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The possibility of an unconventional form of high temperature superconductivity in flat band
(FB) material does not cease to challenge our understanding of the physics in correlated systems.
Recently, it has been argued that the coherence length in FB compounds could be decomposed
into a conventional part of BCS type and a geometric contribution which characterises the FB
eigenstates, the quantum metric. Here, we propose to address this issue in various FB systems and
discuss whether the extracted characteristic lengthscales such as the size of the Cooper pairs obey
this conjecture. It is found that the relevant lengthscales are less than one lattice spacing, weakly
sensitive to the strength of the electron-electron interaction, and more importantly disconnected

from the quantum metric.

INTRODUCTION

Over the past ten years we are witnessing a rapidly
growing interest for the physics in dispersion-less bands
[1-8]. In flat band (FB) compounds, because the width
of these bands is extremely narrow, the Coulomb energy
is left as the unique relevant energy scale. This places
naturally these systems in the class of highly correlated
materials and opens the access to exotic and unexpec-
ted physical phenomena and quantum phases. Undenia-
bly, one of the most striking feature is the possibility
of high critical temperature superconductivity (SC) in
compounds where the Fermi velocity vanishes [9-18]. In
contrast to conventional superconductivity, this uncon-
ventional form of superconductivity is of inter-band na-
ture. In other words, the superfluid weight is controlled
by the off-diagonal matrix elements (in terms of band in-
dex) of the current operator, and the diagonal contribu-
tion (conventional contribution) vanishes or is negligible.
The superconductivity in FBs is characterised by a geo-
metrical quantity known as the quantum metric (QM).
The QM is connected to the real part of the quantum
geometric tensor [19, 20] and its square root provides a
measure of the typical spread of the FB Bloch eigens-
tates. So far, the unique experimental realisation of such
an unusual form of superconductivity is very likely the
one that has been observed in twisted bilayer of graphene
(Moiré) in the vicinity of magic angles [8, 21-26].

It is well known that in conventional BCS systems where
the superconductivity is of intra-band nature [27, 28], the
coherence length &, is given by égog = r“’TF where vp and
A are respectively the Fermi velocity and superconduc-
ting gap or pairing amplitude. We recall that £. measures
the size of the Cooper pair in real space. Since, in the
BCS regime (weak coupling) the superconductivity gap
is exponentially small, £, is often extremely large, hence
Cooper pairs are highly overlapping with each other.
On the other hand, in the strong coupling regime the
Cooper pairs can be assimilated to tightly bound non-
overlapping composite bosons which at low temperature
leads to the well known Bose Einstein condensation phe-

nomenon (BEC)[29, 30].

A natural question arises : what about the case of FB
superconductors 7 Recently, it has been argued that the
coherence length in these systems has two contributions,
the first is of conventional type and the other is pu-
rely geometric in nature [31, 32]. More precisely, it is
claimed that the coherence length can be expressed as
& = /%o + (g) where (g) is the average of the QM.
Hence, if the band is rigorously flat the first term va-
nishes.
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The purpose of the present study is to address this
issue in several FB lattices and discuss our findings in
connection with these predictions and with the existing
literature. More precisely, we propose to consider four
different systems, three of them are one dimensional and
the last one is two dimensional : the stub lattice, the saw-
tooth chain, the Creutz ladder and the y—lattice. These
models and their respective dispersions (in the non in-
teracting case) are depicted in Fig.1. Notice that the x-
Lattice has been originally introduced in Ref. [33]. Ho-
wever, since no specific name has been attributed to this
peculiar model,” y—lattice" has been chosen. In this sys-
tem, the range of the extended hoppings is controlled by
a single parameter (x) as it will become more explicit
in the next paragraph. The choice of these four different
systems is motivated by several intentions. It allows to
estimate the impact of (i) the bipartite character of the
lattice, (ii) the tunability of the quantum metric, (iii)
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FIGURE 1. Schematic representation of (a) the stub lattice,
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(b) the sawtooth chain, (c) the Creutz ladder and (d) the

two-dimensionnal x-lattice. Their respective dispersions, in the non interacting case, are depicted in the panels having a grey
background. The hoppings and the on-site Hubbard attractive interaction term are depicted in the figure. In the case of the
x-Lattice (two orbitals A and B per site) the hoppings are long range (see main text).

the absence of dispersive bands in the spectrum, (iv) the
lattice dimension, (v) and last the presence of uniform
pairings. The characteristic properties of each lattice is
summarized in Table I.

THEORY AND METHODS

Electrons are described by the attractive Hubbard mo-
del which reads,

2 AN A ~ S ~ ~
H= > t}'el, eino—nN = U funsiin g, (1)

iXgn,o ix
where ¢,  creates an electron of spin o at site r;y, i bei
o pin o at site r;y, ¢ being

the cell index and A the orbital index ranging from 1 to
Nory. N = Zi)\,a fix,0, 1 is the chemical potential and |U|
is the strength of the on-site attractive electron-electron
interaction. The hoppings are very short ranged in the
stub lattice, the sawtooth chain and the Creutz ladder as
depicted in Fig.1. On the other hand, in the y-Lattice the
situation differs, the hoppings are long-ranged, restricted
to (A, B)-pairs, and given by t{}B —Nir 3oy etkereie
where v = x(cos(kza) + cos(kya)), r = r; —r;, and N,
being the number of unit cells. The parameter x controls
both the range of the hoppings and the QM which is
given by (g) = x%a?/8 |34].

