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Abstract

Starting from holography for IIB string theory on AdS3 X A4 with NS-NS flux,
the TsT/TT correspondence is a conjecture that a TsT transformation on the
string theory side is holographically dual to the single-trace version of the T'T
deformation on the field theory side. More precisely, the long string sector of
string theory on the TsT-transformed background corresponds to the symmet-
ric product theory whose seed theory is the TT-deformed CFT5. In this paper,
we study the asymptotic symmetry of the string theory in the bulk. We find a
state-dependent, non-local field redefinition under which the worldsheet equa-
tions of motion, stress tensor, as well as the symplectic form of string theory
after the TsT transformation are mapped to those before the TsT transfor-
mation. The asymptotic symmetry in the auxiliary AdS basis is generated
by two commuting Virasoro generators, while in the TsT transformed basis is
non-linear and non-local. Our result from string theory analysis is compatible
with that of the TT deformed CFTs.

Copyright attribution to authors. )
Received Date

Accepted Date
Published Date

This work is a submission to SciPost Physics.
License information to appear upon publication.

Publication information to appear upon publication.

Contents

1 Introduction 2

2 The TsT/TT correspondence 4

3 Asymptotic symmetry from the worldsheet theory 5
3.1 Asymptotic symmetry from the worldsheet theory 5
3.2 1IB string theory on AdSs x 8

4 TsT transformation and the nonlocal map 10
4.1 TsT transformation on the string worldsheet 11
4.2 TsT as a field redefinition 12
4.3 TsT as a canonical transformation 14

5 Asymptotic symmetry for strings on TsT deformed AdS3 18
5.1 The asymptotic symmetry in the X* variables 18
5.2 The asymptotic symmetry for the TsT strings 20



17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

SciPost Physics Submission

5.3 The quantum algebra 23
5.4 The fate of the spacetime Kac-Moody algebra 25
References 26

1 Introduction

The TsT/TT correspondence [1,2] is a tractable toy model of holographic duality beyond
the AdS/CFT correspondence constructed in string theory. The duality can be constructed
by deforming an example of the AdS3/CFTy correspondence from both sides. Before the
deformation, the bulk theory is IIB string theory on AdSz x .47 supported by NS-NS flux
with electric charge N and magnetic charge k. The background admits a weakly coupled
string worldsheet description via the WZW model, the spectrum of which contains a short
string sector with discrete representation and a long string sector with a continuum [3].
For superstring theory with £ = 1 or bosonic string with k¥ = 3, the short string sector
disappears and the continuum is truncated so that the full spectrum is still discrete. In
this case, the holographic dual theory is given by the symmetric product CFT denoted by
AN /Sy [4,5].0 For generic values of k, the spectrum of the long string sector can still
be matched with a symmetric product of Liouville CFT [7], whereas the full holographic
theory requires a marginal deformation in order to incorporate the short string sector
[8-10]. The TsT/TT correspondence [2,11-13] deforms the aforementioned example of
AdS3/CFTy correspondence by a TsT transformation in the bulk string theory, and a
single-trace TT deformation on the dual CFT, side.

On the boundary side, the single-trace TT deformation [1] of a symmetric product
CFT 4" /Sy is also a symmetric product ﬂ%vf /SN, where the seed theory M ; is the
usual TT deformation [14-16] of the seed CFT . So far it is not clear how to define a
single-trace T'T deformation in the full spacetime CFT at a generic value of k, although
the existence of such a deformation is expected. On the bulk side, the holographic dual is
related to strings on some linear dilaton background, which can be described by a current-
current deformation of the WZW model [17], and more generally by the TsT-transformed
backgrounds [2]. TsT transformations are solution-generating techniques in supergravity,
which can be used to generate new string backgrounds that are not asymptotically AdS
or locally AdS. In higher dimensions, TsT transformations have been shown to be holo-
graphically dual to non-commutative, dipole, or 5 deformations [18,19]. The connection
between TsT transformations and solvable irrelevant deformations of CFT9 was first ob-
served in the example of warped AdSs3 spacetime and single-trace JT deformation [11],
generalized to the O(d, d) deformations [12,13], and systematically studied in [2,20].

The TsT/TT correspondence provides a tractable model of flat holography in three
spacetime dimensions with linear dilaton. The spectrum of the long string sector can be
shown to match that of the single-trace TT deformed CFT, both in the untwisted sector
[1,2] and in the twisted sector [21]. A family of solutions containing both the black hole
solutions and the smooth solution dual to the NS-NS ground state have been constructed,
where the entropy and the gravitational charges of black holes can be reproduced by

!See also [6] for an interpretation of the holographic dual theory as a grand canonical ensemble of free
symmetric product CFTs. In this paper, we mainly focus on the string worldsheet theory and the different
interpretations of the holographic dual do not affect subsequent discussions.
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the single-trace TT deformed CFTs [2,20], see also [22-25]. The partition function from
string theory calculation [26] and from field theory calculation [21] are compatible with
each other. See also [27] for interesting discussions of S-duality and UV completion of the
theory by studying the partition sum. Due to the irrelevant nature of the 7T deformation,
the calculation of the correlation functions has been challenging, with perturbative results
in [28-32], and a non-perturbative flow equation and Callan-Symanzik equation in [33,34].
More recently, progress on non-perturbative calculations of the correlation functions in
momentum space has been made both from the string theory side [35] and from the field
theory side [36], the results of which are compatible in the high momentum limit. With
a certain choice of normalization, two-point functions in the momentum space can be
obtained from the CFT ones by a momentum-dependent shift of the conformal weights.
This strongly suggests the possibility of finding underlying Virasoro symmetries, albeit
non-local, in both the bulk and the boundary in the TsT/TT correspondence. This has
been shown to be indeed the case in the single-trace TT deformed CFTy [37], a result
which is based on previous work on double trace TT deformations [38]. In the bulk, we
expect to find the asymptotic symmetry to have the same structure, which is the main
focus of this paper.

In this paper, we further explore the TsT/TT correspondence by studying the asymp-
totic symmetries of the bulk string theory after the TsT transformation. The notion of
asymptotic symmetry is crucial for a rigorous definition of conserved quantities such as
energy in a theory of gravity. It also plays an important role in the bottom-up approach of
holographic duality. The coincidence between the asymptotic symmetry on AdSs space-
time [39] and the conformal group in two dimensions indicates the potential existence of
the AdS3/CFTy correspondence. The discovery of BMS group [40-43] in asymptotically
flat spacetime has also fostered the recent development of celestial holography, reviews of
which can be found in e.g. [44-46]. Assuming the asymptotic Killing vectors found from
the analysis of Einstein gravity, generators of the asymptotic symmetry for AdSs space-
time can be written as vertex operators on the worldsheet theory [47-49]. In [50], it is
further observed that the boundary conditions imposed on the spacetime fields can be in-
terpreted as falloff conditions on the worldsheet equations of motion and constraints. This
provides a way of directly finding the asymptotic symmetries from the worldsheet theory.
In this paper, we apply this method to the TsT/TT correspondence. A useful feature of
TsT transformation is that a non-local field redefinition can map both the equations and
the stress tensor after the transformation to those before [19]. This map, however, does
not preserve the boundary conditions of the worldsheet fields. In section 4, we will further
introduce a state-dependent nonlocal rescaling to restore the correct boundary conditions.
Under the combined non-local field redefinition (53) with some specific integration con-
stants (65), the equations of motion, stress tensor, boundary conditions, as well as the
symplectic form of the string theory after the TsT transformation are mapped to those
before the TsT deformation, the latter of which is referred to as the auxiliary AdS string
theory. There will then be two natural sets of variables: those in the TsT transformed
theory and those in the auxiliary AdS string theory. The asymptotic symmetry in the
auxiliary AdS basis is generated by two commuting Virasoro generators, while in the TsT
transformed basis is non-linear and non-local. The result in this paper is consistent with
the correlation functions [35,36], symmetries of the TT deformation [38], as well as the
perturbative analysis of asymptotic symmetry in supergravity [51].

