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Orbifolds of chiral fermionic CFTs and their duality
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ABSTRACT: We consider chiral fermionic conformal field theories (CFTs) constructed from
lattices and investigate their orbifolds under reflection and shift Zs symmetries. For lat-
tices based on binary error-correcting codes, we show the duality between reflection and
shift orbifolds using a triality structure inherited from the binary codes. Additionally, we
systematically compute the partition functions of the orbifold theories for both binary and
nonbinary codes. Finally, we explore applications of this code-based construction in the search
for supersymmetric CFTs and chiral fermionic CFTs without continuous symmetries.
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1 Introduction

Orbifold is a powerful tool to construct new consistent two-dimensional quantum field theories
from a given theory by gauging a global symmetry [1-3]. A notable example for us is the
construction of the chiral bosonic CFT with the Monster group symmetry, which elucidates
the Monstrous moonshine phenomenon [4, 5]. The Monster CFT is constructed by two
orbifolds of the chiral bosonic CFT based on a lattice by the reflection Zs symmetry G
generated by X — —X and the shift Zo symmetry H generated by X — X + 7, where
X is an n-dimensional periodic free boson and § is a vector specifying the half shift of the
periodicity. These procedures rule out continuous symmetry in the original theory and lead
to a consistent chiral CFT with the Monster group symmetry.

This paper aims to study the reflection and shift orbifolds of chiral fermionic CFTs based
on odd self-dual lattices. The chiral fermionic CFTs are characterized by a half-integer spin
operator in the spectrum. When the lattice is odd self-dual, the corresponding set of vertex
operators contains half-integer spin operators and gives rise to the Neveu-Schwarz (NS) sector
of a chiral fermionic CFT. The Ramond (R) sector is given by the vertex operators based
on the shadow of the lattice, a kind of half-shift of the lattice. For a non-anomalous Z-
symmetry, we find two ways of Zs orbifold denoted by + that change the NS sector of the
original theory 7. The shift orbifolds can be interpreted as a modification of the original
lattice and the theories (7 /H )+ after orbifolding are still a lattice CFT. On the other hand,
the reflection orbifold theories (7 /G)+ are not a lattice CFT after orbifolding.

One of the main results of this paper is the duality between the reflection and shift
orbifolds in chiral fermionic CFTs, when a lattice is constructed from a binary error-correcting
code. This result expands the previous one for the bosonic theories constructed from error-
correcting codes [6, 7]. A binary error-correcting code C' C [F§ is a vector space over a finite
field Fo = {0,1} and yields an odd self-dual lattice A(C') C R™ by uplifting codewords to
lattice vectors by the so-called Construction A. Finally, this lattice A(C') gives rise to a chiral
fermionic CFT T of central charge n [8]. In this case, at least one shift Zy symmetry H is
present and becomes non-anomalous when n € 8Z. The shift orbifold is a modification of
the original lattice A(C') to another one K(C) Since the original theory 7 always contains
SU(2) current algebras inherited from codewords in the binary code, we can construct the
permutation of three generators in SU(2) called the triality. Using the triality, we show the
equivalence between the reflection and shift orbifolds:

T/G = T/H, (C: binary code), (1.1)

where we denote them by 7/G and T /H since the two types of orbifold (£) coincide in
the binary construction. We can proceed to the orbifold of the shift orbifold 7/H by the
reflection symmetry, which leads to the new theory 7/H/G. We show the whole picture
of the equivalence between the orbifolds in chiral fermionic CFTs based on binary codes in
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Figure 1: The duality between orbifolds of the reflection Zs symmetry G and the shift Zo
symmetry H in a chiral fermionic CFT from a binary code. For the code-to-lattice arrows,
the straight line shows Construction A and the wavy line does its half shift. For the lattice-to-
CFT arrows, the straight lines represent lattice CF'T construction and the wavy lines do their
reflection orbifold. The theory T is constructed by the previous work [8], and the reflection
and shift orbifold together yield three theories from a binary code.

Fig. 1. We also explicitly present their torus partition functions, which allows us to compute
their spectra and identify the profiles of chiral fermionic CFTs.

We extend our analysis to the shift orbifolds of chiral fermionic CFTs constructed from
nonbinary Z;, codes C' C Zj where Zj, is a ring of integers modulo k € Z>2. We generalize the
previous works [8, 9] constructing chiral fermionic CFTs from F), codes for a prime number
p to Zi codes for a positive integer k£ > 2. When the code is not binary, the equivalence
between reflection and shift orbifolds does not hold in general. However, we can choose a
shift Zo symmetry independent of the code C', which enables a systematic study of the shift
orbifolds. We obtain the formula for computing the orbifold partition functions on a torus
from the weight enumerators of nonbinary codes.

With the general construction in hand, we provide various chiral fermionic CFTs based on
binary and nonbinary codes and their orbifolds. By applying our construction to binary codes
of length 16, we reproduce the classification result ([10-12]) of chiral fermionic CFTs with
central charge 16. Up to equivalence, there are only five binary singly-even self-dual codes.
We leverage these codes to six odd self-dual lattices and seven chiral fermionic CFTs. This
provides the relationship between code, lattice, and CFTs (see Fig. 5 for the results). Also,
we find evidence that the reflection and shift orbifolds preserve supersymmetry by checking
that some necessary conditions for supersymmetry hold in orbifold theories if the original
theory T satisfies them. Finally, we search for more theories of interest with central charges
above 24. At ¢ = 24, we construct the “Beauty and the Beast” superconformal field theory
(SCFT) [13] and the Baby Monster CFT [14] from binary codes, both of which have sporadic
group symmetries. At ¢ = 32,40, we give an example of chiral fermionic CFT with spectral



gap A = 2. This implies that there do not exist spin-one currents generating continuous
symmetry in this theory and only discrete symmetry can exist.

The organization of this paper is as follows. In section 2, we review general aspects of
chiral fermionic CFTs with a global Zg symmetry. We introduce two types (4) of orbifolds by
composing the topological operations and present the general prescription for Zs-orbifolds.
Section 3 is devoted to the reflection and shift orbifolds of chiral fermionic CFTs based
on binary codes. We give a detailed analysis of the shift orbifolds and their interpretation
as the lattice modification. We also show the computation of torus partition functions of
the reflection orbifold. In section 4, we construct chiral fermionic CFTs from Zj; codes
through lattices, which is a generalization of the previous works [8, 9]. The main purpose
of section 5 is to show the equivalence between the reflection and shift orbifolds in chiral
fermionic CFTs based on binary codes. We also extend our analysis to nonbinary codes and
give the formula for computing the orbifold partition functions in section 6. In section 7, we
present various examples of chiral fermionic CFTs and their orbifolds as an application of our
general construction. Finally, we conclude in section 8 and discuss future directions.

2 Fermionic CFTs and Z, orbifolds

The main interest of this paper is a 2d chiral fermionic CFT with a Zs symmetry. Since
the theory is chiral, its spectrum consists of only the left-moving sector and the right-moving
sector is trivial. A fermionic CFT contains an operator with a half-integer spin in its spectrum.
Any fermionic CFT has a fermion parity symmetry Zg generated by (—1)%, which acts on
fermionic operators as sign flip and on bosonic operators trivially. We assume the presence of
an additional bosonic Zg symmetry G = {1, g}. By a bosonic symmetry, we mean a symmetry
that does not change a spin structure by the insertion of the corresponding symmetry defect.
Namely, we are working on a 2d theory 7 with Zg X Zo symmetry.

Our spacetime is a manifold M that admits a spin structure. Typically we consider
a Riemann surface. To define a fermionic theory, we need to specify the choice of a spin
structure, labeled by the holonomies around the different cycles of M. We denote by Z7[v]
the partition function on M equipped with a spin structure . Furthermore, we can introduce
a background Zs connection o € H'(M, G) associated with the bosonic Zs symmetry G. We
denote by Z7[v; a| the partition function on a Riemann surface with spin structure v and Zo
connection .

In this paper, we mostly set our spacetime as a torus 72. The cylindrical coordinate
is w = x1 + iz, identified with w ~ w + 1 ~ w + 7 where 7 is a modulus of the torus.
We set z1 as a spatial direction and zg as a temporal one. The additional structure on a
torus (e.g., spin structure and background Zy configuration) can be fixed by the periodicities
along spatial and temporal cycles. For each cycle, the Neveu-Schwarz (NS) sector sets the
anti-periodic boundary condition 1y — —1 and the Ramond (R) sector does the periodic



boundary condition 1y — 1 where ¢ denotes a fermionic field. We can summarize a spin
structure on a torus as v = (so,s1), si € {0,1} by denoting NS <» 0 and R <> 1. Similarly,
the Zy connection on a torus can be specified by a = (ag, a1), a; € {0,1} where a; represents
the periodicity ¢ — g% - ¢ for a field ¢.

The partition function on a torus with a spin structure v = (sg, s1) and a background Zs
connection o = (ag, a1) can be written as

Z1ls0, 515 a0, a1] = Try g (—1)%F glo=21 | | (2.1)

p(s1),e(a)

where the partition function of a chiral CFT depends only on ¢ = €2™7. For notation con-

venience, we define p : {0,1} — {NS,R} such that p(0) = NS, p(1) = R and ¢(a) = g for
a € {0, 1} Here, Hp(s1),b(a1)
bosonic Zy element t(a;) € Zg under spin structure p(s;) € {NS,R}. We often omit the

is the Hilbert space quantized on the periodicity twisted by the

second index for the untwisted sector and simply denote Hns,1 = Hns or Hr,1 = HR-

In what follows, we consider the orbifold of a chiral fermionic CF'T by a bosonic Zs
symmetry G. To define the orbifold theory consistently, we need to ensure the vanishing
't Hooft anomaly. In a 2d chiral theory, there occurs a gravitational anomaly characterized

1 However, as we want to see the effects of

by Vgray = —2c¢ where c is the central charge.
orbifolding, we will focus on an 't Hooft anomaly of Zg X G symmetry below. Note that we
need to care about Zg x G rather than only the bosonic symmetry G because the orbifold

theory has to possess the fermion parity symmetry Zg .

The 't Hooft anomaly of Zg x G symmetry is classified by v € Zg [15]. The mod 8 anomaly
v can be constructed from the three layers (v, vo,v3):

v=uv1+21p+4rs mod 8, (2.2)
where each layer takes a mod 2 value
v € HY(Zo, 7o) 2 Ty, vy € HX (Lo, To) 2 Ly, v3 € H3(Zo, U(1)) = Zs. (2.3)

The three layers vy, v9, and v3 are called the Majorana layer, the Gu-Wen layer [16], and
the bosonic layer, respectively. These layers admit a clear physical and geometric interpre-
tation [17]. Concretely, each layer gives a way to encode rules to place SPT phases with no
bosonic symmetries on facets of triangulation by G-symmetry lines. For example, the Ma-
jorana layer specifies a way of placing a 2-dimensional Arf theory, which is the non-trivial
fermionic SPT phase without bosonic symmetry, on two-dimensional facets. See [17, 18] for
more details.

We can diagnose the 't Hooft anomalies of symmetry G in terms of torus partition func-
tions using modular transformation [9, 17, 19]. The mod 8 anomaly v € Zg can be read off

!The gravitational anomaly of a chiral CFT with central charge ¢ always can be canceled by coupling 2¢
Majorana-Weyl fermions to the anti-holomorphic sector.



from the eigenvalue e™/4 of the modular transformation ST2S~' on the relative partition

function Z7(0,0;1,0]/Z7]0,0;0,0]:

Zr[0,0;1,0] =2 Z7[0,0;1,0]

ST?s—t. 2L 4/ -
Z700,0;0,0)  © " Z7(0,0:0,0]

(2.4)
where we take the relative to cancel the contribution from the gravitational anomaly of a
chiral CFT. Since this procedure uses only the NS-NS partition functions Z7[0,0;1,0] and
Z7(0,0;0,0], we can compute the anomalies only if we know the action of symmetry in the
NS sector. Below we assume the vanishing anomaly v = 0 mod 8, which allows us to gauge
the Zo symmetry G.

Let us consider the orbifold of the fermionic CF'T by a non-anomalous bosonic Zy symme-
try G. Orbifolding is one of the topological manipulations since it does not change the local
structure such as the chiral algebra and only modifies its global structure like the partition
function. By combining topological manipulations, we arrive at various theories associated
with a global symmetry G. Here, we focus on the bosonic operations, which map our fermionic
theory to another fermionic theory. The bosonic operations on a fermionic theory with Zg X Lo
are known to be generated by the three following operations [18]:

e The shift of the spin structure by the Zy gauge field

T Z7[s0,81; a0, a1] — Z7[s0 + ag, s1 + a1; a9, a1] . (2.5)

e The stacking of the Arf theory

S Z7[so0, s1;a0,a1] — (—1)%0% Zr|[so, s1; a0, a1] . (2.6)

e The orbifold of the bosonic Zy symmetry

O: Zrlso,si;a0,am) = 5 Y (=174 Zr[so, 515 ¢0, 1] (2.7)

co,c1€2%2

N

We can combine the three topological manipulations to construct new consistent theories
from the original fermionic theory with a non-anomalous Zs symmetry G. These operations
generate three independent Hilbert spaces up to stacking invertible phases: the original theory
T, the orbifold (4) theory (7/G)+, and the orbifold (—) theory (7/G)—. These are related
by the following topological manipulations:

Z1/6),.[80, 815 a0, a1] = O - Z1[s0, 815 o, a1] , (28)

Z(1/6)_l50,51500,a1] = (SF O TF SFTF) - Z(7/6), [50, 51; a0, a1] -

In terms of the Hilbert space, these theories are related by swapping the sectors as in table 1.
The other theories generated by the topological manipulations are different in the R sector



untwisted twisted
NS R NS R
oven boson A E I M
g-ev fermion B F J N
odd boson C G K O
& fermion | D H L P

(a) original theory T

untwisted twisted
NS R NS R
5 boson A E C G
g-evell fermion B F D H
. boson I M K O
g-odd fermion J N L P

(b) orbifold theory (7/G)+

untwisted twisted
NS R NS R
boson A M I E
g-even fermion B N J F
ad boson L H D P
§0 fermion K G C O

(c¢) orbifold theory

—~

T/G)-

Table 1: The sectors in the original, orbifold (4), and orbifold (—) theory.

from the three theories T, (7/G)4+ and (7/G)_. Since the original theory 7 has two global
symmetries Zg and G, its Hilbert spaces are extended to twisted sectors with respect to the
two symmetries. In total, the extended Hilbert spaces consist of Hns, Hr, Hns,g and HRr g.
Furthermore, each Hilbert space is graded by the charges of the Zg X Zgo symmetry, which
finally leads to 16 sectors (A, B, ---, P) on the top in table 1.

