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W uAGEnMHyGRnA

W-W igd MRwfEwVVwGRy wCCEnwyg

uA CwEGRyUN GQNBEL GQNEN NKRFG GJB URANF BO GQBHPQG GQwG wEN JNUU TABJAfi xHG wEN
VRABERGL IRNJCBRAGF- jQN +EFG RF GQwG rNLAVwA zRwPEwVF wAz GQNRE rNLAVwA EHUNF wEN
w VBEN OHAzwVNAGwU zNFyERCGRBA BO GQN CQLFRyF GQwA wEN bwPEwAPRwAF wAz wyGRBAF ˙0fl-
jQN FNyBAz RF GQwG CQLFRywU ENDHRENVNAGF URTN GQwG BO HARGwERGL wEN VBEN OHAzwVNAGwU
wF ENFGERyGRBAF BA GQN OBEV BO w GQNBEL GQwA FLVVNGERNF GQwG wEN RVCBFNz w oEhBEh
˙2fl- uA GQRF URPQGfi RG xNyBVNF RAGNENFGRAP GB FNN QBJ GQN tRPPF VNyQwARFV ˜xwFNz
BA FCBAGwANBHF FLVVNGEL xENwTRAP ˜iin(fi wUGQBHPQ JN JRUU ABG NKCURyRGUL HFN wAL
FLVVNGEL wEPHVNAGF( ywA xN ywFG RAGB w zRwPEwVVwGRy OBEV JRGQBHG ENyBHEFN GB
NRGQNE bwPEwAPRwAF BE CERAyRCUNF BO PwHPN FLVVNGEL- jQRF RF JQwG JN FQwUU NKCUBEN-

mQwG JN FQwUU HUGRVwGNUL zNERIN RF GQN NUNyGEBJNwT FGwAzwEz VBzNUfi FB AB Adv
ENFHUGF wEN BxGwRANz- hwGQNEfi RG RF GQN vwb RA JQRyQ GQNL wEN BxGwRANz GQwG RAGNENFGF
HF QNEN9 GQNENOBEN JN wzBCG w C8zwPBPRywU wCCEBwyQ- mN FQwUU BAUL yBAFRzNE NRGQNE
FywGGNERAP wVCURGHzNF ˜i]VwGERK NUNVNAGF( OBEVNz OEBV rNLAVwA zRwPEwVF JRGQ wUU
NKGNEAwU URANF BA]FQNUUfi BE B.fiFQdUU wVCURGHzNF RA JQRyQ BAd URAN RF TNCG B.]FQNUU-0 jQN
CwEGRyHUwE INEGRyNF BO BHE VBzNUF wEN zRyGwGNz xL GQN ENDHRENVNAG BO HARGwERGLfi JQRyQ
RA GQN ywFN BO VwFFUNFF INyGBE CwEGRyUNF VNwAF yHEENAG yBAFNEIwGRBA- jQN /+NUzF=
BO GQN GQNBEL wEN yBAFRzNENz GB xN UwxNUF OBE xBBTTNNCRAP BO B.]FQNUU wVCURGHzNFfi
wAz CwEGRyUNF GwTN BA GQNRE RzNAGRGL BAUL HCBA bip GEHAywGRBA BO NKGNEAwU URANF ˙2fl-
rNLAVwA EHUNF wEN CEBCBFNzfi ABG wF OBUUBJRAP OEBV wA w oEhBEh PwHPN FLVVNGELfi xHG
FRVCUL RA BEzNE GB VwTN GQN GQNBEL HARGwEL-1

� CBFFRxUN FGHVxURAP xUByT VwL xN BHE HFN BO GwyQbBAF- uA w yBFVBUBPRywUUL
RAFCRENz GENwGVNAG BO GQN iGwAzwEz cBzNUfi GwyQLBAFfi GQwG RF VBzNF JRGQ GQN /JEBAP=
VwFF FRPAfi yEBC HC wG w yNEGwRA FGwPN RA GQN HARINEFN=F yBBURAP- jQRF RF GQN CBRAG
wG JQRyQ iin GwTNF CUwyNfi JRGQ GQN ENFHUGRAP CwEGRyUN FCNyGEHV xNRAP ABA]GwyQLBARy-
jQRF RF BAUL CBFFRxUN xNywHFN GQN JBHUz]xN GwyQLBAF wEN FNUO]RAGNEwyGRAP RA GQN OwVBHF
/cNKRywA QwG= CBGNAGRwU9 wAz GQwG RF JQwG JN JRUU wUFB HFN- jQN RAFGwxRURGL wFFByRwGNz
JRGQ OENN GwyQLBAF RF GQNENOBEN REENUNIwAG ˜FNN xNUBJ(-

iRAyN JN JwAG GB CEByNNz zRzwyGRywUUL JN FQwUU VBIN OEBV FRVCUN GB VBEN yBV]
CURywGNz VBzNUF9 GQNENOBEN GQN UwLBHG BO GQN CwCNE RF wF OBUUBJF- mN FGwEG JRGQ w FNG
BO FNUO]RAGNEwyGRAP GwyQbBAF ˜GQN tRPPF FNyGBE( GQwG NAz HC wF w FRAPUN VwFFRIN FywUwE
wAz w AHVxNE BO VwFFUNFF FywUwEF- mN GQNA yBHCUN GQN GwyQLBAF GB w VwFFUNFF INyGBE
xBFBA ˜GQN �xNURwA tRPPF VBzNU( wAz FNN QBJ GQN INyGBE CRyTF HC w VwFF- iHxFN]
DHNAGUL JN NKGNAz GQN VBzNU GB yBAGwRA GQENN FNUO]RAGNEwyGRAP INyGBEF ˜GQN �CBUUB
VBzNU wAz GQN tRPPF]aRxxUN VBzNU(fi wAz GQNA JN wzz w FRAPUN NKGEw INyGBE GB wEERIN
wG GQN NUNyGEBJNwT VBzNU- rRAwUULfi JN zRFyHFF GQN RAyUHFRBA BO ONEVRBAF- � AHVxNE
BO GNyQARywU CBRAGF wEN zRFyHFFNz RA GQN wCCNAzRyNF-

0oBAANyGRAf GvB B.]FQNkk wlCkRGHzN ENFHkGF RA ’w yBAGERxHGRBA GB( wA i]lwGERa NkNlNAG-
1jQwG RFfi vN CBFGHkwGN rNLAlwA EHkNF RAFGNwz BO CBFGHkwGRAf w fwHfN GQNBEL- uAwFlHyQ wF CQLFRyF

RF GQN xHFRANFF BO CEBCBFRAf EHkNFfi wAz GQNA yBAOEBAG GQNFN vRGQ NaCNERlNAGfi GQN GvB wCCEBwyQNF wEN
lNGQBzBkBfRywkkL NDHRIwkNAG-
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W-1 eA HARGwERGb

mN QwIN GB FCNyROL JQwG RF VNwAG xL /HARGwERGL= RA GQRF CwCNE9 JN HFN GQwG GNEV OBE
owEGhwUfivwId HARGwERGL- jQwG RFfi RO RA w PRINA A]CwEGRyUN FywGGNERAP wVCURGHzN JN TNNC
wUU wAPUNF +KNz wAz UNG GQN BINEwUU NANEPL FywUN q PEBJ VHyQ UwEPNE GQwA wUU VwFFNFfi
GQN wVCURGHzN FQBHUz wFLVCGBGRywUUL zNyENwFN wF q3−� BE OwFGNE- bBBC yBEENyGRBAF
ywA VBzROL GQRF xNQwIRBHE xL UBPwERGQVRy GNEVF wG VBFGfi xHG FHyQ GNEVF BHPQG GB
yBVN OEBV NKyNCGRBAwU IwUHNF BO GQN UBBC VBVNAGwfi OBE RAFGwAyN JQNA GQNFN xNyBVN
INEL UwEPNfi BE INEL yBUURANwE JRGQ BGQNE VBVNAGw- iQBHUz JN ENFGERyG wUFB GQN UBBC
VBVNAGw GB QwIN VwPARGHzN BO BEzNE q wAz FBVN +KNz zRENyGRBAfi GQNA GQN wFLVCGBGRy
q3−� URVRG VHFG xN ENFCNyGNz ERPBEBHFUL-

uA w GQNBEL JRGQ FywUwE wAz INyGBE CEBCwPwGBEF FywURAP wF q−1fi JRGQ VRARVwU
yBHCURAP xNGJNNA GQN FywUwEF wAz GQN INyGBEFfi wAz JRGQ GQN HFHwU FNUO]RAGNEwyGRBAF
xNGJNNA GQN INyGBEFfi2 HARGwERGL ywA xN CEBINA xL FRVCUN CBJNE yBHAGRAP wF UBAP wF
GQN NKGNEAwU]URAN OwyGBEF OBE GQN CwEGRyUNF PB wF q�- fEBxUNVF wERFN RO GQN INyGBEF wEN
VwFFRIN9 GQNA GQN wCCEBCERwGNfi CQLFRywUfi /HARGwEL]PwHPN= CEBCwPwGBEF3 OBE GQN INyGBEF
FywUN wFLVCGBGRywUUL wF q�fi wAz wA NKGNEAwU INyGBE=F UBAPRGHzRAwU CBUwERMwGRBA INyGBE
PEBJF wF q0 FRAyN wG UwEPN VBVNAGHV C RG wCCEBwyQNF CWc fi JQNEN c RF GQN VwFF-
nL FQBJRAP GQwG FHyQ w GQNBEL RF RzNAGRywU GB BAN RA JQRyQ BAUL VwFFUNFF INyGBEF wAz
GwyQLBAF ByyHEfi JN GQHF CEBIN GQwG wUU BHE VBzNUFfi RAyUHzRAP GQN NUNyGEBJNwT VBzNU
RA GQN HARGwEL PwHPNfi FwGRFOL GQN HARGwERGL ENDHRENVNAG-

1 uAGdEwyGRAf GwygbnAF

1-W tRffF wAM snkMFGnAdF

mN zN+AN w GwyQLBA GB QwIN w xwEd FywUwE CEBCwPwGBE JRGQ GQN /JEBAP= VwFF GNEV-
rEdd GwyQLBAF wEN oQbFhywUUb HAwyyNCGwxUN OBE ENwFBAF BO ywHFwURGLfi xHG wF OwE wF GQN
iyQJRAPNE]ZLFBA NDHwGRBAF ˜iZN( wEN yBAyNEANz GQNRE MhwPEwllwGhy MdFyEhoGhBA RF
IwURz wF UBAP wF GQN Rǫ GNEV QwF GQN CEBCNE FRPA ˙3fl- idUefihAGdEwyGhAP GwyQLBAF ywA
xN CQLFRywUUL wyyNCGwxUN wF JN FQwUU FNN9 GQN dIdAGHwU CwEGRyUN FCNyGEHV RF CNEONyGUL
ABA]GwyQLBARy- mN FGwEG JRGQ ds ˜≥ 2( GwyQLBAF ˜UwxNUUNz xL Tfi ℓfi A, . . .( JRGQ GQN
OBUUBJRAP rNLAVwA EHUNF94
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jQN GNEV [V1W2 FQBJF GQN GwyQLBARy yQwEwyGNEfi wAz u CwEwVNGERMNF GQN FGENAPGQ BO
GQN FNUO]RAGNEwyGRBA- jQN GwyQLBAF VwL zNINUBC GENN]UNINU GwzCBUNF τ�fi

