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Abstract

We present a paedagogical treatment of the electroweak Higgs mech-
anism based solely on Feynman diagrams and S-matrix elements,
without recourse to (gauge) symmetry arguments. Throughout, the
emphasis is on Feynman rules and the Schwinger-Dyson equations;
it is pointed out that particular care is needed in the treatment of
tadpole diagrams and their symmetry factors.
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1 Introduction

1.1 The diagrammatic approach

In particle theory there exist two lines of thought that are well known, but are
minority viewpoints. The first is that Feynman diagrams and their Feynman rules are
a more fundamental description of the physics than are Lagrangians and actions [1].
The second is that physical requirements like that of unitarity are more fundamental
as restrictions on the form of a theory than symmetries that are imposed a priori
[2]. In this light, it becomes interesting to see how the Higgs mechanism (based
on spontaneous symmetry breaking (SSB), although we will not explicitly use any
symmetry arguments) can be cast into a diagrammatic form without recourse to
either Lagrangians or principles of gauge symmetry. This is what we shall explore.

What we shall ultimately derive is the electroweak standard model, so no new
results are obtained. Rather, it is the way in which they are obtained that interests
us here: therefore we adopt a peedagogical approach. We shall only consider either
scattering amplitudes (S-matrix elements) formed from Feynman diagrams with all
external lines on-shell, or off-shell amplitudes in which one line is kept off-shell.! The
particular vertices of our models are dictated by the requirement of unitarity, which
in the case of massless vector particles means current conservation. The ‘fields’
of the theory are considered to be labels for bookkeeping of off-shell amplitudes,
and particles take on their identity only upon LSZ truncation of external lines [3].
Feynman rules are proposed, not as following from an a priori gauge symmetry, but
simply in order to make the theory unitary.

A possible stumbling block may be our use of tachyons. In a cosmologically
inspired treatment of the Standard Model, tachyons, that is modes with the ‘wrong’
mass sign, crop up at a certain stage in the universe’s cooling. This is the point
at which SSB takes place, with the resulting particle spectrum being non-tachyonic.
This is only possible because the would-be tachyons are self-interacting in the famous
‘Mexican hat’ potential: and that is what we will also use. The instability associated
with free tachyons is therefore irrelevant (see below).

Since we want to proceed didactically we shall move from simple to more com-
plicated models: therefore the layout of the paper is as follows. We start with a set
of self-interacting tachyons (the Higgs sector) that end up as a single massive scalar
and a number of massless scalars. We then couple the tachyons to a massless vector
boson (the Abelian Higgs model) and see how the vector picks up a mass. Subse-
quently we extend the model to contain three self-interacting vectors (the Apollo
model and the Higgs-Kibble model), and then we add a single extra vector to arrive
at the electroweak model. Finally, we discuss the inclusion of fermions. A number
of technical points are discussed in the appendices.

!Connecting two off-shell amplitude results in (a contribution to) an S-matrix element.

2That is, we postulate Feynman rules instead of postulating a gauge theory. Inasmuch as physics
is the business of proposing rules, and then confront these with experiment, the two approaches are
methodologically equivalent.



1.2 On unitarity

We have to specify what is meant by ‘unitarity’ in this paper: we use that term for
partial-wave unitarity. That is, if in a given n-particle scattering amplitude we keep
all angles fixed and let the overall energy scale E grow much larger than all masses,
the amplitude should asymptotically decrease as E4~" or faster. Loop corrections
can modify this behaviour by logarithmic terms at most, but such terms ought to
come from exceptional values of the loop momenta, for instance when these become
very large, or very collinear with other momenta. Should we restrict also the loop
momenta to have magnitude of order FE and some fixed direction, then the asymptotic
E*~" limit must be respected rigorously.

In a theory with scalar and vector propagators scaling as £~2, with minimal
coupling between the scalars and the vectors, and with the usual self-interactions
between the vectors,® unitarity can be proven by simple power counting as long as
the external-line factors for the particles go as E°. Problems arise if the vectors are
massive: then the appropriate, physical, ‘unitary-gauge’ propagators® for the vectors
scale asymptotically as E°, and an external vector’s longitudinal polarization vector
grows as E' since at large momentum p it approaches p/M, where M is the mass.
By showing that such a theory is identical to one in which only massless vectors and
tachyons occur, we thus prove that all our models, including the electroweak model
in the unitary gauge, satisfy the unitarity requirement.

2 Interacting tachyons

2.1 Higgs and Goldstones

We define a tachyon to have a bare scalar propagator with the ‘wrong’ mass term.
Free tachyons are physically unacceptable for reasons of causality, but as far as the
Schwinger-Dyson equations (SDe) are concerned their diagrammatic description is
valid as long as the ie term has the proper sign [1]. Self-interacting tachyons can
be physically acceptable as we shall see: the eventual particle spectrum is perfectly
non-tachyonic. We start with N; (> 2) tachyons (labelled by k, ¢, n,...) with the
following Feynman rules:’

n 7

/q_—,\ @2 +m22
2
k .m
P><rn - _ZﬁTknpr ’ Tknpr - 5kn5pr + 6kp57“” + 5’“"5”1” : (1)

The term +m?/2 shows the tachyonic character, and v parametrizes the strength of
the self-interaction. The tachyons may develop tree-level tadpoles 7,,,% described by

3Three-vector vertices going as E!, and four-vector vertices independent of E.

4The unitary gauge is sometimes, erroneously, described as non-renormalizable.

5We shall not explicitly write either ie or A in what follows.

6Since Lorentz invariance forbids tadpoles for non-zero spin, SSB requires the presence of scalar
particles.



the SDe”

which we can write out as

2i [ —3im? TS —im? ang T 9
T":ﬁ< 02 §+Z 02 9l ZEZTZ ; (3)
¢

{#£n

so that either all 7,, vanish (the physically unacceptable solution), or 7, = x,v with
x,, the components of a unit vector in N;-dimensional tachyon label space (tl-space):

7)) =vle) , (zlr)=1. (4)

The tadpoles will dress the various propagators and mix them, since

ki—z’mz 5 372 752 1_6 _im2 (15
n 52 = nk ?—F;a +( — kn)TnTk = —im (5 nk—i-:L’nxk)

(5)

The dressed propagators have their own SDe:

N=—0_=—+go (6)

Throughout this paper, hatched blobs stand for connected diagrams. We give the
following steps in detail, since we shall employ them again later on. Multiplying by
the denominator (¢ + 3m?) we find

L. (q* + 3m®) = i + m* (3000 + 0e) My, (7)

Here and in the following, we employ the summation convention: all paired labels
(in this case, £) are to be summed over their appropriate range, unless specified
otherwise.® The terms with 2m? on either side cancel, so that

an q2 = ’L(Snk -+ m2xn (L’gngk . (8)

Multiplying both sides by x,, and summing over n, we find

ilIJk

Toellp, = m ) (9)
and we arrive at )
1

IL,; = mxnxk + ? (5nk - !Enxk) . (10)

We can choose a complete orthonormal basis in tl-space:

(x|lry =1, <yj‘yk>: ik (x|yj>:O . g ke{2,..., N} (11)

"In Lagrangian-speak, this is the Euler-Lagrange equation for vanishing momentum.
8Tt is under-appreciated that the summation convention is naturally connected with the dia-
grammatic approach, since a line has precisely two endpoints.




so that

Onk — TnZ = (Y )n(y )k - (12)
We now introduce the concept of active and passive vertices. The active vertices
are those in which at least two of the momenta involved are linearly independent;
the vertex of Eq.(5) is passive, not active. In every diagram that contributes to
a scattering amplitude’ any internal line must end in active vertices somewhere;
therefore, concentrating on a particular internal line, we can write an amplitude as

A B
M= M = AnlL.By. . (13)

A, is the active off-shell amplitude emitting n, and By, is the one absorbing £.!° The
active vertices are indicated by dots. We see that we can write

M = A, Ry(q) Br + A; Ro(q) B; (14)

where

l

1 .
Rp(q) = ,%@=?7M=M%7&=MW%- (15)

q2_m2

and similarly for B: the internal line therefore represents one massive propagator
and a bunch of N; — 1 massless ones, the so-called Goldstone bosons. By letting A
and B move very far apart in spacetime, so that the internal line is truncated [1], we
identify Aj, as the source emitting a Higgs scalar of mass m. We can also determine
the active vertices of the reformulated theory. For instance,

h
h m2 m2
P B = —ZF Thnpr Tk T, Tp Ty = 3@? ,

h
: >¢:—@
- 1
th h &v’ (16)

and in a similar way we find

yi yk ‘m2 yf><h ‘m2 yJ .m2

yf><y" = _ZW (1 + 25]k) s yj i = _ZW s yj>"h = —27 . (17)
A few observations are important at this point. In the first place, the identity (2) is
precisely that, an identity. Therefore we must use

either @4 or @»é but not both .