In this work, we treat the interaction term within the
Bogoliubov de Gennes (BdG) approach which consists in
the following decoupling scheme,

BdG , R N N
= (Rin, ) Pia e+ (Ria ) fin g
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where the self-consistent parameters (f;3 ) and Ay =

—|U|{&ayCirt) are respectively the orbital dependent oc-

cupations and pairings. (...) corresponds to the grand

canonical average. Notice, that the total carrier density
is defined as n = N./N., where N, is the total number
of electrons, hence n varies from 0 to 2 n4.p.

Before we discuss our calculations, we propose to pro-
vide some arguments that justify that our approach is
meaningful. We first start with the shortcomings. It is
well established that the BAG Hamiltonian being quadra-
tic, it is inappropriate to calculate reliably two particles
correlation functions (CFs) such as the pairing-pairing
correlation function fp(r; —r;) = <1:[IfIJ> where the on-
site pairing operator (s-wave) fI;r = é;rTéL‘ In the case
of the attractive Hubbard model in two dimensional sys-
tems, one expects the correlation function fp(r) to decay
algebraically with a T-dependent power for T' < Tpxr,
and exponentially when T > Tpgr, where Tpgr is
the Berezinskii-Kosterlitz-Thouless transition tempera-
ture [35-37]. On the other hand, the one-particle CF of
the form fg (r; —r;) = <ézaéjg> always decays exponen-
tially in the superconducting phase. Mean Field theory
such as the BAG approach can not describe the change
of behaviour of fp(r) across the BKT transition, since
through Wick’s theorem two-particles CFs reduce to pro-
ducts of one-particle CFs only. However, in FB systems,
one expects the single particle CFs to be well captured
within the BAG theory. For instance, it has been shown,
that the local occupations, the pairings and the superfluid
weight calculated by the numerically unbiased DMRG
are in excellent agreement with the mean field values in
the Creutz ladder and in the sawtooth chain [12, 38]. It
should be emphasised that the agreement found concerns
both the weak and the strong coupling regime. In what
follows it will be shown that it is as well the case for
correlations functions.

To study the characteristic lengthscales in the super-
conductivity phase at T' = 0, we define the normal and



anomalous CFs,

Gan(r) = <éz)\,aéjn,a>’ (3)

Kn(r) = (Cixtéini), (4)
where the index i (respectively j) refers to the unit cell
position r; (respectively r;), A (resp. 1) labels the or-
bitals, and r = r; — r;. Here, the spin index o =1,|
is irrelevant, the superconductivity phase being non ma-
gnetic. The CF K, is particularly of interest since it
allows the extraction of the Cooper pair size. Note that
a similar quantity have been used in Ref. [39] to extract
the the Cooper pair size in conventional superconduc-
tors within the exact two-body problem. Indeed, in the
case of a single one dimensional dispersive band pro-
blem (conventional SC) it can be shown analytically that

Ky (r) ~ ﬁeflr\/&acs for |r|] — oo as addressed in the

next paragraph.
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FIGURE 2. 51(412) as a function of the averaged pairing Agug
in the quarter filled sawtooth chain. The red thick line is the
BCS formula Z:fg where five = 2at. The first inset (top
right) shows the correspondence between |U| and Agvg and
the other one illustrates the density of states for |U| = 0, with
Er = —2t for the quarter filling. The BCS regime corresponds
to 5&{? > a and BEC to 5;@ <a.

RESULTS AND DISCUSSIONS

Coherence length in dispersive bands

Before we discuss in details the case where the Fermi
energy coincides with that of the FB, it is interesting to
analyse the situation where it is located inside the dis-
persive bands. To illustrate this scenario, we consider the
quarter filled sawtooth chain. This density corresponds to
the half-filling of the lower dispersive band.

In Fig.2, 51(4[? is plotted as a function of the averaged
pairing A,yg in the quarter filled sawtooth chain where

Aavg = 3(Aa + Ap) (A and B sites are inequivalent).
This characteristic lengthscale is obtained from a fit of

the form ﬁe_‘”/ €4% of the long distance behaviour of
r

the anomalous CF K 44(r). The BCS-like expression (red

thick line in the figure) is defined as X”F . Here the Fermi
avg
velocity vp = Q%t sin(kra) where krpa = 7 for the quar-

ter filled sawtooth chain. It is striking to see that the ex-
cellent agreement found between the numerical data and
the BCS expression is not restricted to the weak coupling
regime (Agyg < t). Indeed, remarkably the agreement
is obtained for values of the average pairing that varies
over four decades (see inset of Fig.2), which corresponds
to |U|/t that varies from 1 to 8. However, one already
observes small deviation from the BCS expression when
|U|/t > 5. We have checked that as |U| increases further
the deviation becomes even more pronounced. Numeri-
cally, it is found that when |U|/t > 10, 51(5‘) x ﬁ which
confirms the existence of a cross-over between BCS and
BEC regimes.