Orbifolding (+) swaps the original Hilbert space into the middle in table 1. After orb-
ifolding (4), the bosonic Zy symmetry becomes trivial because it acts trivially on any local
operator. Instead, a dual Zy symmetry G arises in the orbifold (+) theory and the orbifold
Hilbert space can be graded by the new Zs symmetry [20, 21]. On the other hand, the orb-
ifold (—) theory is still graded by the original Zy symmetry G since its NS sector includes the
sectors K, L, which are odd under the Z, symmetry G before gauging. Note that the sectors
O, P do not appear in the untwisted sector for both orbifold theories.



3 7, orbifolds in lattice CFT's

Up to this point, we have described a general discussion about fermionic CFTs and their
orbifolds by Zs symmetry. From this section, we restrict our attention to the orbifolds of
chiral fermionic CFTs based on lattices (lattice CFTs). In section 3.1, we give a brief review
of lattice CFTs. In section 3.2 and 3.3, we analyze their orbifolds by the shift symmetry H
and the reflection symmetry G in detail.

3.1 Lattice CFTs

Let us recall some definitions associated with lattices following [22] to introduce lattice CFTs.
A lattice A C R" is a discrete subgroup of R", which spans a vector space. For a lattice A
with the standard inner product z-y = Y1 | 2; y; for z,y € R™, the dual lattice is defined by

A= {NeR"|A-NeZforal xe A} . (3.1)

A lattice A is called integral when A C A* and self-dual when A = A*. Moreover, an integral
lattice is called even when A - \ € 27Z for all A € A, and odd otherwise.

Let A C R™ be an odd self-dual lattice. It can be divided into two disjoint subsets:
A = Ag U Ay where

A={AeA|N¥=0mod2}, Ar={A€A[X=1 mod2}. (3.2)

The shadow of A is defined by
S(A)=A5\A. (3.3)

It is convenient to introduce a characteristic vector. A lattice vector x € A is called
characteristic if \-\ = x-A mod 2 for all A € A. The shadow can be written as S(A) = A+ for
any characteristic vector x € A, or equivalently, S(A) = {¥ | x : a characteristic vector of A}.

For a self-dual lattice A, one can construct a CF'T by giving the set of vertex operators
from A (see, for example, [23, 24]). We construct a chiral fermionic CFT T with central charge
n from the lattice A C R™ by specifying a set of vertex operators in the Neveu-Schwarz (NS)
and Ramond (R) sectors as

Va(z) =: M¥E) . NeA (NS sector) (3.4)
Ve(z) =: EXE L ce S(A) (R sector) (3.5)

where the colon denotes the normal ordering and X (z) is an n-dimensional chiral scalar boson
whose mode expansion is
. S ) o,
X'(z)=¢ —ip’Inz+1i g —z ", (3.6)
n
n#0



Here, ¢ is a position operator that only appears in 7 and acts as ¢ |u) = |\ + u) where
|p) denotes a momentum eigenstate (1 € A). Since the NS sector consists of local operators,
it is required to satisfy the mutual locality

Va(2) Vi(w) = e Vi(w) Va(2) , (3.7)

where ¢ = —1 if both of the operators are fermionic, and & = +1 otherwise: ¢ = (—1)’#’.
To respect this condition, we need to introduce a “cocycle” factor oy satisfying

Gxbu=e(=1)*"G,6,, (3.8)

where we conventionally take &) = oy e*9 [25]. Thus, the precise definition of vertex opera-
tors satisfying the mutual locality is

Va(z) =: éMXE) gy (3.9)
The cocycle factor satisfies the following multiplication rule
636 = (0 1) rye (3.10)

where €¢(\, u) € C. The coefficient € has to satisfy some conditions. First, the condition (3.7)
related to the mutual locality requires

€A ) = (M e, ). (3.11)
Second, since A = 0 represents the identity operator, we have the condition
€(N,0) =€(0,A\) =1. (3.12)
Finally, the associativity of vertex operators: (V,Vz)V, = V,(V3V,) imposes the condition
e(o, B) el + 5,7) = e, B +7) €(B,7) (3.13)
which means that € is a 2-cocycle of A as an additive group.

Taking the cocycle factors into account, we consider the operator product expansion
(OPE) between vertex operators Vy(z)V,(w) where A> = u? = 2 since this type of OPE

appears in a later section. The singular terms appear only when A - yp = —1,—2 because
A2 = p? =2. When \- = —2, we have u = —\ and the OPE becomes
A=A
Vi(2) Vi (w) ~ W[1+i(z—w))\-8X(w)] , (3.14)

where we used the multiplication rule (3.10) of the cocycle factor. When A-p = —1, the OPE
is given by

(A 1)

zZ— W

Va(2) Vu(w) ~

V)\+p(w) . (315)



From the state-operator mapping, the Hilbert space of the NS sector Hng(A) is spanned
by

T T )My, AeA, (3.16)

i=1m=1
where of i = {1,...,n}, m € Z is the oscillator that satisfies [aﬁn,ai] = M, k6" and
Nim € Z>g is the occupation number for each mode. The fermion parity (—1)f" acts on states

as (—1)**, which equals (—1)X* for any characteristic vector y € A.

Similarly, the Hilbert space of the R sector Hgr(A) is spanned by

[T I @)Mme), ¢e s, (3.17)

i=1m=1

For the R sector, there is ambiguity in the fermion parity (— 1)F and in this paper we fix a
specific characteristic vector x € A and define (—1)" |¢) = (—1)X* |¢) where £ = A+ %, A € A.

Let us consider the torus partition functions. For a fermionic CFT, the torus has spin
structures specified by spatial and timelike boundary conditions. With the notation intro-
duced in section 2, the partition functions of the CFT T constructed from the lattice A C R™
are

Z qlAQ

T AEA
n 1
0= T [ 5] = 2 3
n(r)" =
Z710,1] = Try, [qLOm} =LY gy,
n(r)" =
Z7(L 1] = Tryg [(—1)F qLO‘%} - 3 (—1pAgr )
T](T) AEA

where Ly is the Virasoro generator, n(7) is the Dedekind eta function, and y is a characteristic
vector. Note that there is the ambiguity of the overall sign in Z7[1,1], which comes from
that of the fermion parity (—1)". Using the lattice theta function ©,(7) = 3,5 ¢'/?, the
NS-NS partition function can be written as Z7[0,0] = O4(7)/n(7)".

In the rest of this section, we discuss two types of orbifolds for the lattice CF'T: the shift
orbifold by h: X — X + 7 and the reflection orbifold by g : X — —X.

3.2 Shift orbifold

This section is devoted to the orbifold of a fermionic lattice CFT by a shift Zs symmetry
H = {1,h} generated by a half shift » : X — X + 7. In section 3.2.1, we describe the
Hilbert space extended by the shift Zy symmetry H. The extended Hilbert space consists of

,10,



the untwisted and twisted sectors as in the top of table 1. The shift orbifold theory 7 /H
is given by swapping those sectors. In lattice CF'Ts, we can interpret the shift orbifold as a
modification of lattice, which will be explained in section 3.2.2.

3.2.1 Zs-extended Hilbert space

Let A C R" be an odd self-dual lattice and § € A a vector that is not a characteristic
vector and satisfies %5 ¢ A. We consider the theory on the orbifold obtained by the shift
h: X — X 4+ 7. Note that if § is a characteristic vector, then the orbifold theory can be
constructed by simply swapping four sectors (NS/R and boson/fermion) as described in [26],
and if %5 € A, then the shift A is trivial.

Under the shift Zs symmetry, the vertex operators are classified into Zy even and odd
sectors. In terms of the momentum lattice A, the inner product with ¢ specifies the Zs grading
of the corresponding operators. It is convenient to define

Aseven ={ANEAN|I-N€2Z}, Asoda={ANEA|d-NE2Z+1} . (3.19)

The vertex operators V)\(z) are even when A € As even and odd when A € Asoqq. Since the
oscillator excitations are bosonic, the untwisted NS Hilbert space can be decomposed into
Hns(A) = Hih @ Hyl where

o[t
it

We define Zs grading for the vertex operators in the untwisted R sector by h : V +X (2) —
(—1)%A V/\Jr%(z) and the R sector decomposes into Hr(A) = Hy" @ Hy" where

Nim ‘)\>

A€ Aé—even} )
(3.20)
Nim ‘)\>

||:18 ||::]8

A€ Aé—odd} .

Hin = {H H (o, )N A+ %) | X e A(;_even} ,

—imd (3.21)
My = {H [T )N A+ %) | Ae A(;_odd} .

i=1m=1

Let us detect its 't Hooft anomaly by using the technique introduced around (2.4). From
direct calculation using the expression

1
Z7[0,0;1,0] = ——— S (-1} (3.22)
n(m)" &=

the phase from the modular transformation ST2S~! on Z7[0,0;1,0]/Z7[0,0;0,0] is e27/8
with v = 262. Thus, we can conclude that the shift orbifold theory is non-anomalous if and

— 11 —



only if 2 € 47Z. This condition is required to be satisfied for a consistent definition of the
orbifold theory.

As mentioned earlier, we take § that is not a characteristic vector and satisfies %5 ¢ A.
Equivalently, 0 satisfies g ¢ (AU S(A)). Combining with the condition 62 € 47 for non-
anomalous J, we call the gauging condition (g ¢ (AU S(A)) and §2 € 4Z).

For the shift symmetry, we can construct the twisted sector by shifting the original
momentum lattice A with the half lattice element §/2. The vertex operators in the twisted
NS sector can be expressed as

Vys(2) =: O XE@ 0 (A en), (3.23)
2

Note that the cocycle factor is omitted in this section as it does not affect the results. The
operators are identified to be in the twisted sector by considering the operator product ex-

pansion with Vy (w) in the untwisted NS sector and circling one operator around the other.
Then we obtain the phase

Vs (2) Vv (w) = (1) Vi (2) Vi (w). (3.24)

This implies that the vertex operators V) 5(z) are lying on a line operator implementing
the shift Zo symmetry, from which we can see that they are operators in the twisted sector.
Again, since the oscillators are bosonic, the twisted NS sector is spanned by

n o0

ITIT @)™ ix+ 5y, (3.25)

i=1m=1

where N, is the occupation number for each mode. As in the untwisted case, the twisted
R sector consists of vertex operators with momenta shifted by the half characteristic vector
X/2. Thus, the vertex operators in the twisted R sector take the form

LS L XY X (5
VM%%(Z)::el(Hﬁ’é)X(): (A€ A). (3.26)

Here, we can rewrite A+ % by using an element & of the shadow S(A): &€ = A+ %. The twisted
R sector is spanned by

[T II ) mle+5) (3.27)
i=1 m=1
where £ € S(A) and Ny, is the occupation number for each mode.

To define the orbifold, we need to specify the action of the fermion parity and the Zs
symmetry in the twisted Hilbert space. As in the untwisted sector, we define the Zy symmetry
on the vertex operators in the twisted sector by

(8 (L8
h: V,\+g(z) = (—1)5 (+2) Vx+g(z)a VHg%(Z) = <_1)6 O+ VA+%+§(Z)’ (3.28)

- 12 —



untwisted twisted
NS R NS R

V)\(Z) V)H—%(Z) V)\Jrg(z) V,\+%+%(Z)

1)%A (—1)% (_4>&u+g)(_1f(x+@
)

shift symmetry h (—=1)”

XA (=1 (=103 (—1)pe+D)

fermion parity (—1) | (—1

Table 2: The action of the shift symmetry H = {1, h} and the fermion parity (—1) for the
vertex operators in each sector.

untwisted twisted
NS R NS R
boson A g+ 7Z Y/ 247
h-even . 1 8 L 8
fermlon §+Z g‘f*Z §+Z g‘i‘Z
hodd boson Z 2+7Z %+Z %_1_%4_2
fermion %—}—Z %—i—Z 7, %4_%4_2

Table 3: The spin selection rule for the shift symmetry H = {1, h} in lattice CFT.

where A € A. Note that (—1)5'()‘+%5) = (—1)%* from §? € 4Z. Additionally, we assume that
the fermion parity acts on the twisted Hilbert space as

)

(-nF V)\+%(z)»—>(—1)X'(A+g)v)\+g(z), Viesyx (@) e (D)X Vs x(2). (3.29)

+3+X
In table 2, we summarize the action of the shift symmetry and the fermion parity.

To get the spin selection rule for each sector, we take a characteristic vector x € A of the
original momentum lattice A such that
X0 52

5 T mod 2. (3.30)

This is always possible since for a characteristic vector x, a vector x + 2\, (A, € As.odd) 1S
also characteristic, but it has a different mod 2 value of the inner product with g. Then, we
obtain the spin selection rule for each sector extended by the shift symmetry in lattice CFTs
in table 3. Note that using the fact that a characteristic vector x of a self-dual lattice A C R"
satisfies Y2 = n mod 8 [27, 28], we obtain the spin of the R sector s € n/8 + Z except for
s € % + g + Z for the h-odd states in the twisted R sector.