This counter-intuitive-seeming prescription is the basis for the diagrammatic descrip-
tion of the Higgs mechanism. Not taking Eq.(2) as an actual physical identity leads
to incorrect handling of the symmetry factors, and possible mis-counting of diagrams.
For example, iterating one leg of the SDe ( ) would give

-G - . (18)

9This excludes vacuum diagrams; see below.
10The blobs A and B may be connected by other lines, in which case we have a loop diagram.




with the incorrect implication that Y 72 = v?/3. Only if we iterate all legs,

—e = ’% (19)

do we again find the correct result.

Secondly, if we treat the tadpoles diagrammatically we have to admit that they
are zero modes, i.e. they are constant. If we let 7,, depend on position, the tadpoles
act as sources of momentum that will needlessly tangle our treatment. We therefore
take |x) to be a constant unit vector.

Finally, the very idea of SSB is that |z) is also a random unit vector, outside
of our control: we are therefore forbidden from making any further assumptions on
|z). Of course, a good model ought to yield physics that is, as much as possible,
independent of |z).

2.2 A Goldstone infrared problem

In the foregoing we have derived a consistent set of Feynman rules containing one
massive scalar and at least one massless Goldstone scalar. Once we try to truncate
the massless internal lines, however, we run into problems for N, > 2, since it is not
clear how we can disentangle the various massless propagators so as to identify the
various Goldstones. Worse, the model contains infrared phenomena. Let us imagine
a process in which a massless Goldstone is emitted with momentum p:

Mo(p) = §/p : (20)
The (differential) cross section is given by
dog ~ | Mo(p)* d'ps(p*)0(p°) - (21)

We may let the Goldstone go very slightly off-shell and decay into three. Assuming
that Mg(p) does not depend too drastically on p, we can write this as

M e, M (1 + @ + g3) L m’ k (22)
— ] )
! &é@ (@ + 2+ 4s) e

where k = 3 if the three Goldstones are identical, otherwise 1. The cross section,
which is dominated by the diagram of Eq.(22), can then be written as

3
doy ~ |Mi* []d'q;6(q) 0(q))

j=1
x 0 g1+ g2+ g3 — p) d'pS(p* — u) du

m*k 72 du m*k 72 du
~  |Mo(p)Pd'ps(p® — u) 0(p°)

7r
8

, (23)

204 8 w 204 u
where we have used the result [/]

2

/ (H d'q;6(q5) 9(61?)> M+ @2+ a3 —p) = %Pz : (24)

7



We see that the u integral in Eq.(23) diverges for u — 0: an infrared divergence.'!
Physically, this means that an external massless Goldstone in any process will un-
avoidably emerge as a cloud of low-energy Goldstones, all moving collinearly with
the speed of light. This makes the LSZ truncation for such particles extremely prob-
lematic. It would seem that if we want to end up with a model in which particles
can be unambiguously identified, massless Goldstone bosons are to be avoided.'?

3 The Abelian Higgs model

3.1 Feynman rules and current conservation

We may couple the tachyons to a massless vector (called ‘photon’ for now), with a
propagator given by

q i

- — _ " 0P
O~ — q2 k*
The quantities F'* and G are related to the gauge choice: in this model, they are
quite immaterial as we shall see. We shall assume two interaction vertices between

photon and tachyons:

p/’ n o n
“~< =frlp—q" . :)< =ity . (26)
AN B k

Because the tachyons are bosons, the real matrices f and ¢ must of necessity be
antisymmetric and symmetric, respectively.

, kP =g 1 F + " FP + G’ . (25)

Since the photon is massless, its observable polarization must be purely transverse
in any Lorentz frame. That is only possible if its current is conserved [1]. As before,
we shall give the following steps in some detail since we will employ them again later
on. Let M(q)" be the complete set of connected diagrams that emit or absorb a
photon with momentum ¢ (not necessarily on-shell):

q
M(q)" = Q~n - (27)

The requirement of current conservation means that

M) g, =Ooe £ 0 (28)

The symbol £ means that we demand the zero result: we have to construct our theory
so as to arrange it. The ‘handlebar’ denotes multiplication with the momentum,

"n a good theory such as QED, the actual IR divergences are cancelled by corresponding IR
divergences from virtual corrections. Even if this happens here, the fact remains that for very small
u a three-body-decaying Goldstone wins out over a non-decaying one.

20ne might also worry about internal lines carrying vanishing momentum, for instance in the
vacuum diagram (O)—(). However, some reflection shows that such zero-momentum lines can only
be the massive Higgs propagators.

I31f current conservation (see further on) is to have any chance at all, the combination (p — ¢)*
is unavoidable, as is therefore the antisymmetry of f.



considered outgoing. We have to prove Eq.(28) in full generality, and we shall do this
using the SDe. Let us denote by a lightly shaded semi-connected blob a complete set
of diagrams that are not necessarily connected but do not contain vacuum bubbles.
Now consider

b2 i i

N :mﬁ?(p—qwm ) (29)
q

u

where we have left out the expression for the semi-connected blob. Applying the
handlebar gives us

i\ = g )
N p? 4+ m?/2 B\PT4 TP g% +m?/2
q
B 1 " - ik
Py fri + if, i (30)

Note that this works as long as the mass terms (the +m?/2) are the same in both
tachyon propagators: their sign is irrelevant. We can represent Eq.(30) diagrammat-
ically by auxiliary Feynman rules, as follows:

w<D:<D C o= A= (31)

It is important to note that, unless we specify them explicitly, equivalent lines en-
tering the semiconnected blob have to be symmetrized over, and therefore Eq.(31)
includes both terms of Eq.(30). In addition, if a slashed line happens to be an ex-
ternal one, it will not survive LSZ truncation since it has no pole: therefore such
diagrams can be neglected.!* Next, we consider the following tree-level amplitude:!®

p/ n n n n
C\N@ = "‘Q +~_é +g\/<\ i 0 . (32)
g3~ k k k

Applying the Feynman rules we find

» (2(f2)Z " tz) (b+q+r)° %0, (33)

so that we require
n ‘L n n
tk:_2fzf£:2fzk§ : (34)

@QD - - QD . (3)

14This is because we consider S-matrix elements rather than Green’s functions.
5Written like this, the process is kinematically impossible. By moving tachyon n, say, to the
initial state (replacing p by —p) we can repair this. The conclusion remains the same.

