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Abstract

Modulated symmetries are internal symmetries that act in a non-uniform, spatially modulated
way and are generalizations of, for example, dipole symmetries. In this paper, we systematically
study the gauging of finite Abelian modulated symmetries in 1 4+ 1 dimensions. Working with local
Hamiltonians of spin chains, we explore the dual symmetries after gauging and their potential
new spatial modulations. We establish sufficient conditions for the existence of an isomorphism
between the modulated symmetries and their dual, naturally implemented by lattice reflections.
For instance, in systems of prime qudits, translation invariance guarantees this isomorphism. For
non-prime qudits, we show using techniques from ring theory that this isomorphism can also exist,
although it is not guaranteed by lattice translation symmetry alone. From this isomorphism, we
identify new Kramers-Wannier dualities and construct related non-invertible reflection symmetry
operators using sequential quantum circuits. Notably, this non-invertible reflection symmetry exists
even when the system lacks ordinary reflection symmetry. Throughout the paper, we illustrate these

results using various simple toy models.
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1 Introduction

Gauging is a formal procedure used throughout theoretical physics, where starting from a theory %
with global symmetry S, gauging S produces a new theory T/S with global symmetry SV [1]. The
so-called dual symmetry SY is determined by S and details of the gauging procedure, i.e., discrete
torsion [2]. Since T/S can be constructed from gauging S, it can be presented as an S gauge theory in
which SV is the magnetic symmetry. Even when S is an ordinary symmetry, SV can be various types
of generalized symmetries. Therefore, given the relationship between S and SV, gauging provides a
systematic way to construct theories T /S with possible generalized symmetries. See [3-11] for reviews

on generalized symmetries.

When S is a finite symmetry, S is always nontrivial and finite, and there exists a gauging
procedure for S¥ in which /S returns to T (i.e., T = (T/S)/S"). Therefore, the theory T and
% /S contains the same physical information. In particular, the phases and phase transitions of ¥
are in a one-to-one correspondence to those of T/S and can be inferred from the latter [12,13]. This
relation reflects a more fundamental correspondence between finite symmetries S and classes of gapped

boundaries of related topological orders Z(S) in one-higher dimension, known as SymTFTs [12,14-26].

An important class of finite symmetries are those that satisfy S¥ = S. For such S, the corre-
sponding isomorphism between local symmetric operators in T and T /S is called a Kramers-Wannier
(KW) duality [27-31].} For example, when S is an invertible O-form symmetry in 1+ 1D, ¥ =S
whenever § is described by a finite Abelian group. In d 4 1D, gauging a p-form symmetry S, leads to
a (d — p — 1)-form symmetry SV [32]. Therefore, a KW duality can exist only if for each g-form sym-
metry, its corresponding dual (d — ¢ — 1)-form symmetry also appears in S [33,34]. KW dualities can
also arise from gauging subsystem symmetries [35, 36], dipole symmetries [36,37] and non-invertible

symmetries [38-40].

Since local Hamiltonians are sums of local symmetric operators, a KW duality maps an S-
symmetric Hamiltonian H to an S-symmetric Hamiltonian HY. Because H and HY are related
by gauging, there is a canonical isomorphism between their Hilbert spaces, and we denote by Dy

the operator implementing the KW duality,

The duality operator Dy is always non-invertible, annihilating states charged under the S symme-
try. In the contexts of Hamiltonian lattice models, various KW duality operators Dy, have been
constructed (see, for instance, Refs. 35,37,41-52).

When H = HY, Dy commutes with the Hamiltonian H and the KW duality becomes a non-
invertible symmetry of H, enlarging the S symmetry already present. As for ordinary symmetries,

the KW symmetries can be used to characterize spontaneous symmetry breaking [44, 49, 52-55] and

1Strictly speaking, a KW duality is not an actual duality because it is an isomorphism between only local symmetric
operators of two theories. A genuine duality, such as electromagnetic duality, provides an isomorphism between all

operators of two theories, symmetric or charged, local or non-local.



symmetry protected topological phases [47,49]. They can also have 't Hooft anomalies that constrain
the dynamics of the systems [33,44,52-54, 56-60].

1.1 Modulated symmetries

While the dual symmetries S arising from gauging invertible finite 0-form symmetries [15,32,61-65]
and higher-form /higher-group symmetries [66-68] has received much attention, there has yet to be
an exploration of S obtained by gauging finite modulated symmetries. Modulated symmetries are
internal symmetries that act in a non-uniform, spatially modulated way. They have been explored in
various settings and shown to give rise to slow thermalization and Hilbert space fragmentation [69-76],
UV/IR mixing [77-79], and fractons [80-85]. Furthermore, they have been used in characterizing
symmetry-enriched topologically ordered phases [79,86-91], spontaneous symmetry broken phases [92—
98], and symmetry protected topological phases [99-109].

For invertible 0-form symmetries, the above colloquial definition of modulated symmetries is for-
malized as follows. Suppose the internal symmetries are described by a group Giy, and the spatial
symmetries by Ggpace- When the internal symmetries are not modulated, the total symmetry group is
Geym = Gint X Gspace- However, when internal symmetries are spatially modulated, their symmetry
transformation is position-dependent, so Gspace has a nontrivial action on G;,;. Letting this action be

described by the group homomorphism
@ Gspace — AUt(Gint)7 (12)

where Aut(Giy) is the automorphism group of Gy, the total symmetry group is the semidirect
product?

Gsym = Gint Xy Gspace- (13)

Each group element g € Gy is represented by a unitary operator U ](cgg ), where { fg} are functions
describing the operator’s spatial modulation. In this paper, we assume space is a lattice A, which

makes { fg(a)} lattice functions with @ € A. Assuming the internal symmetry operators are onsite,

under a lattice transformation s € Ggpace represented by TG), they transform as®
() 179 p()t _ 77(9)  — rres(9)
T Ufg ™ = Ufgos = Uf%(g) , (1.4)

which shows how the modulated functions { fg} encode the group homomorphism . When using uni-
tary operators U ](cj ) to describe a modulated symmetry (1.3), it is important to ensure U ](cg ) are closed
the under lattice symmetries. In particular, if a Hamiltonian commutes with U J(cg) and T, then it

g
must also commute with U ](fps((g) 2 Furthermore, Eq. (1.4) implies that U](cg) = Uj(cqgc)) s if T®) = 1, which

¥slg

2The semidirect product of H and N is a group G = N x, H defined by the group homomorphism ¢: H — Aut(N)
that describes the action of H on N. The group elements of G are (n,h) € N x H and they obey the group multiplication
(n1,h1) - (n2, h2) = (n1 - n, (n2), h1 - he). It is straightforward to verify using the group multiplication rule that N is a
normal subgroup of G and that hnh™" = ¢, (n).

3Throughout this paper, we assume spatial symmetries act on operators as a passive transformation.



gives rise to constraints, for example, from lattice translations with periodic boundary conditions. In

this paper, we work in one-dimensional space and require Ggpace to include at least lattice translations.

For modulated subsystem and higher-form symmetries (e.g., see Refs. 86,110-113), the above
definition needs slight modification. For these generalized symmetries, the symmetry operators S, ()
are labeled by the symmetry element a and the closed subspace > on which they act. For higher-
form symmetries, S,(2) and S,(X’) are equivalent if ¥ and ¥/ are in the same (cellular) homology
classes [¥'] = [X], while for subsystem symmetries, S,(%’) and S,(2) need not be equivalent. When
acting the operator T() representing the proper transformation s € Ggpace O Sa(2), the most general

transformation is

TG S, (2)TWT = S, (%,). (1.5)
If a = as, then S,(X) is a non-modulated operator; otherwise, it is modulated.

A canonical example of a modulated invertible 0-form symmetry is a U(1) dipole symmetry. On

x1+d

a d-dimensional infinite lattice A, a U(1) dipole symmetry is a U(1) internal symmetry* with

conserved symmetry charge operators
N = Z Na, P, = Z a;ng, (1.6)
aclA aclA

where N4 is the local boson number operator at site @ € A and a; corresponds to the j-th component

of lattice vector a for j = 1,...,d. Therefore, systems with U(1) dipole symmetry conserve both
total particle number and dipole moment under Hamiltonian time evolution. The internal U (1)*!*4
symmetry is generated by the unitary operators
(a) . - .
U™ = explia N, Uéf) = exp|i B P}, (1.7)

where Uc(fj ) are modulated symmetry operators. Under a lattice translation by the lattice vector x,

these modulated symmetry operators satisfy

rUP T =0, = U= UuP. (1.8)

a;+xr; — a;
Therefore, the total symmetry group is
Gsym == U(1>X1+d >44p Gspacea (19)

where ©: Ggpace — Aut(U(1)*19) captures (1.8) and other transformations deduced from (1.6).

1.2 Summary

Consider translation invariant systems of Zy qudits residing on sites j of a one-dimensional spatial
chain and acted on by the clock and shift operators Z; and X, respectively. We suppose such systems

have finite invertible modulated symmetries generated by the symmetry operators

Uy = H(Xj)f;‘”, (1.10)

J

n copies of G

—~———
4For a group G, we use the notation G*" ;=G x G x --- x G.



with ¢ = 1,2, ---n. The lattice functions fj(q) € Zy encode the homomorphism ¢ and are linearly
independent over Zy. Therefore, the internal symmetry group Gy is finite Abelian and a subgroup of
Zy". Gauging this Giyt modulated symmetry amounts to gauging the Gy sub-symmetry of the total
Gsym = Gint X Gspace Symmetry which has a nontrivial homomorphism ¢: Ggpace = Aut(Gsym)-

In this paper, we systematically study the gauging of such finite Abelian modulated symmetries.

After gauging the modulated Gy, symmetry, the dual symmetry group has the general form

Gl = Gy Xov Gopace- (1.11)

sym int

The spatial modulations of the dual symmetry are described by the group homomorphism
0" Gspace = Aut(Gyl,). (1.12)

In all of the examples we consider in this paper, and something we expect to be generally true, the
dual and original internal symmetry groups are isomorphic to each other: G, ~ Gin. When ¥ = ¢

and G;/ym >~ Ggym, the modulated symmetry is invariant under gauging. However, more generally, the

dual symmetry will have a new type of spatial modulation causing ¢" # ¢ and G, % Gsym.

sym

We start our study in Section 2 by first considering the case when N = p is a prime integer.
In this case, each U, is a Z, symmetry operator, so the internal symmetry group is G, = Z;".
After warming up with simple examples, we investigate general aspects of gauging these modulated
Z;" symmetries. We first prove that the algebra of local symmetric operators—the so-called bond

algebra—is generated by

j4n
w=(x, [[z). 3 Ao = 0mod p, (1.13)
¢ =j

where A ;¢ 1s a unique (up to multiplicative factors) Z, valued matrix with finite support n + 1. We
show that functions fj(Q) are highly constrained when N = p is prime to be only a sum of exponential

times polynomial functions

R D G R R A P (1.14)
6
where cg‘g and x, are elements in the algebraic extension of Z, determined by A;,. Furthermore,

fJ@ must be periodic with certain finite periodicity.

Using this, we gauge the modulated Z;;” with the translation invariant Gauss’s law
AT
G =x]][x0=1 (1.15)
¢

where X ;11 acts on newly introduced Z,, qudits residing on links (j, j + 1) of the lattice. Using the

Gauss operator Gj, the symmetry operators (1.10) can be written as

U, =[G (1.16)



Therefore, implementing (1.15) causes U, = 1 and trivializes the entire modulated symmetry. This

Gauss’s law gives rise to the gauging map
A AT
: T T ,
| | Z, Z;i1s X — | | Xujfl. (1.17)
l L

The image of B under (1.17) yields the dual bond algebra 8", and we show that the dual modulated

Z;" symmetry (i.e., the commutant of BY) is generated by

(@ (9) 1

v =[[(Z)= =M (H(Zj,j-&-l)fj >M , (1.18)
J J

where M : 7 — —j is the site-centered reflection operator. Therefore, there is a canonical isomorphism

U;/ ~ M U, M~ between the modulated Z;" symmetry and its dual modulated Z;" symmetry,

which implies the existence of an isomorphism
B~ MBY M (1.19)

When the system is reflection symmetric, M BY M~ ~ 9B" and the isomorphism (1.19) implies
B ~ B, In other words, when a translation-invariant Hamiltonian of Z,, qudits has reflection sym-

metry, ¢ = ¢ and GY_ ~ GY . so the modulated Z*™ symmetry is self dual under gauging.
' =¢ s

sym sym?

We then explore the gauging of the modulated symmetry (1.10) with general non-prime N in
Section 3. While the gauging procedure used for prime qudits does not apply for general N, us-
ing techniques from ring theory—the concept of regular matrices over commutative rings (see Ap-
pendix A)—we identify a sufficient condition for which the modulated symmetry can be gauged using
the Gauss’s law (1.15) with Zy qudits. In this case, the bond algebra again takes the form (1.13),
and there exists the canonical isomorphism (1.19) between 8 and 8" naturally implemented by the

reflection operator M.

For the modulated symmetries for which the Gauss’s law (1.15) cannot be used, our exploration is
primarily done through examples. In particular, we explore various types of polynomial symmetries,
which we gauge using a sequential gauging procedure. This is done by gauging G,; one sub-symmetry
at a time, prioritizing at each step on gauging subgroups closed under the translation 1" action. For
the modulated symmetries (1.10), this causes one type of “gauge field” to act as the “matter field” of
another. To illustrate the idea, let us overview the gauging of the Zy quadrupole symmetry discussed
in Section 3.2.3. This is a modulated Gy = Zn X Zn X Zn/ ged(2,N) Symmetry that is generated by

the operators
v=[[x. D=]]" Q:HXjQ_j, (1.20)
J J J
which satisfy
TUT'=U, TDT'=UD, TQT'=D*Q. (1.21)

This symmetry can be sequentially gauged in three steps. We first gauge the Zy subgroup generated
by U since it is closed under T'. Upon doing so, U — 1 and the Zy subgroup generated by D becomes



invariant under translation. Therefore, the next subgroup to be gauged is this Z subgroup generated
by D. With the trivialization D — 1, the remaining Z y/gcd(2,5) subgroup generated by () is no longer
spatially modulated and is the last subgroup to be gauged. Among other examples, in Section 3.2.4 we
use the sequential gauging procedure to gauge a Zy order-m multipole symmetry, whose symmetry
operators are

H(_)(‘j)z;:'zockjk’ (1.22)

J

with ¢ € Z. When m =1 (resp. m = 2), this is a Zy dipole (resp. quadrupole) symmetry. We
prove that this symmetry is self-dual under gauging if and only if m! is coprime to N, in which
case the sequential gauging processes is unitarily equivalent to gauging using the Gauss’s law (1.15).
Additionally, we present a modified version of the order-m multipole symmetry that is self-dual under

gauging for all N and can always be gauged using (1.15).

As we demonstrate throughout Sections 2 and 3, the isomorphism B ~ M BY M~! exists for a
large class of finite Abelian modulated symmetries and values of N. In Section 4, we discuss the
implications of this isomorphism in greater detail, relating it to new Kramers-Wannier dualities and
a non-invertible reflection operator D,;. In particular, we consider a generalization of the transverse
field Ising model to Zy qudits models with modulated symmetries (1.10), where Gy = ZJXV”. This
generalized Ising model can realize all modulated symmetries discussed in Section 2 when N = p is
prime and a large class of modulated symmetries for non-prime N. We prove that the bond algebra of
its modulated symmetries is always of the form (1.13), and so its modulated symmetries can always
be gauged using the Gauss’s law (1.15). This generalized Ising model has a self-dual point (i.e., a
J = h point) at which its Hamiltonian commutes with Dy; regardless if it commutes with M. This

non-invertible reflection operator generates the transformations
A, A
Dy [[ 2,7 = X_; Dy, Dy X, =[] 2" Dy (1.23)
)4 l

and satisfies the fusion algebra

n

DyDy=C [ 0+U,+---+UN"), D!, = D, C,

q=1 (1.24)
where C is charge conjugation (X, Z) +— (X t, ZT). From its fusion algebra, D,; is non-invertible
since Dy; Dy, is proportional to a projector. When the generalized Ising model has ordinary reflec-

tion symmetries, the modulated symmetry is self-dual under gauging, and the model’s Hamiltonian

commutes with the canonically defined Kramers-Wannier symmetry operator
n+1

where |-] is the floor function. We find that depending on details of Aj,, DywDyw sometimes
implements a lattice translation 7" and/or charge conjugation C. Using sequential quantum circuits,
we construct explicit expressions for these non-invertible symmetry operators Dy; and Dy for Zy

dipole symmetries and Z,, exponential symmetries.

7



We end with Section 5, presenting some final remarks and discussing open questions raised by our

work.

2 Finite Abelian modulated symmetries from prime qudits

This section explores a simple class of modulated symmetries in systems of Z,, qudits residing on sites
j of a one-dimensional infinite spatial chain. We restrict ourselves to qudits for which p is a prime

number. The Hilbert space of such models has the tensor product decomposition

1" =Q)Clz,, C[z,) = CP. (2.1)
J
Furthermore, the Z,, qudit at site j is acted on by the unitary clock and shift operators Z; and X;
obeying
Zi X =wi X, 2, (Z))P = (X,)P =1, (2.2)
where w), := e2™1/P is the p-th root of unity. In the Z eigenbasis, the clock and shift operators act on
states |-+ ,mj_1,n;, N1, ), where n; € {0,1,---p— 1} for all j, as
Ziloongnng g, ) = wp | myoa gm0 (2.3)
Xj ’ M1, My, Mg, > = | RN LY S P (n] + 1 mod p>7nj+17 o > .