5 zNFyERxNz xL

2jQENN]INyGBE INEGRyNF fBRAf wF q0fi wAz OBHE]INyGBE INEGRyNF RAzNCNAzNAG BO q-
3jQN HARGwEL fwHfN RF FBlNGRlNFfi NEEBANBHFkLfi zNFyERxNz wF ABA]ENABElwkRMwxkN-
4mN FQwkk ABG NaCkRyRGkL vERGN NRGQNE Rǫ BE � RA vQwG OBkkBvF-
5iRAyN bBENAGM RAIwERwAyN OBExRzF GwzCBkNF OBE ABA]MNEB FCRAfi iin ENDHRENF GQN CENFNAyN BO FywkwE

CwEGRykNF-
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WℓT . ˜6(

tNEN wAz RA GQN OBUUBJRAPfi JN NVCUBL GQN FHVVwGRBA yBAINAGRBA9 wUU CwRENz UwxNUF
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6uA bwfEwAfRwA]FCNwTfi GQRF RF GQN qHkNE]bwfEwAfN NDHwGRBA OBE IwARFQRAf lBlNAGHl-
7uG RF HAzNE]wCCENyRwGNz GQwG GQN FHllwGRBA yBAINAGRBA RF AwGHEwkkL yBAANyGNz vRGQ GQN zRw]

fEwllwGRy wCCEBwyQfi FRAyN w kRAN QwF CENyRFNkL GvB NAzCBRAGF-
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FB GQwG
>�T − K�KT ˆ ˜Li(�˜Li(T . ˜02(

mN ABJ RAGEBzHyN GQN yBAyNCG BO wyGhId wAz owFFhId INEGRyNF- jQN wyGRIN INEGRyNF
wEN GQBFN RA JQRyQ wG UNwFG GJB BO GQN VBVNAGw RAIBUINz wEN URANwEUL RAzNCNAzNAG:
GQN INEGNK BO qD-˜4( RF CwFFRINfi ABG wyGRIN- uA NINEL zRwPEwV GQwG yBAGERxHGNF GB
w FywGGNERAP wVCURGHzN8 wAL RAGNEAwU URAN VHFG NAz RA wyGRIN INEGRyNF FBVNJQNEN:
GQNENOBENfi yBAyNAGEwGRAP BA w CwEGRyHUwE RAGNEAwU URANfi JN ywA JERGN wA wVCURGHzN wF

� ˆ
B

n k
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�� RF GQN wyGRIN B.]FQNUU wVCURGHzN NVRGGRAP Afi wAz XT RF GQN BAN wxFBExRAP T-
0� jQN

wyGRIN INEGRyNF wEN RAzRywGNz xL zBGF- mN FNN GQwG JN ywA JERGN
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wAz FRVRUwEUL OBE X9 GQN RAGNEAwU URAN GQNENOBEN ENCENFNAGF BAN VwFFRIN CEBCwPwGBE
wAz w xHAyQ BO ds − 0 VwFFUNFF BANFfi GQN FB]ywUUNz sBUzFGBAN xBFBAF- nL UNGGRAP �
wAz X VBIN INEL OwE wCwEG RA FCwyNGRVNfi FB GQwG GQN RAGNEAwU URAN RF GEHAywGNz ˙3flfi JN
RzNAGROL �f wF GQN FBHEyN NVRGGRAP w tRPPF FywUwE BO VwFF V- mN ywA wUFB zNGNEVRAN
GQN wyGRIN INEGRyNF BO GQN ENOBEVHUwGNz GQNBEL- rBE RAFGwAyNfi
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� ONJ BxFNEIwGRBAF wEN RVCBEGwAG wG GQRF CBRAG- uA GQN +EFG CUwyNfi GQN RzNAGRGL ˜2( RF
CENyRFNUL GQwGfi wA hMdAGhGb - jQNENOBEN JN VHFG HFN

NRGQNE BE xHG ABG xBGQ .

jQRF yBHAGNE]RAGHRGRIN]FNNVRAP CENFyERCGRBA RF GQN xwFRF OBE GQN zRwPEwVVwGRy zNFyERC]
GRBA BO GQN tRPPF VNyQwARFV- dBG GwTRAP qD-˜2( wF wA wyGHwU CQLFRywU RzNAGRGL UNwzF
GB RAyBEENyG QwAzURAP BO GQN FLVVNGEL OwyGBEFfi wAz CBFFRxUN VRF]yBHAGRAP BO zRwPEwVF-
rBE NKwVCUNfi RGNEwGRAP BAN UNP BO GQN iZN ˜2( JBHUz PRIN

n ˆ n ˆ
n

, ˜08(

8jQRF NaykHzNF IwyHHl zRwfEwlF: FNN xNkBv-
0�jQN xkBxF � wAz n lwL xN yBAANyGNz xL BGQNE kRANFfi RA vQRyQ ywFN vN QwIN w kBBC zRwfEwl-
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JRGQ GQN RAyBEENyG RVCURywGRBA GQwG


�

τ 1� ˆ u
1W2- eAUL RO JN RGNEwGN wUU UNPFfi

n ˆ n , ˜0æ(

zB JN wPwRA +Az GQN yBEENyG ENFHUG-
iNyBAzULfi RO JN GENwG GQN GwzCBUNF zRwPEwVVwGRywUUL JN QwIN GB wzVRG GQwG GQNL

wEN MNEB VBzNFfi h-d- GQNL wEN yBAFGwAG- uO JN UNG τ� zNCNAz BA CBFRGRBAfi GQN GwzCBUNF
wyG wF FBHEyNF BO VBVNAGHV GQwG JRUU ANNzUNFFUL GwAPUN BHE GENwGVNAG- mN GQNENOBEN
GwTN {K GB xN w yBAFGwAG HARG INyGBE-

rRAwUULfi GQN INEL hMdw BO iin RF GQwG {K RF wUFB w EwAMBl HARG INyGBEfi BHGFRzN
BO BHE yBAGEBU9 JN wEN GQNENOBEN OBExRzzNA OEBV VwTRAP wAL OHEGQNE wFFHVCGRBAF BA
{K- eO yBHEFNfi w PBBz VBzNU BHPQG GB LRNUz CQLFRyF GQwG RFfi wF VHyQ wF CBFFRxUNfi
RAzNCNAzNAG BO {K-

1-1 � snkMFGnAd RAOEwEdM CEnxkdV

uA GQN OBENPBRAP JN QwIN zNERINz w yBAFRFGNAG FNG BO rNLAVwA EHUNF yBAGwRARAP BAN
VwFFRIN FywUwE wAz wG UNwFG BAN VwFFUNFF sBUzFGBAN FywUwE- eAyN JN GEL GB GEHAywGN
GQN VwFFUNFF RAGNEAwU URANFfi QBJNINEfi JN EHA RAGB CEBxUNVF OBE ds > 2fi FRAyN RG RF ABG
yUNwE QBJ JN ywA zRFNAGwAPUN GQN IwERBHF VwFFUNFF CEBCwPwGBEF FB wF GB RzNAGROL GQN
IwERBHF sBUzFGBANF- mBEFNfi GQN VBzNU yBAGwRAF RAOEwENz CQNABVNAw- bNG HF RVwPRAN
w CEByNFF RA JQRyQ w VwFFUNFF sBUzFGBAN RF NVRGGNz JRGQ VBVNAGHV C9

��˜C( ˆ p . ˜2‘(

jQN ˜zR.NENAGRwU( yEBFF FNyGRBA RF PRINA xL

zσ� ∼ {��˜C({1 z3C >˜C1(θ˜C�( . ˜20(

mN VwL UNG GQN sBUzFGBAN PB INEL FURPQGUL B.]FQNUU wAz zNywL RAGB GQENN- �FFHVRAP
GQwG��˜C( zBNF ABG zNCNAz GBB zEwFGRywUUL BA Cfi JN ywA JERGN GQRF wF
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3

q
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2 ≈��˜D0 [ D1 [ D2(
0
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, ˜22(

JQNEN T ˆ 2 RO GQN GQENN sBUzFGBANF wEN RzNAGRywUfi BGQNEJRFN 0- jQN yEBFF FNyGRBAfi
JQRyQ RF zBVRAwGNz xL GQN zRwPEwV BO qD-˜22(fi ywA GQNA xN JERGGNA wF

zσ0 ∼ {�0{1
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mN FNN GQwG GQN H RAGNPEwU RA qD-˜22( zRINEPNF OBE H → ‘9 wA RAOEwENz zRINEPNAyN-00

fQLFRywUULfi GQRF VNwAF GQwG wA NKGNEAwU VwFFUNFF sBUzFGBAN RA wAL CEByNFF JRUU HA]
wIBRzwxUL NVNEPN wF w yUBHz BO UBJ]NANEPL sBUzFGBANFfi wUU VBIRAP yBUURANwEUL JRGQ
GQN FCNNz BO URPQG- jQRF VwTNF GQN bip GEHAywGRBA OBE FHyQ CwEGRyUNF NKGENVNUL CEBx]
UNVwGRy- uG JBHUz FNNV GQwG RO JN JwAG GB NAz HC JRGQ w VBzNU RA JQRyQ CwEGRyUNF
ywA xN HAwVxRPHBHFUL RzNAGR+Nzfi VwFFUNFF sBUzFGBAN xBFBAF wEN GB xN wIBRzNz-01

2 igd �xdkRwA tRffF VnMdk

2-W rdbAVwA EHkdF wAM yHEEdAG ynAFdEIwGRnA

mN VwL yBHCUN GQN GwyQLBAF GB w VwFFUNFF INyGBE ˜ywUUNz /CQBGBA= OBE ABJ(fi JRGQ w
CEBCwPwGBE PRINA xL

α β
q

ˆ − R

D1
Tαβ , Tαβ ˆ fαβ [ r αDβ [ Dαr β [sDαDβ . ˜24(

jQN DHwAGRGRNF r / wAz s wEN ENUwGNz GB GQN PwHPN yQBRyN9 RA GQRF VBzNUfi GQNL wEN
DHRGN RVVwGNERwU wF JN FQwUU FNN- mN FQwUU wFFHVN GJB RAGNEwyGRBA INEGRyNF xNGJNNA
CQBGBA wAz GwyQLBAF9

