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Topological holography is a conjectured correspondence between the symmetry charges and defects
of a D-dimensional system with the anyons in a (D + 1)-dimensional topological order captured by a
symmetry topological field theory (SymTFT). Topological holography is conjectured to capture the
topological aspects of symmetry in gapped and gapless systems, with different phases corresponding
to different boundaries of the SymTFT. This correspondence was previously considered primarily for
bosonic systems, excluding many phases of condensed matter systems involving fermionic electrons.
In this work, we extend the SymTFT framework to establish a topological holography correspon-
dence for fermionic systems. We demonstrate that this fermionic SymTFT framework captures the
known properties of 1 + 1D fermion gapped phases and critical points, including the classification,
edge-modes, and stacking rules of fermionic symmetry-protected topological phases (SPTs), and
computation of partition functions of fermionic conformal field theories (CFTs). Beyond merely
reproducing known properties, we show that the SymTFT approach can additionally serve as a
practical tool for discovering new physics, and use this framework to construct a new example of a
fermionic intrinsically gapless SPT phase characterized by an emergent fermionic anomaly.
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I. INTRODUCTION

Symmetry provides a powerful set of organiz-
ing principles for understanding phases of matter.
The story begins with the traditional Landau spon-
taneous symmetry-breaking paradigm [1], and the
modern theory of generalized symmetries provides
a unifying framework for numerous exotic phenom-
ena including symmetry-protected topological or-
ders (SPTs) with non-local (e.g. string) order pa-
rameters, topological orders that sometimes can
be understood as spontaneously broken higher-form
symmetries, and non-perturbative dualities at criti-
cal points that are captured by non-group like, non-
invertible symmetries [2-14]. A key lesson from
this progress is that one must generalize the notion
of symmetry beyond global unitary operators with
group-like structure. Miraculously, when all such
generalized symmetries are taken into account, the
structure of a higher-dimensional topological order
suddenly appears [8-19]. For example, as discussed
in [8, 9, 16, 20], a 1 + 1D Ising spin chain has both
an ordinary Zs symmetry associated with spin-flip,
and also a “dual symmetry” associated with the con-
servation (modulo two) of domain walls. The local
action of both symmetries restricted to finite spatial
“patches” unveils a collection of line operators that
have precisely the same structure as the e and m
anyons of a 2 + 1D toric code.

These observations have led to a conjectured topo-
logical holography between symmetries of a quan-
tum system and a topological field theory that is
one-dimensional higher, which is referred to as sym-
metry topological field theory (SymTFT) [13, 17—
19, 21, 22] or symmetry topological order (SymTO)
[9, 11, 16].} Accordingly, different phases of a quan-
tum system with the given symmetry correspond to
different boundary conditions of the SymTFT. For
a finite, unitary symmetry G of a bosonic system,
the corresponding SymTFT is the G-gauge theory
in 2 + 1D, which can be described by the quantum

1 In this paper, we primarily focus on 2 4 1D SymTFT, and
the SymTFT is always described by some 241D topological
order. Hence we will freely employ the terminology of 2 +
1D topological order like anyons, anyon condensation, etc.

double theory D(G) in the categorical language. In
this case, the electric and magnetic anyon excita-
tions of the SymTFT correspond to charged local
operators, and topological defects (domain walls) of
the SymTFT, respectively.

The big advantage of SymTFT is that it disen-
tangles topological aspects of the symmetry (e.g.
‘t Hooft anomalies,? conservation of topological de-
fects, the symmetry quantum numbers of topological
defect operators), from dynamical aspects (e.g. the
scaling dimensions at a critical point). Hence, it is
believed that all these topological aspects can be un-
derstood using the language of SymTFT/SymTO,
including anyons/anyon condensations, etc., with-
out resorting to the dynamical details. Especially, it
makes certain “topological manipulations” [21, 31],
including gauging, stacking with invertible phases
and duality transformation manifest by simply con-
sidering different boundary conditions of the same
SymTEFT. Hence SymTFT makes the connections of
these theories with different appearances manifest.

In gapped systems, all universal aspects of symme-
try are topological, and the topological holography
correspondence states that different gapped phases
of matter correspond to distinct gapped boundaries
of the SymTFT, which are in turn characterized by
different patterns of anyon condensations. For gap-
less systems, the SymTFT captures only topological
rather than dynamical aspects (e.g. it can constrain
the possible symmetry actions on topological defect
operators, but does not fully determine the spectrum
of scaling operators at a critical point [32, 33]). This
raises the intriguing opportunity to establish a non-
perturbative, topological (partial) characterization
of gapless systems — which are notoriously difficult
to study except in low-dimensions.

The topological holographic correspondence has
been systematically established [8-11, 13, 16-19],
in 1 4+ 1D bosonic systems, with finite, internal
(non-spacetime) symmetries, including both ordi-
nary group-like symmetries and non-invertible sym-
metries described by a general fusion category. In
the group-like symmetry case, it has been shown re-
cently that the SymTO can be derived from analyz-
ing the algebra of patch operators associated with
the symmetry and the dual symmetry [16]. The cor-
respondence can also be pictorially understood via

2 The idea of topological holography is intimately related to
anomaly in-flow [23], which states that anomalies of a D-
dimemsional system can be identified by putting it on the
boundary of a (D + 1)-dimensional SPT [24-30]. However,
a crucial difference is that in SymTFT for group-like sym-
metry we put the D-dimensional system on the boundary
of the gauged SPT.



a dimensional reduction procedure called the “sand-
wich construction” (see Fig. 1), in which the par-
tition function for a G-symmetric 1 + 1D quantum
system is written in terms of that of a thin- slab of
2+ 1D SymTFT sandwiched between two bound-
aries: 1) a “trivial” reference boundary in which
all the gauge-electric charges are condensed (cor-
responding to Dirichlet boundary conditions in the
field theory language), and 2) a “physical” bound-
ary that determines the topological properties of
the 1 + 1D quantum system. Different bound-
ary conditions of the SymTFT correspond to differ-
ent patterns of anyon condensations at the bound-
ary [9, 11, 34, 35]. Gapped systems correspond
to patterns of anyon condensation on the physical
boundary that fully confine the SymTFT (such that
all particles are either condensed or confined in that
boundary condensate). Anyons of the SymTFT to-
gether define a categorical version of symmetry of
the 14+ 1D quantum system [8-11]. These symme-
tries include both ordinary on-site unitary symme-
tries, but can also capture generalized symmetries
such as string-orders of symmetry-protected topo-
logical phases (SPTs), and non-invertible symme-
tries [3, 4, 13, 17-19, 21, 22, 36-39] such as the
Kramers-Wannier duality of the 1 + 1D Ising CFT
(for which the corresponding SymTFT is the double
Ising topological order).

Recent work has made progress in extending these
ideas to gapless systems such as CFTs [32, 33, 40—
45], gapless SPTs [46-49], and systems with contin-
uous symmetries [50-53], and has made forays into
higher numbers of spatial dimensions [8, 21, 38, 39].
These advances have, so far, been developed mainly
for bosonic systems, that is, systems where all local
operators are bosonic, except for some general dis-
cussions in a few pioneering works [14, 31] and very
recently in [54, 55]. This has limited the relevance
of the framework to condensed matter problems in-
volving electronic degrees of freedom.

This work aims to fill this gap, and develop a topo-
logical holographic correspondence and SymTFT
formalism for fermionic systems enriched by sym-
metry. We focus on 141D fermionic systems with a
(possibly anomalous)® symmetry G¥' | which is a fi-
nite unitary symmetry that contains the ZZ fermion
parity conservation as a subgroup. The central
structures of our construction include:

e For a non-anomalous fermionic symmetry G¥,
the 2+ 1D SymTFT is given by the G gauge
theory.

3 In this work, we do not consider systems with pure gravi-
tational anomaly, and systems with nonzero chiral central
charge.

e The SymTFT for a generic 1 + 1D fermionic
symmetry is given by a “gauged fermionic
SPT” in 2+ 1D.

e The reference boundary of the SymTFT is de-
fined by condensing a set of anyons of the
SymTFT that have the same fusion and braid-
ing structure as local symmetry charges of G¥'.
This involves “condensing” a set of fermionic
anyons, fr, which is done by introducing local
fermions, ¢, on the reference boundary, and
condensing the bosonic composite c¢fr. The
reference boundary is therefore fermionic due
to these local fermions c.

e The dependence on spin structure (or G-
spin structure in the general case) of a 1 +
1D fermionic system is manifested in the
SymTFT by the spin structure dependence of
the fermionic reference boundary.

e Bosonization of the 1 4+ 1D system is man-
ifested in the SymTFT simply by changing
the reference boundary from “fermionic” to
“bosonic”.

We explain how this “fermion condensed” bound-
ary condition [56, 57] can reproduce universal prop-
erties of various known 1 + 1D phases with- and
without- additional symmetries, such as the Kitaev
chain, the Majorana CFT, and arbitrary fermionic
SPTs. These fermionic phases have many distinctive
features absent in bosonic phases. For instance, the
edge modes of the Kitaev chain are Majorana defects
with radical quantum dimension \@, the fermion
parity is an unbreakable symmetry, and the partition
function of a fermionic system depends on the spin
structure of the manifold. We find that all these fea-
tures can find their places in a properly formulated
SymTFEFT. We show that one can obtain the full clas-
sification of 1 4+ 1D fermionic SPTs from SymTFT.
This includes not only the set of SPT phases, but
also the stacking rules of these phases. We also
show that bosonization/Jordan-Wigner transforma-
tion has a simple realization in the SymTFT: it
amounts to a change of reference boundary condi-
tion of the SymTFT. We recover many bosonization-
related results by simple SymTFT considerations.
Beyond providing a fresh perspective on famil-
iar phases, the fermionic SymTFT framework pro-
vides a convenient tool to theoretically discover
new phases of matter. As an example, we use
the SymTFT framework to construct an example
of an intrinsically-fermionic and intrinsically-gapless
SPT (igSPT) state, which exhibits an emergent
anomalous fermionic symmetry (a discrete version
of the 1 + 1D chiral anomaly) that protects a gap-
less Luttinger liquid bulk and fractionally charged



fermionic edge states. This fermionic igSPT is both
intrinsically-fermionic, i.e., its topological properties
cannot arise in a bosonic system, and intrinsically-
gapless, i.e., the fractionally charged edge modes
are not equivalent to those of any gapped fermion
SPT state. We show that the topological aspects
of this fermion igSPT can be readily deduced from
the SymTFT construction, which also directly facil-
itates a simple bosonized field-theory description of
the fermion igSPT and its edge states.

This work is organized as follows. In Section II we
review the theory of SymTFT for bosonic symme-
tries. Next we construct and analyze the SymTFT
for the simplest fermionic symmetry—the fermion
parity symmetry Z% in Section III. We discuss the
Kitaev chain and the Majorana CFT within the
framework of SymTFT. We also discuss how spin
structure dependence is realized in SymTFT. We
construct and study an example of fermionic igSPT
in Section IV and reveal fascinating properties of
the igSPT via SymTFT methods. In Section V A
we provide the general construction for a fermionic
symmetry with no anomaly, analyzing the structure
of the relevant fermionic condensation and the de-
pendence on twisted spin structures. We show in
Section VI how partition function of 141D fermionic
SPTs may be derived from SymTFT methods. In
Section VIC we address the issue of stacking rules
in SymTFT. We define the stacking of SymTFTs
via a product structure of condensable algebras and
show with examples that it matches with the stack-
ing of the corresponding phases. In Section VII,
we explain how the standard procedure of bosoniza-
tion/gauging fermion parity (or the Jordan-Wigner
transformation for 1+ 1D fermion chains) manifests
in the SymTFT construction, and use this to identify
non-invertible symmetry transformations (dualities)
in Section VIIB.

II. BACKGROUND: BOSONIC SYMTFT

We begin by briefly reviewing the SymTFT de-
scription of a 14+ 1D bosonic system T with a finite,
unitary, internal (non-spacetime), group-like sym-
metry G, for which the corresponding SymTFT is
simply a 24+1D G-gauge theory. For anomalous sym-
metry charaterized by cocycle w € H3[G,U(1)], the
SymTFT is a twisted (Dijkgraaf-Witten) gauge the-
ory twisted by the same cocycle w, or the so-called
gauged SPT in the condensed matter language, and
corresponds to the quantum double topological or-
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der D(G,w).* The original 1 + 1D bosonic system
T can be reconstructed from the 2 + 1D SymTFT
according to the “slab” or “sandwich” construction
illustrated in Fig. 1:

1. The SymTFT lives on the manifold M x I,
where M is a 2+ 1D (closed, orientable) man-
ifold and I is the interval [0, 1].

2. The upper boundary M x {0} is a fixed ref-
erence boundary B that encodes topological
aspects of the symmetry.

3. The lower boundary M x {1} is a physical
boundary Bphys that can be varied to describe
different possible G-symmetric phases.

4. The original 1 + 1D bosonic system on M is
obtained by “dimensional reduction” of the in-
terval [0, 1].

A. Reference boundary

For group-like symmetry G, the reference bound-
ary is one where all of the gauge charges of the
G gauge theory are condensed (this corresponds to
Dirichlet boundary conditions in the field theory lan-
guage). This is substantiated by the following two
observations. First, one defining property of the ref-
erence boundary is that the non-trivial anyon lines
that cannot be absorbed on the reference bound-
ary correspond to the symmetry defects of the orig-
inal 1 4+ 1D system T, as illustrated in Fig. 1. In-
deed, by choosing to condense all gauge charges on
Bphys, the remaining non-trivial anyon lines that can-
not simply be absorbed into B are the flux lines.
These flux lines exactly form the symmetry category
Vecg:. Namely, the fluxes are labeled by elements in
G with the fusion rules from the group structure of
G, and the F-symbol of the flux lines matches with
the anomaly w.

Secondly, the anyons condensed on the reference
boundary correspond to local charges of the 1 + 1D
system. Concretely, a short anyon string that is
absorbed by the reference boundary corresponds
to a local charged operator of the original system
in the sandwich construction, also illustrated in

4 We focus mostly on group-like symmetries in this work,
except in VIIB where we also use the SymTFT for non-
invertible fusion categorical symmetry to discuss bosoniza-
tion of anomalous fermionic symmetry. For a general fusion
categorical symmetry A, the SymTFT is given by the Drin-
feld center Z[A]. In the group-like symmetry case, the sym-
metry fusion category is Vecg, and we recover the quantum
double SymTFT due to Z[Vecg]| ~ D(G,w).



(@) 5

ref

Z[A)

phys

(b)

ref

ae g
Z[A]

B

phys

1
—

1R
—

FIG. 1. The SymTFT setup. (a). The SymTFT for a general symmetry category A is the Drinfeld center Z[A].
The sandwich (left) reduces to the original system T (right) when viewed as an effective 1 + 1D system. (b). A
non-trivial topological defect line near the reference boundary becomes a symmetry defect operator D, of T after the

dimensional reduction.
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FIG. 2. Local and non-local charges in SymTFT. (a). A gauge charge line in the SymTFT can be absorbed
by the reference boundary. This corresponds to a local symmetry charge of T after dimensional reduction. The red
dot represents an excitation created by the anyon line at Bpnys. (b). A general anyon of the SymTFT is a dyon, the
associated defect line can not be fully absorbed by Bief, instead it becomes a flux line on B,f(blue). After dimensional
reduction this becomes a charge that lives on the end of a symmetry defect, i.e. a non-local charge or a string order

parameter.

Fig. 2. Therefore, anyons condensed on the refer-
ence boundary should have the same structure (fu-
sion rule, F-symbols) as that of local charges of the
symmetry. This is another defining property of the
reference boundary. Indeed, the gauge charges of
the twisted gauge theory D(G,w) have the same fu-
sion structure as local charges of the symmetry G,
namely the fusion category of representations of G,
Rep(G).

Besides fluxes and charges, there are dyons in the
SymTFT. When a dyon line reaches the reference

boundary, it cannot be fully absorbed but becomes
a flux line living on the reference boundary. This
configuration corresponds to a charge of T that lives
at the end of a symmetry defect. These string-
like charges are known as non-local charges of the
symmetry. If the dyon is bosonic, its anyon string
also corresponds to string order parameters of the
symmetry G, whose vacuum expectation value dif-
ferentiates different gapped or gapless SPTs. See
Fig. 2. Therefore the SymTFT provides a unified
description for all topological aspects of the symme-



try, namely the anyons of the SymTFT correspond
to the symmetry defects and symmetry charges, and
the braiding of anyons encodes the algebraic rela-
tions among these symmetry defects and charges.

From the dimension-reduction construction, the
SymTFT sandwich computes the partition function
of the physical 1 4+ 1D system as an inner product
between the state defined by the physical boundary
and the state defined by the reference boundary. A
generic state of the G-gauge theory can be written
in the field configuration basis as

=3

A€H[M,G]

\IIA‘A>7 (1)

where A is the gauge field on M.> The all-charge
condensed reference boundary corresponds to the
Dirichlet boundary

Ref, Ag) = >

A€H[M,G]

04,40]4), (2)

that fixes the value of the gauge field to Ay on the
reference boundary. Ao also sets the expectation
value of the Wilson loops of condensed gauge charges
on different non-contractible cycles. If the physical
boundary is in the state

Phys) = >

A€H'[M,G]

Zr[A]|A), (3)

then the sandwich has partition function
(Ref, A0|Phy5> = ZT [AQ], (4)

which is the partition of a 1 + 1D system T coupled
to a background G-gauge field Ag.

The bulk G-gauge theory also has a standard Neu-
mann boundary condition when the twist w is triv-
ial. This is a topological boundary described by the
state

IN, Ay = >

A€H'[M,G]

el AVA| 4y A € HYM, G

(5)

5 For finite, potentially non-abelian, group G, the notation
of non-abelian cohomology H'[M,G] (which is just a set)
simply denotes the set of all gauge bundles on M. A gauge
bundle and its associated gauge field A on M are completely
determined by the holonomy on the noncontractible cycles,
up to conjugation action on the holonomoy, i.e., a map
f:m (M) — G with f identified with f’ if their images
are related by conjugation with an element g € G. When
G is an abelian group, the notion coincides with the usual
cohomology of M with coefficient G, which is also denoted
as HY[M,G].
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where G := hom(G, U(1)) is the Pontryagin dual of
G. In the condensed matter language, this boundary
is the all-flux condensed boundary, and EO sets the
expectation values of the 't Hooft loops of the con-
densed fluxes on different non-contractible cycles.

Gauging a global symmetry G in 1 + 1D corre-
sponds in the SymTFT to changing the reference
boundary from Dirichlet to Neumann. It is direct to
verify that taking the inner product with the Neu-
mann boundary state gives the partition function
of the gauged theory T/G. Recall that the refer-
ence boundary defines the symmetry represented by
the SymTFT. Formally, the Dirichlet boundary de-
fines the symmetry of the effective 1 4+ 1D system
to be Vecq, while the Neumann boundary defines
the symmetry to be Rep(G). The fact that these
two symmetries are described by the same SymTFT
with different boundary conditions is the direct con-
sequence of the fact that there is a topological ma-
nipulation relating the two symmetries. In this case
the topological manipulation is gauging G. The
SymTFT provides a general framework for analyzing
such topological manipulation. Namely any topolog-
ical manipulation, such as gauging subgroups and
stacking with invertible phases, does not change the
SymTFT, and corresponds to only changing the ref-
erence boundary in the sandwich construction.

