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Abstract

Based on two-band time-dependent Ginzburg-Landau theory, we study the electromag-
netic properties of mesoscopic type-1.5 superconductors with different defect configu-
rations. We perform the numerical simulations with the finite element method, and give
the direct evidence for the existence of vortex cluster phase in the presence of nonmag-
netic impurities. In addition, we also investigate the effects of impurity number and
anisotropic defect structure on the patterns of magnetic vortex distributions. Our the-
oretical results thus indicate that the diversity of impurity deposition has a significant
influence on the semi-Meissner state in type-1.5 superconductors.
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1 Introduction

Over the past two decades, two-band superconductivity has become an important research
subject in condensed matter physics. This field started from the discovery of superconductivity
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in MgB, [1], where the existence of two distinct superconducting gaps reveals the complexity
of Fermi surface topology in this system. Since then, extensive theoretical and experimental
studies have been performed to provide novel insights into unconventional superconducting
pairing mechanisms and physical properties in these materials. For example, the multi-gap
superconductivity signals a new pathway to achieve more superconducting pairing modes,
which can induce phase competition or coexistence between multiple bands by adjusting the
external magnetic field or impurity distribution. Furthermore, the magnetic vortex behavior
can be optimized through rational design of multi-band structures and its interaction with
impurities can improve the overall performance of superconducting devices [2, 3].

As we know, each condensate in two-band superconductors is predicted to support vortex
excitation with fractional quantum flux [4,5]. Due to the interband Josephson coupling, the
vortices from different condensates are bounded together with the string interaction and their
normal cores will be locked to form a composite vortex with the standard integer quantum
flux. Therefore, the vortex physics in two-band systems is influenced by the coherence lengths
&, and &, as well as the magnetic field penetration depth A. When the particular condition
&, < V24 < &, is satisfied, there may exhibit a new superconducting state that combines
characteristics of both type-1 and type-2 superconductors. This so-called semi-Meissner phase
or vortex cluster phase is formed due to the interaction of long-range attraction and short-
range repulsion between composite vortex excitations [6-8]. The existence of this novel
vortex pattern was first visualized by Bitter decorations on high quality MgB, single crystal
in 2009 [9]. Thereafter, zero-field muon spin experiments have also revealed the presence of
this type-1.5 superconducting state in unconventional superconductors Sr,RuO, [10,11] and
LaPt,Si [12,13].

In the present paper, we study the electromagnetic effect of mesoscopic type-1.5 supercon-
ductors with different impurity distributions based on the time-dependent Ginzburg-Landau
(TDGL) theory. With the COMSOL Multiphysics software and the finite element method, our
results directly show the crossover of this mesoscopic system from the diamagnetic Meiss-
ner state to the vortex cluster phase, and ultimately to the Abrikosov lattice phase. We also
observe that with the increase of isotropic defect number, multiple vortex clusters will be gen-
erated around the pinning centers and each cluster exhibits the identical configuration with
hexagonal symmetry. Furthermore, we discuss the possible pattern of vortex cluster induced
by an anisotropic impurity in this superconductor. All of our theoretical results indicate that
the diversity of impurity deposition has a significant influence on the collective behaviors of
magnetic vortices in the type-1.5 superconducting system.

The rest of this article is organized as follows. In Sec. 2, we introduce the two-band
TDGL theory and apply this formalism to the type-1.5 superconductors. In Sec. 3, we give the
procedure of numerical simulations based on the finite element method. Then in Sec. 4, we
discuss the impurity effect and vortex cluster phase in the mesoscopic system. Finally, Sec. 5
gives the conclusion of the paper.

2 Model and formalism
The simplest GL free energy functional of two-gap superconductors can be written as [14-18]
1 2e 2
F= — || —iAV — —A | ¥,
Z 2m; ( c ) l
Here ¥; (i = 1,2) represents the superconducting order parameter and m; is the effective

mass for each band. The coefficient a; is a function of temperature, while 3; is independent
of temperature. In the presence of impurities, the parameters @, and a, can be approximately

. B2
&I\Pil“ +—. (1)

— a0 + 2 Py
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expressed as a; = a;of (r). Here we introduce a function f (r) between —1 and +1 to model
the defect sites which will deplete the superconducting state at specific positions [19, 20].
B =V X A is the magnetic field and A is the vector potential.

