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Abstract

Gauge theories in d dimensions with a nontrivial fundamental group admit a (d— 3)-
form magnetic symmetry and a (d — 5)-form instantonic symmetry. These are examples
of Chern-Weil symmetries, with conserved currents built out of the gauge field strength,
which can only be explicitly broken through violations of the Bianchi identity. For U(1)
gauge theory, it is clear that magnetic monopoles violate not only the (d— 3)-form mag-
netic symmetry but also lower-form symmetries like the instantonic symmetry. It is also
known that an improved instanton number symmetry current, which is conserved, can
be constructed in the case that the magnetic monopole admits a dyonic excitation. We
study the generalization to other gauge groups, showing that magnetic monopoles also
violate instantonic symmetries for nonabelian groups like PSU(n), and that dyon modes
can restore such symmetries. Furthermore, we show that in many (but not all) exam-
ples where a gauge group G is Higgsed to a gauge group H, the structure of monopoles
and dyons emerging from the Higgsing process explicitly breaks the instantonic symme-
tries of H to those of G. The meaning of explicit breaking of a (d — 5)-form symmetry
is clearest for d > 4, but these results also extend to d = 4, where the breaking is
interpreted as an obstruction to coupling the theory to a background axion field.
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1 Introduction

1.1 Setting

Quantum field theories can admit a wide variety of symmetries, which provide a nonperturba-
tive tool for understanding dynamics. Recent years have seen great progress in understanding
new kinds of generalized symmetries in higher-dimensional QF T, building on the viewpoint
of [1L)2] (for reviews, see, e.g., [318]). In this paper, our focus will be on a particular class of
symmetries, arising in gauge theory, for which the symmetry charge is a topological invariant
of the gauge bundle. These invariants are known as characteristic classes in mathematics,
and we will follow [9] in referring to the corresponding symmetries as Chern- Weil symme-
tries. Examples include symmetries that measure magnetic flux or instanton number. Some
related work includes [10-20].

The conservation law for Chern-Weil symmetries follows from the Bianchi identity in
gauge theory, which makes such symmetries difficult to break explicitly. As emphasized
in [9], this poses a puzzle for quantum gravity, which is not believed to admit global symme-
tries [21-26|. This principle implies that, when a quantum gravity theory admits a low-energy
description in terms of gauge theory, all of the Chern-Weil symmetries of the gauge theory
must be either gauged or explicitly broken. Chern-Weil symmetries can be gauged in a
straightforward manner by coupling their symmetry currents to dynamical gauge fields via
Chern-Simons terms. This may help to explain why Chern-Simons terms are ubiquitous
in known theories of quantum gravity (see also [27]). Explicit breaking is more difficult to
understand: because the symmetry follows from the topology of the gauge group, we cannot
simply add explicit symmetry breaking terms to a Lagrangian. In this paper, we aim to
provide a clearer understanding of how magnetic monopoles can explicitly break Chern-Weil
symmetries in a variety of gauge theory examples.

We consider a gauge theory with gauge group G in d spacetime dimensions. We will focus
on the scenario where GG is compact and connected. We will be primarily interested in two
symmetries associated with the topology of GG. The first symmetry of interest, the magnetic
(d — 3)-form symmetry, measures the magnetic flux of the gauge theory and acts on 't Hooft
operators |2]. The (d — 3)-form symmetry group is given by m;(G)", the Pontryagin dual of
the fundamental group of G. For example, the group U(1) has fundamental group Z, so U(1)
gauge theory has a Z¥ =2 U(1) (d — 3)-form symmetry, with symmetry charge the magnetic
flux % fz F' € Z measured on any closed 2-surface X.

The second symmetry of interest, the (d — 5)-form instanton number symmetry, has an
integer charge which is proportional to the integral [, tr(F A F) over a 4-manifold X. In
d > 4 spacetime dimensions, this is a generalized global symmetry. In the special case d = 4,
this is not a symmetry in the usual sense, but is what we might refer to as a “(—1)-form
global symmetry.” This can be alternatively understood as the possibility of coupling the
theory to a background axion field § = 6+ 27 [28-30] (see also [31-34]). We will be concerned
with how the instanton number symmetry can be explicitly broken in the case d > 4, and in
how a coupling to a background axion field might be obstructed in the case d = 4. We will
refer to the latter case as explicit breaking of the (—1)-form global symmetry.



1.2 Magnetic symmetry gauging or breaking

Gauging and breaking of the magnetic (d — 3) form symmetry is well understood. Consider
first the case of U(1) gauge theory, where the symmetry current is %F . We can gauge the
symmetry by coupling the current to a dynamical (d — 2)-form gauge field B. This 5-BA F
term gives the U(1) gauge field a mass, removing it from the low energy spectrum. On
the other hand, the (d — 3)-form symmetry can be explicitly broken by the introduction of
dynamical magnetic monopoles, which modify the Bianchi identity to take the form dF =
27T Jimag Where Jyae is the magnetic monopole current (which can also be thought of as a
three-dimensional delta function localized to the monopole’s worldvolume).

In the more general case, when the fundamental group of G contains a discrete factor,
gauging the discrete (d — 3)-form magnetic symmetry corresponds to changing the global
structure of the gauge group. For example, PSU(n) = SU(n)/Z,, gauge theory has a (d — 3)-
form Z,, symmetry. Gauging this symmetry produces an SU(n) gauge theory. While this
operation does not have as dramatic an impact on low-energy physics as in the U(1) case,
it does change the spectrum of Wilson and 't Hooft lines in the theory [35]. SU(n) gauge
theory admits more electrically charged matter representations than PSU(n) gauge theory,
and in quantum gravity, we expect that corresponding charged particles exist.

Explicit breaking of the discrete (d — 3)-form symmetry is always accomplished by intro-
ducing magnetic monopoles.[] In the PSU(n) example, these monopoles carry a Z,, magnetic
charge.

1.3 Instantonic symmetry gauging or breaking

The instanton number symmetry can be gauged by coupling the theory to a dynamical
(d — 4)-form gauge field C' through a Chern-Simons term of the form C' A tr(F A F). In
some cases, the symmetry can also be broken by the introduction of appropriate dynamical
objects. In U(1) gauge theory, the instanton symmetry current Ji,s = S%F A F'is simply
the wedge product of two magnetic symmetry currents; as a result, as soon as dF' # 0, we
have dJius # 0 as well (for d > 4)E]

Much of this paper is concerned with generalizing this result to other symmetry groups
G. At first glance, one may think that a magnetic monopole charge valued in Z,, cannot
contribute to the breaking of an instanton number charge valued in Z (such a statement
was made in [9]). However, this is not the case. Again, the gauge group PSU(n) provides a
prototype. Relative to SU(n), the instanton number can take fractional values proportional
to 1/n, and the fractional part of the PSU(n) instanton number is determined by the square
of the Z,-valued class ws that determines the magnetic monopole number [36]. (A detailed
table of such relationships for different groups can be found in [29|.) In this way, magnetic
monopole breaking of the (d — 3)-form symmetry with current ws can induce breaking of the
(d — 5)-form instanton number symmetry, as we will discuss in detail in Sec. .

LA canonical example is the SU(2) Georgi-Glashow model where 't Hooft-Polyakov monopoles break the
magnetic symmetry of the IR U(1) gauge theory.

2This result clearly carries over to lower-form symmetries with current £ A F'A F A -- -, though we will
not discuss such cases in detail.



Another well-known element of the story for the U(1) case is that, when the mag-
netic monopole admits an appropriate dyonic collective coordinate and can acquire electric
charge |37,38], an improved instanton number symmetry is preserved by the monopole [9,39].
Whether such a dyonic mode is present depends on details of the UV completion; for ex-
ample, it is present for the 't Hooft-Polyakov monopole. We will see that a generalization
of this result applies to a much wider class of examples. When a gauge group G is hig-
gsed to a subgroup H C G, the IR theory in general has more instantonic symmetries
than the UV theory. For example, breaking SU(5) to the Standard Model gauge group
Gsm = [SU(3) x SU(2) x U(1)]/Z¢ leads to three distinct instanton number symmetries in
the IR, one for SU(3), one for SU(2), and one for U(1). It was explained in [9] that the two
independent linear combinations of these symmetries that are not inherited from the SU(5)
instanton number symmetry are explicitly broken by a process that shrinks the instanton
below the higgsing scale, rotates it within SU(5), and blows it back up. In this paper we will
see that there is a different description of this breaking in terms of magnetic monopoles. The
minimal Ggy; monopole carries flux under all three gauge group factors, and so at first glance
would appear to fully break all of the instanton number symmetries. We will see that prop-
erly accounting for its dyon mode allows us to construct an improved current for precisely
one linear combination of these symmetries, which is the one inherited from SU(5). We show
that this generalizes to a wide variety of examples: magnetic monopoles, together with their
dyonic zero modes, provide a defect in the low-energy effective field theory that remembers
the Chern-Weil symmetries of the ultraviolet theory. However, we will also see examples that
do not fit this pattern, where the infrared gauge group does not admit magnetic monopoles.

1.4 Instantonic Symmetry in d =4

There is a longstanding claim that string theory has no free parameters | The string coupling
constant, for example, arises as the vacuum expectation value of a dynamical dilaton field.
This is the prototype for many examples in which parameters are determined by the values
of moduli fields.

The claim that quantum gravity has no free parameters suggests that, for a 4d gauge
theory appearing in the low-energy EFT of a quantum gravity theory, the 6 angle should
not be a continuously tunable parameter. Instead, either it is the value of a dynamical
axion field 6(x), or some principle will restrict it to take on only a discrete set of possible
values. Both of these cases are realized in the context of known string theory vacua. Axion
fields are ubiquitous in constructions of particle physics models within string theory (see,
e.g., [41-43]). On the other hand, in some cases there is no light modulus field controlling
the 6 angle. For example, in a Type IIB compactification on a rigid Calabi-Yau, the 6
angle for the 4d gauge field obtained by reducing Cj on the holomorphic 3-cycle can only
take the CP-conserving values § = 0 or § = 7 [44]|. Similar results have been found in
flux compactifications [45]. A field-theoretic analogue is the result that in many 3d QFTs,
the fractional part of Chern-Simons contact terms in the two-point function of conserved
currents is fixed by general principles [46]. These contact terms are holographically dual to

3This is mentioned as “string lore” in [40], for example. We are unsure what the earliest published version
of this claim is. A recent discussion using the language of (—1)-form symmetries appears in [32].



0 angles in 4d AdS quantum gravity. A similar result holds for the would-be 6 angle of the
CP! sigma model in (2 + 1)d [47].

Viewing a (—1)-form U(1) global symmetry of a theory as a means of coupling the theory
to a background 6 angle, we can interpret these two possibilities in the language of symmetry.
When there is a dynamical axion #(x) coupled to gauge fields, we say that the would-be (—1)-
form global instanton number symmetry of the theory has been gauged ] On the other hand,
when some physics obstructs the coupling to a background 0(x), we say that the (—1)-form
instanton number symmetry is explicitly broken. We expect that in this case, only discrete
values of the 6 parameter are attainable.

One reason that we find the language of (—1)-form symmetries to be useful in this context,
rather than sticking to the more familiar language regarding absence of free parameters, is
that the analogy to higher p-form symmetries and their explicit breaking proves to be a
useful guide to possible obstructions to coupling to an axion. We have seen that magnetic
monopoles break instanton number symmetry in d > 4. In d = 4, magnetic monopoles
obstruct the coupling to a background axion field, due to the Witten effect [48]. Furthermore,
just as in d > 4, the existence of a dyon mode on the monopole allows for the construction of
an improved symmetry current to which the background axion can be consistently coupled |9,
39,49|. Our results regarding the generalization of monopole breaking of instanton number
symmetry, and dyon restoration of the UV instanton number symmetry in examples of
higgsing G — H, all carry over in this way to the case d = 4.

1.5 Phenomenological motivation

The absence of global symmetries in quantum gravity provides a potentially powerful tool for
making predictions about particle physics. For example, QED has a magnetic 1-form global
symmetry. Of the two options for eliminating this symmetry described in §I.2] the first
(gauging) is not viable in the world around us, because it would decouple the photon from
the low-energy spectrum. The remaining option is that the symmetry is explicitly broken,
and magnetic monopoles exist. This is a special case of the completeness hypothesis for
quantum gravity, which holds that all allowed gauge charges must be carried by dynamical
objects in the theory [25,[26,50-54]. The existence of magnetic monopoles is an interesting
prediction of quantum gravity for the real world, but a difficult one to test experimentally,
because they are likely to be very heavy.