±

p

q

n

k
ˆ O�T ˜C− D(/ ,

n

k

α

β
ˆ R G�T f

αβ . ˜26(

nNywHFN GQN GwyQLBAF wEN xBFBAFfi GQN ENwU VwGERyNF O wAz G VHFG BO ANyNFFRGL xN
wAGhFblldGEhy wAz FblldGEhyfi ENFCNyGRINUL-02

iRAyN GQN CQBGBA RF VwFFUNFFfi RGF BxFdEIwxUd CBUwERMwGRBA VHFG xN CHENUL GEwAFINEFN
RA wAb bBENAGM OEwVN- jQwG RF BAUL CBFFRxUN RO RGF yHEENAG RF yBAFNEINz ˙3fl- �F xNOBENfi
JN FQwUU PRIN GQN OBUUBJRAP FGNCF RA FBVN zNGwRU FRAyN JN JRUU NVCUBL GQNV wPwRA UwGNE
BA- bNG c˜D(/ xN GQN yBVCUNGN FNG BO yBAANyGNz zRwPEwVF GQwG NVRG BE wxFBEx w
CQBGBA JRGQ VBVNAGHV D ˜ABG ANyNFFwERUL BA]FQNUU(9

c˜D(/ ˆ ±
q

. ˜26(

jQN ENDHRENVNAG BO yHEENAG yBAFNEIwGRBA VNwAF GQwG

c˜D(/ D/ ˆ
↓
ˆ ‘ . ˜28(

jQN FLVxBU
↓
ˆVNwAF GQwG JN MdlwAM GQN MNEB ENFHUG9 JN QwIN GB yBAFGEHyG BHE GQNBEL

FB wF GB wEEwAPN RG- jQN /QwAzUNxwE= zNABGNF VHUGRCURywGRBA JRGQ GQN VBVNAGHVfi

00uA w fBBz GQNBEL FHyQ wF gqpfi GQN wyGHwk uh zRINEfNAyNF wEN ywAyNkkNz xL yBEENFCBAzRAf uh
zRINEfNAyNF OEBl IREGHwk yBEENyGRBAF- qINA RO GQRF QwCCNAF QNENfi GQN OwyG ENlwRAF GQwG OBE INEL Flwkk
E w GQENN]xBzL]zNywLRAf sBkzFGBAN vRAF BHG BINE w ABA]zNywLRAf BAN-

01eAN lRfQG wkFB vBEEL wxBHG RAGNEAwk kRANF ywEELRAf IwARFQRAf lBlNAGHlfi OBE RAFGwAyN RA GQN
IwyHHl zRwfEwl - tBvNINEfi FBlN EN,NyGRBA FQBvF GQwG FHyQ MNEB]lBlNAGHl kRANF ywA BAkL
xN GQN lwFFRIN tRffF CEBCwfwGBEF-

02uO yHEENAG yBAFNEIwGRBA ’FNN OHEGQNE BA( RF GB QwIN wAL yQwAyN wG wkkfi GQN yBlxRAwGRBA ’Y − D(R
RF HAwIBRzwxkNfi wF RF GQNENOBEN GQN wAGRFLllNGEL BO N -
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yBAFRzNENz BHGPBhAP- mN QwIN GB CEBIN qD-˜28( RA OHUU PNANEwURGLfi wAz JN FQwUU zB GQRF
HFRAP GQN iZN- bNG HF zNABGN xL w URPQGUL FQwzNz FdlhfiyBAAdyGdM xUBx w yBVCUNGN FNG
BO zRwPEwVF GQwG wEN ABG ANyNFFwERUL yBAANyGNz xHG zB ABG yBAGwRA IwyHHV xHxxUNF-
dBJ yBAFRzNE

± n
k

q

p
ˆ

R

C1 [V1W2
O�T ˜C− D(/

R

D1 [V1W2
, ˜2æ(

JQNEN JN QwIN UNOG BHG GQN NKCENFFRBA OBE GQN FNVR]yBAANyGNz xUBx- �CCULRAP GQN
QwAzUNxwE PRINF HF
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q
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O�T ˜C− D · −C − D(
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D1 [V1W2

ˆ
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C1 [V1W2
O�T R [ R O T�

R

D1 [V1W2
. ˜2‘(

dBGN GQwG GQRF JBETF wF UBAP wF GQN VwFF GNEVF ˜GQN [V1W2( wEN GQN FwVN RA xBGQ
GwyQLBA CEBCwPwGBEF9 GQNRE FRPA RF REENUNIwAG- mN ywA ENCENFNAG qD-˜2‘( zRwPEwVVwG]
RywUUL xL wHKRURwEL rNLAVwA EHUNFfi wF OBUUBJF9

ˆ ,
n
k
ˆ O�T , ˆ R . ˜20(

uG RF RVCBEGwAG GB ABGN GQwGfi HAUNFF JN FCNyROL GQNV NKCURyRGULfi NDHRIwUNAG URANF NA]
GNERAP GQN FNVRyBAANyGNz xUBx QwIN GB xN FLVVNGERMNz BINEfi wAz GQNENOBEN qD-˜20(
RAyUHzNF xBGQ GNEVF BO qD-˜2‘(- uA wzzRGRBAfi RO w FUwFQNz URAN QwCCNAF GB xN wA NK]
GNEAwU BANfi RG JRUU ABG FHEIRIN bip GEHAywGRBA FRAyN RG QwF AB CBUN9 GQNENOBEN FHyQ
zRwPEwVF ywA xN ANPUNyGNz-03 dNKGfi JN yBAFRzNE GQN OBUUBJRAP GENN]UNINU wVCURGHzN904
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ˆ ‘ . ˜22(

�CCULRAP GQN rNLAVwA EHUNF JN +Az
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˜C[ D [ E(α
↓
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FB GQwG JN ENDHREN

G�T
↓
ˆ −2 O�ℓ O

ℓ
T ˆ 2 O�ℓ T

T
ℓ . ˜23(

mN GQNA QwIN

ˆ − . ˜24(

03jQRF RF xNywHFN vN yBAFRzNE i]lwGERa NkNlNAGF EwGQNE GQwA sENNA=F OHAyGRBAF-
04mERGGNA kRTN GQRFfi GQN CEByNFF RF TRANlwGRywkkL RlCBFFRxkN- nL lBIRAf GwyQLBA Afi FwLfi GB GQN

RARGRwk FGwGN ’ENCkwyRAf Y xL −Y( vN ywA ENCwRE GQRF- jQN yBAykHFRBA ENlwRAF GQN FwlN-

æ



jQN CEBBO BO PNANEwU yHEENAG yBAFNEIwGRBA CEByNNzF wF OBUUBJFfi JQNEN JN UNwIN GQN
FNVR]yBAANyGNz xUBxF BA GQN ERPQG GB xN HAzNEFGBBz- jQN iZN ENwzF

ˆ [ . ˜26(

mN ABJ wCCUL GQN QwAzUNxwE- iRAyN FUwFQNz NKGNEAwU URANF zB ABG yBAGERxHGNfi JN ywA
iZN]RGNEwGN GQN FUwFQNz CEBCwPwGBEF xL UNGGRAP GQNV NAGNE w INEGNKfi FB GQwG

ˆ − ,

ˆ [ [ [ . ˜26(

bNG Afi T wAz E xN zRFGRAyG GwyQLBA UwxNUF- jQNAfi zEBCCRAP HARVCBEGwAG BINEwUU OwyGBEF
˜zNABGNz xL ∼(fi JN QwIN
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jQRF +ARFQNF GQN CEBBO BO yHEENAG yBAFNEIwGRBAfi qD-˜28(9 GQN BAUL yBAzRGRBA BA O RF
GQwG RG xN wAGRFLVVNGERy- jQN CENFNAyN BO GwzCBUNF zBNF ABG yQwAPN GQN wEPHVNAGfi
FRAyN GQN FNVR]yBAANyGNz xUBx VwL yBAGwRA GwzCBUNF wG JRUU- mN FRVCUL VHFG wzQNEN
GB GQN yBAINAGRBA BO

ANINE HFRAP xHG wUJwLF . ˜3‘(

jQwG RFfi RA GQN iZN RGNEwGRBA GQN GwzCBUN zBNF ABG yBHAG wF w INEGNK-

2-1 pEdFFdM CEnCwfwGnEF wAM VwFDHdEwMRAf

dNKGfi JN GHEA GB GQN zENFFNz CEBCwPwGBEFfi GQN wAwUBPHNF BO W�T BO GQN CENIRBHF
FNyGRBA- mN NAyBHAGNE GJB wzzRGRBAwU CwFFRIN INEGRyNFfi RA wzzRGRBA GB GQwG BO qD-˜4(9
RAGEBzHyRAP wABGQNE INyGBE RA GU]FCwyNfi
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� , {N ˆ O {K , N{N ≡ N1 , N{K ˆ ‘ , ˜30(
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ℓ
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jQNEN wEN ABJ GQENN GLCNF BO zENFFNz CEBCwPwGBEFfi JRGQ GQN VBVNAGHV D wFFHVNz
GB xN VBIRAP OEBV UNOG GB ERPQG059

W�T ˆ n k ˆ [ [ ,

!T ˆ k ˆ [ ,

5 ˆ ˆ [ [ . ˜32(

rBUUBJRAP GQN FGNCF zNFyERxNz RA FNyGRBA 2-0 JN ywA JERGN06

W�T D
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1K� KℓWℓT [ Ru N� D
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1 ˆ V1!α
ℓ Kℓ KT − Ru5α/D/ NT ,

5αβ D1 ˆ −RTαβ [ N1u15α/T/β − Ru!α
ℓ Nℓ D

/T/β , ˜33(

FB GQwG

KℓWℓT ˆ
R KT

D1 −V1
, !α

ℓ Kℓ ˆ ‘ . ˜34(

uAGEBzHyRAP wA BEGQBABEVwU xwFRF RA GU]FCwyN ˜wAz RPABERAP GQN CBFFRxUN RAGNECENGw]
GRBAwU CEBxUNV EwRFNz RA FNyGRBA 2-2(9
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u1

D3
N� D

µ5µσ Dσ NT ,
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T ˆ − Ru

D1
5αµDµ NT , ˜36(

5αβ D1 ˆ −RTαβ [c15α/ j /ν Tνβ , ˜38(

JRGQ
c ˆ Nu , j αβ ˆ fαβ − bαβ , bαβ ˆ DαDβWD1 . ˜3æ(

mN ywAABG FBUIN qD-˜38( OBE 5fi xHG wF RG JRUU GHEA BHG GQwG zBNF ABG VwGGNE- �ABGQNE
CBRAG JBEGQL BO ABGN OBUUBJF OEBV GQN NKCENFFRBA OBE W�T- �F JN ywA FNN OEBV RGF
zRwPEwVVwGRy iZNfi GQN ENFHUG OBE KℓWℓT RF GQN FwVN wF RA qD-˜æ(- jQRF RF xNywHFN GQN
FywUwE]INyGBE VRKRAP GwzCBUN yBAGwRAF w INyGBE {N ˆ O {Kfi JQRyQ RF BEGQBPBAwU GB {K-
uAGEBzHyRAP FNINEwU INyGBE CwEGRyUNF JRUU UNwz GB zR.NENAG INyGBEF {Nfi xHG GQNFN wEN
wUFB BEGQBPBAwU GB {K ˜FNN UwGNE BA(- jQHFfi GQN CEBCwPwGBE W�T JRUU wUJwLF yBAGwRA
GQN GNEV RK�KTW˜D