We then have




The proof of general current conservation proceeds as follows, where we leave the
semi-connected blobs on the right to be understood. The SDe reads

@=M~<»+M~<. (36)

We now apply the handlebar. Since slashed external lines do not contribute, we can
SDe-iterate the slashed propagators by letting them enter a vertex, so that

Let n, k and r be distinct tachyon labels. Then, dropping unimportant overall factors

(denoted by ~), we have
n k
L . ~ 3\n 3 k:() , 38
g+ ~ U+ (33)

kn l’lk I’lk k
% ;l%nn k nn k r}" n rr

3 1 1 1
(gf:+5f£)+z<§f:+5fﬁ)—0- (39)

r#k,n

2

This finishes the proof of current conservation, Eq.(28): the only condition on f is
that it be antisymmetric. The presence of tadpoles does not change the argument,
since the semi-connected blob may contain tadpoles at will. We simply must adhere
to the convention of

never using %-]—0 but always §+—{0 : (40)

That is, in the SDe iteration the tadpole does not count as a vertex.

3.2 Dressed propagators and masquerading

Next, we turn to the dressed propagators, the analogues of I, of the previous
section. We encounter two additional passive vertices, in addition to that of Eq.(5):
introducing another vector in tl-space,

en=acfy , le)=fla) , (ele)=¢*, (elo) =0, (41)

we have

q (e (0%
n‘—I/V\_/>(X - Tﬁfﬁq = ve,q
1
B = T lp g = i? {ele) g% = ic* g (42)

10



There are now three types of dressed propagators, with the momentum ¢ assumed
to be moving from left to right!¢:

o = "A&k:AJr;Z@\Jr_Jw@V,
v, = w@vk:«v@er«@ML,
Q= MO = + @ O (43)

Following the steps described in section 2.1 we can write!”

an q2 = Zénk + mzxn Xy Hf’f +w En q“\llg )
Urg® = mP gz, —iw Q% e
Q¥ g = —ik® 4 0P QR — v U e gk (44)
so that ;
1Tk «a _
$zHZk:q2_m2 , Yerg=0 . (45)

Introducing an orthonormal basis in tl-space (and ignoring the possible interpreta-
tional problem raised in section 2.2):

1 - ) 1 . .
|z) | g\e> , }yj> (j=3,...,Ny) = 5nk—xnmk:?enek—i—(yj)n(y])k , (46)

we arrive at the forms

1 ? 1 i g U2 A OXo o
IL, = qQ_—mQZEnQ?k + ? genek TYn Y | T ? eng S0 q% e
(0% /II/U «
v — _?Q e (47)
QP * = —ikP 4 MPQer T R (48)
with
M=ev , TaB gaﬁ _ [aB ’ L8 — qaqﬁ/qZ ) (49)

We cannot solve Eq.(48) for €, but as it will turn out that does not matter. Another
point worthy of note follows from the expression for Il,;. As we can see from its
diagrammatic SDe, the result for x,I1y is the same as in Eq.(9). This is because the
scalar-vector mixing tadpole contains a vector |e) = f|x), which is orthogonal to |z).
Introducing several vector particles will lead to different vectors |e), but these are
also orthogonal to |z) (see later on). Thus, the propagator II,; will always contain
the term iz, x) /(¢ —m?), in other words there will always be a distinct Higgs particle;
this is the original assertion made in [5].

A final ingredient is the following. Again using active vertices, we have two SDe’s:

O = O+ O+l
O— = 66—l . (50)

61T and Q) are even in ¢, but ¥ is odd in q.
TFor typographical reasons we shall always write Lorentz indices as upper indices, and the
Minkowski metric is understood.

11



Current conservation can now be expressed by the handlebar diagrams:

0=Cwy = M—%«M+§}L’+§J ; (51)
el... = @l +tell 1ol . (52)

Everything except the active-vertex diagrams cancels.!® Denoting by A¥ the ampli-
tude emitting the photon and by A,, the one emitting tachyon n, we see that current
conservation implies

@NXPL@J\_,:O = Ane, = —Algh (53)

v

again with the momentum ¢ counted outgoing. In this way a combination of tachy-
onic tadpoles can masquerade as a handlebarred vector boson.

3.3 Amplitudes

We are now ready to consider an amplitude, as in the previous section:

M = O—— + O + O—00 + OO

= ALy By + ASVQ By + A (—V)BY + A2Q* B0 (54)

Using the results (47) and Eq.(53) we can write this as

M = Ay Ri(q) By + A; Rolq) B; + AS Ry () BY (55)
where )
67 G (0% Q, Q, « 17 1%
RMB(q):WLBjLDB ., DF =TerqQrrh (56)

Since THkM TP = T8 Eq.(48) implies
D ¢ = —i T 4 M? D*P | (57)

and so we find for the vector propagator

. . . o /B
af _ ? aff G af __ ? __af qq
RM (q) - WL q2 _ M2T - q2 — M2 g + M2 ) (58>
the unitary-gauge propagator. As announced, the quantities F'* and G of Eq.(25)
drop out because ¢*7*? = 0. Upon LSZ truncation, the massive vector has precisely
its three physical polarization degrees of freedom, including the longitudinal one.

18To appreciate this, it may help to recast diagrams:

SR VH - ;+®'} =0,

where we can recognize simply a special case of Eq.(39). Notice the importance of rule (40)!

12



3.4 Vertices

The vertices of Eq.(17) are unchanged, but we have to find the scalar-vector inter-
actions. We see immediately that

h
““<h ~ (z|fle) =0, W<yhj~<x\f|yj>~<elyj>—0 : (59)

The two-photon vertices'? require more care. First, we find

o h M2 o M2
;L?< = —2i (z|t|z) g™ = 2ie? g™ = 2i—2ga6 , j}\h =2i—g* . (60)
B h v B v

However,
o h , .
2 Gl ~ (el (o1
p ¥

If we want this to vanish we need f |e) ~ |z). As can be seen from appendix 9.1, that
is only possible if |z) is an eigenvector of f2: but |z) is random! The only reasonable
solution is to require that |x) is always an eigenvector, i.e. f2? must be —e?® times
the unit matrix, and the number of tachyons must be even. In that case, the vectors
|y?) can be chosen such that

f‘y28—1>:e‘y25> : f‘y25>:—e‘y25_1> , s=2,...,N;/2 | (62)

so that they can be interpreted as the real and imaginary part of charged scalars,

with )
Lrry s o v/
““M< =elp—q* | ;i?< = 2ie* g™ . (63)
N st—l B yj

q
If f2 is not proportional to unity, we have a model that is consistent and unitary,
but lacks an interpretation in terms of simple charged scalars. Admittedly, since the
physics in that case depends on |z), it is not a ‘good’ model in the sense discussed
above.

For N; = 2, the ‘original’ AH model, the Feynman rules found are precisely
those of the sector of the Standard Electroweak Model that contains only Z° and
Higgs particles. Since the longitudinal polarization vector of a Z° with momentum
p has the form €} = p*/M — O (M/p°), the application of Eq.(53) shows that the
longitudinal degree of freedom is essentially scalar tachyons in masquerade,?® and so
unitarity of this sector is proven.

4 Interacting vectors: general structure

4.1 Feynman rules and current conservation

We now turn to models containing several massless vectors (labelled by w, z, vy, ...),
that may be interacting with each other. It becomes necessary to postulate their

9For reasons lost in the mists of time, these are also called seagull vertices.
20The fact that longitudinally polarized vector bosons may be replaced by appropriate (combi-
nations of) scalars is referred to as the Fquivalence Theorem.|[(]

13



propagator in more detail:?!

a, B naqﬁ n2qaqﬁ
Lk (g) = g - + , (64
@ (g-m) (¢g-n) (qg-n)? (64

q

- kP (q)
_ pap _

AV B = Ry (q) = —i Z

where n® is a fixed vector. This is the azial gauge, with n®k*? = 0. We assume a
three-vector coupling, defined by
p/ (x

Q\,yB

N = WY (p,c;q, B —p — ¢, \) (65)

with?2
Y(p,a;q,8;m,0) = (p— ) g™ + (g —r)*¢™ + (r — p)’ g™ . (66)

Since the vectors are bosons, the real numbers h"*Y are necessarily totally antisym-
metric. We also propose a four-vector interaction:

=i X(w,a;z, By, s 2,v) (67)

with

X(w,oqz, By, s 2,v) = g g" {wyza} + g*g™ {wazy} + g™ g™ {wayz}
{’lU[l?yZ} — hw:cthyzt + hwythxzt ) (68)

We need to work out what the handlebar does here:
A
9\

Using the two results

~ RE(p) ™Y (p,a;q, B3 —p — ¢, M) (—p — )* RS (¢) . (69)

Y(p,e;q,8;—p— ¢, \)(—p— )" = (00" — p*9*") — (¢°¢" — °9*°) ,
. prn®
R (p) (p*p” — p*g™F) =i (g“a — ) g*" 70
(p) ( ) ) (70)

we find immediately the rule®?