The lack of a free  parameter in quantum gravity, or equivalently the absence of a
(—1)-form instanton number symmetry, may connect more directly to tractable experiments.
One possibility is that the 6 parameter is promoted to a dynamical axion field that gauges
the (—1)-form symmetry. Such fields are the target of many ongoing experiments. The
alternative is that some underlying principle fixes the 6 parameter to a discrete set of possible
values. This approach could also play a role in solving the Strong CP problem, as in Nelson-
Barr models [5556], where CP symmetry requires that the fundamental 6 parameter is zero
(and spontaneous breaking of CP generates a small correction). It is interesting that, in
the simplest examples of quantum gravity theories in which an instanton number symmetry

4The instanton number symmetry can also be gauged by coupling to massless chiral charged fermions |9,
30]. In both cases, this renders the current Ji,g exact.



is explicitly broken, there are no chiral fermions charged under the gauge field (various
examples illustrating this point have been collected in [57,58]).

To assess whether quantum gravity predicts that a dynamical axion field exists in our uni-
verse, coupled to the Standard Model gauge fields, or whether it allows for alternative means
of removing the free parameter 6 from the theory, we should classify the possible physical
principles that can fix the value of 8 (or, equivalently, explicitly break the (—1)-form global
instanton number symmetry). This work constitutes a step toward this goal, by correcting
and extending the incomplete discussion of magnetic monopole breaking of instanton num-
ber symmetry in earlier work [9]. However, as we will comment in the concluding section,
more work remains to fully classify the ways in which instanton number symmetry can be
explicitly broken.

1.6 Outline

The outline of this paper is as follows. In Sec. 2] we offer some general remarks about
the explicit breaking of topological symmetries in the presence of dynamical topological
defects. In Sec.[3] we review how dynamical magnetic monopoles explicitly break the Chern-
Weil symmetries of U(1) gauge theory, and how a localized dyon mode on the monopole
can be used to construct an improvement of the Chern-Weil symmetry current that is still
conserved. Whether or not such a dyon mode exists depends on the UV completion. In
Sec. [ we show that this story extends to the case of PSU(n) = SU(n)/Z,. There is a Z,
magnetic (d — 3)-form symmetry which is broken by the existence of dynamical monopoles.
We argue that these monopoles also break the U(1) instantonic (d — 5)-form symmetry, and
that there is again a prospect of restoring the symmetry with dyons. In Sec. [5 we consider
a range of examples where a simple and simply connected gauge group G is higgsed to a
smaller group H. In general, this leads to magnetic monopoles associated with mo(G/H) that
break the magnetic (d — 3)-form symmetries of H. These monopoles also break instanton
number (d — 5)-form symmetries associated with H. In certain cases, we show that the dyon
modes on the monopoles allow the construction of improved instantonic symmetry currents
that restore precisely the UV instantonic symmetry of G. However, in some cases we find
that the IR theory has additional emergent instantonic symmetries that are not broken by
magnetic monopoles. In Sec. [6] we offer some concluding remarks. Additional technical
details are provided in two appendices. In App. [A] we review the construction of the dyon
effective action for the 't Hooft Polyakov monopole in the case of SU(2) — U(1), and give
a further example of the dyon effective action for the case SU(3) — SO(3). In App. B]
we discuss magnetic and instantonic symmetries in some additional examples of G — H
higgsing patterns for which G is not simple.

2 Explicit breaking of topological symmetries

Topological symmetries have charges that are conserved off-shell; discussing their explicit
breaking in an EFT setting can only be done semiclassicaly. As an example consider a low
energy theory in a 4d spacetime M, featuring a U(1) gauge field with a magnetic U(l)fi) Sym-
metry. This symmetry follows from the Bianchi identity of the gauge field and is, therefore,



conserved off-shell. As a result it can’t be broken by a mild modification of the Lagrangian.
It can only be broken by modifying the UV. A simple way is to consider this EFT as arising
in the IR of an SU(2) gauge theory that undergoes adjoint Higgsing. This theory contains
finite energy configurations carrying magnetic charge, the 't Hooft Polyakov monopoles. An
't Hooft line can end on the core of such a monopole and the magnetic charge is screened,
thus breaking the magnetic U(l)gb) symmetry. From the deep IR these configurations look
singular, but they have a finite energy set by the Higgsing scale. In the following we wish to
be agnostic about the UV and assume that finite energy configurations carrying magnetic
charge exist. We can define an 't Hooft line operator H(v) as an operator that excises an S?
around a curve v and prescribes boundary conditions around it such that a magnetic charge
is measured. The effect of an insertion of such operator in a correlation function is to restrict
the field configurations to be included in the path integral to those satisfying,

1
— — 5@
AP =59(), (1)

where 6 (v) is a 3-form which is Poincaré dual to . It is apparent from Equation that
summing over H(7) insertions (i.e., treating the magnetic monopoles as dynamical objects
in the theory) explicitly breaks the U(l)ﬁb) symmetry. If a probe 't Hooft line is introduced,
its magnetic charge will be screened by the H () insertions. More generally, operators that
can’t be written in the electric variables of the theory are called magnetic or defect operators.
In the following we introduce toy models with compact scalar fields where one can easily

visualize the explicit breaking of the symmetry.

2.1 A compact scalar in 2d

Consider a theory of a compact scalar with period 27 in a Euclidean 2d space Ms,
1 2
5= [ Slasp )

Here and elsewhere, |d¢|* denotes d¢ Axdg. There is an electric U(l)go) shift symmetry ¢ —
¢+a, a € [0,27). This symmetry implements a U(1) rotation on the gauge invariantff] vertex
operators V (z) = €@, There is also a magnetic U( 1)(m0) symmetry under which monodromy
defect operators are chargedﬂ A monodromy defect operator M(x) is defined by excising

a point x and prescribing a boundary condition % [d¢ =1 around itﬂ We can explicitly
break the U(l)gg) symmetry by summing over insertions of M (z). Each combination of
such insertions will correspond to including field configurations on a spacetime with a given
number of points z; removed and prescribed monodromy charges emanating from them. For
a single insertion M (z), the allowed field configurations will satisfy

5-d(d9) = 90 (a) )

5Note that ¢ — ¢ + 27 is a gauge redundancy.

6Equivalently, the magnetic symmetry acts by constant shifts on the dual boson qg

”A monodromy defect operator can also be inserted by prescribing a branch-cut singularity on the gauge
variant field ¢.
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Figure 1: Compact scalar cylinder quantization with a monodromy operator. a) represents
the theory on the cylinder. The quantization is along the circle and, as x is crossed, the state
monodromy jumps. b) depicts the radial quantization and is related to a) by a conformal
transformation.

where 6 (z) is Poincaré dual to z. Let us quantize the theory on a circle S', so that
spacetime is a cylinder. The insertion of the monodromy operator corresponds to field
configurations where the monodromy % f s1 d¢ is not conserved, i.e., it jumps as we evolve
along the cylinder. In other words, if z = (zg,z;) € (S',R) the monodromy charge will
jump at x;. This is depicted in Figure[I] Field configurations with this boundary condition
violate the conservation of monodromy charge

A different perspective on topological symmetries that will be useful when discussing
(—1)-form symmetries is as follows. A theory with a topological U(1) symmetry has field
configurations that can be classified by a set of integers n;. In the absence of dynamical
operators carrying topological charge, there is no smooth deformation of a field configuration
that can change the n;’s, and the path integral splits into sectors labelled by n;. Denote
by ® the set of fields in a given theory. Given a field configuration we can consider which
other field configurations are connected smoothly to it. We say that two field configurations
are connected smoothly if we can deform the former to obtain the latter without passing
through singular configurations or infinite action barriers] This establishes an equivalence
relation. A path integral that includes a particular field configuration must include any other
configurations smoothly connected to it. Consider a smooth deformation parametrized by
7 € [0, 1] such that the initial field configuration is ®(7 = 0) and the final one is ®(7 = 1).
The initial topological charges must match the final ones, ie., n;(t = 0) = n; (7 = 1).

8In some theories, zero modes of monodromy defects could be used to construct an improved current that
is conserved. The existence and structure of these zero modes is UV sensitive and we will not explore it
further in models of scalar fields.

9 An example of two configurations being forced to be included by consistency arises when they are gauge
equivalent. In such cases the configuration space parameter 7 is circle-valued and our construction reproduces
the mapping torus configurations |59|. In cases where the two configurations are not gauge equivalent but
are connected smoothly our construction yields a cylinder, instead of a torus.
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Figure 2: Smooth deformation of the field configuration in the presence of dynamical mon-
odromy defects in a 2d compact scalar theory. The monodromy defect (line in red) ends on
the monodromy defect operator M (z). As a result, configurations with different monodromy
charge are smoothly connected.

If dynamical objects charged under the topological charges are included we consider their
nucleation as an allowed smooth deformation and the n;’s are no longer conserved. This
implies that the path integral no longer splits into different sectors. It makes no sense to
restrict the values of the n;’s in a path integral, since they may be changed by smooth
deformations.

Let us return to the case of a compact scalar on a 2d manifold M and 1-cycles ¥; €
Hy(M). A field configuration has topological charges n; = va’ d¢. If a field configuration
¢(x) is smoothly deformed to ¢'(x), the n; are conserved. Consider now including dynamical
monodromy operators. Then, in the allowed smooth deformations we allow for insertions
of these operators. Such a deformation is depicted in Figure 2 Note that in this construc-
tion the monodromy defects extend along the additional dimension and can terminate on
monodromy operators. We see that the n;’s are no longer conserved.

2.2 Two compact scalars in 2d

Consider now a theory of two compact scalars in an euclidean 2d space M, with action,

1 1 0
S = [ =|dp:|* + =|des|* + i=—d¢; A deps. 4
[ 10 + SldeaP +i5 a6 n doy (@)
This theory has three topological symmetries with conserved currents Jl(l) = %dgbl, J2(1) =
%d@ﬁg and J®) = ﬁdgﬁl A dgs. The two first currents are associated with the magnetic

0-form monodromy symmetries of the two scalar fields while the latter is a (—1)-form Chern-
Weil symmetry for which we have turned on a f-background in Equation (4)). Note that the
Chern-Weil current is the product of the two magnetic currents. We will refer to symme-
tries arising in this way as composite symmetries. The two monodromy symmetries can
be explicitly broken by adding dynamical monodromy operators, as in the discussion in

10



Section 2.1} Inserting monodromy operators has a further effect: it breaks the (—1)-form

Chern-Weil symmetry. Consider the insertion of a monodromy operator M;(z) sourcing Jl(l),

dJl(l) = 0@ (x). In sectors with non-trivial ¢, monodromy the Chern-Weil current is also
sourced by this operator,

1
dJ® = %5@) (z) A des (5)

But this equation is non-sensical in 2 spacetime dimensions. This failure reflects the fact that
there is no physical process that can violate a (—1)-form symmetry. Of course (—1)-form
symmetries are not related with the conservation of quantities in Hilbert space. On the other
hand we can still make sense of the second interpretation of topological symmetries that was
presented in Section 2.1} Let us consider for definiteness M; to be a torus. There are two
1-cycles, ¥, and ;. A field configuration will have associated topological numbers n; =
% fzi doy, m; = % fZi dgo and k = ﬁ fT2 d¢py A dgs. Charges of composite symmetries
follow from more basic charges. In this case,

k= niQijmj (6)

Where €;; is the symplectic 2 x 2 metric. For instance, if a field configuration has n;, = (1,0)
and m; = (0, 1), it follows that £ = 1. We can now ask which other field configurations are
smoothly connected to this one, such that they must also be included in a path integral.
If no monodromy operators are included the answer is clear, only field configurations with
the same topological numbers. On the other hand if dynamical monodromy defects M (x)
and Ms(x) sourcing the monodromy currents Jl(l) and Jz(l) are allowed, the answer changes.
There are now allowed smooth deformations that arbitrarily change n; and m;. This in turn
also arbitrarily changes k, whose final value is given by &' = nj€);;m’;. An example of such a
deformation is presented in Figure [3

We conclude that adding dynamical monodromy defects not only breaks the monodromy
symmetries, but also the (—1)-form Chern-Weil symmetry. Any field configuration can now
be smoothly deformed to any other and the path integral no longer factorizes into different
sectors. This conclusion is hardly surprising since the (—1)-form Chern-Weil symmetry is
composite. However, we will see in Sec. [4] that non-composite Chern-Weil symmetries may
suffer a similar fate.