1−V1(fi RA BGQNE JBEzF GQdEd vhUU wUvwbF xd w MhFGhAyG thPPF owEGhyUd:
GQRF RF GQN BERPRAwU wFFNEGRBA VwzN RA ˙4fl-

� +AwU RAPENzRNAG RF GQN OBUUBJRAP- �PwRA HFRAP wyGRIN INEGRyNFfi JN QwIN GJB iZN=F9

ˆ [ [ ,

ˆ [ [ . ˜4‘(

05W wAz 5 wEN NINA RA Dfi xHG ! RF ncc RA D-
06rBE GLCBfEwCQRywk ENwFBAF vN FQwkk wkvwLF vERGN bBENAGM RAzRyNF wF HCCNE RAzRyNFfi wAz GQN

cRATBvFTR lNGERy RF HAzNEFGBBz-
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YHEENAG yBAFNEIwGRBA ywA ABJ xN NKCENFFNz xL GQN QwAzUNxwE zRwPEwVF9

‘ ˆ ˆ − [ [ , ˜40(

ˆ [ [ . ˜42(

qINELGQRAP NKyNCG GQN wyGRIN]INEGNK zRwPEwVF ywAyNUF-07 ZNABGRAP xL �/
, GQN wVCUR]

GHzN NVRGGRAP GQN CQBGBA wAz xL �� GQN BAN NVRGGRAP GwyQLBA Afi JN FNN GQwG yHEENAG
yBAFNEIwGRBA RVCURNF
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wPwRA JRGQ GQN VBVNAGHV D yBHAGNz BHGPBRAP- uA GQRF JwL w yBVxRAwGRBA BO GwyQL]
BARy GwzCBUNF ywA lwFDHdEwMd wF w QwAzUNxwEENz INyGBE xBFBA-

2-2 �VCkRGHMdF

mN wEN ABJ ENwzL GB yBAFRzNE wA wVCURGHzNfi wF RA GQN CENIRBHF FNyGRBA9
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JQNEN
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iRAyN j α/T/νj νβ ˆ j αβfi qD-˜38( RVCURNF
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wAz FB JN +Az OBE GQN INyGBE CEBCwPwGBE

hαβ
c ˜D( ˆ

R

c1
bαβ − R

D1 −c1
j αβ ˆ

R

D1 −c1



−fαβ [ D
αDβ

c1



, ˜48(

GQN HAhGwEbfiPwHPd CEBCwPwGBE- �F wAABHAyNzfi GQN DHwAGRGRNF r / wAz s BO qD-˜24(
zEBC BHG xNywHFN Dαj αβ ˆ ‘- kCBA bip GEHAywGRBAfi GQN VwFFRIN INyGBE QwF CENyRFNUL
RGF GQENN CQLFRywU CBUwERMwGRBA zNPENNF BO OENNzBVfi RAyUHzRAP GQN UBAPRGHzRAwU BAN-

07jB wCCENyRwGN GQRFfi RG lwL QNkC GB ENywFG zRwfEwlF9

[ ; [ ; ‘ ,

vQNEN vN ywA ENyBfARMN FRlCkL w FCNyRwk ywFN BO qD-’29(- dBGRyN GQN RlCBEGwAyN BO EHkN ’3‘(7
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2-3 ldEGRydF

jQN INEGRyNF BO qD-˜06( wEN HAyQwAPNzfi xHG JN QwIN GB +Az GQN FywUwE]INyGBE RAGNE]
wyGRBAF- mN FNN RVVNzRwGNUL GQwG
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jQN GJB]CQBGBA INEGRyNF08 ENDHREN VBEN ywEN- rREFGfi JN +Az
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. ˜60(

uO JN JwAG GQRF GB IwARFQ JN ANNz O {N ∼ {K- �F ywA xN FNNA OEBV wCCNAzRK æ-0fi GQwG
RF BAUL CBFFRxUN RO {K RF wA NRPNAINyGBE BO O 19 xHG {K RF EwAzBV7 jQN BAUL ENwFBAwxUN
FBUHGRBA RF GB ENDHREN GQwG {K RF wUvwbF wA NRPNAINyGBEfi h-d- O 1 VHFG xN −N1 GRVNF
GQN HARG VwGERKfi wAz GQN AHVxNE BO GwyQLBAF VHFG xN NINA- uA GQwG ywFNfi GQN INyGBEF
{Li ywA xN yQBFNA FHyQ GQwG

O


L1F−0


ˆ N


L1F


, O


L1F


ˆ −N


L1F−0


, F ˆ 2, . . . ,dsW2 , ˜62(

FB GQwG GQNL ywA xN RAGNECENGNz wF GQN ENwU wAz RVwPRAwEL CwEG BO yQwEPNz FywUwEFfi
JRGQ

±
y

y 2sp

q 2s−1
ˆ N ˜C− D(/ ,

jα

β y j

y
ˆ 2RN1 fαβ . ˜62(

uO O 1 RF ABG CEBCBEGRBAwU GB HARGLfi JN QwIN w VBzNU GQwG RF yBAFRFGNAG wAz HARGwELfi
xHG UwyTF wA RAGNECENGwGRBA RA GNEVF BO FRVCUN yQwEPNz FywUwEF- �zVRGGNzULfi FRAyN GQN
CQLFRyF RA GQwG ywFN zNCNAzF BA {Kfi RG RF ABG w /PBBz= VBzNU RA GQN FNAFN zRFyHFFNz
wxBIN-

rBE ds ˆ 2fi GQN /BERPRAwU= �t VBzNUfi GQN rNLAVwA EHUNF OBHAz wEN CENyRFNUL
GQBFN BO GQN FNyGBE BO GQN iGwAzwEz qUNyGEBJNwT cBzNU GQwG yBAGwRAF BAUL p� wAz
tRPPF CwEGRyUNF- iRAyN GQN UBAPRGHzRAwU CBUwERMwGRBA INyGBE BO w p� JRGQ VBVNAGHV
C QwF GQN OBEV ǫ/b ˆ C/Wc − M ˜cWC�(fi GQN wCCURywGRBA BO qD-˜42( FQBJF GQwG GQN
UBAPRGHzRAwU zNPENN BO OENNzBV RF NFFNAGRwUUL FywUwE GwyQLBAF RA VwFDHNEwzNfi1� wAz FB
HARGwERGL BO GQRF FNyGBE RF CEBINA-

3 uAGdEwyGRAf IdyGnEF9 fdAdEwk FGEHyGHEd

3-W rdbAVwA EHkdF wAM yHEEdAG ynAFdEIwGRnA

mN ABJ GHEA GB VBzNUF yBAGwRARAP FNINEwU VwFFUNFF INyGBEF ˜UwxNUUNz xL J, K, L, . . .(fi
GQwG VwL xN RAGNEwyGRAP JRGQ NwyQ BGQNE- uG xNyBVNF ANyNFFwEL GB CBFGHUwGN GQNRE

08rBE ENwFBAF kBFG RA GQN lRFGF BO GRlNfi GQNFN wEN wkFB ywkkNz rdvetTT udEshbdr-
1�jQN OwyG GQwG kBAfRGHzRAwkkL CBkwERMNz INyGBE xBFBAF lwL xN ENCkwyNz xL wCCEBCERwGN ’yBlxR]

AwGRBAF BO( FywkwEF RF ENONEENz GB wF GQN qothuvTd�bd jgdnEdl-)6fl
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CEBCwPwGBE RA VBEN zNGwRU910

w

q
βα ˆ hαβ

� ˜D( ˆ −RT
αβ˜D(

D1
, Tαβ˜D( ˆ fαβ − DαAβ

˜D · A( −
AαDβ

˜D · A( [
A1 DαDβ

˜D · A(1 , ˜63(

JQNEN Aα RF w +KNz INyGBE- jQRF RF GQN wahwU PwHPdfi JRGQ AαTαβ ˆ ‘- mN wFFHVN w
GQENN]INyGBE yBHCURAPfi zN+ANz xL

y

p

q

α

β

λ w x
ˆ QJaL B ˜C, α: D, β:−C− D, µ( , ˜64(

JRGQ11

B ˜C, α: D, β: E, µ( ˆ ˜C− D(µfαβ [ ˜D − E(αfβµ [ ˜E − C(βfµα . ˜66(

iRAyN GQN INyGBEF wEN xBFBAFfi GQN ENwU AHVxNEF QJaL wEN ANyNFFwERUL GBGwUUL wAGRFLV]
VNGERy- mN wUFB CEBCBFN w OBHE]INyGBE RAGNEwyGRBA9

ν

w
x

y
z

α β

±

ˆ Rn˜J, α: K, β: L, µ: M, ν( , ˜66(

JRGQ

n˜J, α: K, β: L, µ: M, ν( ˆ fαβf/ν·JLMK}[ fα/fβν·JKML}[ fανfβ/·JKLM} ,

·JKLM} ˆ QJasQLMs [ QJLsQaMs . ˜68(

mN ANNz GB JBET BHG JQwG GQN QwAzUNxwE zBNF QNEN9

y

p

q

w x ∼ h/α
� ˜C( Q

JaL B ˜C, α: D, β:−C− D, µ(˜−C− D(µhβν
� ˜D( . ˜6æ(

kFRAP GQN GJB ENFHUGF

B ˜C, α: D, β:−C− D, µ(˜−C− D(µ ˆ


CαCβ − C1fαβ


−


DαDβ − D1fαβ


,

h/α
� ˜C(



CαCβ − C1fαβ


ˆ R



f/α − C/Aα

˜C · A(



fαβ , ˜6‘(

JN +Az RVVNzRwGNUL GQN EHUN12

ˆ ,
β

w x
y

α
ˆ QJaLfαβ , α β ˆ R fαβ . ˜60(

10mN zB ABG QwIN GB ‘zNERIN= GQRF CEBCwfwGBE xL ‘fwHfN +aRAf= RA FBlN wyGRBAfi FRAyN vN zB ABG HFN
wyGRBAF- jQN BAkL ENDHRENlNAG RF GQwG BHE ENFHkGRAf GQNBEL xN yHEENAG]yBAFNEIRAf9 ENywkk OBBGABGN 1-

11jQRF RF SHFG GQN GwyQLBA]GwyQLBA]INyGBE INEGNafi wzwCGNz GB GQENN INyGBEFfi GQwG QwIN GB xN GENwGNz
BA GQN FwlN OBBGRAf ’xNRAf xBFBAF(- uG RF GQNENOBEN NFFNAGRwkkL GQN FRlCkNFG CBFFRxkN yQBRyN-

12jQNEN RF w FHxGkNGL RO BAN BO GQN INyGBEF RF NaGNEAwk- �CCNAzRa 9-1 FQBvF GQwG GQRF zBNF ABG kNwz
GB CEBxkNlF-
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uA wzzRGRBAfi JN QwIN