The layout of this paper is as follows: in section 2 we review the basic setup of the
TsT/TT correspondence, in section 3 we review asymptotic symmetries for string theory
on AdSs, in section 4 we discuss the nonlocal map which relates string theories before and
after the TsT transformation, and in section 5 we discuss asymptotic symmetries for the
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TsT transformed string theory.

2 The TsT/TT correspondence

The long-string sector of string theory on the TsT transformed AdSs background shares
many similar features with the single-trace TT deformation of the boundary CFT5. ? Here
we will briefly review the key ingredients of the holographic dictionary, mostly following
the conventions of [2,35].

The TsT transformations can be defined for any string theory background with two
U(1) isometries [18]. Let us denote the undeformed U (1) x U(1) directions as (&', #?). TsT
means that we first perform T-duality along the #! circle, then shift #% to 22 by mixing
with x!, namely #? = 2% — 2Az!/k, and finally carry out T-duality along z! again. For
nonzero A this leads to new supergravity backgrounds with new U(1) x U(1) coordinates
(x',2?), due to the nontrivial shift sandwiched between the two T-dualities. Crucially, it
has been observed that the TsT transformation can be realized on the worldsheet by a
current-current deformation parametrized by A:

as, 1 o
8)\__7%/‘7/\‘7’ (1)

where j and j are worldsheet current 1-forms associated with the two U(1) symmetries
of translation in the target space, and k is the number of NS5 branes generating the
undeformed AdS3 background. Note that j and j on the right-hand side are U(1) currents
of the deformed theory at parameter A, and thus (1) should be understood as a differential
equation for the flow of worldsheet action. The deformation is expected to preserve these
two U(1) symmetries along the flow, and to be exactly marginal on the worldsheet. We
will now focus on type IIB string theory on AdS3 with pure NS-NS flux, which features
two U(1) null directions, here denoted as (u,?). These are also the coordinates of the
dual CFTs. Let us now restrict to the long string sector in this background, the spectrum
of which coincides with a symmetric orbifold .#" /Sy, where 4 is the seed CFT which
contains a Liouville part [7]. For the a-th copy in the symmetric product, the boundary
symmetry currents corresponding to the (@, 0) shift symmetries are

J = T%dx" = T dx + T.dz, @
J =Teda' = T2, dx + T2 dz.

It would be natural to assume that the TsT transformed AdSs, generated by the current-
current deformation as in (1), would correspond to some deformation with a similar struc-
ture on the boundary CFTy. Indeed, the worldsheet deformation (1) corresponds to a
deformation summing over each seed theory # of the symmetric orbifold:

BSM_ 1 al a Ta
au_n;/‘] AJ% (3)

The integrand J® A J¢ is proportional to the stress tensor determinant det Tfj”, so this is

precisely the TT deformation [14-16] on the a-th seed theory. The full deformation is

2As the string theory in the bulk also contains the short string sector, the dual field theory is not a
symmetric product theory even before the deformation. Nevertheless we expect that the full theory of
the deformed CFT, although not been precisely defined so far, still share some similar features of the
single-trace T'T deformation.
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obtained by summing over the index a = 1,---, N, which leads to the single-trace TT
deformation on the dual field theory side.

A crucial evidence for the TsT/TT correspondence is the agreement of the deformed
spectrum on a cylinder of radius R:

_wR

E(p) = Z

= \/ 1+ %E(O) + j2l£4j(0)2 L T = J(0), (@)

where w labels the w-twisted sector of the symmetric orbifold at the boundary, which
corresponds to the winding number of a long string in the bulk. The deformed spectrum in
the twisted sector can be independently obtained from the field theory side with the single-
trace T'T deformation [21], and from the string theory side with worldsheet analysis [2,17],
if we identify the parameters:

A=10u, (=R (5)

The fact that the deformed spectrum is solvable suggests strongly that the deformed
theory is constrained by additional symmetries. Field theoretic and supergravity analysis
of symmetries in T'T-deformed CFTs have been previously discussed in e.g. [37,38,51-53].
In this paper we will attack the problem from the perspective of worldsheet string theory

(1).

3 Asymptotic symmetry from the worldsheet theory

In this section, we explain the strategy of studying asymptotic symmetry from the string
worldsheet proposed in [50], and review the relevant results on string theory on AdSs x /4
with NS-NS flux.

3.1 Asymptotic symmetry from the worldsheet theory

In a usual quantum field theory without gravity, translational symmetry and Lorentzian
invariance are continuous global symmetries, which according to Noether’s theorem are
generated by conserved charges. In a theory containing gravity, gravitational charges can
be similarly defined using the Noether procedure after specifying the boundary condi-
tions [54], under which diffeomorphisms are classified into three types: large, small, and
forbidden. Forbidden diffeomorphisms violate the boundary conditions and hence are not
allowed. Small diffeomorphisms fall off fast near the boundary and are trivial gauge redun-
dancies. The most interesting ones are large diffeomorphisms which preserve the boundary
conditions but have a non-trivial effect at the boundary. Due to the boundary conditions,
large diffeomorphisms are no longer gauge redundancies, but instead symmetry transfor-
mations that map states to states in the Hilbert space. The asymptotic symmetry group
is formed by these large diffeomorphisms.

For Einstein gravity with negative cosmological constant in three dimensions, Brown
and Henneaux [39] found consistent boundary conditions under which the asymptotic
group is generated by left and right-moving Virasoro generators. To describe IIB string
theory on AdS3 x /" with NS-NS flux, the three-dimensional gravity has to also include a
dilaton and a Kalb-Ramond 2-form field. Under the boundary conditions [50], it is found
that Virasoro generators are accompanied by a large gauge transformation of the 2-form
field. Nevertheless, the resulting conserved charges and the asymptotic group remain the
same as in pure Einstein gravity.

Now let us consider asymptotic symmetries on the string worldsheet. In the WZW
model which describes the three-dimensional part of IIB string theory on AdSs x A with
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NS-NS flux, vertex operators [47,48,55] on the worldsheet have been written down as the
Virasoro generators in the target spacetime. It is shown in [50] that the asymptotic Killing
vectors can be directly worked out by requiring that the worldsheet equations of motion
and constraints are satisfied near the asymptotic boundary in the target spacetime. Sym-
metry generators on the worldsheet are then interpreted as Noether charges. Asymptotic
symmetries on the string worldsheet for flat spacetime have been discussed in [50,56-58].
In the following, we explain the main steps of finding the asymptotic symmetries on the
worldsheet in [50].

The asymptotic Killing vectors

Consider the bosonic part of worldsheet action of string theory in the conformal gauge
with target spacetime metric G, and Kalb-Ramond field B,
1
4ol

S =

/ 2 My, dX'0X", My = Gy + By, (6)

Given a specific background M,,,, a spacetime diffeomorphism
Se XM = ¢t (7)

is an asymptotic symmetry if the worldsheet equations of motion and stress tensor are
preserved near the boundary?®

3¢ (5(MM6X“) + (M, dX") — c‘AMW@X“éX”) 0,
(5§Tws — 0, 5§Tws — 0.

These conditions will in principle enable us to solve for the asymptotic Killing vectors &.
The generators of the asymptotic symmetry can be written down either in the Lagrangian
formalism or in the Hamiltonian formalism.

(8)

Charges in the Lagrangian formalism

To derive the Noether charge in the Lagrangian formalism, we note that the variation
of the action under a diffeomorphism €(z,z) &* and background gauge transformation
denBuy = 0,(eA,) — 0, (eA,,) is given by

1 _
dec.enS = 5~ d*z(eVy + Oejiz + Oej),
s

1 1 5
Jz = J(f”Muu —Ap)OX*,  jz= &(f“Muv +A,)0X", 9)

V= é(ngu,, + Ouhy = OyA, ) OXPOX,
which after using the equations of motion satisfies the divergence law
9j. +0jz = V. (10)
If we can find A, so that the vertex V' vanishes on-shell at the boundary, the Noether

charge is then given by
1
J = o <7{ dzj, — fdsz> - (11)

In [50], it is shown that spacetime Virasoro generators in the SL(2,R) WZW model and
BMS3 generators in string theory on three-dimensional flat space can both be derived
using this procedure. In particular, the large gauge transformation is necessary for the
vertex to vanish asymptotically.