We finish this section by explaining in which sense the conservation of topological num-
bers follows from an extension of the non-sensical equation . A smooth deformation
parametrized by 7 € [0, 1] yields an auxiliary 3d manifold M3 = My x I, where I is the
interval parametrized by 7. Take coordinates (x,zo, 7). Consider for definiteness ¢;. Ex-
tend ¢;(z) from M, to M3 so that ¢1(z, 7) interpolates between two 2d field configurations
O1(z, 7 =0) = ¢pr10(x), p1(x, 7 =1) = ¢11(x). Consider the 2d conservation equation on My,

1
d(d¢1) = §8M8V¢1d:v“ Adx” = 0. (7)
It follows that ¢y (x,7) obeys a similar 3d equation,

d(dey(z, 7)) = %&Lab(bldx“/\dxb = d(d¢n)+0,0;¢1 (z, 7)dat Adx™+0,0,¢1 (z, 7)dx" Adat = 0,
(8)

11



Figure 3: Smooth deformation of the field configuration in the presence of dynamical mon-
odromy defects in a 2d theory of two compact scalars on the torus 7. The physical space is
shaded in grey. Its origin is removed and identified with infinity so the topology is the one
of T2?. The fundamental cycles of T? are denoted in green. The initial field configuration
has two monodromy defects that extend also in the v direction. We have only depicted the
monodromy defect for ¢; (line in red). It ends on the monodromy defect operator M (x).
As a result, configurations with different monodromy charges are smoothly connected and &
jumps from k=1 to &' = 0.

where we have introduced 3d indices a,b. We see that the smooth deformation satisfies
d(d¢y(z,7)) = 0 and thus preserves the topological numbers n; defined above. The same
holds for any Chern-Weil current, i.e., their charges are preserved under smooth deformations
of the fields. In particular it also holds for (—1)-form Chern-Weil symmetries. This allows
us to reinterpret equations such as . They imply that smooth deformations preserve the
(—1)-form symmetry charge.

3 U(1)

In this section we will review some well-known aspects of Chern-Weil symmetries for the
gauge group U(1); earlier discussions along these lines may be found in [9}/49//60,61]. In the
case of U(1) gauge theory in d > 4 dimensions, it is well understood that dynamical magnetic
monopoles break not only the (d — 3)-form magnetic symmetry with current J? = iF but
also the (d — 5)-form instanton number symmetry with current J® = L F A F. This
is straightforward: in the presence of dynamical monopoles with worldvolume M, 3, we
have dJ® = §3) [Mg_3], where 5% [Mg_3] is the Poincaré dual of My 3. Then we have
dJ®W = %F ASY [Mg_3], and similarly for the lower-form symmetries generated by higher
powers of the current F' in higher dimensional gauge theories.

Although this derivation is simple and transparent, it is useful to give an alternative
derivation of the breaking of the symmetry generated by J®, in terms of whether we can
couple this current to a background (d —4)-form gauge field C'. This is useful for two reasons.
First, it reveals that in some cases an improved symmetry current can be constructed which

12



is conserved, using a localized dyon mode on the magnetic monopole worldvolume. Second,
it generalizes to the case d = 4, where dJ® = 0 holds trivially because J® is a top form.

Consider U(1) gauge theory with J coupled to the background gauge field C, so that
we have

1 1
S = ——FAxF+—CANFAF|. 9
Jo Lz ner + “
From this theory, we can attempt to construct a magnetic dual field Ay; whose field strength
is
1 sLW 1 1
or M OF 2" +47r20/\ ’ (10)

where £® is the 4-form Lagrangian density we integrate to obtain S. This equation can
always be solved locally, since the equation of motion tells us that the exterior derivative
of the right-hand side is zero. However, we see that Fy; is not gauge invariant under gauge
transformations of C'. In particular,

C—C+d\ = AMI—>AM+2id/\/\A. (11)
™

This means that we cannot define a monopole action along its worldvolume I' with the simple
form Sy = fr (T'xr 1+ Ayp): it is not invariant under background C' gauge transformations.
Another way to say this without introducing Ay, in the case where the worldvolume I is a
boundary 9% =T, is to introduce the surface operator

. 1 1
exp [2%@/2 (—;*F—FWCAF)} . (12)

This is equivalent to fr Ay when it is a genuine operator on I' (independent of the choice of
%3). The quantization of electric flux ensures this: [, (=% x F + 2C A F) € Z for closed ©,
so given two surfaces ¥ and ¥’ that have a shared boundary I', we can take Q = L UY' to see
that the integrals over ¥ and ¥’ are identical (on-shell). However, is not invariant under
C gauge transformations. One could consider a different operator obtained by integrating
by parts to replace C' A F' by AAdC, but then the operator would fail to be invariant under
A gauge transformations. This shows, albeit in a more cumbersome manner than simply
computing d.J¥, that the (d — 5)-form Chern-Weil symmetry is explicitly broken.

The worldvolume of a monopole may contain localized degrees of freedom that restore
invariance under C' gauge transformations, which can be understood as a form of anomaly
inflow [49,/62]. In some cases, like the famous 't Hooft Polyakov monopole, dyonic degrees
of freedom that give electric charge to a magnetic monopole are known to exist [37,38|.
We review the argument for this in Appendix [A] Suppose that our monopole has such a
degree of freedom: a periodic scalar field ¢ = ¢ + 27, which transform as ¢ — ¢ — a when
A~ A+ da, so that Do = do + A is a covariant derivative. Then we can couple C' to the
monopole worldvolume theory according to

1, 1

The path integral includes a sum over the worldvolumes of dynamical monopoles, I', together
with a path integral over the localized field o living on these worldvolumes. An 't Hooft

13



operator can be defined in a similar manner [52|, with the path integral over o along the

operator’s worldvolume being necessary for C' gauge invariance. We now have the requisite

gauge invariance for Sy under C' gauge transformations C' +— C + d\ (in which we include

the case C' — C + 2mw with w € H¥7%(X, Z), thought of as a “winding” configuration of \):
1

exp(iSm) — exp(iSy) exp {2— / dA A da} = exp(iSm), (14)

TJr

using the fact that % [ dA, % [ do € Z. Thus, we infer that there actually is a (d — 5)-form

symmetry in the theory, generated by the current

1
JO = j@ _ 2—(d0 + A) A OB [My_s), (15)
™

for which dJ@ = 0 follows directly from dJ® = §$¥[M,_s] and d(do + A) = F.

The case d = 4 proceeds in an exactly analogous manner: C' is now viewed as a
background axion field 6, and we require invariance under its large gauge transformations
0 = 0 + 27 (we can phrase this as J*) generating a U(1) (—1)-form symmetry [30]). The
monopole obstructs the coupling of the theory to 8 in precisely the same manner as in d > 4,
but if the monopole admits a dyon mode o, we can construct an improved current which takes
precisely the same form . From the viewpoint taken in Sec. , the operator exp[iaj (4)]
is then topological in 5d configuration space.

4 PSU(n) Chern-Weil breaking by monopoles

4.1 The main idea

PSU(n) Yang-Mills theory in d dimensions has a Z,, magnetic (d — 3)-form symmetry, and
a U(1) instantonic (d — 5)-form symmetry. On a spacetime M, the magnetic symmetry
current is given by the Z,-valued Stiefel-Whitney class wy € H?(M,Z,,), which measures the
obstruction of lifting a PSU(n) bundle to an SU(n) bundle. This class is normalized so that
the integral fz wy over a closed 2-cycle Y takes values in the integers mod n, which we can
take to be {0,1,...,n — 1}. The instanton number of a PSU(n) gauge bundle, given by the
integral 87%2 [ tr(F A F) over a closed 4-cycle X, is an integer multiple of the base unit 1/n
(whereas for SU(n) it would be an integer). Furthermore, the instanton number can only be
fractional for PSU(n) bundles that are not SU(n) bundles. More specifically, the instanton
number [ integrated over a closed 4-manifold X is related to the Stiefel-Whitney class wy as

follows:
Wa A Wa

1 -1
I=— [ w(FAF)=" / mod 1. (16)
X n X

812
We will focus on the case of n odd to avoid subtleties in the definition of the Pontryagin
square. See, e.g., |5,[29,36] for further discussion.
The magnetic (d—3)-form symmetry is explicitly broken if dynamical magnetic monopoles
exist. If jmag is a magnetic monopole current, normalized so that the minimal magnetic
monopole has charge 1, then we have an equation of the form

d’LUQ = jmag- (17)
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Both sides of this equation are valued in H*(M,Z,). Here, we see that wy plays a role
analogous to %F in U(1) gauge theory.

Much as in the U(1) case, the equations and imply that, in d > 4 dimensions,
instanton number is not conserved when magnetic monopoles are dynamical objects in the
theory:

AT = [ dpeFar)=""2

o 2
8'/T X n

—1
/ wy A dwy = n_/ W2 A Jmag mod 1. (18)
X n X

In particular, this shows that instanton number will be violated by fractional amounts (mul-
tiples of 1/n) when we have a magnetic monopole current jy,., and a fractional magnetic flux
wy on a separate 2-cycle. This, in turn, implies that the existence of a minimally charged
magnetic monopole fully breaks the instantonic symmetry in PSU(n) gauge theory.

This argument generalizes immediately to other gauge groups of the form G/T" for simply
connected G and nontrivial I' C Z(G), for which the instanton number of G/I" can be a
fraction of the allowed instanton number for G; see Table 1 of [29].

In the discussion below, we will see how this works more explicitly by directly studying
field configurations with nontrivial magnetic flux and instanton number, and seeing how
the insertion of a monopole annihilation operator can change any initial instanton number
to zero. We will also examine the 4d case, where breaking of the instantonic symmetry
corresponds to an inability to couple magnetic monopoles to a background axion field.

4.2 Example field configuration with fractional instanton number

We exhibit a PSU(n) field configuration on the space S? x S? that has magnetic flux on each
sphere, and instanton number on the full 4d space. There is a well-known construction of a
Dirac monopole using two coordinate charts, one covering the northern part of the sphere
(6 # 7) and one covering the southern part (§ # 0). Analogously, we cover S? x S? with
four coordinate charts, which we label (++), (+—), (—+), and (——), where the first 4+ or —
refers to whether we cover the northern or southern part of the first S? factor respectively,
and similarly for the second + or —. We take our gauge field configuration to be

Aloro0) = %Tl(crll —cosfq)doy + %TQ(O'Q]_ — cos 6)dg, (19)
where 01,09 € {+,—} are signs and T3, T, are matrices in su(n) for which exp(27iTy) €
Z, C SU(n). If exp(27iT}) is not the identity, then we have a field configuration that is not
an SU(n) bundle but is a PSU(n) bundle due to the Z,, quotient defining PSU(n). In these
cases, the field configuration has nontrivial Stiefel-Whitney invariants.

In order to have a valid gauge field configuration, we need our field configurations to be
related by gauge transformations gy_,iv on the overlap of two coordinate charts U NV, i.e.,

AV = AU - lg&l%vdg(]%v (20)
For consistency, we further require that gy_.py = gaiv and that the cocycle condition

gv—w(x) - guv(z) = guw(z) is satisfied on triple overlaps U NV N W. For our case,
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we take:

9+—)—(——) = exp(=iTi¢n),
I(+H)=(+-) = J—H)—(——) = exp(—iTre),
xp(—iTi¢1) exp(—iTa¢z),
xp(—iT1¢1) exp(+iTa¢s). (21)

I
o o

These choices are obviously consistent with the cocycle conditions provided that
[T1,T5] = 0. (22)

The gauge field strength of this configuration is
. 1 1
F=dA—-iANA= 5T1VOIS$ + §T2VOL5«§, (23)
and the instanton number is

1
As noted above, a nontrivial value of exp(27iT}) indicates that the field configuration is not
an SU(n) bundle. Specifically, if exp(27iTy) = exp(2wiz,/n), with z;, € {0,1,...n— 1}, then
we can write the Stiefel-Whitney class in H?(S? x 5%,Z,,):

volgz volgs o
2= A 47 e 4 (25)
As a specific example, consider the choice
J1 4. J2 ..
T, = —=diag(1,1,...,1,1 —=n), Ty ==—diag(l —n,1,...,1,1), (26)
n n
with ji, j2 € Z. This gives
1
I = ——jijs. 27
n]1]2 (27)

As expected, then, we can obtain fractional PSU(n) instanton number, but to do so we require
field configurations where j; and j, are both not divisible by n—that is, field configurations
with nontrivial Stiefel-Whitney class. Specifically, we have Stiefel-Whitney class

. VOlsf . VOng 28
Wy = J1 i + 72 T (28)

and .
/ —wy AWy = j1jo  mod n. (29)

S2x 52 2

This reflects the general relationship .
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4.3 Destruction of instanton number with a monopole operator

Let us now consider a field configuration on R*! x S2, which at time ¢ < 0 is given by the
field configuration (19)), but now with the first S? factor viewed as sitting inside R®. In other
words, we have a magnetic monopole with charge j; /n inside R3, and a magnetic flux j,/n on
a separate S? factor. For clarity, we will specialize to the case j; = 1, so that the monopole
has minimal (fractional) charge.