3.2.2 Shift orbifold as lattice CFT
Let us consider the orbifold by the shift symmetry H = {1, h}.

By following table 1, two orbifold theories (7/H)4 can be obtained. We will see that
they are interpreted as CFTs constructed from other lattices. The NS sectors of the orbifold

,13,



untwisted twisted
NS R NS R
A S(A) A+3 S(A)+3
d-even As-cven As-even + % As-even + % As-even + % + %
d-odd As-0da Asoda + 5 Asodd + 5 Asoaa+5+%

(a) original

untwisted twisted
NS R NS R
Agrb-i— S(Agrb+) Agrb-i— +Ao S(Agrb-‘r) +)\O
2)p-even As-even As-cven + % As-0da As.0daa + %
2)0-0dd Aé-even + % A6-even + % + % A(S-odd + % A&-odd + g + %

(b) orbifold (+)

untwisted twisted
NS R NS R
AP ST AReE s+
d-even As_oven Aj-even + g + % As-oven + g A§-even + %
5-odd | Asoaa+3 Asodd + 5 As-0dd Asoad +5+%

(¢) orbifold (—)

Table 4: The shift orbifold in terms of lattices. After orbifolding, the shift vector 2\, for
(T/H)+ and 6 for (T/H)_ is the generator of the dual symmetry. Note that even or odd

refers to the action of h (h) on the vertex operator, not the inner product itself.

theories consist of

(4) : h-even untwisted NS + h-even twisted NS,

3.31
(=) : h-even untwisted NS + h-odd twisted NS, (3:31)

thus the momentum lattices are
Agerr = Aseven U (A(S—even + %5) ’ Agrbi = Aseven U (A(S—odd + %5) : (332)

The Hilbert spaces of the NS and R sectors and the torus partition functions with the spin
structure can be described with these lattices and their shadows as in section 3.1.

Agrbi is an odd self-dual

To ensure the consistency of the orbifold theory, we show that
lattice. This guarantees that the orbifold partition functions covariantly transform under the

modular transformation.
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Proposition 3.1
Let A C R™ be an odd self-dual lattice and § € A a vector satisfying the gauging condition:
$ ¢ (AUS(A)) and 6% € 4Z. Then AZ™* defined in (3.32) is odd self-dual.

Proof. The self-orthogonality is obvious from

Aer(A+28)=3A-6=0 mod1 (3.33)
A+26) - W+2)=3(A+N) 6+26°=0 mod 1 '
where \e € Agcven and A\, X are in Ag_yen for Agrb+ and in As_oqq for Agrb_. By combining
with the fact that the volume of the fundamental region of Agrbi is equal to that of A from
the construction, i.e., d(Agrbi) = d(A) = 1, the self-orthogonality leads to the self-duality.

Next, we prove that there exists A € As.oven S.t. A2 = 1 mod 2. If any A\e € Ag.oven
satisfies A2 = 0, then there exists \' € As.oqq s.t. N 2 = 1 since the lattice A is odd. By using
this A/, any A\, € As.oaq can be written as A, = X' +X¢, Ae € As_even, thus its norm is odd from
A2 =) 24 A2 = 1. However, this means that § is a characteristic vector, which contradicts
our assumption § ¢ S(A).

From Ag_even C Agrbi, we can conclude that Agrbi is odd self-dual. O

It is clear from the definition that Agrbi = Agf;f\e (double sign in same order) for any
Ae € Ajs.even and thus the orbifold theories by the shift § and § + 2\ are equivalent. It can

be easily checked that when ¢ satisfies the gauging condition, so does § + 2).. Similarly,

Ag:]-OQi)\o = Agrb¥ for any A, € As-odd since Aseven + Ao = Asodd-

To define the fermion parity as the original theory, the characteristic vector must be
fixed. We take y°P+ = y for Agerr and x°™*~ = y + § for Agrb_, which is justified by the
following proposition.

Proposition 3.2
We adopt the same conventions as in Proposition 3.1. Given a characteristic vector x of A
that satisfies (3.30), then the vectors

Xoerr =y, Xorbf =Y+ 5 (334)

are characteristic vectors of Agerr and Agrbf, respectively.

Proof. For Agrb+, any Ae € Ag_even satisfies

A
(Ae + 36)

X Ae mod 2,

2
P= N4 =x A+ 3x-6=x-(Ae+36) mod 2.

(3.35)
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For Agrb_, any Ae € Ageven, Ao € As.oaq satisfies

=x-A=(x+0) A mod2,

Mo+ 102 =X2 4182 1 1=x- A+ ix-641=(x+0)-(No+26) mod?2.

O

In table 1, the fermion parity is flipped for states in h-odd sectors of (7/H)_. In terms

of lattices, this comes from ¢ in x°™~.

It can be easily shown that (/\‘”"'OJF)SQOJr A for any A\, € As.oqq and (Agrb*)grb* = A,
thus the shifts by 2, for (7/H)y and 6 for (7/H)_ can be regarded as the dual operations h.
In the orbifold theories, these vectors and the characteristic vectors also satisfy the condition
(3.30) as

orb+ 9y 2)..)2 orb— 5
X o = (2A) mod 2, X
2 4 2

52
=— mod 2. (3.37)
4
Therefore, the orbifolded theories have the same spin selection rule as in the original theory.
From (3.32), (3.34) and 6 € As_even, the shadows can be expressed as

S(Agrb+) Aorb+ + lxorb+ (A6 —oven T 2x) (Ag_even + %(X + 5)) , (3.38)
S(Agrb ) = Agrbf %Xorb— = (A5-even + E(X + 5)) L (Ag_odd + %X) . (3.39)

We have seen that the original and orbifold theories are lattice CF'T's and consist of sets
of vertex operators. The corresponding momentum lattices are summarized in table 4.

For later convenience, we write general expressions of the shadow including the case where
the fixed characteristic vector x of A does not satisfy the condition (3.30):

S(ALPH) — {(A5-even +5X) U (Aseven +5(x +9))  (3x 0= 78" mod 2) (3.40)
(Asodd + 3X) U (Asoda + 5(x +6))  (otherwise)
S(A)s-even U (S(A)s-even + %5) (%52 =0 mod 2) (3.41)
S(A)s-0da U (S(A)(;_Odd + %5) (otherwise) '
S(A) = (Aseven + 5(x +8)) U (Asoda + 5x)  (3x-6 =16 mod 2) (3.42)
0 (A(;_eve][1 + % x) U (Ag_odd + %(X + 5)) (otherwise)
(S( S-even T %5) L S(A)s-0dd (i(SQ =0 mod 2) (3.43)
S(A)seven U (S(A)sodd + 26)  (otherwise) '

where S(A)é—even(odd) = {5 € S(A) ’ 6-¢&1is even(odd)}.
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3.3 Reflection orbifold

This section is devoted to the orbifold of lattice CFT by the reflection symmetry g : X — —X.
In the bosonic case, the reflection orbifold in lattice CFTs was carefully analyzed in [29].
Our interest is chiral fermionic CFTs constructed from odd self-dual lattices. The reflection
symmetry G = {1, g} acts as

gal g7l = —ad glA) =|-A), (3.44)
where o, is a bosonic oscillator and |\) denotes a momentum eigenstate (A € A). Under this

Zy symmetry, we can decompose the NS sector as Hnsg(A) = ”H;g @ H;é where the Z9 even
and odd sectors are

g = {al, - ad2, (N + - Fu{ad, et (0 - 1=}

; 4 (3.45)
Hg = {0, ol (N + =) pu{edt, e () - 1)}
Similarly, the R sector is decomposed into Hg(A) = ”Hgg ® Hg? where
Hyt = o, o, (18 +1-e) fu{al, ol (8 - 1-e)} o

Hyt = {adt, o (10 + |~ fu{al, ol (16— 1~}
for £ € S(A).

Before proceeding to the gauging of this Zs symmetry, we need to diagnose whether this
symmetry is anomalous or not. We consider the g-graded partition function
n
Z710,0;1,0] = Trao(a [quOT’Z} = g (3.47)
o . [T (147

To compute its modular transformation, it is useful to rewrite it as

n(r)" <2n<¢>>
Z700,0;1,0] = = , 3.48
000 = = (B (345)
where 0;(7) (i = 2,3,4) are the Jacobi theta functions. The modular transformation S7251
acts on Z7]0,0;1,0]/Z7[0,0;0,0] with the eigenvalue e2™n/8  Thus, the non-anomalous con-
dition is n € 8Z. This condition is required to be satisfied for a consistent definition of the
orbifold theory.

The theory can be quantized under the periodicity twisted by the Zo symmetry g. Then,
a chiral bosonic field R’(z) under the twisted periodicity admits the mode expansion

Ri(z)=i Y @ - (3.49)

r
rezZ+1/2
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The oscillators with half-integer modes satisfy the commutation relation

[l cd] = 16" 6,440 (3.50)

TS

As in the straight lattice construction, we have vertex operators defined by
Vi (2) = MGy (3.51)
where ) is a cocycle factor to respect the mutual locality.

Since a vertex operator V! (z) acts on a twisted ground state |a) as 7, |a), the twisted
ground states form a representation Y (A) of gamma matrices vy (A € A) satisfying the algebra

YAYe =€ (=) v, (3.52)

where ¢ = —1 if both A, 4 have an odd norm, and € = +1 otherwise, so it can be written as
€= (—1)>‘2“2. While this algebra is infinite-dimensional, the non-trivial part is given by A/2A
since vy for A\ € 2A commutes with any element. Since the central elements of the algebra
are only v\ (A € 2A), following [29, Appendix C|, we can show that the gamma matrices
can be represented from the Dirac gamma matrices and thus it has a unique irreducible
representation of dimension 22. We denote its basis as |a) = |+ =& - - - %).

By the oscillator excitation, the twisted NS Hilbert space Hns 4 is spanned by
n o0 ]
I I (0™ Jay . oy € (A, (3.53)
1=1r=1/2
where N;,. is occupation number for each mode.

Under the anti-periodic boundary condition, the ground states acquire the vacuum energy
Ey = n/48 on the cylindrical coordinate. Correspondingly, the Virasoro generators are

1 — n
L =5 > tmorcrt Tg0mo- (3.54)

r=1/2 6

This implies that the twisted ground states have the conformal weight A = n/16. Therefore,
a general state (3.53) has

n (o, ¢]
n
h = Z > rNy + R (3.55)
1=1r=1/2
The partition function for the twisted NS sector is given by

n

o 22 ¢1s o\ 2
Z710,0:0,1] = Tryy, [ g5 78 | = — 1 =((,”> . (356)
Hm:l(l_q 2)77, 4
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This partition function can be reproduced from (3.47) by applying the modular S transfor-
mation.

We define the Zs grading and the fermion parity in the twisted NS sector under the non-
anomalous condition n € 8Z for the reflection symmetry. Concretely, we propose to define
the Zs action g on the twisted NS sector by

-1

—(=1)

o3 o3

(3.57)

o . la)y (a:4+=£---%)
g gt =—c, 9|a>={ |

a) (a:—=+---4).
Half of the ground states are even and the others are odd. Combining the oscillator excitation,

we obtain the Zs even and odd sectors in the twisted NS sector. For example, in the case of
n € 16Z, each Hilbert space is given by

g, = [, e e Yol ),

o e (3.58)
Ha, {d%- ﬁ;J+imi& {&m aiA_imi%,

Since the even and odd sectors have the same energy spectrum, the partition functions for

n 172
Lo—2 | _ N
Trﬂié,g [q 24} = <94> . (3.59)

In other words, Z7[0,0;1,1] = 0. Also, we need to introduce the fermion parity in the

the g-even and odd states are

twisted NS sector. By using the modular transformation depicted in Fig. 2, we can see that
Z7[1,0;0,1] is vanishing and Z7[1,0;1,1] (277/03)% up to a phase factor. The results
suggest that, under the fermion parity, half of the twisted ground states are odd, and the
others are even. Furthermore, the diagonal action (—1)¥g acts as a constant on the twisted
ground states. Thus, the fermion parity on the twisted NS sector can be defined by
PDW@={+W (@:++---%)

3.60
—la) (a:—=+---%), ( )

and the bosonic oscillators are invariant under the action of the fermion parity.

Now we move onto the Zs grading and the fermion parity on the twisted R sector. Since
we have the partition function Z7[0,1;0, 1] through the modular transformation from (3.47)

Z7[0,1;0,1] = (ZZ((:)))E = ¢is (2% +2%n\/§+...) . (3.61)

We see that there are 22 twisted R ground states |Q;) (j = 1,2,---,22) with conformal
weight h = {¢. The twisted R sector consists of the excited states by the bosonic oscillators

IT II 0% 1) (3.62)
1=1r=1/2
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NS,g [~~ N R,1 |

NS, 17-~. I T R,g \\

NS, g NS, g

Figure 2: The schematic illustration for the modular transformation of the partition
functions. The above and below show the modular T transformation of Z7[0,0;1,1] and
Z7(0,0;0, 1], respectively. The blue (black dashed) line represents the insertion of the Zs
action g (the fermion parity) on the torus.

where j = 1,2,---,25. From Z7[0,1;1,1]  (21/63)% up to a phase factor, we propose to
define the Zy symmetry g acts as

gl = (D19, (=12 28), (3.63)

On the other hand, the fermion parity acts as +1 on half of the twisted R ground states and
as —1 on the other half. Otherwise, the partition function Z7[1, 1;1, 1] is no longer invariant
under the modular transformation 7" and does not have a proper modular transformation
rule. Thus, we can always set
+19) (<227
F J 9
(=17 1€y) = {

Sl (> 257, .

Up to this point, we have defined the states in each sector and the action of the reflection

g and the fermion parity (—1)F on them. The partition functions can be summarized as
follows:
Z7(s0,51;0,0] = Z7[s0, s1]
Z7[0,0;1,0] = Z7[1,0,1,0] = (2n/62)2
710,0;0,1] = Z7[0,1;0,1] = (277/0;1)% ) (3.65)
Zr[L,0:1,1] = Z7[0,1:1,1] = (—1)% (2n/6s)
Z7[0,1;1,0] = Z7[1,1;1,0] = Z7[1,0;0, 1]
= 77[0,0;1,1] = Z7[1,1;0,1] = Z7[1,1;1,1] =0

where Z7|[so, s1] is given by (3.18).
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untwisted twisted
NS R NS R
boson 7 Z Z Z
greven fermion % +Z Z % +Z Z
godd boson 7 Z %—FZ %—FZ
fermion % + Z Z Z % + Z

Table 5: Spin selection rule for the reflection symmetry ¢ in lattice CFT. We assume the
non-anomalous condition (n € 8Z). Including the twisted sector, the theory only contains
operators with an integral and half-integral spin.