If the superconductor is driven out of equilibrium, the order parameter should relax back
to its equilibrium value. It is well known that this deviation of superconducting materials
can be conveniently described by the TDGL theories. The single-band TDGL equations were
first proposed by Schmid [21] and derived from the microscopic BCS theory by Gor’kov and
Eliashberg [22]. The extension of TDGL equations to the multi-component superconducting
system can be written as [23-25]

L% _SF 0A &F
ot “swr 0 T7"G¢ " 5a

(2)

where T'; is the relaxation time of order parameters and o, represents the electrical conduc-
tivity of the normal sample in the two-band case. Therefore, minimization of the free energy
F with respect to ¥; and A leads to the following dimensionless TDGL equations in the zero-
electrostatic potential gauge

o, . 2 2
T = (v -A)7 e, - [f(r)—|\1/1| ]‘Pl, ()

A m . a B
—Ty—— = — (-iV-A)P ¥, - [ﬁf(r)—_2|‘1’2|2:| vy 4

at Moy A1o ﬁ].

and
oA

— 5, =KIVX VXA (5)

with the supercurrent

=5 (099 = w9w) [ fas T 2 (wvws - wiwws) <A @

Here in the clean limit with the impurity function f = 1, we at first introduce the co-
herence length &2 = 7%/(2m;a;,), the London penetration depth 272 = A;2 + A, with
)Li_z = 47te2\11i20/(mic2) and ¥,y = 4/ @;o/B;, and the GL parameter k; = A;/&;. We then take
the coordinate r in units of &4, the time t in units of t, = my0,/ (462\11%0), I['; in units of
aioto and the order parameter ¥; in units of ¥;,. We also set the magnetic field B in units
of Hy = &,/ (2n€ %) with the flux quantum &, = ntfic/e and the vector potential A in units of
Ag =Hg&;.

Following Ref. [6], multi-component systems allow a type of superconductivity that is dis-
tinct from type-1 or type-2 superconductor. With the condition &; < v2A < &,, the type-1.5
superconducting state will originate from a peculiar vortex interaction which exhibits short-
range repulsion and long-range attraction characteristics. The short-range repulsion prevents
adjacent vortices from overlapping, while the long-range attraction facilitates the clustering
of composite vortices. Consequently, this state is different from type-1 superconductors that
completely repel magnetic flux and type-2 superconductors which allow considerable mag-
netic flux penetration and the formation of vortex lattice. In the ideal sample, the constraint
mentioned above can be specifically expressed as

1 my 0‘20/51) 1 |:m1 ®10 (”H)Z/?’l}
—([14+ ——— | —+— | =|. 7
\/2 ( my g By SR \/2 my tao my B @




91

92

93

04

95

96

97

98

99

100

101

102

103

104

106

107

108

109

110

111

112

113

114

115

SciPost Physics Submission

In this circumstance, the magnetic composite vortices will form vortex clusters and coexist
with domains of the two-component Meissner state in the framework of the GL theory.

In order to numerically solve Egs. (3)-(5), we need to specify appropriate boundary con-
ditions of the superconducting sample. We use the following superconductor-insulator (or
vacuum) boundary conditions [26-28]

VU,:n=0, A-n=0 and VxA=H, (8)

where n is the outward unit vector normal to the boundary and the external applied mag-
netic field is set as H, = H,2. The first two conditions just indicate that any current passing
through the interface between a superconducting domain and vacuum/insulator would be
nonphysical. The third equation represents the continuity of magnetic field across the bound-
ary. The partial differential equations (3)-(5) will be solved numerically for the mesoscopic
geometry in the two-dimensional space. The initial conditions at t = O are taken as |¥;|= 1
and A = (0,0) on the xy-plane, corresponding to the Meissner state and zero magnetic field
inside the superconductor.