The case of half-filled bipartite lattices

We consider the specific case of half-filled bipartite lat-
tices where the number of orbitals in one sublattice is
larger than that of the other, implying that at least one
FB is located at E = 0. We propose to demonstrate the
following remarkable property, valid for any |U],

Con(r) = %5@). (5)

In a recent study [40] it has been shown that the Bogoliu-
bov quasi-particle (QP) eigenstates present an interesting
symmetry in half-filled systems. If A (resp. B) denotes
the first (resp. second) sublattice which contain A 4 (resp.
Ap) orbitals per unit cell, the QP eigenstates can be sub-
divided in two families ST and S~ defined in what fol-
lows. First, a generic QP eigenstate (in momentum space)
has the form |¥) = (|UT), |¥+))* where the first A 4 (resp.
next Ag) rows of |¥7) are the components on sublat-
tice A (resp. B). This eigenstate belongs to the subspace
St (resp. S7) if |Ut) = M|TT) (resp. |U+) = —M|TT))
where the matrix M = diag(ia,,—1a,). Additionally,
for any finite |U|, it has been shown in Ref. [40] that
the subset S~ (respectively ST) consists exactly in Ag
(respectively A 4) eigenstates of positive or zero energy
and A4 (respectively Ag) eigenstates of strictly negative
energy.

start definition

Now, with  the Ga(r) =

Nic Zk eik'r<OA>\k7¢> where O/\k,'r = CLA’TCk,\ﬁ. At
T =0, its grand canonical average is given by,

(Oxict) =D (Wil 11 ¥5s0), (6)

m




where |, ) are the QP eigenstates of the BAG Hamil-
tonian of negative energy, m being band index. Using the
closure relation, >, |9, ) (V7| = 1, where the
sum runs over QP eigenstates with positive (s =>) and
negative energy (s =<) and the symmetry mentioned
above one can show that,

> (Tl Onet W) = > (70 One W70, (7)

m m

which combined with Eq. 6 leads to (OA)\k’T> = 1 and de-
monstrates Eq. 5.

It is interesting to remark that our proof can be straight-
forwardly extended to the case of disordered systems that
preserve the bipartite character of the lattice, such as the
presence of vacancies or bond disorder.
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FiGgure 3. (a) Kcc as a function of 7 in the stub lattice for

several values of |U|/t (1, 2.5 and 5). (b) fgé) as a function of
|U|. The (dark-green) horizontal line depicts the square root

of the quantum metric (g). The inset shows 5(012 for |U| > t.
Here, « is set to 0.5 (see Fig.1) and the carrier density is fixed
to n = 3 which corresponds to half-filling.

The stub lattice

The stub lattice is bipartite and offers the possibility
to tune the QM without changing the of the nature of

the compact localized eigenstates. The QM is control-
led by the A-C hopping (at)(see Fig.1) and given by
(g) = W [41]. The stub lattice has been studied in
great details in Refs. [18, 42]. Here, we restrict our study
to the case @ = 0.5 and n = 3 which corresponds to a
half-filled FB with (g) ~ 0.7.

First, one can already conclude from the previous sec-
tion that the conventional CFs (G ) are given by Eq. 5,
which is indeed what we find numerically for any |U| and
any «. Figure 3(a) depicts the anomalous CF Kge as
a function of |r| for several values of |U| which corres-
pond to weak, intermediate and strong coupling regime.
As it can be clearly seen, in all cases this CF decays
exponentially with a lengthscale fgé) (Cooper pair size)
that reduces rapidly as |U| increases. The variation of
the extracted lengthscale 5(012 is plotted as a function
of |U|/t in Fig.3(b). In the limit of vanishing |U|/t it is
approximately (for this value of «) 2a, then it increases
and reaches a maximum for |U|/t = 1.5 and beyond it
decreases continuously. There is no simple explanation
for the origin of this maximum, since for larger values
of « it disappears. The inset represents, its behaviour in
the large |U|/¢ limit. It is found that fgé) — 0.125a. As

it can be seen, fgé) crosses \/{g) = 0.7a at |U|/t ~ 4
and converges to a much smaller value. The large |U|/t
behaviour, is consistent with the fact that in the BEC re-
gime, the Cooper pair size is expected to be very small.
Remark that Kpp and K 44 vary similarly with the same
lengthscale.

The sawtooth chain

In contrast to the stub lattice, the sawtooth chain as
illustrated in Fig.1(b), is a non bipartite lattice and does
not allow the tuning of the QM. The FB exists only when
the AB-hoppings (1st and 2nd neighbours) are —v/2t.
The superconductivity in the stub lattice has been ad-
dressed in details in Ref. [38] using a numerically exact
method : the DMRG. It has been shown that the BAG ap-
proach reproduces accurately the exact results, for both
the pairings and the superfluid weight. In Fig.4(a), both
Gaa and K4 are plotted as a function of |r|, for dif-
ferent values of |U|. Here, the electron density is set to
n = 3 which corresponds to the half-filled FB. As it
can be seen, the lengthscales associated to the decay of
G a4 and K4 4 are almost identical both in the weak and
strong coupling regime. Additionally, the slope appears
to vary weakly. Notice that Gpp and Kgp behave simi-
larly. Fig.4(b) depicts the variation of 51(4{(4) as a function
of t/|U|. The inset describes the weak coupling regime.
In this regime, 55{? ~ 0.735a and almost insensitive to
|U|. As |U| increases further, 51(4[54) decays monotonously.