We can obtain the spin selection rule as summarized in table 5. The spin selection rule
in the untwisted sector is ordinary: The NS sector consists of local operators satisfying the
spin-statistics theorem. The spin of the R sector is at least a multiple of 1/16. For a generic
central charge n, the twisted sector contains operators with a fractional spin s ¢ Z/2. The
non-anomalous condition n € 8Z ensures that the twisted NS sector consists of s € Z (boson)
and s € Z+% (fermion). After orbifolding, those operators join in the spectrum of the theory.
The selection rule can be obtained through the modular T transformation. For example, to

give the spin selection rule for g-even and bosonic states in the twisted NS sector, we consider

I+ (-)F 149 ; =
TrHNS,g |: (2 9 qLO 24

1
= (2710, 050, 1] + Z7(0, 05 1, 1] + Z7[1, 050, 1] + Z7[1, 05 1, 1]) (3.66)

1/29\2 1, = /2n\2
== (= S(=pE ()
4(94) 5l )8<e3>

The modular T transformation gives an eigenvalue e™/24 when n € 16Z and —e™"/24

when
n € 8 + 16Z. Since the T transformation acts on a state with spin s by an eigenvalue

e2m (5=1/24) e obtain the spin selection rule s € Z.

As another example, we can compute the spin selection rule for the g-even/odd and
bosonic states in the twisted R sector from

1+ (-D)F 149 ;on] T(20\2 1, u(27\?
TI"’HR,g 5 5 q 24 =1 0—4 :‘:1(_1)8 g , (3.67)

which gives the phase :l:(—l)% et by the T transformation. Therefore, the g-even sector
consists of operators with s € Z, while the odd sector contains only operators with s € 1/2+Z.
This means that a consistent orbifold theory cannot include the g-odd states in the twisted
R sector of the original theory.

As in the case of the shift symmetry, two orbifold theories can be constructed for the
reflection symmetry. In this case, it is clear from the construction that their spectra are
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identical. For example, the NS sectors of the orbifold theories are
HITT(A) = Hyd @ MG, HIS (M) = HYE @ HLS 3.68
Ns (A) NS @ HNG, HXs (M) Ns D 7ing g (3.68)

and the difference lies only in the choice of the ground states |a) in Hns 4 as shown in (3.58).
Indeed, from table 1 and (3.65), the NS-NS and R-R partition functions of (7/G)+ are

1 1
27/, [0,0] = 5 (Z7[0,0:0,0] + Z7(0,0; 1, 0] ) + 5 (Z7(0, 050, 1] + Z7[0,0; 1, 1] )
_ OA(T) + (6504)% + (6263)°

) 3.69
2n(7)" (3.69)
1 1
1

and the same functions are obtained for (7 /G)_.

Let V1 /2(T) be the space of the operators with the weight h = 1/2 in the NS sector of
7. From (3.69), the dimension of the space in the reflection orbifold theory becomes

Vie(T/C)e) = 5IViya(T)| + 860 (371)

It is known that a chiral CFT can be decomposed into Majorana-Weyl fermions ¢ and a
sector without h = 1/2 operators [30], thus this means that the number of Majorana-Weyl
fermions is halved except for n = 8. In the case of n = 8, the only chiral fermionic theory is
161 with |V} /5(16¢))| = 16 and then T = (7 /G)+ = 161, which is consistent with (3.71).

4 Chiral fermionic CFTs from Z; codes

In this section, we introduce the construction of chiral fermionic CFTs from classical Zj codes
where Zj, is the ring of integers modulo k with k£ > 2. Starting with Zj codes, we give lattice
CFTs based on odd self-dual lattices. This is a generalization of the construction from ternary

codes (k = 3) [9] and p-ary codes (k = p : a prime number) [8].2

A Zyj, code C of length n is an additive abelian subgroup of Zj!. For a code C' C Z} with
the standard inner product ¢-¢ =3 | ¢;ic; € Zy, for ¢, € Z}, the dual code is defined by

CL:{c’EZZ|c-c':Oforallc€C}. (4.1)

A code C is called self-dual when C' = C+. In particular, when k is even, a self-dual code is
called Type II when ¢? € 2kZ for all ¢ € C and Type I when it is not Type II. In the case of
binary codes, Type I codes are called singly-even.

2Recently, the construction of CFTs from classical and quantum codes through lattices has been developed
(see [31-50] for recent progress in this direction).

— 922 —



For ¢ € Z} and a € Zy, wto(c) = [{i € {1,...,n} | c; =a}]| is called the weight and

satisfies >,z
and the error correction ability of a code C' C Zj} is represented by the minimum weight

d(C) =min{wt(c) | c € C, ¢ # 0}.

wte(c) = n. In the binary case kK = 2, we simply denote wty(c) by wt(c)

The complete weight enumerator of a subset D C Zj! is

Wo({fea}) = 30 T ot (42)

ceDacZy

The simplest way to construct a lattice from a code C' C Zj is the method called Con-

struction A:
c+km

ver={ =5

It is known that A(C) is odd self-dual if and only if C' is Type I when k € 2Z and self-dual
when k € 2Z + 1 [22]. Once an odd self-dual lattice is obtained, we can construct a fermionic
CFT according to the method in section 3.1. In the following, we show the expression of the

eR”

cEC,mEZ”} . (4.3)

partition functions using the weight enumerator for even/odd k.

k : even A Type I code C C Z}} for even k can be divided into two disjoint subsets
C = Cy U Cy where

Co={ceC|c?c2kZ}, Cy={cecC|c*c2kZ+k}. (4.4)

The shadow of C' is defined by
S(C)=C\C. (4.5)

We choose a specific element s € S(C) and define
Ci=Cy+s, C3=0C5+s, (4.6)

which satisfy S(C) = Cy U Cs. Note that C; and Cs can be interchanged depending on the
choice of s € S(C). For later convenience, we define

We{za}) = Wey ({wa}) = We ({2a}) - (4.7)

A characteristic vector of A(C') can be written as

X = (s+km), seS(C), meZ". (4.8)

S

Using the theta function

oo
2

Oui(r)= Y lmts) (4.9)

m=—00
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the partition functions of the CFT T constructed from A(C) can be expressed as

1 1
2710,0 = s (Wen({0,4) + Wes(0,11) = -ooWel{@,uh), (410
27110 = o (We, (0,5 ) = Wes ({0, 1) (4.100)
2701 = e (W0, 41 + Wes(10,4))) = —o Wi ({0,5)). (2.100)
2711 = o (Wa(0,5h) ~ Wey(10,4)) = o We(0, ). (4109)

where C and Cj are defined by s € S(C) when the fermion parity is determined by the
characteristic vector y = %(s + km), m € Z". In the binary case, O 1(7) = 65(27) and
O©1,1(7) = 62(27).

k : odd For a self-dual code C' C ZF for odd k, the vector x = vk(1,...,1) € A(C) is
always the characteristic vector of A(C') and we choose this x to determine the fermion parity
in R sector.

By using a slightly modified version of [8] (3.36) :

o) = 3 (aytbeo gk an

a
meZ

the partition functions are
1

ZT[O[, ﬁ] = 77(7')n

We (£ 570, L 127 (m) (4.12)

where a, 3 € {0,1}. In concrete calculations, relations such as folli (1) = 0 and fg‘kﬂ (1) =
(‘Daﬁfffk(ﬂ are useful.

5 Triality structure from binary codes

In this section, we discuss the equivalence between the reflection orbifold and the shift orbifold
for the binary codes. We first compute the partition functions of the lattice CFT from binary
codes and then show the equivalence between the reflection and shift orbifolds.

5.1 Shift orbifold for binary codes

As discussed in section 3.2, we can define the shift orbifold of the lattice CFT based on an
odd self-dual lattice A and the shift vector § that is not a characteristic vector and §/2 ¢ A.
The non-anomalous condition of the shift symmetry H is 6 € 4Z.

In the rest of this subsection, we focus on the shift orbifold of the lattice CF'T constructed
from a binary code C' C Z3 and compute their explicit partition functions. For a singly-even
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self-dual code C' C Zf, we can construct an odd self-dual lattice A(C') by the Construction
A (4.3). Correspondingly, we can construct a chiral fermionic CFT 7T based on the lattice
A(C). By the shift symmetry H, the original theory 7T is graded into two parts. In terms of
the momentum lattice A(C'), this grading is given by A(C) = Ajs.even L As.odq Where

Aseven ={NEA|N-§€2Z},

(5.1)
Ag_odd:{)\EA|>\'5EQZ+1}.

Following the general prescription (3.32), the momentum lattices of the orbifold theories
(T/H)+ are given by

Agrb+ = As-even U (A6-even + %6) )

_ (5.2)
Agrb = A5—even U (Aé—odd + %6) .
In the binary case, we set the shift symmetry H generated by the shift vector
§= (1,1, 1) (5.3)
- \/§ Y Y Y * *

The shift vector is not a characteristic vector and §/2 ¢ A(C'). The non-anomalous condition
leads to n € 8Z.

For the shift vector 4, we can write down

C 27N C 27"
Mﬂm=<°+*>u<2+‘>,

o (6372 (0275

where Cy and C9 are the set of doubly-even and singly-even codewords, respectively (C' =
Co U Cs). Here, we use the notation

7 ={meZ" | m* 2L},

5.5
Z" ={meZ"|m*€2Z+1} . (55)
On the other hand, the two parts of the shifted lattice A + §/2 are given by
Co+27" 1) Cy+27™ 1)
A+é _Vn:(++>|—|<+>’
( 2)5 eve ﬂ 9 \/Q 9 (5 6)
(A_|_é) _(WF+5>U<W+5> '

The twisted ground states with conformal weight h = n/16 are in the first terms in the above
two equations. The total number of the twisted ground states is 2"/2. We can see that half
of them are even, and the other half are odd under the Zs symmetry given by 9.
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In what follows, we compute the NS-NS partition function of the shift orbifold theory
(T/H)+. Since the theory after orbifold is still a lattice CFT, the NS-NS partition function
is given by

1
Zr 210,01 = Lo Oxgne(a). (5.7)

where © o+ () is the theta function of the shifted lattice Agrbi:
8
2
Aorbi E q)\ /2 (58)
Ae Aorb:t

From (5.2), we are required to have the theta function of As_even, As.even+9/2 and Ag.oqq+9/2.
To this purpose, we show the following propositions:

Proposition 5.1
For a singly-even self-dual code C' C Z, the theta functions of Aseven and Asoqq are

Oac)(a) + (03(q)04(q))™?

@Aé»even (Q) = 9 )
Oncr(@) — (Bs(@)6a(0))"2 (59)
9A5.odd (q) _ A4 23 q)valq 7

where 0;(q) are the Jacobi theta functions.

Proof. The essential ingredient of the proof is the equality

DD DT st S o 1 (5.10)

cEKmEZi ceKmeZ™

This holds for any subset K C Z% that does not contain the all-zeros vector: 0" ¢ K since if
¢; = 1, we can transform into m; — —m; — 1, which only exchanges Z" and Z" of the region
where m runs. Now we apply this equality for proof.

Let us consider

@A(C) (q) = (—)Aé—even (q) + @Aé—odd (q) ’ (511)

where

Ot (@ = 3 3 g4 33T D (5.12)

cEC’omEZ" ceComeZm™
+ (m+35)?
Orpaas(@= D D ™ 4 Y N7 g (5.13)
ceComeZm™ CGCQWEZ"
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Since the equality (5.10), the last terms in (5.12) and (5.13) are the same. On the other hand,
the first terms are not due to the all-zeros vector ¢ = 0", which contributes to ©¢)(q) as

ST g™ =037 (5.14)

meZn
Therefore, after using (5.10), we can write
ma£)2 ma-$)2
Oaey(@) =0s(>"+2 D> D ¢y N gt
CECO*{O”}mGZZﬁ ceComeZm™ (515)
= —04(¢")" + 204500, (0)

where we have used 2Zm€ZT+L g = 03(¢*>)" + 04(¢®>)". Lastly, we can use the identity

04(¢%) = \/03(q)04(q). 0

Proposition 5.2
For a singly-even self-dual code C' C Z%, the theta functions of Aseyen + g and As_oqq + g are

0 0 n/2
@Aé-even+6/2(q) = @Aé-odd+5/2(Q) = (Q@S(q)) . (516)

Proof. Let us consider

Ohsento2@ =D, > q(m+%+i)2+ > D q(m+%+%)2- (5.17)

CEC’OTRGZ"JLr ceComeZm™

To evaluate the above equation, we utilize the equality

DN s A S T (5.18)

meZL} meZLy}

where wt(c) € 2Z. To see this, suppose that the first I components of ¢ are 1 and the others
are 0 where [ is even due to wt(c) € 2Z. Then, we change the variable m by m; — —m; — 1
(t=1,2,---,1)and m; — m; (i =1+ 1,---,n). Since [ € 27, this change of variables does

not affect the region where m runs and
(ml—"_%—i_%a"'7ml+%+i7ml+l+i7”'7mn+%) (519)
- (7m17i7"'7imlii7ml+l+%7"'amn+%)'

Thus, we obtain (5.18). If one takes the sum over the subset K C Z% satisfying wt(c) € 2Z
for any ¢ € K, we obtain the equality

DID I Ak i T P i (5.:20)

ceKmeZl meZy}
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where |K| is the number of elements in K C Z5.

By using (5.20), we obtain

Ons events/2(@) = 1Col > {0 1|0y > g1
mGZ" mez" (5 21)
_ O 5 gmeg _ (B2()03(0)" ‘
2 m e " 2 ’

where we used |Cp| = |Cs| = |C|/2 and the identity 2p0(q?)? = 62(q)05(q) [51] where po(q) is

1 1
the theta function of lattice Z + i: po(@) =D ez q§(m+1)2. For the other As.oqq + 9/2, the
same argument can be made. O

Combining the above two propositions, we obtain the theta functions of the momentum
lattices of the orbifold theory (7 /H)4:

Proposition 5.3
For a singly-even self-dual code C' C Zg, the theta functions of the shifted lattices are

On(c)(q) + (6205)"/2 + (0304)"/> ‘ (5.22)
2

C—)Agrbi (q) -

Under the modular transformations, the theta functions of the shifted lattice transform
as (n € 8Z due to the non-anomalous condition)
n
S : @Agrb:t (q) — (—17-) 2 @Agrb:t (q) ; (523)
T2 . @Agrbi (q) — @Agrbi (q) . (524)
This implies that the theta functions of the shifted lattices are a modular form of weight n /2

for the subgroup I' € SL(2,7Z) generated by S and T?. Therefore, from (5.7), the NS-NS
partition function of the orbifold theory

Oa(c)(q) + (0203)"/% + (6304)"/
Z(7m).[0,0] = pEen , (5.25)

properly transforms under modular transformation.