This shows the advantage (and limitation) of
the SymTFT — it isolates topological aspects of
the symmetry from dynamical properties (which
are potentially non-topological in gapless systems).
For gapped symmetric states, all universal long-
wavelength aspects of symmetries are topological
and the SymTFT fully captures the universal prop-
erties of the physical system. For gapless states, such
as conformal field theories (CFTs), the SymTFT
does not fully constrain the operator content and
scaling dimensions of the physical system, but
does capture topological consistency conditions, and
may enable a characterization or classification of
symmetry-enriched gapless phases of matter [11, 40—
42, 46-49].

A major result of this work is extending this ad-
vantage of SymTFT to fermionic symmetries. In
Section VII, we show that bosonization, which is also
a topological manipulation but maps fermionic sym-
metries into bosonic symmetries, also corresponds to
a change of reference boundary of the SymTFT.

B. Physical boundaries and anyon
condensation

In the SymTFT framework different A-phases are
represented by different boundary conditions on the
physical boundary, and it is known that boundaries



of 2+ 1D topological orders have intimate relation
with anyon condensation. [11, 34, 35, 40-42] Namely,
for every boundary condition® of a 2 4+ 1D topolog-
ical order €, there is an associated anyon conden-
sation. An anyon is condensed on a boundary if it
can be moved from the bulk to this boundary and
absorbed. Or equivalently if it can be dragged out of
the boundary without costing any energy. Anyons
that are condensed simultaneously need to satisfy a
set of consistency conditions. First, all condensed
anyons must be bosons. Moreover, if a and b are
both condensed, then at least one fusion outcome of
a % b is necessarily also condensed, These conditions
make the condensate have the structure of a sepa-
rable, connected, commutative algebra. See refer-
ence [34] for a formal definition. Due to the physical
origin of this structure, we will call it a condens-
able algebra instead. For abelian topological orders,
a condensable algebra is equivalent to a subgroup
of the fusion group, such that all elements of this
subgroup have trivial self and mutual statistics.

Anyon condensation in a bulk 2 4+ 1D topological
order occurs as a phase transition that results in a
new phase. For Abelian topological orders, the new
topological order can be viewed as formed by the
remaining deconfined anyons, i.e. anyons that braid
trivially with the condensate. In a non-Abelian the-
ory, an anyon of the initial phase may become par-
tially confined /deconfined, and it is less straightfor-
ward to identify the new topological order resulting
from condensation. In general a composite anyon of
the original phase becomes a simple anyon of the new
phase. The composite anyons needs to be invariant
under fusing with the condensate, since the conden-
sate is the vacuum of the new phase. This gives the
anyons in the new phase the structure of a module
over the condensable algebra A. That is to say, an
excitation of the new phase (possibly confined) is a
non-simple anyon of the old phaseM = ®;¢;a;, and
there is a product vy : A @ M — M. The prod-
uct needs to satisfy some natural consistency con-
ditions [34]. Deconfined excitations are the modules
such that braiding with the condensate commute the
product, these are formally called local modules.

A useful formula regarding anyon condensation is
the dimension formula. If we denote the topological
order obtained by condensing A in € by €/A, then

dim(€/A) = dim(€)/ dim(A) (6)

where dim(C) = /> _,ce d2 is the total quantum di-

mension of the topological order, and if A =" ¢,a,

6 More precisely we assume the boundary is either gapped or
CFT-like.

then dim(A) = >, ¢qdq. If a condensation results in
a trivial topological order, the condensable algebra
is called Lagrangian. We see from the dimension for-
mula that a condensable algebra is Lagrangian if and
only if its dimension equals the total quantum di-
mension of the topological order: dim(A4) = dim(C).

The relation between anyon condensation and
boundary condition of a topological order is as fol-
lows. A gapped boundary has a Lagrangian con-
densation while a gapless boundary necessarily has
a non-Lagrangian condensation. In the SymTFT
setup the reference boundary is always gapped, and
different A-phases are realized by choosing differ-
ent boundary conditions on the physical bound-
ary. Therefore gapped A-phases correspond to La-
grangian condensations of Z[A], while gapless A-
phases corrspond to non-Lagrangian condensations
of Z|A]. In the gapped boundary case the boundary
is fully determined by the condensation, in the sense
that all excitations on the boundary can be calcu-
lated from the Lagrangian algebra. Physically they
are the anyons confined on the boundary. When the
boundary is gapless, the condensation on the bound-
ary determines only the gapped excitations, and the
gapless excitations on the boundary can not be fully
determined by the condensation alone. However it
is known that if the gapless boundary is described
by some CFT, the SymTFTconstrains the partition
function of the CFT via its modular transformation
properties [11].

In the bosonic SymTFT, the reference boundary
condenses all symmetry charges, the corresponding
algebra is called the electric algebra[36]. The electric
algebra in D(G,w) is

Al := B perep(c)dRER- (7)

Here we use egr to denote a gauge charge carrying
the representation R, and dp is the dimension of the
representation. The subscript b stands for bosonic,
stressing that the reference boundary is bosonic, as
oppose to the fermionic reference boundary we will
introduce latter. A%, has a compact description as
the group algebra C[G]. Here C[G] is the linear
space of complex functions on G, and the product
of the algebra is given by the product of functions
(point-wise multiplication). A natural basis for C[G]
is the delta functions |g), g € G. C[G] carries a nat-
ural G-representation g - |h) := |gh), which consti-
tutes a highly reducible representation. When de-
composed into irreducible representations (irreps),
C[G] = ®rdgR. The quantum dimension of A% is
dim(Aby) = Y pd% = |G| = dim(D(G,w)), there-
fore A, is Lagrangian.

If a gauge charge is also condensed on Bppys, then
one can form a Wilson line of this charge that con-
nects the two boundaries without creating any ex-



citation. Since vertical charge lines in the SymTFT
correspond to local symmetry charge of the repre-
sented 1+ 1D system, this means condensing gauge
charges on the reference boundary results in a non-
zero order parameter for the represented 1 4+ 1D
system, signaling spontaneous breaking of the sym-
metry. Therefore to describe symmetric A-phases,
the physical boundary must not condense any gauge
charges. Such a condensation/ condensable algebra
is called magnetic [36].

C. Condensable algebras and gapless SPTs

In the SymTFT sandwich construction different
G-phases correspond to different anyon condensa-
tions on the physical boundary. Gapped and gap-
less SPTs [58-72], being phases of matter enriched
by symmetry, should have correspondence in the
SymTFT framework. Indeed, it has been shown
that SymTFT gives a complete characterization for
gapped and gapless bosonic SPTs. More concretely,
there is a one-to-one correspondence between con-
densable algebras of D(G) and gapped or gapless
SPTs protected by G. We briefly review this corre-
spondence here, the full theory can be found in [46].
Some details of quantum double models are also re-
viewed in Appendix A.

A bosonic I'-(g)SPT has a symmetry extension
structure summarized by the sequence [60, 62, 63]

1> N—-T—-G—1. (8)

The physical meaning of N, G is as follows. FExci-
tations that carry non-zero charges of the subgroup
N are gapped. Below the gap to these gapped ex-
citations, the symmetry is effectively the quotient
G =T/N. N is also called the gapped symmetry,
and G the gapless symmetry. A gapped SPT is the
case where all excitations are gapped, i.e. N =T.
The low energy gapless sector of a gSPT can carry
an anomaly of the effective symmetry G. This is
called the emergent anomaly of the gSPT. When the
emergent anomaly is non-trivial, the gSPT is called
an intrinsically gapless SPT (igSPT) [4, 62], since the
resulting edge modes of this SPT cannot be realized
in any gapped SPT with the same symmetry. The
topological aspects of the gSPT are determined by
two functions (1, €), where [n] € H2[N,U(1)] deter-
mines the SPT-class of the gapped degrees of free-
dom, and € : N xI" — U(1) determines the charges of
edge N-actions under I'. The two functions are sub-
ject to a set of natural consistency conditions and
equivalence relations. The edge modes of a gSPT
is fully determined by the data (), €). The emergent
anomaly of the low energy effective symmetry G can
also be computed from (), €) [46].

On the SymTFT side, the condensable algebras
of D(T') have been classified in [73, 74]. A con-
densable algebra of D(T") is determined by the data
(H,N,n,¢), and is denoted by A[H, N,n,€|. Here H
is a subgroup of I'; IV is a normal subgroup of H.
n € Z2[N,U(1)] is a 2-cocycle of N, and € is a U(1)-
valued function: N x H — U(1). The functions 7, €
need to satisfy a set of consistency equations. When
H # @G, the condensable algebra A[H, N, n, €] neces-
sarily contains gauge charges, therefore condensing
a A[H, N,n, €| at Bpnys with H strictly smaller than
I' describes an SSB phase of I'. Thus for describing
symmetric phases we consider H = I'. The algebra
is then Lagrangian if and only if N = I'. In gen-
eral, in the SymTFT sandwich construction, con-
densing A[T', N, 7, €] on the physical boundary cor-
responds to a 1+ 1D phase whose gapped symmetry
is N and gapless symmetry is G = T'/N. There-
fore gapped phases are represented by algebras with
N =T. In this case the function € is fully determined
by 1. Thus a magnetic and Lagrangian algebra of
D(T) is fully determined by a 2-cocycle of I'. This
agrees with the classification of 1 + 1D T-SPTs.”
When N # T', the condensation is non-Lagrangian
and corresponds to a gapless SPT(gSPT) of I with
gapped symmetry N. In this case the data (7),¢)
defining a condensable algebra have the same struc-
ture as those defining a I'-gSPT. Namely they satisfy
the same set of consistency conditions and equiva-
lence relations. The emergent anomaly of the corre-
sponding gSPT is matched in SymTFT by the post-
condensation twist: condensing A[T', N, 7, €] changes
the SymTFT to a twisted gauge theory of the quo-
tient group: D(G)., and the twist w € Z3[G,U(1)]
is exactly the emergent anomaly of the correspond-
ing gSPT. The edge modes of the gapped/gapless
SPTs can also be recovered in SymTFT by the
method we described before.

The SymTFT provides a unified theory for gapped
and gapless SPTs: gapped SPTs correspond to La-
grangian magnetic algebras and gapless SPTs cor-
respond to non-Lagrangian magnetic algebras. We
will explore generalization of this correspondence to
fermionic gSPTs in Section IV, and a more complete
treatment will appear in a separate work [75].

71In the classification of SPTs two cocycles differ by a
coboundary describe the same phase, this is matched in
SymTFT by the fact that two condensable algebras are
isomorphic if the 2-cocycles differ by a coboundary.
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FIG. 4. Edge modes of the cluster chain from SymTFT. The SymTFT bulk is D(Zz X Z2)-two copies of toric
codes. The trivial paramagnet phase of Zs x Z, is represented by the canonical magnetic condensation A° = (m1, ma2).
The non-trivial SPT phase, i.e. the cluster chain, is represented by the magnetic condensation A' = (e1ma, eamaq).
The two panels show two linearly independent edge modes in the SymTFT. Notice these two edge modes anti-

commute, giving rise to a two-fold GSD for every edge.

D. Edge modes from SymTFT

One characteristic of gapped or gapless SPT
phases is their edge modes. This is a set of zero
modes acting on the edge of the system whose al-
gebra is protected by the symmetry. They are re-
sponsible for the GSD with open boundaries and
characterize the topological properties of the phases.
To study edge modes in SymTFT we consider the
following setup. For a symmetry group G with no
anomaly there is always a canonical magnetic alge-
bra that corresponds to condensing all gauge fluxes:
A% := ®cme, the sum is over conjugacy classes of
G and d,,,, = |C|. Since dim(A°%) = >, |C| = |G|
this algebra is Lagrangian. Condensing A% on Bppys

produces a gapped symmetric phase which is identi-
fied as the trivial G-phase, i.e. the vacuum. Now to
study edge modes of a phase T, we consider putting
the corresponding boundary condition A" on a finite
region of Bphys, while the rest of Bphys has the canoni-
cal magnetic condensation A°, see Fig. 3. Then edge
modes correspond in the SymTFT to anyon line op-
erators that are localized at the interface between
AT and A%, such that no excitations are created.
As an illustration, we show the SymTFT represen-
tation of edge modes of the nontrivial Zy x Zo-SPT
(a.k.a the cluster chain) in Fig. 4.



III. SYMTFT FOR FERMIONS:
STRUCTURE AND EXAMPLES

We now seek a generalization of the SymTFT
framework for fermionic systems. The key features
of the SymTFT that we wish to preserve are that:

1. It reduces to the original system by dimen-
sional reduction/sandwich construction.

2. Non-trivial defect lines on the reference bound-
ary have the same structure as symmetry de-
fects of the original system.

3. Anyons condensed on the reference boundary
have the same structure as local charges of the
original system.

The sandwich construction of the fermionic
SymTFT proceeds similarly to that for bosons with
two key differences: first, the gauge group of the
SymTFT contains the fermion parity subgroup ZZ&
to account for the conservation of fermion number
parity, (—1)F, and second, to describe a system with
fermion excitations we must explicitly introduce lo-
cal fermion excitations into the otherwise bosonic
SymTFT sandwich. In our construction, we propose
that these local fermion excitations will be located
on the reference boundary of a bosonic SymTFT.®

In this section, we illustrate the basic ideas of this
approach through a series of examples of how vari-
ous familiar gapped topological and SPT phases, and
gapless critical points arise in the fermion SymTFT
framework. In Section IV below, we also construct a
new fermionic intrinsically gapless SPT phase , char-
acterized by a low-energy emergent symmetry with a
fermionic anomaly. In Section V, we formalize this
construction, and address various technical details
related to spin structures.

A. Construction of the fermionic SymTFT

The symmetry group, GF', of a fermion system
necessarily includes fermion parity Z& generated by
(—=1)¥ where F is the number of fermions (mod-
ulo two), as a normal subgroup. G¥ can be re-
garded as an extension of the bosonic symmetry,
GB = GT/ZL, by fermion parity ZL. Following
the bosonic construction, we choose the SymTFT as
the 2 + 1D G gauge theory. For example, with-
out any microscopic (bosonic) symmetries, GZ =1,

8 We mention that there are other proposals that introduce
local fermions into the bulk of the SymTFT construction
[14, 31, 55].
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GY = ZI remains non-trivial, enabling a descrip-
tion of distinct fermion gapped phases such as the
trivial and Kitaev chain topological superconduc-
tor phases which have no symmetry-distinction. We
consider for now the case where the symmetry splits
into the product of the fermion parity subgroup and
the bosonic symmetry group: G = Z& x GB. In
this case the D(ZL') sector of the SymTFT D(GT)
contains an abelian bosonic flux m* and an abelian
charge ef',? and a fermionic dyon f = e x m?.

The reference boundary, B, must be chosen so
that the condensed anyons have the right structure
of local symmetry charges of G¥'. Since a Z£ -charge
is necessarily fermionic, it looks as if this requires
condensing particles with fermion statistics, which
is not directly possible. To proceed, we introduce
an auxiliary local fermion, ¢, that lives only at Byes.
We then create a gapped reference boundary, By,
by condensing the bosonic pair f x c¢. In addition,
following the bosonic SymTFT we also condense all
the GP gauge charges e, R € Rep(G?) at Bier.

We note that this approach is analogous to that
for obtaining fermion models from bosonic string-net
models for quantum doubles [76]. Notice that the
physical boundary Bphys is bosonic. We have chosen
to locate the fermionic degrees of freedom on the
reference boundary so that all topological aspects of
the symmetry, including the statistics of symmetry
charges, are encoded by the reference boundary.

1. Local fermion excitations

This choice of reference boundary condition auto-
matically produces a fermion excitation at the phys-
ical boundary, Bppys, which can be thought of as the
charge of ZL'. Namely, consider a short, vertical f
line segment that spans from Bphys to Brer, where
its end is decorated by a local fermion operator c
such that it can be absorbed cf condensate at Byes.
However, the other end at Bphys cannot be absorbed,
and instead leaves behind an excitation. Under di-
mensional reduction, this line operator becomes a
local point-like operator with Fermi exchange statis-
tics inherited from the ¢ decoration. Also, notice
that with the fermionic reference boundary, a sin-
gle f-anyon can now by created by a local operator.
Thus, the fermionic reference boundary turns the
emergent fermions, f, into local physical fermions of
the effective 1 4 1D system.

9 We caution that, unlike in the SPT literature where my is
sometimes used to denote a fermionic statistics, here we use
a superscript m* to denote that this is the flux associated
with the fermion parity sub-group of the gauge-group G¥.
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FIG. 5. ZY-SymTFT setup. Top: An f-line can end on B, with the endpoint dressed by a local fermion operator
¢, represented by a blue dot. Notice there is no excitation created on By. The excitation is created at the other
end of the f-line, represented by a red dot. After dimensional reduction this vertical line becomes a local fermionic
operator. Bottom: The local fermion operators ¢ attached to f-lines give anti-commutation relation between two
vertical f-lines. After dimensional reduction, this becomes the standard anti-commutation relation between local

fermionic operators.

2. Induced spin structure

A crucial difference between fermions and bosons,
is that fermions can only be defined on manifolds
that permit a spin structure. Roughly speaking, a
spin structure gives a consistent set of £1 phases ob-
tained when transporting a fermion around a closed
loop in spacetime. In the following, we will mainly
consider the case where B, has the structure of a
two-torus, T2, in which case the spin structure may
be specified by periodic (P) or anti-periodic (AP)
boundary condition along the space-like and time-
like noncontractible loops. We will therefore de-
note the spin structure as (P/AP,P/AP) where the
first (second) argument indicates the boundary con-
ditions in space (time) respectively. To define the
fe-condensed reference boundary will require choos-
ing a spin structure on B, and this spin structure is
exactly the spin structure of the effective 14+ 1D sys-
tem represented by the SymTFT sandwich. Specif-
ically, the spin structure of the physical fermions is
associated with the phase obtained when absorbing
an f loop into the reference boundary. To see this,
consider a short f-segment that creates an f-anyon
in the SymTFT bulk (see Fig. 5). According to
our discussion in IIT A 1, this f-anyon corresponds to
the local physical fermion excitation of the effective
1+ 1D system. Now imagine transporting this local
fermion by dragging the Bynys end of the f-segment
around a spatial cycle, v. As shown in Fig. 6, with a
single fermion exchange (resulting in a (—1) phase)
this configuration can be deformed into the original

fermion excitation (short, open f-segment), and a
closed f-string loop corresponding to a Wilson loop
operator Wy(v). The f loop can then be absorbed
into By producing a phase (W¢(v))s,, = £1. The
resulting overall phase is (—1)(W¢(7))s,,. Therefore
the boundary condition on 7 is related to the value
of f-loop by the following relation:

PIAP & (Wy())s =1/ 1. (9)
Throughout the remainder of this section, we will
choose the convention that there is a unit eigenphase
for absorbing an f-loop into both the space- or time-
cycle v of Bres = T%: (W¢(7)),., = +1. This corre-
sponds to AP boundary conditions for the physical
fermions along the two cycles of Bphys. We note,
however, that the boundary condition for the phys-
ical fermions can be toggled by inserting a fermion
parity flux (mf) defect line as desired. Below we
will use this freedom to relate the partition functions
of fermion phases for different boundary conditions,
through the SymTFT framework.