(04
“{D;D A B VA )

2I'We do not have to ‘derive’ this propagator by ‘gauge fixing’ in some action, since we do not use
actions. The only requirement is that our resulting theory be current-conserving: recall footnote 2.

22This is just the tachyon-tachyon-vector vertex, adapted to three vectors, that have to be treated
on the same footing (being bosons). It is therefore essentially the simplest possible choice.

23There is a subtlety if one of the vectors is external. Appendix 9.2 shows that this does not lead
to problems.
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In addition, we have

9

which is the raison d’étre of the cumbersome expression (68). For the interactions
with the tachyons, we simply generalize those of the AH model.

/e o, w /"
ILLLVV< =(f"%@-—9" , ;b< =i (t")p g™, (73)
q\l k Brx \«k

with again f* antisymmetric and t** = t** symmetric in tl-space. By examing the
tree-level handlebar condition

so G ol o

we find the analogue to Eq.(28):

[F2, F5] 2 R v (Y T (75)

With these rules and tools we can prove current conservation for this type of model.
Again leaving out the semi-connected blobs, we write the SDe as

@_%+~w<+ww§£+w{i, (76)

e - Gyl
=
ot - e 3;;%);; AL )

By methods similar to those leading to Eq.(39) we can straightforwardly show that

__%g:o , ---Q(jt--—{\é:O, (78)

admittedly with extensive use of Eq.(75). We see that the currents for the massless
vectors are strictly conserved.

and we have
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4.2 Dressed propagators, masquerading and the amplitude

The passive vertices of the model are generalizations of those of the AH model: in
addition to Eq.(5) we have

q
s
"%a = 7 (f")nd® = v(e)ng”
1
B = dmm g = i () g7 (79)
with |e¥) = f¥|z), or more explicitly (e*), = (f*)fz;. The SDe’s for the dressed

propagators:
o, = ""@——k:——\JrM@\Jr_lM@v,
Ve = PO~k =@+ wgnd
Qe = 2O = wn + @ X+ # @ (80)

can be treated in the same way as before, to yield
2

i i v
W = ——=%xk + — (0 — xazr) + — ()0 " Urg” (€
qc—m q q
(A
AL A COTE
Q% 2 = ik 5, + 02 QTP (V) (81)

If we denote by A% the active-vertex source emitting vector w, we can perform
the same steps as for Eq.(53) and find the masquerading identities
i
An(eY), = ;qu“ , (82)
that we shall use extensively. We do have to note the appearance of an extra term

on the right-hand side in Eq.(51):

but since the tadpoles carry no momentum this diagram vanishes by itself.
The amplitude, with dressed propagators running between active vertices, is also
treated as before, and we find

1
M = Ay Ry(q) B + An?(énk — x,7%) By + A2DBY (83)
with
Dyl =TT = T Ky, Kuwq® = 000 + 02 Ky () . (84)

Further evaluation depends on the details of the model: in the following we shall
examine several such models. It may be interesting to point out that the choice of
the axial propagator of Eq.(64) is necessary to make Eq.(71) work, but that is the
only place in the whole discussion where it plays a role: in particular the propagators
D% are independent of the gauge choice.?*

24 And the axial-gauge vector n* disappears completely from our discussion, as it ought to.
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5 Interacting vectors: example models

5.1 The Apollo model

The minimum number N, of vector fields that can be self-interacting is 3, in which
case h"* must be proportional to the Levi-Civita symbol €**¥. Since the f matrices
are antisymmetric, the minimum number N, of tachyons is also 3.2° Therefore the
Apollo model (first discussed in [7]), with Ny = N, = 3, is the ‘smallest’ model with
vector self-interactions. Let us define the 3 x 3 matrices f* for this model by

(f“)p = —eOy e, (85)

where O is an arbitrary but fixed orthogonal 3 x 3 matrix. It can be checked that,

indeed,
[fw7 fm] — hwmyfy , hwmy — eé,wwy . (86)

Since (e"|z) = 0, the three vectors |e"),
() =eOye™z, , w=123, (87)

cannot be linearly independent. If we define

Tw = OZ} Tn <7‘7> =1, (88>
then we can easily verify that
Y |€¥) =0, (e”]e”) = 62(51090 — YVz) - (89)
Eq.(84) now takes the form
K q2 - 6wx + Mszx - MQKwy/)/y/ym ) (90>

from which we readily derive

(pwpr + TwTe) , (91)

1 1 1
Ku;gc = ?%ﬁx + (61090 - ’ywryw> - ?ﬁywﬁym + m

q2_M2

where the three unit vectors 7, p and 7 form a complete orthonormal set,?6 with
VuwPaTye"™ = 1. Defining

Al = Ay, Ay = Appw , Af =AYty (92)

w

we find immediately that A% is strictly conserved since
q" Al = (" Al )y = —iv Ap(€”)nyw =0 . (93)
Moreover, again using completeness we can derive, with |e") = r,, |e*):

(€)n(€ )k + (€N)n(€Nk = € (pupy + TuTy + YuYy) (€")n(e)r
— eZ(eu)n(€u>k — 62030;; ganégbkrl,ng — 628an58akrmsz

= 62(5nk — Tpxg) - (94)

For Ny = 2 all the f matrices would commute.
26The vector 7 is not to be confused with the tachyonic tadpoles 7.
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The amplitude can therefore be written as

M = A Ry(q)By + ASR2P(q)BE + > AXRS () B (95)
o=p,T
with
af »gaﬁ
R (q) = —Z? ; (96)

and we recognize one Higgs, one massless vector (a ‘photon’) and two massive vec-
tors. 27

We now turn to the vertices: Eq.(16) still holds. Because of the form of (e“|e”)
we see that v does not couple to the scalars, while®®

ouwp _p Gt oy M2 P _p
K:K:m—zaﬁ, :}<=0. (97)
BSpNh  BStNh v BST N\h
The three-vector coupling can be written as
o
s
A ©
T
CI\, B

For the four-vector coupling we have

= 'prxTthxy Y(pa asq, 6a —P—q, )‘) = €Y(p, asq, ﬁa —P—q, )‘) . (98)

{aabb} = {abab} = €* ,{abba} = —2¢* | (a,b) = (v,p),(y,7) or (p,7) , (99)
all other combinations vanishing. Therefore,
Ooa anb
= —ie* (29" g™ — g**g" — g™ g"") . (100)
v b,

At this point we can start talking about charged vectors, denoted by W+ and
W~ (or + and —). We define®

1 1
Al = E(Az +iAY) | BY = E(Bg FiBY) . (101)
Then,
ASRSD () B + SR ()BY = ASR(@)BS + AR (0B (102)

Note that which one of the two terms (W' or W™) actually survives depends on
what happens after the active vertices. We therefore have to symmetrize over the

2In [7] this was employed to arrive at an ‘electroweak’ model without Z bosons.

28We leave the effect of replacing one h by the tadpole, turning the four-point vertex into a
three-point one and giving an extra factor v, as understood.