The above proposition states that the two orbifold theories (7/H)4 have the same NS-
NS partition function. The following proposition ensures that the two orbifold theories are
equivalent since their momentum lattices are equivalent up to a reflection transformation.
Thus, in the rest of this paper, we denote the shift orbifold theory from binary codes by 7 /H
and its momentum lattice by Agrb, omitting types of orbifold (+).
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Proposition 5.4
In the binary construction, the two shifted lattices are equivalent

AP 22 porb (5.26)

Proof. Let us construct an isomorphism between Ag.even + g and As.oqqa + g by reflection.
Any element in Ajeven + g can be written as A = v2(m + § + 1) where (m € Z% and ¢ €
Co)U(m € Z™ and ¢ € Cq). Given t € Co, Cy = Cy+t. This can be used to write an element
of As.even + % as

A=V2(m+ <t +1), (5.27)

where (m € Z% and ¢ € C) U (m € Z" and ¢ € Cj). For simplicity, suppose ¢t = 110"~ € C
where [ € 27 due to the self-orthogonality of C. We can rewrite (5.27) by m; — —m; —¢; — 1

1=1,2,---,)and m; > m; (i=1014+1,---,n). Then, we obtain
( ) “y 9 9 9 9
A=(—mi—% -4 —m—% =t + 3+ ma+ S+ ). (5.28)

Note that this change of variables does not affect the region where m runs because 22:1 (—m;—
ci—1)+> 0 ami = mitc-t= St m; mod 2. Here, we used [ € 2Z and ¢ -t € 27
by self-orthogonality. The above procedure just changes the representation of an element in
Aé—even + g

Now we give a map between Ag.eyen + g and As.oqq + g by the reflection of the first [
components. The reflection maps (5.28) to an element A = v2(m + § + 1) where (m €
Z% and ¢ € C3) U (m € Z" and ¢ € Cp), which is the definition of As.oaq + g. We can easily
check that the reflection preserves Ag.even, SO we conclude the equivalence between the two
shifted lattices. ]

5.2 Triality structure in chiral fermionic CFTs

Now we move on to the equivalence between the reflection orbifold and the shift orbifold
for the binary codes. For bosonic CFTs from binary codes, the equivalence between the
reflection and shift orbifolds was shown in [6, 7]. We extend this result to chiral fermionic
CFTs constructed from binary codes.

Our goal is the following proposition:

Proposition 5.5
Let 7 be a chiral fermionic CFT constructed from a singly-even self-dual code C. The
reflection orbifold (7/G)+ and the shift orbifold 7/H are isomorphic: (7/G)+ = T/H.

From the above proposition, we can deduce the equivalence (7/G)+ = (T /G)— between
two types of orbifold in the binary construction. We can simply denote them by 7/G.
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This equivalence is expected because the NS-NS partition function of the shift orbifold
(5.25) is the same as that of the reflection orbifold (3.69). By the equivalence between the two
orbifolds, we obtain the pyramid structure of the chiral fermionic CFTs from binary codes as
shown in Fig. 1.

To hold the equivalence, an SU(2) symmetry from binary codes is crucial. Following [13,
52], the equivalence between the reflection and shift orbifolds can be understood intuitively.
The original theory 7 has an SU(2) symmetry for each direction, generated by

; i
=) = 5 (Viza () + Voya ()
i 1
Ja(2) = 5 (V\/Qei(z) - V_\/iei(z)) : (5.29)
; i
i) = 5 0X'(2).
where our notation is X%(2)X7(w) = —§%log(z — w). After the mode expansion Ji(z) =

> ez I8t /2" these modes realize the commutation relations of su(2)} algebra

[ngiv Jgj] = l€gbe 5" Jriri-&-n

+ % 5969 8 in0 s (5.30)

where €45 denotes the completely antisymmetric tensor (€123 = 1). Also, to compute the OPE
(3.14), we assumed the gauge €(v/2e;, —v/2¢;) = e(—v2e;,v2¢e;) = —1, which is compatible
with (3.11). The reflection g € G, the shift h € H, and their product gh act on the SU(2)
symmetry as

g Jiz) = +i(2), J3(2) = —J3(2),  Ji(2) = —J5(2),
he Ji(2) = —Ji(z), Ja(z) = =Js(z), Ji(2) = +Ji(2), (5.31)

gh: Ji(z) = =Ji(2), Ja(2) = +A5(2), J3(2) = —J3(2)
These actions are equivalent under the permutation S3 group that interchanges the SU(2)
symmetry generators. This triality symmetry suggests the equivalence between the Zs orbifold
theories by G and H. For a compact boson theory with ¢ = ¢ = 1, starting from the radius

with SU(2) symmetry, the triality gives the intersection point of the torus branch and orbifold
branch by the shift and reflection orbifold [53].

To relate the Zg actions g and h, we need to consider an operator swapping the SU(2)
generators Ji(z) and Ji(z). The triality operator is given by

o = exp {\i;%ugi + Jgﬂ‘)} . (5.32)

By taking the product o = [[_; 0%, we can construct the operator that swaps the SU(2)
generators Ji(z) and Ji(z) for all directions:

Ly N PN S P (533
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Let Vﬁven C Hns be the space of states fixed by the action of g and h in the NS sector
of the theory T for a state |¢) € Vil ., [¢) = g|¢) = h|¢). For a codeword ¢ € C, we
define operators that map Vgeven to itself:

Vi(z) _ \1f ( ei\/ﬁ(ei:l:ej)X(z) C 4 6—i\/§(ei:|:e]-)-X(z) :> (534)
i 2 ’
1 =X (2) —i-2-X(2)
VC(z):—(:eﬁ e V2 :), (5.35)
c \/i
where e; is the unit vector in direction ¢ = 1,2,--- ,n. From (5.4), any state in %‘feven is

generated by acting : 0X*(2)0X7(z) :, V;(z) and V¢, (z) (¢ € Cp: doubly-even codewords)
on [0) and [A), = |A) + [—A) where X € (Ca + 2Z™)/V/2.

Now we show the following proposition:

Proposition 5.6 (Generalization of Proposition 7.2 in [7])
The triality operator ¢ maps ‘/(geven to V;r

-even’

Proof. TEebspace V;_;\,en is divided into two parts V(;_reven :j: V;_;’\Z?IS @ V;revfg;m The bosonic
; DOS » 1 . ; ] .

sector Vi'2 '” is generated by acting : 0X'(2)0X7(2) :, Vi (2) and V¢ (2) (c € Cp) on the

vacuum [0). The fermionic sector Vga’vfg;m is generated by acting the same operators on a

state [\), where A € (Cy + 2Z™)/v/2. For the bosonic sector, the proposition has already

been shown in [7]. The only difference with our case is the presence of the fermionic sector

+, ferm . +
V(S—even n V;S—even‘

The strategy of proof is to show that the operators o : 0X(2)0X7(z) : 071, o Vwi(z) ot
and 0 Ve, () o~! map V' toitself and o |A), € Vi . . Once these are true, using o [0) =
|0), we can conclude that o maps %Teven to itself. From Proposition 7.2 in [7], we know that
0:0X(2)0X7(2):07 Y 0 Vljc(z) o land o V¢ (2) 07! are operators that map V! to itself.
Thus, we only need to show that o [\), € ngeven for our proof.

Below, we show that o |\) 4+ € V(;“_Leven. This statement is equivalent to that the operator
o (Va(z) + Voa(2)) o=F maps V57 to itself since o |0) = [0). Without loss of generality, we
assume an element \ € (Cy + 2Z")/+/2 by

1 Cy + 277
A=—(1,--+,1,=1,---,—1, 07...’0)€L’
V2

where the first 2/ + 1 components are 1, the next 2¢ + 1 components are —1, and the others
are 0. Setting N = A —+/2¢; fori=1,2,---20+1 and N = \++/2¢; fori = 20+2,--- ,40+2,
we have

(5.36)

A VA (2)] = %e(qi\@ei,)\) V(). [JAVa(2)] = %e(i\/iei, MY Ta(2)

5 A:)] = £513(). R Vi) = ),

(5.37)
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where the upper and lower signs are for : =1,2,---204+ 1 and 1 =2+ 2,--- ,4¢ + 2, respec-
tively. Since we are using the gauge e(v/2e;, —v/2¢;) = e(—v/2e;,v/2¢;) = —1, the cocycle con-
dition (3.13) tells us e(—v/2e;, ) = —€(v/2e;, A\—v/2¢;) and €(v/2e;, \) = —e(—v/2e;, \+1/2¢;).

Thus, we have

o Wi (2) (0)~! = ex im +1 ie(Fv2e;, \) W (2)
V(z) Pl2v2 \ieFv2e, 0 Fl1 Vv )

(5.38)
i +1 ie(Fv2ei,\) ) [ Va(2)
V2 \ —ie(FV2e;,\) F1 Vi )
By taking the products with respect to ¢, we obtain
o Va(z) ot = =27 R ) (1RO (V) Vi (2) (5.39)

NeEA(N)

where A()) is the set of vectors obtained by the sign-flip of the components such that A\; = £1.
We denote by n(A, \') the number of components such that \; # )\}. We define by Z;, and Zgp
the set of sign-flipped components from A to N inj =1,2,--- ,20+1and j = 20+2,--- ,4+2,
respectively. Here, ng(\, \') = |Zg| and

X)) = [T e(=v2ei, \) [T e(v2ei,0). (5.40)
I In
Similarly, we have
oVoa(z)omt = =27 PP ST ()N (L)) X SN Vo (), (5.41)
NeEA(N)
where
n(=X=N) =[] e(vV2ei, =A) [] e(=v2ei, =) (5.42)
Iy IR

Now we would like to see o (Vi (2)+V_x(z)) o0~! by taking the sum of the above two equations.
Note that n(A, X) + n(\, =) = 40+ 2 and ng(\, ) + nr(A, =) = 2¢ + 1. Also, we have
nN) = (=1)"AN) (X, —X) because of the complex conjugation e(\, u)* = e(—u, —\) €
{£1} and (3.11). Finally, we obtain

o (Va(2) + Voa(z) ot = =27 3™ gnOA) (cyme@X0 (X 3 (Vv (2) + Ve (2)).
NEAL(N)
(5.43)

Here, AL ()) is the subset of A(X) satisfying n(\, \') € 2Z. The operators appearing in the
right-hand side are operators that map %Teven to itself, which concludes the proof. O
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In the rest of this subsection, we give a proof of Proposition 5.5. For this purpose, we

consider a CFT with weight-one operators P?(z) for i = 1,2,--- ,n whose mode expansion is
i ap,
P (Z) - Z m+1" (5'44)
MEZ

where the oscillators o satisfy the commutation relations [af , af] = mé™ Om+n,0- Then, we
can introduce the following proposition, which has been shown in [7].

Proposition 5.7 (Proposition 6.4 in [7])
Let 7 be a conformal field theory with central charge n, whose simultaneous eigenvalues of
i

p' := o} form an integral lattice A such that rank(A) = n. Then, the CFT T is isomorphic
to the lattice CF'T based on the lattice A.

This proposition ensures that the CF'T T, which is not a lattice CFT by definition, can
be isomorphic to a lattice CFT, when the simultaneous eigenvalues of 7 form an integral
lattice. Since the NS-NS partition function of a lattice CFT is invariant under modular S
transformation: 7 — —1/7 only when the lattice is self-dual, a chiral fermionic CFT 7, whose
NS-NS partition function is modular S invariant, should be isomorphic to a lattice CFT based
on a self-dual lattice.

Proof of Proposition 5.5. The proof is the same for the two types of orbifold (7/G)+ and we
denote them by 7 /G below for simplicity. Let T be a chiral fermionic CFT constructed from
a singly-even self-dual code C. The shift orbifold 7/H has the Cartan subalgebra /23! for
each direction ¢ = 1,2,--- ,n, while the reflection orbifold 7 /G has the Cartan subalgebra
\/§J&i for each direction ¢ = 1,2,--- ,n. Both orbifold theories contain V;_reven because this is
fixed by reflection g and shift h. Correspondingly, for the shift orbifold 7/H, the lattice of
simultaneous eigenvalues of \/iJg’i contains Ag_even-

Under the action of the triality operator o, the Cartan subalgebra ﬂJg’i is mapped to
\/§J&i. For an eigenstate \)\>+ € V:{feven of v/2J3%, the triality operator maps it to an eigenstate
alA), € ngeven of \/§J3i from Proposition 5.6. Since the reflection orbifold includes the space

+
V;S—everﬂ
Aj.cven s a sublattice. Note that we have

the lattice of simultaneous eigenvalues of v/2.J3 in the reflection orbifold 7/G contains

(A(5-even)>k = Aé-even U A5-Odd U (Aﬁ-even + %) U (A6-odd + %) . (545)

Thus, the lattice of simultaneous eigenvalues of the reflection orbifold 7 /G, which are a self-
dual lattice containing Aj_even, is restricted to A(C') and Agrb = Agrb+ = Agrb*. In the rest of
proof, we identify which lattice gives simultaneous eigenvalues in the reflection orbifold 7 /G.