3The falloff should be further specified in explicit examples.

6



208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

SciPost Physics Submission

Charges in the Hamiltonian formalism

Now let us consider charges in the Hamiltonian formalism in a phase space parameterized
by ¢! € {a*,p,, p=1,---d}, with the canonical symplectic structure

1
w= §w1J(5qI A bq” (12)
where wyy are independent of ¢!, 2* are the coordinates of the target spacetime and Du
are the momenta. Suppose a translation in the phase space along 5§q1 = ¢! is generated
by the charge H¢, then for an arbitrary functional P of q', we have

0P 0P dH
§eP=¢' "= = {P H} =/ =% 13
where w!” is the inverse of wyy. The above equation implies the relation
0H,
I 1J941¢

which further allows us to derive the infinitesimal charge defined near a point in the phase
space as

0H¢
dq!

For a consistent choice of the tangent vector ¢/ in the phase space satisfying (14), the
infinitesimal charge 6 H¢ is a closed 1-form in the phase space and thus should be integrable.
Therefore charge integrability can be used as a consistent condition for £7.

For the purpose of discussing asymptotic symmetries on the worldsheet theory, we can
determine the phase space vector ¢! from its components in the spacetime coordinates
§H = b¢axt, p = 1,---d, following the procedure proposed in [50]. For a given spacetime
diffeomorphism £* = {z#, H¢}, we can determine the variation of the momentum by
requiring the following conditions

0H: = 6q¢' = -8 wis6¢7. (15)

5§H = {H, HE} — 0,
{glaH} - {{ql7 H}7H§} = {qI) {H§7 H}} — 07 qI € {xuvpl/}a

where the arrow denotes the limit as it approaches the asymptotic boundary. Explicit
falloff conditions will be further specified in different examples. The first condition in
(16) indicates that the Hamiltonian is preserved by the transformation generated by Hg
in the asymptotic region, or equivalently the charge H¢ is asymptotically preserved. The
second equation in (16) is a combination of the Jacobi identity and the charge conservation
condition, and the physical meaning is that the transformation H is compatible with the
Hamiltonian evolution and thus preserves the equations of motion asymptotically.

Solving the equations (16) for the vector ¢/, and plugging the solutions into (15), we
get the infinitesimal charge that generates transformation ¢ in the phase space, which if
integrable, can be further integrated to obtain the finite charge H¢. In [50], this procedure
has been used to derive the charges that generate asymptotic symmetries of the SL(2,R)
WZW model and string theory on three-dimensional flat spacetime. In this paper, we
will further carry out the analysis of the string worldsheet theory obtained from the TsT
transformation of the WZW model.

(16)
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3.2 IIB string theory on AdS; x /4

The three dimensional part of IIB string theory on asymptotically AdSs x /4 background
with NS-NS background can be described by the SL(2,R) WZW model, a theory that
has been studied extensively in the literature. The spectrum [3,59,60] contains both the
long string sector and the short string sector. For superstring with NS5-brane charge
k = 1, or bosonic string with k£ = 3, it has been demonstrated that the holographic dual
is given by a symmetric product CFT [5]. For generic k, while the long string sector can
still be holographically described by a symmetric product CFT [7], the symmetric product
structure is necessarily broken [8-10] in order to include the short string sector.

We are interested in the asymptotic symmetry. For that purpose, it is convenient
to consider cylindrical boundaries, a setup where Brown-Henneaux boundary conditions
[39] were imposed in pure Einstein gravity. The phase space is usually described by the
Banados metrics in the Fefferman-Graham gauge and contains the global AdS; and BTZ
black holes. In particular, the string background with a non-rotating BTZ background
with zero mass can be written in the string frame by

3% = 1? {d<£2 + exp(2) dia df;} . (@) ~ (@ + 2m, &+ 2m),

N 2 -
Buy = — exp(26) di A di, (17)

5 k
e = Ne*wo, kE=0%/0%

where we have omitted the internal spacetime, and used the lightcone coordinates @ := ¢+t
and ¥ := @ — t. The magnetic charge k = ¢2/¢2 specifies how large the curvature scale
is compared to the string scale. A small value of k indicates strong stringy effects. N
is the electric charge, which is assumed to be large. Using the plane coordinate on the
worldsheet with z := exp(i(c —i7)) and z := exp(—i(c +1i7)), the string worldsheet theory
on (17) can be written in the conformal gauge as

1

S =
4o/

/ d*2M,, 03" 93" = % / d%z {a&éé + exp(2g5)5aa@} (18)
where d%z = dz dz. The stress tensor is
Tws = —k 09p0¢p — k exp(2¢) Oudv. (19)

At the quantum level, the level of the WZW model acquires a shift and the action reads
[47,61,62]

- 1 S - 1-
S = o / dz* {(k: —2)0¢0¢ + k exp(2¢)0udv — 4¢Rws} (20)
where R, is the worldsheet curvature which vanishes on a flat worldsheet metric. Through-

out this paper, we only focus on flat worldsheets where the last term in (20) does not play
a role except for deriving the stress tensor, the latter of which is given by

Tws = —(k — 2) 9p0¢ — k exp(20)0udv — 8. (21)

The background (17) is invariant under translations along u and v, which are generated
by the Noether currents on the worldsheet,

Jo = kexp(2¢) 95, jo = kexp(24) di, (22)
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with Noether charges

%:—;fjﬁgxt%:—;fm%@. (23)

The worldsheet equations of motion can be written as
90¢ — exp(24)9udv = 0
7~‘<b :‘p( ?) (24)

djo = 0jo =0

where the second line is just the conservation law for the two U(1) currents (22). The
OPEs in the large ¢ limit is given by,

Asymptotic symmetries for strings on AdSs

As explained in [50] and summarized in section 3.1, asymptotic Killing vectors can be
determined by requiring the variation of the worldsheet equation of motion to vanish up
to specific orders at the boundary. For massless BTZ, we impose the following boundary
conditions on the equations of motion,

DOE? — 262 exp(20) 01D — exp(2¢) DELDT — exp(2¢) DGIE® = 6(exp(—4p)),
0 (exp(26)08" + 26% exp(26)07 ) = O(exp(~20)), (26)
0 (exp(20)9€" + 26¢ exp(20)0i) = O(exp(~29)).

In addition, we note that finiteness of the currents (22) implies that u is asymptotically

chiral and v is anti-chiral. To preserve this property, we need to impose the chirality
condition on the asymptotic Killing vector,

96" = O(exp(—29)), 0" = O(exp(—29)). (27)

Solving the asymptotic on-shell condition and chirality condition, we obtain the Brown-
Henneaux asymptotic Killing vectors [39]

§= "0+ 05+ £20; (28)

where

£ = f(i) — 5 exp(~20)1"(0) + O(exp(~4))

& = J(3) — 5 expl(~20) (@) + O(exp(~43), (29)
£ =~ 7(@) — 3 (0) + Olexp(~2).

The above procedure can also be carried out for all the Bafiados metrics. In the Ferfferman-
Graham gauge, we will obtain the same asymptotic on-shell condition (26) and chirality
conditions (27). As a consequence, we will find the same asymptotic Killing vectors (29).

The Noether charges that generate the above asymptotic symmetry transformation can
be written down using (9), where the gauge parameter can be determined by requiring
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the vertex to vanish. For AdSs, the Noether current for the symmetry parameterized by
f(a) is given by

o = kf(@)exp(20) 95 — (k= 2)f'(0) 95, jz=——5—

s = kf(0) exp(29) i — (k —2) ' (0) 06, j. = ———

and the Noether charges are given by

jf_zlﬂ(jfdzjz—}[dzjg), Nf—;r(—jédijg—l-j{dzl). (31)

For completeness, we have kept the anti-chiral component jz, which is necessary to gen-
erate the e 22 f"(1) term in (28). As this term is subleading, the current generating the
transformation parameterized by f(@) is chiral near the asymptotic boundary.