29The difference in definition for A4 and B is that A emits, and B absorbs the charged vector.
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lines p, 7 and also over the W™, W~ lines. For once replacing wavy lines by smooth
lines for readability, and using & for W*, we therefore write

+¥‘ +
+ @ + (4 others) @ (4 others) . (103)

For the WTW =~y and W*W ~-Higgs couplings we can follow the same argument.
This gives us the Feynman rules

é
@é

a5

p/ .
han _ = ieY(p,a;q,8;,-p—q,N) ,
Nag
o
Wﬁ‘\‘:h.dﬁj/_ = —ie? (290‘69“’/_904#951/_9041/95#) ’
vE Y YTzy
o B
Wt WJ: = je? (2gaﬁg“"—gaﬂgﬁlf_gw/gﬁu) ’
W w
v i
+
oW
h M2
:}< = 2i—g" . (104)
2
AN v

w

5.2 The Higgs-Kibble model

The HK model arises if we enlarge the tachyon space of the Apollo model to N; = 4.
The general form of the f* matrices is now given by

(f“)k =eOZ(¢")k (105)

where the orthogonal matrix O is as in the previous section,? and, in block notation

1 _ S O 2 0 01 3 O 03
g _( 0 S ) g - —0 0 ) g - —0 O ) (106)

where oy 5 3 are the Pauli matrices, and S = i0y.3! The matrices f have the following
properties:

7, 7] = 20 | {f7 fN] = 262 (107)
Since this implies {(e“[e®) = €2§*?, we find immediately that
5'11).’['
Ky = 22 (108)

30The three vector bosons are mixed in an arbitrary way.
31 A derivation is given in appendix 9.3.
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Next, from

(ley e ) ey =0, (le”){e”] ) [e™) = [e") (109)

1

Onke — TnTp = = (€)n(e”)k - (110)

it follows that

We find the amplitude in a straightforward manner:

M = AyRi(q)By+ Y ASRS (¢)Bl (111)

so that we have three mass-M vectors and one Higgs scalar. Since the three vectors
are all on an equal footing, not much would be gained by trying to introduce the
notion of ‘charge’ in the HK model at this point.3?

5.3 The electroweak model

We can extend the HK model in the following way. It is possible to choose, in addition
to the matrices f7 (j = 1,2,3) of Eq.(105), a single matrix f° that commutes with
each f7, that is, we can add a single vector boson that has no interactions with
the other three.®® Consistently, we can choose h’* = 0, and the proof of current
conservation then goes precisely as before. We also define the vector |¢) = fO|z).
This must be a linear combination of the |e”), and we write

(e”]e") = 20y <eo‘eo> =e? (ew|eo> =elzy , Zwiw=1 . (112)
Application of Eq.(84) then gives, with M = ev and M’ = €v,

wa(qz - MQ) = 5w:c + MM/KwOZx )
KwO(q2 - M/z) = MM/waZx y
Kol¢* = M?) = 1+ MM Koz - (113)

After a little algebra* we find

ZwZsCe ZwZeSr  Owr — ZwZe
Kue = — 62 + 2 *+ 2 2
¢ —N q ¢—-M
ZwCoSe ZwCoSo
2 2
_ 59 Cy
Ko = q2——]\72+q_2 ; (114)
where we have introduced
N =M?>+M? | M=cyN , M'=sN , c;+s5=1. (115)
We are therefore naturally led to define
Ay = cpAlzy +59Ay AL = —sgAli 2y + coAf (116)

32This changes once we introduce fermions, see later on.
330nly one such matrix f° can be chosen, see appendix 9.3.
34Helped by first working out Ky,;z, and then K.
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From Eq.(110) we derive

1
()nz = () fe"le) = ()= () (117)
and we see that A, is strictly conserved:
q" AL~ —s9Ap(€") 2w + coAn(e)), =0 . (118)

We can complement the vector Z by two unit vectors 7 and ¢ into an orthonormal
set, so that

Owe — Zw2e = TwTz + twte (119)
and define A* = A¥ s, and |e®) = s, |e") (s =r,t), so that we can write
Sk — Ty = 61—2 (€)a(€ )i + (nleNs + 2u(enzale®)) - (120)
Finally, realizing that
Ap(€)nze = %q“Afvzw = %q“ (ceAé — seAfyL) = ii}—e A, (121)
we find that the amplitude can be written as
M = AyRy(q)By + > AZRY (q)BY + ASRY (9)By + ASRY*(¢)B) . (122)
s=rt

We recognize a Higgs scalar, two ‘W’ particles of mass M, a Z particle of mass IV,
and a massless photon.
Turning to the vertices, we first note that

€7) = co |€”) — spzw [€”) =0, |e7) = cozu [€”) + 59 |”) = Si "),
[
N? A2
() = w2 (e7]e") ~ zu (€“le") s2 =0, (e’|e”) = PR (123)

Introducing W= as in section 5.1, the nonzero vector-Higgs couplings are

W’ onLZ

h M2 h N2
j:?< =205 ;}< = 200" 5 (124)
BN N AN v

%4

The vector self-interactions are simply obtained by using a factor ¢y for each Z leg
and a factor —sy for each v leg, and remembering that hA"*Y is now 2ec"™™¥ rather
than es™™¥: the weak coupling is g = 2e.

6 Inclusion of fermions: general structure

6.1 Feynman rules and current conservation

We shall now describe how Dirac fermions can be included in our treatment. We
start with massless, chiral fermions, that can be left- or right-handed (L or R):

> _ied 5 e (125)
L q2 R q2
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Of these fermions (labelled by a,b,c,...) there may be any number. The chirality
projection operators are
we =1 (1+7°) . (126)

The fermions couple to the vectors and to the tachyons with the following Feynman

rules: .
A o A O (127)

The objects @* and K™ are matrices in fermion-label space (fl-space), and they have
to be Hermitian (see appendix 9.4). Note that Q" couples LL fermion pairs and RR
fermion pairs, while K™ couples to LR and RL pairs. Splitting fl-space into L and
R sectors, we therefore have

(3 8) w-(3%)

Furthermore, it will be handy to distinguish R labels and L labels by dotting the
R labels, so that for instance we have (Q7)g, (Q%){, and (,)f. The handlebar rule
with fermions is now seen to be

[1]
&(\D - W<D - W<D , ~3”.<:~3”.<:i@w =i

(129)
This rule is only valid for massless chiral fermions. Further information can be
gleaned from the tree-level four-point amplitudes:

w x . w w w4

20, (130)
from which . .
QY, Q%] = —ih*™qQY |, [Q¥,K"] = i(f“’)?KZ . (131)
From the block notation we can write this also as
@7, Q7] = —ih"™QY (J=L,R) , Qfkn— knQp =i(f")ire . (132)

The Jacobi identity [QY,[Q", K™]] — [Q%, [Q", K™]] = [[QY, Q%], K"] provides a con-
sistency check on Eq.(131). While the K™ have to be hermitian, Eq.(131) shows that
the k,, cannot all be real.

The equations (130) also allow us to prove current conservation for our models
with fermions in an almost trivial manner, by including the fermions appropriately
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in the SDe:

NARAAS
&

6.2 Dressed propagators, amplitudes and vertices

There are two passive vertices involving fermions:

bl a= =iV p Do a= O Y=, (130)

L

The matrices k, are not necessarily square, since we do not have to have equal
numbers of L and R fermions.?® This can be remedied by adding an appropriate
number of barren fermions,® that have no interactions whatsoever (zero entries in the
Q" and K™ matrices) and therefore cannot influence the physics. Having done that
we can employ singular value decomposition; that is, we can find unitary matrices
Ug and Vi in fl-space such that

YY)y = (UNeDy(DNUs . (YTY)p = (VDH(DNDEVy (135)

with

Dg =m, 5[16 , (DT)I‘} = Mg Oap (no summation) , (136)

where the m, are nonnegative and real.®” We can then write
Y= (UNeDsV . Df = UYs(Vh (137)

There are four dressed fermion propagators. We can define

Sir = 7@ = o + 7OpL Yy (138)

35As in the Weinberg-Salam model without right-handed neutrinos.