This is a six dimensional theory, so a magnetic monopole has a three-dimensional world-
volume and is created or annihilated by a 2-dimensional surface operator.

At time t = 0, we can insert such a monopole annihilation operator to destroy the flux
on the first S?. Specifically, we insert this operator at the origin of R3, and wrapping the
second S2. At time t > 0, we have a trivial field configuration on R®, while a nontrivial
configuration of magnetic flux j,/n exists on the second S2. This final field configuration

volsz

has instanton number zero, and Stiefel-Whitney class wo = jo——=.

The integer j» could take any value, and so we see that inserting a monopole annihilation
operator of minimal (fractional) charge can destroy any initial instanton number, even an
integer value.

4.3.1 Brief aside on unstable monopoles

Let us digress to address a possible confusion one may have. Suppose that we had instead
considered larger j;, say, j; = n+ 1. In this case, the monopole field configuration on R*! is
unstable. The conserved monopole charge lies in Z,,, so by emitting gluons, a monopole with
j1 =n+1 will decay to a monopole of charge j; = 1 [63,64]. It might seem that this process
could change the instanton number , without requiring insertion of a monopole creation
or annihilation operator. This is not the case. The problem with this logic is that the field
configuration on R*! is not independent of that on S?: a homotopy that takes j; = n + 1
to j1 = 1 necessarily passes through field configurations that change the first term in ((19)
so that it no longer commutes with 75, and hence the cocycle conditions can’t be satisfied
without also changing the field configuration on S?. Tracking the time evolution of such an
unstable monopole configuration requires following the full field configuration on both the
R3! factor and the S? factor consistently, and is a nontrivial task. In any case, topological
invariance assures us that the instanton number I will remain unchanged, provided we do
not insert monopole creation or annihilation operators.

4.4 The PSU(n) Witten effect

The previous discussion applies to spacetime dimensions d > 4. The case d = 4 is special
for various reasons. Firstly, the Chern-Weil symmetry is (—1)-form. Secondly, the four
dimensional Yang-Mills theory admits a #-term that switches on a non-trivial background
for the (—1)-form symmetry. In this subsection we consider the presence of 't Hooft lines with
a f-term and derive the PSU(n) Witten effect[""] In section we show that promoting 6
to a dynamical field requires the addition of dyonic modes on the monopoles.

10We thank Ifiaki Garcia-Etxebarria for discussions and feedback on this section.
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Let us consider PSU(n) gauge theory in 4 spacetime dimensions. In manifolds with non-
trivial 2-cycles, gauge bundles are labeled by the second Chern class and wy, € H*(M,Z,),
the obstruction to lifting the PSU(n) bundle to a SU(n) one. We can describe the sum over
wy starting with an SU(n) path integral and a B, € H*(M,Z,) background for the electric

yaS) symmetry. We further introduce a dual Lagrange multiplier field B € H?(M,Z,) that
identifies wy with B.. In practice, we add the following term to the actionﬂ
2
52 [ BA(w, - B). (30)
n
Summing over B, gauges the electric symmetrylﬂ and promotes the SU(n) path integral to
PSU(n). The PSU(n) theory has a zV magnetic symmetry with symmetry operators,

U, 2] = 2 I, Be (31)

Consider now carrying out the sum over ws. It enforces a quantization condition that yields
the following operator equation,

27r1 fB - 1 (32>
This equation implies that we can define the following genuine line operators,
Hyly) = e o, (33)

where D is a disk whose boundary is a closed curve ~. It is easy to check that the following
operator equation holdsH
2mipg-Link(y,39)
UgSalHplyl = e~ Hy[y]. (34)
This equation implies that H,[y] are 't Hooft lines for the PSU(n) monopoles. Consider now
adding a f-term, which in PSU(n) includes the fractional piece in eq. . The wo-dependent
terms in the action are,

2 —1 A
SO — ik B Aw, + ig” / L2 Rtz (35)
n n 2

Performing the sum over ws now yields a modified quantization condition that implies the
following operator identity, ]
el T BronTtun) _ (36)

It follows that the correct genuine 't Hooft lines are now /']
H:;h/] _ 6” fD<27rB+c9(n 1)w2> (37)

By virtue of eq. this 't Hooft line does not depend on the choice of D as long as 9D = ~.
We see that the monopole is dressed with wy, which plays the role of F' in the U(1) gauge
theory. This is the PSU(n) version of the Witten effect.

HWe choose to use the (slightly imprecise) notation of differential forms even if ws, B, and B are cocycles
to avoid introducing mathematical machinery not used in the rest of the text.

12Note that in this description of the SU(n) theory we are already summing over ws.

13A field redefinition B — B + ¢6 [¥2] removes the symmetry operator and leaves behind the desired
phase.

MNote that eqs. and 1' are not gauge invariant under wo gauge transformations ws — we 4+ nAs,
Ay € H*(M,Z). Gauge invariant expressions involve a dressing by the PSU(V) field strength [1,2]. We stick
to egs. and , which are enough for our purposes.
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4.4.1 Dyon modes

It is apparent from eq. that promoting the #-angle to a dynamical axion field renders
the 't Hooft lines non-gauge invariant. This is similar to the discussion in section [3|in the
U(1) gauge theory. In that case, gauge invariant 't Hooft lines can exist, provided that they
are dressed with the correct dyonic modes. As we now discuss, the same is true in the case
at hand, as long as the lines in eq. are dressed with a dyonic compact scalar field.

A discrete Z,, gauge field, or a characteristic class, can be understood as a U(1) field
strength F' subject to the following gauge invariance:

F— F+nhy, A€ HXX,2Z). (38)

It follows that § s=F =0,..,n — 1 and § A = 0, where locally F = dA. That is, 5-F is a
Z, 2-form gauge field. We use this construction for wy. Since it is closed, it may be locally
expressed as wy = %dAe, subject to the following gauge invariances,

Ae — Ae -+ n>\1 -+ d)\o, fd)\l, fd)\o € 2n”Z. (39)

It follows that § A, =0 and ¢ %dA6 =0,...,n — 1. Consider now a compact scalar field do
transforming under the A, gauge transformation as,

o — 00— . (40)

This field can be used to write a gauge invariant 't Hooft line[™| even after @ is promoted to
a dynamical field,

Ally] = Hiyle 5 by awaemdo), (41)

We learn that a dyonic mode is needed to define gauge invariant 't Hooft lines in the PSU(n)
theory once 6 is made dynamical. If 6 is not dynamical, the dyonic mode compensates the
spectral flow as § — 6 + 27. As in the U(1) case, the dyonic modes may or may not be
present, depending on the concrete UV theory under consideration.

4.5 The improved PSU(n) Chern-Weil current

In U(1) gauge theory we saw that dynamical monopoles break the Chern-Weil symmetry.
But that was not the end of the story. The dyonic mode living on the monopole worldline
came with the correct couplings such that an improved, conserved Chern-Weil current could
be defined. As we will see this holds for PSU(n) as well.

Consider the non-conservation of the instanton number in eq. . In the 4d case this
equation should be extended to the auxiliary manifold X5 = X4 x I, where X, is the
spacetime manifold and I the interval in configuration space. If the smooth deformation of
the fields includes an insertion of a dynamical monopole sourcing a magnetic current juag,
the instanton number is not conserved,

n—1

Al =

/ Wo A Jmag mod 1, (42)
X5

n

15 Amusingly, eq. is a well defined gauge invariant operator, even if eq. is not.
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where jiag = 0 (3)[y]. We can use the dyonic modes on the monopole worldline in eq. to
write an improved instanton number. Its fractional part is given by

~ n—1 wag N Wa 1 .
I= L2014 —do) A di, 43
- A =0 M| o (13)

which is conserved under the smooth deformation considered above,
AT = 0. (44)

Here we do not give a full expression for I that defines the integer part as well as the fractional
part, which would require addressing the subtlety mentioned in footnote [14 However, in
various explicit examples in Sec. [5| below we will obtain such expressions (and see that they
can be dependent on the orientation of the magnetic monopole charge within the gauge

group).

5 Chern-Weil symmetries, Higgsing, and dyons

We have so far been mostly agnostic about the UV nature of the monopoles and just assumed
that they exist and have a finite energy. In this section we explore explicit examples of
theories with finite energy monopole configurations, specifically, non-abelian gauge theories
with gauge group G Higgsed down to a subgroup H. We provide 4 examples of adjoint
Higgsing, including the SU(5) GUT theory. In these examples the UV Chern-Weil instanton
number current is exactly matched in the IR once the breaking by the monopoles is taken
into account. As in the U(1) and PSU(n) cases explored in Sec. 3| and Sec. {4, the dyon
mode on the monopole is essential for this matching. After these examples, we step back
and examine the general conditions that are needed for monopoles and dyons in the IR EFT
to preserve precisely the UV instanton number symmetry. We will see that these conditions
are not automatic, and may no longer hold in examples where the Higgs field is in a general
representation. We close the section by exploring such examples, for some of which we find
that there are emergent Chern-Weil symmetries in the IR that are not explicitly broken by
magnetic monopoles.

51 SU2) — U(1)

The best-known example is the 't Hooft-Polyakov monopole, which arises in the adjoint
Higgsing of SU(2) gauge theory down to U(1). In the UV, the theory has a conserved™|
Chern-Weil current,

1
JU\/ = @tdF A F) s (45)

where the SU(2) gauge fields are packaged into a matrix"’]

A= AZ‘Ti = %AZUZ s (46)

16This has the standard meaning that dJyyv = 0 for d > 4, and means that the current can be coupled to
a background axion field in d = 4.
1THere o; are the Pauli matrices.
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with field strength F' = dA. The current is normalized such that its associated charge (the
instanton number) takes any value in Z.

We fix a gauge in which the unbroken U(1) generator is proportional to As. In this
normalization, however, the minimum charge is 1/2. If we fix a conventional normalization,
so that the minimum electric charge is 1, we have the U(1) generator

1
a = §A37 (47)

with field strength f = da. In other words, ¢® is normalized nicely for a U(1) generator, in
the sense that
exp(27io®) = 1. (48)

The 't Hooft-Polyakov monopole has minimal flux

%%f:%%lfgzl. (49)

d(%f) — e (50)

Where jmag is the monopole current. This current is the Poincaré dual to the monopole
worldline 7, so we denote it ji.e = 6®[y].
The UV Chern-Weil current relates to the unbroken U(1) gauge field via

Correspondingly, we have,

1
JU\/: Fg/\F3+"‘:—fAf+"', (51)
472

1672
where - - - are terms involving the massive gauge fields A; . In U(1) gauge theory, we expect
that the Chern-Weil current normalized to have integer periods is

_ 1

so the term in J is twice as large. (This factor of 2 was discussed from a rather different
viewpoint recently in [65], but we believe the viewpoints should ultimately be equivalent
once one properly justifies the boundary conditions assumed in that paper.)

In the presence of an 't Hooft-Polyakov monopole the naive IR, Chern-Weil current j is
no longer conserved,

4j = g NAf = 5-F 69D (53)

(In the case d = 4, we can interpret the exterior derivative here in terms of the extension
to configuration space discussed in Sec. [2] or we can reintrepret this result in terms of the
Witten effect obstructing a background axion’s coupling to j.) However, there is an improved
current due to the dyon mode on the monopole worldline, as we will show below.

Where does the dyon mode come from? The core of the 't Hooft-Polyakov monopole
has a nontrivial classical solution for the W bosons, i.e., the gauge fields A; 5. There is a
classical zero mode of the solution which simply rephases these by a U(1) transformation.
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This zero mode corresponds to a mode on the monopole worldline which is a compact boson
0 = o + 2m that has the same charge as a W boson, which is to say, charge 1 under Aj or,
equivalently, charge 2 under a. This means that o appears via a covariant derivativeEg]

Do = do — 2a. (54)

Then, the 4d monopole action will contain a term whose exterior derivative is
1 1
d| —Do A 51\/[ = ——f VAN 51\/[. (55)
2 s

The factor of % is chosen to be the correct normalization for a minimally winding configu-
ration of o to carry charge 1 under this current. This shows that we can have a conserved
Chern-Weil current in the IR that takes the form

1 1
Jir = Rf Af+ %DU A O (56)

This is the IR current that matches the UV current J; the normalization of the f A f term is
exactly as expected (and not what one might have naively thought from the IR viewpoint).