The asymptotic Killing vectors (28) have to preserve the periodic identification
(@,0) ~ (4 + 2m, 0 + 2m), which restricts f(a) to be a periodic function of @. One can
expand the periodic functions in Fourier modes

S
Il

(30)

S

fo = —exp(ind),  fn = exp(—ind), (32)

The charges J, = J 7, form left and right-moving Virasoro algebras

[ T, ~m} =(n—m) jn+m + 1—C2n35n,_m
[J:n, :m} =(n—m) J:n+m + %ngény,m (33)

[Jn, fm} —0
where the central charges depend on the worldsheet topology and are given by
1
c=c¢=6k7, J:fdzaﬂ. (34)
27

Using the OPE (25), we obtain the following OPE between the spacetime Virasoro current
and the worldsheet stress tensor

Tos(2) o) = <j§?)2 L (35)

This means that the left-moving spacetime Virasoro currents are worldsheet primary op-
erators with conformal weight (1,0), and similarly the right-moving Virasoro currents
have weights (0, 1). Performing the contour integral, we find that the spacetime Virasoro
transformations leave the worldsheet stress tensor invariant asymptotically,

[jmaTws] = [J:maTws] = 07 (36)

and thus are indeed asymptotic symmetries in the sense that they map physical states
among themselves.

4 TsT transformation and the nonlocal map
In this section, we describe TsT transformations and discuss a non-local field redefinition
that maps string theories before and after the TsT transformation. We show that such

a field redefinition can be understood as a canonical transformation of the worldsheet
symplectic structure.

10
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4.1 TsT transformation on the string worldsheet

Starting from type IIB string theory on the AdSs background (17), we perform a TsT
deformation by T-duality along @, shifting v — v — %1} and T-duality along @ again. The
TsT-transformed combination M, = G, + By, can be obtained from the undeformed
one by a relation [2,18],

2\ 1 det G,

~ ~\ —1 -
M:M(I+—FM> . D= - log S THY
0?2 4 gdetGW

(37)

where 'y, = 6,0, — 6,0, is a totally antisymmetric tensor along the u and v directions.
This follows directly from the Buscher rules [63] of T-dualities. This leads to the new
background:

2 _ 2 2 exp(2¢)
ds“=1¢ {d¢ +1+2)\exp(2¢) dudv ¢,
2 exp(2¢)
=——————~"_ __dund 38
2 1+ 2\ exp(9) uha, (38)
20 _ k 1 o260

T N1+ 2xexp(29)
The string theory defined on this background is given by

_k - exp(2¢9) 5

The quantum action can be obtained by a TsT transformation from (20) and is given by

kexp(2¢)

= 1

1 _
S = 27T/d?z{(k —2) 00 +

In the classical limit with & — oo, the action (40) reduces to the classical one (39). We
are interested in the massless BTZ background whose conformal boundary is a cylinder
with the following identification,

(u,v) ~ (u+ 27, v+ 27). (41)

The equations of motion from the action (40) are

Covans . kexp(20) -
(k—2)00¢ = 152, eXp(2¢))28u8v (42)
djo =0, 0jo=0
where
exp(2¢) = exp(2¢)

. _ _ 4
0= e e (@90 70 M onexp(29) (43)

are the worldsheet Noether currents generating translations along the target space coor-
dinates u and v. It is not difficult to see that the action (40) is an explicit solution of the
worldsheet differential equation (1) where the currents are given by (43). The zero mode
charges of these currents are left and right moving energies in spacetime,

Jo = —;ﬁfidajo(a) _ —;rfdzjo(z), Jo = —;Tj{dajo(o) _ —;dezjg(z). (44)

Solutions to the equations of motion have to satisfy the boundary condition

u(o +27m) = u(o) + 2rw, v(o+2m) =v(o) + 2w, w € Z, (45)

11
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where w is the winding around the boundary circle (41). Physical states also need to
satisfy the Virasoro constraints, where the worldsheet stress tensor is given by

_ k exp(2¢) 2
= 5,7 kexp(2¢) 5 5 52
T=— {(k —2)0p0¢ + Wauav +0 ¢} .

4.2 TsT as a field redefinition

As was explained in [2,19], the worldsheet equations of motion and the stress tensor before
and after the TsT transformation are related by the following field redefinition

¢ =90,
. =. = 2X -
ou = 0u, Ou=O0u— ?jo, (47)
2\ - ~
00 = Ov — ?jo, 00 = Ov.
Let us define fields
z z B
w2 = [Cai) w2 = [ a i)+ m (48)

where 79,79 are integration constants that may potentially depend on the state and will
be discussed in detail momentarily. Then the field redefinition (47) can be written as

2\ 2\

U=1u—

Under the above field redefinition, the U(1) currents (43) after the TsT transformation
become those on AdS3 (22) with the tilded variables replaced by the hatted variables,

Jo(ah) = jo(@") = kexp(20)80, Jo(a") = jo(#*) = kexp(26)D0 (50)

so that the equations of motion (42) after the TsT transformation are equivalent to those
on the original AdSs; x 4 background,

(k — 2)80$ = kexp(24)9udi, 8jo = 8j, = 0. (51)

However, the boundary condition (45) implies that the hatted variables now satisfy the
twisted boundary conditions,

2\ -
(o + 2m) = u(o) + 2rwR,, R,=1+4+ —7Jo,

y (52)
(o +2m) = 0(0) + 2mwR,, R, =1+ —-Jo.

where Jy and Jy are the charges (44) which generate translations along u and v, respec-
tively. The twisted boundary condition in % can be realized by a spectral flow trans-
formation, using which the spectrum before and after the TsT transformation can be
related [2,11]. * Note that the additional constants in the field redefinition (49) do not

“The field redefinition (49) and the twisted boundary condition (52) are reminiscent of the state-
dependent coordinate transformations in double-trace T'T" deformed CFTs [53,64,65].
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affect the boundary conditions (52). To discuss the symmetries, it is more convenient to
introduce the following new variables, collectively denoted by X, to absorb the twisted
boundary conditions by a field-dependent rescaling transformation in the target spacetime,

0= 5= (u=20) 7 (53)

such that the X variables satisfy periodic boundary conditions,

A~ ~ A A

U(oc +2m)=U(o) +2rw, V(oc+2m)=V(o)+2rw. (54)

It is straightforward to see that the equations of motion (42) for the TsT coordinates
x# € {u,v, ¢} can be written in terms of the new variables X* € {U,V, ®}, the latter of
which takes a similar form as the equations of motion of the tilded variables, i.e.

ke2®8U0V — (k —2)00® =0, 80 =07, =0, (55)
where the chiral current sy and anti-chiral current 7 are analogous to (22),

0= k:exp(2<i>) oV = JoRu,

- a—n (56)
20 = kexp(29) OU = joR,.
The conservation law in (55) then allows us to define the conserved charges
1 .
j(] = —%%dZOZO = J()Ru,
(57)

_ 1 L
Jo = —2}1{6&10 = JoRy,
T

where we have also worked out the relation between these charges and the two global U(1)
charges (44). Compared to the discussion in the WZW model, it is natural to guess that
the charge % generates a translation of the non-local coordinate U. As will be shown
later, this is indeed true if we carefully choose the zero modes that appear in the field
redefinition (53).

We have seen that the variables X satisfy the same equations of motion and boundary
conditions as variables Z which are coordinates of AdSs. Moreover, the stress tensor (46)
can also be written in terms of the X variables, which does not explicitly depend on A
and takes a similar form as the WZW model,

T=— {(k — 2)939% + kexp(28)90V + a%}
_ . o (58)
T=— {(k; — 2)850% + kexp(28)dUIV + 82@}

This also implies that the worldsheet Hamiltonian is similar to that of string theory on
AdS3. To reproduce the equations of motion (55) and the stress tensor (58), the action
for X* is given by (20) with the tilded variables z* replaced by the upper-case hatted
variables X o

e {Uf ~2) 080 + koxp(28)ITV jlcimws} | (59)
™
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In the following, we will show that by choosing the integration constants in (48) care-
fully, the symplectic form and the OPEs of the TsT string theory (40) expressed in the
X* variable indeed agree with those from the auxiliary AdSs string theory (59). This
suggests that the aforementioned two theories are equivalent even at the quantum level.
Consequently, all the rich results of the AdSs string theory can in principle be mapped to
the TsT string theory. For instance, the meaning of (56) and (57) is clear: they are the
Noether currents and charges generating the translational symmetry in U and V.