8. Symmetry defects

In addition to the standard symmetry defects of
the bosonic part of the symmetry, GP, there are
additional line defects associated with the ZI" sub-
group of the SymTFT: the horizontal m-line and
ef’-line. Since both defects anticommute with the
7L charge (short vertical decorated f strings de-
scribed above), and neither can be trivially absorbed
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FIG. 6. Diagrammatic argument for spin-structure dependence of the f-condensed boundary. (a). An
f-string is used to create an f anyon (red dot) in the bulk. The f-string ends on the fermionic reference boundary and
has a fermionic endpoint (blue dot). The created anyon f should be viewed as a local physical fermion of the effective
1+ 1D system represented by the sandwich. (b). The f anyon (red dot) moves around the horizontal direction by
extending the f-string and returns to its initial location. (c). We perform a braiding for the f-string, which results
in a -1 sign. (d) We perform an F-move to re-arrange the string into two separate strings: a vertical short string and
a horizontal noncontractible loop. The F-move does not produce any phases. (e) Deform the strings into straight

lines. (f). The horizontal f-loop is absorbed by the f-condensate at By, producing a phase (W (7y))s

overall phase accumulated in this process is —(W¢(7y))s

into Byes (unlike for the bosonic Byef), we have the
freedom of choosing either as the fermion parity sym-
metry. These two choices are essentially equivalent,
and the resulting SymTFT dictionaries differ only
by a relabelling of e < m!" (which is an auto-
morphism of the SymTFT). We fix this ambiguity
by choosing m-line as the fermion parity symmetry
generator. Below, we will see that this ambiguity
precisely stems from the physical ambiguity between
labeling the trivial and topological superconducting
phases (Kitaev chain) of a Majorana chain with pe-
riodic boundary conditions.

We emphasize that this ambiguity is physical and
not a deficiency of the SymTFT framework. Con-
sider a 1 4+ 1D lattice of Majorana fermions. The
trivial and topological superconducting phases dif-
fer only by a convention for which pairs of Majorana
modes constitute atomic “sites”, and which ones lie
along bonds of the chain. With periodic boundary
conditions, we can transform from one phase to the
other through translation by one site. This transla-
tion symmetry exactly corresponds to the exchange
symmetry ef” <+ mf in D(ZL).

B. Example: Fermionic gapped phases with
GF =17%

We begin by studying gapped phases of one-
dimensional systems without any additional sym-
metries other than conservation of fermion parity,

ref *

Thus the

ref *

(—=1)¥ where F is the number of fermions (modulo
two), which has group structure G¥' = ZI" (where
the F' superscript is just a label reminding that this
Zs factor arises from fermion parity). There are two
gapped phases of such a 1+1D fermion system with-
out any symmetries: a trivial superconductor and
topological superconductor (Kitaev chain) with un-
paired Majorana edge modes. In a Majorana chain
with periodic boundary conditions, there is a funda-
mental ambiguity between these phases, which dif-
fer only by a (Majorana) translation: the labeling
of “trivial” and “topological” amounts to declaring
which pairs of Majorana fermions are paired into
atomic sites, and which pairs forms inter-site bonds.
An unambiguous property is that the interface be-
tween these two phases carries an unpaired Majo-
rana zero mode with radical quantum dimension v/2.

Parallely, there are two distinct gapped bound-
aries of the SymTFT corresponding respectively to
condensing m or e at the physical boundary Bphys in
the sandwich construction. The interface between
these two gapped boundaries hosts a twist defect
with quantum dimension V2. Further, this twist de-
fect is associated a short vertical line operator that
becomes a local Majorana fermion zero mode under
dimensional reduction (See Fig. 8). This line opera-
tor consists of a short vertical f line. At the upper
end, it terminates on the reference boundary deco-
rated by a local fermion ¢, and, at the lower end, it
terminates on the physical boundary after undergo-
ing splitting f — e xm, and subsequently absorbing
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FIG. 7. Kitaev chain order parameter in SymTFT. In the SymTFT we consider an e-line that emanate from

Bphys, it approaches the reference boundary and becomes

an m-line (blue line) near Bres. After dimensional reduction

this becomes a charge of Z& (blue dot) that lives at the end of a Z% -defect line. Since in the SymTFT there is no
excitation created anywhere, this non-local operator now has non-zero vacuum expectation value.

the e and m anyons within the respective domains.

We resolve this ambiguity by fixing the conven-
tion that the microscopic fermion parity symmetry
is generated by the m-line (as described above). As
we now show, this choice selects the m condensed
boundary as the trivial phase and the e condensed
boundary as the topological phase. For this pur-
pose, we note that the local action of the fermion
parity symmetry m on a finite boundary interval
corresponds to acting with an m line that spans the
interval, and terminates on the edges of the inter-
val. Consider first the m-condensed physical bound-
ary (with condensable algebra AP := 1 4 m).
Here, the fermion parity defect line m can be freely
absorbed by the physical boundary, so the local
action of fermion parity is trivial — i.e. the sys-
tem is a trivial insulator. By contrast, for the e-
condensed physical boundary (with condensable al-
gebra AP .= 1 + e, the fermion parity cannot be
trivially localized to a finite boundary region, unless
its end points are “decorated” by pulling an f string
from the reference boundary (See Fig. 7). This dec-
orated m string, with fermionic ends, corresponds to
a non-local string order parameter of the topological
superconducting phase [77-80].

We note that, for a bosonic system with Zs sym-
metry, the e-condensed physical boundary condition
would correspond to a spontaneous symmetry break-
ing (SSB) state. There, this arose because e was also
condensed at the reference boundary. Unlike for or-
dinary bosonic symmetries, Z£ cannot be sponta-
neously broken, since its charges (the order param-
eter of the symmetry) are fermionic and can never
have long-range SSB order. In the SymTFT descrip-
tion, SSB arises when the symmetry defect line can-
not be absorbed into either boundary, such that the
sandwich, and the sandwich with a symmetry-defect
“condiment” layer correspond to distinct, degener-
ate ground states. Importantly, this cannot happen
in the fermionic SymTFT construction, since there
is no way to condense the fermion end of the f string
on the physical boundary Bphys (recall the physical
boundary in our construction stays bosonic). More-
over, for both the e and m condensed Bpynys phases

an m string condiment layer that wraps through the
bulk of the sandwich can either by directly absorbed
into the physical boundary, or dressed by an f string
from the reference boundary and then absorbed into
the e-string boundary, indicating that the system
has a unique symmetric ground-state.

In addition to matching the structure of edge
states, we can also directly use the SymTFT to re-
produce the partition function of gapped phases, as
we now illustrate.

1. Spin structure and partition function of gapped
phases

In the continuum a fermionic system is defined on
a manifold with a spin structure (or a Pin-structure
for un-orientable manifolds), which can loosely be
thought of as a “background gauge field of fermion
parity” in the sense that the spin structure de-
fines whether a fermion obtains a minus sign when
dragged around a non-contractible cycle of the man-
ifold. A spin structure on the torus can specified by
periodic or anti-periodic boundary condition along
two non-contractible loops (generators of Hi[T?]).
Therefore we will denote a spin structure on the
torus by (P/AP, P/AP).

a. Review: Partition function of the Kitaev
chain. The partition function of a fermionic sys-
tem depends on the spin structure, 1. For example,
the partition function of the Kitaev chain is given
by Arf(n) in the IR limit, where Arf(n) = £1 is the
Arf invariant. The values of the Arf invariant on the
torus are

Arf(my — 4L 1= (PAP), (AP, P), (AP, AP)
o) =4t

(10)

Physically this comes from that fact that the ground
state of the topological phase of the Kitaev chain
has opposite fermion parities for periodic and anti-
periodic boundary conditions, whereas the trivial
phase is adiabatically connected to a product state



14

f -
Ao=1+f .
Bref
D(Z)
v B
i
A =1+e A= 1+m
s

Kitaev chain ¢

Trivial

FIG. 8. Majorana edge mode in SymTFT. On Bgpnys there is an interface between A°-boundary condition and
A™ boundary condition (black box). An f line can now connect B and this interface without costing any energy.
There is a local fermion operator attached to the endpoint of this line on By (blue dot). After dimensional reduction
this line becomes an edge mode. This edge mode is fermionic and squares to 1. The point defect on the physical
boundary has quantum dimension /2. These properties indicate the edge mode is a Majorana mode.

that is completely insensitive to boundary condi-
tions. The partition function of the topological
phase of the Kitaev chain can then be computed
as follows. We denote the ground-states with P/AP
boundary conditions as |[GSp,4p) respectively, and
define the normalized partition function on a torus
(T?) with X!, X° = P/AP boundary conditions
in the space and time cycles as Z[T?, (X!, X9)].
Then the ordinary zero-temperature thermal parti-
tion function has AP boundary conditions in time,
from which we identify:

Z[T?, (P, AP)] = Tr |GSp)(GSp| =1

Z[T? (AP, AP)] = Tr |GSap)(GSap| =1 (11)

Partition functions with periodic boundary condi-
tion in time can be obtained from these by inserting
a (—1)P7 into the trace which acts like a spacelike
defect of fermion parity in a path integral evaluation
of the trace:

Z[T?,(X,P)] = (GSx|(-1)""|GSx). (12)

The key defining property of the topological super-
conductor is that the ground-state fermion parity
of P and AP boundary conditions are opposite.
The fermion parity of either alone is non-universal,
and can be toggled by adding an additional occu-
pied fermion orbital, only the relative fermion par-
ity for P vs AP boundary conditions is well defined.
For definiteness, we will fix the convention that the
ground-state with periodic boundary conditions has

odd fermion parity, in which case:

Z[T?,(P,P)] = Tr (~1)"|GSp){(GSp|
= (GSp|(-1)""|GSp)
=-1
Z[T?, (AP, P)] = Tr (—1)* |GS4p)(GS ap|
= (GSap|(-=1)""|GSap)
=1 (13)

b. Partition function of the Kitaev chain from
SymTFT: We will now show how this partition
function can be obtained from SymTFT methods,
deferring some technical details to Section V. Par-
tition function of the SymTFT sandwich is given
by an inner product between states defined on B,ef
and Bppys. We have given the boundary states cor-
responding to the Dirchelet and Neumann bound-
ary condition in IT in the field configuration basis.
Here we will find it useful to introduce another ba-
sis for boundary state, suitable for a torus bound-
ary geometry. This is the so-called anyon label ba-
sis, {|a)}, where the label a goes through all simple
anyons of the bulk SymTFT. This basis is defined by
the property that time-like anyon loops act on them
as Wila) = Y., Ng,|c), and space-like loops act on
them as W|a) = gjzm), where Ny, is the fusion
matrix of the SymTFT, and S, 3 is the S-matrix of
the SymTFT. The state |a) can be thought of as be-
ing prepared by a path integral in the interior of the
torus, with an anyon loop of a inserted in the center.

The anyon basis is particularly useful when a
boundary is specified by an anyon condensation. If
the anyon condensation is given by a condensable
algebra A = )" c,a, then it is straightforward to
derive that the corresponding boundary state can
be written in the anyon basis as |A) = >, c4la).




Notice this state has the property that W(ﬁ/ ¥ both
have eigenvalue 1, for any a € A.

For the f-condensed reference boundary of the
Z¥-SymTFT, it is natural to expect the reference
boundary to be given by the state |1) + |f). Notice
that the state |1) +|f) has the property that f-loops
in the space- and time-cycles both have eigenvalue 1.
To see this, we can shrink the reference boundary to
a point, then in the spacetime picture the reference
boundary is now reduced to an insertion of an 1+ f
anyon string in the center of a solid torus. See Fig. 9.
Then an f-loop in the time direction can be fused
with the 1+ f insertion: Wi(|1) + |f)) = |f) + [1).
Thus f-loops in the time direction has eigenvalue
1. An f-loop in the space direction on the other
hand is performing a braid with the 1 4+ f inser-
tion. Since this braiding is trivial, the space-like f-
loops also have eigenvalue 1 when acting on the ref-
erence boundary. Then according to the discussion
on the relation between f-loop eigenvalues and spin
structures in IITA 2, we see that the state |1) + |f)
describes the f-condensed boundary with (AP, AP)
spin structure.

With this established, we can start to compute the
partition function of the Kitaev chain via SymTFT.
The Kitaev chain is obtained by imposing an e con-
densation (A° = 1+e) at Bphys. The partition func-
tion of the SymTFT sandwich is given by the inner
product between the state on the inner circle and
the state on the outer circle: Z[T? (AP, AP)] =
<-Aref|~’4phy5>7 with |Arf) = [1) + |f) and |-’4phy5> =
1) + |e), resulting in: Z[T?, (AP, AP)] = 1.

The spin structure (boundary conditions) for
the physical fermion can be adjusted by inserting
fermion parity flux lines through space or time-
like cycles of the SymTFT bulk. Consider chang-
ing the spatial boundary condition by inserting an
m-loop along the time cycle. Again, if we shrink
the reference boundary to a point, the condensate
Arer = 14 f becomes an insertion of a 1+ f world-line
in the solid torus (see Fig. 9). Fusing the time-like
m loop with the 1+ f condensed B, line changes it
into an m + e line, resulting in:

Z[T?, (P, AP)] = ({e| + (m])(|Aphys)) = 1.

Similarly, inserting an m-loop encircling the spa-
tial cycle produces (AP, P) boundary conditions.
The m-loop has a (—1) braiding phase with the f-
insertion at Byf, resulting in:

Z[T?, (AP, P)] = (1] + (F)Wy | Apys)
= <1|-’4phy5> - <f‘-’4phy5> =1 (14)
——

0

Here W is the m-loop in the spatial direction.
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Lastly, (P,P) boundary conditions are obtained by
inserting Z£ symmetry defects (m loops) in both
space and time directions. Fusing the time-like de-
fect with the 1 4+ f insertion at B, and taking into
account the braiding between the space-like defect
and the f-line, yields

Z[12, (P, P)] = (m]A°) — (e A4°) = —1.
0

Combining these results, we confirm that the pro-
posed fermionic SymTFT procedure correctly repro-
duces the known partition function for the Kitaev
chain.

In comparison, to deduce the trivial gapped phase,
corresponding to an m-condensate (Aphys = A™ =
14 m), one can use precisely the same calculation
with e <> m. The sole change is that:

Ztrivial[z—@7 (P7 P)] — <m‘Am> _ <6|Am>— = +1
0

so that Z'Vial — 1 for all boundary conditions as
required for a topological trivial phase.

C. Example: Fermionic SPTs with
GF = Za X Z§

The SymTFT framework also captures gapped
symmetry-protected topological (SPT) states. In
this section, we illustrate the main principles
through the simplest example: G’ = Zq x ZE.

It is known in the literature (see e.g. [81]) that
different 1 4+ 1D topological phases for Zs x Zg are
labeled by a pair of Zs-valued topological invariants,
(v4,v-) that label the number of Majorana edge
states with even (+) or odd (-) Zg symmetry charge,
respectively. The stacking rule for these phases is
vy, v )®(W,, V) = (vy +V,v_ + V), with addi-
tion taken modulo 2. The four phases have a group
structure Z3 under stacking.

To construct a SymTFT description, we consider
a Zo X 75 gauge theory, D(Zy) x D(ZE). The anyons
of this theory can be labeled by two copies of those
for a Zy gauge theory: {1,e,m, f =e x f}.

We label anyons from D(Zj) with a subscript 1
and those from D(ZE") with a subscript 2. According
to the general recipe outlined above, the reference
boundary according to the general recipe Eq.(37)
is given by condensing the symmetry gauge-charge
e1, and a bound state fo x ¢ of the Z& emergent
fermion. This corresponds to the condensation alge-

bra: Af;f =1l+e+ fi+e+ fiea
Distinct gapped phases correspond to different La-
grangian (fully confining) condensations on Bphys.

We list all Lagrangian condensations of D(Zs x
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1 +f\ B

FIG. 9. 1. The reference boundary is shrunk to a point and becomes an insertion of the algebra A’ 2. The
spacetime picture, the reference boundary becomes a world line of 1 + f inserted in the center of the solid torus.

= (e, fr) = (e, fr)

= (eymy, e;my) = (my,m,)

= (e, o)

ref

re\c ref

phys phys phys
= (eymy, emy) = (my,my) = (eymy, e;my) = (my,m,)

FIG. 10. Edge modes of the (v = 1,v_ = 1) SPT. The left half of the sandwich represents the non-trivial SPT
phase of Z2 x Z%', while the right half of the sandwich represents the trivial phase. (a). A Zz-neutral fermionic edge
mode. (b). A Zs-charged fermionic edge mode. (c). A Zs-charged bosonic edge mode, obtained from the product of

the fermion modes shown in (a),(b).

75) = D(Z2) X D(ZL'), and the corresponding SPT
phases in Table I. The first four phases are symmet-
ric, since the symmetry charge, e, is not directly
condensed on Bppys. The last two have spontaneous
symmetry broken (SSB) Zs symmetry, since the e;
condensate on both boundaries defines a local or-
der parameter given by a short e; segment spanning
from Byef to Bphys. For the symmetric phases, the
SPT invariants can be directly confirmed by con-
structing edge states operators for the interface be-
tween the SPT and trivial phase (or by checking
their bulk string-order parameter). As an exam-
ple, we show the edge modes of the (v; = 1,v_
1) phase, represented by the A* condensation, in
Fig. 10. Comparing this set of phases to the known
classification, we find that the SymTFT provides a
complete description. A natural question is how
the SPT stacking rule is manifested in SymTFT,
this question was addressed for bosonic symmetries
in [82], we will address the fermionic case in Sec-
tion VIC.

D. Example of a critical point: The Majorana
CFT

Having confirmed that the proposed fermionic
SymTFT formulation reproduces various known
gapped phases, we now examine phase transitions
between these gapped phases, focusing on the crit-
ical point separating the Kitaev and trivial gapped
phases with no additional symmetries (G = Z1I").
It is well known that one possible phase transition
between these phases is a massless Majorana CFT
with with fixed-point Lagrangian:

— Ox )R + Y1 (0r + 02)V1]
(15)

L—i / dtda [0,

where 1; r are left- and right- moving Majorana
(real fermion) fields. This Majorana CFT is related
to the Ising CFT by bosonization (gauging fermion
parity by summing over the different boundary con-
ditions for the fermion operators).

In the following, we show that the (ungapped)
“nothing condensed” physical boundary where nei-
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Condensation Algebra

Description SPT Invariant

Al =14 m1 + ma + mime Trivial (vy =0,v_ =0)
A2 =14 m1 +es+ mies neutral Kitaev chain |(v4 =1,v— =0)
A3 =1+eres +mima+ fife Zs-charged Kitaev chain|(vy = 0,v_ = 1)
A* =14 e1ma + eami + mama SPT (vy =1Lv_=1)
A =1+e1+mo+eims SSB X
AS =146 +ex+eres Kitaev chain + SSB X

TABLE 1. Gapped G = Z, x Z phases from SymTFT. The correspondence between condensable algebras
of D(Z%) and 1+ 1D Zy x ZZ'-phases. SPT indicates an invertible topological phase that becomes trivial without
symmetry protection, and SSB denotes spontaneous symmetry breaking of the Zs symmetry.

ther e nor m are condensed is compatible with
this CFT, and follow the method developed in [47]
to compute the partition function of the Majorana
CFT from that for the bosonic Ising CFT. We note
in passing, that, the “nothing condensed” bound-
ary does not fully determine the CFT in the gap-
less phase, but only topological aspects such as how
symmetries are implemented on scaling operators.
For example, there are other CFTs (e.g. the tri-
critical Ising CFT, or non-minimal models) that are
also compatible with the Z£ SymTFT, but describe
more exotic multi-critical points. We do not consider
these more exotic options here.