5.2 SU(3) — U(1) x U(1)

A more interesting example involves breaking SU(3) to the maximal torus U(1) x U(1)
with a generic adjoint VEV. The UV theory still has a single Chern-Weil current, Jyy =
s tr(F A F), while there are now three different IR Chern-Weil currents to consider, of
the form f; A f;. We expect these currents to be no longer conserved in the presence of
dynamical monopoples, but it may be possible to define an improved Jig current which is
still conserved. We will see that the dyonic mode action is such that Jigr = Juv.

The generators of the unbroken U(1) factors can be taken to be the Gell-Mann matrices

1 0 0 1 10 0
M=o -1 0], X=—2]01 0 (57)
0 0 O V3 00 -2
The Gell-Mann matrices are chosen such that tr(A\‘\) = 2§%. This is convenient, but

also sometimes awkward from the viewpoint of the normalization of U(1) subgroups. For
example, we have

exp(2mir®) = 1,  exp(27miv3A®) = 1. (58)

One might then be tempted to view A* and v/3)\® as the generators of two independent U(1)
groups, determining the charge lattice of the IR theory. However, this is not quite right. We
should not think of the unbroken group as a product of the U(1) generated by A\* and that
generated by A%, because there is a nontrivial relation

exp(—imA3) exp(irv/3)%) = 1. (59)

18See Appendix |A| for more details on the dyon action and its derivation.
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Instead, consider the generator of the lower-right embedding of SU(2),

0 0
!

M=o 1 0 :—§>\3+?>\8. (60)

0 —1

o O O

This clearly generates a U(1) C U(1) x U(1) € SU(3) and is independent of the U(1)
generated by \3.
Writing the gauge fields as

X 1 ,

we see that the UV Chern-Weil current is

J= L a(FAF) =

o 62 [Fs NF34+ FgANFg+---], (62)

where the --- depend on the other A; that are not neutral under U(1) x U(1) and become
massive. Expressed in term of the SU(3) gauge field, the most general IR current j takes
the form

j: 167T2 [OéFg/\Fg—i-ﬁFg/\Fg—i—Z’}/Fg/\Fg] (63)

In the previous section there was a single monopole to consider, but there are two mag-
netic charges now, generating a whole lattice of monopoles. Our task is to find a Chern-Weil
current that is conserved under an insertion of any such monopole. First, let’s consider an

't Hooft-Polyakov monopole M embedded in the upper-left SU(2), generated by
i (000 Z e {1,2,3} (64)
T = 0 O - ’ ? » < .

It carries magnetic charge proportional to A*. In terms of the IR theory, we have fluxes on
a sphere ¥ surrounding this monopole given by

1 1
— =1 —Fy=0. 65
s 4 3 ’ s 4 8 (65)

In particular this means that dF3 = 4mdy. The W bosons in the core of this monopole
carry charge under A\? and are neutral under A%, because [A\*, \®] = 0. The dyon excitation
rephases the W bosons, and the dyon mode ¢ carries charge 1 under Aj:

Do = do — As,
d(Do) = —Fs. (66)

This allows us to construct an improved current using an integer multiple of the properly
quantized term %Da A 0y. The exterior derivative of this term is,

1 1
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Thus, in the presence of M, the naive current in eq. is no longer conserved,

1 1
2T 2T

The first term can be canceled by a contribution of the form if « € Z, but the second
term cannot, and we conclude that v = 0 in any conserved Chern-Weil current. So far, 3 is
undetermined.

Next, consider a different 't Hooft-Polyakov monopole M’ from the embedding in the
lower-right SU(2), generated by

1o 0 O .
- (0 0_) i€ {1,2,3}. (69)

In terms of the Gell-Mann matrices, 7' = A\ and 72 = X7, while 7% is the matrix we
previously introduced as N°. By analogy to the case above, we can define the orthogonal
generator

00
1 0]. (70)
01
Then we can change basis according to
AN + Aghs = ALN? + ALN®, (71)

where multiplying both sides by generators and taking traces allows us to conclude that

1
PR R (72)
V3 1

If we surround M’ by a sphere ¥’ we find fluxes

1

[ Rt /,Fé 0, (74)

1 1 1 V3
Py =~ —Fy= 22,
/,47 STy /,47r D) (75)

The dyon mode, corresponding to rephasing the W bosons in the core of the monopole, has
charge 1 under A% and 0 under Ag, so it has covariant derivative,

1 V3

DOJ = dOJ - Aé, d(DOJ) = —Fé = §F3 - TFB (76)

and hence

Thus we can consider currents that include a term %Da’ A Oy, which has
1 1 3
d —DO',/\éM/ — ——Fg/\(sM/—F\/—_Fg/\(;M/ (77)
2T 47 4
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Now, in the presence of this monopole, and taking into account that v = 0, the naive IR
Chern-Weil current is not conserved as,

1 1

CYFg A (SM + <—%F3 A (SM’ + \/2§6F8 A (SM/)] .

(78)

™

Comparing to ([77)), we see that we can improve this current using the localized dyon terms
only in the case § = a. One could also consider additional monopoles, but they would not
provide new information. We conclude that the unique Chern-Weil current that is conserved
in the presence of any monopole and has integer quantized charges is,

1 1
JIR:—(Fg/\Fg—f-Fg/\Fg)—f-Q—(DO'/\(SM—FDO',/\(SM/), (79)
T T
and matches the UV current as expected.

5.3 SU®3) — [SU2) x U(1)]/Z

Next, we turn to a different SU(3) breaking pattern, which can arise from an adjoint Higgs
vev that is gauge-equivalent to the special form

v 0 0
0 v 0 . (80)
00 —2v

This preserves the gauge group H = [SU(2) x U(1)]/Z,. We have 7 (H) = Z, generated by
a path in the covering space SU(2) x U(1) which goes from the origin to a center element
of SU(2) and a square root of unity in U(1). For the chosen Higgs vev, we can take the
unbroken SU(2) to be generated by the matrices 7° in and the U(1) to be generated by
the Gell-Mann matrix 8.

We can realize the minimally charged monopole as an 't Hooft-Polyakov monopole em-
bedded in the lower 2 x 2 block, which not only carries U(1) magnetic charge, but also
magnetic charge under U(1) C SU(2). Indeed, we worked out precisely this case with M’ in
the previous example! This monopole carries charge —1/2 under U(1) C SU(2) (the gauge
field A3) and v/3/2 under U(1) (the gauge field Ag). We can see that this monopole is allowed
by the Dirac quantization condition as follows. If we focused on only the SU(2) part, then
with a 27 gauge transformation we would have

1
exp {27ri X —57'3} = exp[—in7?] = —1, (81)

and within the U(1) part we would have
exp [27Ti X \/73/\8] — explimV/3\8] = —1, (82)
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but their product is the identity matrix 1. This is exactly the minimal monopole we expect,
taking into account the Z, quotient.

Thus, we have essentially already worked everything out! In the case of SU(3) — U(1) x
U(1), we had three potential Chern-Weil currents, F3 A F3, Fg A Fg, and F5 A Fy. The
last was eliminated by the monopole M, and only the linear combination of the first two
matching the UV Chern-Weil current was preserved by the monopole M’. In the case of
SU(3) — [SU(2) x U(1)]/Zs, the monopole M is absent, but we also only have two Chern-
Weil currents in the IR theory: trgyp)(F A F) and Fy A Fy. There is no analogue of the
combination that was eliminated by M, and there is no monopole M. The argument that
M’ preserves only the correct linear combination of trgye)(F A F) and Fy A Fy to match the
UV current is exactly parallel to the previous example.

Still, there is slightly more to say here, because one might wonder: in this example, the
IR theory contains additional gauge fields, the A' and A? gauge bosons of SU(2). Could the
minimal monopole of this theory admit additional dyon modes that are charged under these
generators? This question was investigated in [66-71], with the result that it does not—the
only dyon mode of the minimal monopole of [SU(2) x U(1)]/Z; is precisely the one we labeled
o’ in the discussion above. We will assume that this holds more generally, and dyon modes
are never charged under generators outside of the Cartan subalgebra.

5.4 SU(5) — [SU(3) x SU(2) x U(1)]/Zs

Next, we turn to a very similar example, but one with great real-world interest: the breaking
of an SU(5) GUT group to the Standard Model gauge group (with a Zg quotient). Here
m(H) = Z is generated by a path that, in the cover SU(3) x SU(2) x U(1), goes from the
origin to a center element of SU(3) and SU(2) and a 6th root of unity in U(1).

For concreteness, consider the adjoint Higgs vev (®) = diag(2v, 2v,2v, —3v, —3v). Then
we can take the SU(3) generators to be the Gell-Mann matrices A\’ embedded in the upper
left 3 x 3 block and the SU(2) generators to be the Pauli matrices 7° embedded in the lower
right 2 x 2 block. The generator of hypercharge is

200 0 0

1 020 0 0
v=——=1[002 0 0 (83)

V15 000 =3 0

000 0 -3

This is normalized so that tr(ry7y) = 2, and we also have tr(ry\") = 0, tr(ry7") = 0. Note
that
exp[27iv157Ty] = 1. (84)

The Zg quotient arises because
2 . . : A 2 2
exp [%i\/ﬁTy} = diag(e2m/3,62”1/3,62”1/3,6”‘,6”1) = exp [gi\/gks] exp [ghﬂ . (85)

This suggests that, under the generators (A%, 73, 7v), our minimally charged monopole should

carry magnetic charge (—%\/5, —%, %\/15) = (—\/Lg, —%, %\/g), in order to wind around the

generator of m(H).
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We can construct an 't Hooft-Polyakov monopole by embedding the SU(2) generators
of the 't Hooft-Polyakov solution in the third and fourth rows and columns, so that the
monopole charge corresponds to

000 0 O
000 0 O
=10 01 0 0 (86)
000 -1 0
000 0 O
In terms of the generators A8, 73, and 7y, we have
1 1 1 /5
03 = -2 - P Dy oy (87)

V3§ 20 T2V3

This is precisely the linear combination we had inferred from the homotopy argument, so the
't Hooft-Polyakov monopole is a minimal-charge monopole for H. For clarity of notation,
let us use G; for the SU(3) gauge fields, W; for the SU(2) gauge fields, and Ay for the U(1)
gauge field. The fluxes sourced by the monopole are,

/—dG8 /—dW3 /—dAY_ \/g (88)

The dyon mode o corresponds to the charge of the broken generators of the SU(2) embedded
in the third and fourth columns, which corresponds to the same linear combination, i.e., the
covariant derivative is

1 1 1 /5 1 1 1 /5
Do = | = —ZW Zh/ZA Do) = — ZdWa.=Z4/ZdA .
oc=do ( \/§G8 5 3+ 2\/; y) , d( 0) \/§ ng+2 dWs 2\/;(1 Y (89)

We can improve currents using integer multiples of the term %Da Adn. It is then clear that
this can only be used to improve a Chern-Weil current that involves all three of the gauge
groups. Indeed, we have

1 1 1
J = @USU(@(F/\F) = g2 trsue (dG/\dG)+8_trSU 2) (AWAdW) +

1672
(90)

and isolating the parts of this involving Gis and W3 and taking a derivative using (88)),
1 1
d 91
{16 1672 1672 ] (01)

1 1 1 1 /5
_% <_%dG8—§dW3—|—§\/;dAy> A 0. (92>

This shows that the unique linear combination of IR Chern-Weil currents that can be im-
proved using the dyon mode is the one that descends from the SU(5) Chern-Weil current in
the UV.

27



9.9

Other breaking patterns

5.5.1 Taking stock

We have seen several examples of GUT theories with simple and simply connected gauge
group GG Higgsed down to H. Beyond the specific features of each example there is a common
thread,

The UV theory has an exact U(1) Chern-Weil symmetry that is enhanced to U(1)" in
the IR. The integer o depends on the details of the Higgsing pattern and is bounded
above, o < rank(G).

GUT theories generically admit monopole solutions. Monopoles carry charges under
generators of the Lie algebra. These charges are constrained to be mutually local
with electric representations. The more representations, the more constraining this
requirement is and the fewer monopoles are compatible with it. For instance, if H is
the universal cover, allowed monopoles are restricted to lie in the dual root lattice of
HY. On the other hand, if H is the adjoint group, monopoles are less restricted and
their charges lie in the algebra of the dual group H".

If H is not simply connected, a subset of these monopoles is charged under a magnetic
symmetry 7y (H )Ir_g] The least energetic monopoles with a particular magnetic charge
are therefore topologically stable.

Monopoles may carry dyonic modes. In 4d these are compact scalar fields living on
the monopole world-line. We have used the fact that dyons are only charged under the
Cartan subalgebra of the Lie algebra [66-71].