ˆ − , ˜62(

JQRyQ RF GQN EwhFBA Mˆ:dGEd BO GQN yHVxNEFBVN NKCENFFRBA ˜68(- rBE GQN RAGNEwyGRBAF
JRGQ GQN GwyQLBAFfi JN FRVCUL PNANEwURMN GQBFN BO GQN �t VBzNU9

w
p

q

n

k
± ˆ ˜OJ(�T ˜C− D(/ ,

w n

k

α

β x
ˆ R ˜GJa(�T f

αβ , ˜62(

JRGQ wPwRA OJ wAGRFLVVNGERy wAz GJa ˆ GaJ FLVVNGERy RA GU]FCwyN- nL NKwVRAP GQN
GENN]UNINU QwAzUNxwE yBAzRGRBA

xw
k

n
ˆ

xw

n

k

[
n

w x
k

[
n

w
x

k [
n

w x
k

↓
ˆ ‘ ˜63(

JN +Az GQN wAwUBPHN GB qD-˜28(9

˙OJ, Oafl
↓
ˆ QJaL O L , ·OJ, Oa} ↓

ˆ −GJa . ˜64(

mRGQ GQNFN EHUNF wAz GBBUF JN ywA CEBIN yHEENAG yBAFNEIwGRBA OBE GQRF GLCN BO VBzNU-
�PwRA UNwIRAP BHG GQN FNVR]yBAANyGNz xUBxFfi JN JERGN GQN iZN wF

ˆ [ [ [ , ˜66(

wAz JN QwIN

ˆ − − ,

ˆ [ [ [ ,

ˆ − ,

ˆ [ [ [ [ . ˜66(

nL VNGQBzF FRVRUwE GB GQBFN UNwzRAP GB qD-˜2æ( JN ywA FGEwRPQGOBEJwEzUL FQBJ GQwG

ˆ ‘ , [ ˆ ‘ , ˜68(

wzVRGGNzUL JRGQ NKGNAFRIN HFN BO qD-˜64(- mN FNN GQwG GQN yHEENAGF OBE GQN VwFFUNFF
INyGBEF wEN FGERyGUL yBAFNEINz-
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3-1 pEdFFdM CEnCwfwGnEF: VwFDHdEwMRAf wAM Ggd wVCkRGHMd

jQN CwFFRIN INEGRyNF BO GQN VBzNU wEN PNANEwURMwGRBAF BO GQBFN BO GQN �t VBzNU9 RA
wzzRGRBA GB qD-˜4( JN QwIN

w
n α

q
ˆ τℓ ˜O

J(ℓ� D
α ˆ u ˜NJ(� D

α ,

xα βw ˆ
0

27
τ� τT ˜G

Ja(�T f
αβ ˆ R u1 NJ{Na fαβ , ˜6æ(

JRGQ {NJ ˆ OJ {Kfi BE VBEN NKCURyRGUL ˜NJ(� ˆ ˜OJ(T�KT- jQN iZN=F OBE GQN zENFFNz
CEBCwPwGBEF9

W�T ˆ n k ˆ [ [ ,

!JT ˆ kw ˆ [ ,

5Ja ˆ w x ˆ [ [ , ˜8‘(

ywA xN GENwGNz RA GQN FwVN JwL wF xNOBENfi GB LRNUz

W�T ˆ
R

D1 −V1
K�KT [

R

D1
˜>�T − K�KT( [

u1

D3
˜NJ(� D

/5/νJaD
ν˜Na(T ,

!α
JT ˆ − Ru

D1
5α/
JLD

/˜NL(T ,

5αβ
Ja D

1 ˆ −RTαβ>Ja [ u15α/
JLj

/νTνβ NL{Na . ˜80(

uO JN zNABGN xL �/
J GQN wyGRIN]INEGNK FBHEyN NVRGGRAP INyGBE Jfi JN ywA CNEOBEV

GQN FwVN FGNCF wF OBE qD-˜42( wAz +Az GQN VwFDHNEwzRAP RzNAGRGRNF

��˜N
J(� ˆ

R

u
�/
JD

/ , ˜82(

GQwG JN FQwUU HFN NKGNAFRINUL- mN zB QwIN GB ABGN GQN wCCNwEwAyN BO wA NKGEw GNEV
BA GQN ERPQG]QwAz FRzN RA qD-˜40(9

− ,

xHG FRAyN GQN GwzCBUNF ywEEL AB VBVNAGHV GQRF zRwPEwV IwARFQNF xL RGFNUO-
jQN wVCURGHzNfi JRGQ zENFFNz CEBCwPwGBEF EHAARAP xNGJNNA wyGRIN INEGRyNFfi RF wUFB

GENwGNz wF xNOBENfi wAz JN +Az

� ˆ �fhf˜D(Xf [ ��
0

D1
˜>�T − K�KT(XT [ �

α
JZ

αβ
JaX

β
a , ˜82(

JRGQ

Zαβ
Ja ˆ j

α/5/νJaj
νβ ˆ −Rj αβ aJa , aJa D

1 ˆ >Ja [ u
1aJL NL{Na . ˜83(

rHEGQNE NIwUHwGRBA zNCNAzF BA GQN zNGwRUF BO GQN VBzNU9 RA GQN OBUUBJRAP JN FQwUU
NKwVRAN FNINEwU FHyQ VBzNUF- uG VwL xN RAGNENFGRAP GB CBRAG BHG GQwG GQN yQBRyN BO
GQN wKRwU CEBCwPwGBE BO qD-˜63( RF ANyNFFwEL GB VwTN qD-˜60( JBETfi xHG GQwG RF GQN
BAUb CUwyN RA GQN JQBUN zRFyHFFRBA JQNEN RG CUwLF w EB̂UN9 RA CwEGRyHUwE GQN CEBCwPwGBEF
Zαβ wEN RAzNCNAzNAG BO GQN PwHPN yQBRyN-13

13�Az GQN waRwk]fwHfN INyGBE AR zRFwCCNwEF yBlCkNGNkL OEBl BHE zRFyHFFRBAfi wF RG ntegs sn-
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4 uAGdEwyGRAf IdyGnEF9 dKwVCkd VnMdkF

4-W igd �Cnkkn VnMdk

jQN VRARVHV AHVxNE du BO INyGBE +NUzF GQwG ywA xN FNUO]RAGNEwyGRAP RF 2fi RA JQRyQ
ywFN QJaL VHFG xN CEBCBEGRBAwU GB GQN bNIR]YRIRGw FLVxBU εJaL- iRAyN GQN O VwGERyNF
wEN wAGRFLVVNGERyfi GQN VRARVHV AHVxNE ds BO GwyQLBAF RF wUFB 2-

14 jQNENOBEN GQN
�CBUUB VBzNU ˜+EFG zRFyHFFNz RA ˙6fl(fi JRGQ ds ˆ du ˆ 2fi RF GQN /FVwUUNFG= VBzNU JRGQ
INyGBE FNUO]RAGNEwyGRBAF- bNG HF zN+AN GQN 2} 2 VwGERyNF OJ OBE GQRF VBzNU xL

˜OJ(�T ˆ −NeJ
L εL�T , ˜84(

JQNEN e RF wA wExRGEwEL xHG +KNz BEGQBPBAwU 2 } 2 VwGERK- uG ywA xN yQNyTNz GQwGfi
RAzNNzfi

˙OJ, Oafl ˆ QJaLO L , QJaL ˆ N εJaL . ˜86(

iRAyN NJ{K ˆ ‘fi GQN GQENN INyGBEF {NJfi

˜NJ(T ˆ Ne
J
L ε

LT�K� , J ˆ 0, 2, 2 , ˜86(

ywAABG xN URANwEUL RAzNCNAzNAG- uO JN zN+AN

,J ˆ e
�
J K� , ,{, ˆ 0 , ˜88(

GQNA JN ywA NwFRUL INEROL GQwG

,J {NJ ˆ ‘ , NJ{Na ˆ N1˜>Ja − ,J,a( . ˜8æ(

qD-˜83( ABJ GwTNF GQN OBEV

aJa D
1 ˆ >Ja [c

1aJa −c1aJL,L,a , ˜æ‘(

OEBV JQRyQ JN ENwzRUL zNERIN

aJa ˆ
0

D1
,J,a [

0

D1 −c1
˜>Ja − ,J,a( ˆ

0

D1
,J,a [

0

D1 −c1
˜ρJρa [ τJτa( , ˜æ0(

JQNEN GQN GQENN HARG INyGBEF .,fi .ρ wAz .τ OBEV w yBVCUNGN BEGQBABEVwU FNGfi15 JRGQ
,JρaτLε

JaL ˆ 0- ZN+ARAP

�/
, ˆ �

/
J,J , �/

ρ ˆ �
/
JρJ , �/

τ ˆ �
/
JτJ , ˜æ2(

JN +Az RVVNzRwGNUL GQwG �/
, RF FGERyGUL yBAFNEINz FRAyN

D/�/
, ˆ ˜D

/�/
J(,J ˆ −Ru ��˜N

J(�,J ˆ ‘ . ˜æ2(

cBENBINEfi wPwRA HFRAP yBVCUNGNANFF JN ywA zNERINfi JRGQ {NZ ˆ EJ {NJ9

˜Nρ(�˜N
ρ(T [ ˜N

τ (�˜N
τ (T ˆ N

1˜ρtρL [ τtτL [ ,t,L(˜N
t(�˜N

L(T

ˆ N1˜Nt(�˜N
t(T ˆ N

1et
we

t
x ε

w�ℓεxTZKℓKZ ˆ N
1εw�ℓεwTZKℓKZ

ˆ N1˜>�T − K�KT( . ˜æ3(

14rBE zn ; 1 wkk GQN N lwGERyNF vBHkz yBllHGN-
15jQN INyGBE .τ RF ABG GB xN yBAOHFNz vRGQ GQN GwyQLBARy GwzCBkNF τ�-
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jQN wVCURGHzN ywA GQNENOBEN xN JERGGNA wF

� ˆ �fhf˜D(Xf [ �
α
,h

αβ
, ˜D(X

β
, [



σ9ρ,τ

�α
σh

αβ
c ˜D(X

β
σ . ˜æ4(

JRGQ

hαβ
, ˜D( ˆ −Rf

αβ

D1
: ˜æ6(

wAz JN ENyBPARMN BAN tRPPFfi BAN VwFFUNFF INyGBE ˜w /CQBGBA=( wAz GJB VwFFRIN INy]
GBEF- 16

mN ABJ GHEA GB GQN INEGRyNF9 qD-˜06( FGRUU QBUzF- nNywHFN BO GQN OBEV BO NJ{Na
JN FNN GQwG , zBNF ABG yBHCUN GB GQN FywUwEFfi JQRUN17

ρ h

hα

β

ρ
ˆ

τ

h

hα

β τ
ˆ 2R

c1

u1
fαβ ,

τ h

hα

β

ρ
ˆ ‘ . ˜æ6(

jQN GQENN]INyGBE yBHCURAP ywA xN JERGGNA wF

γ
p

q

α

β

λ
ρ

τ ˆ ,JρaτLQ
JaL B ˜C, α: D, β:−C− D, µ( ˆ N B ˜C, α: D, β:−C− D, µ( . ˜æ8(

rBE GQN OBHE]INyGBE yBHCURAP JN QwIN

·wwxx} ˆ ·wxwx} ˆ N1 , ·wxxw} ˆ −2N1 , ˜w, x( ˆ ˜,, ρ(, ˜,, τ( BE ˜ρ, τ( , ˜ææ(

wUU BGQNE yBVxRAwGRBAF IwARFQRAP- jQNENOBENfi

b

α β

±ν

aa

b
ˆ −RN1



2fαβf/ν − fα/fβν − fανfβ/


. ˜0‘‘(

�G GQRF CBRAG JN ywA FGwEG GwUTRAP wxBHG yQwEPdM INyGBEFfi zNABGNz xL m˙ wAz
m− ˜BE [ wAz −(- mN zN+AN18

