2208.14018
http://dx.doi.org/10.21468/SciPostPhys.15.3.076
http://arxiv.org/abs/2303.08136
http://dx.doi.org/10.1103/PhysRevResearch.2.033417
http://dx.doi.org/10.1103/PhysRevResearch.2.033417
http://arxiv.org/abs/1912.13492

[67] D. S. Freed, G. W. Moore, and C. Teleman, “Topological symmetry in quantum field
theory,” (9, 2022) , arXiv:2209.07471 [hep-th].

[68] J. Kaidi, K. Ohmori, and Y. Zheng, “Symmetry TFTs for Non-Invertible Defects,” (9,
2022) , arXiv:2209.11062 [hep-th].

[69] D. V. Else and C. Nayak, “Cheshire charge in (3+1)-dimensional topological phases,”
Phys. Rev. B 96 (Jul, 2017) 045136.
https://link.aps.org/doi/10.1103/PhysRevB.96.045136.

40


http://arxiv.org/abs/2209.07471
http://arxiv.org/abs/2209.11062
http://dx.doi.org/10.1103/PhysRevB.96.045136
https://link.aps.org/doi/10.1103/PhysRevB.96.045136

	Introduction
	Summary of results

	Review of Invertible Symmetry Fractionalizations
	Fractionalizations: modifying junctions of symmetry
	Example: fractional quantum Hall systems with U(1) symmetry

	Fractionalization of Non-Invertible Symmetry: An Example
	Coset Non-Invertible Symmetry From Outer Automorphism
	Non-invertible symmetry as sandwich of invertible symmetry
	Exotic quantum Hall conductance for continuous coset symmetry 
	O(2) Chern-Simons theory
	Gapless edge modes

	More example of fractionalized coset symmetry: S3 gauge theory

	Lattice Model with Fractionalized Non-Invertible Symmetry
	Cosine symmetry in S3 quantum double model
	Fractionalization of cosine symmetry in S3 quantum double model

	General Coset Symmetry Fractionalization and Bulk TQFT
	General coset symmetry and its fractionalization in (2+1)D topological order
	Non-invertible symmetry from invertible symmetry
	Bulk TQFT for finite coset non-invertible symmetry
	Anomalies of finite coset non-invertible symmetry


	Application: Non-Invertible Symmetry in Spin Liquids
	``Projective" symmetry action on Wilson lines
	Deconfined critical points with non-invertible symmetry

	Discussion and Outlook