Models constructed from Z, qudits can have finite Abelian modulated symmetries. Here, we
consider translation invariant models with finite symmetries generated by the unitary operators

(@)
J

Ug = H(XJ)f ) (2.5)

where ¢ = 1,2,--- ,n labels the finite set of lattice functions S = {fM, f@ ... £ for which
each f](q) € Zp.5 Since the operators U, are representations of group generators, we assume the lattice
functions f;q) are linearly independent over the field Z,, (i.e., e f;Q) # 0 mod p with C, € Z,
unless C;; = 0). Therefore, since p is a prime number, the operators U, generate an internal symmetry
D g® ... ’g(n)) € Gipe. When

n > 1, this symmetry always acts in a spatially modulated way, as described by the functions fj(q).

described by the group Giy, = Z;™ whose elements we denote by (g

Consequently, the lattice translation symmetry group Ggpace = Z, generated by 1': j +— 7 4 1, has a

nontrivial action on Gy, described by

B @ i @
TU, T =[x/ = [0 (2.6)

i a=1

Denoting by ¢ = s the generator of Gy = Z;" represented by U,, this defines a group homomor-
phism ¢: Z — Aut(Z;") for which (2.6) becomes

o1 (1, ,1,8,1,--+,1)) = (SNl(q>7sN2(Q),--- 7SN7gq)>7 2.7)

9 = EQ) mod p.

5In practice, fJ@ are typically referred to by functions j?;q) € Z satisfying f](



and the total symmetry group is the semidirect product
Gagm = 25" 1, Z. (2.8)

When the model is invariant under site-centered reflections M : j — —j as well, the total spatial
symmetry group becomes the infinite dihedral group: Ggpace = Z X Z3 =~ Do, where the Zy action
onZis MT M~! =T71 The total symmetry group is then

Geym = Z;" Xy Do, (2.9)
where ¢ includes the action of translations and site-centered reflections on the internal symmetry
group Gy = Z;".

The rest of this section is dedicated to gauging the Z;" subgroup of Ggym,—gauging the modulated
symmetry—and finding the symmetry of the gauged model—the dual symmetry G;/ym of Gsym. Before
gauging the general G, symmetry generated by (2.5), we consider some simple examples in Section 2.1

to warm up. We then return to the general symmetry (2.5) in Section 2.2.

2.1 Some simple examples
2.1.1 Exponential symmetries

Let us first consider a model with a modulated Zp symmetry generated by
v=]Jx" (2.10)
J

where a can be any element of {1,2,--- ,p — 1}% and a™! is identified with a?~? because by Fermat’s

1

little theorem a~' = a?~2 mod p. In what follows, we assume p > 2 and a > 1 so U generates a

modulated symmetry. A simple translation invariant Hamiltonian commuting with this Z,, symmetry

operator is

H=-JY 221, —h> X +Hec. (2.11)
- .

J

Under translations by one lattice site, the symmetry operator U transforms as
TUT ' =U°, T UT=U"" (2.12)
Therefore, the total symmetry of H is described by the group
Geym = Zp, X, Z, (2.13)

where the action of Z on Z,, is deduced from (2.12) and described by the group homomorphism ¢.
Denoting by g the generator of Z,,, ¢ obeys

a -2

e1(9) = ¢", o-1(9) =9" . (2.14)

SFor non-prime Zx qudits, ¢ must be coprime to N for the symmetry operator (2.10) to be well defined when j < 0.




To gauge the Z, modulated symmetry, we introduce new Z, qudits onto links (4,7 + 1) of the
lattice that are acted on by the clock and shift operators Z; ;1 and X ;1. With these additional
degrees of freedom, the original Hilbert space (2.1) enlarges to

1 = X)ClZ, x Z,), C[z, x Z,] := C?. (2.15)

The Gauss operator G ;» that implements the gauging by relating Xj to the new Zp qudits, takes the

general form

G; = ‘XjHXZZZ-:l’ (2.16)

and is defined such that it satisfies _
a’
[[@c)" =u (2.17)
J
This definition ensures that the only states that exist in the physical Hilbert space,

HPYY = (2.18)

)
G'jfl

which is the subspace of H®™*" obeying Gauss’s law G ;= 1, are those in the U = 1 symmetric sector.

Eq. (2.17) provides a defining constraint on A&j in (2.16). Namely, AZ,j must satisfy
Z Ay a’ = 0 mod p. (2.19)
J
The simplest translation invariant Af, ; satisfying this is
from which the Gauss operator becomes

G, = X (X, )" (2.21)

J 1J J,

Notice that when a = 1, Eq. (2.10) generates a non-modulated symmetry, and this Gauss operator

reduces to the ordinary Gauss operator of a Z, symmetry.

Gauss’s law imposes a redundancy on operators acting on HP™. Indeed, the unitary operator

I1 j G;j generates the gauge redundancy
Zi~w, M, Zjjer ~ wy N . (2.22)

The gauged model’s Hamiltonian is found by minimally coupling Z; ;11 to the original model’s Hamil-

tonian (2.11). Doing so, we find the translation invariant Hamiltonian

:—JZZ“ TiaZla—hY X +He. (2.23)

J

The symmetry operators of H" are nontrivial gauge-invariant operators that commute with H".
Certainly, any operator constructed from Z; ;1 commutes with A V., but not all such operators are

gauge-invariant. Those that are gauge-invariant are generated by

v =1] 2551 (2.24)
J

10



Therefore, in agreement with Ref. 97, we find that the dual symmetry of an exponential symmetry is

also an exponential symmetry, but with a replaced by a™' = a?~2.

Since UV is a Z, symmetry operator, like the original model, the internal symmetry of the gauged
model is Z,,. However, because their modulated functions differ, the total symmetry group of H" is

different from H. Indeed, the dual symmetry group is

GY =2, ¥, Z, (2.25)

sym
where the group homomorphism ¢ describes the relation
TUY T = (UY)", T UV T = (UY) (2.26)

When a # a?~? mod p, which is obeyed by all a # £1 mod p, this action of Z on Z,, is different from
Eq. (2.12), and ¢" is different from ¢ so the dual symmetry group G, % Gsym-

sym

Before concluding this example, let us present the gauged model (2.23) in a more convenient

basis where the physical Hilbert space HPY admits a tensor product decomposition. This does not

\Y
sym

transformation is implemented using the unitary operator W that satisfies

modify the dual symmetry GY — and is equivalent to gauge fixing using the unitary gauge. This basis

T —a T
WaXWh =X, XX, WEW =z, o

J J

and has the explicit form

w=]] Zp: Zep, (2.28)

j a=0

where Pj(a) is a projector to the X; ; ; X, !\ = w; subspace. After performing this unitary trans-

formation, Gauss’s law becomes G; = X; = 1, which projects out the qudits on sites. The gauged

model’s Hamiltonian then becomes

HY =—J> Zj i —hY XX}, +He, (2.29)
J J

and the physical Hilbert space is HP™Y = &) ; C[Z,] and spanned by the eigenstates of Z; ;1. In this
basis, H" is related to H by exchanging the X and Z type operators, exchanging the coupling J < h,

and then performing a spatial reflection.

2.1.2 Sums of exponentials symmetry and trigonometric symmetry

A more general type of modulated symmetry involving exponential functions is the one generated by
I
Uayy = [ [ (X)), (2.30)
J
and the translated operators T"U, 37" with n € Z, where ¢; and a; are elements in the algebraic

extension of Z, satisfying ZZ Ci (ai)j € Z, for all j. In some special cases, when a; are phases,

11



> ¢i(a;)? can be written as a sum of trigonometric functions. Here we will consider two examples

of such symmetries.

Example 1: In the first example, we consider a Z, x Z, modulated symmetry generated by

U = [Ty, g = T e, 2ay
J J
where a = (£+/5 — 3)/2. Importantly, (a?F — aj_)/(a+ —a_) € Zfor all j, which is straightforward
to verify using the Binomial expansion. While seemingly complicated, it is a symmetry of a fairly
simple model
H=-JY 212 Z-hY X+Hc, (2.32)
J J
since a% + 3ax +1 = 0.

In additional to the internal Z,, X Z,, symmetry (2.31), the Hamiltonian (2.32) is invariant under
lattice translations 7': j — j 4+ 1 and site-centered reflections M : 7 — —j, making its total spatial
symmetry group Ggpace = Z X Zo =~ D, Since the Z,, X Z,, symmetry (2.31) is modulated, the total

symmetry group is

Gym = (Zp X Zp) Xy Do, (2.33)
where the group homomorphism ¢: Do, — Aut(Z, x Z,) captures
TU, T = Us, TU, T =Ur'ub, (230
MU Mt =Ur, MU, M~ = U U,. '

To gauge this Z,, X Z,, modulated symmetry, we introduce Z,, qudits onto the links (j, j + 1) of
the infinite chain that are acted on by the clock and shift operators Z; ;1 and Xj ;1. The Gauss

operator describing the gauging is

Gy =X X;1; X 11 Xy e, (2.35)
and because
i —a. a4 —a— a'+1—a'+l a4 —a—
H(Gj)(ai 7)/(ay—a-) _ U, H(Gj)( I —d? ) (ay—as) _ Us, (2.36)
J J

implementing Gauss’s law G; = 1 projects the enlarged Hilbert space into the U; = Uy = 1 symmetric

subspace. Furthermore, due to Gauss’s law, the unitary [ | j(G'j)Aj generates the gauge redundancy

. —Aj Z. o, o BXEFA A ) 7
Zj ~ C(.)p ‘72], Z]J_;'_l C(.)p 7T 7 Zj,j-‘rl’ (237)

The gauged model’s Hamiltonian is found by minimally coupling Z; ;41 in (2.32), which yields

HY =—JY Zl,\) 202} 20— h ) _ X +He. (2.38)
- :

J

However, performing the unitary transformation

Xy Xy X0 XG0 X e, Zjjir = Zijr 21 2] 2, (2.39)
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rotates the physical Hilbert space into a basis where X; = 1 and

H\/ = —JZ Zj7j+1 —h Z Xj—l,j ng,j—‘rl Xj+1,j+2 + H.c. (240)
J J

In this basis, H" is the same as H with the X and Z type operators exchanged and J <+ h. Therefore,
the internal symmetry of the gauged model is also Z,, X Z, and generated by

0y = [](Zj40) ) 0s 700, Uy = [[(Zje0) @~ M e, (2.41)
J J
Since these modulated functions are the same as those in (2.31), the total dual symmetry group
GY o~ Gsym, and the Z,, X Z,, modulated symmetry (2.31) is self-dual.

sym
Example 2: In the second example, we consider a system of Z, = Z, qudits (i.e., qubits) with
a Zo X Zy modulated symmetry generated by

. (2nj [ 2m(+1)
vy = [Ja) 705, Uy = [ ()% (5, (2.42)

J J
whose exponents are given by the trigonometric functions. Note that \% Sin(%) € {—1,0,1} for all

j. A Hamiltonian symmetric under this symmetry (2.42) is given by
H=-JY 21221 -hY X+Hec. (2.43)
J J

In additional to the internal Zy X Zy symmetry (2.42), the Hamiltonian (2.43) has a spatial symmetry
Gspace = £ X Zy >~ D, generated by lattice translations 7': j — j + 1 and site-centered reflections
M: j — —j. The total symmetry group is

Gsym = (22 X ZQ) Nip Dom (244)

where the group homomorphism ¢: D, — Aut(Z; X Z3) captures the modulation of the internal
Zy X Zy symmetry,

TU, T =Us, TU, T = U,Us,
. ) (2.45)
MUlM_ :Ub MUQM_ :UlUQ.
This Zy X Zy modulated symmetry can be gauged using Zs qubits with Gauss operator
Gj — X] XJ.*L]' Xj’j+1 Xj+1,j+2- (246)

After implementing Gauss’s law G; = 1, the symmetry is trivialized U; = Uy = 1 due to the relation
2 o 27j 2 27y
H(Gj)ﬁsm(T]) = Uy, H(Gj—l)?’sm(Tw = Us. (2.47)
J J
The gauged model’s Hamiltonian is found by minimally coupling Z; ;41 in (2.43), which yields
HV =—-J Z Zj,j—H Zj—l Zj Zj—H —h Z Xj + H.c.. (248)
] J

J
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The internal symmetry of the gauged model is also Zy X Z5 generated by the gauge invariant operators
2 gin( 222 2 gin 2m(g+1)
0y = [1(Z501)° (5, Uy =[[(%00)%" (57, (2.49)
J J
Since these modulated functions are the same as those in (2.42), the total dual symmetry group

GYom = Gsym, and the Zy X Zy modulated symmetry (2.42) is self-dual.

sym

2.1.3 Polynomial symmetries

We now consider models with a Z;’”‘H modulated symmetry generated by the unitary operators
U, =T (2.50)
J

where n =0,1,--- ,m — 1, m. As shown in Appendix B, any translation invariant model that com-
mutes with || ; X JP U ), where p(j) is an m-th order polynomial with integer coefficients, has the Z; m+1

symmetry generated by U,. A simple Hamiltonian that commutes with these symmetry operators is
H_—JZHZ[B hZX +He., (2.51)

where 0 is the lattice derivative matrix whose matrix elements are 0;¢ = 041, — 0;,, and ot s
the (m + 1)-th power of the matrix 0. Indeed, because Y, [0™"!];,¢" = 0 for all n € {0,1,--- ,m},

all operators U,, commute with the Hamiltonian H.

The Hamiltonian H is invariant under lattice translations and reflections, making its spatial sym-
metry group Ggpace = Doo. Since the internal Z;mﬂ symmetry is a modulated symmetry, the spatial

symmetry group has a nontrivial action on it, and the total symmetry is

m+1
Gaym = Z;"" %, Do (2.52)
The group homomorphism ¢: Do, — Aut (me“) describes the action of Dy, on Z;mﬂ arising from
nl(£D)" R k "
T U, TT' = HU =R MU, M~ =yv", (2.53)

xm—+1
ZP

We now gauge the subgroup of Ggym. Because of translation’s action on Up,, choosing

Gauss’s law that sets U,,, = 1 enforces

m—1 m!acmik
[[vi" =1, (2.54)
k=0

for any x € Z, whose only solution is U,, = 1 for all n. Therefore, to trivialize the Z;mﬂ modulated

symmetry generated by (2.50), it is sufficient to trivialize the U,, symmetry operator. We do this by
introducing Z,, qudits onto links (j, j + 1) of the lattice, which are acted on by the clock and shift

operators Z; j11 and Xj i1, and consider the Gauss operator

amt1)
G, = )(HX}Z+1 . (2.55)
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Since 0 is a lattice derivative, this Gauss operator satisfies
[]@G)" =u.. (2.56)
J
Therefore, implementing Gauss’s law G; = 1 trivializes the entire Z;mﬂ symmetry group, and the

unitary operator [ j(Gj)Aj generates the gauge redundancy

M\ —_[om+11. .\,
Zj~w M E;, Zijen o~ [ 0% 2550 (2.57)

In light of this redundancy, we minimally couple the new qudits to H and find the gauged model’s

Hamiltonian

o =33z [[29 7 -0 &+ He (2.58)
J 4 J

Using Gauss’s law and gauge fixing to the unitary gauge, we choose a basis in which the physical

Hilbert space is spanned by the Z,, qudits on links and H" can be written as
m—+17 .
HY =-J3 Zjja—h Y T X500 7+ He (2.59)
J j ¢

This Hamiltonian’s terms are the same as the original ones with the X and Z-type operators exchanged
and J <> h. Therefore, the symmetries of H" are the same as those of H with its internal symmetries

generated by

vl =112, nefot-- m-1m} (2.60)
J
so the dual symmetry group G;/ym is isomorphic to the original symmetry group:
1
G;/ym ~ Goym = Z;”” Xy Doo. (2.61)

2.2 General case

We now return to the general modulated symmetry
Geym = Z;” X Gspace (2.62)

whose internal Z;" symmetry is generated by the symmetry operators (2.5) defined by a set of linear
independent lattice functions S = {fM), f@) ... fW1 that is closed under translations.

2.2.1 The bond algebra

To go beyond working with a particular symmetric Hamiltonian, we can construct and study an

algebra of symmetric operators B[S] known as the bond algebra [114].7 All symmetric Hamiltonians

"Using bond algebras to study the gauging of (non-modulated) symmetries was also done in Refs. 15,19, in which the

bond algebra was called the algebra of local symmetric operators.
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are constructed from operators of the bond algebra, so any statements regarding gauging inferred by
B[S] will apply to all symmetric Hamiltonians. Furthermore, the commutant of B[S] is the algebra

describing the symmetry operators’ fusion rules.
All operators constructed from Xj are symmetric under the symmetries U, in (2.5). In contrast,

Z; transforms nontrivially for generic f (a)

(a)
U,ZUl = wh Z;. (2.63)

. . D; . .
Using Z;, we can construct a class of local symmetric operators He Z, 7 acting on only qudits near

the site 7, and where each D;, obeys

Z Dj,gfe(q) = (0 mod p, (2.64)
¢

for all f (@ € S. Since the set of function S is closed under translations, without a loss of generality,

we can choose a translation-invariant D;, that satisfies
Dje = Djy1e01 = Dje= Diaje— (2.65)
As a matrix, this is the statement that the first row of D;, determines all other rows.