�/
± ˆ

0√
2
˜�/

ρ ± R�/
τ ( , X/

± ˆ
0√
2
˜X/

ρ ± RX/
τ ( . ˜0‘0(

jQNAfi
�α

ρh
αβ
c ˜D(X

β
ρ [ �

α
τh

αβ
c ˜D(X

β
τ ˆ �

α
˙h

αβ
c ˜D(X

β
˙ [ �

α
−h

αβ
c ˜D(X

β
− ˜0‘2(

dBGN GQwG JQRyQ BAN BO GQN GJB GNEVF ˜m˙ BE m−( wyGHwUUL FHEIRINF zNCNAzF BA
JQwG QwCCNAF weGdE GQN wyGRIN INEGRyNF- mN GQNENOBEN QwIN GB FLVVNGERMN BINE GQN

16uA )6fl GQRF vwF NlCkBLNz GB wEERIN wG wA ‘NkNyGEBvNwT= lBzNk vRGQBHG p xBFBAF-
17mN kNwIN GQN N.NyG BO ENCkwyRAf BAN Q xL GQN GwzCBkNfi GHEARAf GQN OBHE]CBRAG INEGNa RAGB w

GQENN]CBRAG BAN wAz fRIRAf wA NaGEw OwyGBE ufi wF HAzNEFGBBz-
18jQN zR.NENAyN RA zN+ARGRBA OBE �� wAz n� RF GQwG � dlhsrfi wAz n varnEar GQN yQwEfNz INyGBE-
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URANF ρ, τ wAz wUFB BINE GQN m˙,m− URANF- rBE BAyN ENCUwyRAP JwIL URANF xL FVBBGQ
URANF OBE ENwzwxRURGLfi wAz HFRAP ± OBE m±fi JN GQNENOBEN JERGN

τ

pq

ρ

[

τ
pq
ρ

ˆ
_

pq

+
[

_
pq

+

,

ρ
ρ
τ

τ
[

ρ

τ

τ
ρ [ ˜3 BGQNEF( ˆ

+
+_
_

[

+

_

_
+ [ ˜3 BGQNEF( . ˜0‘2(

rBE GQN m˙m−,, wAz m˙m−]tRPPF yBHCURAPF JN ywA OBUUBJ GQN FwVN wEPHVNAG-
jQRF PRINF HF GQN rNLAVwA EHUNF

_

p

q

α

β

λ
γ W

W

+
ˆ RN B ˜C, α: D, β:−C− D, µ( ,

W

α β

±ν γ γ

+
W

_
ˆ −RN1



2fαβf/ν − fα/fβν − fανfβ/


,

+
α β

±ν

+
W W
W W

__ ˆ RN1


2fαβf/ν − fα/fβν − fανfβ/


,

_ h

hα

β

W+

W
ˆ 2R

c1

u1
fαβ . ˜0‘3(

4-1 igd tRffF,aRxxkd VnMdk

jQN ta VBzNU wERFNF RO JN NAUwEPN GQN GwyQLBA FCwyN BO GQN �CBUUB VBzNU GB ds ˆ 3-
jQN PNANEwU OBEV BO GQN OJ VwGERyNF RF ABJ PRINA xL

˜OJ(�T ˆ Ne
J
M ˜f

M(�T , ˜0‘4(

JQNEN GQN BEGQBPBAwU VwGERK e RF wF RA GQN CENIRBHF FNyGRBAfi2� wAzfi RA xUByT ABGwGRBA

f0 ˆ



i ‘
‘ i



, f1 ˆ



‘ σ0
−σ0 ‘



, f2 ˆ



‘ σ2
−σ2 ‘



, ˜0‘6(

JQNEN σ0,1,2 wEN GQN fwHUR VwGERyNFfi wAz i ˆ Rσ1-
20 jQN VwGERyNF O QwIN GQN OBUUBJRAP

CEBCNEGRNF9
˙OJ, Oafl ˆ 2N εJaLO L , ·OJ, Oa}�T ˆ −2N1 >Ja >�T . ˜0‘6(

iRAyN GQRF RVCURNF NJ{Na ˆ N1>Jafi JN +Az RVVNzRwGNUL GQwG

aJa ˆ
>Ja

D1 −c1
. ˜0‘8(

2�jQN GQENN INyGBE xBFBAF wEN lRaNz RA wA wExRGEwEL vwL-
20� zNERIwGRBA RF fRINA RA wCCNAzRa 9-2-

0æ



dNKGfi OEBV


{NJ NJ{


{K ˆ ‘ ,


{NJ NJ{


{Na ˆ {Na ˜0‘æ(

RG OBUUBJF GQwG

>�T − K�KT ˆ
0

N1
˜NJ(�˜N

J(T . ˜00‘(

mN +Az GQN wVCURGHzN RA w FGEwRPQGOBEJwEz VwAANE9

� ˆ �fhf˜D(Xf [


J

�α
Jh

αβ
c ˜D(X

β
J , ˜000(

FB GQwG JN QwIN GQENN VwFF]c INyGBEF wAz BAN tRPPF FywUwE- iRAyN GQN GQENN INyGBEF
wEN wUU BA wA NDHwU OBBGRAPfi ABG VHyQ JBHUz xN PwRANz xL GELRAP GB RAGEBzHyN GQN
ABGRBA BO /yQwEPN= RA GQN ta VBzNU wG GQRF CBRAG-21

4-2 igd dkdyGEnvdwT VnMdk

mN ywA NKGNAz GQN ta VBzNU RA GQN OBUUBJRAP JwL- uG RF CBFFRxUN GB yQBBFNfi RA wzzRGRBA
GB GQN VwGERyNF O i ˜S ˆ 0, 2, 2( BO qD-˜0‘4(fi w FRAPUN VwGERK O � GQwG yBVVHGNF JRGQ
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INyGBE xBFBA wF GQN ANHGEwU BAN- rHEGQNEVBEN BAN ONEVRBA ˜GQN /HC=( BAUL NVRGF w
m˙fi wAz GQN BGQNE BAN ˜GQN /zBJA=( ywA BAUL NVRG w m−9

+ ±
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√
2ω˙,

/



‘ 0
‘ ‘

w

x

,
− ±

ab
ˆ −RN

√
2ω˙,

/



‘ ‘
0 ‘

w

x

.

˜06‘(

26



6-1-1 cnEd OdEVRnA MnHxkdGF

mN ywA RAyENwFN GQN AHVxNE BO ONEVRBAF GB Az /HC= wAz Az /zBJA= ONEVRBAFfi FB GQwG
Ae ˆ 2Az- mN yQBBFN g

J
b ˆ −NσJ † Wfi NKCURyRGUL9

g0

b ˆ



‘ −NW
−NW ‘



, g1

b ˆ



‘ RNW
−RNW ‘



, g2

b ˆ



−NW ‘
‘ NW



˜060(

jQN xUByT OBEV ENONEF GB GQN /HC= wAz /zBJA= FNyGBEFfi wAz W RF GQN Az}Az HARG VwGERK-
kFRAP GQN ENCENFNAGwGRBA ˜0‘6(fi JN GQNA QwIN

/1 ˆ −Rg0

b/0 , /2 ˆ −Rg2

b/0 , /3 ˆ −Rg1

b/0 . ˜062(

jQNENOBENfi

B ˆ u1˜.K(/0 , 1˜.K( ˆ K0 − RK1g0

b − RK2g2

b − RK3g1

b , ˜062(

wAz 1 RF HARGwEL- jQwG VNwAF GQwG GQN FRAPHUwE]IwUHN zNyBVCBFRGRBA JRUU wHGBVwG]
RywUUL ENVBIN wUU K zNCNAzNAyN RA zRwPBAwURFRAP B ˜xNywHFN 1 JRUU OBEV CwEG BO k(9
GQN ONEVRBA VwFFNF ˜wAz VRKRAPF( wEN RAzNCNAzNAG BO {K-

jQNEN RF wA RVCBEGwAG ENFGERyGRBAfi QBJNINE9 JN JwAG GQN IwyHHV GB xN ,wIBHE]
yBAFNEIRAP-31 jQNENOBEN GQN B VwGERK FQBHUz ABG VRK H wAz z ONEVRBAF9 RG VHFG QwIN
w xUByT]zRwPBAwU OBEV- mN VHFG GQNENOBEN yQBBFN /0 GB xN ˜w GEwAFOBEVwGRBA BO( w
xUByT]zRwPBAwU VwGERK RA ,]FCwyN9

u/0 ˆ 1˜.M(
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‘ az



, ˜063(

JRGQ .M wA wExRGEwEL HARG INyGBE- jQRF TRAz BO ENFGERyGRBA BO GQN OBEV BO /0 RFfi RA
OwyGfi wUFB CENFNAG RA GQN ywABARywU zNERIwGRBA BO GQN iGwAzwEz cBzNUfi FRAyN wUFB GQNEN
,wIBHE]yQwAPRAP IwyHHV GNEVF wEN NKCURyRGUL NKyUHzNzfi GQHF OBExRzzRAP CENyRFNUL BAN]
QwUO BO wUU CBFFRxUN oHTwJw RAGNEwyGRBAF- jQN VwGERyNF k wAz U wEN ABJ yQBFNA wF

k ˆ Y1˜.K(�1˜.M(� , Y ˆ
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JQNEN
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RF CENyRFNUL GQN FRAPHUwE]IwUHN zNyBVCBFRGRBA BO GQN ˜Ae}Ae ( a FHxVwGERyNF- rRAwUULfi
JN zN+AN GQN hJ

i wF RA qD-˜046(fi BAUL RA GQN /GNAFBENz= OBEVfi HFRAP Y EwGQNE GQwA
k wAz σJ † W- �PwRA yBAFRzNERAP m± EwGQNE GQwA m 0,1fi JN wEERIN wG GQN OBUUBJRAP
INEGRyNF9
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jQN VwGERK YtY
�
z RFfi BO yBHEFNfi GQN Yac VwGERK RA GQN ywFN BO DHwETFfi BE GQN fcdi