36Not to be confused with sterile ones, that have vanishing @ entries but nonzero K ones.

37Strictly speaking, singular value decomposition also works if the matrix Y is not square. How-
ever, in that case U and V have different dimension, and the matrix D is not diagonal. By employing
barren fermions we can use the diagonal form (136).
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Again letting the momentum ¢ run from left to right, we find
(Br0)f ¢ = iwgf Sap +w_(YYNU(Z10);

so that

W
(UL UNE = i Sap -

Similarly, we have

. 1w
ERR = ?‘@\)ﬁ = (VZRRVT)Z == _+¢ 0.;

For one of the mixing propagators,

YR = g §aL:R §Ra AR

we find )
w_m
2 a2 Oab >
q- —mg

(USLrVY)] =

and for the other mixing propagator we finally have

WMy

2 2
q- —m,

(VSr Uy =

da

(139)

(140)

(141)

(142)

(143)

(144)

A general amplitude involving a fermion line between active vertices has the form

L L
M = @0 + 00 + G0 + G0

= BrYp1AL + BrYgprAr + BrLYrARr + BrERrrL AL .

We now introduce unitarily transformed amplitudes:®

A, =UA; , B,=BU", Ap=VAp , Bp=BrV' .

The amplitude then becomes (summing over a, )

M = (BL)a %i_q (AL)a‘F(BR)a i (AR)a

g% — m2 g% — m2
- TW_My G - WMy 7 1,
+ (BL)an m2 (AR) + (BR>CLq2 m2 (AL)
B, M,
q- —mg

where we have collected the various chiral amplitudes:

A = W+AL + CU_AR = w+UAL + CU_VAR s
B = Bpw_ + Brw, = BUtw_ + BgViw, .

38This convention is consistent since A is a spinor, and B is a conjugate spinor.
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We have now combined pairs of massless chiral fermions into massive®” Dirac fermions,
and we have also found how to rewrite active vertices, for instance

w SH .
s e (UQUUN +w (VQEVIE] 4

b

h . .
/)—Q - - (w+(UYV*)‘g+w_(VY*U*)Z> = i th , (149)
b a v !

the latter result coming from the singular-value decomposition, Eq.(135). This proves
that the Higgs is indeed purely scalar, with no pseudoscalar component. The resul-
tant form of the fermion-vector coupling depends, of course, on the model, whereas
the fermion-Higgs coupling is universal.

7 Inclusion of fermions: example models

7.1 The Abelian Higgs model

In the AH model, we restrict ourselves to N; = 2, in view of the discussion in (3.4).
We can dispense with the superscript w, and we have f]' = eS}. Since () is hermitian,
we can diagonalize it, so that we use

(QL)s = q%0w , (Qr); = qhdy;, (no summation) . (150)
Eq.(131) can then be cast in the form

[@Q,[Q, K"]] = K" = (¢§ — q%)z(mn)g = ez(ﬁn)g (no summation) . (151)

We can simply deduce that for all values a and b for which (kn)%; does not vanish,

all ¢ must be equal, or all ¢% must be equal, or both;*® we choose the latter option.
Sectors in fl-space that are not connected by nonzero , entries are independent.*!
Let us concentrate on one such sector. Here, the ()1, rp matrices are proportional to

the unit matrix, and we find immediately that

L -

b a

(47 + q%) + (af — a&)7") V" Oab - (152)

[\D|®.

This form of the AH model is unavoidably parity-violating, since ¢f — ¢% cannot
vanish. Furthermore, since (¢, — ¢;)(k1)§ = ie(kg)f, the matrix Y is equal to vk
up to a complex phase, which is taken care of by absorbing it into UT. The fermion
masses are therefore independent of |z), as desired.

A discussion of the next-simplest model, the Apollo model, involves a considerable
amount of detail special to that model alone, and we therefore defer it to appendix
9.5.

391t is of course possible that m, = 0 for some a, especially if barren fermions have to be used.

407f the R sector, say, contains barren fermions we must have gz = 0. That is indeed the case in
the Weinberg-Salam model, where the barren fermions are neutrinos.

41Think of the lepton and quark sectors of the Standard Model. The quark sector has no barren
fermions.
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7.2 The Higgs-Kibble model
7.2.1 One fermion doublet

We first restrict ns, the number of fermions, to 2, so that Q7Y, %, and &, are 2 x 2
matrices. Since now we have h"*Y = 2ec"*¥, we can choose

Q7 =—e(05)0"A; (J=L,R) , (153)

with O an arbitrary but fixed orthogonal matrix as before, and Ay g either zero or
one; we then have (Q%)% = ¢?)\%. By applying Eq.(131) twice, we find

(QF)?kn + kn(QR)? = 2(QF)kn(QR) = €Ky (154)
in other words,
2(Q7)kn(QR) = (AL + A% = D (155)

and applying this twice we see that A\, = Az = 1 is not possible. We therefore
take A\, = 1, Ag = 0, so that the right-handed fermions have no vector interactions,
and for simplicity we take O, = 1. We can again bring Y into diagonal form via
UYVT = D. The fermion-vector vertex then has the form

i
/?v_g\ = —iew " (Us Uy . (156)
b a

We can further streamline the model by transforming the W amplitudes:

Al — Al =Ry A4 RY =1Tr (Uo“U'e’) (j=1,2,3) . (157)

w )

Using the Fierz relations for the 2 x 2 Pauli matrices:

Tr(Ac®)Tr (Bov)=2Tr(AB) — Tr (A) Tr (B)
Tr (Ac“Bo")=2Tr(A)Tr(B) — Tr (AB) (158)
we can show that R is an orthogonal matrix, whose application does not change the

Feynman rules of the vector/scalar sector of the model; and RY(Uc"U') = o7. We
then have the Feynman rule for the fermion-vector interactions:

J " ; j\a
/?i\ = —iew, Y (7))} . (159)
3 a

The vertex with 7 = 3 is flavour-conserving, and we thus recognise the corresponding
vector boson as the neutral one. Furthermore one fermion (the ‘up’) only emits a
W and the other one (the ‘down’) can only emit a W ™:

rH _ 0 1\" —rH _ 0 0
a__i\:—ze 2w+7“(0 O) *i\:—ze 2w+'y“<1 0)

)
b a b b a

a

b

(160)
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7.2.2 More fermion doublets

We can increase the number of fermions to ngy ‘up’ and ny ‘down’ fermions, so that
ny = 2nq. We choose QY = —ec™ ® 1, explicitly:

Qi::( —21 —51 )’ Q%::( —2ﬂ. %? ) ’Qi::( _51 eg ) (161)

The block form refers to the ‘up’ and ‘down’ sectors, and 1 is the ng X ng unit matrix.
Using the representation (106), we then have

Ro = —iQilil , Rg = —iQ:zlil , Ry = —iQilil . (162)
Therefore,
Y = 0X(2)ky , B(F) = 21 — i2,Q7 — ix3Q3 — ixsQF (163)

and Y is unitary. That means that the singular-value decomposition will automat-
ically remove all x dependence in diagonalising Y (because ¥ will form part of U):
the fermion masses (and mixings) are independent of |z).