For generic S, there will be numerous matrices D; ¢ satisfying (2 64). However, we can construct
a basis of translation-invariant matrices, denoted as {Af} NS i1, +1} such that any matrix D;,
can be decomposed into a weighted sum of these basis matrices and their translated counterparts as

Djy =Y C& A%, (2.66)

a,k

Each basis matrix Afe) should obey the same condition (2.64) as D, which is given by
S AR AP =0 mod p. (2.67)
)4

Generally, each A® is a sparse matrix with a finite interaction range r, encoding locality. Without a

loss of generality, we assume that AW s =0ifl<jorl>j+r,—1 and A]a]), A]a])Jrr # 0 mod p.
(a)

In general, one might expect that there are multiple Aj,f in the basis. However, as we now

(a

show, for Z,, qudits with translation invariance, there is always a single A M) from which all D;, can
be constructed. To this end, using the finiteness of the interaction range 7, and setting j = 1, we

simplify the annihilation condition (2.67) to
Z AY) £ = 0 mod p, (2.68)

which can then be expressed as a matrix equation

O (A0 (o
@ @ @ | | A® 0
fl_ k f : Pl=1"] modp. (2.69)
AR B \AR) o



Let .7:](3) = fz(j ) be the n x r, matrix appearing in the equation. Then, the basis matrices {Agaé)} with
interaction range less than or equal to r, span the kernel of F (@) The number of such matrices is given
by the dimension of the kernel of F®, denoted by nullity (F®). Since the matrix elements of F® are
elements of a field (i.e., Z, with p a prime number), we can use the rank-nullity theorem [115, Theorem
3.2] to relate nullity (F (a)) with rank(F®), the dimension of the subspace generated by the rows of
F®_ For ry > n, the rank-nullity theorem gives us

rank(F®) + nullity(F®) = r,. (2.70)
Since each f (@) is assumed to be linearly independent, we have

rank(F®) = n = nullity(F®) = r, —n. (2.71)

From Eq. (2.71) the first nontrivial 7, > n solution A® exists for interaction range 7, = n + 1,
which is unique and will simply be denoted by A. From Eq. (2.69), its matrix elements are (up to a

multiplicative constant)

1 if 0 = j,
Nje=S =Y (FYen i i l=j+1,5+1,,j+n, (2.72)
k=1
0 if else,

where F is the n X n matrix with .7?3-74 = fz(j_)l, which is invertible by the assumption that f @) are
linearly independent. For 7, > n + 1, there are r, — n linearly independent solutions to (2.68).
However, these linearly independent solutions can all be constructed using the range 1, = n solution
Aje by

AYT;) = (07 e 707 A1,17 A1,27 T 7A1,1+n7 07 e 70 )T7 (273)
ko zeros ra—ka—n—1 zeros
where k, =0,1,--- ,r, —n — 1. For example, the r, =n + 2 solutions to (2.68) form a two-

dimension vector space, spanned by the basis vectors Aﬁ)])- = (A1;,0)7 and A%) =(0,A1;1)".

From Eq. (2.71), there are no nontrivial interaction range r, = n solutions. In fact, by translation
invariance, this implies that there are no r, < n solutions. Indeed, the existence of r, < n solutions
would imply the existence of a range 7, = 1 solution using the construction (2.73). And since by

Eq. (2.71) no r, = n solutions exists, there must also be no nontrivial r, < 7 solutions.

The above proves that all symmetric operators Hz Zf 7 can be constructed from products of the
A . . . .
operators T [ [, Z, WP g € Z, that act only on the n + 1sites j —x,j —x +1,--- ,j —x +n.
Therefore, the bond algebra 2B[S] of symmetric operators is generated by

%wy:<%,114%§. (2.74)

Finding the commutant of B[S], and hence the symmetry operators, is equivalent to finding all
operators (2.5) such that
@ € ker (A). (2.75)
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Interestingly, due to translations, this significantly restricts the allowed lattice functions S. Indeed,

the annihilation condition (2.67) for the generating matrix A;, can be written as

A171 f](q) + ALQ f(i)1 + -+ A1,1+n f](fli-)n = (0 mod p. (276)

J

Since we assume Aj 1, Aq 14, 7# 0 mod p and that p is a prime number, A; 1 and Ay 14, both have
multiplicative inverses in Z,, respectively denoted by Al_i and Al_i +n- Therefore, after specifying
n initial values, say the value of f](q) at sites 7 = 1,...,n, the lattice functions f;q) can be solved

recursively using the following two recurrence relations,

fﬁ)nﬂ = —Allin <A1’1 fj(i)l UEASE: fﬁ)? oot B fj@n) mod p,

(2.77)
17 = = (B2 i+ A i+ A f2,) mod p,

The linearly independent solutions f]@ can then be parametrized by their initial conditions, i.e. the
value of f](Q) at sites 7 = 1, ..., n, which spans a n-dimensional vector space. Note that under transla-
tions, such lattice functions are periodic with period at most p™, which is the total number of possible

initial conditions to the recurrence relation (2.77).

After specifying the initial conditions, the general solutions to (2.76) are determined by the roots

of the characteristic equation [116]
A+ Az + -+ A1, 2" = 0 mod p, (2.78)

over the field Z,,, from which

f9 =3 (caq,)l D j ), jna_1> 2 (2.79)
where x,, is the a-th root of (2.78), n, is its multiplicity, and the coefficients cg{q’g are determined
by the initial conditions { fl(q), ceey 7(;1)}. Note that both x, and cg"’)i are generally not elements

in Z,, but rather elements in the algebraic extension of Z,. Therefore, the most general modulated
symmetries of a translation invariant Hamiltonian of Zp qudits are given by lattice functions of the

type (2.79), which are sums of exponential times polynomial functions.

2.2.2 Gauging

Having constructed the bond algebra (2.74), we now gauge the Z;" subgroup generated by (2.5) of
the total symmetry group
Gaym = Z;" X Gspace- (2.80)

Since we always assume lattice translation symmetry, Gpace is either Z X Zy ~ D, or Z depending

on if the model has reflection symmetry or not, respectively.

Because p is a prime number and each Z, symmetry generator U, of Z,;" is constructed from

only the Xj operator, the entire symmetry group can be gauged using only one Z, qudit. Indeed, we
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introduce a Z, qudit on each link (7, j + 1) that is acted on by the clock and shift operators Zj j1
and X j+1, respectively. Doing so enlarges the Hilbert space H = Q) ; ClZ,] to

1 = X)ClZ, x Z,). (2.81)

We now gauge Z;" by constructing a Gauss operator G ; such that implementing Gauss’s law G ;= 1
projects states in H®™' to the symmetric sector of the original Hilbert space. Since the Gauss operator
G is a product of the X; operator and operators acting on the new qudits (i.e., Zy¢11 and Xy p41),
we require it to obey
[T =u. (2.82)
JeEA
for all { f (q)}. Indeed, upon enforcing Gauss’s law G; = 1, the symmetry operators satisfy U, = 1 for

all remaining states in the physical Hilbert space

HPYY = : (2.83)
G,;=1
A Gauss operator that satisfies (2.82) for a general modulated symmetry (2.5) is®
AT
4

A
with A}:e = Af,j‘ Due to the Gauss’s law, the unitary operator G|\ := HjeA G;’, where \; € Z,,

generates the gauge redundancy
s — Ao\
Zj~w M Z, Zijar ~wy =N (2.85)

Since Z; is not gauge-invariant, the bond algebra (2.74) is also no longer gauge-invariant. However,

by minimal coupling, we can produce the new gauge-invariant bond algebra
A
B[S = (A, Za][27) (2.86)
¢

which includes the operators from which all Hamiltonians of the gauged model are constructed.

It is convenient to gauge fix and choose a basis of Hphys in which the old and new Z,, qudits are
decoupled. First using Gauss’s law to express Xj in terms of X ;11 operators, we rewrite the gauged

bond algebra as

—Af A
BY[S] = HX£,€+iZ7 Z]T,j+1 HZe ). (2.87)
¢ ¢

8As with all gauging procedures, there are multiple ways to gauge this modulated symmetry, which correspond to
choosing different Gauss laws. We discuss an interesting alternative Gauss operator that is position-dependent and

breaks lattice translation symmetry in Appendix C.
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We then gauge fix to the unitary gauge using a unitary operator W that rotates the physical Hilbert

space to a basis in which®

—AT A
WX]- VV]L = _/Yj HX@7Z+J1’Z’ WZj’j—l-l WT - Zj:j+1 HZZ J’e’ (2 88)
L ¢ ‘

WZ,Wh=2z, WX, Wh=X,,,,,

which causes the gauged bond algebra to become

AT
BY[S] = <Zj,j+1, HXz,£Jf1>- (2.89)
¢

In this new basis, Gauss’s law becomes Xj = 1. Therefore, implementing Gauss’s law is equivalent to
projecting out the original Z,, qudits and treating the new Z, qudits as the physical degrees of freedom
which make up the tensor product Hilbert space Hppys = ®j C[Zp]. Therefore, gauging induces a

map between the local symmetric operators of the original and gauged model described by

A AT
[z = 2,0 AN | Boyiet (2.90)
0 ¢

2.2.3 Dual symmetry

\

sym from

Having found the gauged bond algebra BY[S], we can now find the dual symmetry group G
its commutant. In what follows, we will construct the dual symmetry in the basis for which BY[S] is
given by Eq. (2.89). In this basis, the gauged bond algebra is strikingly similar to the original bond

algebra (2.74). Indeed, the commutant of BY[S] is generated by modulated operators

fJV (a)

vl =11%7: (2.91)
J
where
S TALE @ =0 mod p. (2.92)
¢

So while the modulated functions f (@) of the original internal symmetry span ker(A), the modulated
functions f¥ (9 of the dual internal symmetry span ker(AT).

Recall that due to translation invariance, which we have assumed throughout, the matrix elements
Aj ¢ must take the form
Aj,e - A1,1+€7j7 (2.93)

and therefore, its transpose is

AI@ =A140 =0 4 (2.94)

9The explicit form of the operator W is given by

-1

p
we=[]w;,, W= zZP,
J [eY

=0

AT
where Pj(a) is the projector onto the [T, X, e+]ie = wj, subspace.
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Therefore, there is a canonical isomorphism between the original bond algebra 8 [S] and gauged bond

algebra B [S] implemented by the site-centered reflection operator M that maps site j to —j:
BY[S] ~ M B[S] M. (2.95)

This isomorphism applies to their commutants as well, and therefore U qv ~ MU,M ~1 which implies
that the dual symmetry can be generated by'’

Vi) _ (9
o =f i (2.96)

J

Therefore, the internal part of the dual symmetry is Z;f" and generated by

Jig+l J.J+1

() (a)
vy =112 =M ([ 2], | M = MU, M, (2.97)
J J

so the total dual symmetry is described by the group
GY =27Z" X v Gepace- (2.98)

When Gypace = Z and the gauged model is not reflection-symmetric, " will differ from ¢ and

Gsvym %# Gsym. In particular, from Eq. (2.97), the group homomorphisms are related by

or(-) = o_r(), (2.99)

where k € Z. However, when Gypace = Do, because lattice reflections are also a symmetry, the dual

Y

symmetry will be isomorphic to the original one: Gsym

= Gsym .

3 General finite Abelian modulated symmetries

Section 2 explored a specialized class of translation invariant models constructed from Z,, qudits with p
a prime number. The restriction of p to a prime number constrained the internal symmetry to be direct
products of Z,, and introduced simplifications that allowed us to gauge general modulated symmetries
and find their dual symmetries. This section explores more general finite modulated symmetries in
systems of Zy qudits with general non-prime N. While Z, was a field—each non-zero element has
a multiplicative inverse—Zy is generally a commutative ring (see Appendix A.1). This introduces
numerous number theoretic subtleties, making developing a procedure to gauge general finite Abelian
modulated symmetries much more challenging. Because of this, we do not attempt to arrive at the
most general understanding. Instead, in addition to discussing tractable general aspects, we focus on
examples that emphasize numerous subtleties of gauging general finite Abelian modulated symmetries

and subtleties of their dual symmetries.

10This agrees with the result of Section 2.1.1, where the dual symmetry of f; = a’ is given by is reflected partner
f; =a7 (see Eq. (2.24)).
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3.1 Aspects of a general theory

Let us consider the modulated symmetries generated by

(9)
v, =[x (3.1)
J
where X acts on the Zy qudit at site j and ¢ = 1,2, -+, n label the set of independent Z y-valued
lattice functions S = {f M @ .. f (”)}. To define what independence means here, we introduce

the n X r, matrix

1 1 1
O g

g

F@) _ (3.2)

A g

When N = p is prime, F (@) is a matrix over the field Z,, and we define independence as the condition
that rank(F®) = n for all r, > n. Recall that the rank of a matrix over a field is defined as the
dimension of the vector space spanned by the rows of the matrix, so this notion of independence is
equivalent to the notion of linear independence. For general N, however, Zy is not a field but a
commutative ring, which causes the notion of vector spaces and the above rank function to no longer
apply. For general N, the rank function rank(F (a)) is naturally generalized by the determinantal
rank p(F®), defined as the largest integer £ such that there exists an £ x ¢ sub-matrix of F® with
non-zero determinant. Therefore, the requirement that the Zy functions {1, f@ ... (W1 are
independent means that p(F (a)) =n for all 7, > n.!!

Since X at different sites commute and XjN = 1, the operators U, generate a finite internal

. . Dj, . ..
symmetry described by an Abelian group. Recall that an operator He Z, 7 is symmetric if

> "Dy £ =0 mod N, (3.3)
¢

for all f(9 € S. For a system with L sites, Eq. (3.3) is an ordinary matrix equation when N is prime,
with D an L x L matrix and |f(9) an L-dimensional vector. For general N, where the notion of
vector spaces no longer apply, (3.3) is most naturally formulated using R-modules (See Appendix A.1
for an introduction). In particular, the matrices D are elements in the ring M, (Zy) of L X L matrices
with entries in Zy, and |f(?) are elements in the module Z]X\,L over M1 (Zy). The condition (3.3)
then becomes the requirement that D € My (Zy) is in the annihilator Anny, z,)(S) of the subset
S={f9} cZy".

We denote by {Agae)} a basis for all D;, satisfying (3.3), which in terms of R-modules are the
generators of the ideal Anny, (z,)(S). As argued in Section 2.2.1, which remains true for all IV,

1VWe emphasize that this notion of independence is not the same as linear independence for modules (in the con-
text of S, this is the requirement that Zq aq @ =0 implies that aq = 0). To illustrate this distinction, consider
S = {f;l) =1, f;z) =25} with N = 4. In this case, fO and f@ are linearly dependent since 2f]@) = 0 mod 4 but they

are independent according to the definition in the main text as p(F(*)) = 2 when r, > 2.
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locality and translation invariance allows us to recast (3.3) for {A®} as
F@ . A® =0 mod N, (3.4)

where F® is defined in (3.2) and

where r, is the interaction range of A®.

When N is prime, we applied the rank-nullity theorem (2.70) to F (@) in Section 2.2.1 to prove that
all matrices D can be constructed from a single A matrix, with minimal interaction range 7 = n + 1.
The gauging procedure introduced in Section 2.2.2 assumed and relied on this result. When NV is not
prime, however, the usual tools from linear algebra cease to apply, so this result may no longer hold,
and the matrices D can require multiple A® basis matrices. For general N, the theory of linear

equations over rings is necessary [117], relevant aspects of which are reviewed in Appendix A.2.

Below, we outline a sufficient condition for the existence of a unique A matrix for general N. An
important concept we will need is the regularity of a matrix. The n X r, matrix F (@) with elements
in Zy is regular if it has a generalized inverse, which is an r, X n matrix G®@ with elements in Zy
satisfying

F@ g rhe _ r) (3.6)

Notice that when N is prime, the generalized inverse G® always exists, so every F®) is regular.

When F® is regular, we can construct the matrix

M@ =1 —g@. F) (3.7)

a

Because of Eq. (3.6), each column vector of M® is in the kernel of F®. Furthermore, each vector

A® in the kernel of F@ can be decomposed into a linear combination of the column vectors of M (@)

1,7
(a) i

with coefficient given by the components of Al, JERECH

Jst

A =3 AR M. (3.8)

Thus, the kernel of F® is the submodule spanned by the column vectors of M®) and the dimension
of the kernel is given by the determinantal rank of M@

nullity(F®) = p(M®). (3.9)
If the determinantal rank of M®) satisfies
pMW) =1, —n, (3.10)

we have nullity(f(a) =r,—n asin Eq. (2.71). Then, following a similar argument below Eq. (2.71)
for prime qudits, we conclude there is a unique A with minimal interaction range n + 1 and all the

generators of the kernel of F® with r, > n + 1 can be constructed from the 7, = n + 1 generator.
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Given a general JF @) one can systematically check whether it is regular using a decomposition
theorem and Rao-regularity [117,118], as reviewed in Appendix A.2. However, in practice, it is
typically straightforward to directly check for a given JF @) if there exists a G® satisfying (3.6). For
regular matrices F® in which Eq. (3.10) holds, from our previous arguments there exists a unique
A, with interaction range n + 1, generating Annyy, (z,)(S). Therefore, in this case, the modulated
symmetry (3.1) can be gauged using the Gauss operator (2.84) from Section 2.2 using Zy qudits.
Otherwise, there can exist multiple inequivalent generators A® of Ann My (Z N)(S ), which can cause

the gauging procedure from Section 2.2 to fail.

In the rest of this section, instead of further pursuing a general formalism for gauging these mod-

ulated symmetries, we explore gauging through examples with regular and non-regular F (@) matrices.

In these examples, there exists a convenient basis for S = {f(M), f@ ... (M} in which each
£ =mg £, (3.11)
where my is the largest element of {1,2,---, N — 1} such that E(q) € Z for all j. In this basis, the
operators U, become the minimal generators
o 7@
Uy = H(Xj nhe, (3.12)
J

and each are Zyygcd(m,,n) sSymmetry operators. Therefore, the internal symmetry group Gint is the

direct products of Zy, ged(mg,N) and the total symmetry group is

Gsym = (ZN/gcd(ml,N) X ZN/gcd(mg,N) X X ZN/gcd(mn,N)) Ao Gspaceu (313)

where the group homomorphism ¢: Ggpace — Aut(Gint) describes the action of Ggpace on U, as de-

termined by the lattice functions S.