These monopole solutions are finite energy and, therefore, dynamical. The IR Chern-
Weil current is generically fully broken when processes involving dynamical monopoles
are taken into account. These processes are inherently non-perturbative and we restrict
our analysis to processes involving topologically stable monopoles, which are under
better control.

Dyon modes can be used to recover a subgroup of the IR Chern-Weil symmetry. If
enough stable monopoles are present the IR, Chern-Weil symmetry is a diagonal combi-
nation of the Cartan subalgebra generators, matching the UV U(1) Chern-Weil symme-
try. This follows from the dyon modes being charged only under the Cartan subalgebra.

All previous examples had enough stable monopoles to recover the UV Chern-Weil sym-
metry. It turns out that this feature is rather generic but not universal. It depends crucially
on the local and global properties of G and H. In the following section we explore these
issues and lay out a procedure to find the IR Chern-Weil current that is conserved in the
presence of dynamical monopoles with dyon modes.

The topological classification of monopoles formed from higgsing is given by mo(G/H). If G is sim-
ply connected (has vanishing fundamental group) an exact short sequence of homotopy groups implies
m2(G/H) = m(H), matching the IR magnetic symmetry.
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5.5.2 Overview of a general procedure

Matters are simplified by considering a simply connected G, which we do in the following. In
this case the IR Chern-Weil symmetry preserved by stable monopoles depends only on the
local and global structure of H. Let us consider for definiteness H to be a direct product,

H=H, x Hyx ...x H,, (93)

where each factor H; (i = 1,...,n) can’t be further split into a direct product. Take each
factor H; to have the generic form,

H! x H? x ... x H™

H; =
T

(94)
We take the H! to be simple and simply connected Lie groups or U(1)s, and T is a discrete
group, typically a cyclic group/’’| Unlike for other indices, we will not sum over repeated
indices of the 4,4 type, unless explicitly stated. In the following we explain the generic
procedure to determine the Chern-Weil symmetry preserved by dynamical monopoles with
dyon modes. We will make some comments about broad classes of models along the way.
The analysis consists of three steps.

1. The naive Chern-Weil current in the IR
Let us introduce field strengths F} for each Hj. It follows from the Bianchi identity that
dTr(F! A F}) = 0. For U(1) factors we can also have off-diagonal Chern-Weil currents. The
most general IR (naively) conserved Chern-Weil current is a linear combination,
1 ~ ~ ~
j D@ Te(F AR+

82

~ oz > BUEAF, (95)

i ii#5€U(1)s

with coefficients af, 55’3 whose quantization depends on the global form of H and are gener-
ically simple rationals if j is chosen to be integrally quantized. There is, a priori, no further
restriction on the of, 5;7. If we let n; denote the number of non-abelian H} factors for

a given i, and r; the number of U(1) H! factors, the naive IR Chern-Weil symmetry is
U(1>Zi(ni+ri(7’z‘+1)/2)'

2. Dynamical monopoles break the current j

This symmetry is generically broken non-perturbatively by dynamical monopoles. Denote
by H¢ the generators of the Cartan subalgebra of h such that ¢ = 1,...,7 and r = rank(h).
By a suitable choice of gauge, the Cartan subalgebra can be chosen to contain any given
element in the Lie algebra. Consider a stable monopole M with charge,

Qum = 4w Z(k?M)cHC- (96)

The vector (kjs). defines the weights of the monopole M and denotes its charge under the
generator of the Cartan subalgebra. If the monopole is charged under one or more of the

20This choice of H is general enough to cover all examples considered in this work. We expect our
considerations to hold for more general H.
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generators of the Cartan subalgebra of H,E the corresponding piece of the current j is no
longer conserved, o

dTr(F} A F}) #0. (97)
In order to find the surviving conserved Chern-Weil current one must list all stable monopoles
and their charges under the H}. If some factors are uncharged under every monopole there
will be an unbroken j. If each factor is charged under at least one stable monopole, no
Chern-Weil current will be preserved. The details are model dependent, but we can make
some broad comments.

e [f H contains at least one factor H; with vanishing fundamental group, no stable
monopole will be charged under it and a conserved Jig will remain.

e If H contains no factor H; with vanishing fundamental group the opposite is true and
no conserved j remains. In particular, every Hf will be charged under at least some
stable monopole. This holds because the quotient I' must act on Hf , otherwise it would
factor out of H;. It follows that some element of 7 (H;) involves an element of Hg,

implying the existence of a monopole topologically charged under H}. The examples
in sections [5.1] to [5.4] belong to this category.

3. Dyon modes and the improved Jig

Dyon modes arising on the monopole worldlines can be used to define an improved IR
current Jig that is conserved in the presence of dynamical monopoles even if j is not. Jir
will generically have more independent terms than j that are conserved and will give rise to
a bigger Chern-Weil symmetryPY As we have previously seen, monopoles in GUT theories
generically carry dyon modes with gauge charges that match the monopole weights. Dyon
modes arise from the spontaneous breaking of global gauge symmetries in the monopole
vacuum. Global color is only well-defined for elements in the Lie algebra commuting with all
magnetic charges [66-71]. Thus, dyon modes are not charged under Lie algebra generators
outside the Cartan subalgebra. The dyon covariant derivative is then expressed as/?

% (daM - Z(kM)CAC> A Byt (98)

[

In the presence of the monopole M we can consider improving j with terms proportional
to eq. as long as the quantization of j is preserved. If we choose j to be integrally
quantized we are free to add integer multiples of eq. . The objective now is to find the
biggest improved current that is conserved in the presence of any stable monopole. This is
what we call Jigr. As we saw in the previous sections this is a bit of an art and we leave a
systematic exploration for the future”s] We can make some general comments:

21Consider for instance a model with naive j giving rise to a Chern-Weil symmetry U(1)*. Dynamical

monopoles will break some of these U(1)’s and the non-perturbatively conserved current will be U( 1)“/7 with
a > a’. The improved current Jig is such that, in the presence of dynamical monopoles, a bigger symmetry
survives U(l)b with ¢ > b > a'.
22This expression can be explicitly computed in a given model. We give two examples in appendix
23 A problem that arises when trying to carry out a systematic treatment is that eq. holds for a single
monopole. It is generically not possible to find a gauge such that all monopole charges lie in the Cartan
subalgebra.
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e Since dyon modes are only charged under the Cartan subalgebra, the improvement
from j to Jir can only “save” a current that is a linear combination of elements in the
Cartan subalgebra. The coefficients in this linear combination are a priori independent.

e If a monopole is charged under several elements of the Cartan subalgebra, their corre-
sponding coefficients in the improved current Jig will not be independent.

e If there are enough monopoles to break all of j, it may happen that there are also
enough to constrain the coefficients in Jig such that a single linear combination of all
Cartan algebra elements survives. In this case the IR Chern-Weil symmetry preserved
by dynamical monopoles will be U(1). We will say that models with this property
have abundant monopoles. A necessary but not sufficient condition for this is as we
discussed in step 2: H contains no factor H; with 7 (H;) = 0. For an argument that
this is not sufficient, see Sec. [5.6.4

e Furthermore, in a model with abundant monopoles, the U(1) Chern-Weil symmetry
in the IR will match the one in the UV. Whenever the IR EFT reproduces the UV
Chern-Weil symmetries, we dub this phenomenon Chern-Weil symmetry matching. All
the examples we saw so far belong to this group.

5.5.3 Some families with Chern-Weil symmetry matching

We have seen that, generically, the Chern-Weil symmetries of the UV and the IR theories
may differ, depending on the ranks of G, H and the amount of stable monopoles. If there
are abundant monopoles, the Chern-Weil symmetries match. In this section we discuss some
families of models that satisfy this property. We remain agnostic about the UV but assume
that the rank is not reduced 4

The first such family is H = [SU(N — 1) x U(1)]/Zy_;. A minimal stable magnetic
monopole has charge N+1) under U(1) and a generator of the Cartan subalgebra of SU(N—1).
A suitable Weyl reflection maps this monopole solution to an inequivalent stable monopole
charged under any other element of the Lie algebra of SU(N — 1)]7_5] These monopoles fully
break j and a linear combination matching the UV Chern-Weil symmetry can be saved using
the dyon modes. The models in sections [5.1] and belong to this group.

A similar family is [SU(M) x SU(N — M) x U(1)]/Zrcva,n—nr)- In this case a minimal
stable monopole will carry charge m under U(1) and %, ﬁ under some root of
SU(M) and SU(N — M), respectively. A Weyl rotation inside SU(M) and SU(N — M) maps
this solution to other minimal stable monopoles. These are again sufficient to conclude that
the Chern-Weil symmetry is matched. The model in section belongs to this group.

5.6 More examples

We have extensively discussed models exhibiting Chern-Weil symmetry matching, but this
matching is not universal. In this section, we first consider examples with the same group
G as in previous cases, but where rank(G) > rank(H). Then, we explore cases with other

24We also continue to assume that G has vanishing fundamental group.
2 Equivalently, these different monopoles arise from different embeddings of SU(2) in G [72].
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simple and simply connected GG. In some of these instances, we find no Chern-Weil symmetry
matching due to the absence of abundant monopoles. Further examples with non-simple
groups are discussed in Appendix [B]

5.6.1 SU(5) — SU(3) x SU(2)

Let us first explore an example where the rank is reduced with SU(5) — SU(3) x SU(2).
Consider an SU(5) gauge theory with two Higgs fields, one in the adjoint Higgs and an-
other in the 10 representation. The adjoint Higgs field induces the symmetry breaking
SU(5) — [SU(3) x SU(2) x U(1)]/Zs, the Standard Model gauge group. We then focus
on the condensation of the SU(3) and SU(2) singlet component within the 10 representa-
tion (a “right-handed selectron”), resulting in further symmetry breaking to [SU(3) x SU(2) x
Zs|/Zs = SU(3) x SU(2). Notably, this scenario does not support any truly stable monopoles
or strings due to the triviality of the homotopy groups mo(G/H) = 0 and m(G/H) = 0, where
G =SU(5) and H = SU(3) x SU(2). If the 10 VEV is much smaller than the adjoint VEV,
each GUT monopole is attached to a string, and each string can be broken via the creation of
a monopole-antimonopole pair. These configurations are quite similar to the ones obtained
from SU(2) — U(1) — 1 involving both the adjoint and fundamental representation Higgs
fields, as reviewed in [73].

In this scenario where stable monopoles are absent, we find that two IR CW currents
remain conserved, corresponding to the instanton number of the SU(2) and SU(3) gauge
groups. On the other hand, there is only one UV CW current associated with the SU(5)
symmetry. This example illustrates that the conservation of IR CW currents does not
necessarily align with those in the UV regime when the rank is reduced. One of the two IR
currents is emergent, and is explicitly broken by UV effects, but this breaking is not visible
in terms of the IR effective theory that we are considering.

5.6.2 SU(3) — SO(3)

Next, let us study the example SU(3) — SO(3) in which the rank is reduced. The spon-
taneous symmetry breaking of SU(3) — SO(3) is obtained by the condensation of the 6-
representation scalar field S which is expressed with a 3 x 3 symmetric matrix,

10 0
$y=v|010]. (99)
0 01

0
5 (3—2' . (100)

0

1
O ,—)\5:— 0
0 0

where the first generator )\, is chosen to be the generator of the Cartan subalgebra. In
this breaking pattern, we have a Z, monopole because of m[SU(3)/SO(3)] = m[SO(3)] =
1 [SU(Q)/ZQ] = ZQ.
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As in , the UV Chern-Weil current is

1
J=—tr(FAF)= EBNFy+ - 101
where - -- denotes the other A; including both massive and massless component.
For one monopole, we have
11
—— | F5=1 102
2om Jy P (102)

where the factor 1/2 comes from the normalization of tr[T"T%] = 1/2. The covariant deriva-
tive of the dyon mode o is expressed as

Do =do — Ay, (103)

as discussed in more detail in Appendix . The IR current is unique owing to the SO(3)
non-abelian group and recovered by the dyon mode,

JIr

1
= (Fs NFy+ FsNFs+ Fr ANF7)+ —Do Aoy, (104)
1672 27

which matches with the UV current.

5.6.3 Spin(10) — [SU(4) x SU(2) x SU(2)]/Z.

Now, let us discuss an example in SO(10) GUT. In the breaking of Spin(10) — [SU(4) x
SU(2) x SU(2)]/Z,, we have a Z, monopole because of 7 ([SU(4) x SU(2) x SU(2)|/Zs) = Zs.
The magnetic charge of the stable monopole is given with the generators of SU(4) and either
SU(2) because of the Zy quotient, which leads to the Chern-Weil symmetry matching.