3 Finite element method and numerical computations

Based on the COMSOL Multiphysics software platform [29], we will describe the procedure
of the numerical simulations on the TDGL equations in this section. We first split the order
parameters into the real and imaginary parts, i.e. ¥; = u; +iu, and ¥, = u3 + iu,. The mag-
netic potential is also written in component form as A = (us, ug). In order to implement the
boundary conditions, we will introduce an auxiliary variable u,(x, y, t) for reasons explained
below. In the procedure of simulations, we set 'y = 'y = 5 and m; = 2m,. To stabilize the
semi-Meissner state, we also take a;q = @,y and 8; = 35 in the calculations.

In this way, we can transform the TDGL equations into the general form of partial differ-
ential equations in this software package

auk
k l

Here we have j,k =1,2,---,7,1=1,2 and (6,,3,) = (9, 9,). The 7 x 7 matrix uj, and the
7 x 2 column vector vj; take the form

Hjr = (10)

S O O O O O wun
O O O © o vt O
SO O O © u1 o O
SO O O U1 O © O
O O = O O O O
SO m O O O © O
SO O O O O O O
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and ) _
—Uix —Ugy
—Uzx —Uy
—2us, —2ug,

Vi = —2Uyy —2u4y . 1D
0 K% (uéx —Usy — He)
K% (u5y — Ugy +He) 0
L Us Us i

Noting that the subscript x or y denotes the partial derivative with respect to the correspond-
ing variable here. Meanwhile, the driving force n; contains all other terms in the TDGL
equations except the left handed side of Eq. (9), and detailed calculations will give all the
components explicitly as

= [f(r) - (u% +ul+ul+ u%)] up + (u5x + u6y) Uy +2 (u2xu5 + uzyu6) , (12)
N2 = [f(r) - (u% +ul+ui+ u%)] Uy, — (u5x + u6y) u; —2 (ulxus + ulyu6) , (13)
N3 = [f(r) - (u% + uﬁ) -2 (ug + u%” us +2 (uSX + u6y) u,+4 (u4xu5 + u4yu6) , (14

Ny = [f(r) - (ug + ui) -2 (u§ + u%)} Uy —2 (u5x + u6y) us — 4 (ugxu5 + u3yu6) , (15)

N5 = (Ugxlty — UpUp) — (U% + U%) us +2 [(u4xu3 — Usylly) — (“% + Ui) Us] ) (16)
Ne = (uzyul - ulyuz) - (u% + ug) Ug+2 [(u4yu3 — u3yu4) - (ug + ui) u6] , 17)
N7 = Usy +Ugy +Uy. (18)

Now we can examine the boundary conditions in this formalism. With the normal vector
n = (n;,ny) and the column vector vj;, the boundary conditions in Eq. (8) can be simply
casted into the compact form as

Z Tll’Vﬂ =0 (19)
1
which is best suited to the COMSOL Multiphysics simulations. We also note that from the last
equation (j = 7) in (9), our manipulations will give a trivial solution u, = 0 for this auxiliary
variable and it insures the self-consistency of our problem.

COMSOL Multiphysics is a versatile and advanced simulation platform which is designed
to tackle complex engineering and scientific problems. Its core principle is to numerically
solve partial differential equations based on finite element method [30-32]. The process be-
gins with discretizing the computational domain and subdividing the lattice cell into small
subregions called elements. Triangular elements are preferred due to their flexibility in han-
dling complex and irregular shapes. It will transform the continuous domain into a finite ele-
ment mesh and enable precise numerical computations. Following this step, a function space
typically composed of piecewise continuous polynomials is constructed to ensure smooth-
ness across element boundaries. Subsequently, Lagrangian shape functions are selected as
basis functions for their ability to achieve high computational accuracy and numerical stabili-
ty [33]. Finally, the software employs an implicit solver that typically incorporates consistent
initialization of the backward Euler method to ensure significant stability for time-dependent
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simulations. In our numerical computations, we take the time step At = 0.5t and the relative
tolerance 1078 to control the convergence of the transient calculations for our system.