For general fj(q) and N, the techniques developed in Section 2.2 will no longer apply, and a
new formalism is required. Indeed, while using a Gauss operator like the one in Section 2.2 can
trivialize all symmetry operators Uy, it may “over-gauge” the symmetry by trivializing additional
onsite unitary operators that are not symmetry operators. A promising strategy to avoid over-gauging
is to sequentially gauge G, one Z N/ ged(mq,N) Subgroup at a time. In particular, one can first gauge
subgroups that are closed under the translation group action. After doing so, subgroups that have not
been gauged and previously not closed under translations can become closed, which are the subgroups

that are gauged next.

Because Gy is a finite Abelian group, we generally expect the dual internal symmetry Gy, to
be the Pontryagin dual group Hom(Giyg, U(1)) >~ Ging. Indeed, this is because we expect the dual
internal symmetry operators are always able to end on the original symmetry’s charged operators and
remain gauge invariant (i.e., the symmetry charges become gauge charges after gauging, and the dual
symmetry operators are the Wilson lines). Therefore, since the symmetry charges are described by
the irreducible representations of Gy, they fuse according to the group Hom(Gint, U (1)) ~ Glint, and
the dual internal symmetry operators must as well by gauge invariance. However, the dual group’s

action ¢ will generally not be the same as ¢, so the total dual symmetry group

Gém = (ZN) gea(mi,N) X ZN/ ged(maN) X *** X ZN/ ged(mn,N)) X Gspaces (3.14)
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is generally not isomorphic to Gym.

3.2 Examples

We now explore examples of gauging general finite Abelian modulated symmetries using the afore-

mentioned sequential gauging strategy.

3.2.1 A Z; xZ, modulated symmetry

In this example, consider a system of Z; qudits on an infinite chain whose Hamiltonian commutes

with the Gy = Z4 X Z5 modulated symmetry generated by

Uz, = HXJ., Uz, = [J(x)”. (3.15)

J

Using these modulated functions, the F® matrices take the form

F) = (1 bl ) mod 4. (3.16)

2 4 ...2r,

If the symmetry (3.15) has only one A, it would have range 7 = 2 + 1 and span the kernel ker(]:(g)).

However, the kernel of
JF = 9 4 6 mod 4 (3.17)

is two-dimensional, spanned by
(3) T (3) T
AP = (2 2 0) mod 4, AP = (1 0 —1) mod 4. (3.18)

Therefore, the matrices F @) are non-regular, and the gauging procedure from Section 2.2 cannot be

used.

The bond algebra of this symmetry is

J? J

B = <X (ZjZTH)Zv ZjZ]T-i-Q > : (3.19)

If the Hamiltonian is translation invariant, the total symmetry group is
Gsym = (24 X Z3) %, Z, (3.20)
where the group homomorphism ¢: Z — Aut(Z4 X Z,) captures the translation symmetry action
TUz, T ' =Uz, TUz, T7'=U3, Ug,. (3.21)

As we now show, this simple example demonstrates how when /N is not prime, finite Abelian modulated

symmetries are not always self-dual.
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We gauge this modulated symmetry sequentially, first gauging the Z4 subgroup generated by Uz,,
which makes Uz, non-modulated, and then gauging the Z; symmetry generated by Uz,. In what
follows, we explicitly do each step of the gauging.

To gauge the Z, subgroup, we introduce Z4 qudits onto the links of the lattice that are acted on
y X jt+1 and Z; ;1. Since Uz, is not modulated, the Gauss operator relating them to the original

Z, qudit operators is
1
GV =X XX (3.22)

The Gauss’s law Gg.l) = 1 introduces the gauge redundancy

AL AL @
Z; ~ i J ZJT, Z]]_|_1 ~ i J )\J+1 Z]”j+1, (323)

which by minimal coupling causes the bond algebra to become
DBintermediate := <Xj7 (2 Zij1 210 2575501 Zisrgee 2l > . (3.24)

The nontrivial operators commuting with Bi,termediate are generated by
Vo
U, = [ %01 H XGjin (3.25)
J

They form a Glmermedlate Z,y X Zy symmetry. Since neither of these operators is modulated, the
total symmetry group of a translation invariant model is Gisg,trflrmediate = (Z4 X Z3) x Z. Tmportantly,

on a length L ring, they satisfy
U7, Uz, = (—=1)" Uz, Uy, (3.26)

and therefore G;‘;ﬁrmedlate is realized projectively in systems with an odd number of lattice sites. This
is a manifestation of a Lieb-Schultz-Mattis (LSM) anomaly involving the Z4 X Z; internal symmetry
and translations. A similar relation between LSM anomalies and modulated symmetries was found in

Refs. [119-121].

We next gauge the Zs subgroup of the original symmetry using Zs qudits that are on the links of
the lattice and acted on by O' j+1 and 0 i+1- Since the Z, subgroup is generated by Uz, the Gauss

operator in this step of the gauging is defined as

G\ = x? o (3.27)

gg+1 9, LJ Jwj+1

There are now two Gauss’s laws, Gg.l) = G§-2) = 1, which enlarges the gauge redundancy (3.23) to

KO DA o3 AR 4@
Z]T ~ 1 J ZJT, Z]]+1 ~ 17 w1t Zj’jJ’,l’ O—]Z',j—i-l ~ ( 1) + J+1U]]+1, (328)
and upon minimal coupling, the intermediate bond algebra becomes
o 2 T
B = <XJ (221 Z0) ZiZin05 50 222 > (3.29)

The nontrivial operators commuting with both 8" and the Gauss operator Gg-g) are generated by

UZ4 H Z; 7J+1 ]+1) ) U%/Z = Ho-;’j+17 (330)
J
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and form a Z; X Zs modulated symmetry.

The dual internal symmetry group is Gy, = Z4 X Zy and therefore Gy, ™~ Gin. The dual symme-

\

oym = (Za X Z3) Xyv Z % Ggym because translations act on the dual symmetry operators

try group G
as

TUY T '=UY, TUy, T ' =Uy Uy (3.31)

Because this differs from (3.21), the dual group homomorphism ¢" # ¢ and G;/ym # Gyym.

3.2.2 Zpy dipole symmetry

Having covered an example of a finite Abelian modulated symmetry that is not self-dual in systems
of Zx qudits with N not prime, let’s consider an example that is self-dual for all N. We consider a

Zy dipole symmetry, which is a G = Zy X Zy symmetry generated by

v=]]~« D =]y, (3.32)

where X is the shift operator acting on the Zy qudit at site j of an infinite chain. The F @) matrix
for the Zy dipole symmetry generators (3.32) is the 2 X r, matrix

F G ; ; 1) mod N. (3.33)
... ra’

It is a regular matrix for all 7, > n = 2 because the 7, X 2 matrix

2 -1
-1 1

G¥ =10 0 mod N (3.34)
0 0

is always a generalized inverse. Explicitly computing the M@ matrix, as in Eq. (3.7),

00 1 2 ... r—-2
00 -2 -3 ... —(ra—1)
w 001 0 0
MP=100 0 1 .. 0 ) (3.35)
00 0 0 .. 1

we see that besides the two first columns (that are zero), all the other columns are independent of
each other, which implies that the determinantal rank p(M®) = r, — 2 obeys Eq. (3.10). Therefore,
the Zy dipole symmetry always has a unique minimal A of range n + 1 = 3 that generates all the
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symmetric Z-operators in the bond algebra. Indeed, the kernel of F® with r, > n + 1 = 3 is spanned
by the r, — 2 vectors

Al =(0,---,0, 1,-2,1, 0,---,0 )T mod N, (3.36)
’ ~—— N~——
k. zeros ra—ka—3 zeros
where k, = 0,1,--- ,7r, — 3, and the Zy dipole symmetry can be gauged using the techniques from

Section 2.2 for all N. However, in the rest of this section, we show how to gauge it using the sequential

gauging strategy and prove that doing so is unitarily equivalent to the gauging from Section 2.2.
From Eq. (3.36), the bond algebra of the Zy dipole symmetry is
B:= (X, Z1Z 7 Zi). (3.37)
If the Hamiltonian is translation invariant, the total symmetry group is
Goym = (Zn X ZN) X Z, (3.38)
where the group homomorphism ¢: Z — Aut(Zy X Zy) captures the translation symmetry action

TUT'=U, TDT '=UD. (3.39)

We sequentially gauge the symmetry using the Gauss operators

M _ px® (xO
GV = xV (X

J J=Li\ g5+

)t G¥» = x x®
) J

(X" (3.40)

The Gauss’s law Gg-l) = 1 trivializes U and renders D non-modulated. Subsequently, the Gauss’s law

G§-2) = 1 further trivializes D. These Gauss’s laws introduce the redundancy

A 1 AL A A 2 AP _AB
Zl~wy 2 2wy T ) Zila~ oy 2, (341)
where wy := exp[27i/N], and the gauged model’s bond algebra is
2 1 1 _
B =, 22, 20 (20 EE ). (3.42)
Its commutant is generated by the gauge-invariant operators
1 2) \j 2
v =227, D' =122, (3.43)
J J
These generate a Zy X Zy symmetry that obeys
TUYT'=DVUY, T DY T ' =DV, (3.44)

and, therefore, generate a Zx dipole symmetry. Hence, the dual symmetry group is isomorphic to the

original one, and Zy dipole symmetry is self-dual for all N.

Recall from Section 2.1.3 that for Z,, qudits with p prime, Z, dipole symmetry can be gauged using
a single Gauss operator (2.55) with m = 1. The Gauss operators (3.40) can be related to (2.55) using

the unitary transformation

A A VAR LAY, X e x X

Jj—1J J—l,j( ]—Lj) JJ+L Jj—1J J—lg “ti-1j

(X2, ). (3.45)
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In this new basis, the Gauss operators (3.40) become

1 2 2 2
G§‘ )= & (XJQZJ.A)T (XJQLJ')Q <Xa(,j)+1)T’ (3.46)
(2) _

j

G 2) _ Xj(,lj)—&-l' (347)

The Gauss operator G§l) is now the same as (2.55) with m = 1. Furthermore, from the Gauss’s law

G§2) = 1, we can ignore the Zy qudits acted on by XM and Z(). Therefore, a Zy dipole symmetry,
for general N, can be gauged using only one type of Zy qudits with the Gauss operator (3.46).

3.2.3 Zpy quadrupole symmetry

Having gauged a Zy dipole symmetry in the previous example, it is interesting to wonder about a
general Zy multipole symmetry. However, before doing so in the next example, let us consider a Zy
quadrupole symmetry in a system of Zy qudits. This is a Giy = Zy X Zy X Zny ged(2,N) Symmetry

generated by the unitary operators
v=][x. D=T]x, Q=[x (3.48)
J J J

U and D are Zy symmetry operators, while () is a Zy/ gcq(2,n) Symmetry operator because g2 —jis

always an even integer.

If the F® matrices are regular, then a single A with range 7 = 3 4+ 1 would generate the bond
algebra and the symmetry can be gauged using the procedure from Section 2.2. However, the kernel
of

1 11 1
FH =112 3 4| modN (3.49)
0 2 6 12
is generally two-dimensional, spanned by
AP = (=13 =3 1) mod N, AY = (s 0 s 0) mod N.  (3.50)

Therefore, when NV is even and A§4) nontrivial, all F @) are non-regular. For odd IV, however, AéA‘) is

trivial and

111 1 --- 1
F&=1123 4 ... Ta mod N (3.51)
0 2 6 12 -+ ru(ra—1)
is regular for all r, > n = 3 since

3 -2 27t
-3 3 -1

(@) 1 -1 27!
0 0 0
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is a generalized inverse. Notice that G (@) is well-defined only for odd N, when 27!, the Z inverse of
2, exists. In what follows, we gauge the symmetry for general N using sequential gauging and show
that when N is odd, gauging this way is unitarily equivalent to the procedure defined in Section 2.2.
This is possible because Eq. (3.10) holds, p(./\/l(a)) = r, — 3, which can be seen from the explicit from

000 —1 =3 ... =274r,—3)(r.—2)
000 3 8 ... (ra=3)(ra—1)
000 =3 —6 ... =274 r,—2)(r.—1)
MO —]oo0 1 0 .. 0 . (3.53)
000 0o 1 ... 0
000 0 0 ... 1

Besides from the first three, all other columns of M@ are independent from each other, which implies

that p(M®) =r, — 3.

The bond algebra of the Zy quadruple symmetry is

Bi= (X, (2 25" edON, 2 20 200 Z500). (3.54)

If the Hamiltonian is translation invariant, the total symmetry group is
Gsym = (ZN X ZN X ZN/gcd(Z,N)) Ay Za (355)

where the group homomorphism ¢: Z — Aut(Zy x Zy x Z N/ ged(2, N)) captures the translation sym-

metry action

TUT'=U, TDT'=UD, TQT '=D*Q. (3.56)

We sequentially gauge this Zy quadrupole symmetry using two species of Zy qudits on links,

acted on by X](}j)ﬂ and X](-?j)Jrl,

The Gauss operators relating these qudits with the original Zy qudits are

and a single species of Zy/gcq(2,n) qudit on links acted on by X ](?;)H

1 1)\t (D)

Gj = Xj (Xj_l,j) X]}j'i‘l’
@ (1) (2) (2)

G =X, (Xjfl,jﬂXj,jJrl’ 0
3 2 C 3 3

Gg' ) = (X](f)l,j)g 42N <XJ(*)LJ')TXJ(J')+1'

The Gauss operator Gg-g) has Xg(‘i)l,j raised to ged(2, N) because after setting Ggl) = G§.2) =1,

Q=1L ](‘,2]‘)4-1)2' The Gauss’s law G§~1) = 1 trivializes U and makes D a non-modulated symmetry,
then ng) = 1 trivializes D and makes () a non-modulated symmetry, and lastly GE-S) = 1 trivializes

(). These Gauss’s laws induce the gauge redundancy

(1) (1) (1) _(2)

| (1) A Atz (1)

Zj ~ (WN) J Zj7 Zj,j—i—l ~ (WN) JH1T J+1 Zj,j-i—l’ (3 58)

7 A=A —ged 2, VA, £ (2) 7(3) ged(2, NN -AY] (3) '
G+l ™ (wn) [RERE G+l ™ (wn) FRESE
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Upon minimal coupling, the gauged bond algebra becomes

)T Z(l) Z(Q)

. )V/ ged(2,N)
JHLi+2 “j+1,5+2 Zj12) ’

1
BY = <Xj, (2; (210,

(3.59)

7

2
i1 (2

.7_17.7

)t z@ 70

(Zj(l—)l,j)_Q Z(l)

-1 3 -3
Jj+1 Zj—z Zj—l Zj ZJ‘+1>'

The gauge invariant operators commuting with B describe a Zy X Zy X Z N/ ged(2,N) Symmetry,

and are generated by

_ (3) \j(i-1)/2 (2) =5 ~1) _ B) Nir7(2) -1
UV—H(ZJ‘,J‘H)j(] )/ (Z;70) ™ Z i, DV_H(Zj,j-i-l)j(Zj,j-i-l) ,

J J
(3.60)
o =T170%
J

UV and DV are both Zy symmetry operators, while Q" is a ZN/ged(2,N) Symmetry operator. They

transform under lattice translations as
TUYT ' =DV Uv, TDYT! :QV DV, TQval :QV, (3.61)

which is described by the group homomorphism ¢": Z — Aut(Zy x Zy X Z N/ ged(2, N)). Therefore,
the dual symmetry group is G;/ym = (Zn X ZN X ZN/ged(2,N)) Npv Z. When N is odd, the symmetry

operators are all Zy operators and ¢* = ¢ with the identification
Qv ~U, DY ~ D, (UY)? ~ Q. (3.62)

Therefore, when N is odd, the dual symmetry group G;/ym is isomorphic to Gyp. Indeed, when N is

odd, the unitary transformations

) (X(2) )—2 (X(Q)

J,j+1 j+17j+2)7

2
S X2 (xRt (3.63)

(2) (2) 1) 1) T 2 ~t
Zij = Zij Zi <Zj,j+1)T Z2i 125 2,

Xy X (X

]_17]
(1) (1) (2)
X0 e xW X

then @) @ 3 )
t
X2y X525 X505 (X550

(3) (3) (2) (2)
Zij = Zij Zih (ZMH)T,

(3.64)

cause the Gauss’s laws to enforce Xj = X](i)w = X@) = 1 and the dual bond algebra to become

]_17]

Jj—Lj

3 3 _ 3 3 _ 3
%V:<X“ (XD ) (XD PR, ) Z;,j’+1>, (dd N)  (3.65)

which is isomorphic to 98 with odd N. However, when N is even, ©" # ¢ and the dual symmetry

group is not isomorphic to the original symmetry. Therefore, a Zy quadrupole symmetry is self-dual
only for odd .
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When N is a prime number p, as discussed in Section 2.1.3, the Z,, quadrupole symmetry can be
gauged in one-step using Z, qudits on links, acted on by X i1, and imposing Gauss’s law on the

physical Hilbert space
Gj = 4&; (Xjfl,j)il (Xj,j+1)3 (Xj+1,j+2)73X'+2,j+3 =1 (3.66)

J

It is natural to wonder whether this one-step gauging generalizes to the case when N is not prime
if the Z, qudits on links are replaced by Zy qudits. In this case, however, the Gauss’s law (3.66)

trivializes not just the symmetry generators of the Zy quadrupole symmetry
v=1[ci=1 p=Tlw@y =1, Q=[l@Gy =1 (3.67)
J J J

but also the operator
HXJJ(J—l)ﬂ — H(Gj>j(j—1)/2 -1 (3.68)
J J

N+D/2 but for even N it is not a symmetry

When N is odd, this operator is the symmetry operator Q(
operator. Therefore, when ged(2, N) # 1, we over gauge the symmetry, and this one-step gauging

does not correctly gauge the Zx quadrupole symmetry.