As seen in the case of the stub lattice, 51(4}? crosses 1/ (g)
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FIGURE 4. (a) |Gaal and |Kaa| as a function of 7 in the

sawtooth chain for several values of |U|. For the sake of clarity,
|G aaland |Ka4| have been multiplied by 1072,10"* and 10~¢
for |U| = 0.5, 1 and 5 respectively. The carrier density isn = 3
(half-filled FB). DMRG data for |U| = 1 from Ref. [38] are
shown as well. (b) ff:? as a function of ¢/|U|. The horizontal
lines depicts the square root of the minimal quantum metric

(gmin). The inset represents 554[? as a function of |U| for small

values of |U|. The dashed red line is a linear fit for ﬁ < 0.03.

when ¢/|U| ~ 0.05 and converges towards 0.2a. In the
sawtooth chain, it can be shown that the minimal QM
is (g) = 4—\1/5. We should mention as well that our values
of Ga4(r) are consistent with the DMRG calculations of
Ref. [38].

The Creutz ladder

The Creutz ladder depicted in Figl(c) is particularly
interesting since its dispersion consists only in FBs, lo-
cated at £ = +£2t in the non-interacting case. As a
consequence of the uniform pairings, these bands remain

flat when |U| is non-zero. The superconductivity in the
Creutz ladder have been addressed exactly, within the
DMRG approach in Refs [12, 38]. As in the case of the
sawtooth chain, it has been revealed that pairings and
superfluid weight are accurately captured by the BdG
theory. The A and B sites being equivalent, we focus our
attention on |K44| and |G44|. In addition, we consider
the case of the quarter filled ladder (half-filled lower FB)
which corresponds to n = 1. Both CFs are plotted in
Fig.5 as a function of |r| for several values of |U| ranging
from weak to strong coupling regime. As it can be seen
these two CFS behave similarly. Surprisingly, it is found
that there are only two non-vanishing values correspon-
ding respectively to |r| = 0 and a. For larger distances,
|Kaa| and |Gaal are zero within the numerical accu-
racy. This is illustrated in the inset of Fig.5(b) where for
|r| = 2a the CF |G 44| drops by 16 orders of magnitude.
It is found as well that |Kaa|(|r] = a) decays very ra-
pidly as |U| > 1 and eventually vanishes when |U| — oco.
Thus, the Cooper pair size varies between 1 and 0 where
0 corresponds to |U| = oco.

In the Appendix A, we demonstrate analytically in the
case of weak coupling that the CFs are given by,

1
GAA(T’) = KAA(T) = Z(ST,

1
GAB(T) = KAB(T) = g(ér,a + 5r,—a)-

0o~ éér,a + éér,—aa
(8)

We point out the fact that the analytic expression found
for Gaa(r) is consistent with the exact results obtai-
ned from DMRG calculations [12]. Indeed, it has been
found (see Fig.10 in this manuscript) that for r > 2a,
Gaa < 10712, In addition, we remark that our findings
are consistent with those of Ref. [43] where the authors
have shown that the single-particle propagator vanishes
beyond a finite range.

The x-Lattice

The yx-Lattice is a two dimensional system in which
both electronic bands are dispersion-less and located at
E = +t. As mentioned earlier this system has been intro-
duced originally in Ref. [33]. The superconductivity has
been addressed within the Quantum Monte Carlo me-
thod in Ref. [34] and within a mean field approach in
Ref. [32]. We recall that the dimensionless parameter x
controls both the range of the hoppings and the value
of the QM. Here, we focus on the quarter filled system
which corresponds to a charge density n = 1. As it is the
case in the Creutz ladder, the orbitals A and B are equi-
valent, pairings are identical on both sites. In addition,
because the long range hoppings connects A to B sites
only, this lattice is bipartite as well.

Let us now discuss our results. First, for any value of
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FIGURE 5. (a) |[Kaal| and (b) |Gaal, rescaled by their value
at r = 0, as a function of r in the Creutz ladder for several
values of |U|. The charge density is fixed n = 1. For r > 2a,
both |K 44| and |Gaa| are zero within our numerical precision.
The inset in (a) represents |Ka4| in log scale. The inset in
(b) shows |Ga4| as a function of |U| for r = 0 and r = a.
Diamonds are our calculations and circles are the DMRG data
of Ref. [12]

both |U| and x, with high numerical accuracy we find,

4
EG’\’\(I‘) = XK/\,\(I‘) = 4(r), (9)
where A = A, B. These features are illustrated in Fig.6 (a)
and (b). It should be emphasised that the property gi-
ven in Eq. 5 concerns only the case of half-filled bipartite
lattices. Here, our system is quarter filled, which means
that our findings are specific to the y-Lattice. As a conse-
quence, for any |U| the Cooper pair size is zero. In the
Appendix B, we have demonstrated analytically Eq. 9 in
the weak coupling regime.