VwGERK RO JN yBAFRzNE UNCGBAF-32

31iRAyN GQNEN RF AB CQBGBAfi GQNEN RF AB ABGRBA BO wA NkNyGERywkkL ANHGEwk IwyHHl-
32mQRyQ RlCkRNFfi BO yBHEFNfi GQN NaRFGNAyN BO ERfQG]QwAzNz ANHGERABF-
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6-2 igd qkdyGEnvdwT VnMdk

rBE FRVCURyRGLfi JN FQwUU HFN OJ ˆ fJ ˜ye qD-˜0‘6((fi wAz yBAFRzNE BAULfi FwLfi GQN DHwET
FNyGBE BO GQN qm VBzNU- qKGNAzRAP GQN ta VBzNU JRGQ wA wzzRGRBAwU INyGBE xBFBAfi
JN UNG GQN wzzRGRBAwU INyGBE yBHCUN GB GQN ONEVRBAFfi JRGQ g�

b wAz g
�
h- iRAyN JN QwIN

zNVwAzNz GQwG Q�Ja ˆ ‘fi g�
b VHFG xN CEBCBEGRBAwU GB GQN HARG VwGERK- jQN BAUL JwL

OBE GQN yBVVHGwGRBA ENUwGRBAF
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� − /�gJ
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GB xN yBAFRFGNAG RF GB QwIN
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JQRyQ CEBIRzNF w FGEBAPNE yBAFGEwRAG BA O � GQwA RA GQN FyNAwERB JQNEN BAUL INyGBE
xBFBAF JNEN RAyUHzNz: OHEGQNEVBENfi GQN /HC]zBJA= xUByT OBEV BO g�

b,h VHFG ENwz

g�

b ˆ −N′


wb † W ‘
‘ wb † W



, g�

h ˆ −N′


wh † W ‘
‘ xh † W



˜06‘(

JRGQ wb − wh ˆ −0 wAz wb − xh ˆ [0-33 �F RA GQN VBzNU yBAGwRARAP FBUNUL INyGBE
xBFBAFfi JN GwTN GQN yBVxRAwGRBAF �/

, ˆ yθ�
/
� − Fθ�/

JMJfi �
/
p ˆ yθ�

/
JMJ [ Fθ�

/
� fi wAz
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k ˆ FJ�

/
J JRGQ FJ ˆ GJ, EJ-

34 iRAyN GQN INyGBE MJ yBAGwRAF GQN RAOBEVwGRBA RA
JQRyQ �0,1,2 wEN VRKNzfi JN ANNz GB CNEOBEV GQN FwVN VRKRAP RA GQN gJ

b VwGERyNF- mN
zB FB xL yBAFGEHyGRAP w EBGwGRBA VwGERK sfi JQBFN EBJF wEN GQN BEGQBABEVwU INyGBEF
MJfi GJ wAz EJfi wAz GwTRAP GQN CEBzHyG ’h

J
a ˆ h

J
L s

L
a- fNEOBEVRAP GQRF EBGwGRBA UNwINF

HF JRGQ GQN rNLAVwA EHUNF9

f
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f
ˆ −Rge,
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JRGQ

gt ˆ FθN ˜wb [ wh [ 0( , gz ˆ FθN ˜wb [ xh − 0(
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θ˜wb [ xh(
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. ˜062(

jwTRAP RAGB wyyBHAG GQwG GQN OOm yBHCURAP yBAFGwAG f�fi zN+ANz xL srW
√
2 ˆ

f�
1Wc1fi RF PRINA xL f� ˆ N

√
2 ˜OEBV qD-˜066((fi RG RF NwFRUL yQNyTNz GQwG GQNFN

INEGRyNF wENfi wPwRAfi CENyRFNUL GQBFN BO GQN FGwAzwEz NUNyGEBJNwT VBzNU-

33jQN kNCGBA FNyGBE BO GQN qm RF GENwGNz GQN FwlN vwLfi BAkL vRGQ zR.NENAG wFFRfAlNAGF BO vbµL
wAz xL-

34uG RF HAANyNFFwEL GB yQNyT wfwRA FGERyG yHEENAG yBAFNEIwGRBA OBE GQN wlCkRGHzN ��fi FRAyN RA GQN
CEBBO BO FNyGRBA 4-2 GQN RzNAGRGL BO GQN wyGRIN INEGNa zBNF ABG NAGNE-
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7 onAykHFRnAF wAM wyTAnvkdMfVdAGF

mN QwIN FQBJA QBJ GB RVCUNVNAG GQN tRPPF VNyQwARFV RA w CHENUL zRwPEwVVwGRy
JwLfi JBETRAP HC OEBV GQN FRVCUNFG FNUO]RAGNEwyGRAP GwyQLBA FLFGNV GB GQN yBVCUNGN
NUNyGEBJNwT VBzNU- uA zBRAP FB JN OBHAz GQwG FCNyRwU ywEN QwF GB GwTNA JRGQ GwzCBUN]
yBAGwRARAP zRwPEwVF RA BEzNE GB wIBRz VRFyBHAGRAP- mN wUFB CEBINz GQwG wUU GQNBERNF
BO GQN GLCN JN FGHzRNz VHFG yBAGwRA w tRPPF CwEGRyUN ˙4flfi wAz CEBINz GQN NDHRIwUNAyN
GQNBENV yRGNtl- jQN FLVVNGEL FGEHyGHEN BO GQNBERNF JRGQ INyGBE CwEGRyUNF wERFNF AwG]
HEwUUL OEBV GQN ENDHRENVNAG BO HARGwERGLfi EwGQNE GQwA wF CENBEzwRANz-

jQN wHGQBEF PEwGNOHUUL wyTABJUNzPN VwAL HFNOHU zRFyHFFRBAF JRGQ eFywE nBQNE
bHAw wAz jBV zN mRUGfi JQB JQRUN VwFGNE FGHzNAGF QwIN JBETNz BA FNINEwU wFCNyGF
BO GQRF ENFNwEyQ-

8 �CCdAMRydF

8-W �AGRgdEVRGRwA VwGERydF

� QNEVRGRwA VwGERK QwF wA BEGQBABEVwU xwFRF BO NRPNAINyGBEF- jQN OBUUBJRAP zRFyHF]
FRBA ˜RAyUHzNz QNEN FRAyN GQN ENFHUG RF UNFF JNUU]TABJA( zNFyERxNF GQN wAwUBPBHF ENFHUG
OBE wAGhfiQNEVRGRwA VwGERyNFfi GQwG FHxFHVN wAGRFLVVNGERy ENwU VwGERyNF FHyQ wF GQN
OJ- bNG c xN wA wAGRQNEVRGRwA VwGERK: c �c fi xNRAP xL yBAFGEHyGRBA QNEVRGRwAfi QwF
wA BEGQBABEVwU xwFRF BO NRPNAINyGBEF- bNG {w0 xN FHyQ wA NRPNAINyGBEfi ABEVwURMNz GB
HARGLfi JRGQ NRPNAIwUHN µ- uO µ ˆ ‘ GQNA
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ˆ c {w01ˆ ‘ , ˜062(

FB GQwG c {w0 ˆ ‘- �AL BGQNE IwUHN BO µ VHFG xN CBFRGRINfi FB GQwG JN ywA JERGN
µ ˆ M1 JRGQ M ENwU- rBE GQwG ywFN JN zN+AN {x0 ˆ ˜0WM(c {w0- mN RVVNzRwGNUL +Az
GQwG {x0 RF wUFB ABEVwURMNz GB HARGLfi wAz BEGQBPBAwU GB {w0: OHEGQNEVBENfi c {x0 ˆ
−c � {x0 ˆ −M {w0- uA GQN yBVCUNVNAG BO GQN FCwA BO {w0 wAz {x0fi c �c RF wPwRA
QNEVRGRwAfi wAz JN ywA ENCNwG GQN CEByNFFfi GB +Az wA {w1 BE w CwRE {w1 , {x1fi wAz FB
BA- mN +Az GQwG GQN INyGBEF {wi , {xi ˜S ˆ 0, 2, . . .( wEN wA BEGQBABEVwU xwFRFfi wAz
GQwG c ywA xN JERGGNA wF
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Mi



{xi wi {− {wi xi {


, ˜063(

JQNEN GQN FHV EHAF BINE wUU ABAMNEB NRPNAIwUHN]FDHwEN]EBBGF Mi wAz GQNRE {wi , {xi
CwREF- uO GQN zRVNAFRBA BO c RF Bzzfi GQNEN VHFG xN wG UNwFG BAN MNEB NRPNAIwUHN-

8-1 oHEEdAG ynAFdEIwGRnA vRGg dKGdEAwk IdyGnE CwEGRykdF

uA GQN zNERIwGRBA BO qD-˜60( JN QwIN HFNz GQN OwyG GQwG xBGQ GQN K wAz L URANF wEN
wKRwU]PwHPN CEBCwPwGBEFfi GEwAFINEFN GB A- jQwG wFFHVCGRBA OwRUF ROfi FwLfi L RF wA BA]
FQNUU URANfi JRGQ CBUwERMwGRBA INyGBE ǫ˜D(fi OBE JQRyQ D · D ˆ D · ǫ˜D( ˆ ‘ xHG A · ǫ˜D( zBNF
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ABG ANyNFFwERUL IwARFQ-35 uA GQwG ywFN JN VHFG JERGN
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� ˜C( Q
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CαCβ − C1fαβ
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DαDβ − D1fαβ




ǫβ˜D(

ˆ R QJaLǫ/˜D(− RQJaL ˜A · ǫ˜D((
˜C · A( C

/ , ˜064(

wAz GQN QwAzUNxwE EHUN xNyBVNF

w
y

x
ˆ

y

x

w − RQJaL
˜A · ǫ˜D((
˜C · A( x . ˜066(

jQN +EFG zRwPEwV BA GQN ERPQG +GF RA JRGQ GQN CEBBO BO yHEENAG yBAFNEIwGRBA OBE Jfi
JQRUN GQN FNyBAz GNEV RF GQN QwAzUNxwE OBE GQN /ENzHyNz= CEByNFFfi JQNEN J wAz L wEN
FGERCCNz wJwL- mN ywA ENCNwG GQRF CEByNFF HAGRU AB NKGNEAwU INyGBE CwEGRyUNF wEN UNOG-
jQNENOBEN GQN CEBBO BO yHEENAG yBAFNEIwGRBA FGRUU QBUzF RO w +ARGN AHVxNE BO NKGNEAwU
INyGBE CwEGRyUNF RF CENFNAG-

8-2 igd f VwGERydF nO Ggd ta VnMdk wAM Ggd qm VnMdk

bNG σi xN GQN fwHUR VwGERyNFfi wAz UNG HF zNABGN xL i GQN 2} 2 VwGERK

i ˆ Rσ1 ˆ



‘ 0
]0 ‘



. ˜066(

jQN zRFyHFFRBA RA wCCNAzRK æ-0 FQBJF GQwG JN ywA wUJwLF JERGNfi RA xUByT ABGwGRBAfi

f0 ˆ N
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, f1 ˆ



w1i X
−Xj x1i



, f2 ˆ



w2i Y
−Yj x2i



, ˜068(

JRGQ w1,2fi x1,2fi X wAz Y GB xN zNGNEVRANz- bNG HF wUFB JERGN QJaL ˆ NT εJaLfi JRGQ
wUFB T GB xN zNGNEVRANz- jQN yBVVHGwGBE RzNAGRGL BO qD-˜64( GQNA RVCURNF

w1,2 ˆ x1,2 ˆ ‘ , ˙i,Xfl ˆ TY , ˙i,Yfl ˆ −TX . ˜06æ(

jQHF JN QwIN

˙i, ˙i,Xflfl ˆ −T1X | σ1Xσ1 ˆ −EX , E ˆ −0 [ T1W2 . ˜08‘(

jQNENOBEN X VHFG xN w URANwE yBVxRAwGRBA BO σ0 wAz σ2fi wAz E ˆ 0- uO JN yQBBFN
X ˆ Nσ0fi GQNA Y ˆ Nσ2fi wAz JN wEERIN wG GQN ENCENFNAGwGRBA BO qD-˜0‘6(fi JRGQ T ˆ 2-

rBE GQN NUNyGEBJNwT VBzNUfi GQN VwGERK O � GQwG yBVVHGNF JRGQ f0,1,2 ˜wAz yBAFN]
DHNAGUL JRGQ O 0,1,2( QwF GQN PNANEwU OBEV36