While the Z quadrupole symmetry (3.48) is self-dual for only odd N, we can consider a closely
related modulated ZX,?’ symmetry generated by

v=]][x; D =[], Q=[x V" (3.69)
J J J
The bond algebra for this symmetry is

B = <Xj, Z;_ll Zj3 ijl Zj+2> . (3.70)

When N is odd, the bond algebra is identical to (3.54), and the symmetry reduces to the Zy
quadrupole symmetry. However, for even N, the bond algebra has one less generator compared
to (3.54), and the symmetry differs from the Zy quadrupole symmetry by the operator (3.68). Un-
like the Zx quadrupole symmetry, this modulated ZX,?’ symmetry can be gauged using the Gauss’s
law (3.66) for all N, and is consequently self-dual for all N as well.

3.2.4 Zpy multipole symmetry

Having gauged Zy dipole and quadrupole symmetries, this example discusses a Zy order-m multipole

symmetry. The symmetry operators of a Zy order-m multipole symmetry take the general form
H(Xj)ZZ”:o e d® (3.71)
J
where ¢, € Z. When m =1 (resp. m = 2), it is a Zx dipole (resp. quadrupole) symmetry. Impor-
tantly, (3.71) is not a Z]X\,erl symmetry operator for general N. Indeed, a set of minimal generators

for the symmetry are

n—1
U, = [J(x)" P =T[G - k). (3.72)
7 k=0
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where Pj(o) =1landn =20,1,--- ;m. These generators are independent because U,, acts as 1 at site
7=0,1,--- ,n—1and as (Xj)”! at site j = n. The generator U, is a Zx/gea(nt,n) OPerator because
(n)

n! is always a divisor of P] . Therefore, the internal symmetry group is

Gint = ZN/ ged(0,N) X ZN/ged(1,N) X LN/ ged(2,N) X *** X ZN/ged(m!,N)- (3.73)

If the Hamiltonian is translation invariant, the total symmetry group is Gy = Ging X Z, where the

group homomorphism ¢: Z — Aut(Giy,) captures the translation symmetry action

ru, 71 =" n=0, (3.74)
Up (Up—1)"  else.

We gauge the symmetry sequentially, first trivializing Uy, then Uy, then Us, etc. A key identity

we use while gauging is

o[P™)] Zajkp“l n P, (3.75)

where O denotes the lattice derivative. Let us start from where we left off in the quadrupole case,

using the notation

a, = ged(n!, N), (3.76)

Since ag = 1, a1 = 1, and as = ged(2, N), the clock operators X (2 =1,2,3) act on Znyq,_, qudits

and the Gauss operators are

1 1 1

GiY =X, (G0 )T X, (3.77)
2) 1 a1/a 2

G( ( .7(*)1 J) e (Xj( )1 ])T X(,])Jrl) (378)
3 a2 /al 3

G( )= (XJ( )1 ]) / <Xj( )1 ])T X(J)-H (3.79)

Implementing the corresponding Gauss’s laws causes the symmetry operators (3.72) to become

B3[P /as
3 J
v, =TT (x2) , (3.80)

where U, = 1 for n = 0, 1,2 and Us is a non-modulated operator.

To perform the next step in the sequential gauging procedure, it is important to take into account
that 3! is a divisor of all 9? [P](n)], which follows directly from (3.75). Therefore, the next Gauss

operator G§4) must be

4 3)  \as/as 4
G = (xP e (xWT XY (3.81)

Jj—1.J

where we used ag/as = ged(3!/az, N/as). Furthermore, because (X;?j)+ yN/az = 1, X](J)Jr

on Zyy/q, qudits for the Gauss’s law G§4) = 1 to be consistent. The Gauss’s law Gj Y — 1 causes the

1 must act

symmetry operators (3.80) to become

0P /ay
4 J
v, =TT (x0) , (3.82)

and now U,, with n < 3 is trivialized while U, becomes a non-modulated operator.
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Following the same logic as above, since 4! is a divisor of 9% [Pj(n)], the sub-symmetry generated

by Uy is gauged using the Gauss operator
5 4 5 5
Gg ) — (X( )1 ')a4/a3 (X_]( )1 )T X( )

Jj—Lj -1, J,j+1s

(3.83)

where X®) act on ZN/q, qudits. From here, the pattern arising from sequential gauging becomes

clear. The entire modulated symmetry is gauged using the Gauss operators

1 1 1 k E=1)\ap_1/an_ k k
G =2 (XU X G = (BT @)
where £k =2,3,--- ,m+1 and X®) act on ZN/a, , qudits. Notice that each ng) is a Znja,_,

operator, reflecting how the symmetry group is Ging = Zn/ag X ZN/a; X+ X ZN/q,, as claimed.

Gauge invariant operators constructed from only {Z (k)} are the gauged model’s symmetries. They

are generated by

7 (k1) P(’“*"> s _ (D" S

H H ]Hl , P] = Pj , (3.85)
j k=n
where n = 0,1, ---m. For clarity, let us expand the expressions of U,Y for some n,
(m+1) - (m+1) (m)
HZ jj+1 U;/m—l - H(Zj,jJrl ) JZ]J+17
J
(3.86)
m—+1 m m—1
U7\7/1—2 = H(Zj(j+1 ))j(J 1)/2(Z(,gll) ]Zj(]+1 )'

J
Since each U, is a Zyy,, symmetry operator, the dual internal symmetry group Gy ~ Gin. The
total dual symmetry group is Gsvym = Gint Xyv Z, where the translation symmetry action on Gy, is

described by ¢V and arises from

uy =m,
TUY T = e (3.87)
UY (Uy,)T else.

n n

For general N, this differs from how translations act before gauging, given by (3.74), so ¢" # ¢
and Gg/ym % Ggym. In particular, while the Zy/q,,, operator U, before gauging was modulated, the
ZN/a,, Operator Ur\r/L after gauging is not a modulated operator. However, when a,, = 1, which implies
a, =1 for alln =0,1,---,m, the symmetry operators are all Zy operators and ¢* = ¢ with the

identification

(Uy_ et~y (3.88)

Therefore, a Zy order-m multipole symmetry is self-dual if and only if /N is coprime to m!. When N

is coprime to m/!, the Gauss operators become

1 _ 1) 1) (k) _ x (k1) (k) (k)
Gy =2 (X7 )T X0, Gy = X307 (XG0 )T XG5, (3.89)
and using a sequential unitary transformation, they become
1 m+1 mt1 k k—1
Gl = H Xy er e G = x . (3.90)

34



Notice that G§~1) is equivalent to the Gauss operator from the prime qudit case in Section 2.1.3.

Let us end this example by emphasizing that using the Gauss operator G§-1) in (3.90) to gauge the
multipole symmetry for general N is incorrect. Indeed, while implementing the corresponding Gauss’s
law trivializes the symmetry operators (3.72), it trivializes additional onsite unitary operators that

are not a part of the order-m multipole symmetry. In particular, it trivializes the operators

~ pm
U.=]%" . (3.91)
J

where n = 2,3,--- ,m and ﬁ](n) is given in Eq. (3.85). When N is coprime to m!, these operators
are all symmetry operators listed in (3.72). When N is not coprime to m!, some of these operators
will not be symmetries, and, therefore, this Gauss’s law over gauges the order-m multipole symmetry
for general N. One could instead consider the modulated Z]X\,m+1 symmetry generated by fjn for
n=20,1,2,3,--- ,m. This symmetry is correctly gauged using the Gauss operator G’g-l) in (3.90) and
is self-dual for all N.

4 Kramers-Wannier dualities and non-invertible reflection symme-

tries

In Section 2, we showed that for translation invariant systems of prime qubits, there is a canonical
isomorphism between the bond algebras before and after gauging finite Abelian modulated symmetries
implemented by the reflection operator (recall Eq. (2.95)). When the local degrees of freedom are
not prime qudits, we demonstrated through examples in Section 3 that this isomorphism can hold
but is not guaranteed by lattice translation symmetry. In this section, we study a non-invertible
reflection symmetry arising from this canonical isomorphism and the gauging procedures presented
in the previous sections. We do so in the context of a generalized Ising model of Zy qudits, which
has a modulated Z}" symmetry that always supports the aforementioned isomorphism between bond
algebras. After some general exposition on the model’s non-invertible reflection symmetry, we special-
ize to particular modulated symmetries and construct explicit expressions for non-invertible reflection

and KW symmetry operators.

4.1 Generalized Ising model for modulated symmetries

Here, we consider a class of models that generalizes the transverse field Ising model to systems with
finite Abelian modulated symmetries. These generalized Ising models are defined on a one-dimensional
lattice with Zy qudits on sites j, acted on by X; and Z;. Their Hamiltonians are parametrized by a
Z y-valued matrix A, specifying the Z-type interactions:

A
Hw=-Y «J[[2 7 +hX +He . (4.1)
l
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We impose translation invariance on the Hamiltonian with periodic boundary conditions j ~ 7 + L,

where L is the number of lattice sites. This implies that AM must satisfy
Ajo = Bjikerk = Dirpej, (4.2)

for any integer k ~ k 4 L. To avoid long-range interactions, we assume A;, has a finite support of

n + 1 sites by choosing, without a loss of generality,

Aj,f =0ifl < ] or { > j -+ n, Aj,j; Aj,j—i—n % 0 mod N. (43)

These generalized Ising models can have finite Abelian modulated symmetries

Up = [J(x)". (4.4)

J

parametrized by Z y-valued functions f;. For Uy to commute with the Hamiltonian (4.1), these lattice

functions must solve

ZAj,efe =A11fj+ A fjr+ - Aign fign = 0 mod N, (4.5)
7

where we use translation invariance (4.2) to expand the expression. However, Eq. (4.5) does not have
a nontrivial solution for every A;,, and when this is the case, it means the Hamiltonian (4.1) does
not have the symmetry (4.4).12 In the rest of this section, we will restrict ourselves to the subclass
of Hamiltonians (4.1) for which both A;; and A4, are coprime to N. As we next show, such

generalized Ising models always have nontrivial modulated symmetries (4.4).

When A;; and Aj 4, are coprime to NN, they have Zy multiplicative inverses, respectively

denoted by Al_} and Al_} +n- Using these, we can derive from (4.5) the left and right recurrence

relations
fi-i= —Aii (Ao fj + A1z fig1 + - At 1yn fjan—1) mod N, (4.8)
Jien = =D 0 (Ara fi + A fisn + -+ Ary fien—1) mod N.

Using these, we can solve for f; recursively after specifying the initial conditions fi, f2,- -, f,. From

the theory of linear recurrence relations, this reveals that there are n linearly independent generating

2As an example, consider N =4 and n = 2 where A1 =2, A;2 =1, and A3 = 2. In this case, Eq. (4.5) becomes
2fj + fi+1 +2fj+2 = 0 mod 4, (4.6)

to which there are no nontrivial solutions. Indeed, taking mod 2 on both sides of the equation gives f;j4+1 = 0 mod 2 for
all j, and thus f; = 2g;. Substituting f; = 2g; back to the equation, we obtain f;4+1 = 2g;+1 = 0 mod 4. This means
that the Hamiltonian,

H=-Y {J2}Z;12} s+ hX;+Hc}. (4.7)

J

has no symmetries of the form (4.4) when N = 4.
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solutions to Eq. (4.5), which can be parametrized by their initial conditions. We denote these gen-
erating solutions by f;q) forg=1,2,--- ,n, and without a loss of generality, choose them to satisfy

the initial conditions

9 =6, forj=12--n (4.10)

Therefore, the Hamiltonian then has a Z3" modulated symmetry generated by
f(‘Z)
v, =[1%" (4.11)
J

Since there are a finite number of initial conditions (4.10), the generating solutions f](q) must repeat
themselves after a certain shift of j. In other words, these modulated symmetries are periodic with
a finite periodicity. Because of the periodic boundary conditions, these modulated symmetries are
generically explicitly broken unless their periodicity matches with the number of lattice sites L [78,107].
In order to preserve all of the Z}" symmetry upon enforcing periodic boundary conditions, L must

be chosen such that!'?

f(f]i-)L = fj(q) mod N, for all q. (4.12)

J

From here on, we will assume that L is always chosen to accommodate these constraints (4.12).

The modulated symmetries can characterize different phases of the generalized Ising model (4.1)
through their spontaneous symmetry breaking patterns. When J = 0 and h > 0, the model has a
non-degenerate gapped ground state that preserves all of the modulated symmetries and describes a
disordered phase. When J > 0 and h = 0, the local operators Z; commute with the Hamiltonian and
obtain non-vanishing expectation values in the ground state subspace. The ground state is then ordered
and spontaneously breaks all the modulated symmetry. Since the corresponding expectation value
acquired by Zj is generally site-dependent, the spatial symmetries are also generically spontaneously
broken.'* Away from these fixed points, the ground states of Hamiltonian (4.1) may go through
multiple intermediate phases and phase transitions between ordered and disordered phases. It would
be interesting to study the phase diagram of these generalized Ising models, which we leave for future

works.

4.2 KW dualities as non-invertible reflections

The assumption that A ; and Ay 14, are coprime to N in the generalized Ising model (4.1) provides

a powerful simplification of the modulated Zy" symmetry’s bond algebra. Indeed, let us consider the

131f I does not satisfy the constraint (4.12), the Z\" modulated symmetry will be broken down to its subgroup. In this
case, we can still make sense of the full symmetry by resorting to the notion of bundle symmetries introduced in [107].

Y The precise ground state degeneracy is given by GSD = |Gins|, which varies with respect to the number of lattice
sites L. It is given by N™ when L satisfies the constraints (4.12). Otherwise, it is smaller than N™.
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F matrix defined in (3.2) with 7 > n:

FO g0 10 ...0 /9 Y

O A 01 ...0 f@ . f®
e I B R (4.13)

Fmogm ) 00 ...1 fm

where we used the initial conditions (4.10). This F matrix is regular in the sense that it has a
generalized inverse G satisfying F -G - F = F. The generalized inverse G and the M matrix (see
Eq. (3.7)) are given by

10 ..0 0 0 0 —f0 o =Y
2 2
01 ...0 00 ...0 —f2 . —f®
G=|00 ... 1|, M=]oo ...0 —f" . —fm|. (4.14)
00 ...0 00 ..0 1 ... 0
00 ...0 00 ..0 0 ... 1

Since the (r —n) X (r — n) dimensional sub-matrix in the bottom right corner of M is an identity
matrix with determinant 1, the determinantal rank p(M) is at least 7 — n. Additionally, the de-
terminantal rank p(M) can be at most  — n because any ¢ X ¢ dimensional sub-matrix of M with
¢ > r — n necessarily has a column of zeros, resulting in a determinant of 0. Therefore, we have
p(M) = r — n. Consequently, every product of Z operators that commute with the modulated sym-
metries are products of He ZgA 7 as proven in Section 3.1. Therefore, the bond algebra is generated

by only the terms that appear in the Hamiltonian (4.1):'°

Aj,
Be=(x, [[27"). (4.17)
¢

Since the Z symmetric terms in the bond algebra (4.17) of the generalized Ising model (4.1) are

generated by a single A ,, the modulated symmetry (4.11) can be gauged using the procedure from

I
Section 2.2.2 with Zy qudits. Furthermore, it implies there is also a canonical isomorphism between

151f Ai1 and Ay 14+, are not coprime to N, the operator Hz ZZA“ in the Hamiltonian (4.1) may not generate all
Z-only symmetric operators. For example, consider N =4 and n =2 where A;; =1, A1 2 =1, and Ay 3 =2. In this

case, Eq. (4.5) becomes
fi+ fit1+2fjt2 =0 mod 4, (4.15)

whose only nontrivial solutions are f; = constant. Indeed, taking mod 2 on both sides of the equation gives
fi + fi+1 =0mod 2 for all j. Then using that 2f;11 +2f;12 = 0 mod 4, we can simplify the original equation to

fi = fj+1 mod 4, whose solution is f; = constant. This means that the symmetries of the Hamiltonian

H=-Y {J2;2;12],»+hX;+Hc}, (4.16)

J

are generated by H]. X, whose Z-only symmetric operators are generated by Z; Z;H, not ZijHZJZH.
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the bond algebra B and the dual bond algebra 8" implemented through lattice reflections (recall
Eq. (2.95)).

The gauging map from B to the dual bond algebra B is
3.8 T T AT,
[[z~ 2., X X0 (4.18)
¢ ¢

This gauging map implies the existence of a non-invertible operator 6KW that implements the KW

transformation
~ Aj,e ~ ~ ,A}:Z ~
Dxw H 2,7 = &; Dyw, Dxw &) = H 2 Dxw- (4.19)
¢ ‘

Indeed, the KW transformation is related to (4.18) by first shifting the link degrees of freedom
to sites, i.e., (Xj7j+1, Zj7j+1) (X Z. ), and then conjugating by an inverse Hadamard operator
5 L. (&, Z5) = (25, XT) The operator DKW is non-invertible because it obeys DKW U, = DKW
for all ¢ and, therefore, has a nontrivial kernel bpanned by states with nontrivial symmetry charge.

On the other hand, because U, DKW = DKW, DKW has a nontrivial left kernel spanned by states

(@)
charged under U/ H X o

Since the canonical isomorphism between B and B" is implemented by the reflection operator M,
the operator Dy commutes with the Hamiltonian (4.1) for J = h only if M also commutes with it.