5.6.4 USp(4) — SU(2) x SU(2)

For G = USp(2n), we find examples in which G and H have the same rank but the number
of the conserved Chern-Weil currents are different between UV and IR. For instance, we
have USp(4) = Spin(5) — Spin(4) = SU(2) x SU(2) by the condensation of a Higgs in
the 5 representation of USp(4). Note that there is no quotient because the fundamental
representation of USp(4) is decomposed as 4 = (2,1) @& (1,2) preventing a Z, quotient.
Besides, we do not obtain any monopoles because of mo(G/H) = m1(H) = 0. Therefore, two
IR Chern-Weil currents are conserved, while there is only one UV Chern-Weil current. As in
Sec. this means that one of the two IR currents is emergent and broken by UV effects,
but we do not have an interpretation of this breaking in terms of the EFT of defects within
the IR theory.

We can further break SU(2) x SU(2) — U(1) x U(1) with a generic VEV of the adjoint
Higgs of USp(4). Consider the case where the VEV of the adjoint Higgs is much smaller
than the VEV of the 5 Higgs, so that we regard there are two independent SU(2)’s in the
IR theory and each SU(2) breaks into U(1) %] Now, the story is quite similar to the previous

26The adjoint Higgs of USp(4) contains the adjoint Higgses for both SU(2)’s.
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discussion of SU(2) — U(1). A stable monopole charged under each U(1) leads to two
improved IR Chern-Weil currents.

On the other hand, we could have USp(4) — U(1) x U(1) in a different way. With a
condensation of the adjoint Higgs, we can have USp(4) — [SU(2) x U(1)]/Z, |74]. Due to
the overall quotient, a stable monopole is charged under both generators of SU(2) and U(1),
which indicates there exits only one improved IR Chern-Weil current corresponding to the
UV one. We also consider a further symmetry breaking to U(1) x U(1) with a small VEV
of the 5 Higgs"| Due to the smallness of the VEV, the core configuration of the monopole
will not be affected by the second breaking. This indicates the monopole is still stable, and
there exits only one improved IR Chern-Weil current.

Here is an apparent contradiction regarding the number of improved IR Chern-Weil
currents between the two symmetry breaking pathways, despite both involving condensations
of the adjoint and 5 Higgs fields. A potential resolution to this contradiction is that the
stability of certain monopoles changes somewhere in the parameter space of the theories as
the hierarchy between the VEVs of the adjoint and 5 Higgs fields reverses. More concretely,
some monopoles that are stable in the second scenario become unstable in the intermediate
region toward the first scenario, resulting in two improved IR Chern-Weil currents. A detailed
investigation into the stability of these monopoles is left for future research.

6 Discussion and conclusions

The Chern-Weil global symmetries of gauge theory, such as the instanton number (d—>5)-form
symmetry, are robust within low-energy effective field theory, because they follow from the
Bianchi identity of the gauge group. Nonetheless, there should be mechanisms for eliminating
such global symmetries, at least in the context of quantum gravity. The most well-understood
route to eliminating Chern-Weil symmetries is by gauging them. This can be accomplished
through a Chern-Simons coupling to a dynamical gauge field, or by other couplings that
render the Chern-Weil symmetry current exact instead of merely conserved. An example
of the latter case, in d = 4, is coupling to fermions with a chiral U(1), symmetry that
has an ABJ anomaly with the gauge fields, leading to an equation of the form dJs =
s tr(F A F) [9]. As emphasized in [30], in the 2d case gauging the current 5-F by coupling
to a dynamical axion and gauging by coupling to anomalous chiral fermions are related
through the bosonization dictionary.

The explicit breaking of Chern-Weil symmetries is much less well understood than their
gauging. Different mechanisms of explicitly breaking such symmetries were discussed in [9],
as well as examples in string theory of Chern-Weil symmetries that were not gauged by
Chern-Simons terms but for which the breaking mechanism was not well understood. In this
paper, we have clarified the mechanism of explicit breaking of Chern-Weil symmetries by
magnetic monopoles, showing that it is more widespread than previously argued in [9], and
in particular that it can apply to non-abelian gauge theories. Quite generally, when a gauge
group G has nontrivial fundamental group 7 (G), magnetic monopoles can exist (and should
exist in quantum gravity, by the completeness hypothesis [50,52|) and violate the Bianchi
identity for the gauge group. This breaking of the Bianchi identity causes other Chern-Weil

2TThis also affects the VEV of the adjoint Higgs, leading to a generic adjoint VEV.
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currents to be broken as well. We have discussed this explicitly for PSU(n) gauge theory in
Sec. @l

In many cases, this unifies two apparently different mechanisms for breaking Chern-Weil
symmetries that were discussed in |9]. That reference discussed explicit breaking of instanton
number symmetry by magnetic monopoles for U(1) gauge theory, and explicit breaking of
multiple instanton number symmetries in the IR to a single UV symmetry in the case of
higgsing (e.g., for SU(5) to G'sm ), by shrinking instantons below the higgsing scale and then
rotating them within the larger gauge group. In Sec. [5] we have seen that often these are
the same mechanism: under a higgsing pattern G — H, there are magnetic monopoles for
H associated with a nontrivial mo(G/H), which explicitly break the Chern-Weil symmetries
of H. However, these magnetic monopoles can admit dyon degrees of freedom, and we have
shown that in many cases these dyon degrees of freedom allow for an improved Chern-Weil
symmetry current for H, including localized contributions on monopole worldlines, that is
conserved and matches the UV Chern-Weil symmetry of G.

It would be appealing if we could argue that this mechanism is universal, but it is not.
For example, we have seen examples in Sec. and Sec. [5.6.4] of a higgsing pattern G — H
where G has a single instanton number symmetry, H has two different instanton number
symmetries, and m; (H) is trivial, so there are no monopoles to break the larger IR symmetry
to the smaller UV one. This counterexample shows that it is not always possible, within the
low-energy gauge theory, to identify a conserved charge associated with a possible dynamical
object whose existence would explicitly break the emergent infrared Chern-Weil symmetry.
(There may be dynamical objects, such as confined monopoles; that do so; however, we
cannot infer their existence from the IR gauge group alone, because they do not have an
associated conserved charge.)

The situation may be better in quantum gravity. First, let us briefly recap other examples
of explicitly broken Chern-Weil symmetries in string theory from [9], in light of our current
understanding. One familiar example is the AdSs x S® compactification of Type IIB string
theory. Viewed as a 5d AdS quantum gravity theory, this theory has an apparent SO(6) gauge
symmetry arising from isometries of the 5-sphere, but there is no corresponding C Atr(F A F)
Chern-Simons coupling in the effective action. Thus, tr(F' A F') for SO(6) appears to be a
current generating a good O-form global symmetry of the theory, which should somehow be
explicitly broken by UV dynamics. To see whether this symmetry could be explicitly broken
by magnetic monopoles, we must identify the correct global form of the gauge group. It
is well known that in fact, this is not SO(6) but its double cover Spin(6) = SU(4), which
has trivial fundamental group, and hence no magnetic monopoles. However, the situation is
somewhat more subtle, as is clear from the dual field theory where SU(4) is an R-symmetry
that rotates the four gauginos of N' = 4 SYM into each other. All fields that transform in
representations of SU(4) that are not representations of SO(6), in fact, are fermions. Thus,
the full symmetry group is a quotient of the product of the spacetime symmetry of AdSs
and the Spin(6) gauge symmetry, i.e., [Spin(4,2) x Spin(6)]/Z,. This means that there
are no magnetic monopoles for the gauge group itself, but there should be more subtle Z,
spacetimes that reflect this quotient structure. We expect that these can be understood as
the dynamical objects that explicitly break the Chern-Weil symmetry, and leave a detailed
investigation for future work.

Another example from [9] is the heterotic string theory with gauge group [Eg x Eg| X Za,
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where the Z, acts by exchanging the two copies of Ey. This theory would have two instanton
number symmetries, one for each Eg, but in fact the sum of the two currents is gauged (by
the field Bg) and the difference is explicitly broken. The difference of currents is, in fact, not
gauge invariant under the Z,. The theory has a dynamical object that makes this manifest,
namely the twist vortex (or 7-brane) whose holonomy exchanges the Eg factors [52] (recently
discussed in more detail in [75]) |

Given these considerations, it appears to be an open possibility that, whenever a Chern-
Weil symmetry is explicitly broken in quantum gravity, there is some charge in the theory
that is associated with a heavy object that obstructs the gauging of the Chern-Weil sym-
metry. In general, “charge” in this context should be understood in terms of cobordism
classes [76]. It would be interesting to revisit the examples of |9] in more detail, and to con-
sider new examples, from this viewpoint. Other examples involve the Chern-Weil symmetries
associated with the tangent bundle of spacetime itself, i.e., cases where the field strength F’
is replaced by the Riemann curvature two-form. These are relatively less well-studied and
may shed light on the general story.

There is another common class of defect that we have not discussed so far that may
play an important role in this story, namely, a codimension-1 end-of-the-world brane. These
objects are familiar from the case of heterotic M-theory [77,/78|, and are expected to exist in
quantum gravity much more generally |76]. In the d = 4 case, the existence of end-of-the-
world branes poses an obvious possible obstruction to coupling a theory to an axion: under
the operation 6 — 6 + 27, we have

exp {1% /M tr(FAF)] > exp {1% /M tr(F/\F)} exp [lﬁ /8 ) KCS} (105)

where Kcg is the Chern-Simons three—form.@ Thus, if the boundary conditions leave the
gauge field free to vary (and in particular, to admit nonzero values of |, o Kcs) on the end-of-
the-world brane on M, the theory is not invariant under background gauge transformations
of the axion and the instanton number symmetry is explicitly broken. This could be remedied
by dynamics on the end-of-the-world brane, much as improved Chern-Weil currents can be
constructed for monopoles. For example, if the path integral of the theory sums over all
possible Chern-Simons levels on the end-of-the-world brane, then the full path integral will
remain invariant under 0 — 6 + 27, with a monodromy rearranging the contributions of
different Chern-Simons levels. The theory on the brane could, for instance, admit dynamical
domain walls separating regions with different Chern-Simons level, with chiral fermions (edge
modes) living on these walls due to anomaly inflow. We leave a more detailed look at
whether end-of-the-world branes explicitly violate Chern-Weil symmetries in known theories
of quantum gravity for future work.

Symmetries, and their absence in quantum gravity, can provide powerful tools for un-
derstanding physics. In particular, if quantum gravity indeed forbids (—1)-form instanton

28This is not fully satisfying, because one can still ask why the theory does not have a Z,-odd gauge field
B{ coupling to the difference of instanton numbers. MR thanks Jake McNamara for emphasizing this point.

290me can discuss a magnetic monopole in similar terms. If we view the monopole not as pointlike but
as a small ball, then by inserting it we are cutting a hole in spacetime with boundary of topology S? x R.
Then integrating the Chern-Simons form A A F using the flux of F over S? leaves a factor of A integrated
over the worldline R. This is one way to think about the Witten effect.
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number symmetries (an idea that is closely linked to the absence of free parameters in quan-
tum gravity), then we could argue that the instanton number symmetries of the Standard
Model must be gauged or explicitly broken. Their gauging would imply the existence of an
axion, or a massless chiral fermion, which are familiar solutions to the Strong CP problem.
It has been less clear what it would mean for Chern-Weil symmetries to be explicitly broken.
We have taken steps toward clarifying the possible mechanisms of explicit breaking of such
symmetries, but a full classification of such mechanisms and investigation of their potential
real-world consequences remains an open challenge.
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A Dyon action
We derive the action for the dyon degree of freedom, crucial for restoring the IR CW sym-

metries that is explicitly broken by monopoles. We focus on the term obtained from the
f-term,

9 a a Vpo
S D / d4x647r2GWGpae“ P (106)
where G7,, denotes the field strength for a simple and simply connected gauge group. Specif-
ically, we derive the dyon action in the form of

0 2

which also gives the covariant derivative for dyons. The derivation proceeds through several
steps. First, we study an 't Hooft-Polyakov monopole emerging from the symmetry breaking
of SU(2) — U(1) with an adjoint Higgs VEV. Second, we explore the 't Hooft-Polyakov
monopoles arising from breaking of SU(3) — SO(3) with the condensation of the Higgs in
the six representation. Refer to the main text for detailed notation.
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A1 SU(2) = UQ1)

We first focus on the spontaneous symmetry breaking of SU(2) — U(1) induced by the non-
zero vacuum expectation value of the adjoint scalar field ¢ = ¢*7T*. This was the setting in
which the dyon mode was first studied [37,38,/79]. To obtain the zero mode (dyon mode),
we consider fluctuations around a monopole background,