There is an important restriction, however: we want the vacuum to be flavour-
conserving.*? Therefore the Y matrix should not mix v and d fermions: it must have
a block-diagonal form. We must therefore choose k1 to be (a transformation of) a
block-diagonal matrix in fl-space:

vkt = 5(3) < i [gd ) , (164)

with Z an arbitrary unit vector. This kind of restriction of the form of k; is, in
fact, also present in the canonical derivation of the Standard Model, since also there
flavour-changing vacuum terms are explicitly excluded, thus forbidding precisely one-
half of all possible Yukawa interactions. The matrices U and V' are now chosen as

C 0 V 0

— 2\ AT _ u U

U =Cx(2)2(2) ,C_<O @> ,v_<0 w), (165)
where

is precisely the singular-value decomposition of the (ny xns) K submatrices. Finally,
we define the RY as in Eq.(157), only in the ‘tensored’ form, using C' rather than
U and o® ® 1. Again considering W¥ rather than W2, we arrive at the following

vertices:
rh . 0 C,ch\*
/?_i\ = —ievV2wiy! ( 0 0 )

b a b
—rk 0 0)\°
= —4 p
3 K 1 0 \“
_ s i
b/)_,:ir)\a— iewiy ( 0 —1 )b : (167)

The matrix CuC’; is, of course, the CKM matrix in the case of quarks, or the PMNS
matrix if we consider leptons.*?

42Gince there is no photon, there is no notion of an electrically neutral vacuum.
43Which implies, of course, the existence of right-handed neutrinos.
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7.3 The Electroweak model

For simplicity, we shall use f* = ¢g* (¢f Eq.(106)), and consider only, say, the quark
sector of the EW model. Extending the HK model with an additional vector boson,
we let the additional vector couple to the fermions, with Q% and Q%. Since we have
demanded that h°“* = 0, Q% must be proportional to the unit matrix. The only way
for the commutation relations

Q%Q"1 =0, QUs"—rK"Q%=i(f*)'s" , w=0,1,2,3 (168)

to be consistent is to have

0 0 1 0

o ol 0 0 01

P=¢l 3 0 00l (169)
10 0

which provides a stronger constraint on f° than in the scenario where only vector
bosons were included; furthermore, the ‘up-down’ block form of Q% p must read

0o _ arp®1 0 0 _ 1 ap®1 0
@ = 6( 0 aL®1)’QR_ 6( 0 bpel (170)

with a;, —ap = —1 and a;, — by = +1.** As in the model containing solely vector
bosons, we take the combinations A% = oAl — sgAF 2y, A = coAl 2, + s9Af, and
Al = s AP with s, = 1y, rw.X Since the vector z, contains the information in
which A'?3 are mixed, we need to perform the same mixing in the Q% matrices. We
do so by constructing a rotation matrix G, whose rows are the orthonormal vectors
Zw, by and 7y, and taking the product R;” = R;GY. Performing this rotation leaves
us with the Feynman rules:

Y i ) ZgH .
f)—i\f - _ZeryH 7 f)—i\f - Z(U.f + a/f)’)/'u ? (171>
with

Qu=s¢e(ap +ar+1) , Q4= sge(ar+bg—1)

e e
v =— (=g + splap +ar)) , a,=——
Co Co
e e
va=— (5 +sjlar +br)) , aa=— . (172)
Co Co

Taking into account that the ffWW coupling constant gy, defined by Gp/v2 =
gw?/M?, is given by gw = ev/2 (from Eq.(167)), it is easily checked that these
vertices are, again, precisely those of the standard electroweak model.

44The lepton sector of the EW is treated the same way, only with different assignments of ay,
and bg.

451t is unnecessary to check again strict current conservation for the amplitude A°, since in the
proof of section 5.3 the identity of the active vertex does not enter.
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8 Conclusions and acknowledgments

We have shown how to implement the Higgs mechanism in a purely diagrammatic
way, working up from the simplest self-interacting tachyon system to the complete
electroweak model. In doing so we found that special care has to taken with tadpole-
containing diagrams in order to avoid miscounting. We also proved that all theories
of the type we studied must contain a Higgs particle [5], and proved the equivalence
theorem citeHV. The symmetry structure of theories with vector particles arises nat-
urally from the requirement of unitarity, rather than as preordained.

The authors gratefully acknowledge many useful discussions with Oscar Boher
Luna and Tom de Wilt, who while master students have worked on several aspects
of this research.

9 Appendices

9.1 Antihermitian matrices

A hermitian matrix has an orthonormal basis of eigenvectors. The following discus-
sion (included here since the result is less well-known) describes the analogous result
for anti-hermitian matrices, that subsume antisymmetric real matrices such as the
f. Let M be an antihermitian matrix; MTM, being by construction hermitian, has
an orthonormal basis of eigenvectors. Let |a;) be such an eigenvector, normalized to
unity, with eigenvalue A. If A = 0 then

(ar|MTM|ar) = ||M |a1)[|=0 (173)

so that M |a;) = 0. Any other value of A must be positive, so that we can write
A = 2% with z real. For that case we define |b;) = (1/2)M |a;). We immediately find
that |b1) is also normalized to unity, and orthogonal to |a;); furthermore, M |b;) =
—MT|b)) = —z]a1). In the complement of the span of |a;) and |b), MTM is again
hermitian, and we can repeat the process, to find an |as) or a pair |as), |b2), and so
on. We find that the vectors |a;),[b;) (j = 1,2,...) are an orthonormal basis, and
that M can be written as

M= () ol = la) Gl ) (174)

where the sum runs over all nonzero eigenvalue-square-roots z; and their |a;) , |b;)
pairs. If the dimension of M is odd, there must be at least one zero eigenvalue.

9.2 Current conservation with external vector particles

In the derivation of Eq.(71) we have used the fact that both the x and y lines are
axial-gauge propagators, transverse to n. That assumption fails if, say, y is an on-
shell line, with polarization vector €(q), for which ¢-q¢ = ¢-€(q) = 0 but n - €(q) does
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not necessarily vanish.*® In that case we must write
R (p) hY ((papﬁ - 0*"") = (¢*¢" = 9™’ )) ¢’ (q)

= i hvver(q) — mmyi(?p' fgf’))) P (175)

and the handlebar rule becomes

w i'yx: :_y_v_%’:@ _ ihwwy%m&w@ | (176)

The first diagram on the right fits in with the proof of current conservation for w,
while the second term is the handlebar for the ‘reduced’ process, where w and y are
stripped away. We can repeat this process until no external vector particles are left.
Therefore the proof of current conservation still holds if a finite number of external
vector particles is present.

9.3 The g matrices of the HK model and the EW model

Let o; be the Pauli matrices, and let us denote by S the 2 x 2 matrix

5_7;02_(_01 (1)) . (177)

The discussion in appendix 9.1 shows that we can always write, in block notation,

1 S 0 2 CLQS B 3 (IgS C
g —6( 0 S y 9 = —BT ng y 9 = —OT ng ) (178>

with ag3, bes, B and C to be determined. Let us also write h*" = ek "™, with
also k to be determined. The commutator identity of Eq.(75) then implies

Q23 = b273 =0 y [S, B] = kC y [S, C] =—kB . (179)
Thus we have
[S,[S,B]] = —k*B = 03Boy=-rB , r=—-1+k*/2 . (180)

Therefore B must be a linear combination of o; and o3, and » = 1. If we choose
B = eoy, then C' = eos, and we arrive at the representation of Eq.(106), with k = 2.

For the electroweak model, the matrix f° that commutes with g'?3 (and conse-
quently with f%23) has the general form*
0_ e1S ez + e3S 0N2 2, 2, 2 12
d —(—62-1—635 —e1S ) ) matateag = (181)

The numbers e; 53 can be chosen freely, but f° matrices with different e; 23 do not
commute with one another. There is therefore room for only one extra vector besides
the three self-interacting ones in the electroweak model.