On the other hand, the non-invertible reflection operator
Dy := M Dyyy (4.20)

always commutes with the Hamiltonian when J = h, and relates the J > h and J < h portions of
the Hamiltonian’s phase diagram. D), is a non-invertible reflection operator since it implements the
non-invertible KW transformation and then the reflection transformation j — —4.'% Using the KW

transformation (4.19), it satisfies

Dy [[ 2/ = ¥, Dy, Dy X, = [[ 2, % Dy. (4.21)
J4 l

where we used Eq. (2.94) to simplify AT. From these transformation rules, we find that the non-

invertible reflection operator obeys

n N-1
Dy Dy = C Ue, DI, = Dy, C,
(}_[1 a=0 ! (422)

where C = $)2 implements charge conjugation (X, Z) — (X7, ZT). Interestingly, the non-invertible
reflection operator’s fusion rules depend only on the internal symmetry group and not on how the

symmetry is modulated.

16Gimilar non-invertible reflection symmetry has been found in continuum field theories, such as Maxwell’s theory of

electromagnetism and non-Abelian supersymmetric gauge theories [122].
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When the Hamiltonian (4.1) commutes with M, it then also commutes with 6KW at J = h.
Indeed, when H is translation and reflection-invariant, A;, must respectively satisfy Eq. (4.2) and

Aj =0 where 0 = %1 encodes whether the first term in (4.1) is mapped to itself (o = 1)

(j+n),0
or its Hermitian conjugate (0 = —1) under reflections. These constraints on A, can be combined
into
T
A‘%e — O-A]_,n”e, (423)

which we use to write the KW transformation (4.19) as

~ A ~ ~ LA, =

Diw H Z, 7" = X Dy, Dxw Xjtn = H Z,777" Dgw- (4.24)

14 L

In this form, it is clear that [~)KW commutes with the Hamiltonian when J = h. However, the operator
Dy is not the only non-invertible symmetry that commutes with the Hamiltonian at J = h since it
can be composed with any other symmetry operator (e.g., Dy, is still a symmetry operator). Using

this freedom, we canonically define the KW self-duality symmetry to be

n+1 ~
Dyw =1 =+ Dgw, (4.25)
where |-| denotes the floor operation. Importantly, this definition differentiates between the number
of independent lattice functions n being even or odd. From its transformation of symmetric local

operators, we find the KW symmetry operator Dy satisfies

DKW DKW Slero T (nmod 2) H U

qg=1 a
Uq DKW = DKW Uq = DKWa
DI{W _ DKW'ﬁ 140 (TT)(nmodZ).

=

Il
o

(4.26)

This algebra depends on n through whether it is even or odd. Indeed, when n is odd, the operator
Dy squared delivers a translation by one lattice site. For example, when (4.1) is the usual transverse
field Ising model (n = 1), this recovers the known fusion rules of the KW duality symmetry of non-
modulated finite Abelian symmetries [42-44, 48]. In this case, the corresponding continuum KW
symmetry will emanate from the lattice translations [43,123]. However, when n is even, the Dy
symmetry operator does not mix with spatial symmetries and is an internal non-invertible symmetry.
Such n only arise when the generalized Ising model (4.1) has modulated symmetries. This agrees with
the fusion algebras of the Zy dipole symmetry KW operator constructed in Refs. 46,47,52 and the
Zy dipole symmetry KW operator from Ref. 37.

The fusion algebra of the Dy, operator also depends on the modulation of the symmetry through
0. Indeed, when 0 = —1, (DKW)2 does not act by charge conjugation C = $2. This is the case for
the uniform Zy symmetry, where [], ZKAN = Z;.L Z; 41 transforms as M : Z; Zig— (Zi(j+1) Z,]-)T
and so 0 = —1. However, when the symmetry of the generalized Ising model is modulated, o can be

+1. In this case, (Dyy)? acts by charge conjugation C = $2, which is nontrivial for N > 2.

In summary, the fusion algebra (4.26) of the lattice Dyyy symmetry operator has two possible

fingerprints of the modulated symmetry. Firstly, it can differ from a uniform abelian symmetry by
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Dy being purely internal while local and Dy Dy not performing a lattice translation. Secondly,
DiwDkw can also act by charge conjugation C = $2. These two signatures reflect how the Dyw

operator can be constructed by gauging a modulated symmetry.

4.3 Constructing the KW operator

So far, our discussion relied on the transformations implemented by non-invertible operators [~)KW,
Dy, and Dyyy, but what are the explicit forms for these non-invertible operators? For uniform sym-
metries, i.e., constant function fj = 1, it has been shown in Refs. [42,43,45,48] that the corresponding
non-invertible operators implementing the self-duality symmetry on finite chains (with periodic bound-
ary conditions) can be constructed as products of local unitary operators — the so-called sequential
circuits — multiplied by appropriate projectors onto symmetric subspaces. Importantly, the Hamil-
tonian (4.1) for an infinite chain acts on an infinite dimensional Hilbert space. Hence, a sequential
circuit implementing the KW duality would consist of products of infinitely many unitaries, which
might be potentially ill-defined. In what follows, we make the so-far general discussion more explicit
by first constructing a naive EKW operator on an infinite chain for any modulated symmetry. We will

then specialize to a finite ring of length L with three example modulated symmetries.

4.3.1 Construction on infinite chain

Recall that in Section 4.1, we proved that in the generalized Ising model (4.1), when A, ; and A, 4,
are coprime to IV, all symmetric operators written only using Z can be constructed by taking trans-

A
lated products of Hl z,’ “. Without loss of generality, we can choose the elements of A ;¢ o be

Aj,j =1, Aj,j+1 = 01» Aj,j+2 =G Aj,j+n71 = Gn—1> Aj,j+n = Ons (4.27)

where g, with £ = 1, - -+ | n are Zy-valued parameters, whose explicit form when NN is prime is given
by Eq. (2.72). With this choice, the Hamiltonian (4.1) becomes

+hX;+Hc}. (4.28)

J4n

MY (2 2 2 2
J

Let us now consider the sequential product of infinitely many unitary operators

Dyw =+ 9,41 CZ,;119,CZ, 95, CZL,_y -+, (4.29)

where fjj is the Hadamard operator and CZ]- is a modified controlled Z operator with A depen-
dence, (see Appendix D for their explicit definitions). We define the Hadamard operator to act as
9;: (X, Z,) = (Z]T, X;), while the modified controlled Z operators act as

T
7, 2,07} = 2,
t 790 79— —92 791
CZ; X, CZ} = Z7% 2% 2 B 2 X, (4.30)

CZjXECZ;:Xezjigji[’ 629_17]_277]_71
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Observing that local operators &; and Z; ZJQ}FQ - -Zf_’f_;l_l ngf;n are only affected by a finite number

of unitaries, we deduce the transformation rules

Dxw Zj Z;'J}H T Zygjr:zl—l Z;—T—n = Xj Dxw> (4.31)
SKW X, =25 2,520 Zj_l BKW' (4.32)

These are nothing but the KW duality transformations in Eq. (4.19). When Hamiltonian (4.28) is

invariant under reflection, Eq. (4.23) applies and enforces

9, = 0, 9n—t = 0 G, (433)

where k = 1,2,--- ., n — 1. In this case, the operator 5KW then commutes with the Hamiltonian and
becomes a non-invertible symmetry. While the Dy defined in Eq. (4.29) is a product of unitary

operators, it can still be non-invertible because it is an infinite product of unitary operators.

Starting from SKW, we can construct the operators Dy; and Dy by composing SKW with spatial
symmetries following Egs. (4.20) and (4.25), respectively. The spatial symmetries can be explicitly

represented as products of swap gates [124]

=z

-1
1 (03 o — -
S =7 2 (wn) Papzlx ez’ (4.34a)
a,B3=0

S2. =1, S,,=5

(2% J, 0

S, ;S 1S, = Sim (4.34b)

43 9 2 J

which exchanges all operators written in terms of Z and X that are localized at site j with those

localized at site 7. Then, the translation and reflection operators are given by

Ti=-S,1 ;5,015 1,0 (4.35a)
M = 517_1 527_2 S37_3 Tty (435b)

respectively.!”

4.3.2 Non-invertible reflection for exponential symmetry

As a first example, we construct the non-invertible operator Dy, explicitly for the case of an exponential
symmetry with periodic boundary conditions. For simplicity, we consider prime Zp qudits at sites j
of a closed chain with L sites. This symmetry was explored in Section 2.1.1 and is generated by the

operator

L
v, =[x (4.36)

J

where a € {2,3,---p — 2} is fixed.

"Note that while the reflection operator M is not written in terms of local operators, it can be using (4.34Db):

Sj—3 = S—j—+1 " Sj-85-25-1;-255-155-15-2" " S—j41,-5-

42



For this exponential symmetry, the generalized Ising model Hamiltonian becomes
-1
H=-Y{1z,25" + hx,+He}, (4.37)
J
where periodic boundary conditions are implicitly imposed. For U, to be a symmetry of H, periodic

boundary conditions require
T'U, T =U" LU, (4.38)

This can always be satisfied by taking L = 0 mod (p — 1), which we assume is true throughout this
example.'® This Hamiltonian is invariant under translations but is not reflection symmetric for the a

we restrict to. Relatedly, the Z, symmetry operator U, satisfies
L
—j
MU M =[x =U,, (4.39)
j=1

and is, therefore, not closed under reflections.

The non-invertible reflection operator (4.20) is then constructed as follows. We first define the

operator
Dyw =P, \ W$H,CZ, 9, CZy - 55 CZy $, CZsy, (4.40)

where .‘7)j is the usual Hadamard operator while CZj is now a modified controlled Z operator with
nontrivial action
T _ gza? T -1
CZj X; CZj = Zj‘-l_lé\fj CZj Xy CZj =&, qu . (4.41)
The unitary operator W acts only on the first and last sites, j = 1 and j = L, as
_ _ -1 -1
WX Wh=z1tx z1tzy,  Wx W=z &, (4.42)

Furthermore, the operator P _; is the projector onto the subspace where U,_; = 1. The fact that
this projects to U,_; = 1 is related to how, as discussed in Section 2.1.1, gauging the exponential

symmetry U, delivers a dual symmetry generated by U, _;.

The non-invertible reflection symmetry is then defined as the composition

where M is the version of operator (4.35b) for a finite lattice. As we show in Appendix D.2, this
operator acts on local operators as

a1 1 —1
It is straightforward to see that this action commutes with the Hamiltonian (4.37) when J = h.
Therefore, although the Hamiltonian is not invariant under either reflection or the non-invertible KW

duality alone, it has a non-invertible reflection symmetry.

BDepending on the choice of a, additional values of L can be allowed that support the exponential symmetry
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4.3.3 Double exponential symmetry

For this example, we restrict to prime qudits for simplicity and consider the modulated Zp X Zp

symmetry generated by

U, =[x U, =] (4.44a)
J J
For this symmetry, translation and site-centered reflection symmetries act as
TU,T ' =U¢, TU, T '=U¢",
' ' 2 ? (4.44b)
MU, M =U,, MU,M"=U,,

respectively. In contrast with the previous example in Section 4.3.2, the symmetry group is now closed

under the reflection transformation. Furthermore, periodic boundary conditions imply the constraints
| — |
ThU, T = U =, Ttu, Tt =0t = U, (4.45)
which are satisfied when L = 0 mod p — 1.

Since there are two independent modulated symmetries, n = 2 in Eq. (4.27). The single Ai’j that
annihilates the two functions f;l) = a’ and fJ@) = a7 has support on r =n + 1 = 3 sites and is

parametrized as

Aj,( = 5j,€ — (a + a_1)5~7£_1 -+ 5]',6—2 = (5j+1,k — a_léjk)(éw_l — (Z(Skg). (446)

J

This corresponds to choosing g, = 1 and g, = —a — a™! in Eq. (4.27). It is even under reflection
and hence 0 = +1. With this choice, Hamiltonian (4.28) becomes

H=-3 {12257 2, +h X +He . (4.47)

J
J

The KW self-duality symmetry is then implemented by the non-invertible operator

Diw =pP, P, T 'W$,CZ, 9, CZ; | - $H3CZs, (4.48a)

where CZj and ﬁj are appropriate controlled Z and Hadamard operators (see Appendix D for the

explicit definitions) that implement the transformations

T _ =t T
f)jxjﬁj—zy ﬁjzjﬁj_xj’
T T 71 ata~1
T -1 T at+a~t
CZ, X, ,CZ} = X, , 2, CZ, X, CZ} = X, , 2o+,

while the only nontrivial action by W is given by

wax, Wh=z"1x, | wWx, wh=zete " zo x|
ata™! Z— - - - - ata ! zata !l z—
Wx,Wh=zetem z- 0, 270 Z00 WA, W= Zrx, 20t Zgte zetem Zol 0 (4.48c¢)
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Finally, P, and P, are two projectors onto the U; = 1 and U, = 1 subspaces, respectively. One verifies
that the operator (4.48) implements the KW duality transformation as prescribed in Eq. (4.19). While
the operator (4.48) consists of sequentially applying the same operators, £ ; and CZ]- in the bulk of
the chain, at the boundaries it acts differently via the unitary operator W, which is required to impose
periodic boundary conditions consistently. Despite this difference and not being manifestly translation

invariant, the KW duality operator (4.48) commutes with translation operator 7.

4.3.4 Z, dipole symmetry

The final example we consider is the case of a Z); dipole symmetry, which is a modulated Zy X Zy

symmetry generated by the two unitary operators
v=]][% D=]]x/. (4.49a)
J J

Here, we allow N to be any integer since there is no significant difference in the gauging procedure
for N being prime or not, as we showed in Section 3.2.2. This symmetry group is closed both under

translation and site-centered reflection symmetries, which act as

TUT ' =1, TDT'=UD,
(4.49D)
MUM =U, M DM'" = DT,
respectively. Periodic boundary conditions imply
TEDT L =UFD < D, (4.50)

which is satisfied when L = 0 mod N.

The simplest A ;¢ that annihilates both the constant and polynomial degree 1 functions has inter-

action range 1 = n + 1 = 3 and is given by
Aj,e = 5]',15 - 25j,271 + 5;‘,@72 = 8]275, (4.51)

which corresponds to g, = 1 and g; = —2 in Eq. (4.27) and 0 = +1. With these, Hamiltonian (4.28)

becomes

H=-Y {J2,2Z2 2, +hX +Hc}, (4.52)

J

and the KW self-duality symmetry is implemented by the non-invertible operator
Digw =NP, Py T 'W$H,CZ, 9, CZ, | - H,CZs, (4.53a)

where CZj and $) ; implement the transformations (see Appendix D for the explicit definitions of all

these operators)

t_ ot t_
9, X9 =2, 9 2;9; =4,
T_ T 21 22
7, 2,07 = 2, €7, X,CZ} = 274,22 | X, (4.53b)
T -1 T 2 -2
€z, X, ,CZl =X, , 27, CZ, X, | CZl = X2, 272,
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and W

wWx, Wh=2z1x |, Wx, Wh=2z122x,,
WX,Wh=2z2z1x,21 21, WxWwh=ztxztz2z2 21 (4.53c)

Finally, P; and Pp, are two projectors onto the U = 1 and D = 1 subspaces, respectively. Just as
in the previous section, the operator (4.53), indeed implements the KW duality transformation as
prescribed in Eq. (4.26). As announced in Eq. (4.26), Dy satisfies the algebra,

N

a,b=1

which agrees with the algebras obtained in Refs. 46,47,52 for Z, qubits and Ref. 37 for Z qudits.'?

5 Outlook

In this paper, we explored a systematic formalism for gauging finite Abelian modulated symmetries
in 1+ 1D lattice models. Having worked in the Hamiltonian formalism and with bond algebras,
our gauging procedure depended on an appropriate choice of Gauss’s law to trivialize the modulated
symmetry. By implementing this gauging procedure, we explored the rich landscape of dual modulated
symmetries and constructed new Kramers-Wannier dualities and non-invertible symmetries. Our

results open the door to a handful of interesting follow-up directions, which we summarize here.

By studying how modulated symmetries are gauged, our work narrowed in on the kinematic fea-
tures of modulated symmetries. Nevertheless, there are additional related kinematic aspects that
were outside the scope of this work but quite interesting to explore. For instance, we performed an
untwisted gauging of modulated symmetries (i.e., gauging with a trivial discrete torsion class), and ex-
tending this to twisted gauging is worthwhile. This could be done using SPT entanglers for modulated
symmetries [107] or by modifying the Gauss operators as Ref. 50 did for non-modulated symmetries.
Furthermore, it would be interesting to understand our results from two related perspectives. First is
from the standpoint of the symmetry defects, whose mobility would be affected by the symmetry being
modulated. The second is using the framework of topological holography, where symmetry defects and
charges are described by topological defects of a gapped theory in one higher dimension, which we are
pursuing as a follow-up in Ref. [121] (see also [125-128] for some progress along this direction). A final
kinematic follow-up is generalizing our formalism to higher dimensions, where gauging an invertible
Abelian modulated symmetry in d + 1D would lead to a dual symmetry described by a nontrivial

d-group formed by lattice symmetry group and dual (d — 1)-form modulated symmetry.