One can distinguish the two lattices A(C') and Agrb by the number of the weight-one
operators |V1(A(C))], |Vi(A$™P)| where we denote by Vi (A) the space of weight-one operators
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in the lattice CFT based on A. For the lattice CFT based on A(C'), we have
IVi(A(C))| =3n+16|C4|, ne8Z, (5.46)

where |C4] is the number of codewords ¢ with wt(c) = 4. Here, 3n comes from the generators
of SU(2)"™ symmetry and 16|Cy| comes from the vertex operators : exp{i\ - X(2)} : where
A = ((£1)%,0"%)/+/2. On the other hand, the corresponding number for the lattice CFT
based on AP is

Vi(A§P) =n+8|Cul, n €8x, (5.47)

since after orbifolding, Ji(z) and Ji(z) are projected out and only the half of vertex operators
texp{i\ - X(z)} : where A = ((£1)%,0"™%)/v/2 survive. This shows that [V;(A$™)| is strictly
smaller than |V1(A(C))| for n > 24, and we can distinguish the two lattices by their spectra,
i.e., the partition functions. We can observe that the NS-NS partition function of the lattice
CFT with Ag™ (5.25) is the same as that of the reflection orbifold (3.69). Thus, the simulta-
neous eigenvalues of the reflection orbifold 7 /G form the lattice Agrb. From Proposition 5.7,
we can conclude that, for n > 24, the reflection orbifold 7 /G is isomorphic to the lattice
CFT based on A$™, which is the shift orbifold 7 /H.

To complete the proof, we separately consider n = 8 and n = 16. For n = 8, the odd self-
dual lattice is unique: A(C) = A™® = Z8. Thus, the simultaneous eigenvalues of the reflection
orbifold form the lattice Z® and the equivalence is trivial. Next, consider n = 16 (see Fig. 5 for
the result). Compared with n > 24, the weight-one operators for Agrb additionally come from
the vertex operators : exp{i\- X (2)} : where A\ = (+1,41,---,41)/2v/2 such that § - \ € 27Z.
The number of such operators is |Cpl: the total number of doubly-even codewords. Thus, the
total number of the weight-one operators in the lattice CFT based on Agrb is

VI(AS®)| = n + 8|Cy| + |Co|, n=16. (5.48)

When 3n+16|Cy| for A(C) and n+8|Cy|+|Co| for AF™ are different, we can straightforwardly
show the equivalence between the reflection and shift orbifolds from the same argument
as n > 24. There are five singly-even self-dual codes of length 16. Four of them satisfy
3n + 16|C4| # n + 8|Cy| + |Co|. For the last one, 3n + 16|C4| = n + 8|Cy| + |Co|, and A(C)
and A‘grb cannot be distinguished from the number of weight-one operators. However, we
can show that A(C) = AS™ = (D2)* where (D2)" is the extremal odd self-dual lattice with
minimum norm 2. Thus, the reflection orbifold 7 /G is isomorphic to the shift orbifold 7/H
for n = 8§, 16. O

6 Shift orbifold for nonbinary codes

In this section, we give the expression of the NS-NS partition function Z7 /g, [0,0] and the
R-R partition function Z(7 /g, [1, 1] of the shift orbifold theory constructed from a code over
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Zy,, using the weight enumerator of the code. The other partition functions can be obtained
in a similar method or by the modular transformation from Z7 /), [0, 0].

Let C' C Z be a Type I code with even k or a self-dual code with odd k, 7 a CFT
constructed from the lattice A := A(C), and H a shift Zy symmetry generated by h : X —
X + w6 where § € A(C) will be specified later. From the construction, any vector in A(C)
can be written as

1
A=—(c+km), ceC, meZ". 6.1
(e bm) (6.1
For 6 € A(C), we define
C, {GC ! 5622} C, {e(]‘ ! 562Z+1} (6.2)
even = 4 C —cC- , odd =3 € —=cC- , .
d-eve \/E d-odd \/E

Ts-cven = {\/Em e VEZ" ‘ Vkm-6 e QZ} . Tsoad = {\/Em e VEZ"

VEm -6 e 2Z+1} ,
(6.3)

which SatiSfy C = C’6—even U C'6—odd and \/%Zn = DI's.even U I's0dd- Then7 A&-even/Odd can be
written as

1 1
A -even — 70 -even + r —even> U (C -0 + r -0 ) )
6 <\/% 1 6 \/E 6-odd d-odd

: ' (6.4)
Aci—odd = <\/%Cé—even + 1ﬂé—odd) U (\/Ecé—odd + 115—evem> .
When we write 1 1
g—even = F5-6V6H + 567 I1:5—odd = F5-Odd + 567 (65)
the momentum lattices of the orbifold theories are
1 1
Agrb+ = <\/E05-even + (F5-even U FS-even)) U <\/E06-Odd + (Fé-odd U F:S-odd)> ’ (66)
_ 1 1
Agrb = (\/Ecd—even + (Fé—even U Fg_odd)> u <\/§Cé—odd + (F(S—odd U Fg_even)> . (67)

Throughout this section, we do not care about the ambiguity of the fermion parity (—1)F,

i.e. the choice of the characteristic vector y, since it only causes the sign in the R-R partition
function Z(7/ g, [1, 1] for our results.

6.1 £k : even

For a more detailed analysis, it is convenient to choose § that does not depend on C. The
following proposition for codes is useful for this purpose.

Proposition 6.1
Every self-dual code C' C Z3,, contains an all-m vector.
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Proof. For any c € C,
n n
c-(my....m)e2mz < ZciE2Z & 205202622 (6.8)
i=1 i=1
holds and ¢? € 27Z is always satisfied from the self-orthogonality. Thus, the all-m vector is in

Cct=cC. O

In later discussions for even k = 2m, we consider § = (m,...,m) € A(C).

o
=

kedZ 4+ 2

When k € 4Z + 2, we can take § = ﬁ(%, e %) only if n € 87 because of the condition
62 = ik‘n € 47.. For other conditions, § is not a characteristic vector since d - A # A2 mod 2
for A = vk(1,0,...,0) € A(C) and % ¢ A(C) is always satisfied from g ¢ ﬁZ".

The NS-NS partition function of the orbifold theory can be written as

_ 1 L+ (=DM 1o T (=DM 1 140

AEA(C)

1 1
= s (Wollaah) + Wollahih) + Welldih) = Wel{eyih) - (6.10)
where
a 2
gl (r) = Z(—l)%“('“m“‘)qg(m%*ﬂi) : (6.11)
meZ

From (3.34) and (3.41), the R-R partition function can be expressed as

Zer iy, 11, 1]
5 -0
_ 1 Z (1:t (—1)5 (_1)§.Xorb+q%£2 + 1:‘:(_1)§(_1)(€+g)‘xorb+qé(6+g)2> (612)

()" &S50 2 2

= 1 — Z ﬂ(_l)fﬁc (q%52 + q%(§+g)2) (6.13)
SO 2

= g (Weal) £ Wealfh) = Wellalih) + Wellali)) (6.14)

where double signs are all + when n € 16Z and — when n € 16Z + 8.

Similarly,
11
()" 2

where double signs are all — when n € 16Z and + when n € 16Z + 8.

Zirymy_[1,1] = (WC({QSjg}) F Wel{ga i) F Wel{gh ) — Welgo, )) , (6.15)
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From simple calculations, ggkﬁ has properties such as

0,0 _ 00 1,0 1,0 01 _ 01 11 .k 1.1
Jak = 9—ak Yak = (_1)ag—a,k v Yok =9 ,g’k v Yok =12 (_1)(19 _k (616)

—a

In particular, in the binary case (k = 2), the relations become

1 1
1,0 1 1,0 01 _ 01 203\ 2 11 .11 204\ 2
o2 = (0304)2 , 92 =0, G2 =912 = <2 > v Y02 = 1912 = (2 . (6.17)
Thus, the NS-NS partition function of the orbifold theory for a binary code is

1 1 z 0293 % 9294 %
mei[o,m:nmw(9A<C>+<9394>2+cr (%) & 1col - 1ca (%2 )

—_

(6.18)

[\

== (ZT[O,O] + (036,)% + (9293)Z> ’

n(T)"

which is consistent with Proposition 5.3. For the R-R partition function, the second term is
0 since 0 ¢ S(C) and the third and fourth terms are also 0 since the contributions from C}
and C3 cancel each other out as shown using wt(s) =n/2 =0 (mod 4), thus

1
Zerymy. 1,1 = 5 Z7[1,1]. (6.19)

ke 4z
When k =41, | € Z, T's.oqq is empty and Tyeven = 2V1Z" =: T.

Let C' C Z}, be a Type I code. We can take 6 = ﬁ(%, ...,2l) only if In € 4Z and

(I,...,1) ¢ (CUS(C)) because of the gauging conditions for §. We assume these in the

following. In this case, since % = ﬁ(l, NUNARS ﬁZ", the effect of the shift §/2 can be

included in the code. In fact, from (6.6) and (6.7), we obtain

Agrb+ = \}Oé—even + (P U P/) = A(C+) )
g ) (6.20)
Agrb— = (\/ﬁcé—cvcn + F) U (\/ﬁcé—odd + FI) = A(Ci) )
where
CF = Csoven U (Croven + (L, .., 1)),
d-eve ( d-eve ( )) (6.21)

C™ = Cé—even U (C§—odd + <l7 ey l)) .

Thus, the orbifold theories can be constructed from other self-dual codes. Note that we can
show C* are Type I directly or from the odd self-duality of A(CF).

We want to express the weight enumerator polynomial of C* by that of C.
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AC)  ACH)  A(CH)

Figure 3: The relation between codes C, CT over Z4 and their Construction A lattices.

The arrows mean C' — A(C), C' ~ A(C)S™F, and C' --» A(C)$™ where § = 7 (20, 20).

Note that we do not define the orbifold theory by § from C* since (I,...,1) C C™.

For any subset D C Z}; s.t. c? € 2Z for all ¢ € D, D can be divided into two subsets

Ds_even = {C €D

n
Zci €4Z} ,  Dsodd = {CGD

=1

D e 4Z+2} , (6.22)

=1

and then the corresponding weight enumerator polynomials are

1 0
WDs.evensona({2a}) = 5 (Wp({za}) £ Wp({i*za})) - (6.23)
Using this, the complete weight enumerator of C* can be written as

Wet({7a}) = Wy aven ({Ta}) + W0y o oaa {Tati}) (6.24)

- % (We{zah) + Wolli*ma}) + We({zari}) £ Woli™aan})) . (6.25)

The NS-NS partition function Z(1 /g, [0,0] is given by substituting the theta functions as
(4.10a).

To calculate the R-R partition function, we need to identify Cii, i=0,1,2,3 for C*.
The subsets C5, 5 of C* are defined by ¢ € 8IZ or 8IZ + 41, thus

C(—)i_ _ {(00)5—even U ((00)5—even + (l’ SERE) l)) (ln € SZ) (626)
(Co)g_even L ((02)6—even + (l, ceey l)) (ln € 87 + 4)

o - {(cz)a_even U ((C2)seven + (I, ., 1))  (In € 8Z) (6.27)
(02)6—even U ((00)6—even + (l7 R l)) (l?’L €8Z+ 4)

C(; _ {(CO)é-even U ((02)5-odd + (la ) l)) (ln € SZ) (628)
(Co)s-even U ((Co)s-0dad + (I,...,1)) (In € 8Z+4)

o — {(02)5—even U ((Co)d—odd + (l7 RN l)) (ln € 8Z) (6.29)
(02)6-even U ((02)6-0dd + (l7 R l)) (ln € 8Z + 4)
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When we define C1,C3 and Cf, C5 by s € S(C) N S(CF),

Cf_ _ {(Cl)é—even ((01)5 even T ( 7l)) (ln € SZ) (630)
(Cl)ﬁ—odd U ((C )(5 odd T ( 7l)) (ln € 8Z+ 4)

Cgr _ {(03)6-even U ((C )6 -even T ( al)) (ln € 8Z) (6.31)
(C3)5-0da U ((C1)s-0aa + (-, 1)) (In € 8Z +4)

or {(cl)g_odd U ((C3)soven + (I, -, 1)) (In € 8Z) (6.52)
(Cl)é-even U ((Cl)é-odd + (l7 te l)) (ln € 8Z + 4)

03_ _ {(Cg)g_odd LJ ((01)6—even + (l, ey l)) (ln € SZ) (6.33)
(03)5—even U ((03)5—odd + (lv sy l)) (l’I’L €8Z+ 4)

Therefore, the weight enumerator polynomial W defined in (4.7) can be written as
We(fra) = 5 (Wel{za)) + We(liea}) & Wo{ran)) + Mol aa))) . (634)

Wo- () = 5 (Weltwad) F We () F Wo{ran}) - Wo({i**ead)) , (635)

where double signs correspond to the cases t € 8Z (above) and t € 8Z+4 (below) respectively.
The R-R partition function Z7 /), [1,1] is also given by substituting the theta functions as
(4.10d).

6.2 k: odd
Let C C Zj be a self-dual code with odd k.

As already mentioned, from (3.32), the orbifold theories by § and 0 + 2\, Ae € Aseven

are the same. Thus, for any § € A(C) C ﬁZ” which satisfies the anomaly condition 6% € 47,

it is equivalent to consider k8 € VkZ". Moreover, for u = Vkd € Z", vectors

k01 1,0m%) if w,; €2Z
VE( )i (6.36)
VEO1, 2,07 if w; €2Z 41
fori € {1,...,n} are in Aj.even and then we can always get a vector consisting of 0 and £v/k

by adding and subtracting even multiples of these vectors. Therefore, we can consider only
§ € {0, +£VEk}" without loss of generality.

On the other hand, any x € {£v/k}" is a characteristic vector of any A(C).

For simplicity, we assume 6 € {0 +VE}" where the number of vk is t € 4Z (to satisfy
6% € 47) and choose x = Vk(1,...,1). Let us define

Wey={ie{l,...,n} |ci=aand & = Vk}|,

6.37
wt(o() [{i € {1,...,n} | ci =aand & = 0}/, (637
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for a € Zy, which satisfy wt,(c) = Wt(l)( )+ tho)(c) and

Welfea) (ya)) = 32 [ eyt @y (6.38)

ceC a€Zy

From (3.32), the NS-NS partition function of the orbifold theory is

Z(7/m)+0,0]

- n(i)n; (WollFodb ASD) + WelFad b LoD + WeUIih Aot ) = Wo S AForh) -
(6.39)

From (3.40), the R-R partition function for AS™" is

Zrm, (1]

1 LE (=DM oanagboryr L LECEDY o agae, 1(A+><+5>2>
= 1 2 + -1 2 ) Xg2 2
n(r)" g\ < 9 (1) Xq 5 (—1) q

=y (Wol R A £ WeUS UAAD) £ WolUA), (2D + We L2 (44))

(6.40)

where double signs are all + when ¢ € 8Z and — when t € 8Z + 4. Technically, to define the
fermion parity, we chose Y when ¢t € 8Z and y + 2\, where A\, € As.oqq s.t. A2 € 27 when
t € 8Z + 4.