4.3 TsT as a canonical transformation

In the previous subsection, we have shown that under the field redefinition (53) the TsT
string theory (40) and the auxiliary AdSs string theory (59) have the same equations of
motion and constraints, and hence have the same classical solutions. To fully make use of
the map, we still need to establish the equivalence between the two theories at the quantum
level. In the following, we will first specify the integration constants of (48) so that the
symplectic structure of the TsT string theory (40) in terms of X" agree with that from the
auxiliary AdSs string theory (59). Then we will show that the path integral in terms of
the phase space variables are equivalent with the said choice of integration constants, and
therefore the two apparently different actions (40) and (59) can be obtained by integrating
out different choices of momenta.

To do so, let us put the theory on the cylinder and consider the conjugate momenta
in both theories

35S 53
Py =2M———, Py, =2n————— 60
# §(Opr)”  TXM 5(9, X 1) (60)
where S and § are the Lorentzian version of the TsT string action (40) and auxiliary
AdS3 worldsheet action (59), respectively. Note that we have absorbed a factor of 27 in
the above definition for convenience. The momenta are given by

Pu = j07 Pv = _507
Py = 20 = Rubus Py = —10 = Rupo, (61)
Pg = (k —2) 01 = pg,

where we have used the relation (53) and (56). As discussed earlier, using the non-local
map (53), the stress tensor in the TsT string theory agrees with that in the auxiliary AdSs
string theory in terms of the phase space variables. In particular, the Hamiltonian can be
rewritten in terms of the canonical variables as

: P k=2 2(1 42\ 2
H:/da{% =T 2 (056)* + pudou — puOsv + (1 + 2 exp( ¢))pupv}

o k—2) k exp(2¢)
2
_i Pg k—2 212 a7 a7 2_2¢>AA_A
=5 /dU{Q(kz—Q) + 5 (05®)° + pyOsU — py0sV + ke popy ¢ = H,

(62)
where H denotes the Hamiltonian derived directly from the auxiliary AdS; worldsheet
action (59). Note that the equivalence between the two Hamiltonians does not depend
on the choice of integration constants in the field redefinition (53). These integration
constants, however, will affect the symplectic form and Poisson brackets if they depend
on the states. In terms of the canonical momenta, the symplectic form in the two theories
can be written as
1 A 1 5
w= o= §do(a” Adp), Q= }[da <5X“ A 5pXM> . (63)

:271'
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In order to make the TsT string theory (40) and the auxiliary AdSs string theory (59)
equivalent, we need to require that the symplectic forms (63) agree with each other upon
the field redefinition (53), i.e.

w= . (64)
The above requirement is satisfied if the integration constants are chosen as °
d ~ A do .~ A
mRy= § o AU —wm ), mRo= - § g AV —en X, (69)
2w 2w

where we have defined the functionals

AIF,X] = F(O)pg — 3 F'(0) (k~ 20,8 + pg) — o 2e P F(0)

AIF,X) = F(V)pg — (V) (~(k = 2) 0, +pg) — *

The first argument in %[ F, e | specifies the symmetry parameter, and the second argument
specifies the coordinate system. For instance, the expression for Z[f, Z] is the same as (66)
with F(U) replaced by f(@) and X = (U,V,®) replaced by Z = (@,9,$). Using the
relation between the X and & variables, we have the following relation
k—2
2k

(66)

672<I>F//(‘A/v) pU

AIF(0), X] = ALF(i/R), 21Ru = (Fpu — 505 (5 = 2006 + o) — > e 0 F p,) R,

(67)
where in Z[F, ] the derivative of F' is taken with respect to #. In particular, we can also
express the integration constants in terms of the & variables as

= § oAl —wmdl, o=~ oAl — il (68)

The zero mode here is reminiscent of the zero mode in Appendix A of [51], where a bulk
analysis of the asymptotic symmetry for the double-trace T'T holography can be found.
The zero mode in [51] is a special choice to ensure charge integrability, a condition that
can be satisfied by other choices as well. On the other hand, the zero modes in this paper
are completely fixed by identifying the worldsheet symplectic structure before and after
the deformation.

Canonical quantization

We have shown that the field redefinition (53) with the choice of the integration constants
(65) preserves the canonical symplectic form, which further implies the equivalence of the
Poisson brackets

{a(0), pu(0')} = 218, (0 = 0'),  {X"(0), pg. (o)} = 2188(0 — o). (69)

As a consistent check, it is straightforward to verify that the Poisson brackets (69) and the
Hamiltonian (62) indeed produce the equation of motion (55) in terms of the X* variables.
In fact, the equivalence between the string theory (40) after the TsT transformation and
auxiliary AdSs string theory (59) can be preserved at the quantum level. This can be
shown in the canonical quantization. Consider the mode expansion on the constant time
slice for the X variables,

Ulo) = wo + Z Upe ™, V(o) = wo + Z Vie ™o &(0) = Z P, "o
nez ne”Z neZ
Pgu(0) = pgune ", XHe{U,V,d}
nez

(70)

5Here U and V are not periodic functions of o and the range of the integration is taken to be [0, 27|
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and similarly for the z# variables. To perform canonical quantization, we simply replace
the canonical Poisson brackets by commutators with the relation [, | = ¢2{, }. For the X
variables, the Poisson brackets (69) leads to the commutators

[X/f, P m] =1i000p,—m, MNEZL (71)

where we have set = 1 for simplicity. The field redefinition (53) and the integration
constants (65) have to be defined in the sense of normal ordering with

0, (72)
U—np[]"n7 n>0

. { Dy nU n, n<O0
and similarly for p; and V. Using these conditions, one can verify that the canonical
commutation relations (71) indeed become

[xgv pv,m] - 2‘55671,—777n m7 n e Z (73)

which is the canonical quantization of the Poisson brackets for the TsT strings.

The OPEs

We can also proceed with a radial quantization on the plane. In the asymptotic region
with ¢ — oo, the OPEs from the action (40) can be written as

w(2olw) ~ ——, v(2o(@) ~ ———
2\ - _ 2\
k(z —w)’

1

P(2, 2)p(w, w) ~ T3k —2) log |z — w|?,

ov(z, 2)u(w) ~ —

where we have ignored terms of order e=2¢ in the last two lines. With the choice of
integration constants (65), we have shown that the commutation relation of the TsT
string theory (73) is equivalent to that of the auxiliary AdSs3 string theory (71). In order
to find the OPE in the X* variables, it is important to specify the order of operators in the
field redefinition. In the following, we keep the order as written in (56) and (53), namely
put the rescaling factor R;! behind 4, jo, and similarly for V and jo. Performing the
mode expansion on the Euclidean plane with the commutation relations (71) and normal
ordering prescription (72), one can get

d(z,2)®(w, w) = : ®(z,2)®(w, ) : — ——— log |z — wl|?,
- - 1 Z(f: ) 23 - 1 (75)
Uz)zo(w) =: U(z)fo(w) : + ——,  V(2) (@) =:V(Z)z0(@) : + ——.