1.  Review of (bosonic) Ising CFT

To set the stage, we briefly review some important
facts about the Ising CFT and its SymTFT descrip-
tion [47]. The Ising CFT belongs to the family of
rational CFTs (RCFT). An RCFT has finite num-
ber of primary operators and the Hilbert space on a
circle decomposes into a finite direct sum

H =P MuHo @ He (16)

a,b

where H, (H}) is an irreducible representation of the
left (right) chiral algebra and M, are positive inte-
gers. The representations of a chiral algebra form
a modular tensor category €, therefore the labels
a,b can be thought of as taking values in anyons of
a 241D chiral topological order € and its time re-
versal C. This relation between 1+1D RCFT and
2+1D chiral topological orders can also be under-
stood from a sandwich construction. Consider the
non-chiral topological order Z[€] = CXC and a sand-
wich construction with physical boundary being the
state

W) = 5 xaXolab). (17)

a,beC

Here x4,X; are the characters of the chiral,anti-
chiral algebra representations respectively. The ref-
erence boundary can be expanded in the anyon basis
as:

JA) = > Mpla,b). (18)

a,beC

Then the sandwich has partition function

(A = 57 Mo axaX (19)

a,b

which is the partition function of the RCFT.
This sandwich construction can be viewed as the
SymTFT for the non-invertible categorical symme-
try C.

As an example, the Ising CFT is a RCFT with
three primaries 1, o, v which form the Ising category.
By the above construction it can live on the bound-
ary of the double Ising theory and corresponds to
the state

[Wising) = [x1[*11,1) + [xo|?[0,7) + \Xw|2|1/)@>(~ :
20

2. Majorana CFT from SymTFT

To make the connection between the Ising CFT
and the ZL'-SymTFT, let us replace the Bphys bound-
ary of the SymTFT sandwich by a thin slab of Ising
CFT. See Fig. 11 Crucially, there exists an invertible,
gapped domain wall, Z, between the double Ising
theory and the toric code, across which Toric code
anyons can “tunnel” to those of the Ising quantum
double topological order according to:

Lo (LD + (4,9)
e+ (0,7)
m < (0,0)

for (L) + (@, 1). (21)
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A =1+y+p+yy 3

ref

Bphys

Ising CFT

FIG. 11. The “club sandwich” construction. Left: Below the domain wall Z is the double Ising theory with
Ising CFT living on the physical boundary. Above the domain wall Z is the Z%'-SymTFTwith fermionic reference
boundary 1 + f. When the double Ising layer is thin, this setup is a Z&-SymTFT sandwich describing a gapless
75 -symmetric(fermionic) system. Right: the domain wall is moved up and fused with the reference boundary. The
entire bulk becomes the double Ising theory. The reference boundary has the condensation 1+ 1 + 1) + ¢).

without creating excitations at the boundary. The
resulting three layer, “club sandwich” [48], with a
7% gauge theory interfaced by Z to a slab of Ising
quantum double Z]lsing], sandwiched between the
fermion condensed reference boundary B,ef, and the
physical boundary state (20), now describes a gap-
less fermionic 1+ 1D system. As we will see, instead
of the Ising CFT the SymTO sandwich is now equiv-
alent to the Majorana CFT. Crucially, the Majorana
CFT is a fermionic CFT whose partition function
depends on the spin structure.

We now compute the partition function of the
sandwich to reveal this spin structure dependence.
First, move the invertible domain wall Z towards
Brer and fuse it with Bis. After this the bulk of
the sandwich becomes entirely the double Ising the-
ory. According to the rules 1 — 1+, f — 1 + 1),
the fermionic reference boundary condensation 1+ f
becomes 1 + 1tp + ¢ + 1p. Therefore our initial
club sandwich is topologically equivalent to a dou-
ble Ising topological order sandwiched between the
1 4 1p + 1) 4 1) condensed reference boundary and
the Ising CFT physical boundary (20).

The partition function of the sandwich can now
be computed as the inner product (recalling that
the reference state |1) 4| f) corresponds to (AP, AP)
boundary conditions):

Z[T? (AP, AP)]

= (LI + (&, 9] + (¢, 1| + (1, 9])(| Vising))

= Ixal” + Ixel® + xexi + x1x5 = Ixa + xol?
(22)

We obtain other boundary conditions by inserting
fermion parity defect lines as we did for the Ki-
taev chain in IIIB1. Consider changing the spa-
tial boundary condition by inserting a symmetry

defect in the time direction. The partition func-
tion of the sandwich with (P, AP) boundary con-
dition for the physical fermions is then given by
((e] + (m|)Z(|¥ising)). Applying the transformation
rule (21), this is equal to

Z[T?%, (P, AP)] = ((0,5] + (0, 7)) [ Wising) = 2|x0|*.
(23

To change the boundary condition along the time
direction we insert a symmetry defect along the spa-
tial direction. The partition function with (AP, P)
boundary condition is then

Z[T? (AP, P)]
= (A + (fDWRT|Wising)
<1‘I|\I/|smg> <f|I|\IJlsing>
=l + Ixel® = xext = xaxs = Ixa — x>
(24)

Here W7 is an m-loop in the spatial direction.
Lastly, we obtain the (P,P) boundary condition
by inserting symmetry defects in both space and
time directions. We have the partition function:

(el Z|Wising) — (m|Z]Wising) = |Xo|* = |X0|* = 0.
In summary, the SymTFT computation gives
Z[T?, (AP, AP)] = [x1 + xu|%,
Z[T?,(P, AP)] = 2|x,|*,
Z[T?, (AP, P)] = |X1 X,
Z[T?,(P, P)] = (25)

This matches perfectly with the torus partition func-
tions of the Majorana CFT [83].



IV. INTRINSICALLY FERMIONIC AND
GAPLESS SPTS FROM SYMTEFT

As we reviewed in Section II, SymTFT provides
a full characterization for bosonic gapless SPTs, in-
cluding their classification, edge modes, group ex-
tension structures, and emergent anomalies.

Given such success, it is natural to ask whether
there is also a correspondence between SymTFT and
fermionic gSPT, whether the SymTFT could assist
us in constructing new models of fermionic gSPTs
and understand topological aspects of them, etc. We
provide evidence by studying a SymTFT sandwich
construction, which turns out to describe a fermionic
gapless SPT with symmetry Zg x Zf and an emer-
gent k = 2 Zy x ZE fermionic anomaly. We show that
this igSPT has the intriguing property of having a
half-charged Majorana edge mode.

Previously, models of fermionic igSPTs [60] have
only realized bosonic anomalies: i.e. are essentially
bosonic igSPTs realized from the bosonic (spin- or
Cooper pair) degrees of freedom in a Mott insula-
tor of fermions. While this may give a physical
mechanism for their experimental realization, the re-
sulting low energy properties (edge states and gap-
less modes) are indistinguishable from those of a
purely bosonic system. Therefore it is an interest-
ing question whether there exists an “intrinsically-
fermionic” igSPTs whose topological features can
not arise in a purely bosonic system, but involve
gapless fermion degrees of freedom in the IR. Below
we construct precisely such an intrinsically fermionic
igSPT via the SymTFT methods developed above.
While lattice models and field theories of this state
could in principle be constructed without reference
to SymTFT, we found that the SymTFT actually
serves as a useful algebraic, and graphical tool to
quickly prototype these phases. In this way, the
SymTFT can also be a practical technique for con-
structing new physics, as well as re-interpreting
known phases.

We consider the gapless sector of the igSPT to
have the fermionic symmetry Z, x Z& and an emer-
gent anomaly. Anomalies of this symmetry in 1 +
1D have an Zg-classification. The v € Zg anomaly
can be realized by v “flavors” of Majorana CFTs:
For the case of interests to us here, anomalies of
7 x 7.5 correspond to 2 + 1D Zy-symmetric topo-
logical superconductors, which can be viewed as v
stacks of Zs-neutral p + ip superconductor and Zo-
charged p—ip superconductor pairs. The symmetry-
preserving gapless edge of these 241D SPTs are de-
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scribed by the field theory:

L= [ dtdsfina(0 ~ 0)n
a=1
+ wL,a (at + ax)'l/}L,a] (26)

where a is a flavor index, 91, /g 4 are left /right (L/R)
moving Majorana fermions, and the anomalous Zs x
7L symmetry acts by:

¢L7a 2 wL,a wL,a Zg _wLﬂ
<1/)R,a> - (—1/11%,(1) ’ (¢R,a) - (_¢R,a> ’

(27)

With interactions, the anomalies have a Zg group
structure (topologically v ~ v + 8) [84-86].

Previously we have established the SymTFT for
non-anomalous G symmetry. In order to describe
fermionic igSPTs via SymTFTwe need to discuss
the description of anomalous fermionic symmetry in
SymTFT.

A. Anomalous fermionic symmetries in
SymTFT

The SymTFT of a system with an anomalous
bosonic symmetry is generally given by the twisted
gauge theory obtained from gauging the correspond-
ing higher-dimensional SPT whose boundary real-
izes the anomalous symmetry. This can be un-
derstood from the fact that any 1 4+ 1D anoma-
lous system can be realized on the boundary of a
2+ 1D SPT, and the SymTFT is simply obtained
by gauging this 2 + 1D SPT. Following this prin-
ciple we may formulate SymTFT for an anomalous
fermionic symmetry(with no gravitational anomaly)
as follows. An anomaly of G in 1 4+ 1D cor-
responds to an SPT of G in 2 4+ 1D, ie. a
(non-chiral)topological superconductor with symme-
try G¥'. Then the SymTFT is given by gauging this
topological superconductor, which is a non-chiral
topological order that we will call a twisted G¥-
gauge theory, although the twist here no longer has a
cohomology classification. Independent of the twist,
the gauge charges of the twisted G-gauge theory
have the same structure as those of an untwisted one,
the super-Tannakian category Rep(G, Py). Namely
the gauge charges are labelled by representations of
the group G, and a gauge charge in the representa-
tion R is bosonic/fermionic if fermion parity is rep-
resented as +1/—1. Therefore we can still define the
reference boundary of the SymTFT sandwich as the
one where all gauge charges are condensed(with the
understanding that fermionic charges are condensed



together with a local fermion introduced on the ref-
erence boundary). This completes our construction
for anomalous fermionic symmetry.

Recall that the 2+ 1D SPT corresponding to the
level v anomaly of Zy x Z%' is v stacks of Zy-neutral
p + ip superconductor and Zs-charged p — ip super-
conductor pairs. The theory obtained by gauging
GY = Zy x ZL in the 2+1D bulk of this SPT can be
deduced from the stacking structure; this topological
order will become the SymTFT for the anomalous
7o x 7§ symmetry. Denote the symmetry (Zy) flux
by ®, and fermion-parity (Z%") flux by ®. Whereas
O effects both the p + ip layers (all fermions are
charged under ZZ'), the symmetry flux, ®, only af-
fects the p — ip layers. For a single p + ip super-
conductor, the flux (superconducting vortex), car-
ries an unpaired Majorana zero mode with topolog-
ical spin e="/4, Thus, for v = 1, the ® flux will be
such a non-Abelian particle, and the corresponding
anomalous edge will also have a non-Abelian char-
acter that prevents it from having a tensor-product
Hilbert space structure. We anticipate that this ob-
stacle will prevent the realization of the v = 1 edge
anomaly as an igSPT — since this anomaly has a
“gravitational” character that cannot be alleviated
merely by extending the symmetry group. Hence,
we instead focus on even v.

The v = 4 (n = 2) anomaly is a self-anomaly of
the bosonic, Zy, part of the symmetry group and
does not involve ZI". Equivalently, the 241D v = 4
SPT is topologically-equivalent to a bosonic SPT,
and the fermions are merely spectators. Therefore,
the only interesting candidate for an intrinsically-
fermionic igSPT is v = 2 (v = 6 ~ —2 will be simi-
lar), on which we now focus.

We refer to the 241D topological order obtained
by gauging the symmetry of this v = 2 SPT:
D¥[Zy x Z¥ v = 2]. The simple anyons are gen-
erated by fluxes ¢,¢pr, and their corresponding
charges, denoted by b and f. The Zs symmetry flux
is a m-flux in two p + ip layers. Since a stack of two
p + ip superconductors is equivalent to an integer
quantum Hall state with unit Hall conductance, this
7 flux therefore binds 1/2 of a symmetry-charge and
acquiring quantum spin e!"/4. The Z{-flux is a
flux in all p 4+ ip and p — ip layers. It therefore in-
duces equal and opposite contributions to spins from
the + and — layers, and is a boson with fractional
7y charge (from the + layers). The ®? is a 27-flux
in two p+ip layers, therefore it binds a charged elec-
tron and is identified with f xb. ¢% is a boson, but it
binds a charged electron and 7 uncharged electrons,
therefore it is charged under Zs and is identified with
b. Thus the gauged v = 2 SPT is completely gen-
erated by ® and ®r. They both have order 4. The
braiding phase between ®r and ® is the same as
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the braiding phase between two ®s, which is square
of the exchange phase: 644, = €™/2. This com-
pletes the construction of the gauged v = 2 Zy x Z&
SPT, which is the SymTFT for the v = 2 anomalous
ZQ X Zg

B. Fermionic igSPT with Zs symmetry

The topological properties of igSPT's stem from an
emergent anomalous symmetry, G¥'. Instead of aris-
ing at the boundary of a higher-dimensional gapped
GT SPT, the anomaly is “cured” by gapped degrees
of freedom that transform under a larger group I'7,
which is an extension of GF. In the SymTFT de-
scription, this requires that an untwisted I'f'" gauge
theory can be reduced to a twisted G gauge theory
by partially-confining (non-Lagrangian) anyon con-
densation, A.

For the intrinsically-fermionic v = 2 Gt = Z, x
7% anomaly above, one solution is to extend the Z
symmetry by Z4 to I'F' = Zg x ZE. In other words, a
fermionic system with Zg symmetry can exhibit an
intrinisically-fermionic igSPT with the v = 2 Zy x ZL
anomaly.

a. Lifting the anomaly Denote the anyons of
D(Zg x ZL') as a1 2 with a € 1,e,m and composites
thereof, and where 1,2 subscripts refer to the Zg, ZL
gauge subgroups respectively. As above, denote the
canonical fermion charge as fo = esmsy. Then, a
suitable partially-confining condensation that yields
the desired twisted D(Zy x Z§,v = 2) topologi-
cal order is obtained by condensing the anyon a =
eSm?eamy. The remaining deconfined anyons are
generated by ¢ = e;my, and ¢r = e?my, and are
topologically identical to those of the anomalous
SymTFT D(Zq x Z5 v = 2).

b. Sandwich construction A sandwich con-
struction of the igSPT is obtained by choosing a
' = Zg x 7o gauge theory for the bulk SymTFT,
the canonical reference boundary Af;f = (e1, eamac),
and the partially-confining (non-Lagrangian) phys-
ical boundary, Aphys = (e§mZeams). The physical
boundary is necessarily gapless (or symmetry bro-
ken). A candidate field theory that matches the
anomaly is given by two copies of the Majorana CF'T
(Eq. 26 with v = 2), or equivalently a massless Dirac
fermion with a chiral symmetry anomaly.

The Zg symmetry is generated by inserting a hori-
zontal my line “condiment” in the sandwich. For the
igSPT sandwich, a pair of symmetry generators, m?
line, can be freely absorbed into the boundaries, by
splitting m? = a x (e§f2) and absorbing the a into
the physical boundary and the €ff; into the refer-
ence boundary. Thus, the Zg symmetry is effectively
reduced to an IR Zy symmetry. Denoting elements



of Tt = Zg x Z% as (n,m), the group extension
structure is given by the short exact sequence:

1574 5 Ze x 2E 5 7ZIR x 72F 1. (28)

Here the embedding map ¢ is Z4 3 1 — (2,0) €
Zg X Zg

c. FEdge modes A defining property of igSPTs is
the presence of symmetry-protected topological edge
states, that, despite the gapless bulk, are confined to
the edge. Moreover, these edge states cannot be re-
alized in any gapped topological phase with the same
symmetry. In the SymTFT sandwich construction,
edge modes are revealed by consider a spatial inter-
face between two different gapped physical bound-
aries : a trivial phase described by condensing sym-
metry fluxes: A® = (my, ms), and the igSPT bound-
ary, A = (a = e¥m2 fy) (Fig 12). The short string
segment of €$ fo localized near the trivial/igSPT in-
terface represents a zero-energy edge state. Deco-
rating the By end of this segment by a local (Ma-
jorana) fermion, v = £(c + icl), allows it to be ab-
sorbed into the fermionic condensate. At Bphys, the
segment can split into an a anyon and an m% ex-
citation that can respectively be absorbed into the
igSPT (A) and trivial (A°) condensates. Since the
ends of the segment can be absorbed, the resulting
operator does not produce an energetic excitation.
Moreover, the segment operator has a non-trivial
symmetry action on the ground-space of the sys-
tem. The symmetry generators are horizontal m;
or my lines. The zero mode operator anticommutes
with the mo line, as required since the mode is a
fermion and is charged under the physical fermion
parity. Moreover, the zero mode operator has ex-
change phase (—i) = e~ 2%2mi/8 with my, indicating
that it carries (—2) units of the Zg symmetry charge
(in terms of the IR Zs symmetry, the fermionic zero
mode appears to carry a “half’” symmetry charge).

d. Ground-state degeneracy with open bound-
aries For an igSPT of length L, with open bound-
ary conditions (surrounded by trivial phases), the
igSPT edge zero-modes span a four-fold ground-
space degeneracy. Defining this ground-space de-
generacy for a gapless system takes some care. In
a system of length for the multi-component Ma-
jorana CFT the bulk gap scales ~ 1/L, whereas
the topological ground-space degeneracy is exponen-
tially small ~ e~ /¢ where £ is a microscopic corre-
lation length related to the a-condensation energy
scale. To see this, note that the edge mode oper-
ator shown in Fig. 12 fails to commute up to an
¢?™/4 phase with a horizontal m; line (which mea-
sures the symmetry charge). This algebra cannot be
represented on a unique ground-state, but rather re-
quires a minimum of four degenerate ground-states.
Importantly, unlike for gapped SPTs, this ground-

21

space degeneracy does not factorize into a pair of
local Hilbert spaces for each edge. Rather, there
is a single, non-local dimension-four ground-space
shared by the entire chain.

C. Field theory description

Despite its purely formal appearance, the
SymTFT sandwich construction actually directly
hints at a potential microscopic mechanism for real-
izing the igSPT phase. The insights from SymTFT
can also guide the construction of lattice-models and
field-theory descriptions, as we now illustrate.

Consider a 1+ 1D fermion chain with Zg symme-
try. The e$m3eams condensation can then be inter-
preted via the SymTFT dictionary between anyons
and generalized charges. The m? anyon represents a
strength-two domain wall of the Zg symmetry. Thus
the e$m3 part of the condensate corresponds to deco-
rating strength two domain walls with 6 = —2 sym-
metry charges of the Zg. This decorated domain
wall has fermionic statistics, which can be screened
by binding them to a local fermion (recall that in
the fermion SymTFT construction, the e;ms anyon
is the “shadow” of the local fermion excitation on
the physical boundary), and then condensing this
composite object.