461f both 2 and y are external, the amplitude vanishes under the handlebar.
4"By explicit calculation of the commutators.
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9.4 Hermiticity from cutting rules

Since we do not use Lagrangians or actions, the hermiticity of the () and K matrices
must be argued diagrammatically. To this end we may use the Cutkosky cutting
rules [¢], that embody the unitarity of a theory. Consider a particular diagram in

Quantum Electrodynamics,

where for now the labels a,b and ¢ are just for telling the fermion lines apart. The
Cutkosky rule for this diagram?® reads

T@_*) + ?(Z}T + (7@—5=0 : (183)

where the convention is that propagators that are cut by the shaded line are on
shell, while all momentum integrations remain. On the left of the shaded line we
have the amplitude as it stands, and on the right we have the complex conjugate of
the time-reversed amplitude [1]. Eq.(183) can therefore also be written as

(<) GO )+ (<) oo

For QED, the Cutkosky rule holds for this diagram, but the cancellation is far from
trivial [1]. Let us now replace the internal photon line in the diagram (182) by the
vector particle w, and let the electron be replaced by the fermions a, b, ¢ of our model.
The terms in Eq.(184) then pick up, respectively, the factors

(@Q)e(Q™); + (@Q"DAQ™); » (@NHQ"™M§ -

The only reasonable way to still have the null result is to have these three factors
equal. By putting b = a and summing, we therefore have

Tr (QUQY) = Tr (QTQ"") = Tr (Q“Q"") = Tr((Q“-@""?*) =0, (185)

which shows that Q* must be hermitian.*® Replacing the internal photon by a scalar
in diagram (182) does also yields a correct cutting rule; this shows that also K™ must
be hermitian.

9.5 Fermions in the Apollo model

Let us define, in L, R-block notation,

H—TnKn—(;,)T g) R_(g 3) = RHRT_(g 107) . (186)
Furthermore, let
Q" = 7, QY = ( @ 07 ) . Q" =RQ'R" = ( Ql 0 ) (187)
0 Qg 0 Qx
481f the quantum numbers of a and b are equal, this is also called the Optical Theorem.
“9For an antihermitian matrix 4, we have Tr (A%) = — Das AP
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Eq.(131) then implies
Q7 H] = iv @0 (F)K" = ivyu(e®) K" =0 . (188)
Therefore QV commutes with RHR', so
Q1D =DQ%, Q%D =DQj . (189)

This means that both Q] and QY;: commute with D?. If all the fermions masses are
different, this means that the QL r are also diagonal in fl-space; if several masses are

equal, we can make the Qz r diagonal by an appropriate orthogonal transformation
in fl-space. It is then easily seen that

Q1) = (Q}) if mg #0  (no summation) : (190)

a

the left- and right-handed couplings are the same for massive fermions. This gives
us the fermion-fermion-photon vertex:

n A
/?_E)\ = (Q])ay" 0ap if mg >0 (no summation) |,

3 a
= 1 [er(QZ)Z - w_(CAQ']%)Z] Y dap if my =0 (no summation). (191)

The photon’s interaction with massive fermions conserves parity as it should; mass-
less fermions can interact with parity violation without endangering the photon’s
current conservation.®® The two other fermion-vector couplings,

Q° = pw RQ“R' | Q" =7, RQ"R! | (192)

are not automatically current-conserving under this construction, but since these
couple to massive vector bosons that is not required anyway.

9.5.1 Two fermions

It may be helpful to study a simple example. We can assume two massless fermions
of both L and R type, and define

e

(F) = —ee™ , Qpp=—50", Kn=Ao" . (193)
In this case, 7, = x,, and we have
LR = —g(xwa“’) , Y =Xdv(z0") (194)

We adopt polar coordinates and write {7, p, 7} as

= (sin(@) cos(¢) , sin(@) sin(¢) , cos(d)) ,
= (cos(0) cos(¢) , cos(d) sin(¢) , —sin(0)) ,
= (—sin(¢), cos(¢), 0) , (195)

50This sidesteps the question of the physical viability of a massless fermion coupling to massless
photons: to avoid it the k,, must be chosen with some care.

A 2L
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1

which provides a right-handed orthonormal base,! and further we introduce

Fr=—(p£i7) . (196)

Now, we choose the unitary matrices U and V' as follows:

U €2 cos(0/2) e /%sin(0/2)
N e?2sin(0/2) —e 2 cos(0/2) )

€2 cos(0/2) e /%sin(0/2)
Vo= ( —e®25in(0/2)  e7%/% cos(0/2) ) (197)
This gives us
UYVi=VYU = vl | UQIU' =VQLV = < _3/2 6(/)2 ) . (198)

We end up with two massive Dirac fermion of mass Av (independent of |z)), one
with electric charge —e/2 and the other with +e/2. Turning to charged W bosons,
we find

(01); = (Ulora @)U ( 0 e/v2

0 ) = Qv = (@R

(@8 = W@t = (0 o ) =~V o-Q@RV = (@)}

(199)

As expected, only one of the fermions can emit a W+, and the other can only emit
a W~. To recover the Feynman rules, we consider the emission of a W from a
fermion line:

+ g M R -
@75.@ — i (Buorr" QA"+ Buo " (@QiiAT) . (200)
2 =2

The couplings of the W¥ are seen to be purely axial in this model; A? refers to the
emission of a fermion of charge +e/2, and B; to the absorption of a charge —e/2
fermion; and of course A! emits the negative, while B, absorbs the positive fermion.
The Feynman rules are seen to be

+l~i6 — M

= i—=y* = %'i'i . (201)

+2 —n \/5 -2 +n

These charge assignments then also automatically lead to the fermion-photon Feyn-

man rules " "
Y Y
.y —icAt S z—z‘gw. (202)

+2 +n2 2 -2 —n

°n the sense that (z.0)(p.0)(1.0) = oclo?03 =i.
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9.5.2 Three fermions

As another example,”> we choose a model with three massless fermions of both L
and R type, and define

(f9)y = —ee® , (QY)f =iec™ | (kn)f = A", (203)

witj J = L, R as before; it is easy to verify that these satisfy Eqgs.(130) with h**Y =
e, Now 7, = &y, and we again choose the vectors § = 7, p, and 7 according to

To = %2y po (204)
and define o4 as in the previous section. We find

Vit = v, (k) = Mo(p"n — ), (Q))y = 2 (QY)y = ie(pmo — Tps)
(@) = puw(QY)y = de(Tmy — 7)), (QF)y = Tw(QF)y = ie(x"py — pxy).

(205)
The appropriate choices for U and V' are
Uy = z%zp+p"pp— 770
V& = valzy+ i+ lpy , v=2% (206)

Note that two alternative forms for V are available. The matrix D now takes the

form
Df = (UYV)§ = Xo(p®py + 77) = Ao(0G0_ +0%0,;) (207)

We have two fermions of mass Av, plus one massless fermion. The fermion-photon
interactions are

(@) = (UQLU); = e(0%0_y — 0%04s)
QR = VIV =eloto_y—ata,;) (208)

We are led to define the off-shell amplitudes for a neutral, a positively charged, and
a negatively charged fermion as follows:

O~ =(x-4), @~=(0_-4), @==(0,-4),

S@=(B-2), *@=(B-0.), >@=(B-0)

From

u
Y. R R o
O = i (Busr QDA+ Buo (@A)

= de((B.oy)y(0-.A) — (B.o_)y"(04+.4)) (210)

we derive the Feynman rules

u u

2In this section, the dotted-undotted index distinction becomes really useful.
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The massless fermion is also the neutral one. For the fermion-W= vertices we have
to take

(QJLF)Z (U(U+wQ%)UT)Z = —e(z%0_p —0’xy)

QR (V(04Qp)V] = ve(ato_y + 0tz;) |

@D = (U0 wQDUE = e(a'oss — otas) |

(Qr) = (V(0—uQRp)Vi = ve(a®oy +ol;) (212)

and in the same way as above we then arrive at the following Feynman rules:

oM +oH
t,e70 = il g e =il
n b

50 =il At 0 = —iel A" (213)

=1, I'_=+". (214)

These couplings are purely vector and axial-vector in character, but they depend on
the choice of v in Eq.(206): two seemingly different models that, however, are based
on the same underlying physics. Note that the two alternatives are simply related
by simultaneously performing v — —v and e — —e.

where
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