Using kinematic aspects to guide investigations into dynamical properties of models is fruitful,
and our results provide such theoretical guidance. For instance, it would be interesting to use our
results to study the dynamical consequences of the non-invertible KW self-dual symmetry for modu-

lated symmetries. This non-invertible symmetry could appear at critical points between modulated

19See Ref. 36 for the analog of the duality operator Dy in continuum theories with dipole symmetries.
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symmetry preserving and symmetry breaking phases. Unlike in the non-modulated cases studied, the
lattice translations necessarily become nontrivial in the IR due to the modulated symmetries. Fur-
thermore, the non-invertible reflection symmetry can be anomalous. For instance, this was shown to
be possible for particular dipole symmetries in Ref. [37], and it would be interesting to systematically
study this for more general modulated symmetries. Understanding how it characterizes gapped and

gapless phases is an important follow-up that we leave for ongoing future work.
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A Relevant aspects of ring theory

In this appendix, we review aspects of ring theory that are relevant to the main text—particularly

Section 3.

A.1 Rings and modules

Let us first review the definition of rings and some fundamental aspects of modules. A ring R is a set

equipped with operations
+: RxX R— R, - RXR—R, (A.1)

referred to as addition and multiplication, respectively. Furthermore, for R to be a ring, it must form
an Abelian group under addition 4+ and a monoid under multiplication -, and multiplication must be
distributive with respect to addition. These requirements are sometimes called the ring axioms, and

they explicitly mean that all a, b, ¢ € R must obey:

1. + is associative: (a +0b) +c=a+ (b+c),

2. + is commutative: a +b =b+ a,

3. additive identity: 3 0 € R such that a + 0 = a,

4. additive inverse: 3 —a € R for each a such that a + (—a) = 0,

5. - is associative: (a-b)-c=a-(b-c),
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6. multiplicative identity: 31 € R such that 1-a=a-1=a,
7. left distributivity: a - (b+¢) = (a-b) + (a - ¢),

8. right distributivity: (b+¢)-a = (b-a)+ (c- a).

When the non-zero elements a € R each have a multiplicative inverse and form an Abelian group
under multiplication, R is a field. Therefore, rings are often thought of as generalizations of fields.
When - is commutative but each non-zero a € R does not have a multiplicative inverse, then R is

called a commutative ring.

A subring S of a ring R is a subset that itself is a ring under the same binary operations of R
restricted to the subset. This implies that the group (S, +) is a subgroup of (R, +), and that the
monoid (.5, ) is a submonoid of (R,-). A subring is called an ideal if for each s € S and r € R, s
and sr are in S. When only all s (resp. sr) are in .S, then the subring is called a left (resp. right)
ideal.

Three simple examples of rings are:

1. The reals R is a ring, where addition 4+ and multiplication - operations are the ordinary addition
and multiplication of real numbers. Since the multiplication of real numbers is commutative and

each non-zero real number has a multiplicative inverse, R is, in fact, a field.

2. The integers Z is also an example of a ring, where + and - are the ordinary addition and
multiplication of integers. While multiplication of integers is commutative, not every non-zero

integer has a multiplicative inverse. Therefore, Z is not a field but a commutative ring.

3. For general N € Z.(, Zy ~Z/NZ is a commutative ring, where + and - are the addition
and multiplication modulo N. When N is a prime number p, each n # 0 mod p in Z, has a

1

multiplicative inverse n~! = n?~2 mod p by Fermat’s little theorem. Therefore, Zy is a field

when NV is a prime number.

4. The set of square m X m matrices with entries in R forms a ring M, (R) whose two binary
operations are matrix addition and matrix multiplication. Since matrices do not commute,
M,,(R) is a ring that is noncommutative. More generally, given a ring R, there is the matrix

ring M,,(R) of n X n square matrices with entries in R.

Having reviewed the basic aspects of rings, we can now discuss modules. A module is a general-
ization of a vector space using rings. Recall that a vector space V over a field F' is an Abelian group
(V, +) with scalar multiplication x: F' X V' — V. This scalar multiplication is a binary function that
maps any scalar a € F' and vector v € V to another vector a x v € V. A module is a generalization
of V' in which the field of scalars F' can be a ring R. A module M over the ring (R, +g, ) is an
Abelian group (M, +) with an operation *: R X M — M that, for all my,my € M and 1,75 € R,
obeys

1. 7y % (my + mg) =71 % My + 11 % Mo,
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2. (11 +RrT2) kmy =11 kMg + 1ro *my,
3. (ry-re) kmy =1 % (ry xmy),

4. 1 xmqy = mq,

where 1 is the multiplicative unit of . When R is a field, the module M becomes a vector space
over the field R. A subgroup (N, +) C (M, +) forms a submodule of M if r xn € N for alln € N.
Furthermore, given a subset S of a module M over a ring R, the annihilator Anng(S) of S is the
ideal

Amng(S)={re R|rxs=0 for all s € S}. (A.2)

Some simple examples of modules are:

1. Every Abelian group G forms a module over the ring Z. Given an integer n > 0 and g € G, the

n times

scalar multiplication *: Z x G' — G satisfies nxg=9+g+---+g, (—n)xg=—(n*g),

and 0 x g = e4, where e, is the identity element in G.

2. Matrices acting on vectors in an n-dimensional vector space V' over the field F' forms a module
over the ring M, (F'). The operation *: M, (F) x V — V corresponds to a matrix M acting
on a vector ¥ and returning the vector M * ¢, More generally, modules can describe vectors and
matrices whose elements form a ring. For instance, the Zy" module over the ring M, (Zx) can
be understood as n dimensional vectors with elements in Zy acted on by n X n matrices with

elements in Z ) where all addition and multiplication is modulo V.

A.2 Matrices over commutative rings

Given a field, the theory of linear algebra is a mature topic for studying matrices whose elements are
in the field. Much progress has also been made in solving linear equations over commutative rings. In
this paper, understanding matrices over commutative rings is essential for Section 3.1 of the main text,
where we use the rank-nullity theorem for matrices over commutative rings. This appendix reviews

relevant aspects of matrices over commutative rings, such as the generalized rank-nullity theorem.

An important notion for matrices over rings is that of regular matrices. Let R be a commutative
ring equipped with multiplication - and addition 4+. An n X r matrix F over R is said to be regular

if there exists an 7 X n matrix G over R such that
F-G-F=F. (A.3)

The matrix G is called the generalized inverse of F, and a given F can have multiple generalized
inverses. A necessary and sufficient condition for F to be regular is provided by the decomposition

theorem [117,118]. Before we state this theorem, we need to introduce several relevant concepts.
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For ay,...,a; € R, the ideal generated by ay, ..., a; is defined as

k

[al,...,ak]—{Zn~ai ‘VTiER}. (A.4)
i=1

When the ideal [a] is generated by a single element a, i.e., k = 1, we call it a principal ideal. For

example, suppose R = Z. For any a € Zy coprime to N, that is gcd(a, N) = 1, the principal ideal

generated by a is [a] = Zy. Otherwise, [a] is strictly smaller than Zy. Furthermore, if a is a prime

divisor of N, then [a] is a maximal ideal in Zy, meaning there exists no other proper ideal of Zy

containing [al.

An element e € R is idempotent if it obeys e - e = e. In the following, we denote by E(R) the
set of all idempotent elements in R. Let us contextualize this definition in the example R = Zy.

Assuming N has the prime factorization
N =pi'...pF, (A.5)

Zx always has 2F idempotent elements. Since Zy =~ Zp? X -+ X Zp;k:, idempotents of Zy can be

inferred from idempotents of Z i. If €; € Z,r: is idempotent, then
e =e¢; mod p;’ = ei(e;—1)=0 mod p’, (A.6)

which implies that p;’ is a divisor of e; and e; — 1 and, since e; and e; — 1 are coprime, e; = 0 mod p;"*
or ¢, =1 mod p;". Because e = (e1,--- ,e;) € Zy is an idempotent of Zy if and only if each ¢; is
an idempotent of Zp:i, the ring Zy has 2¥ idempotents. When N is a prime number p, the only Z,
idempotent elements are F(Z,) = {0, 1}. More generally, E(F’) for any field F' is the set containing
only the additive and multiplicative identity of F' (i.e., E(F') = {0,1}). When N is not prime, while
0 and 1 are still idempotents, there are other nontrivial idempotent elements as well. For instance,
when N = 10, the idempotent elements are E(Z;) = {0, 1,5,6}.

The last notion we need to introduce before stating the decomposition theorem is that of Rao-
regular matrices. To do so, we first recall that an £ X £ minor of an n X r matrix F is the determinant
det(Fy) of an £ x ¢ sub-matrix F; of F. We denote by Dy(F) the ideal in R generated by the £ X ¢
minors of F, and by p(F) the determinantal rank of F, which is the largest £ such that Dy(F) # 0.
Then, a matrix F over R with determinantal rank p(F) = t is Rao-regular if there exist an idempotent
e € R such that

Dy(F) = Di(F) = [e]. (A7)

Such idempotents are called Rao-idempotents.

Having introduced all the necessary concepts, we can now state the decomposition theorem (see
Ref. 117 for the proof).
Theorem 1 (Decomposition theorem). An n X r matriz F over the commutative ring R with
determinantal rank t := p(F) is reqular if and only if there exist idempotents ey, . .., e, € E(R)
such that
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i)eg+er+--+e=1ande;-e; =0 for0< i, j <tandi#j,
i1) fori=0,1,...,t, each matriz F; := e;F is either the zero matrixz or a Rao-regular matriz.

Given a regular matrix over a commutative ring, there is a generalization of the rank-nullity
theorem. To state it, however, we must first review how the notions of rank and nullity for matrices
over fields generalize for matrices over commutative rings. In what follows, we introduce the minimal
terminology required to state the generalized rank-nullity theorem and refer the reader to Ref. 117 for
further details.

The generalization of the rank function is fairly straightforward. Given an n X r matrix F over
the commutative ring R with idempotents e € E(R), it is defined as the integer-valued function over
E(R) such that

Rr(e) = p(eF). (A.8)

When R = F'is a field, E(F) = {0,1} and 23£(1) recovers the usual rank for matrices over a field.

The generalization of nullity is a bit more involved. Consider the (left) module R*" over the
matrix ring M, (R). This describes r dimensional vectors with elements in R acted on by r X r
matrices over . We now assume that the n X r matrix F is regular and denote by G a generalized
inverse of it. The kernel ker(F) of F is then the sub-module of R*" generated by the columns of
the matrix (I, — G - F), where I, is the © X r identity matrix. The nullity of F is then given by
an appropriate generalization of its kernel’s dimension. To define such a dimension-function, let us
consider the p-th exterior product AP(M) of a module M whose elements are the p-th fold tensor
product elements m; & ... ® m,, with the equivalence relation m; ® ... ® m, = 0 if m; = m; when
i # j. Letting p(M) denote the largest positive integer p such that AP(M) # (0) for the finitely

generated sub-module M of R*", the dimension-function is defined as
Durle) = fleM), (A.9)

where e € E(R). Although this definition seems rather intricate, ®,; with M = ker(F) matches

precisely our usual notion of nullity.

Given the above definitions, we can now state the generalized rank-nullity theorem for matrices
over commutative rings. Denoting by A a regular matrix over R and e € E(R), we define the binary

function

1, if e A is the zero matrix or Rao-regular with Rao-idempotent e,

xale) = {0, if clse. (A.10)

The purpose of this function is to check if A is Rao-regular and if e is a respective Rao-idempotent.

The generalized rank-nullity theorem, proven in Ref. 117, is then:

Theorem 2 (Rank-nullity theorem). Let F be an n x r reqular matriz over a commutative

ring R. Then
XF XI,—G-F (9{_7: + Dker(]—') — T) =0 (A.ll)
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where ker(F) is the null space of F and G is a generalized inverse of F.

The functions x 7 and X7, _g.7 in (A.11) ensure that the matrices F and (I, — G - F), respectively,
are Rao-regular. If their respective Rao-idempotent ¢ = 1 we can implicitly evaluate the functions in
Eq. (A.11) which simplifies to

?ﬁ; + gker(}') =T, (A12)

where Rz = p(F). When all rows of the n X 7 matrix F are independent over R, the determinantal
rank p(F) = n and (A.12) becomes

gker(}') =r—-n <A13)

which can be a useful result when showing the uniqueness of generators of Annyy, z,)(5).

An Example

As an example, let us consider the commutative ring R = Zy, with general N, and the 3 X 4 matrix

IR i 1111
FO = [ 2 @ @ D med N=11 2 3 4 | mod N. (A.14)
02 6

RN R 12

This matrix is relevant to the Zy quadrupole symmetry from Section 3.2.3, where f;l) =1, f;l) =7,

and f;g) = j2 — j. Tt is easy to check by brute force that any generalized inverse of F (4), if exists,

must take the form
a b c

6—3a —-3b—3 27— 3¢
3a—8 3b+5 3c—1 ’
3—a —-b—2 27l_¢

GW — (A.15)

where a, b, c € Zy are parameters chosen such that all the matrix elements QZ.(; lez ~ and 271 is the
multiplicative inverse of 2 module N. However, 2 € Zy only has a multiplicative inverse when N is
odd. Furthermore, for even N, one can never eliminate the factors of 27! through convenient choices

of parameters a, b, and c. Explicitly, there is no parameter ¢ such that
Q%) =c, g;;f) =271 3¢, Qég) =3c—1, and gﬁ‘g) =2"1_¢ (A.16)

are all integers mod N for N even. Therefore, G) exists only if ged(2, N) = 1, so F® is regular
only when N is odd.

Let us also illustrate the decomposition theorem through the matrix F* in Eq. (A.14). When
N is even, it is clear that [1] # [2,6] and F™® is not Rao-regular. We can further prove that F®
is not regular as it does not obey the Decomposition Theorem. For concreteness, let us consider
N =12, whose idempotent set is F(Z15) = {0,1,4,9}. The decomposition involving the nontrivial
idempotent elements that obey condition i) is eg = e; = 0, e5 = 4, and e3 = 9, such that

f(4) — ]'_(54) + f1(4) + f2(4) + ]-"?54)7 (A17)
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with ]-"2-(4) =, FW. For i = 0 and 1, the matrices .7:1»(4) are all zero. The nontrivial matrices are

44 4 4 99 9 9
FYP=148 04| and FY=19 6 3 0 (A.18)
0800 06 6 0

The first evidence that this decomposition fails the Decomposition Theorem is that both matrices
have determinantal rank ,0(]: ) = p(f§4)) = 3, which should be forbidden. Second, a direct vi-
olation of the theorem is that both .7:2(4) and ]:354) are not Rao-regular since Dl(f2(4)) = [4] and
Ds(F3") = [8] # [4]. Similarly, Dy (F5") = [9] and Dy(F5") = [6] # [9].

B Polynomial symmetries and translation invariance

In this appendix, we prove a statement made in Section 2.1.3 of the main text. We consider a system
of Z, qudits, where p is a prime number, on sites j of an infinite chain and acted on by the clock
and shift operators Z; and Xj. We posit the existence of a translation invariant Hamiltonian that

commutes with the modulated symmetry operator
_ ()
=[x (B.1)
J

where p(j) = Zn o0 CnJ" is an order m < p — 1 polynomial with ¢, € Z. Here, m is restricted by Fer-
mat’s little theorem j7~! = 1 mod p. Since we assume U, (i) is a symmetry of a translation invariant

Hamiltonian, U, p(i+2) for any integer x must also commute with the Hamiltonian.

While the modulated functions {p(j + )} are closed under translations, they are seemingly de-

pendent on the choice of coefficients ¢,, defining p(j). However, as we now argue, there is a choice of

generators independent of ¢,,. Firstly, since U »(j) and U p(j+z) AT€ Symmetry operators, U U f

p(j+x) = p(4) is

as well. Then, using the binomial expansion, p(j + x) can be written as

p(j+x) = jz Zm: (k)x"k]jk (B.2)

n=k+1
from which we see that while the modulated lattice functions of Up(j and U

p(j+a) BTC m-th order

polynomials, the modulated lattice function of U U T( i) is an (m — 1)-th order polynomial for all

p(i+=)
x. Conjugating this symmetry operator by the translation operator 1Y, the operator Up(j+x+y)U;(j )
must also commute with the Hamiltonian, and therefore the (m — 2)-th order polynomial modulated

t . : .
j+y)Up(j+x)Up(j) does too. This procedure can be repeated m times until

we construct a complicated set of modulated operators that commute with the Hamiltonian whose

symmetry Up(jqziy) Ug(

modulated functions are

m—2
{zw, ST S T R céd”)}, B3

n=0

where a, b, - - - , ¢, d in the superscripts labels different polynomials obtained from this procedure.
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We can simplify (B.3) using the Zp structure. The above tells us that any translation invariant

Hamiltonian commuting with (B.1) also commutes with

(d,0)

I1x° (B.4)

(d,0)

where ¢ is an (unimportant) constant constructed from the coefficients c¢,, of the original polynomial

p(j). Since p is prime, there exists an element [céd’o)]_l € Z, such that [c(()d’o)]_lcéd’o)

§
(H chéd‘o)> SIED (B.5)

Therefore, [] j XJ must also commute with the Hamiltonian. Multiplying this operator with the

= 1 mod p and

modulated operators whose modulated functions were (B.3), we can find a new set of commuting

operators whose modulated functions are

m m—1 m—2
{Z ann’ Cnmm_l)jnv Cnb’m_Q)jnu Tty cgal)j’ 1} ' <B6)

n=1 n=1 n=1

This can be repeated for the modulated operators with polynomials Cgc’l) j to replace them with a

single modulated operator with polynomial j and then drop all j terms in higher order polynomials to

reduce (B.6) to {Z:?:Q cng"s ZZ:; c%a’m_l)j", ZZ:f c%b’m_z)j", e T 1}. Repeating
this for each order of polynomial reduces the set of polynomials to {j™ : n € {0,1,--- ,m —1,m}}.

Therefore, if an mth order polynomial modulated operator commutes with a translation invariant

Hamiltonian, the operators

Upn =[], ne{0,1,---,m—1,m}, (B.7)
J

must also commute, which are generators of a Z;mﬂ modulated symmetry.