More strikingly, we have found that the off-diagonal
correlation functions |G ap| and |K 4| exhibit an unex-
pected behaviour as it can be clearly seen in Fig.6(c).
First, one finds that |Gap| and |K4pg| are very similar
for any value of y. Furthermore, for a given y, one can
distinguish two distinct regimes. First, for |r| < xa the
CFs oscillates as |r| increases. Secondly, when |r| > ya
it decays monotonously as the distance increases. Ho-
wever, any attempt to fit the tail by a function of the
form r~be~Irl/¢ is unsuccessful. Hence, one cannot extract
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Ficure 6. (a) and (b) |Gaal| and |[Ka4| as a function of r
(along the x—direction) in the y-Lattice for several values of
X- (c) same as in (a) and (b) for the off-diagonal correlation
functions |Gap| and |[Kag|. The carrier density is n =1 and
the Hubbard parameter |U| = 1.

any characteristic lengthscale from these off-diagonal cor-
relation functions. In the Appendix B, we have calcu-
lated analytically the Gap and Kap as a function of
r in the limit of small values |UJ|. It is shown that
Gap(r) = Kap(r) = ﬁ > € Te~ . This means that
for this specific lattice the off-diagonal CFs coincides up
to a coefficient with the (A,B) hoppings in real-space. In
addition, in the limit of large |r| along the a-direction, it
is shown that,

1
V2T

where r = (n;a,0) and Jy is the Bessel function of the
first kind and order 0. This clarifies why we could not ex-
tract a typical lengthscale from the numerical data plot-
ted in Fig.6(c).

Gap(r) oc (=)™ Jo(x) na-nlgig), (10)

€

Connection with recent studies

In recent studies [31, 32], it is claimed that the co-
herence length in quasi FBs can be expressed as, £ =

V&% cs + (9) where (g) is the average of the quantum

metric (minimal). The BCS contribution vanishes when
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FIGURE 7. (a) £ (green filled circles) in the sawtooth chain
at n = 1 (half-filled dispersive band) as a function of the
averaged pairing Aqvg/t. Black lines (continuous and dashed)
are fits and the red line corresponds to the BCS analytical
formula €gcs = hvrp/Aaqvg. The inset magnifies the region
of the cross-over. (b) € as a function of |U|/t in the Creutz
ladder at n = 1 and sawtooth chain at n = 3 (half-filled
flat band). Dashed lines represent /(g), (g) being the corres-
ponding quantum metric. The dotted line corresponds to the
low-|U| limit & = 1/4/42 in the Creutz ladder (see text).

the band is rigorously flat. In this paragraph, we discuss
the connection between our findings and these recent stu-
dies. As done in Ref. [32] we define,

- 1

52 — d2M(q)

2M (O) dq2 q:O7

(1)

where the pair correlation function, M(q) =
S e AE T ey gl ety ). Within the BdG

formalism this leads to,

M(q) = [Kxx(0)]* + 1 = 2G5 (0)
A

. (12)
+ ) e TG ()P
A
and hence,
*M(q) 2 2
qu‘qzo = _; Ir2|Ga(r) 2. (13)

Thus, §~ is related to the decay of the normal correla-
tion function Gz (r). From Eq. (5), we conclude straight-
forwardly that for any bipartite lattice with a different
number of orbitals in each sublattice (stub lattice, Lieb
lattice...), 5 = 0. This applies as well to the y—Lattice
(see Eq (9)). However, in the case of the sawtooth chain
and Creutz ladder one cannot conclude, §~ has to be cal-
culated. Figure 7 (a) displays € as a function of the ave-
raged pairing at n = 1 (half-filled dispersive band) in
the sawtooth chain. Fig 7 (b) depicts € as a function of
|U|/t in the case of half-filled flat band in the sawtooth
chain and the Creutz ladder. In (a), £ appears to scale

as A;Ulg/ * where one would expect A, from a standard
BCS analysis. In the appendix C, we provide an analy-
tical justification to this unusual behavior. Furthermore,
we emphasize that for a given averaged pairing A4, the
values of é are found 10 to 100 times smaller than the
BCS coherence length. In the case of half-filled FB (pa-
nel (b)), we first remark that for both lattices, £ is much
smaller than the lattice parameter, which qualitatively
agrees with our previous results. However, in contrast
with Ref. [32], these values are clearly smaller than /{g)
even when |U| — 0. For the Creutz ladder, we note that
€ is finite while it has been found that ) = 0. Using
Eq. (8), one can show that £ — a/v/42 ~ 0.154 a in the
weak coupling regime.

In conclusion, we numerically find that the expression
of coherence length given in Ref. [32] does not recover
the expected BCS expression in the case of conventional
superconductivity. Moreover, when the Fermi energy is
located in the flat band, € differs from /(g in the weak
coupling regime. It even appears that \/@ is an upper
bound of §~ . Finally, it should be emphasized that here,
and in contrast to Ref. [32], no projection on the flat
band has been done.