Similarly, from (3.42), we obtain the R-R partition function for Agrb*
Zer/my_[1,1]
1
= 5 (Wel S ) F WSt i) F Wolfal YA fulh) = We S0 AT
(6.41)

where double signs are all — when ¢ € 8Z and + when t € 8Z + 4.

Interpretation by codes Let C' C Zi be a Type I code with even k or a self-dual code
with odd k. We define a code over Zg; with the same length n by

C={¢eZl|é=2c mod2k, ceC}, (6.42)

which is Type I and satisfies A(C) = A(@) After orbifolding by 6 = ﬁ(c—i— km), ce C,m €
Z™, which is not a characteristic vector and satisfies g ¢ A(C), 62 € 4Z, the theory can be
expressed as

MO = ACY), O = Croen L (@-even Yo+t km) o)
ACO)IP =AC), C = Cseven U (ﬁg_odd +e+ km)

where m € {0,1,2,3}" s.t. m =m mod 4. We can confirm the self-duality of C* explicitly.
Note that (¢ + km)? € 4kZ is guaranteed from §2 € 47Z.
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7 Applications

This section is devoted to the applications of our code construction of chiral fermionic CFTs.
We first demonstrate the shift orbifolds of the lattice CFT based on Z® using various types of
code including both binary and nonbinary ones. Next, we construct the reflection and shift
orbifold theories with central charge 16 from binary codes, which reproduces the classification
of lattices and CF'Ts. Finally, we give the method searching for supersymmetric CFTs and
provide several fermionic CFTs with ¢ > 24 of our interest.

7.1 Examples of shift orbifold with Z8

k = 2. There is only one odd self-dual lattice in dimension n = 8 : Z& A singly-even
self-dual code C over Zs is also unique, whose generator matrix is

11000000
00110000
00001100
00000011

(7.1)

From the odd self-duality, the lattices A(C') and A(C’)grbjE must be Z® up to rotations for
any d € A(C) satisfying the gauging condition. In particular, the case 6 = %(1, .., 1) s
illustrated in Figure 4. The weight enumerators of C' are

Wel(zo, 21) = (af +29)*, We(zo,21) =0, (7.2)
and from (4.10) the NS-NS and R-R partition functions of the CFT T constructed from A(C')
are
03(7)® 1 =

77(17)8%(93(27),02(27)) = Zr[11] = s We(0a(2r), 62(2r)) = 0.
(7.3)

From (6.18), (6.19), and the identity 03(7)* = 6(7)* + 64(7)*, those of the shift orbifold
theory (7/H)+ are

ZT[07 0] =

0% + (9394)4 + (9293)4 93(7‘)8
Z(T/H)i[ov 0] =3 2?’](7’)8 - T](T)S ) Z(T/H)i[la 1] =0, (74)

which are indeed the same as the original theory 7.

k =3. A similar argument can be made for codes over other Zj. For k = 3, a self-dual code
C' over Z3 is also unique, whose generator matrix is

10001100
01001200
00100011
00010012
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If we choose 0 = v/3(1,1,1,1,0,0,0,0), the modified weight enumerator of C’ is

Wer({za}, {ya}) = (@835 + (21 + 22)yo(z2y1 + 2192) + To(y1 + v2) (T191 + 2232))*  (7.6)

and by substituting fc?if according to (6.39), (6.40), and (6.41), we obtain the same result as
(7.4).

k =4. For k =4, we consider a self-dual code C” over Z, generated by

10000113
01001303
00101011
00013310

(7.7)

The weight enumerator is

Wen({za}) = a8 + ziah + olxs 4 6a3x3a? + 72323 + 3axdws (2 + x3)!
+ 62223 (2 + 23)* + 3woxd(x1 4 23)* + 25 (25 + x3) (7.8)
+ 23 (dajas + Tad) + 21 (4ogad + xb) 4+ 25 (145 + (21 + 23)h).
By substituting z, = O,42/n, we arrive at (7.3). One can take the shift orbifold by § =
(1,1,---,1) since this code satisfies n € 4Z and (1,1,---,1) ¢ (C”" U S(C")). The shift

orbifold theories (7/H)+ are lattice CFTs constructed from new codes (C”)*, which are
generated by the following matrices, respectively:

01001303 01001303
101011
. |oo101011 I EE
G'=\li0o01a310l G =|o0013310]. (7.9)
50031203 23201301
2023311 2]

Note that after shift orbifolding, the Construction A lattices are Z8 again: A((C")*) = Z8
since an 8-dimensional odd self-dual lattice is unique.

7.2 Classification at ¢ = 16

There are 6 odd self-dual lattices in dimension n = 16 :
Z'° Egx7Z8, Df,xz' (E:)txZ?, ALxZ, (Di)T. (7.10)

Since norm 1 vectors exist only in Z, the lattices can be identified by the number of them
(32,16,8,4,2 and 0). For simplicity, it is denoted by Ny as Ni(FEg x Z%) = 16.

For a lattice constructed from a code C over Zsg, norm 1 vectors are generated from only

cEC?thmW@):Q.Eﬂfmmnﬂ@ifUﬁLOP.wO)ECﬁﬂwn;%tHﬁiLOV.”O)EA«ﬂ.
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Figure 4: The 3-dimensional slice of R® with ug = uy = - -+ = ug, where u; (i = 1,...,8) are
the coordinates. Black circle: A(C)g.even; Red circle: A(C)s.0qq; Black cross: A(C)s.even + %;
Red cross: A(C)s.0dd + %.

Let C;) C Z%ﬁ, i = 1,...,5 be the single-even self-dual codes with length n = 16 (the
index of the codes conforms to the order of [54]). The number of weight 2 codewords in
Cs) is 4,2,8,1 and 0 respectively and N1(A(C(;)) is four times that. For the orbifold lattice
A(C’(i))grbi by § = %(1, ..., 1), from the discussion in section 5, the numbers of norm 1
vectors in A(C(;))s-even and A(C(;))s.0da are the same and that in A(Cy)) + % is 0. Therefore,

N1(A(C(i))3F) = EN1(A(Cp))-

The relation between codes and lattices are summarized in Figure 5. As for lattices to
CFTs, the straight construction is obvious from their names and Z corresponding to two
Majorana-Weyl fermions 2t. The theory (FEg)s x 11 is determined by the fact that the
number of v is halved after orbifolding, as discussed near (3.71). It is worth noting that this

theory cannot be directly constructed from the lattice.

The NS-NS partition functions can be obtained from (4.10a) using the weight enumerators
of the codes and the relation (6.18) between the original theory and the orbifold theory. For

example,
03(7)"° 03(r) 2 1 5 1
Z@Xw[O,O] = eI e e =q 3 +q 6+ 248¢3 + 4124q5 + O(q3), (7.11)
(03(7)04(7))® + (B2(7)0(7))* _ 2 1 5 i
250,01 = pYETE — % 4+ 24045 + 4096¢¢ + O(qF). (7.12)
Note that ZW[O’ 0] is fixed solely by (6.18) since the theory (Dg)? returns to itself under

orbifolding. The R-R partition functions are all 0.
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C3) Cl2) Cs)

VAYAVEVANEN
32w/ :ﬁx{w }1£b 77; x{w }14/) L;gﬂw (J?j%

Figure 5: All singly-even self-dual codes over Zs, odd self-dual lattices, and chiral fermionic
CFTs at n = 16. The arrows in the first row mean C(;) — A(C(;)) and C;) ~ A(C; ))Orbi for
0= %(17 ..., 1), and that in the second row mean —: the straight construction and ~»: the
reflection orbifold. See [55] and [10] for the names of lattices and CFTs, respectively.

7.3 Search for supersymmetry

In [56, 57], three conditions that strongly suggest the existence of the N' = 1 supersymmetry
are proposed. In this section, we discuss whether the orbifold theory satisfies these conditions.
In particular, we consider the shift orbifold with § = %(1, ..., 1) for lattices constructed
from binary codes and the reflection orbifold for general self-dual lattices. The result from
the shift orbifold is contained within that from the reflection orbifold since 7/H = T /G in
Proposition 5.5; however, the considerations in both orbifolds provide different implications
regarding the structure of the theory.

Shift orbifold When k = 2,n € 8Z and § = %(1,...,1), from the fact that wt(s) =
n/2 =0 (mod 4), S(C)s.cven = S(C) and S(C)s.0dq is empty. Thus, from (3.41) and (3.43),

L‘S(Cv'{'r—venl—lrl € 16Z

S(Agrb-l—) _ \{i ( ) ( b-e 5-even) (’I’L ) (713)
55(C) + (Ds0aa U T oqq)  (n € 16Z +8)
+8(C) + (Ts-0da UT} n € 16Z

S(Agrb—) _ 12 ( ) ( é-odd (;l_even) ( ) (7‘14)
%S(C) + (F6—even U F&—odd) (n € 16Z + 8)

In the following, in discussions that are valid for either Agerr or A‘grb_, we will simply
write Agrb.

The first condition is that the NS sector contains a Spin—% Virasoro primary operator.
For a CFT constructed from an odd self-dual lattice A, this is equivalent to the existence of
A € A st. A2 =3. When A(C) contains such a vector, from A(C) C %Z”, it should be

1 1
E(1,1,2,0,...,0) or E(1,1,1,1,1,—1,0,...,0) (7.15)

up to permutation and signs. From /2Z" C A(C), vectors with different signs for arbitrary
elements are also in A(C') and among them there is always a vector in A(C)seven- (We chose

— 44 —



(7.15) as such an example.) Since A(C)s.even € A(C)s-orb, We can conclude that if the original
theory contains a spin-3 primary operator, then the orbifold theory also does.
2

The second condition is that any primary operator in the R sector satisfies h > 57 where
h is the conformal weight. For the CFT from the lattice A, this is equivalent to any £ € S(A)
satisfying £2 > 15. For S (AgP), € € %S (C)+T% ven Jodd always satisfies it because the norm

is greater than or equal to (ﬁ)Qn = g for T ., and (ﬁ)Q(n -1)+ (%)2 =g +1 for
IS oqq- Since the other sector %S (C) + Ts.evenfodd is in the shadow of the original lattice

S(A(C)), we can conclude that if the original theory satisfies A > 7, then the orbifold theory

also does.

The third condition is that the R-R partition function is constant, which can already be

confirmed from (6.19). More precisely, in the original theory, the contribution from —=.5(C)+

V2
T's_cven and %S(C’) + I'5.0ada are equal from (5.10) and thus both are half of Z7[1,1]. In
addition, the contributions from %Cl +I'. even(odd) and %03 +I% ., en(odd) cancel each other

out from (5.18).

Thus, if the original theory has the N' = 1 supersymmetry, then the orbifold theory
also satisfies all “SUSY conditions”, which strongly suggests the existence of the N' = 1
supersymmetry. Note that for nonbinary cases, the SUSY conditions are not necessarily
preserved by the shift orbifolding.

Reflection orbifold Let A C R™ be an odd self-dual lattice. First, we assume that the
lattice CFT constructed from A satisfies the SUSY conditions and prove its reflection orbifold
theory also does.

For the first condition, the lattice A contains a vector A € A s.t. A2 = 3, thus the
reflection orbifold theory has the state |A) + |—\) with the same spin.

For the second condition, the twisted R sector always satisfies the condition since the
conformal weights of the ground states [€2;) is h = {i from the discussion in section 3.3.
The untwisted R sector is contained in the original theory and therefore also satisfies the
condition.

The third condition is obvious from (3.70).

Next, we examine the converse direction: whether the original theory satisfies the SUSY
conditions given that the reflection orbifold theory does.

For the first condition, even if the orbifold theory includes a spin-3/2 operator in the NS
sector, it may come from the twisted sector. Since the weight of the twisted ground states is
h = 15,
n = 8,16 and 24, the complete classification of self-dual lattices is known [58], and it can be

when n > 32, the spin-3/2 operator must be in the untwisted sector. In the cases of

directly verified that all such lattices contain vectors of norm 3. Consequently, the original
theory satisfies the condition.
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For the second condition, the R sector of the orbifold theory includes all states of the
form |x) £|—x), x € S(A) (+ for (T/G)4+ and — for (T/G)—). Therefore, all states in the R
sector of the original theory, spanned by |x) and its descendants, satisfy the condition.

The third condition is also obvious from (3.70).

Thus, we conclude that the SUSY conditions for the original theory and those for the
reflection orbifold theory are equivalent.

7.4 Chiral fermionic CFTs with ¢ =24

In this subsection, we construct chiral fermionic CFTs with central charge 24 from singly-even
self-dual codes over Zs and their orbifolds. As an example, we identify binary codes of length
24 that yield the “Beauty and the Beast” SCFT [13] and the Baby Monster CFT [14] with a

Majorana-Weyl fermion.

7.4.1 “Beauty and the Beast” SCFT
Let C' C Z3" be a singly-even self-dual code generated by ([54])

[10000000000001111100001 1]
010000000000010111111000
001000000010000010100110
000100000010001111111100
000010000010011110010111
000001000000010001101100
000000100010000111010110]°
000000010010010100011011
000000001000001101000110
000000000100001000110101
000000000001011110100000
00000000000011110111101 1]

(7.16)

which is the only code with the minimum weight d(C') = 6 at n = 24 up to permutations.