The SymTFT picture suggests a simple bosonized
field theory description of the igSPT phase. We start
from a pair of Luttinger liquids, consisting of a Zg-
charged boson field ¢!, and its dual vortex e*#2,
and a left and right moving fermion field ¢ r =
nr.re'?L® where 7 are anticommuting Klein factors.
The (Euclidean/imaginary-time) action density for
this theory reads:

Z Orp10750xp 5+

1,J=1,2

=N 0,107 4006y + Hoy  (29)

4
T J=L.R

i
Lo=—
O 4r
+

where H, is the Hamiltonian containing (non-
universal) terms that describe the velocity of exci-
tations such as vy 70, p10,p) s where vry is a sym-
metric, positive matrix (and similarly for the ®
fields), and % are Pauli matrices in the I, J fla-
vor space(s). Quantizing the theory yields commu-
tation relations: e*@%=#1(2)/27 1 (y)e—iadzpr(@)/2m —
vs(y) + acf; 6y ,y, and (and similarly for ¢; with
0f; > 07;), where « is a constant.

The Zg symmetry generator, g, and Z4 generator,
(—1)¥ acts on the fields as:

g1 — p1+21/8,
(-1)" i ¢r/p = dLr+T (30)
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FIG. 12. Edge mode of the Zg x Z£ igSPT. The edge mode is a verticle e f» line at the interface between igSPT
and trivial phase. Ths operator has charge 1/2 under the 7R symmetry(a horizontal mi-line), and charge 1 under

fermion parity(a horizontal ms-line).

(other, unlisted fields transform trivially under the
symmetry in question). Crucially this symmetry ac-
tion is non-anomalous, and £y may emerge as the
continuum description of a lattice model with on-
site symmetry action.

a. Domain wall operators According to the
commutation relations above, in the quantized the-
ory, these global symmetry transformations re-
stricted to the interval T = [z, x9] are implemented
by operators g|; = eildd®d:¢2/8 and (—1)F|; =
et oy (#r=91)/2 Correspondingly, the operators
mi(z) = e¥2@/8 and my(z) = e (Pr@)=9r(2))/2
create symmetry domain walls at position x.

If the symmetry were gauged, these domain
wall operators would correspond to boundary-
termination of a a gauge-flux (mq2) line operator.
From this identification, one can immediately recog-
nize a local operator that plays the role of the dec-
orated symmetry domain wall a = m%efz f2 whose
condensation in the SymTFT produces the igSPT
boundary with anomalous Zy x Z4" symmetry action
as:

a(x) = £i(202(2) /8=2¢1(2) + bR (2))

This operator has trivial self-statistics, [a(z), a(y)] =
0. The operator is non-local due to the fractional
coefficient in front of the ¢ field, and cannot be di-
rectly added to the Hamiltonian, however its fourth
power can. Specifically, the a-anyon condensation
can be implemented by adding a Hamiltonian term:

Higspr — —A / da cos [pa(x) — 81 (2) + A6 ()]
(31)

J

L
Hinterface = *AigSPT/ dl‘ COS (902 - 8901 + 4¢R) - Atrivial/
0 T

where A is an energy scale (depending on the Lut-
tinger liquid parameters, this term may or may not
be perturbatively relevant, however, it can always
be made relevant by cranking up the coefficient A).
Higspr is clearly invariant under the terms in Eq. 30,
and when relevant, gaps out the linear combination
of fields appearing in the cosine term, and also fields
that are conjugate to this linear combination.

b. Emergent anomaly A basis for the resulting
low energy fields that commute with Hizgpr is:

br = Pr — 41

oL = o1, (32)

and an effective low-energy (IR) action-density
for the null-space of Hijzspr takes the form of a
(bosonized) massless Dirac fermion:

Lir = y= ;87¢IUIJ¢J-

The operators nLyRei‘gL’R are fermionic fields, and
their arguments transform under the symmetry as:

¢~53> (QNSR — W)

SR — -

g (¢L oL
e (35) o ()
- (d)L oL +m

which is indeed the anomalous Zy x Z& symmetry

action for the edge of the v = 2 fermion SPT [87].

c¢. Edge modes The igSPT edge modes can be

identified by considering an interface with Higspr
added for = > 0, and a trivial mass term for = < 0:

(33)

dx [cos ps + cos(or, + dr)) (34)

¢[0,L]



To simplify the analysis, we take the extreme limit
A — oo (or equivalently consider the RG fixed point
limit where these terms are relevant). In this limit,
the field configurations are pinned locally to the min-
ima of the cosine. For the igSPT region the ground-
space is given by the four distinct minima of the
corresponding cosine:

nmw

dr =201 —p2/4+ 5

(35)

The operator €2¥¢1(#) creates a kink between these
minima whenever 0 < x < L, which costs a finite
energy due to the gradient terms in H,,, except pre-
cisely at the edges: © = 0 or x = L. In the trivial
regions, there is a unique local ground-state given
by ¢, = —¢r and o = 0. The operators e¥(®)
and e*?.17(*) create local Kink excitations in these
ground-state configurations, except when inserted
exactly at the interface.

In the SymTFT, the zero-mode operator is imple-
mented by an efz f2 line segment that splits into an
a = m2e;?fo anyon that terminates on the igSPT
side, and an mj ? anyon that terminates on the triv-
ial side, and which is decorated by a local fermion
on the physical boundary (Fig. 12), decorated by a
local fermion on the physical boundary. Translating
these operators into the continuum theory gives a
zero-mode operator:

U0, L) = nrexp {i[¢pr(0, L) — 2¢1(0, L)} (36)

U commutes with the cosine terms in both Higspr
and Hiyivial, 1-€. it is indeed a zero mode. Crucially,
this operator is only a zero mode when inserted at
the igSPT /trivial interface (x = 0 or L). Otherwise,
as described above, the term creates (massive) kinks
in the local ground-state configuration of the fields.
Moreover, by inspection, UT has odd fermion par-
ity and adds Zg two units of Zg symmetry charge
(¢TWTg = ¢/201). As a technical comment, the
Klein factor ng is required to ensure that ¥ anti-
commutes with all local fermion excitations such as
n1e?r(®) (as physically required for any odd-fermion
parity excitation).

V. SYMTFT FOR FERMIONS:
SYSTEMATICS AND TECHNICAL DETAILS

Having illustrated the fermionic SymTFT con-
struction for a variety of specific examples, we now
generalize this framework to general finite, unitary
fermionic symmetries.

Conceptually, the construction proceeds much as
the case without symmetry in Section III, with some
technical modifications. The bulk SymTFT is a
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GF gauge theory, whose symmetry charges divide
into bosonic and fermionic ones. At the fermionic
reference boundary, in the sandwich constructions,
one condenses all symmetry gauge charges by bind-
ing the fermionic ones to a local fermion ¢ to con-
vert them into condensable bosons. This reference
boundary is again fermionic and requires choosing a
GF-spin structure. The remainder of this section is
devoted to making the qualitative description above
mathematically explicit.

A. General symmetries

Having worked out the topological holography for
fermions without a general symmetry, we now con-
sider the SymTFT for a general fermionic symmetry
GY. The fermion parity generates a central sub-
group Z& < G¥'| and the quotient GB = GF' /ZE is
referred to as the “bosonic part” of the symmetry.
Consider a 141D fermionic system T with symmetry
GF living on M. To start, we assume the symme-
try is not anomalous. Following the construction of
SymTFT for bosonic symmetries, we may take the
241D SymTFT for G¥ to be the G¥-gauge theory.
To complete the construction we once again consider
the sandwich construction. We must choose an ap-
propriate reference boundary condition so that the
sandwich is equivalent to the original system T.

1. Condensation on the reference boundary

Symmetry “charges” of GF' corresponded to rep-
resentations of of GF', which are labeled by a Zf
fermion parity |R| = 0/1 when the representa-
tion R has even/odd fermion parity respectively.
Fermi-statistics requires that braiding two symmetry
charge excitations with representations R, R’ results
in the exchange phase (71)|R|"R‘/, and similarly
charges should have quantum spin (self-statistics)
(=12l Formally, the local charges of G form the
super-Tannakian category Rep(G¥', Py) [88].

Recall anyons in D(GY) are labeled by pairs
(o,7), where o is a conjugacy class of G¥ and
r € Rep(Cg(0)) is a representation of the central-
izer of 0. The simple anyons correspond to the cases
where the conjugacy class is minimal (not a union
of two smaller conjugacy classes) and the represen-
tation r is irreducible. When the conjugacy class is
the trivial one o = {1}, the anyons (1, R € Rep(G))
are called charges and we denote them by egr. When
the representation r is the trivial one, the anyons
(0,1) are called fluxes and we denote them by m,.
Anyons that are neither charges nor fluxes are called
dyons. For details of quantum double models, see



Appendix A.

Since all the gauge charges in D(G¥') are bosonic,
the set of all gauge charges er, R € Rep(GF)
does not have the correct structure of Rep(G*', Py).
Then, to transmute the statistics of an odd fermion
parity gauge-charge charge into a fermion we can
bind a fermion parity flux to it to form a fermionic
dyon. Thus the condensation having the structure
of Rep(G¥', Py) is given by the algebra

‘Aif: @ dReR @

|R[=0

@ dReRmF . (37)

|Rl=1

where d, is the quantum dimension of anyon, a. The
erpm! anyons are generalization of the f-particle of
toric code. Similar to the ZI'-SymTFT case, the
fermionic anyons epm!” must be bound to a local
fermion ¢ in order to obtain a condensable object
with bosonic statistics.

Since the condensation involves fermions, the al-
gebra Aif is not a usual commutative Frobenius
algebra. Instead it has the structure of a super-
commutative (i.e. with ZZ" graded commutation re-
lations) Frobenius super-algebra [56, 57]. Specifi-
cally, we can define even and odd sectors Afe’fo , Afefl
that contain the bosonic and fermionic charges re-
spectively. Let us rewrite .Ai;f to reveal its super-
structure. The even sector is isomorphic to the
group algebra C[G¥] tensored with the trivial Z1'-
representation:

.Af’o _

ref

P drer | =C[Gl @z Cy.  (38)
R,|R|=0

Here C is the trivial 1d representation of Z%': Py -
z=2zVz € Cy. C[G] ®zr Cy is spanned by [g) ® 1
modulo the relation |Prg) ® 1 = |g) @ Py -1 =[g9) ®
1. If we decompose the first factor C[G] into direct
sum of irreps of G, then the sector VF @,r C, is
projected out if R is odd. Similarly the odd sector
ALl is the tensor product between C[G] and the

ref
non-trivial representation of ZZ":

= C[G] ®,r C_. (39)

C[G] ®zr C_ is spanned by |g) ® 1 modulo the rela-
tion |Prg) ® 1 = |g) ® Py -1 = —|g) ® 1. The even
representations in C[G] are projected out by the C_
factor. Put these two sectors together we arrive at
a compact expression

Al = C[G] & (CL®C_)
= C[G] ®zr C'I. (40)
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We used C!I' to denote the super vector space with
a 1d even sector and a 1d odd sector. C'I' carries a
grading-preserving algebra structure, generated by
a single Majorana fermion operator « in the odd
sector. The grading of A{ef is then inherited from
that of C'1'. The algebra structure of Ay is defined
by

(l9) ®z5 ") - (|h) ®zr ¥7) =
Sgn(=1)79" |g) @ A, (41)

where 6,5, is 1 if gh™! is in ZL and 0 otherwise.
It is not hard to verify that this algebra is con-
nected and separable. In order for Ai;f to define
a consistent condensation the algebra also needs to
be super-commutative, this means the following di-

agram commutes,

f f H f
‘Aref ® 'Aref ‘Aref
R(,l)l'lxl'\l "

f f
‘Aref ® Aref

Here, the map p taking the product Eq.(41), and
R(—1)I'*I''is the “super-braiding”, defined as
R(-D)I'M M@ @b) = (1) tIR(a®b).  (42)

Indeed the diagram commutes,

po R(=1)I1((1g) @75 +') ® (Ih) @75 7))

= (=1 u((P} - |h) ®z5 +7) @ (|9) ©z5 7))

= (=D (=1)u(([h) @zr v) @ (l9) ©zr 7))

= 8,1 lg) g 4

= 0gn(=1)" |h) @gp 7

= p((l9) ®zr 7") @ (1) ©zr 7). (43)
Since dim(Aif) = Z\R\:O df, + Z\R\:l dg = |G"],
the algebra A{ef is Lagrangian and defines a gapped
boundary. We therefore define our SymTFT sand-
wich construction by choosing A{ef—condensation as
the reference boundary. The SymTFT construction
is shown in Fig. 13.

We also note that the fermionic anyons
egm?®, |[R| = 1 are still deconfined on By:
they have trivial braiding with all anyons condensed
on Bis. They are all equivalent to the local fermion
¢, due to the condensate egm®c. Therefore, up
to the condensate the only non-trivial deconfined
excitation on the reference boundary is the local
fermion c. This means the reference boundary can
be viewed as a trivial fermionic system, whose topo-
logical excitations are described by the super-fusion

category sVec. This structure matches with the
construction in [55].
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FIG. 13. SymTFT for G”. (a). A flux line near the reference boundary becomes the symmetry defect of T after
dimensional reduction. (b). A vertical charge line carrying even representation, R(Ps) = 1 becomes a local bosonic
charge of T after dimensional reduction. (c). An odd charge line, R(Py) = —1, is bound with the fermion parity flux
line, and its endpoint on By is dressed by a local fermion operator(blue dot). After dimensional reduction this line
becomes a charged local fermion. The statistics of these local fermions is guaranteed by the local fermion operator

on Byes(blue dot). The red dots stand for excitations.

B. Spin and twisted spin structures of
reference boundary

As we have demonstrated in Section VB,
fermionic reference boundary with the condensation
1+ f is not unique. In order to fully specify a ref-
erence boundary condition, a spin structure on Byef
must be specified in addition to the condensation
1+ f. In Section VB we showed through a dia-
grammatic arguement that this spin structure is tied
to the expectation value of f-loops on the reference
boundary. For instance, when B 22 T2, the bound-
ary state |1) +|f), for which the f-loops in the time-
or space-direction both have value 1, corresponds
to the spin structure (AP,AP). This dependence of
the reference boundary on spin structure is crucial
to the theory of SymTFT for fermionic symmetries,
since a fermionic system is defined on a manifold
with spin structure. More generally, the symme-
try of a fermionic system can be viewed as a group
GT that contains fermion parity Z£ as a subgroup.
GP = G¥ /7L is referred to as the bosonic symme-
try of the system. Such a G¥-symmetric system is
defined on a manifold with a twisted version of the
usual spin structure, called a G¥-spin structure. A
G¥-spin structure is a pair (1, a3), where 7 is a usual
spin structure, and a; is a GB-background gauge

field satisfying certain constraint. Therefore, in or-
der to describe G¥-symmetric fermionic systems in
the SymTFT framework, we must analyze how the
fermionic reference boundary with the condensation
Eq. (37) depends on G¥-spin structures.

In this section we discuss this dependence in de-
tail. We take the approach that the reference bound-
ary can be viewed as a boundary state, expanded in
field configuration basis as

|\I’ref> = Z \I/ref(A)|A>~ (44)

A€H'[M,GF]

We will see that there are multiple allowed bound-
ary states with the anyon condensation .Af;f, each
labelled by a G¥-spin structure (n,a;). We denote
these reference states by |F(n,ap)), with F stand-
ing for “fermionic”. For a given physical boundary
state |¥pns), the partition function of the sandwich

is given by the inner product

Zy(n,ap) = (F(1, @) | Wphys) (45)

which is the partition function of a 1 + 1D system
in the presence of a G¥-spin structure (1, ay).

We will begin by reviewing definition and proper-
ties of spin structure. We then discuss the reference
boundary state of the ZZ-SymTFT for arbitrary



boundary manifold and spin structure. Finally we
generalize to GF-SymTFT, and derive the bound-
ary states |F(n,ap)) for arbitrary G¥-spin structure

(n’ab)'

1.  Review of spin structure

Recall that the spin structure on a torus amounts
to choosing periodic(P) or anti-periodic(AP) bound-
ary conditions along a basis for the noncontractible
loops of the torus. This gives us all four spin struc-
tures on the torus. '© On a general two dimensional
(spacetime) manifold M, the spin structure can be
similarly defined as a choice of P or AP boundary
condition for every loop on the manifold. We can
then define an indicator ¢(v), where « is a loop on
M, and ¢(y) = 1, —1 when the boundary condition
on v is AP,P respectively. The value of this indicator
function should be invariant under deformation of
the loop, and can be extended to any Zs-coefficient
formal sum of loops by deforming the formal sum
into a single loop. Therefore ¢ is a function on the
homology group H;[M,Zs]. A fermion loop around
the composite cycle 71 + 72 can be deformed into
separate loops encircling v; and 79, where the de-
formation involves a number of fermion exchanges
equal to y1 - 72: Here 71 - 2 is the number of inter-
section points of 1 and 2, which is homologically
invariant mod 2. This requires that ¢ satisfy the
consistency condition:

a(n] + [r2)) = a((nl)a(lra)) (=1)7 7.

Functions satisfying this
quadratic forms on Hy[M, Zs).

Alternatively, the spin structure can be equiva-
lently defined as a Zy-valued 1-cochain, n that trivi-
alizes the 2nd Stiefel-Whitney class: dn = ws. There
is a one-to-one correspondence between quadratic
forms, ¢, and the associated cochain, 7. Any two
spin structures, n,n’ satisfy d(n — ') = 0, i.e. any
two spin structures are related by the addition of a
flat, Zo-valued gauge field. Formally, the set of spin
structures is referred to as a torsor of H[M, Zs)].

The Arf-invariant, which appears in the partition
function of the Kitaev chain, is defined by summing
over the loops in the quadratic form:

1
Hl[Ma Z2]

(46)

identity are called

Arf(n) = an(y),  (47)

YEH[M,Z3]

10 Mathematically, AP/P boundary condition corresponds
to bounding/non-bounding spin structure of the non-
contractible loop, and is also known as NS(Neveu-
Schwarz) /R(Ramond) sector in the context of string the-
ory.
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which takes values in {1,—1} and only depends on
the spin structure of the manifold.

2. Spin structure in the Z& -SymTFT

We now generalize our discussion of spin structure
dependence in section ITI A 2 for the Z£-SymTFT to
general boundary manifolds. We can simply apply
the argument of moving an f-anyon in Fig. 6 to any
loop v on the boundary Bs. Following the same
procedure as in Fig. 6, we can see that the boundary
condition along + is still related to the expectation
value of an f-loop on v via

P/AP < (Wi(7))g = =1/ + 1. (48)

Comparing with the definition of the quadratic form
@y, we see that the expectation value of the f-loops
on Byef is simply ¢,:

Wi())Ber = @9 (7)-

This relation tells us that the collection of values of
f-loops on the reference boundary is in one-to-one
correspondence with the spin structure of the refer-
ence boundary. Below we will utilize this relation
to determine the boundary state with given a spin
structure.!!