C Position-dependent Gauss’s laws

In this appendix, we discuss an alternative way of gauging the modulated symmetries from Section 2.
Recall such symmetries acted on translation invariant systems of Z,, qudits, where p is a prime integer,

and were generated by

U, = [Jx)5", (1)

with ¢ =1,2,--- ,n. Since this generates finite symmetry in a translation invariant system, each

lattice function f]@ satisfies

£ = £, modp, (C2)

J +2(2)
with z(9 denoting the smallest such positive integer. Therefore, the symmetry’s spatial modulation
is periodic with period
z:=lem(zW, 2@ ... 2z™), (C.3)
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Indeed, the symmetry operators U, can be written as non-modulated operators with respect to the

m=II@T&mﬁﬁ. (C.4)

jex”Z k=1

enlarged length x unit cell:

Here, to gauge the symmetry we introduce n-types of Z, qudits onto link (j,7 + 1) that are

respectively acted on by X (a) j+1- The Gauss’s laws relating these new qudits to the originals are

(9)

G = x; (X\9 )5 (X9 )hh =1, (C.5)
which trivialize the entire Z ™ symmetry since
(q)
Uy = H(Gg'q))fj : (C.6)
J
These Gauss’s laws introduce the gauge redundancy
)\(q) A @D @) (@) pla)

2j ~ (W)=Y 2 20~ (wp)V BRTNEAT 70, (c7)

(@)
which is generated by []; q(Gg.q))qu :

Before gauging, the bond algebra is generated by

jt+n
A'l
B = <XJ 11z~ > (C.8)
=j

where A, obeys ZjHl Ay fEQ) =0 for all g =1, --- ,n. After gauging, the bond algebra can be

made gauge invariant by minimal coupling, which leads to
J+n A j+n—1 n (q)
= (x, [[27" I (T] ( u+1) . (C.9)
=5 l=j q=1
where V;?,Z) obeys

v 1_v

Py =0 mod p,

S o (C.10)
]£+f jgl fg K—OmOdp, fOI‘ﬁ:j)--.,J_i_n_

The solution to these equations is
VG = (K D) ka jemodp,  forl=j—1, j+n, (C.11)

where ( g(q) fz(i)l)*l denotes the Z, inverse of fZ fz -

While the Gauss operator (C.5) trivializes the modulated symmetry, it depends explicitly on the
lattice site j through the modulated functions f]@ . Therefore, gauging with it projects the lattice

translation symmetry down to the subgroup generated by 7. Importantly, since the modulated
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symmetry operators (C.1) all commute with 7%, gauging with (C.5) does not preserve the symmetry’s
spatial modulation and is equivalent to gauging the non-modulated operators (C.4) with respect to
the enlarged length x unit cell. This is why we did not use this Gauss operator to gauge the full
modulated Z;" symmetry in Section 2. However, this Gauss operator may still be useful for gauging

sub-symmetries of a modulated symmetry that are not closed under lattice translations.

Let us end this appendix by proving that the Gauss operator (C.5) gauges the symmetry with
respect to the length x unit cell. We do so using the unitary transformation U = qu: jduz J(q),
where U j(Q) satisfies

U](q) G§q) (Uj(q))f - (X;qj)ﬂ)fj“. (C.12)

’

After rotating the Hilbert space using U, since p is a prime integer, the Gauss’s laws G§-Q) forj&ax”Z
set Xj(f]j)+ =1 for j ¢ v Z. However, the n-types of Z, qudits on links (j, j, + 1) with j, € 2 Z
survive the transformation, and are constrained by the remaining Gauss’s laws

z x
~a) @ V2% _ (x@ (o)t (@) p(a) (@)
sz '_ H(sz+k>f]x+k = (Xjf,jﬁl Xj3+z,jx+z+1)fj Tiwta H(ij+k) Jatk (C.13)
k=1 k=1
Therefore, gauging using the Gauss operators (C.5) is equivalent to trivializing (C.4) using the length-

. (@) r(a)
x unit cell with n-types of Z,, qudits on j, € x Z that are acted on by (Xj(z?j$+1)sz Tz,

D Details on Kramers-Wannier self-duality symmetry

In this appendix, we provide the details on non-invertible KW duality operators on infinite and finite
chains that are defined in Section 4.3. Following the discussion in Section 4, we assume that A ;¢ can
be parameterized as (recall Eq. (4.27))

Ai=1 Ajni=01 D=0, A1 =01 Dy = G (D.1)

where g,, are coefficients valued in either Z, with prime p or Zy with non-prime IV, and n is the

number of independent modulated symmetries.

D.1 KW duality on infinite chain

As we discussed in Section 4.3, on an infinite chain, the [N)KW operator can be constructed as the

sequential circuit out of product of infinitely many unitary operators

Dyw = 9,41 CZ; 1 9, CZ, 9, CL;_y - . (D.2a)

Here, $ ;s the Hadamard operator

p—1 p—1
a— « 1 —a
K= —= > w, Py Py ::§§ wy*P 2P (D.2b)
=0

1
= p Y
\/]_) a,3=0
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with Pg‘) being the projector onto the Zj = w,, subspace, and (ii) CZJ- is a modified controlled Z
J

operator with A dependence and is defined as
p—1 1 p—1 3
— o (@) (@) ._ —af —On —9y =9
=32 =03y (2% 2522%) . (D20
a=0 £=0

In the above, ‘I?S-a) is a projector onto the Zj_ I Zj__g; Zj__gll = w,, subspace. It is straightforward

to verify that these operators implement the transformations

0,X 900 =2, 92,9 =4, (D-3a)
and
Cz,; 2,CLl = 2,
CZ; X, CZ} = 2% 250 - 2% 270 X, (D.3b)
CZ;X,CZ} =X, 27" U=j—1,j-2--,j—n
Observing that local operators X; and 29 Z/".\ | -+ Z/1| Z, are only affected by a finite number

of unitaries, we deduce the transformation rules

DKW Zj Z;']-li-l Zj?i? U Z]gj-n = Xj DKW7 DKW Xj - Zj_—g;i Z;—ggli T Zj_—gl1 Zj_l DKW' (D-4)

D.2 Non-invertible reflection for exponential symmetry

We consider the Z, exponential symmetry (p > 3) defined in Eq. (4.36). The KW transformation is

implemented by the non-invertible operator Dy defined as

Here, $ ;18 the Hadamard operator defined in Eq. (D.2b), while the modified controlled Z operator
CZ; is
J

p—1 p—1
_ o q3(@) (@ _ 1 —ap (zat)’

7 =3z w = e (2) (D.6)

a=0 £=0

The unitary operator W acts on the first and last sites of the lattice and defined as
1 — —af za -1 ~a ! p
W= 3w 2 (zl z8 ) , (D.7a)
a,3=0

with its only non-trivial actions being
wxwt=ztxztzy', wxwh=z"x,. (D.7b)

The unitary operator W consists of controlled Z-type operators that is modified for the boundary
terms. The operator (D.2) on infinite chain then can be understood as the L — oo limit of the operator
(D.5). Finally, P, _, is a projector onto the subspace which is symmetric under U,_, = M U, M f,

o7



To verify that the operator (D.5) indeed implements the duality transformation, we act by the
unitary operators on the symmetric local operators sequentially. Let us momentarily focus on how

the symmetric operators

Z,Z5%, X,,
2,27, X, (D.8)

are transformed. Under the unitary CZ, we have
2,270 = 2,279, Xy = 20X,
Z, 2 = 2,200 Xy Xy, (D.9)
Next, acting with the unitary $), gives
2,257 - X, 270 20 X, 20 25
Z 2 2y 20 Xy X, (D.10)
Now, acting with the pair of unitaries CZ5 and )5 gives
X, 27 o X VAR S L
243 2 1 2 1 2
Z 27 s X 2T X, 28 250 (D.11)

We note that with these three steps, the first line matches the duality transformation (D.4). Acting

with the remaining pairs of ) and CZ operators up to the unitary W implements

2,277 X, X, — 20 27
Z, 27— A, Xy~ 287 27

(D.12a)
Z5 ZL_CF1 = X, X, — 22111 ZI_/la

which is the duality transformation (D.4) for all symmetric operators in the bulk except the remaining
three

2 3 1-L

Z 2 s 2 X s e e
Z, 27 s X 2T (D.12b)
Xy XX AT ay

The unitary W has a non-trivial action on these remaining three operators. It transforms them into

L 1-L

Z 2 s Z X e xe zre
Z, 27 = A, (D.13)

L 1-L

X Z00x 20 20 e g e 2
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Notice that the middle term now transforms according to Eq. (D.4). Using the fact that a = 1, which
follows from imposing periodic boundary conditions, we can simplify the first and the last terms to

_gl-L

FAD- AL e A el P e
X, 20z e e e ae (D.14)

Finally, noting that the first and second string operators are nothing but & Ua__11 and U__;, the action

of the projector P _; delivers
Z, 27— A,
X, 20 Z7 (D.15)

which completes the duality transformation (D.4).

D.3 Double exponential symmetry

We consider the modulated Z,, X Z,, symmetry (p > 3) generated by two Z,, exponential symmetries
with f;l) =a’ and f]@) =a 7 for a € Z, We find n=2 and set g; = —a — a™t and g, =1 in
Eq. (D.4). As claimed in Section 4.3, the corresponding duality Dy operator is given by

Dyw =p P, P,W $,CZ, 9, ,CZ, ;- $5 CZs. (D.16)

Here, $ ; is the Hadamard operator defined in Eq. (D.2b), while the modified controlled Z operator
CZ; is

p—1 p—1
~ Y el (a).flz —ap (g1 gata)”
CZ;=) 2Z7%;", B = p L™ ’ (Zj—2 Zi ) (D.17)
a=0 B=0

The unitary operator W only acts on the first and last n = 2 sites of the lattice and is defined as

W= W, W, W, Wy,

1 2
W, ==Y wfzZz]
a,B=0
p—1
W= Y wytt gy a5,
P im0 (D.18a)
1 (e —(a+a™
Wy=— Y wyelzre z, ) 25,
pzxﬁ:O
1=
Wy== > w2, 2],
p(LB:O

with its only nontrivial actions being
wx,  wh=z"1x,_, Wx, wh=zete " zo x|
Wx,Wh=zote z0x, 20 270 Wa,Wh= 27 x, 270 Z9te ! zote ' z01 0 (D.18b)
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The unitary operator W consists of controlled Z-type operators that is modified for the boundary
terms. For the double exponential symmetry, the duality operator (D.2) on infinite chain then can be
understood as the L — oo limit of the operator (D.16). Finally, the projectors P, and P, projects

onto the subspace which is symmetric under both exponential symmetries.

As in the previous section, to verify that the operator (D.16) indeed implements the duality
transformation, which can be seen through the sequential action of the unitary operators. Acting with

all the unitary operators up to W, implements

Z, zoome! Zo— A, X, 27! Zota™ z:!
Z, 2500 Zye X, X, — Zyt Zare z 1
(D.19a)
2, 520" Z o X, X, 2N 200 200
2L ZL_ffail Zp = X, Xy 200 Zﬁfi“l z

which is the duality transformation (D.4) on the local symmetric operators except the remaining six
—a—a-! —a—a-1
Z Z77 2o X 27 2,
21 ZL_a_(f1 2= A, 2,
Z2 Z?)—a—a’1 24 — Z2 X3_w1 X4_w2 X5_w3 ... XL__wlLfPs X;“’sz,

-1 -1 . ,w, w w w w (Dlgb)
2257 Za 2025 Ay X AL ~-~XLf1’4 XLL’B,
Xl — Xl Xg*wo X;wl X5*w2 '..X;iulL74 XL_wL—S’
Xy Xy X2 X5 XX
where
j .
w; = Z al 7. (D.19¢)
a=0

While the first two terms remain local, the last four are mapped to non-local string operators. The

final unitary operator W maps these six operators to

Z, 27 2 e X
Z; 4 Zfa_ail Z = X,
— —w —w —w w —(a ail w w
2,270 2 e Zy Ay s gy e g e g

—a—a~ ! —a—a~1 4wy Wy W g Wy gt(ataT N wy g —wp g
Z, Z, Zy v 2y Z, L S e 1) z Z, )

(ata Hw; _,—1 _w; ,+ata”!

X, Z7 X 20 Z, Zot g v L

ata~l—w; ,+(ata=?) wL72Z_wL72
2 .

Xy Z70 X, 27 Z70 xR 2
(D.20)
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We recall that when imposing periodic boundary conditions we demand L = 0 mod p — 1, and there-

fore L = n (p — 1) for some positive integer n. Using this fact, we obtain

L—3 n(p=1)—-1
wy,_g+a+al=a? (Z a* +a'+ a2) =a a >
a=0 a=0
p—2
=na® Za_%‘ = 0 mod p, (D.21)
a=0

where in reaching the last line, we have used the facts that (i) a?~! = 1 mod p and, thus, the terms
in the summation are periodic with period p — 1, and (ii) the summation of even powers of a vanishes

modulo p. Similarly, one can show that

w;_o = —1 mod p, Wy_y = —a*— a2 —1 mod p. (D.22)

Therefore, one finds that all the Z operators with exponents w; in Eq. (D.20) simplify to
Z Zl_a_a_l Zy = A,
Z Zfa_ail Zy= Xy,
Z, Z:a_a_ail Zy Xy XL_—wf_3 X;ML_2a
Z 270 e X0 X X
Xl = ZL_il Zgﬁil Zl_l Xl X:%_wo o XL_wL_S,
Xy Zyt ZoveT Zolx, o X

(D.23)

Through similar manipulations, one verifies that the last two string operators in Eq. (D.20) can be
expressed in terms of products of exponential symmetry operators and hence become identity when
hit with the projectors P, and F,. The first two strings are then simply mapped to &, and X,
respectively. To summarize, the operators on the left-hand side of Eq. (D.23) are mapped to

Z, 277 2 Xy
—aL—cf1
Z 42 Zy = Xy,
2,277 2, X,
Z, 2, 2o X,
X - 20 2P 2
X, Z; Zote ! z 00

(D.24)

which completes the KW transformation (D.4).

D.4 Z, dipole symmetry

For a Z,; dipole symmetry, we find n = 2 and set g; = —2 and g, = 1 in Eq. (D.4). As claimed in
Section 4, the corresponding KW duality operator is given by

Dyw =N Py PoW$,CZ, 9, ,CZ, 4 53 CZs. (D.25)

61



Here, §); is the Hadamard operator defined in Eq. (D.2b), while the modified controlled Z operator
CZ; is
J

p—1 p—1
o « « 1 —Q — /B
CZ; =Y Zr P, P = » > w, (2527 ) (D.26)
a=0 B8=0

The unitary operator W only acts on the first and last two sites of the lattice and is defined as

Wo=W,_ W, W W,

1 = —Q -
Wy ==Y welzrez]
p(LB:O
12
W, == wy B zre z 20
pa%;() ? (D.27a)
1 2=
Wy== Y wf 22,7 2
p(LB:O
12
Wyim o Y w, P 25" 2],
pzxﬁ:O
with its only nontrivial actions being
wWx, Wh=2z1x_,, Wx, Wt =2z122x,,
Wx,wh=2z2z"1x,2"1 2", Wxwh=ztx ztz2z2 21 (D.27b)

The unitary operator W consists of control-Z-type operators that is modified for the boundary terms.
For dipole symmetry, the KW duality operator (D.2) on infinite chain then can be understood as the
L — o0 limit of the operator (D.25). Finally, the projectors P, and Pp, project onto the symmetric
subspace, i.e., U =1 and D = 1.

As in the previous section, to verify that the operator (D.25) indeed implements the duality
transformation, we act by the unitary operators on the symmetric local operators sequentially. Acting

with all the unitary operators up to W, implements

AR A Xy 27025 251

2,222 X, X, 2702220

: (D.28a)
ZL—SZL_EZZL—l = Xp_s, Xp = ZZES Z%—Q ZL_ED

ZLfZZIjElZL = Xp_o, Xp — Zgiz Z%fl Zila

which is the KW duality transformation (D.4) on the local symmetric operators except the remaining

62



six
Z 2722y X 2 2,
Z5 ZL_2 Z = X, 2y,
2,222 0 Zo Xt XA Rk
VAN ARD AR A AR A o SRR Ed
Xy X X XA T AT
Xy = Xy FXP XS - XTE X

(D.28b)

While the first two terms remain local, the last four are mapped to non-local string operators. The

final unitary operator W maps these six operators to

z ZfQ Zy = &,
Z1 4 Z[_,2 Z = X,
2,257 2, 2T 2y XXX X AT
Z 272 2y ZE 27 ) xR
Xy 200X 20 23 20 20 XXX 2T 2y T AT
Xy ZPZ7 X, 2zt a2l z b e

(D.29)

Note that each string resembles the dipole symmetry operator. In particular, using the fact that
consistency with periodic boundary conditions requires L. = 0 mod N, we can cancel all terms the

raised to the power L and obtain the six terms

Z 2722, Xy,
Z G202 - X,
Zy 25 Z e XXX A A
212;223 — Af})/l’f?(g’ ~--le’1 XEQ,
X ZEL ZPZ0 X X AT A A
X, — Z' 2P 2 g xt At

(D.30)

Using the fact that projectors F; and P, sets U = 1 and D = 1, one verifies that the last two strings
are trivialized while the first two strings are just equal to X, and X, respectively. To summarize, the

operators on the left-hand side of Eq. (D.28b) are mapped to

ZL 2702, X,

Z 2002 Xy,
2,22 2, X,
2,272, X,

X, 20 21 20
Xy 20120 25,

(D.31)

which completes the KW transformation (D.4).
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