Therefore the OPEs obtained using the field redefinition (53) indeed agree with that from
the auxiliary AdSs string theory (59),

Bz, 2)d (w, ) ~ _%
U(2).fo(w) ~ L V(%) so(w) ~ 1 (76)
U(2)V(w) ~ 0.
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Path integral and local Lagrangian

Now we provide a formal derivation of the local Lagrangian in terms of the X coordinates,
which we have assumed to be the auxiliary AdS3 string action (59). Note that if we
directly plug the field redefinition (53) into the action (40), the resulting expression is not
(59), but with some extra term. In the path integral, the field redefinition also brings a
complicated Jacobian for the measure. This makes it difficult to discuss the relationship
of the two theories in the Lagrangian version of the path integral. Instead, let us consider
the Hamiltonian version of the path integral in the sector with a fixed winding number w

rer = / [] 22" Pp.s exp [iS[z, ] (77)
o

where S|z, p| is the action (40) written in terms of the phase space variables

Slw,p] = /dt%da( L it — H(ﬂs“,pxu)>. (78)

Firstly, as 2#, px and X, p ¢ are related by a canonical transformation, the measure of
the path integral is kept invariant, namely,’

H D2 Dpen = [ [ [ ] dotidpar,—n = 0" = Q0" = [[ 2X"Dpy.. (79)
B neZ o

This can be viewed as an infinite-dimensional version of the Liouville volume theorem
for the canonical transformation driven by A. Secondly, we have shown in (62) that if
written in terms of the X coordinates, the Hamiltonian is just that of AdSs string theory.
Finally, let us focus on the Legendre transformation part of the action (78). Using the
field redefinition, we find by direct calculation that the difference is only a total derivative,

d
_ my —
277 dt%da Pandt pXuX ) /dt dt%’() (80)

where % is located at the boundary of the worldsheet and takes the following form

2X = 1 [do 7 / 1?{030 /U / /
B(t) = % (770J0 MoJo 2%2ﬂpu(0)/0 dUpv(U)+2 QWPU(U) ; do'py(a’) | .

(81)
Define an operator ‘
U(t) = e 20, (82)
then the path integral of the TsT string theory can be written as
Arsr = / [[2x"aps, UL X5 U (83)
o

where the operator U acts on the past and future boundaries but will not affect the
evolution in the middle. After integrating out p¢, in the path integral, we find that
the action in X* coordinate is indeed (59) up to terms that act on the past and future
boundaries. ” symmetries in a path integral. They argued the partition function will not

5The volume form of a 2m dimensional phase space is given by W™ =w A --- Aw (m times), where w
is the symplectic 2-form. Here we have m — oo.

"In [66] it was also noticed that the partition function on the plane does not change under the j* A 5°
deformation.
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change when we put the theory on a plane. When the worldsheet manifold is topologically a
cylinder, the operators UL should be understood as possible dressings of vertex operators
inserted at past and future infinity, which will play an important role in the calculation of
two-point functions. It is interesting to work out the effect of this dressing more explicitly
and furthermore generalize our discussion to generic genus and vertices insertion in general
backgrounds. We leave these for future studies.

To summarize, the worldsheet theory (40) on the TsT background can be described by
the auxiliary AdSs string theory (59), at least on flat wordsheet. Using the field redefinition
(53), the worldsheet currents, equations of motion, and the stress tensor can all be mapped
to each other. With the choice of the integration constants (65), the symplectic form and
furthermore the OPEs in the two theories are shown to be equivalent to each other. This
suggests a shortcut for studying the TsT transformed string theory: we can map quantities
in AdS; discussed in sec. 3.2 to the TsT transformed theory using the transformation (53).
We will use this method to study the asymptotic symmetries in the next section.

5 Asymptotic symmetry for strings on TsT deformed AdS;

In this section, we study the asymptotic symmetry for string theory on TsT deformed
background (40). On the string worldsheet, asymptotic Killing vectors generate target
spacetime diffeomorphisms that preserve the worldsheet equations of motion and stress
tensor near the asymptotic boundary. As the nonlocal field redefinition (53) preserves all
these asymptotic data, the asymptotic symmetry in the TsT transformed theory can be
obtained from that in the auxiliary AdSs string theory (59). In the following, we will first
discuss the asymptotic symmetry in terms of the X* variables, and then discuss how the
symmetry acts on the original target space coordinates x*. We end this section by some
comments on the Kac-Moody algebra due to the existence of the internal spacetime.

5.1 The asymptotic symmetry in the X" variables

As explained in detail in the previous section, the equations of motion (42) after the TsT
transformation is equivalent to (55) in terms of X* which is the same as the equations of
motion for strings on AdSs (24). From the field redefinition (53), the asymptotic region
with large ¢ implies large ® as well. Then the discussion of the asymptotic symmetry in
the X* variables are completely parallel to that of AdSs as summarized in section 3.2,
with #* replaced by X*. By imposing the asymptotic equations of motion similar to (26)’

the asymptotic Killing vectors can be expressed in terms of two arbitrary functions F(U)
and F(V) as,

= = F(0)0) — % exp(—28) F"(0)0,, - %F’(U)a&) "
- A k—2 PPN 1, .
Ep=F(V)oy — T exp(—2®)F" (V)8 — iF’(U)aé

where prime denotes derivative with respect to its argument, and we have omitted the
subleading terms. To preserve the periodic boundary conditions (54), the functions

F(U), F(V) should be periodic functions of their respective arguments and thus can be
decomposed into Fourier modes

Fp(U) = —exp(imU),  Fp(V) = exp(—imV). (85)

As the vectors = only depend on the target spacetime coordinates with state-independent
boundary conditions, the commutator between two vectors is simply given by the Lie
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bracket. Then the generators Z,, = Zp, and =, = = 7, form left and right moving Witt
algebra under Lie bracket,

[En’ Em] = Z(n - m)én—&-mv (86)

Now let’s calculate the conserved charge corresponding to the symmetry vector =r and
&p in the Hamiltonian formalism. In the following, we focus on the left moving part
parameterized by F' (U ), whereas discussions on the right moving part are similar. As
outlined in section 3.1, at each point on the worldsheet we consider the six-dimensional
phase space with coordinates {U , V, <i>, g Pyrs pg - Let ¢! denote the tangent vector in
the phase space, whose three-dimensional part is given by the asymptotic Killing vector
(84), namely, X

"= {X¥, gy =2l (87)
where #p generates the transformation (84) on the target spacetime coordinates X" via
the Poisson bracket. The components of  in the directions of the momenta are determined
by the conditions (16) which in this case are given by

{(JFr, H} ~ 0(e72),
(¢!, HY = ({Q, HY, g} ~ 6(c7?®).

The meaning of the above two equations is that the symmetry transformation preserves the
worldsheet Hamiltonian and equations of motion in the asymptotic region. The solution
to these equations is

(83)

}p?f} = _ﬁ’[F/(U)HY]?

Py _

B (89)
k 2 o .
e — -5 (&,U + k62¢p‘7> F"(U).

where the functional / is defined in (66) which we reproduce here for convenience,

i’ 672&9FI/((7)p‘A/’
X . 1., - . k—2 & . . (90)
AF,X] = F(V)py — 5F’(V)(—(k —2)95® + pg) — 7e*2<I>F”(V)pU.

Plugging the variations (87) and (89) into (15), we can obtain the infinitesimal charge

AIF,X) = F(@)pg — 5 F(O)((k — 2)0, + pg) -

1 PO
5= o [ do SAIP@), ) (o1)
which is integrable and the resulting finite charge is given by
1 A oA
Ji= 5 [ do ALF(@), X) (92)

Under the mode expansion (85), it is straight forward to verify that the charges %, = 7r,
satisfy the Virasoro algebra via the Poisson bracket (69), namely

{jna jm} = *Z'(TL - m)fner - inB%(;n,fm
{j_na jm} = _Z'(n - m)jner - Z"”Lgéén,fm (93)
{j’nv jm} =0

where the central term is ¢ = 6(k — 2)w ~ 6kw in the classical limit. Note that the zero
mode charges %, % generate translations in U and V', respectively.
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5.2 The asymptotic symmetry for the TsT strings

So far the asymptotic charges (92) have been constructed so that they correspond to
the asymptotic Killing vectors (84) in the X variables. As shown in the last section,
the auxiliary AdSs string theory is equivalent to the string theory on the linear dilaton
background (40) under the field redefinition (53). As the transformations (84) preserve
the worldsheet equations of motion and stress tensor asymptotically in the former theory,
they preserve those in the later theory as well. Therefore the charges (92) also generate
asymptotic symmetries in the TsT string theory (40). Now let us consider the action
of these charges on z* which is the physical target spacetime coordinates after the TsT
transformation.