Al = AV 4 5A% ¢ =60 4 5¢* (108)

i

where the superscript (0) denotes the monopole background configuration. The dyon mode
o is given as a collective coordinate related to the global U(1) rotationm This is expressed
as

U = exp(iog'” Jv)
A — UADUT +iU(0,U")
o - UsOUT (109)
where v is a dimensionful parameter ensuring the phase is dimensionless. The choice of v
does not affect the physics since an apparent ambiguity in v is removed by redefining o. We

take v so that a surface integral of (114]) gives the monopole charge. Under the rotation, we
identify

a o a
6Aﬂ - ;aﬂ¢(0) ’ 5¢ =0 ) (11())

where higher order terms in ¢ are ignored. Note that physical states are only affected by

the global transformation at spatial infinity, and ¢ and o + 27 are equivalent there. See,

e.g., [72,[80] for more detailed pedagogical discussion about the dyon collective coordinate.
Let us derive [ %da. Choosing the gauge Aj = 0, the f-term is expressed as

/dt/d%iAng , (111)
812

where B = —%eijkG?k. The separation of time and spatial integrations is for later conve-

nience. The dyon mode o emerges upon substituting Af} with 60 A¢ /0o, resulting in

4 Dz 0)a u
/dt@d/d%‘bTBl@ , (112)

where ([110]) is used. At this step, we have transformed the derivative into a covariant

derivative Applying integration by parts and utilizing the condition DiBi(O)a = 0, we
obtain
0 1 _0
dt——6 | d2S;—~BVp©®a 113
[itgo @5 B0 (13)

30U is not close to unity at spatial infinity.
31The background gauge condition can be satisfied with this transformation (see, e.g., |72,80]).
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The surface integral in this expression yields the monopole charge,

1
/ d*S;=BV 0 = 47 (114)

v

leading to

)
dt—o . 115
/ - (115)

Therefore, we derive the action,

0
/%do A b (116)

which preserves Lorentz invariance.

Let us consider an additional contribution to the dyon action from the 6-term as described
in Eq. (107). Without employing the gauge fixing condition A% = 0, the #-term can be
expanded to include

0 3 a\pa __ —0 2Q )
/ It / 3 (—AD; A% BY — / dt< W) / 025, Tr[Ay B | (117)

where we used the Bianchi identity D;B; = 0. This derivation has thus far been conducted
for general forms of Ay and B;, while we finally adopt the gauge choice A} = 0 and set B;
as the monopole background configuration. Treating A§ as a constant leads to

—0 i —0 ! ara
[ (m) TloQn] [ Ei0 = [ (m) Tr[AoQu] (z ~05 - Agk ) . ()

where the surface integral is evaluated with B; = QM#, assuming a large radius r of the
sphere. Consequently, the Lorentz-invariant form of the dyon term is expressed as

/e% (da - % (A QM]) | (119)

noting that the factor of 2 preceding the trace originates from the normalization condition
Tr[TeT®) = 1/25%.

A2 SU3) — SO(3)

In the breaking of SU(2) — U(1) with the adjoint Higgs, we have derived the action of the
dyon mode in the BPS limit in which the potential does not contribute to the total energy
and its only role is to give the boundary condition for the Higgs VEV. In this limit, the
monopole solution is obtained from the Bogomol'nyi equation which minimizes the energy
for a given magnetic charge.

In more generic cases, there is no apparent Bogomol'nyi equation because the Higgs
field now is not in the adjoint representation. However, [81] describes a method to find the
corresponding Bogomol'nyi equation similar to the case of SU(2) — U(1). More concretely,
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let us consider a monopole from a generic breaking pattern of G — H. The Higgs field may
not be in the adjoint representation of G, but we may find a subgroup G C G such that
the Higgs field includes the adjoint representation of G. Note that G may not be the same
as H. For example, in SU(3) — SO(3) (i.e., G = SU(3), H = SO(3)), we find G = SU(2)
under which the Higgs field of the 6 representation of SU(3) is decomposed to 3®2@® 1. The
monopole solution is constructed for the adjoint (3) and singlet (1) components of the Higgs
field, while the field values of the other components are zero. The singlet components have
constant field values, otherwise there is no cancellation for the covariant derivative (such a
cancellation is needed for the finite energy configuration). In this manner, the minimization
of the energy leads to the Bogomol'nyi equation for that adjoint part of the Higgs. To obtain
such a Bogomol'nyi equation, any other components except for the adjoint and singlet ones
should have zero field values. [81] has examined various examples and conjectured that this
requirement is met when using the minimal representation Higgs field that achieves the
breaking G — H. Following this approach, the dyon action can be derived similarly to the
case of SU(2) — U(1). Indeed, the global U(1) rotation is obtained by U = exp(iog¢,4; &/v)

where ¢,4. » denotes the adjoint Higgs under G, and the other parts are ignored due to

adj,
beging singlets under G or having zero background field values. Focusing on the 6-term for
the G gauge group, the Bogomol'nyi equation leads to the dyon action in the form of .

Let us demonstrate the derivation of the dyon action using the example of SU(3) —
SO(3). We start by reviewing the concrete procedure to obtain the monopole solution of
SU(3) — SO(3) as detailed in [82,83], and confirm that this is indeed a working example of
the method described above. Consider the SU(3) gauge theory with the Higgs field in the 6
representation, expressed as a symmetric tensor ®® (® denotes the 3 x 3 symmetric matrix).

® is transforming under a SU(3) gauge transformation U by
o - UDU" (120)

where the superscript T' denotes the transpose. The vacuum expectation value of the Higgs
field is taken to be

q)ab

string — v 5ab (121)
in the string gauge. The monopole is “associated with” the SU(2) subgroup, with generators
defined as

L 3 _ Lo

A, T7 =)\, (122)
2 2

where \”’s are the Gell-Mann matrices, and T 3 is one of the generators of SO(3). Note that
this SU(2) corresponds to G in the previous discussion. The gauge field configurations in
the string gauge are

T1:%A3,T2=

. - - 1 0
Aitrmg _ Aztrmg —0 : Af;rmg _ _T3 tan <§> 7 (123)
qgr

where g is a gauge coupling constant of SU(3), and r, 6, ¢ are used for a spherical coordinate
system. To transition from the string gauge to the hedgehog gauge we perform the gauge
transformation,

U(6, ) = exp(—idT?) exp(—if0T?) exp(i¢T?) . (124)
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In the hedgehog gauge, the Higgs field configuration is

cosf + itsinfsin ¢ —1isinf cos ¢ 0
d =oU(0,0)UT(0,¢) =v —isinf cos ¢ cosf —isinfsing 0 | . (125)
0 0 1
The gauge fields become
a a 1 a g
AM = A#T = JENabT Ty (126)

where €;; = 0, 7, is the unit vector, and Z‘Zzl 7oTe = 1. The asymptotic form of the Higgs
and gauge fields must approach these configurations. The ansatz for the solution is

1 (T)(Z +iy) lﬁl(r)(—iﬂﬁ) 0
¢=— (7“)( z) Yi(r)(z—iy) 0 : (127)
I 0 ¢2(T) )
A,u = _$Eyab7ﬂa7ﬁb ) (128>

where ;(r) are functions that depends on the radial coordinate r, while K (r) is another
radial function determining the gauge field configuration.

After substituting the ansatz into the action, the variation with respect to 1,2 and K
leads to the equations of motion (EOMs). From the EOMs, it turns out that s(r) is
a constant in the BPS limit, which indicates that i(r) corresponds to the singlet under
@ The remaining non-trivial 2 x 2 matrix of ® behaves as the adjoint representation of
G = SU(2). This can be quickly checked by noting ® is made by a symmetric combination
of 3® 3 =6® 3, and 3 is decomposed to 2 ¢ 1 for SU(2). This indicates the non-trivial
2 x 2 matrix is indeed the adjoint representation under SU(2). More explicitly, the covariant
derivative of ® is

D,® =0, —ig(Ad + ®AT) . (129)
Focusing on the 2 x 2 matrix, this can be rewritten as
D,® — D,Psy) = 9,Psuz) — 19(Asu@ Psu) — Psue)dsue) (130)

where ®gy(9) is the redefined Higgs field that behaves as the adjoint representation of SU(2),
and Agug) is also the corresponding redefined gauge field,

2 i i Ly
Dgy(2) = g7w1(r) 2 Tuy » Toue) = 5)\ (i€{1,2,3}), (131)

1 , R
AMSU(Q) = g—TE,nb TszU(z)rb . (132)

32The singlets have constant field values because the covariant derivative just becomes the ordinary deriva-
tive for the singlet, and thus such a component must be a constant.
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Focusing on the non-zero (and r-dependent) monopole configuration, the action is now
expressed in terms of ®gy(2) and A, sy(2) in the Bogomol'nyi limit as follows:

1 a apv 1 a a
[t |~ Fhusun Pl + 5048800 (D" )| (133)

Here, FJ, SUE) denotes the field strength tensor for the SU(2) gauge field. The Bogomol'nyi
equation is obtained just as in the case of SU(2) — U(1). The Bogomol'nyi equation is

1 a a
;Bz’SU(2) - Di(I)SU(Q) =0, (134)

where B, su@) — Gmka su(2)-
The dyon degree of freedom is related to the global U(1) transformation. From the above
results, we can perform the following U(1) rotation,

o o2
U/ = eXp <Z;<I>SU(2)> = eXp (Z;g—l (ZL’ TSU( 2) + yTS2U(2) + ZTSSU(Q)>) . (135)
Under this rotation, we have
Asu(a) — U'AsuU' ™" +iU'(0U' ™) | (136)
Dsu) — U'PsuU' ™ = sy - (137)

Focusing on the non-trivial background configuration as in the previous case, this leads to
0Aisu@) = 0~ (8 Psu())* s 0Psu(z) = 0. (138)

Now, deriving the dyon action parallels the case of SU(2) — U(1). Focusing on the
monopole background configuration, the #-term in the SU(3) gauge theory leads to

/ d'z #Ggﬁgaewm / dt / d* T Alsu)Bisu) D %d . (139)

Here, we used D;Bfg;, = 0 and i dZSZ-%BfSU(z)@gU@) = 47. The #-term also includes
another term by treating A su(z) @S a constant,

/fM4m%ww&wma 0 Tl Agsu Qud (140

where we have BaSU = Q- P the dyon action from the 6-term

is expressed as

1 2
/ - (da - 2 TrlAsuey QM]> . (141)
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B Further examples

B.1 SU(5) x SU(5) — [SU(3) x SU(2) x U(1)]/Zs

Next, let us consider an example in which G is not simple, but semisimple, and simply
connected. Specifically, consider the product gauge group G = SU(5) x SU(5). The prod-
uct SU(5) x SU(5) is broken into [SU(3) x SU(2) x U(1)]/Zs with the condensation of bi-
fundamental fields [84]. The stable monopoles are generated due to the non-trivial homotopy
group m(G/H) = m (H) = Z.

In the UV regime, we identify two conserved UV CW currents associated with the product
groups SU(5) x SU(5). On the other hand, the conserved IR current arises from only a
linear combination of the UV currents. This conserved current results from the embedding
of [SU(3) x SU(2) x U(1)]/Z¢ within the diagonal SU(5) subgroup of SU(5) x SU(5). It
is important to note that further analysis is necessary when the gauge group involves a
non-trivial quotient. For example, with the gauge group of G = [SU(5) x SU(5)]/Z5, the
fundamental group 7 (G) is non-trivial, which leads to fractional monopoles. This situation
requires a more detailed examination.

B.2 SU(5) x U(1) — SU(3) x SU(2) x U(1)

Consider a final example in which the initial gauge group G is neither simply connected nor
semi-simple. The original group is G = SU(5) x U(1), which is broken into H = SU(3) x
SU(2) x U(1) by the Higgs in the 10 representation of SU(5) with a U(1) charge [85-88].
Note that G and H are direct products without any quotient, permitting fields to be solely
charged under the U(1) with arbitrary charges. The homotopy groups in this theory are
m(G) = Z and mo(G/H) = 0, implying no 't Hooft-Polyakov monopoles.

We find two UV CW currents associated with SU(5) and U(1). The CW current from U(1)
is recovered by the dyon degree of freedom. On the other hand, we identify three conserved
IR CW currents because of the trivial homotopy group of mo(G/H) = 0. Consequently, we
encounter another example that the conserved IR, CW currents do not correspond to the
ones descending from the UV currents. As in the previous case, further study is needed
when the quotient is non-trivial, e.g., [SU(5) x U(1)]/Z5s — [SU(3) x SU(2) x U(1)]/Zs.
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