CONCLUSION

We have investigated the normal and anomalous cor-
relations functions in various flat band systems and ex-
tracted the associated characteristic lengthscales. It is
found in this study that the size of the Cooper pairs is
comparable to the lattice spacing, both in the weak and



strong coupling regime. Independently of how extended
the hoppings are, it is revealed as well that the normal
correlation functions reduce to a Dirac function in the
case of half-filled bipartite lattices. In order to clarify a
controversial issue regarding the connection between the
coherence length and the quantum metric (g) we have
considered two different definitions of the former. In both
cases, it is numerically found that £ # \/@ in the weak
and strong coupling regimes. Nevertheless, \/@ provides
the correct order of magnitude in the sawtooth chain and
for the stub lattice. Finally, we believe that this study
could motivate new reflections on the concept of cohe-
rence length in flat band systems.
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APPENDIX A : THE CORRELATION
FUNCTIONS IN THE CREUTZ LADDER

In this appendix we propose to derive analytically the
correlations functions G and K as defined in the main text
in the quarter filled Creutz ladder. We focus our attention
on small values of |U]. We restrict our calculation to T =
0. The BAG Hamiltonian reads,

pt Al .
Hpoo =) U} k 2X2) Al
ma =0 (N, ) e o

where we have introduced the Nambu spinor \i’L =
(éAkTa 6BkTa éA—kJ,a 6B_k¢)t and the block IIlE)fDI‘iX7

hi = (‘

where we have introduced f = p+ %n. Because of time
reversal symmetry fl_ﬁi = izlt Notice as well that the
pairing A, uniform because A and B sites are equiva-
lent, can be taken real. Here, the total carrier density
n=2ny =2npg is set to 1.

First, we consider the case |U| = 0 for which the che-
mical potential p = pg = —2¢. The quasi-particle (QP)
eigenvalues are Iy 4 = +4t, and Fy3 = 0 which is dou-
bly degenerate. The corresponding QP eigenstates are of
the form, |W;) = (|i]), [¥}))!, where i =1, .., 4.

More precisely they are given by, |¥9) = (0,|¢f))?,

2t sin(ka) —
—2t cos(ka)

—2t cos(ka)
2t sin(ka) — ,&) » (A2)

W3) = (1¢9),0)" [¥5) = (0,]¢9))", and |¥G) =
(16¢),0)", where,
—cos(ka)
=7 m(sm ) 4

When the Hubbard term is switched on, we apply
a pertubation theory for degenerate pair eigenstates

(|¥9),|¥9)) that leads to, Ex = +/(6/1)2 + A2 where

0fi = i — pg. The corresponding QP eigenstates are,

+ (0% /(G2 + A7), (A4

Wy) =

= (819)

where N* = 2(5,12 + A2+ 6/ + A2).

Using the self-consistent equations for the carrier density
which for each spin sector is 1/4 and the gap equation
one finds in the limit of small |U],

+o(|UJ?),
+o(|UP).

Sii (A.5)

|U |
A=— A6
: (A6)
Thus, the QP eigenstates take the simple form [P ) =
%(\\P@ + |¥9)), their respective energy being Ei =
F3lUl-
Using the expressions of [¢T) as given in Eq. A.3, one
finds, <CAk 1CAk1T) = <Cj4k,’rc:(4k,¢> = 1(1 +sin(k)). After
a trivial Fourier transform, we finally end up with,

1
= Kaa(r) = =dr0

GAA(T) 4 T, (A7)

i i
- gér,a + éér,—au
In addition for the off-diagonal CFs it is found that,

1
GAB(T) = KAB(T) = g(ém +5r,,a). (AS)
These results explain the data plotted in Fig. 5 of the
present manuscript. We recall that our proof is restricted

to |U] < t.

APPENDIX B : THE CORRELATION
FUNCTIONS IN THE x-LATTICE

In this appendix, our purpose is to derive analytically
the correlation functions G and K in the quarter filled
x—Lattice. The BdG calculations are performed for small
values of the Hubbard parameter |U| at T = 0 K. The
BdG Hamiltonian has the same form as that given in
Eq. A.1 of the Appendix A, with iLIT( now given by,

B = ( po il e ) ,
—teiMe  —p — on
where v = x(cos(kza) + cos(kya)).
Notice that the xy—Lattice is both bipartite and time re-
versal symmetric as well which implies A% = fzﬁ
To calculate the QP eigenstates, we use the same notation

as those of Appendix A. At |U| = 0, the quasi-particle
(QP) eigenstates are located at Eq 4 = £2¢, and Ez 3 =0

(B.1)



which is doubly degenerate, the chemical potential being
= o = —t. The one particle eigenstates read,

68 = L (FT
0 \/i el 7k .
The equations (A.4), (A.5) and (A.6) of Appendix A

are valid as well in the case of the y-Lattice at quarter
filling. Thus one straightforwardly gets, <é:f4k,TéAk,T> =

(B.2)

i? <éir4k TéBk,T> = ie‘i"“g <6T4k TéL k,¢> = i and
<ch7ch3 k) = 1e~ It follows that,
Gaa(r) =Kaa(r) = i&r’g, (B.3)
and the off-diagonal CFs are,
Gap(r) = Kap(r) = + Fan(o). (B.4)

where, we have introduced fap(r) = Nic 3oy eereTine,
Thus, Gap(r) and K4p(r) coincide, up to a constant,
with the (A,B) hoppings. We now propose to calculate
the analytic expression of f4p(r) for both |r|/a < x and
Ir|/a > x.