O � ˆ



N0i N1 [ N2i
−N1 [ N2i −N0i



, ˜O �(1 ˆ N10 [ N
1

1 [ N
1

2 ≡ N′1 . ˜080(

jQN AHVxNEF N0,1,2 ywA xN yQBFNA OENNULfi xHG O
� VwGERyNF JRGQ zR.NENAG N0,1,2 zB ABG

yBVVHGN JRGQ BAN wABGQNE- jQNEN RF GQNENOBEN EBBV OBE BAUL BAd NKGEw INyGBE xNFRzNF
GQN GQENN FNUO]RAGNEwyGRAP BANF RA GQN NUNyGEBJNwT VBzNU-

35uO xBGQ K wAz b wEN NaGNEAwkfi GQN wlCkRGHzN IwARFQNF HAzNE GQN QwAzkNxwE-
36nL NaCkRyRG ywkyHkwGRBA BO GQN yBllHGwGBEF-
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8-3 tdEVRGRyRGb OEnV yHGGRAf EHkdF

iRAyN JN zB ABG HFN bwPEwAPRwAF BE wyGRBAFfi GQN QNEVRGRyRGL BO GQN g wAz a VwGERyNF
VHFG xN wEPHNz zRwPEwVVwGRywUUL- jB GQRF NAz JN VwL HFN GQN YHGTBFTL yHGGRAP
EHUNF ˙8flfi GQwG NVxBzL GQN HARGwERGL BO w GQNBEL- YBAFRzNE w CwEGRyHUwE zRwPEwV RA
gHwAGHV qUNyGEBzLAwVRyFfi

c ab
, ˜082(

JQNEN OBE ABJ GQN UwxNUF w, x wAz y wEN SHFG OBE GNUURAP GQN ONEVRBA URANF wCwEG- jQN
YHGTBFTL EHUN OBE GQRF zRwPEwV37 ENwzF

b ac [ c ab [ b ac ˆ ‘ , ˜082(

JQNEN GQN yBAINAGRBA RF GQwG CEBCwPwGBEF GQwG wEN yHG xL GQN FQwzNz URAN wEN BA
FQNUUfi JQRUN wUU VBVNAGHV RAGNPEwGRBAF ENVwRA- eA GQN UNOG BO GQN FQwzNz URAN JN
QwIN GQN wVCURGHzN wF RG FGwAzFfi wAz BA GQN ERPQG JN QwIN GQN yBloUda yBASHPwGd BO
GQN GhldfiEdIdEFdM wVCURGHzN ˙3fl- qD-˜082( ywA GQNENOBEN wUFB xN JERGGNA wF



c ab
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rBE gqZfi GQN YHGTBFTL EHUN QBUzF OBE GQRF zRwPEwVfi xHG GQN ywAyNUUwGRBA RF OwE OEBV
GERIRwU ˙0fl- bNG HF ABJ ENCUwyN GQN RAGNEAwU CQBGBA URAN RA GQN zRwPEwV ˜082( xL GQN
INyGBE CwEGRyUN Jfi wAz UNG GQN NUNyGEBA xN ENCUwyNz xL GQN ONEVRBAF w, x, y BO BHE VBzNU-
jQN GNEVF RA qD-˜083( GQNA CRyT HCfi ENFCNyGRINULfi GQN OwyGBEF

˜gJ(wy ˜g
J(yx , ˜gJ�(wy˜g

J(yx , ˜gJ�(wy˜g
J�(yx .

jQN BAUL ENwFBAwxUN JwL GB FGRUU QwIN GQN AHUU ENFHUG RF GB QwIN GQNFN GQENN OwyGBEF
NDHwU- nL CHGGRAP x ˆ w wAz FHVVRAPfi JN GQNENOBEN QwIN
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| jE
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JQRyQ FQBJF GQwG gJ VHFG xN QNEVRGRwA-38 hNCUwyRAP GQN RAGNEAwU CQBGBA xL w FywUwE
RA zRwPEwV ˜082( zBNF wUFB LRNUzF w yBEENyG yHGGRAP EHUN: GQRF FQBJF GQwG wUFB a� VHFG
xN QNEVRGRwA-

8-4 rdEVRnAF RA Ggd �Cnkkn VnMdk

bNG HF zN+ANfi RA b,h]xUByT ABGwGRBAfi
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rHEGQNEVBENfi UNG
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‘ ĝ,
h



˜086(

37uO GQN DHwAGHl AHlxNEF BO v wAz x wEN NDHwkfi GQRF RF wkFB ywkkNz GQN eCGRywk jQNBENl-
38rBE wA wAGRQNElRGRwA lwGERa �fi vN QwIN jE
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wµx {�wx {1-
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qD-˜020( GQNA RVCURNF

˙g, ,t fl ˆ Ru ,J K� ˜O
J(�ℓa

ℓ ˆ Ru ,J˜N
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ℓ ˆ ‘ . ˜088(

jQNENOBEN ĝ, yBVVHGNF JRGQ hth�fi FB
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bZ ˆ Zĝ,

h , ĝ,
hZ ˆ Zĝ,

b . ˜08æ(

jQRF VNwAF GQwG xBGQ ĝ,
b wAz ĝ

,
h yBVVHGN JRGQ Z

1- uO wUU GQN ONEVRBAF VwFFNF wEN

zR.NENAGfi GQRF VNwAF GQwG GQN ĝ,
b,h wEN wUFB zRwPBAwU RA ,]FCwyN: RO FNINEwU VwFFNF wEN

NDHwUfi JN ywA lwTd GQN ĝ,
b,h zRwPBAwU xL wA wCCEBCERwGN BEGQBPBAwU GEwAFOBEVwGRBA

RA ,]FCwyN- uG RF GQNA NwFRUL FNNA GQwG

˜ĝ,
b(

w
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,
h(

w
w RO Vw ˆ ‘ ˜AB FHVVwGRBA( 9 ˜0æ‘(

GQN UNOG] wAz ERPQG]QwAzNz yBHCURAPF wEN GQN FwVN OBE VwFFRIN ONEVRBAF- jQRF PRINF
HF GQN ONEVRBA]ONEVRBA]CQBGBA INEGNK9
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,/ >wx RO Vw ˆ ‘ ˜AB FHVVwGRBA(. ˜0æ0(
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˜ĝ˙

b(
w
x ˆ ˜k˜σ˙Jg

J
b(k

�(wx ˆ



‘ NW
√
2

‘ ‘



ˆ −˜U ˜σ˙JgJ
h(U

�( =w=x ˆ −˜ĝ˙
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/˜ĝ˙

h(
=w
=x
�

=x


. ˜2‘‘(

jQN yBHCURAPF BO GQN m± wEN FNNA GB xN CHENUL wKRwU RA GQRF VBzNU: �1 ENONEF GB GQN
NVRFFRBA BO w ONEVRBA BO yQwEPN [NW2fi wAz X0 GB GQN wxFBECGRBA BO w yQwEPN −NW2
ONEVRBA: wAz BO yBHEFN �0 NVRGF GQN ANPwGRINfi JQRUN X1 wxFBExF GQN CBFRGRIN ONEVRBA-
jQN rNLAVwA EHUNF wEN FNNA GB xN

.1

+ ±

)�.1 −
ˆ R

N√
2
,4,/ ˆ

−

±

.1 .1

−

)�
. ˜2‘0(

jQNFN yQwEPN wFFRPAVNAGF GQNA wUFB wHGBVwGRywUUL UNwz GB GQN ONEVRBA]CQBGBA rNLA]
VwA EHUNF

)

±

.1 .1−

γ

)
ˆ R

N

2
,/ ,

γ ±

.1 .1−−
ˆ −R N

2
,/ . ˜2‘2(

40uA GQN FNAFN GQwG ’K,σ(’ρ,σ(’τ,σ( ; σ0σ1σ2 ; R-

22



8-4-1 igEdd OdEVRnAF

�F wABGQNE NKwVCUNfi41 JN yQBBFN w VBzNU JRGQ GQENN VwFFUNFF ONEVRBAF BO xBGQ b
wAz h GLCNfi wAz zN+AN

˜OJ(wx ˆ −N εJwx , ˜gJ
v (

w
x ˆ RN ε

Jwx , ˜/�(
w
=x
ˆ µ ε�wx , ˜2‘2(

JRGS v ˆ b,h wF xNOBEN: RG RF NwFL GB INEROL GQwG GQNFN FwGRFOL qDF-˜02‘( JRGQ QJaL ˆ
N εJaL- dBJ ,J ˆ KJfi wAz JN wPwRA yQBBFN GQN INyGBEF .f ˆ .K, .ρfi wAz .τ wyyBEzRAP GB

τw ˆ εwxyKx ρy , ˜2‘3(

wAz zN+AN σ± wF RA GQN CENIRBHF FNyGRBA- mN +Az

B w
=x
ˆ u K�˜/�(

w
=x
ˆ µu˜ρwτ=x − τwρ=x(, ˜g

,
v(

w
x ˆ KJ˜g

J
v (

w
x ˆ RN˜ρ

wτx − τwρx( ,

˜gρ
v(

w
x ˆ ρJ˜g

J
v (

w
x ˆ RN˜τ

wKx − Kwτx(, ˜gτ
v(

w
x ˆ τJ˜g

J
v (

w
x ˆ RN˜K

wρx − ρwKx(.

˜2‘4(

jQN wCCEBCERwGN yQBRyNF OBE k wAz U wEN

kw
x ˆ KwKx [ ρwρx − τwτx ,

U =w
=x
ˆ RνK =wK=x [ ρ =wτ=x [ τ =wρ=x , ν ˆ ± . ˜2‘6(

dBGN GQwG GJB wUGNEAwGRIN OBEVF OBE U wEN wIwRUwxUN- jQN VwGERK Z ABJ GwTNF GQN
OBEV

Zw
=x
ˆ ˜kB U �(w=x ˆ µu˜ρ

wρ=x [ τwτ=x( ˆ µu˜σ
w
˙σ−=x [ σw−σ˙=x( . ˜2‘6(

mN QwIN GJB ONEVRBAF BO VwFF µufi CUHF BAN VwFFUNFF ONEVRBA- jQN ONEVRBA]CQBGBA
RAGNEwyGRBAF wEN

˜ĝ,
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