We now compute the state of the reference bound-
ary with a given spin structure n. We write an f-
condensed boundary state in the field configuration
basis as

(49)

|F) =) Fla)la), (50)

here a € H'[Bef, Zo] is the value of Zo-gauge field
on the boundary, F stands for “fermionic” reference
boundary state. Our goal is now to determine the
coefficients F(a) such that the state |F) corresponds
to an f-condensed boundary with spin structure 7.
An f-condensed boundary should be able to absorb
an f-loop on it. We can write an f-loop on B as
a product of an e-loop and an m-loop,

Wily] = We[Y[Wm],7 € Hi[Brer, Zo],  (51)

where we choose an arbitrary framing for v so that
Wy[v] is unambiguously defined. The e-loop We[v]
is the Wilson loop of the Zs-gauge field a:

W] = (159 = (=)™ (52)

11 We note that this continuum argument can also be ex-
plicitly verified in microscopic toric-code-like lattice models
with c¢f-condensed boundaries. We provide this lattice con-
struction in Appendix B.



where we used the Poincare dual of 7, denoted by
5 € H[Byef, Zs), to write the Wilson loop as an inte-
gration over the entire boundary Byf. On the other
hand the m-loop is the Wilson loop of the dual gauge
field a,

Wl = (~1)% % = (~1)fouc ™7 (53)

The e/m-loops act on the basis |ag) as follows,
Welyllao) = (~1)%ee " ag), (54)
Winlllag) = (=)’ *lag) = lao +7).  (55)

Therefore the f-loop acts on the boundary state as

Wbl = 3Dl F@a+ )
= Z

Requiring |F) to be an eigenstate of Wy[y] leads
to the condition (we will write 4 as v from now on)

S F @kl = 1) L F@)

a

he @S F(a+A)]a).  (56)

(57)

for some eigenvalues f(v). By comparing coefficients
on both sides we have

(D)"Y F(a+7) = f(1)F(a),  (58)

for all a,y € H'[Byer, Zs2]. Setting a = 0 we see
F(v) = f(v)F(0). Therefore F satisfies the condi-
tion
Fla+7)
F(0)

F(v) Fla)
F(0) F(0)’

= (~Dfu (59)

which states that F(a)/F(0) is a quadratic form on
H'[Byef, Z2]). We may then write F(a) = F(0)q,(a)
for some spin structure 7. Up to normalization an
f-condensed boundary is then determined by a spin
structure on Byf, and given by the state

Fm o Y ay@la). (60)

a€ H1[Bref,Z2]

The state |F(n)) is an eigenstate of f-loops on Byes
with eigenvalue ¢, (y). Therefore according to the
relation Eq.(49), the state |F(n)) is exactly the state
corresponding to the spin structure n on Byef.
However, there is still a phase ambiguity for ev-
ery state |F(n)). These phases for different ns are
not independent of each other. To see this, notice
that in the SymTFT fermion parity is represented
by an m-line on By, therefore insertion of an m-
line should change the spin structure according to
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Wi [Y1F(n)) = |F(n + ~)). Therefore once a state
|F(n)) with a given spin structure n is chosen, the
states with other spin structures are uniquely de-
termined by the relation Wy, [7]|F(n)) = |F(n + 7)).
This will fix the phase ambiguity of the states |F(n))
up to an overall common phase, which is inconse-
quential. To see this, assume the state |F(n)) has an
arbitrary phase factor 7 (n):

(F(n) = Tm) Y ay(a)la). (61)

Then the action of an m-loop on the state is
Wi [Y]|F (n) Z%
nzqnaJrv a).  (62)

)a+7)

The state |F(n + v)) on the other hand is given by
Fn+7)=Tm+)>_ ayiy(a)a).  (63)

By comparing coefficients we have the relation
TMan(a+7v) =T0+V)agir(a).  (64)

Summing over a € H'[M, Zs] on both sides, we have
T(nArf(n) = T(n+)Arf(n +7).  (65)

We see that the solution for T is T(n) = ¢ - Arf(n),
where ¢ € C* is arbitrary. Take ¢ = 1, we have the
phase-fixed states

Fn) = Arf(n) D gy(a)la)
a€H[M,Zs)
= Z Arf(n + a)|a), (66)
a€H[M,Zo)
where we used relation Arf(n + a) = Arf(n)g,(a).

Eq.(66) completes our construction for the ZZ£-
SymTFT. The schematic of the SymTFT construc-
tion is shown in Fig. 14.

As an application of this result, we can obtain
the partition function of the Kitaev chain on any
orientable manifold as follows: the physical bound-
ary is the e-condensed Dirichlet boundary |ag = 0),
therefore the partition function with spin structure
n is

2y = (F(n)|ao = 0) = Arf(n).  (67)

3. Review of GT -spin structure

A general fermionic symmetry is described by the
short exact sequence

15728 5 G6F 5GP 1. (68)
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FIG. 14. Schematic picture of the SymTFT for Z5. (a).
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<Wf[7]>ref = qU(’Y)

The SymTFT is the Z2 quantum double topological

order(toric code). The reference boundary depends on a spin structure n € C'[Byef, Z2] dn = w2, the corresponding
state is given by Eq.(66). The sandwich with |F(n)) reference boundary describes a 1 + 1D fermionic system with
spin structure 1. (b) For a boundary spin structure 7, an f-loop Wy () on the reference boundary has eigenvalue

given by the quadratic form of the spin structure, g, (7).

For the convenience of later discussion, let us also
specify set-theoretic section maps s : GB — Gt :
GF — ZI that satisfy mos = idgs, toi = idgr.
The extension class of this sequence is p := ds €
Z2[Gb ZL]. The section maps allow us to write el-
ements of G as pairs (j,¢%), j € Z&, ¢* € GPB.
Then s : g® — (0,¢°) and ¢ : (j, ¢*) ~ j. The sec-
tion maps are not unique and not group homomor-
phisms in general, and in the context of the fermionic
SymTFT we expect different choices of the section
maps will give the same SymTFT.!?

A fermionic system with symmetry G¥ couples
to GF-spin structures. A GF-spin structure can
be thought of as a pair (n,ap), where n is a usual
spin structure that satisfies dnp = ws, and ap is
a background GP-gauge field, da, = 0, such that
[a;(p)] = 0 € H?[M,ZL]. We can take a trivializa-
tion of aj(p): T € C'[M,ZL], dr = aj(p). Physi-
cally this corresponds to the following picture. The
gauge field configuration of a; can also be viewed as
a GB-defect network. When a g} defect line and a g?
defect line meet, they become the g}g? defect line.
This satisfies the fusion rule of defects when they are
viewed as GB-defects, but violates fusion rule when
viewed as G¥'-defects. In fact, the violation is given
by p(g;, gg), which can be viewed as a curvature(or
a flux) at the junction of the three defect lines. This
curvature can also be viewed as associated with a

12 Still, given a microscopic fermionic system which is a tensor
product of local fermionic Hilbert spaces, it is most natural
to identify GB as local symmetry actions, as discussed in
e.g. [89]. Hence, there is a canonical choice of the section
map s, and different choices s may be considered different
physical systems. We do not work with a microscopic lat-
tice system in this paper and hence will ignore this subtlety.

Z%-gauge field 7, whose defect lines look like the
wiggly line in Fig. 15. This relation is exactly the
equation dr = aj (p).

Now consider the fermions on a 2 dimensional
manifold with a GF-spin structure (n,a;). The
fermions carry charges of G¥', labelled by repre-
sentations R € Rep(GY'), such that R(P;) = —1.
There are also bosonic charges living on the mani-
fold(e.g. pairs of charged/uncharged fermions), that
carry representations such that R(P;) = 1. The
spin structure 7 specifies AP /P boundary condition
along every loop on the manifold. When a fermion
is moved along a loop -, it will experience the spin
structure 7, therefore obtains a —1 sign if ¢, (y) = 1.
It will also experience the GP gauge field, as well as
the 7-field that comes from the fusion of GZ-defects.
Therefore the action on the fermion when it is moved
around - is

o anl] = o ()1 f (o) +7)
— ()" g, 0R( ]4 i) ()

This action can be divided into three parts. The
first part is —g,(v), which comes from the AP/P
condition along ~y. The second part is the holonomy
of the GB-gauge field, 3% a;(s), which acts on the
fermion via the representation R. The last part is
(—1)§WT, which can be thought of as the fermion
parity action accumulated along .
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FIG. 15. (a).The G®-defect network has non-zero curvature when viewed as a G'-defect network, represented by
the red dot. (b) Adding a p(g¢,g7) defect line to the junction resolves the curvature. The collection of the Z%
defect lines constructed in this way form a ZI-gauge field 7 that has the same curvature as the GP-gauge field:

dr = d(aj(s)) = ai (p).

4. GF-spin structure in GF-SymTFT

We now consider the fermionic reference boundary
in the SymTFT for a general GF-symmetry. The
anyon condensation is given by the algebra Eq.(66).
However, there are multiple boundaries with this
anyon condensation, distinguished by G¥-spin struc-
tures on the boundary. We can repeat the moving
f-anyon argument in Fig. 6 to a general fermionic
charge and any loop . Following the same proce-
dure as in Fig. 6, we see that the expectation value of
the fermionic charge loop is negative the phase accu-
mulated from moving the fermionic charge around,

Wear () = =0(0.) =0y ()R ( f aife) +7)
(70)

This is the generalized form of the relation Eq. (49).
Similarly, for bosonic charges we have the relation

<w¢w»3(ﬁ@w0 (1)

J

These two relations tells us that the G¥-spin struc-
ture on the boundary can be distinguished by expec-
tation values of the loop operators of the condensed
anyons. Next we utilize these relations to determine
the boundary state with a given G¥-spin structure.

The GF-SymTFT is a GF-gauge theory. The G-
gauge field, Ay € C'[M, G, can be divided into a
ZF-gauge field Az, € C'[M,Z}], and a GB-gauge
field A, € CY[M,GP], with relation dAz, = A;(p)
and Ay = Az, + Aj(s). Here, the bulk gauge field
in the SymTFT is denoted by upper case A, in con-
trast to the a; that appears in the GF—spin structure.
Any boundary state can then be written in the field
configuration basis as

W) = Y W(Ag,, A)|Az,, Ab),  (72)
AZ2,Ab

where the sum is taken over fields satisfying dAz, =
Ax(s).

We claim that the fermionic reference boundary with G¥-spin structure (1, ay) is given by the state

Arf(n + AZz + T)

|3j(773ab)> = Z

Az, dAz,=aj (p)

Az, Ay = ap). 73
Hl[M,ZQ} ‘ Zos 41 ab> ( )

For this to be well-defined, notice d(n + Az, + 7) = wa + 2a;(p) = wo, thus n+ Az, + 7 is a valid spin

f

ref”

structure. To show |F(n,ap)) is a valid A
W,

eRr
acts on the field configuration basis as

Wer [’Y”Af> =

condensed boundary, consider a fermionic Wilson loop on Bphys,
[V]W,nr[]. Here W, [v] is a bosonic Wilson loop of a charge carrying an irrep R with R(P;) = —1. It

R($ A7)147). (74)

~

Wor[y] is a fermion parity flux loop that acts as W,,,r[y]|Af) = |A; + ), where we again used Poincare
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(a) (6) (F(n, a)|

Bref <EF(777 ab)|
SymTF
Bphys |\I’> Bref
g BphyS'....
V)
Z\Il [na ab]

(Wall)es = R (£, ai(s) +7) ()

FIG. 16. Schematic picture of the G-SymTFT construction. (a). The SymTFT is the GF-quantum double theory.
The reference boundary with G™-spin structure (n, ay) is given by the state Eq.(73). The SymTFT sandwich with
|F(n, ap)) reference boundary describes a 14 1D G¥-symmetric system coupled to G¥-spin structure (9, as). (b).
A fermionic Wilson loop carrying representation R has non-zero expectation value on the reference boundary. The
expectation value depends on the G¥-spin structure.

duality to represent the loop « as an element of H'[M,ZL]. Therefore the effect of the fermionic Wilson
loop on the state |F(n, ap)) is

Arf(n+ Az, + 7
WollWor b3 = 30 AL DR () s = e, (1)
Az, ,dAz,=a} (p) [ s 2] Y
We can write Ay as
Ap = (Az, + 1)+ (A5(s) + 7). (76)

Then d(Az, +7) =0 and Az, + 7 is a flat Zy-gauge field. Therefore we have
Wer [1IWanr ]| (0, as))

Arf(n+ Az, +7 *
S et DR (1) 4 (4309 +1) 1Az, + 70 =)
‘. H[M,Zs) ¥
Az, dAzy=aj (p)

_ Z Arf(in+ Az, + 1 +'7)R (% al(s) + 7_) (_1>fM(AZ2+T)U'y|AZ2’Ab = ) (77)
Az, dAz,=a H[M, Zy)] gl
2 ,dAzy =aj (p)

where we used the condition that R is an odd representation, thus R[zr(g) = (=1)?ls,. Now using the
relation

Arf(n + Az, + 7 +7) = Arf(n + Az, + T)dns 4y, +1(7) = Arf(n + Az, + 7)gy(7) (= 1) /s Az +D07 - (78)

we arrive at the expression
Wen Wy (1)1, a1)) = R ( fai+ ) 00 () |F (. an))- (79)

Comparing with relation Eq. (70). we see that |F(n, ap)) indeed corresponds to the fermionic boundary with
spin structure (1, ap).

The reference boundary state |F(n,ap)) completes  our SymTFT for a general fermionic symmetry G



The structure is summarized in Fig. 16.

In the following we use this framework to study
fermionic SPT phases, reproducing their partition
function and stacking rules from SymTFT. We will
also discuss duality in SymTFT, generalizing the
SymTFT construction for bosonic dualities to in-
clude bosonization.

VI. FERMIONIC SPT PHASES FROM
SYMTFT

We now discuss fermionic SPTs within the context
of SymTFT. We obtain the classification, partition
function and the stacking rules of 1 4+ 1D fermionic
SPTs using purely the framework of SymTFT, and
check that they all match with the existing results
in the literature [81, 82, 90-93].

A. Classification

In SymTFT, fermionic invertible states are
gapped boundaries of the quantum double D(GT")
with no SSB, and fermionic SPTs are the subset
of fermionic invertible states excluding the Kitaev
chain (protected by no symmetry other than ZZ£).

As reviewed in Appendix A, gapped boundaries
of D(G) are in one-to-one correspondence with the
Lagrangian algebras of D(G). They are labeled by
a tuple (K, H*[K,U(1)]) where K is the subgroup
of G. The Lagrangian algebras corresponding to
SSB are supposed to have nontrivial overlap with
AL in Eq. (37). Therefore, we should focus on the
Lagrangian algebras which have trivial overlap with

.Aéf, and it turns out that there are two possibilities:

1.GF = G x L. The Lagrangian alge-
bras labeled by (G, H2[G¥,U(1)]) or the La-
grangian algebras related to these by changing
el & m* survive.

2. G¥ not equal to G® x ZI'. The Lagrangian al-
gebras labeled by (G, H2[G¥',U(1)]) survive.

Hence, fermionic invertible states protected by G’
given by Eq. (68) are classified by (the set)

GF =GP xzf

HQ[GF,U(l)]xZQ (80)
otherwise.

H2[G,U(1)]

When G = G xZ¥ | the extra Zy piece corresponds
to the Kitaev chain, which we have already discussed
in Section IIIB. Below we will mostly focus on
fermionic SPTs classified by the set H2[GF U(1)],
which can be labeled by a cohomology class [w].
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We emphasize that we have not derived the stack-
ing rule of fermionic SPTs, which is not given by
the group law of H2[GY,U(1)], i.e., the stacking
of two fermionic SPTs labeled by [w1] and [wq] is
not given by [w; + ws]. Also, it turns out that
bosonizing the fermionic SPT labeled by [w] exactly
gives the bosonic SPT protected by G¥ labeled by
w] € H?[GT,U(1)].

For latter convenience, we need to choose a
cochain representative w € Z2[G¥,U(1)]. We also
need its slant product with fermion parity v(g) :=
w(g, F) — w(F,g). Here we use the convention that
U(l) =R/Z = 1[0,1]/(0 ~ 1) and write multiplica-
tion in U(1) as addition mod 1. This will be the con-
vention we use throught the rest of the paper. Phys-
ically the phase exp(2miw) is the projective phase of
edge symmetry actions, and v keeps track of the
fermion parity of edge symmetry operators.

It is sometimes more convenient to use the super-
cohomology characterization of these fermionic
SPTs. The super-cohomology characterization orig-
inates in the decorated domain wall structure of
fermionic SPTs [86, 91]. It consists of two func-
tions a € C%[GB,U(1)],8 € C'[GP,Zs], which can
be written as pull-backs of w, v via the section map
s: a = s*(w), 8 = s*(v), where the section map s is
defined below Eq. (68). They are subject to relation

daz%ﬁUp, dg =0 (81)

Physically « is the projective phase of edge G sym-
metries, and 8 keeps track of the fermion parity of
these edge symmetry operators. Since GP symme-
try actions are not closed under composition when
the extension of fermion parity non-trivial, « is in
general not a cocycle. The cohomology label w can
be recovered by the super-cohomology labels («, )
via the relation

w=p'(a)+ 5 (B) Ut v =p"(B),  (52)

where ¢ is also defined below Eq. (68).

B. Partition function

Now we derive the partition function of fermionic
SPTs. The physical boundary corresponding to the
GF-SPT with cohomology invariants w, v is given by
the boundary state

w) i= D e 414, (83)

Ay



Write Ay = Az, + Aj(s), and use the relation w =
p*(@) + £p*(8) Ut, we can write Aj(w) as

Aj(w) = (Az, + 45())"(p™ () + %p*(ﬁ) ut) (84)

= 43(0) + 3 43(8) U Az,. (55)

J
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The reference boundary is given by Eq. (73). Take the inner product between the reference boundary

state and the physical boundary state, we obtain:

<?(T]a ab)|w> =
Az, dAzy=a; (p) |H[M, Zs]|

-y A
Auy dhmyeag(p) VT M Lo
-y A
|H1[M7 ZQH

Az, ,dAz,=aj (p)

Z Arf(n+ Az, + 1) exp <27ri /M ap(a) + 10;(5) U AZ2>

2

an( Ay + 7)exp (2 [ ai(0) + 5i(H)U sy 4 1)+ pai(3) U7)

qn+a;(,8)(AZz + 7) exp <2m/ ajp(a) + 5%(5) U 7'>
M

— Arf(n)Arf(y + a}(8)) exp (Qm' | i@+ a0 )

2
—an(ai @) exp (2 [ aita) + pai()u7) (56)
In summary, we have
) 1
Sonanl) = (e exp (2 [ aita) + Jai(s ). (57)

This is exactly the partition function of the (w,v) SPT in the presence of a GF-spin structure (1, ap).

C. Stacking rules

We have shown that the SymTFT is capable of
describing fermionic invertible phases. In particu-
lar, we have shown how to reveal edge modes of SPT
phases via SymTFT, and how to compute the par-
tition function of fermionic SPTs via SymTFT.

Another crucial ingredient to the classification
of invertible phases is their group structure under
stacking. Stacking is a physical operation that out-
puts a new phase from two input phases. Take two
G-symmetric invertible phases 2. Their stack-
ing ¥ X F? is obtained by two steps. In the first
step we form stack the two phases on top of one
another, mathematically: defining a new system as
the tensor product F2 of F'. This results in a sys-
tem with an enlarged symmetry G x G. Then in the
second step we turn on generic interactions between
the two phases that preserve the diagonal symmetry
{(9,9)lg € G} < G x G while preserving the gap of
the combined system. The resulting system can the

(

be viewed as another G-symmetric invertible phase,
and this process defines a group structure on the set
of invertible phases.