Let us write r = (ng,ny), fap(r) can be rewritten as the
following product,

fa(r) = In,(=ix) - In, (=ix), (B.5)

where I, (ix) = 5= fj: emfeixcos(0) s the modified Bes-
sel function of the first kind and order n. We can now

rely on the properties of the Bessel functions such as
I, (—ix) = (—i)"Jn(x) which leads to,

fap(r) = ()" T, (X) - T, (X)- (B.6)

In the regime where |r| < ya one can expand the Bessel
function [44],

In(X) =~ \/zcos(x — ng — 2),

and similarly for J,,,(x). This clearly explains the pre-
sence of the oscillations observed in Fig. 6 of the manus-
cript.

In the opposite limit,

\/ |nx| + |7’Ly|7 one haS,
(TL )

In(x) =~
According to the well known Stirling formula, for n > 1
one can write I'(n + 1) ~ \/21771(%)” Thus, along the
x—direction for instance, it implies the following result,

. Jo(x) In (52X
r) = (—1)" e n (355,
fAB( ) ( ) \/m
This equation explains (i) the rapid decay observed in
Fig. 6 of our manuscript and (ii) the impossibility to ex-
tract a characteristic lengthscale from the decay at large
distance of the off-diagonal correlation functions.

(B.7)

more precisely for x <

(B.8)

(B.9)

APPENDIX C : ¢ IN THE HALF-FILLED
STANDARD ONE DIMENSIONAL CHAIN

In this appendix, we provide analytical justifications
for the unusual A-dependence of & observed in Fig. 7.
The physics of the sawtooth chain at n = 1 being similar
to that of a standard half-filled chain, we consider the
latter in this appendix. The normal correlation function
G(r) as defined in Eq. (4) reads,

- N, Z (1*7) -

where N, is the number of unit cells, e, = —2t cos (ka) —
— |U|/2 is the single particle dispersion, A the super-

conducting gap, and Ej, = /e + A? is the quasi-particle

energy. We recall that 4 = —|U|/2 at half-filling.

We first consider the strong coupling regime (|U| > t) .

Equation (C.1) reduces to,

(C.1)

1

G(r) = 25T0 + = 2A (0r—q + 0r.a)s (C.2)

from which one immediately gets,

1

> IG)? = 1ol (C.3)

1 /at\2

2 2 i i —92

XT:T G =5(F) +o@™.  (Ca

Finally, using A/|U| — 1/2 in the strong coupling re-
gime, Egs. (11), (12), and (13), one finds,

(C.5)

As can be seen in Fig. 8, the numerical data coincide
perfectly with this analytical expression when A/t > 3
(or equivalently |U|/t > 5).

Let us now consider the weak coupling regime (JA] < t).
By expanding in Eq. (C.1) k = 7 + g one can write,

1
G(r) = 5 (60 + (1), (C.6)
where,
Ii(r) = —sin WT Im / sin(g) e“"dq 3,
0 412 sin’(q) + A2
(C.7)

This implies that for r = 2pa (p integer) I (r) = 0. After
replacing sin(q) & ¢ one gets,

Ii(r) = %sin(%r) IA

u 5111( %t u)

T (C)

Thus, we end up with,

1= () (5)
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FIGURE 8. £ in the half-filled standard chain as a function of
the superconducting gap A (open circles). The dashed lines
correspond to analytical expressions in the weak and strong
coupling regimes.

where we have used fooo %du = Ki(a), K; being
the first order modified Bessel function of the second kind

[45]. Using Eq.(C.6) we can write,

A N2 w2 Ar

2 _ (2N o (T 2 (AT
G = (27rt) sin 2 ) K 2t>
for r # 0 and |G(0)]> = 1. In the limit of vanishing A,
one numerically finds that >, |G(r)[* = 4. On the other
hand the >~ r?|G(r)|? can be calculated analytically. In-

deed, after a change of variable and after replacing the
discrete sum by an integral one gets,

(C.10)

21

> 3t
2 2
XT:T |G ()] =24,

2 72 _
w K7 (u)du = 6 A

(C.11)

where we have used the fact that [;° u?K7(u)du = 2
[45]. Finally, in the coupling regime one finds,

- V3 [t
= —1/—a. C.12
E= % (C.12)
As can be seen in Fig.8, over three decades, the agree-
ment between the analytical expression and the full self-
consistent numerical calculation is excellent in the weak

coupling regime.
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Referee 1

First, we would like to thank the referee for his report and for the interesting
questions and remarks raised in his/her report.

After carefully reading the two reports of this second round, we have observed
many similarities. The major criticism concerns essentially the relation
between our work and that of the authors of Ref.32 (“ref.32” is mentioned 34
times in the reports). Both referees criticize the fact that in our manuscript, we
did not calculate the correlation length using the same definition as that used
in Ref.32.

For this reason, we distinguish two parts in our response to both referees. The
first part (i) is a joint reply that concerns the connection with Ref.32, and the
second one (ii) is devoted to the other specific questions raised by each
referee.