Using the Poisson brackets (69) and the field redefinition (53), it is straightforward to
work out the Poisson brackets between the charges and the & coordinates, which can be
written as

i, 7} = i)~ * 2 exp(~20) Z2(5)
(6, 97} = () — " exp(~26)£1(0) (94)

(6,0 = — 5 £l = 3 Fi()

where
£r(@) = (F(U) + twp)Ry, fr(0) = 0wpRy,
_ J_ofF/ 2 2 _ Fr 2
={R,, Jr}R;> = — _ , = _ .
wr = 1R, I, 1+ 2 Jy+ 2 Jy <W€Ru> g + 22 Jo + 2 Jo wkRy
(95)

The above transformation in the & variables is formally a left-moving conformal trans-
formation with symmetry parameter £r accompanied by a rescaling in the right-moving
coordinates 0. To see the action on the TsT coordinates x*, it is useful to note that

{pu Ir} = =7l fp(0), 2], {po, Jr} = —AlfR(0), 2],

{pg, Fr} = b (6 i+ %e 29, > " Q). (96)

Using the coordinate transformation (53) and the above formula, we obtain the following
transformation

{u, r} = fr(a) —

-2 Aoy 2N [T 2N
s (20070 + 5 [ dAlZp0).3)+ 5 (. )

-2 "~ 2) 7 ! ! (AN A 2)
s o200 /@) - 7 [l 8]+ L 7y OD

1 1
{0, fr} = —5/4«“(71) - 5/}«“(@)

{v, Ir} = fr(0) -

where the Poisson brackets appearing in the first two lines are constants given by

.7} =~ ¢ ;ju Al — wm) /(@3] + T

R
“ (98)
{N0, Ir} = f

— —wm) fp(0), 4.

27rw

We note that the symmetry parameter £(4) now contains a term that is linear in the
coordinate. One may wonder if the transformation is compatible with the boundary
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conditions (45). It turns out the shift of the third term in (97) under ¢ — o + 27 cancels
the shift from the linear part in /p, so that the variation of the coordinates remains
periodic. More explicitly, we have

2\ =
§pu(2m) — 6p u(0) = 2rwRy (wpRy + ?wFJO) =0,
w
99)
2 (
dpv(2m) — 0pv(0) = 2mwR, Ry wE — k}l{daﬁi[ﬁ};(@)@] =0.
One particularly interesting transformation is the zero mode with F (U ) =Fy =1, in
which case we have wp = wr = 0, both the linear term and the non-local term vanish,
and we find that the charge % shifts the coordinates u and v simultaneously,
2A
{zV, %} 0, = —Ry,0u + mJg&,. (100)
On the other h_and, we expect to find a set of generators that include the translational
generators Jy, Jy, which generate 9, 9, respectively. The relation between % and Jy (57)
then suggests that we can define the following charges,

do

%ﬁ[F(fLRil),iL Jp = JpR,7, (101)

Jr= JrR; = 7{

where we have used the relation (67). Acting on the TsT coordinates, we find

22 s (102)

Xp = {a", Jp} = {a", Fr} R, — Jka:Ru ;

from which we learn that the zero mode charge with F' = 1 indeed generates translation
in u. The most general asymptotic charges in the target spacetime are given by

Jpp=Jr+Jp (103)

and they generate the following transformations on the coordinates.

kE—2 Ao e 2N 7
X =A{u, Jpp} = frp(d) - exp(—29)fp 7(0) + k?/o 7 [ p(0), 2] + Cfrr

2k
r k—2 " ~ 2) 7 / AN A
X" = {v, JF,F} = fF,F(@) T ok eXP(—2¢)fF7F(U) - k/ ﬁ[fp,p(u)a ]+ Cfrp (104)
0
1., . 1.
X = {0, Jpp} = —5Tr (@) = 5 frp(0)
where® A . A
7FF(U) = IT(?) + (wr + wp), (105)
frp(®) =F(V)+ (wp +wp)0,
and o) J
o 0 -
frr 9 [(7 _wﬂ) ; 7(@%«%]7
! wk j{ 2r R, KE (106)

8The asymptotic Killing vector x* with w = 1 is similar to (A.7) in [51]. To make the comparison, we
can identify fr p, Cfpp tO f and cg, in [51]. In particular, both fr 7 and f contain a periodic part and a
linear term in the coordinates, so that the asymptotic Killing vector still preserves the periodic boundary
conditions. The charge %, is similar to the ‘rescaled’ charges, and J,, is similar to the ‘unrescaled’ charges
in [51].
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Acting on the momenta, we have

X7 ={pu, JF,F} = - [fFF(ﬁ)ﬂ%]v
va E{pva JF,F} = _ﬁ[fFj(ﬁ)vi]v

X' ={pg, Jpp} = —% <a(,a+ %e*% ) p(@) - ; <—8U® + %e*% ) fi p (0).
(107)
Note that the asymptotic Killing vector (104) depends on the state and is also non-local
on the string worldsheet. It is difficult to see directly how it acts directly on the target
spacetime coordinates. Nevertheless, we can show that these vectors are indeed asymptotic
Killing vectors in the sense that they preserve the Hamiltonian and the equations of
motion. Similar to (88), we find

{‘]F7 H} ~ @(6_2¢)7
(X', HY = {{d", H}, Jr} ~ 0(c*).

Now let us consider the algebra formed by the charges (101). Under the mode expansion
(85), the charges J,,, = Jp,, form the following algebra via Poisson brackets,

(108)

nyJm Ru 12 Ru2 R ( JO + JO)
{ ) m} = - (n — m)jn+m — Z’ingén’—m _ Z(n - m)(m) JOJm:]n (109)
RU 12 R?} Rv<1 + %)]\CJO + %}l\cjo)v
7 i(n— )(Q)J Jm
Ty Ton} =
{ } JO + JO

Due to the state—depgndence, tl}e modified Lie bracket between two vectors xp and x¢
parameterized by F(U) and G(U) should be defined as

[xF, X6l = X6 Jr} = {xp, Jat = {a", Ja}, Jr} — {{a", Jr}, Jo} (110)

which can also be written as [67]

[XF» XGlm.L = [XF, X&) Lie + OxpXG — Oxa XH- (111)

Using the Jacobi identities between Jr, Jg and z#

{{xﬂ, JG}7 JF} - {{xuv JF}ij} = _{x,u7 {JF7 JG}}7 (112)

we find that the algebra formed by the asymptotic Killing vectors is given by

[XF, XGlm.L = =X{Jw, Jo}s (113)

which is isomorphic to the algebra formed by the charges (109).

So far we have worked out the asymptotic symmetries in the target spacetime for the
TsT string theory (40) at the classical level. The symmetry can be organized in two
ways: the Virasoro generators (92) which generate the transformation (84) in the X basis,
and the J,, generators which form a nonlinear algebra (109) and generate field dependent
diffeomorphism (104) in the z# basis. The zero modes %, % of the former algebra generate
translations of the auxiliary coordinates U and V, whereas the zero modes Jy, Jo generate
translations of the physical coordinates v and v. The two sets of charges are related by a
field-dependent rescaling (101).
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As reviewed in section 2, string theory on the TsT-transformed background (40) is
conjectured to be holographically dual to the single-trace 7T deformed CFT,. For a sym-
metric orbifold CFT 4" /Sy with seed CFT ., the single-trace TT deformed theory
/%%VT /Sy is a symmetric orbifold theory with a (double-trace) TT deformed seed theory
Mp7. The Virasoro algebra (93) and the non-linear algebra (109) we found from world-
sheet analysis agree with those found from the single-trace TT deformed CFT [37], the
latter of which was based on the analysis of the double-trace version of T'T deformation [38]
and its holographic dual [51]. In [51], asymptotic symmetry on the TsT-transformed back-
ground has also been discussed by studying linearized perturbations in supergravity theory.