For example, in the G = Z, x ZE case we ob-
tained four invertible phases from SymTFT. But
there are two possible group structure on this set
of invertible phases, either Z3 or Zs. We want to
ask: Can we determine directly from the SymTFT
which of the two options is realized? Relatedly,
even though the set of 1 + 1D fermionic SPTs are
the same as the set of 1 + 1D bosonic SPTs, the
stacking rule (group structure) for 1+ 1D fermionic
SPTs is not the same as the stacking rule of 1+ 1D
bosonic SPTs, which is determined by the group
structure H2[G¥,U(1)] [82, 86, 93, 94]. In this sec-
tion, we demonstrate that the stacking rules between
fermionic and bosonic SPTs with isomorphic sym-
metry groups can indeed be differentiated using the
techniques of SymTFT.



1. Review: Bosonic SPT stacking rules from SymTFT

Let us first focus on bosonic SPT phases with
symmetry group G. In SymTFT different G SPTs
correspond to distinct fully-gapped boundary con-
ditions (Lagrangian condensations) of D(G). Stack-
ing of gapped boson SPTs then translates to a prod-
uct structure on the set of Lagrangian condensations
of D(G). To derive this product, imagine stacking
two phases, each represented by a SymTFT thin-
slab. Let A"?2 be the two Lagrangian condensations
of D(GP) that produce phases %2 when put on
the physical boundary Bphys. The stacked SymTFT
sandwich now has the bulk theory D(G x G), and the
reference boundary has the product condensation al-
gebra Aef K Aes. Similarly the physical boundary
now has the product condensation algebra A' X .A42.
This sandwich now describes a 1 4+ 1D system with
symmetry G x G. Following the second step of the
stacking operation, We then break the symmetry
down to the diagonal subgroup. This can be done by
Higgsing the bulk gauge theory to the diagonal sub-
group, which is achieved by condensing the following

J
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diagonal algebra
&= P ernveq (88)

RERep(G)

in the SymTFT sandwich. After this diagonal con-
densation, the bulk theory reduces to the theory
D(G?). The fluxes of the theory D(G?) are related
to the original D(G x G) theory via mg = m;m;
therefore correspond to the diagonal symmetry when
acting on the reference boundary. The boundary
conditions on B and Bppys are now boundary con-
ditions of the bulk G%-gauge theory. The conden-
sation on the reference boundary will reduce from
Aret @ Ares to Ares. This is because the condensa-
tion &, identifies er in the first copy of D(G) with
er in the second copy. In other words the reference
boundary condition is invariant under stacking. The
new physical boundary is obtained as follows. For
simplicity we consider abelian group G for now. The
physical boundary before condensing &, is given by
the Lagrangian algebra A! x A2, which is a sum of
anyons in D(G x G). The diagonal condensation will
confine certain anyons of D(G x G), therefore we re-
move the confined anyons in the product A! x A?
and identify the deconfined anyons with anyons in
D(G?). This gives us a condensation algebra in
D(G?) and defines the new physical boundary con-
dition for D(G?). This procedure defines a product
between A! and A2, which we denote as A! X, A2.

2. Ezample: G = 72

We illustrate this product structure with an example. Consider the SymTFT for G = Z4 x ZF. Condensing
Al =14+ esmp +epma + fafp at Bohys gives the non-trivial SPT phase protected by G. The reference
boundary has the condensation A, = 1 +e4 + ep + esep. Now let us try to stack two A's. The diagonal
condensation is

E =1+ eq€)y +epey +eaepesel. (89)

The deconfined anyons are generated by es&p, ep&, mam/ &, mpm/zEy. If we denote anyons of D(Gd) by
a*, then anyons of D(G?) are related to those of D(G x G) via €* = ea&, el = ep&p, m¥ = mam/,E, m’ =
mpm/zE. As promised, the new fluxes are diagonal products of the fluxes of the two copies. Using this
identification, we see that the reference boundary condition becomes

Aret R Ares = (1 +ea+ep +eaep)(l+ey + ey +esel) =17+ +ef + elel. (90)
Therefore we have Aef Xy Arer = Aref, as claimed. The physical boundary condition is
A'RAY = (1+eamp +epma + fafp)(U + ymlp + egm/s + fiafh). (91)
Expand this product and collect the deconfined anyons, we have
AR AY = 1+ eampeym’y + epmaepm’y + fafpfufs = 1% +mp +mhy +miymy. (92)

We therefore have A' X, A' = 1+ m4 +mp + mamp, which is exactly the Lagrangian condensation that
represents the trivial SPT phase. We have recovered the Zs-stacking rule of Z2-SPTs.



The stacking of two Lagrangian condensations in
other Abelian quantum doubles can be dealt with in
a similar fashion, and it can be shown that the stack-
ing of Lagrangian algebras defined in this way agrees
with the stacking of bosonic G-SPTs. This construc-
tion can also be extended naturally to generic non-
abelian symmetry G, the details of which will appear
elsewhere.

8. Fermionic SPT stacking rules in SymTFT

Similar to the bosonic case, fermionic SPTs form
a group under stacking. By the SymTFT dictionary
this means there is another product structure on
Lagrangian condensations of D(GT'), distinct from
X, that matches with the fermionic SPT stacking
rule. To motivate the new product, let us revisit
the SymTFT for ZI". The reference boundary has
condensation 1+ f. If we stack two Z% -systems, the
reference boundary becomes AR Ares = (14 f)(14
). If we continue to use the diagonal condensation
&y = 1+4-e€’, then, the deconfined anyons in the prod-
uct Awef R Ares = 14+ f+f'+ff are 1+ ff = 1+m*.
We see the reference boundary is no longer invariant
under the bosonic stacking rule. Consider another
diagonal condensation & = 1+ ff’. The decon-
fined anyons are generated by mm/Ey, f€¢, which
form a single copy of toric code under the iden-
tification m* = mm/Ey, f* = fEp, " = em'Ey.
Here the identification is chosen so that mm’ is
mapped to the new m*. This is because m-line is
identified with the symmetry generator, therefore
we wish the diagonal symmetry to be represented
by mm’. The reference boundary now changes to
A+ )1+ ) = 1+ FF)+(f+F) = 1"+ f*. The
reference boundary is thus invariant under the new
diagonal condensation £;. For a general fermionic
symmetry G¥, we take the diagonal condensation
that breaks G x G¥ to the diagonal G™? to be

Er =

@ er®en

R,|R|=0

@ @ erm? @ epmt | . (93)

R|R|=1

This is the proper modifification of &, because odd
charges of G are really the dyons egpmf. For
Abelian GF', the stacking of two Lagrangian con-
densations A', A% at Bppys is defined similar to the
bosonic case, namely one first forms the product
A' X A2, then deletes the anyons that are confined
after condensing £. The remaining anyons define a
Lagrangian condensation of D(G*4). This product
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is denoted by A! X A2, Next we use an example to
illustrate how the new diagonal condensation &£y cap-
tures the difference between bosonic and fermionic
SPT stacking rules.

4. Example: stacking of Kitaev chains

The simplest non-trivial fermionic invertible phase
is the Kitaev chain, represented by the condensation
A =1+ e in the ZE-SymTFT. The stacking of two
Kitaev chain should be the trivial phase, represented
by the condensation Ay = 1+m in the Z&-SymTFT.

Now we apply the general construction illustrated
above to derive this. The product algebra is initially

Ax A =14e+e +ee. (94)

The anyons in the sum that stay deconfined after
the diagonal condensation 1+ ff’ are 1,ee’. Using
the relation m* = mm’ = ee, f* = f = f,e* :=
em’ = e¢'m, we have

AR A2 1+ee 21+m* = A, (95)

reproducing the stacking rule of the Kitaev chain.

5. Ezample: G =7y x 7y x 75 and
GB = ZQ X Zz X ZQ

The reason for considering this symmetry group is
that this is the smallest group for which bosonic and
fermionic SPTs have different stacking rules. This
means given elements wy,ws € H2[GF =2 GP U(1)],
and fermionic phases determined by them F,,,, F,,,
we have F,,, M F,,, # T, w,, where K¢ means stack-
ing of fermionic phases.

There are various ways of deriving the stacking
rule, here we provide a method based on symme-
try fractionalization of gapped symmetries. For a
fermionic phase F,, in the class [w] € H2[GF,U(1)],
the symmetry actions U;, g € G form a pro-
jective representation at the edge of the system:
U,Uy, = w(g, h)Uyp. Here U stands for the localized
version of the symmetry action that only acts on one
of the edges of the system. For the symmetry group
Z‘Q“ X ZQB x 7%, since there is no projective represen-
tation of Zy alone, the projective representations of
74 x 7B x 75 can be labelled by which pairs of Zy-
generators anti-commute. Consider a phase F; with
anti-commuting Z3' and Z1" generators. Denote the

localized unitaries by (7;,41 and ﬁgfl, then we have
ﬁ;ﬁgfl = —(7;} ﬁgfj Similarly consider another
phase F2 with anti-commuting ZF and Zf genera-

. rrFarrFa rrFer7F2 . .
tors, we have U Up’ = —Up?U ;. Notice being



charged under fermion parity means the operator is
fermionic. In the current case this means UgSFA1 and

(7;3 are both fermionic operators. Next we stack F*
with F2, the generator of the Z4',ZE 7L factors in
T X JF? are U;AI , Ugf’;? and Ugfl Ug;‘ respectively. We
see that now the pairs (Z4',ZE) and (ZF,ZL) anti-
commute. This is expected. However, since U;TFA1 and

ﬁgjf? are both fermionic operators, they also anti-

commute due to fermion statistics.

If we label a Z§ x ZF x Z¥ projective represen-
tation by (i,7,k), where ¢ = 0,1 labels whether
ZA and ZEf generators anti-commute, j = 0,1 la-
bels whether ZP and Zf generators anti-commute,
and k = 0,1 labels whether Z4' and ZZ generators
anti-commute. Then the stacking rule we just de-

J
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rived states (1,0,0) X (0,1,0) = (1,1,1). However,
for a bosonic symmetry with Z£ replaced by an-
other bosonic Z§ factor, we would have (1,0,0) X
(0,1,0) = (1,1,0): the Z4 and ZZ generators in
the stacked system would commute instead of anti-
commute. How do we see this difference between
bosonic and fermionic stacking rules in SymTFT?
Let us first construct the SymTFT for ' and J2.

The SymTFT for Z4 x Z& x Zf is the quantum
double D(Z4 x Z8 x 7). The reference bound-
ary condition is A,f = (e, eq, f3). Consider the
two choices of gapped physical boundary condition
Al = (eymg, esmq, ma), A* = (eams, e3ma, my). By
studying their edge modes one can verify A2 de-
scribe the fermionic phases (1,0,0) and (0,1,0) re-
spectively.

The diagonal condensation is £ = 1 + ea€/y + epe’z + fcfl, which leaves m% = mam/y,m} =
mpm'’y, mE = memp, €4 1= e, el = ep, €5 = ecmy, deconfined. In the product A' X A2, the deconfined
anyons are generated by

!/ !/ * sk * !/ /! * sk * / ! ! * sk *
elehmams = ejesms, ejesmamboms = ejesms, ezehamimyms = esesmsy. (96)

Therefore A* X A% = (ejeams, e1e3ma, ezeamy). Analyzing the edge mode structure of the RHS, we see
that all three pairs of the Zs generators anti-commute. We have reproduced the correct stacking rule
(1,0,0) X, (0,1,0) = (1,1,1). Had we used the diagonal condensation &, the stacking rule would become
ARy, A2 = (ejeams, e3ma, e3my ), which matches with the bosonic stacking rule (1,0,0)X,(0,1,0) = (1,1,0).
Therefore the new diagonal condensation &; is crucial in obtaining the correct fermionic SPT stacking rule.

In general, for two fermionic phases given by
[w1], [wa] € HAGF,U(1)], their stacking is

] B [ws] = w1+ wz + %yl Uml,  (97)
where
Ui _ Wi(g, Pf) _

measures fermion parity of the edge operator [79.
The extra factor v; U vy accounts for the anti-
commutation between edge operators due to fermion
statistics. The discussion of the Zs x Zo X ZQF—SPT
stacking rule can be generalized to generic GF-SPT,
and the stacking rule (97) can be reproduced by the
stacking of Lagrangian algebras in D(G¥'). The de-
tails of this computation will appear elsewhere.'3

13 We want to point out a potential confusing point. After
taking into account the stacking rule in Eq. (97), the group
structure can still be identified as H2[G¥, U(1)] [90], even
though the correspondence is non-canonical because of the
extra %1/1 Uwvz. We thank Tian Lan for mentioning this to
us.
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VII. BOSONIZATION IN SYMTFT

The crucial difference between SymTFT for
bosonic and fermion symmetries is the choice of ref-
erence boundary condition. If we fix the boundary
condition at Bppys, choosing different boundary con-
ditions amounts to some topological manipulations
acting on the original 1+1D system. A natural ques-
tion to consider is the following: if we fix the bound-
ary condition at Bppys, is there any relation between
the two phases represented by reference boundaries
Afef and Al (given by Eq. (7))? We show in this
section that the relation is exactly bosonization, also
known as Jordan-Wigner transformation in 1+ 1D.
More precisely, if the SymTFT sandwich with Afef
reference boundary represents a 1 + 1D fermionic
phase T with symmetry G, then by changing the
reference boundary to Alr’ef we obtain exactly the
Jordan-Wigner transformation of T, which may have
a different (non-isomorphic) bosonic symmetry GZ.

Bosonization [83, 95, 96] is a general correspon-
dence between bosonic systems (whose fundamen-
tal degrees of freedom are bosonic) and fermionic
systems (whose fundamental degrees of freedom are



fermionic). It offers a unique and effective way
to deal with complex fermionic problems by trans-
forming them into more manageable bosonic prob-
lems. The SymTFT framework we have developed
for fermionic symmetries offers a fresh perspective
on bosonization within the broader context of man-
aging general topological manipulations, as we now
explore.

A. Bosonization of an anomaly-free symmetry

Before we initiate the proof let us review
bosonization/Jordan-Wigner transformation in the
language of topological field theory. Formally,
bosonization is the process of “summing over spin
structures” for the partition function of fermionic
systems. When no gravitational anomaly is present,
bosonization can also be refered to as “gauging
fermion parity”.'* One can also stack the system
with an invertible fermion topological order (e.g. the
Kitaev chain in 1+1D) before summing over spin
structures. These two options result in phases re-
lated by Kramers-Wannier (KW) duality. The stan-
dard Jordan-Wigner transformation, where the triv-
ial fermionic phase is mapped to the trivial bosonic
phase, corresponds to the second choice.

Arf(n +ap + 1)

Arf(n+ ap + 1) Arf(n + Az, +7)
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Following our discussion of spin structure in Sec-
tion VB3, the partition function of a 1 + 1D
fermionic theory coupled to a G¥-spin structure can
be written as Zt(n,ap). The bosonized theory has
an isomorphic symmetry G = GF', therefore it cou-
ples to G-gauge fields. We can split a G = G gauge
field into a Z5-gauge field a,, and a GB-gauge field
ap, with relation da, = a;(p). Here Z% is a sub-
group of the bosonic symmetry GZ, which comes
from the fermion parity subgroup ZZ'. The parti-
tion function of the bosonized theory can then be
written as Zzyy-1(1[ap, ap]. The relation between

Now we derive this result purely within our
construction of SymTFT. The fermionic reference
boundary state with G¥-spin structure (n,ap) is
given by (73)

‘?(naab» =
Arf(n+ Az, +
Z 1r(771 7 T)|AZQaAb:ab>.
Aoy iy may(py VIV 2]l
(100)

Summing over 1 weighted by the Arf invariant, we
have

>

n,dn=aj(p)+w2

JIHM, Z3)| I, >UXA£

3

1Az,

AZ2

where we used relation

|AZ2,Ab = ab> (101)

VIHIM, Zo]|  /[H[M, Zo]|

Qnt+rta, (ap + Azy)

2 Ay, Ay = 102
|H1[M,ZQ]| | Zo s 41b ab> ( 0 )
= ZéapJFAZz |AZ27Ab = ab> (103)
= Az, = ap, Ap = ay), (104)
ZqT = |H'[M, Z5)|6, (105)

Arf(r + z) = Arf(r

the two partition functions is

ZArfn+T+ap)

VIHM, Zs)|

Zaw-1(mlap, ap] =

14 As discussed in [54], for 1 + 1D fermionic systems, when
the gravitational anomaly corresponds to a multiple of 16,
there is still a well-defined procedure of “summing over spin
structures”, which coincides with a properly defined ver-
sion of “gauging fermion parity”. When the gravitational
anomaly is a multiple of 8 but not 16, this process of “gaug-
ing fermion parity” can still be defined but will generate a
fermionic theory instead of a bosonic theory. Hence, there
is a subtle difference between the two concepts that is for-
tunately absent in our context.
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for a spin structure 7 and an @ € H'[M, Zs]. The resulting state | Az, = a,, Ay = ap) is exactly the Dirichlet
boundary with GZ gauge field fixed to the value (a,,a;). Doing the inner product of Eq. (101) with the
state |w) from the physical boundary, we obtain Eq. (99). Therefore the bosonic reference boundary with

AL condensed is exactly tha bosonization of the fermionic boundary with Af;f condensed.

Some examples we have studied in previous sec-
tions can be understood from the perspective of
bosonization. For example, the Majorana CFT is
related to the Ising CFT by bosonization, and we
have seen that the two phases are indeed related by
changing the reference boundary from .Af;f =1+f
to A%, = 1+e. Another example is the e-condensed
reference boundary, this is the Kitaev chain with
Al =1+ f and the SSB phase with A%, = 1+ e.
Indeed the SSB phase of Zs is the bosonization of
the Kitaev chain phase.

Before the end of this subsection, we mention that
the fermionic reference boundary Eq. (100) can also
be interpreted as an invertible interface (called an
Arf interface in [54], and generally a bimodule in
higher dimensions [97]) fused with the bosonic refer-
ence boundary. It is possible to understand various
aspects of bosonization from the interplay of this in-
terface with other invertible defects of the SymTFT,
as initiated in [54]. We defer it to future study.

B. Bosonization of anomalous symmetry

So far the examples studied have non-anomalous
symmetries. In the following we study bosonization
of some anomalous symmetries. What is interest-
ing is that in the presence of anomaly the bosoniza-
tion does not preserve the structure of the symme-
try group. The elementary example is when the
fermionic symmetry is Zo x Z%', this symmetry has
a Zg-classification of anomaly. The bosonization of
the v = 2 level anomaly is a Z4 symmetry with
k = 2 level anomaly. What is even more interest-
ing is the v = 1 level anomaly, this is mapped to the
non-invertible Ising symmetry under bosonization.
These facts once again show that the SymTFT is
what is intrinsic in defining a symmetry instead of
the group structure. We will show how these duali-
ties can be derived from simple SymTFT considera-
tions.