Common response

In the section “Connection with recent studies”, we have now considered the
same definition of the coherence length as used in the latest version of ref.32.
This section has changed in the new version of the manuscript. We have as
well added a new figure that shows the coherence length calculated using
definition of ref.32 for two different filling factors corresponding (i) to a
half-filled dispersive band and (ii) to a half-filled flat band. We observe in the
first case (i) that this definition leads to an unusual A-dependence (£ o< A™"?) in
the BCS regime (weak coupling) that totally differs from the expected
behavior (¢ < A™). In the second case (ii), our data show unambiguously that
the coherence length (new definition) is disconnected from the quantum
metric.

We have removed the old version of Appendix C and replaced it with an
analytical justification for the scaling of the coherence length in the case
where the Fermi level is located in a dispersive band.

Specific guestions

Referee: They [the authors] find that the coherence length is in these cases
(sawtooth chain and stub lattice) larger than the quantum metric-based
estimate of Ref. 32 for not too large values of the interaction strength
(comparable or smaller than the band gap). My interpretation of these results
is that the lower bound obtained in Ref. 32 holds.

Answer: We agree that we have found numerically that our coherence length
£X is larger than the square root of the quantum metric (small |U|). However,



their proof relies on a different definition of the coherence length. Furthermore,
the additional calculations performed for the sawtooth chain and the Creutz
ladder in the new version of our manuscript show that this lower bound does
not hold if we use the same definition of the coherence length. It even appears

that /< g > is an upper bound for these two lattices.

Referee: Neither in Ref. 32 nor in the present work it is clear why a specific
correlation function should be chosen in order to compute the coherence
length. A good answer to this question has been given in my opinion in [K.
Higuchi, M. Higuchi, Journal of Physics Communications 5, 095003 (2021)].
[...] This reference is relevant and should be added among the citations and
also discussed to some extent. Note in fact that the definition of coherence
length used in this work recovers the standard BCS result up to constants in
the weak-coupling/dispersive band limit (see Eq. 25).

Answer: This reference is indeed relevant, and has been cited in the new
version of our manuscript. The correlation function from which their coherence
length is calculated is constructed similarly to the anomalous correlation
function K(r) in our manuscript (see Eq.(20) in their paper).

Referee: The authors should cite the work [M. Tovmasyan et al., Physical
Review B 98, 134513 (2018)]. In this work it is shown that the Creutz ladder
possesses some local symmetries that imply that the single-particle
propagator is vanishing beyond a finite range.

Answer: We have cited this paper in the new version of the manuscript.



Referee 2

First, we would like to thank the referee for his report and for the interesting
questions and remarks raised in his/her report.

After carefully reading the two reports of this second round, we have observed
many similarities. The major criticism concerns essentially the relation
between our work and that of the authors of Ref.32 (“ref.32” is mentioned 34
times in the reports). Both referees criticize the fact that in our manuscript, we
did not calculate the correlation length using the same definition as that used
in Ref.32.

For this reason, we distinguish two parts in our response to both referees. The
first part (i) is a joint reply that concerns the connection with Ref.32, and the
second one (ii) is devoted to the other specific questions raised by each
referee.

Common response

In the section “Connection with recent studies”, we have now considered the
same definition of the coherence length as used in the latest version of ref.32.
This section has changed in the new version of the manuscript. We have as
well added a new figure that shows the coherence length calculated using
definition of ref.32 for two different filling factors corresponding (i) to a
half-filled dispersive band and (ii) to a half-filled flat band. We observe in the
first case (i) that this definition leads to an unusual A-dependence (£ o< A™"?) in
the BCS regime (weak coupling) that totally differs from the expected
behavior (¢ < A™). In the second case (ii), our data show unambiguously that
the coherence length (new definition) is disconnected from the quantum
metric.

We have removed the old version of Appendix C and replaced it with an
analytical justification for the scaling of the coherence length in the case
where the Fermi level is located in a dispersive band.

Specific questions

Referee: The others should link the four criteria directly to the models and
state that explicitly.

Answer: We thank the referee for this suggestion. We have added a table to
detail the specific properties of each lattice.



Referee: The question intended to ask the authors to explain the physics
behind the observed same behavior when changing from the BCS to the BEC
regime (red line in Fig 2). This question is in line with the questions raised by
Referee 2.

Answer: In Fig. 2, when for A/t > 1 (or |U|/t > 5), a deviation from the BCS
expression is observed, this grows as A increases. We have calculated some
additional points for larger values of A that confirm the change in the scaling of

the coherence length. It is numerically found that g~1NZ when A >> t. Thus,
the crossover between the BCS and BEC regimes can be observed provided
that A is sufficiently large. This is illustrated in the figure below.

We have added a small sentence in the main text of the manuscript to

emphasize this feature.
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The figure depicts & as a function of A (yellow symbols), the red line is hv¢ /A
and the dashed blue line a fit of the data corresponding to |U| >> t.

Referee: In light of a coherence length definition involving the quantum metric,
it is a valid question whether this length shows different behavior for U smaller
or larger than the band gap. Referee 2 made the conjecture based on the
experience with the superfluid stiffness. Since there is no direct connection, it
remains a research question that the referee asked the authors to investigate.
The question was not about a benchmark in the sense of a technical check.

Answer: This question is related to the calculation of the coherence length
using the definition of Ref.32. As shown in the new version of the manuscript
we find no connection between the coherence length (def of Ref.32) and the
quantum metric in both situations, U smaller or larger than the gap.
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