5.3 The quantum algebra

We have discussed asymptotic symmetries on the string worldsheet at the classical level.
We have also shown in the previous section that the symplectic structure and the OPEs
in the auxiliary AdSs string theory (59) are also equivalent to those in the TST string
theory (40). This allows us to proceed with quantization and consider the symmetries at
the quantum level as well.

At the quantum level, normal ordering is assumed in the %, generators defined in
(92). It is more convenient to put the worldsheet theory on the plane. Using the OPEs in
the X* variables, it is not difficult to verify that the generators %, indeed generate the
transformation =,, defined in (84) in the large radius region, namely

(X, Fn] = iZ5 (114)
and the commutation relations form a direct sum of two Virasoro algebras

[jna jm] = (TL - m),jner + szgénﬁm

© s (115)

[jna j_m] = (n - m)jn—l—m + 12

[jnv jm] =0

As discussed around (36), the charges %, commute with the worldsheet stress tensor and
is thus physical.

Now let us consider the .J,, generators defined in (101). There is an ordering ambiguity
of the operators at the quantum level. In the following, we always multiply powers of R,
and R, to the right, namely

Jn = InR;Y,  Jn = FuR, L (116)

This prescription is purely due to technical reasons, as it makes it possible to invert the
above relation so that we can express %, in terms of J,. One can also verify that these
charges commute with the worldsheet stress tensor

[JmaTws] - [meTws] =0. (117)

Using the relation (57), we learn that an eigenstate of % and % is also an eigenstate
of Jy and Jy. Denote the eigenvalues of %, % by p, p, and we have

Jolp.p) = plp, D), Solp, D) = Dlp. D)

Jolp.p) = ap. P} Tolpp) = alo. p)lp.p) (118)

The modified eigenvalues can be read from the relation (57) which acting on the states
becomes

2 2
_ 5 st Daa 11
P oz—i—wkoza, P oz—i—wkaa (119)
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The solution of the above equation is given by

alay) = 3z —y) + 0 ( 1+ \/1+fj€<x+y>+<$>2<x—y>2)

O_é(.’L',y) - Oé(l',y) +y -

(120)

where the functions o and @& can be viewed as a map from eigenvalues of %, % to those
of Jo, Jo. The above relation is the same as single-trace T'T spectrum (4) if we identify
(p,p) as the undeformed eigenvalues p = 2(E(0)R + J(0)), and (, @) as the deformed
ones a = 3(E(u)R+ J(p)).

Note that the aforementioned relation between the eigenvalues holds for all eigenstates
of the two U(1) generators % and %. The Virasoro algebra (115) implies that the op-
erators %, are ladder operators so that the state %, |p,p) is an eigenstate of %, % with
shifted eigenvalues (p —m, p), and furthermore also an eigenstate of Jy, Jy with eigenval-
ues (a(p —m, p),a(p—m, ﬁ)) We can promote « to a functional of the operators % and
Jo, using which we find the following algebra

_ (Tl B m) T62m36n,—m
e Il =Jnem 20 (14 2 Jp)
—J J Ea(«fovfo)_a(cfo nij) J J Ea(jo,j(])—a(‘jo—m jo)
wk ﬂj{) wk JO

(121)
To derive the above relation, we have used the definition (116) and the commutators (115).
Alternatively, we can also multiply the quantum algebra (121) by 1+ %&( Jo, o), so that
it becomes

571 m 2\ — B _
[Jna Jm] = (n - )Jner + 102171_'_72)\(]0 B wk (‘] Jma(j mva) - JmJna(fO - n,fo)) :
(122)

To understand the relation between the above quantum algebra with the classical one
(109), we need to restore h and perform perturbation in i. Or alternatively, the clas-
sical limit can be obtained by expanding (121) on a state with the expectation value of
(So) > m, (F) > m. Then we have the approximation

oa 2j()

6(Jon ) = 6o = m Jo) e =~ S (123)

Plugging the above relation into (121), and ignoring the ordering in J,,J,, we obtain
an expansion of the quantum algebra up to ¢(h). The result agrees with (109) if we
replace the Poisson bracket by commutator {,} — —%[,] with & = 1. The aforementioned
expansion of our quantum algebra (121) also reduces to the symmetry algebra found in
the field-theoretic analysis of double-trace and single-trace TT CFT [37,38].

Similar expressions can be obtained for the commutator between the .J,,s. For the
mixed commutators, we have

7 7 1‘1‘%6&(}07}_0—771) 7 1+%a(j0_naj0)
s T = T [ 1= s —Tndn [1- - ,
1+ wao Jo

(124)
Or equivalently,

T T < wka(foaf m0)> _J < wka(jo

+ 20 + 20

”’jO)) ~0. (125)
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5.4 The fate of the spacetime Kac-Moody algebra

To end this section, we now turn to the Kac-Moody algebra due to the existence of the
internal spacetime in string theory. In the string theory on AdS3; x 4" background, the
worldsheet CFT on the internal manifold .#° contains an affine Lie group, generated by
currents K% with the following OPE

]{,‘léab/Q N Z'fgch

2 Z—w ’

K%(2)K°(w) = a,byc=1,---,dimG (126)

(z —w)
where G is a compact group, &’ is the level of the affine Lie algebra g/, and f% is the
structure constant. For instance, when 4 = S3 x T4, K@ can be taken as either the affine
su(2),, currents or the currents on the T4, Our subsequent discussion is universal and does
not depend on details of the internal manifold or the choice of the currents. As shown
in [47], the worldsheet currents K can be used to construct affine Kac-Moody currents
in the spacetime CFT. After the TsT transformation, a similar statement can be made
to string theory on the auxiliary AdSs spacetime together with the unaffected internal
manifold 4. Then we have the Kac-Moody algebra in the spacetime CF'T generated by
charges K,

K} = % dea(z)emU(Z), (127)
which satisfies the algebra

. nk
[ng Kfn] = ngbK701+m + ?5ab5n+ﬂ%07

[jmKrciL] = _ng—i-m? [j_angL] =0,

(128)

where k = k' ¢ g—;aﬁ is the Kac-Moody level in the spacetime CF'T. Due to the redefinition
(116), the algebra between K¢ and the charges Jy, differ from the last line of the above
equation, and becomes

1+ 2a(%—m, 5
[n, K] = _Kfﬁm# + Jn K | 1= wka(jz())\ " %) ;
]. + WJO 1 + JJO
_ _ 2 (7 —m,
[, K& = J, K& [1— wk 20/\ VAN
1+ WJO
The classical limit of the above algebra reduces to the following Poisson bracket
, 2A\2 T a
=2 JoJn K3,
{JmK?n} - ZRﬂ (K%Jrn—i_ 1(_;U’€2)>\ J0—|- 2>‘j ) )
’ PR T R (130)

22X\ T poa
meJnKm

Jn, KOV = — —.
R P Y

It is interesting to note that the Kac-Moody currents also induce translations in the u, v
directions which are coordinates on the spacetime CFT. We find the following Poisson
brackets

(w ey =Ko+ 2 [ AR ()8 + e
0

_ o\ [© KaeFs
{0, K2} = B2(8) — = / A0k (0), ] + ") TP (131)
K Jo R,
{¢7 Kg} =0
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where B
in(a)* JoKs i
1+ %Ja + %jo R,’

Ka(a) = {a, Ka} = —

132
caren e mi—),‘ch{ ) (132)
kn(v) = {UvKn} = 22 N T v,
1+ :22Jo+ % Jo
and the constants ¢, ¢ are given by
oA [ [ do i do i ne fiu
a - . LA (5 _ ol 7K(I _
(133)
o 2\ [do ooy, D .
Cn = ﬂ %ﬁ[a’ukn(v)(i U)T('),SL‘].

R,

One can check that the transformation (131) still preserves the periodicity of u, v, despite
the fact that it contains linear parts. It is interesting to further understand the implication
of this novel transformation on the spacetime coordinates, which we leave for future study.
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