1. Thev =2 anomaly of Zy x Z¥

The SymTFT for the v = 2 anomalous Zg x Z&
symmetry has been derived in Section IV A. Recall
that the theory Z[Zo x ZE,v = 2] is generated by
two order-4 anyons ¢, ¢, which correspond to gauge

(

fluxes of Zo and ZI respectively. They have quan-
tum spins 0y, = 1,04 = e'™/* and mutual statistics
0p.6p = eim/2,

Since Z[Zg X Zg, v = 2] is a non-chiral Abelian
topological order, it must be equivalent to a twisted
Abelian quantum double. Indeed it is equivalent
to the Z,4 twisted quantum double Dy_o(Z4), where
k € H3[Z4,U(1)] labels the twists of Z4. The theory
Dy—2(Z4) is generated by a bosonic gauge charge
e and a flux m with quantum spin 6,, = e"™/4.
The mutual statistics is 0, = €i™/2. We see that
an isomorphism to the theory Z[Zy x Z{,v = 2]
can be achieved by the mapping ¢ ~ m,¢p ~ e.
Consider a bosonic gapped reference boundary of
Z([Zax7E ;v = 2] =2 Dj_5(Z4) obtained by condens-
ing e. The non-trivial defect lines on this bound-
ary are generated by m ~ ¢, which has a Z, fusion
rule and quantum spin 6,, = /4. Therefore if we
choose to condense e on the reference boundary, then
the SymTFT describes a bosonic Z4 symmetry, with
level k = 2 anomaly. This anomaly can also be seen
from the F-symbols of the m-lines. This leads to the
conclusion

The fermionic symmetry Zy x Z& with anomaly
v = 2 is dual to the bosonic symmetry Z, with
anomaly k = 2.

This result has been derived by direct bosonization
in [83], here we see the SymTFT provides a very
simple derivation.

Moreover, we may generalize the “equivalent sym-
metry” principle in [8, 9]to include both bosonic and
fermionic symmetries. We state that, two symme-
tries, either bosonic or fermionic, are equivalent,
if they provide the same set of constraint on lo-
cal symmetric operators. Then, the sets of local
symmetric operators under two equivalent symme-
tries have an one-to-one correspondence and the
same algebraic relations. The Hamiltonians as sums
of those symmetric local operators also have an
one-to-one correspondence, and the corresponding
Hamiltonians have the same spectrum. Based on
the SymTFT framework we developed for fermionic
symmetries, we claim that two symmetries, either
bosonic or fermionic, are equivalent, if they have
isomorphism SymTFT. For instance, the fermionic
symmetry Zg x ZL, with v = 2 anomaly, is equivalent
to the bosonic symmetry Z4 with anomaly k = 2.



2. Thev =1 anomaly of Zo x Z¥

Let us now consider the more exotic case: the root
anomaly of Zo x Z£'. This anomaly is realized on the
boundary of the root phase of 241D Zs-symmetric
topological superconductor. This 241D phase is the
stacking p+4ipXp —ip, with the p+ ip layer charged
under Zy. The SymTFT for the v = 1 anomalous
7o x ZE is then the gauged p+ipKp—ip. This theory,
denoted by Z[Zo x Z& v = 1], is just Ising X Ising.
Denote the Ising anyons by o,v, and the time-
reversal by @, 1, with fusion rules o x o = 1 + ).
Then the flux of Zs is the 7w-flux in the p+ip layer, o.
The Z% flux is the 7-flux in both layers, 0@. 1, are
charged and uncharged fermions respectively, and
) is the charged boson. On the reference bound-
ary we should condense all gauge charges, in this case
¢ and 1. The non-trivial defect lines on the refer-
ence boundary is then generated by o,. With v,
condensed, the flux lines on the reference boundary
indeed have the Z, x Z1" fusion rule: ¢ ~ 1,52 ~ 1.

To obtain the bosonized reference boundary we
make the following observation: Recall in the non-
anomalous case the fermionic reference boundary
condenses the fermionic anyons egm?®, which is the
bosonic gauge charge egr, bound with fermion par-
ity flux m®. Reverse this relation, we may say
the bosonic gauge charge ep, is obtained by bind-
ing a fermion parity flux m? to egm®. Gener-
alize this observation to the current case, we see
that the fermionic charges condensed on the refer-
ence boundary are 1,. If we bind a fermion par-
ity flux 0o to them, we obtain ¢ X 06 = oo and
1 x 06 = 0. Therefore, the bosonized reference
boundary condenses 0@ and 1. Notice that the
theory Z[ZyxZL v = 1] is equivalent to IsingXIsing,
we may also view it as the SymTFT for the Ising
symmetry. The bosonized boundary has o@, 1)1 con-
densed. This is exactly the Lagrangian condensa-
tion that describes the Ising non-invertible symme-
try. Namely, this condensation leaves non-trivial de-
fect lines generated by o = @, = v, with Ising fu-
sionrules o x o =14+, o x¢ =0, Py x¢p =1.
Therefore we have the conclusion the conclusion

The fermionic symmetry Zo x Z&" with anomaly
v = 1 is equivalent to the non-invertible Ising
symmetry.

This fact was understood using techniques of G-
crossed category [84] and further checked by explicit
lattice model constructions [98, 99]. We again see
that SymTFT provides us a systematic and con-
venient way to identify the duality, even between
fermionic symmetry and non-invertible bosonic sym-
metries.
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VIII. SUMMARY AND OUTLOOK

In this work we developed a framework of topolog-
ical holograph for fermionic symmetries of fermionic
systems. For a group-like symmetry G¥ of 1 + 1D
systems, the SymTFT is the 2 + 1D bosonic topo-

logical order D(G¥') together with a fermionic refer-

ence boundary, with a fermionic condensation .Ai;f.

The SymTFT sandwich describes an effective 1+1D
fermionic system with GF symmetry. We showed
how various aspects of fermionic systems, such as
the non-trivial invertible phase modeled by the Ki-
taev chain, dependence on spin structure, etc. are
described in the SymTFT framework. We ana-
lyzed gapped fermionic phases, including the Ki-
taev chain and fermionic SPTs via the SymTFT.
We showed that the SymTFT gives full characteri-
zation of fermionic invertible phases, including their
partition function, edge modes, and their stacking
rules.

We also studied fermionic gapless phases and crit-
ical points in SymTFT. We reproduced the partition
function of the Majorana CFT via SymTFT. More-
over, we used the SymTFT framework to construct
an example of an intrinisically-fermionic, intrinsi-
cally gapless SPT with Zg symmetry, uncover its
edge-mode structure, and showed how the SymTFT
structure can be directly used to construct a field
theory description of this phase. This demon-
strated that beyond reproducing known properties
of phases, the SymTFT also has proved to be a useful
theoretical tool for designing novel gapless phases.

Finally, we addressed the issue of bosonization in
the context of SymTFT. We showed that bosoniza-
tion in SymTFT amounts to changing the reference
boundary from the fermionic condensation AL to

ref

the bosonic condensation A%;. With this under-
standing, we showed that the v = 1 anomalous
Zo x 75 symmetry bosonizes to the non-invertible
Ising symmetry and the v = 2 anomalous Zy x Z%
symmetry bosonizes to the £ = 2 bosonic Z4 sym-
metry.

We end this paper with a few comments.

1. There are other works discussing the construc-
tion of SymTFT for fermionic systems, includ-
ing [14, 31, 55]. In particular, in [55], the au-
thors used a 4d-3d-2d construction to build the
SymTFT for a 1 + 1D fermionic system. The
whole system is constructed from a rigid sym-
metric monoidal 4-category called BrFus ac-
cording to the cobordism hypothesis [100, 101].
The 4d bulk is a Crane-Yetter like theory,
which is “Morita equivalent” to the trivial the-
ory. After trivializing the 4d bulk, we believe
that their construction matches with our con-



struction.

. These references also suggest that it may be
possible to construct the SymTFT for 1+ 1D
fermionic systems from a 2 4+ 1D fermionic
topological order. It is interesting to work out
the details and rederive our results using this
approach.

. It is also interesting to extend our ap-
proach to 1 4+ 1D systems with gravitational
anomaly /nonzero chiral central charge. We ex-
pect that the 2 + 1D SymTFT should corre-
spond to a chiral topological order. See [54, 55]
for some construction in this direction.

. In this work we focused mostly on invert-
ible fermionic symmetries in 1 + 1D. We ex-
pect that the framework established in this
work can be naturally generalized to non-
invertible fermionic symmetries. A non-
invertible fermionic symmetry is described by
a super-fusion category with a distinguished
order 2 invertible element as the fermion par-
ity symmetry. In particular, we expect that
if the fermion parity Z% is non-anomalous,
then the SymTFT for a super-fusion categori-
cal symmetry F is the bosonic topological or-
der Z[F], where JF, is the bosonization (also
known as the modular extension [88]) of the
super-fusion category F. However, on the ref-
erence boundary of Z[F}], there should be a
canonical fermionic condensation, to ensure
the SymTFT sandwich describes the original
fermionic symmetry F. In particular, this
fermionic reference boundary should be related
to the standard bosonic reference boundary by
“binding fermion parity flux”, similar to the
relation between A% and A{ef we discussed in
Section V A 1.

. In higher dimensions, one may attempt to use
the tools of higher fusion categories and its
center to formulate the SymTFT [8, 9]. From
a more physical point of view, the SymTFT
is simply the “gauged SPT” in one dimension
higher. For instance, for the fermionic par-
ity Z% in 2 + 1D, the SymTFT is simply the
gauged 3 + 1D trivial insulator, also known
as the 3 + 1D toric code with a fermionic
charge. The theory of boson condensation
in 3+ 1D has been developed in [102, 103].
It would be interesting to develop the theory
of fermionic condensation in 3 + 1D and ap-
ply it to the SymTFT theory. For instance,
non-Lagrangian fermionic condensation in the
SymTFT of a 2 + 1D fermionic symmetry
would correspond to fermionic 2 + 1D gSPTs.
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Note — Near the end of this work, we learn that
Inamura-Ohmori group is also working on the con-
struction of SymTFT for 1 4+ 1D fermionic sys-
tems [55]. As far as we understand, our construc-
tion matches with their construction when no grav-
itational anomaly is present. See the discussion
of Section VIII for more details. We also learn
that there are some discussions about SymTFT for
1+ 1D fermionic systems in [54], mostly focusing on
bosonization.

Appendix A: Quantum double and its
condensable algebra

We review the structure of the braided fusion cat-
egory D(G) =2 Z[Vecg], the category that describes
the IR limit of the Kitaev quantum double lattice
model. All linear spaces are over C.

An object of D(G) is a finite dimensional G-
graded linear space X = @gcqX,y together with a
G-action ¢ : G — End(X), such that ¢(g)(Xn) C
Xgnhg-1- Such a G-action is called a compatible
one. We will abbreviate the G-action ¢(g)(v) as
gxv, Yo € X. The grading of a vector v will be
denoted by |v| € G. The support of a graded vector
space is supp(X) := {g € G| X, # 0}.

A morphism between two objects X,Y is a grad-
ing preserving linear map f : X, — Y}, that pre-
serves the G-action, h x of = f o hx. The monoidal
product of two objects is the tensor product of vector
spaces with grading

(X®Y)y =P Xn® Viy, (A1)
h
and G-action
gx(rRy)=g*xrRg*y. (A2)
The braiding is defined by
Rxy X®Y =2Y®X, (A3)
r@y— (gxy) Qux,if |z = g. (A4)
And the associator is trivial
Fxyz: (z2Qy)®z—2® (y® z). (A5)

The quantum dimension of an object is its dimension
as a linear space.



Let us look at some examples of objects in this
category.

a. Objects with trivial support. If an object is
supported only at the identity element, i.e. X =
X.. Then the G-action maps X, — X., and form
a representation of G. This kind of objects, labelled
by representations of G, are called gauge charges.
They form a fusion sub-category of D(G), namely
Rep(G).

b. Objects with trivial G-action. The G-action
by h always maps the g-component of an object to
its hgh~'-component. Therefore the support of an
object is always closed under conjugation. Take a
conjugacy class o, and consider the G-graded vector
space

(A6)

Denote the basis of the g-component as e,. Define a
compatible G-action on X as h * ¢4 := epgp-1. This
family of objects are labelled by conjugacy classes of
G, and are called gauge fluxes. They form a fusion
sub-category of D(G), namely Vecg.

c. General simple objects The support of a gen-
eral simple object of D(G) still needs to be closed
under conjugation. Therefore a simple object has
its support in a conjugacy class of G, 0. Take a
g € 0. The g-component of the object, X, carries
an representation of the centralizer Cs(g), and the
G-action on X is induced from this representation of
Cc(g). Therefore, a general simple object of D(QG) is
labelled as (o, 1), where o is a conjugacy class of G,
and r € Rep(Cg (o). If both o and r are non-trivial,
the object is called a dyon.

X = @ged(cg

Appendix B: Fermionic boundary of toric code
and spin structures

In this appendix we provide a lattice model for
the f-condensed boundary of 2+ 1D toric code and
show that the spin structure of the physical fermions
is related to the expectation value of the f-loop on
the f-condensed boundary.

1. Setup

The toric code is defined on a sqaure lattice. Ev-
ery edge of the lattice has a two dimensional Hilbert
space C2, e € E. The Pauli operators on an edge e is
denoted by X,, Z.. We will also denote the edge con-
necting two vertices v1, v as vyve. The bulk Hamil-
tonian consists of two types of terms. The first type
is vertex terms, defined for every vertex v as

A, = H Xow

vweE

(B1)
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The second type is plaqutte terms, defined for every
plaqutte p of the lattice as

B, = H Z..

e€Op

(B2)

The bulk Hamiltonian is then sum of all vertex and
plaqutte terms,

H=-% A,-) B,

veV pEF

(B3)

Since the Hamiltonian is a commuting projector one,
the ground state is characterized by all vertex and
plaqutte terms having eigenvalue +1.The excitations
of this model can be labelled by the violations of ver-
tex and plaquette terms. Violation of a vertex term
will be called an e particle. Violation of a plaqutte
term will be called an m particle. An adjacent pair
of e and m is called an f particle. String opera-
tors can be used to create pairs of excitations. The
string operators associated with particles e, m, f will
be called e/m/ f-string respectively. An e-string is
defined on a path of the direct lattice as follows. Let
[ = vgvy - - - v, be a path on the direct lattice. Then

n—1
Sp = H Zvvi (B4)
=0

which creates a pair of e particles at vertices vg, vy,.
An m-string is defined on a path of the dual lattice
as follows. Let | = 0¢0; - - - U, be a path of the dual
lattice. For every edge ;9,11 of the dual lattice, it
intersects a unique edge of the direct lattice, denoted
by e;. Then

n—1
sr= ][ Xe, (B5)
=0

An f-string is defined by an e-string and an adjacent
m-string. The three types of string operators are
depicted in Fig 17.

2. The f-boundary of toric code

Now consider the square lattice with a rough
boundary as shown in Fig B. The top array of edges
are called boundary edges. The set of boundary
edges is denoted by Fjy. In addition to the C? spin
degrees of freedom, we put a local fermion at ev-
ery boundary edge, with a pair of Majorana opera-
tors ¢;,¢;, Ve; € Fg. Next we define the boundary
Hamiltonian terms. There are two types of terms.
The first type is defined on every boundary edge,
denoted by Tj,

CTZ' = —XiEiCi. (BG)
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FIG. 17. The toric code lattice model. Representa-
tives of the three types of string operators are shown.
The excitations created at their ends are shown as
red/blue/purple boxes.

The second is defined on every “horseshoe” plaque-
tte as follows. For every adjacent boundary edges
ei,€i+1, there is a unique bulk edge e;, 1,2 connect-
ing the two boundary edges. Then the horseshoe
term is defined as

—(Zici)Ziy1/2(Zip1Cit1)

The two types of boundary terms are depicted in
Fig 18. It is straightforward to see that the two
types of boundary terms commute with each other
and also commute with all bulk Hamiltonian terms.
We then define the boundary Hamiltonian to be sum
of all K; and T; terms. On every boundary edge
there are two degrees of freedom, one spin and one
fermion. Since there are also two boundary terms
per boundary edge, the bulk+boundary Hamilto-
nian defines toric code with a gapped boundary.
We now verify that this gapped boundary corre-
sponds to the fc-condensed boundary of toric code.
To show the anyon f is condensed on the bound-
ary, observe the string operator depicted in Fig. B.
The bulk part of this string operator is an f-string.
However, there is a fermion operator ¢ attached to
its end on the boundary. It is straightforward to
verify that this string operator does not violate any
bulk or boundary terms. Therefore, an f-particle
can be moved from the bulk to the boundary and
annihilated via this type of string operators. This
shows f is indeed condensed on the boundary.

K, = (B7)

3. Lattice version of Z{-SymTFT

We now consider the ZI'-SymTFT setup. Namely,
we consider the lattice to be extensive in the hori-
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FIG. 18. Top: Two types of boundary Hamiltonian
terms for the f-boundary. Purple string: an f-string
that ends on the boundary. The endpoint has an oper-
ator ¢ attached. The purple string commutes with all
bulk and boundary Hamiltonian terms.

zontal direction but finite in the vertical direction.
The top boundary is the f-condensed boundary as
we constructed above. The bottom boundary does
not need to be specified for now. Recall that in
the construction of SymTFT in Section I1I we used
horizontal m-strings to represent the fermion parity
operator. We now verify this in the lattice model.
Consider the horizontal m-string as shown in Fig 19.
Using the bulk vertex terms, we may move the m-
string up towards the f-boundary. Therefore on the
ground space of the system, the bulk m-string is
equivalent to the boundary m-string

sr= [ x. (B8)

e;€EEp

Now use the boundary term T; = X;¢;c;, we see that
on the ground space the m-string is equivalent to

Slln = HEiCi, (Bg)

which is indeed the fermion parity operator.

Notice that we can re-define the local Hilbert
spaces of the boundary fermions to be formed by the
pairs ¢;, ¢;+1, instead of The pairs ¢;,¢;. If we make
this choice, the horizontal e-strings will become the
fermion parity operator, instead of m-strings. This
confirms that the choice of representative of fermion
parity in the Z£-SymTFT is ambiguous, and this
ambiguity exactly corresponds to the ambiguity of
defining local Hilbert spaces of a closed 1 + 1D
fermion chain.

Next we confirm the relation between the expec-
tation value of f-string on the f-boundary and spin



FIG. 19. A horizontal m-string in the D(Z2) sandwich.

N
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FIG. 20. A horizontal f-string in the D(Z) sandwich.

structures of the local fermions in the lattice model.
Consider the case where all T; terms in the boundary
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Hamiltonian have the same sign(-1 for now), corre-
sponding to spatially periodic boundary condition
for the fermions. Now let us try to absorb an f-
string onto the f-condensed boundary. Let ST be a
horizontal f-string, as shown in Fig. 20. By using
the bulk vertex and plaquette terms, we may move
the f-string up towards the f-boundary. Then this
f-string is equivalent to the boundary f-string

Sf = HZH_l/Q HXZ

Now using the boundary termss K;,7T; we may
rewrite Z; 1/ as Z;Zi11CiCit1, and rewrite X; as
¢;c;. We obtain

Sf = Hciéiqu HEiCi =—1.
i %

This confirms that for periodic boundary conditions,
the f string on the f-condensed boundary has ex-
pectation value —1. On the other hand, the anti-
periodic boundary condition can be achieved by flip-
ping the sign of one(or any odd number) of the
boundary K; terms. This leads to S/ = 1 on ground
space. This matches with the result of the diagram-
matic argument we presented in I1T A 2.

(B10)
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