The lattice A(C') can be identified as the sixth lattice in Table 17.1a [22] since the neigh-
bors A(Co LI Cy) and A(Cy U C3) are D§ and A2%, which can be confirmed from the Coxeter
number (see Table 16.1 [22]) and the fact that there is no odd self-dual lattice s.t. its even
neighbors are AfD, and A3

When we consider the shift orbifold theory from A(C) by 6 = %(17 1), A‘grbi is the
odd Leech lattice Oo4, which is the only lattice with the minimum norm 3 at n = 24. This
can be shown from the fact that d(C') = 6 and vectors of norm 2 such as v/2(1,0,...,0) are
in As.oqqa € Agrbi. Note that this lattice cannot be directly generated by Construction A
from codes over Zs. In addition, the reflection orbifold theory from the odd Leech lattice
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Code Lattice CFT #spin-3  minEp  Zr[1,1]

T(A go) 4096 0 96
A
C T(O24) 4096 0 48
O24
B&B 4096 0 24

Figure 6: The “Beauty and the Beast” CFT constructed from the code C. Oy4 is the odd
Leech lattice and A A2 18 the sixth lattice in Table 17.1a [22], which is associated with the
root system A2, Here, “B&B” stands for “Beauty and the Beast” A/ = 1 supersymmetric
CFT [13]. We also show the number of spin-3/2 operators in the NS sector, the minimum
conformal weight in the R sector, and the R-R partition function for each theory.

is known to have the N' = 1 supersymmetry [9] and is called “Beauty and the Beast” [13].
These relations are summarized in Figure 6.

Since the weight enumerators of the code C' are

We(zo, 21) = 22t + 64 28 28 4 375 210 2% + 960 23 210 4 1296 242 212
+ 960 280 21t + 375 25 216 + 64 25 218 + 2 (7.17)

We(zo,21) = 6220 27 — 24 230 28 + 36 212 212 — 24 28 216 + 6 23 229,

the partition functions of the theory 7/(A 42:) are

1
' e (7.18)
ZT(AA%4)[17 1] = WWC(93(27)»92(27—» =96.
From (6.18) and (6.19), the partition functions of 7(024) and “B&B” must be
ZT(024) [0,0] = q_1 +24 + 4096(]% + 98580q + O(q%) , ZT(O%)[L 1] =48, (7.19)
and
Zeper[0,0] = ¢! + 4096¢7 + 98580q + O(q?), Zepenr[l,1] = 24, (7.20)

which are consistent with the known values (see Appendix C in [59] for “B&B”). In Figure 6,
the values corresponding to the SUSY conditions are shown: the number of spin—% primary
operators in the NS sector, the minimum conformal weight in the R sector, and the partition
function Z7[1,1]. As discussed in the previous section, since T (A A24) satisfies the SUSY
conditions, 7 (024) and “B&B” do as well.
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7.4.2 Baby Monster CFT
Let us consider a singly-even self-dual code C generated by ([54])

[100000000000010101110110]
010000000000010111001101
001010000000000000000000
000100000000001111011010
000001000000010001101100
000000100000001101110000
000000010000011110001000
000000001000000111000110
000000000100011110110001
000000000010001010010011
000000000001010100010101

00000000000011011111101 1]

(7.21)

Note that for this code C = Cy U Cs, both associated codes Cy LI C7 and Cy LI C3 turn out
to be the extended Golay code, which is the Type II self-dual code with minimum weight 8.
The weight enumerators of this code C' are

Wel(zo, v1) = 23t + 282 23 4+ 77 28 28 4+ 407 208 2% 4 946 20 210 + 1232 2% 212

7.22
+ 946 m(l)o o1t + 407 1‘8 x1% + 77 xg 18+ 1:(2) x4 22t ( )
and Wc(ajo, x1) = 0. The NS-NS partition function of the theory T is
1
Z700,0] = ——We(03(27),02(27))
n(r)* (7.23)

3
2

:q_1+4q—%+72+5200q%+106772q+0(q )-

The R-R partition function is vanishing due to WN/C(xO, x1) = 0. The Construction A lattice
A(C) can be decomposed into Z? x Ags. The lattice theta function of Ags is

On,y (7) = 1+ 44.q + 4928 ¢ + 85404 ¢ + 788480 ¢2 + 4900896 ¢® + O(q'1),  (7.24)

where this lattice can be identified with the last row in Table 16.7 [22]. The shift orbifold
T/H and reflection orbifold 7 /G has the NS-NS partition function

Z71610,0] = Z7/1[0,0] = ¢ ' +2¢77 + 24 + 4648 ¢2 + 102676 ¢ + O(q?) . (7.25)

The odd self-dual lattice after orbifolding is Z x Os3 where Os3 is the shorter Leech lattice
whose lattice theta function is

©0y, () = 1 + 4600 q2 + 93150 ¢ + 953856 ¢ + 6476800 ¢° + O(q'* ). (7.26)
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Code Lattice CFT

T (Ag2) x 49
Aoy X 72
C T (O23) x 2¢
O93 X Z
Baby x )

Figure 7: The Baby Monster CFT constructed from the code C. Os3 is the shorter Leech
lattice and Ago is the 22-dimensional odd self-dual lattice with 44 norm 2 vectors. Here,
“Babyx1)” stands for the Baby Monster CFT [14] with a Majorana-Weyl fermion.

After taking both orbifolds, we obtain the NS-NS partition function
Zr610,0] = g+ q_% + 4372 q% + 100628 q + O(q%) . (7.27)

This exactly agrees with the partition function of the Baby x 1 fermionic CFT [59], where
Baby denotes the Baby Monster CFT with ¢ = 47/2 and 1 denotes the Majorana-Weyl
fermion. The Baby Monster CFT was constructed using the Monster CFT in [14]. The
partition function of the Baby Monster CFT is

_a1 25 19 73 97
ZBaby|0,0] = ¢~ 48 + 4371 g8 + 96256 g 45 + 1143745 g8 + O(gq4s). (7.28)

Each coefficient of the above can be decomposed into dimensions of irreducible representations
of the Baby Monster group since the first few of them are 1,4371,96255,1139374,---. The
global symmetry of this CFT has been shown to be the direct product of the Baby Monster
group and the cyclic group of order 2 [60].

7.5 Chiral fermionic CFTs with ¢ > 32

We give examples of chiral fermionic CFTs with central charge ¢ > 32 constructed from binary
codes. Our starting point is a list of generator matrices of singly-even self-dual codes [54].
By taking the reflection and shift orbifolds, we construct chiral fermionic CFTs with large
energy gaps and show their torus partition functions.
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7.5.1 c=32
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o,

self-dual code
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B

)

Let us consider a singly-eve

(7.29)

OO OO OO OO o0

DO OHODODODDODDODDODDODODODDODODODODODOO Q
OO HFRFOODOODODOoOOFRHEFERFO

n
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
0

OO ODODODODOHRODODOOOCOOO
SO DDODODODOHDODDODDODDDDODDODODODOO
DO DDOOHODODODDODDODODODODODODODODOO
OO OOHR R FROOORRFREFEEFO
SO DODOHDODDODDODDODDODDDDODDODODODOO
[N e NoNoNoNoNoNoNoNoNoNo oo o)
HOOOODODODODODODOOOoOOoOOoOoOOoOOo
RO PROOFRFHORRPROODOOO
O FFRPF PP OO R EFEFPFPFOOO
—H OO MFEFFEFOFRRFEFOFREFEFEOOO
O PR FRPORORRPREFRPROFHRRFRRFO
HFRF OO OFrROOODOOoOOoO R FHEFEO
OO OHOOOHrRORR R EFPFORFRRFO
HR, OO OHRORROOOH,RHR,ROO
O OO OO ORrROFRRFREFOO

[sNoNoNoNoNoNoNoll e NNl NoNoNa)
OO OOHRHMHROORRH,O
O OO EFEMFEOMFEMEEFEORM=OO
HOORFR OO, OOOHFRFEFEFORFRO

DO DD ODOD DO OO OO O
[N el N No oo oo ool oo Nas i an]
[ssNevlevles e e lleses e lesNeslevlias Na il
SO ODODOD OO OO0 OO
[N el NNl ool NoNoll il e o]
SO OO DD OO OO OO O

The weight enumerators of this code are
We(zo, 21) = 252 + 230 2? + 19220 28 + 412 221 28 + 2241 222 21° + 7040 220 21?
+ 14123 28 21" 4 17862 2.0 216 4 1412328 218 + 70402223
+ 2241 :L'(l)o ¥ 4 412 :L‘g 3+ 19 :1:8 x4 l’% 230 4 232

WC(.’E(), .Tl) =0.

(7.30)

This code contains only a codeword with wt(c) = 2 and no codewords with wt(c) = 4. The

NS-NS partition function of the theory 7T is
1
——We(05(27),02(27))
n(r)3? (7.31)

_a _5 _1 1 2 7
=q 3+4+4q¢ 6+96q 3+ 1584¢s + 110064 g3 + O(qs),

Z7l0,0] =

and the R-R partition function is vanishing. After an orbifold by the reflection symmetry G
or the shift symmetry H, the theory 7/G = T /H has the partition function

4 5 1 1 2 7
Z71610,0] = ¢ 75 + 2478 +32¢75 + 7925 + 83048 ¢5 + O(g5) . (7.32)
Further, we can take the orbifold and obtain the theory 7/H/G whose partition function is
Zr16l0,0] = 75 + g% +396 g5 + 77040 ¢5 + O(g¥) . (7.33)

Since this theory contains an excitation of weight 1/2, we can decompose this theory into a
Majorana-Weyl fermion and the rest part 7z with central charge ¢ = 63/2 [30].

Dividing (7.33) by the contribution from a Majorana-Weyl fermion, the latter part has
the NS-NS partition function

_21 3 1 19 27
Z7,[0,0] = ¢ 75 + 395 qis + 76644 ¢T5 + 2099673 q16 + O(q16) . (7.34)
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This shows that any non-trivial operator in this theory has the conformal weight A > 3/2.

Due to the absence of spin one operators, the theory cannot have continuous symmetry.

7.5.2 c¢=40

Let us consider a singly-even self-dual code of length 40 generated by
[10000000000000000000101010100100100010
01000000000000000000111010111010101011
00100000000000000000101100100110111010
00010000000000000000100001100111101101
00001000000000000000011110101000001010
00o000100000000000000010111110111001111
0oooo00100000000000001011011101110101060
00000001000000000000110101010100011101
00000000100000000000101001011010100010
00000000010000000000010111011001100101
000000000010000000001111111110110100060
00000000000100000000011101100110011010
00000000000010000000001011010010111111
00000000000001000000000110000000010011
00000000000000100000110010111000110101
00000000000000010000011101000100001001
00000000000000001000010111011010000011
00000000000000000100011011010011100011
000000000000000000101010011100101100060
00000000000000000001101000010111100000

which is the top matrix of Fy, n = 40, d(C) = 8 without shadows with wt(s) =

weight enumerators of this code are

We(zo, 21) = 28 + 125 32 2% + 1664 230 21° 4 10720 2328 212 + 44160 226 214
+ 119810 221 216 + 216320 232 218 + 262976 20 220 4 216320 2.(° 232
+ 119810 2% 23 + 44160 25" 3¢ + 10720 2.2 23° 4 1664 210 23°

and Wc(xo, x1) = 0. The NS-NS partition function of the theory T is

Z700,0] = ¢~ 3 + 120475 + 39180 ¢5 + 1703936 ¢ + O(q3),

HE R RO RO RRREOOROOROOO
HOOHROOHrRrOOOOHHRPRORrRO+HRFO

W

, (7.35)

n [54]. The

+ 125 :1:8 xi{’Q + xi‘o )

(7.36)

and the R-R partition function is zero. After orbifolding, the theory 7 /G = T /H has the

NS-NS partition function

Z7/610,0] = g5 + 405 + 19980 g5 + 1376256 ¢& + O(g5) .
Finally, the theory 7 /H/G has the NS-NS partition function

Z716l0,0] = ¢75 + 10380 ¢5 + 1212416 g5 + O(g5) .

(7.37)

(7.38)

The orbifold reduces the number of excitations with relatively small conformal weights. While
the original theory 7 and the orbifold 7/G = T /H have operators with h = 1, the theory

T /H/G does not have such operators, and the spectral gap becomes A = 2.
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8 Discussion

We have considered chiral fermionic CFTs based on lattices and investigate their orbifolds by
two Zgo symmetries: the reflection symmetry G and the shift symmetry H. We have shown the
equivalence between the reflection and shift orbifolds using a triality structure, when a lattice
is constructed from a binary error-correcting code. We have also systematically computed the
partition functions of the orbifold theories for binary and nonbinary codes. Finally, we have
provided applications to the code construction of supersymmetric CFTs and chiral fermionic

CFTs with no continuous symmetries.

As encountered in ¢ = 16 chiral fermionic CFTs in Fig. 5, there is a coincidence between
the original theory and their orbifolds, i.e., the self-duality under Zo-gauging. It is known that
a theory that is self-dual under gauging admits a non-invertible duality defect [61]. The duality
defects in bosonic lattice CFTs based on FEg lattice and D,, lattice have been constructed
in [62, 63]. See also [64] for fermionic theories. It would be interesting to investigate the
duality defects in the chiral fermionic CFTs constructed from binary codes.

In section 5, we established the triality in chiral fermionic CFTs from binary codes
by explicitly giving the triality operator. The triality also appears in the case of bosonic
theories [6]. When constructing the Monster CFT from the extended Golay code through the
Leech lattice, the triality together with the automorphism of the Leech lattice (an extension
of Conway’s group) generates the whole global symmetry of the theory 7 /H /G, the Monster
group. A possible interesting direction is to extend this story to our construction. From
the automorphism of lattices through codes, we may give an alternative proof of the discrete
global symmetry of the “Beauty and the Beast” SCFT and the Baby Monster CFT, and
further identify the global symmetry of the orbifold theories with large central charges such
as we have constructed in section 7.5.

As discussed in section 7.3, we proposed the conditions that a CFT constructed from a
code must satisfy when it has N = 1 superconformal symmetry [8]. In [65], we examined the
modular transformation and the spectral flaw of the elliptic genus, i.e., the R-R partition
function graded by the U(1) current, of a CFT with N/ = 2 superconformal symmetry,
and organized the conditions under which the CFT constructed from a code satisfies these
properties. Although these conditions strongly suggest the existence of supersymmetry, they
are merely necessary conditions and do not guarantee the existence of the supercurrent with
appropriate OPEs. Deriving sufficient conditions for supersymmetry in CFTs constructed
from lattices and the orbifold theories discussed in this paper remains a goal for future work.
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