4 Results and discussions

In this section, we will set the external magnetic field to H, = 0.8H, and discuss the effect of
impurity on the patterns of magnetic vortex distribution in the 15&; x 15&; type-1.5 super-
conductor. Following Refs. [19] and [20], we have chosen the impurity function f to take the
phenomenological form

N —0.5, if|r—r0n|<R|cos [p(9+7r/4)]|
FY =] [fr) with f£,(r)= . (20)
n=1

1, otherwise

It is easy to see that the shape of impurities centered at ry, = (xg,, Yo,) With n =1,2,...,N,
depends on the angle 8 and different integer values of p. This means that the defect sites can
be isotropic with radius R when p = 0 and anisotropic with 2p-fold symmetry at p # 0. We
take R = 0.5& for each pinning state in the simulations.

0 08 08
, 07 07
0s 0s
’ ‘ 0s 0s
. 04 04
02 02 02
01 01
| - k

= (e) -
0.8 0.8
07 07
08 06
04 04
03 03
02 02

L — e

Figure 1: Evolution of the magnetic flux density B, (a-c) and the order parame-
ter of the first condensate \\IJ1| (d-f) at the presence of an isotropic defect in the
15&, x 15&; type-1.5 superconductor. The snapshots show the Meissner phase
(a,d), vortex cluster phase (b,e) and vortex lattice phase (c,f) at the GL parameter
k7 = 0.70, 1.30 and 2.10 respectively. The magnetization only has the component
perpendicular to the superconducting plane.

(a) |

(d)

To verify the availability of the method, we first take the impurity function with N = 1,
p = 0 and insert this pinning site at the center of the superconducting square. We then plot

the magnetic flux density B, = ug, — us, in units of H, (a-c) and the order parameter of

the first condensate |\Ill| = \/u% +u% in units of ¥y, (d-f) at t = 10*t, in Fig. 1. With
the GL parameter x; taken as 0.70, 1.30 and 2.10 sequentially, we can clearly observe the
crossover of this type-1.5 system from the perfect diamagnetism state to the vortex cluster

6
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(a)

v (c) IS T

(d) . (f) ’
L —

Figure 2: Evolution of the magnetic flux density B, (a-c) and the order param-
eter of the first condensate |\111| (d-f) at the presence of two isotropic defects in
the 15&; x 15&; type-1.5 superconductor. The snapshots show the Meissner phase
(a,d), multiple cluster phase (b,e) and vortex lattice phase (c,f) at the GL parameter
k7 = 0.70, 1.30 and 2.10 respectively. The magnetization only has the component
perpendicular to the superconducting plane.

phase, and ultimately to the Abrikosov vortex lattice. Our numerical simulations also show
that the cluster phase presents the vortex pattern with octagonal symmetry and appears in the
region of 1.08 < k; < 1.58. Meanwhile, from Eq. (7) we expect to discover the semi-Meissner
state within 1.22 < k; < 1.73 in the clean limit. According to Ref. [34], the introduction of
impurity into the material will enhance the effective magnetic penetration depth, thus leading
to a larger effective GL parameter. Therefore, this allows the magnetic vortex phases to be
observed at smaller x; values in type-1.5 superconductors. Moreover, it is easy to see that the
isotropic defect induces the localized distortions of the flux lattice without breaking the C,
rotational symmetry of the superconducting square.

Furthermore, we also perform the simulations on time evolution of the mesoscopic type-
1.5 superconductor with multiple isotropic defects. For N = 2 and p = 0, we select the
pinning centers at (£3£;,0) and plot the B, and |\1!1| at t = 10%*t, in Fig. 2. Different
from the single impurity case, multiple vortex clusters are generated around the pinning sites
within 0.87 < k; < 1.40. With the GL parameter x; = 1.30, we can see from Fig. 2(b,e) that
each vortex cluster exhibits the identical pattern with hexagonal symmetry. Meanwhile for
K1 = 2.10, as shown in Fig. 2(c,f), we can clearly observe multiple localized distortions in the
flux lattice around the pinning positions due to the attraction of vortices by impurities.

Besides that, we perform the simulations on this mesoscopic type-1.5 system with an
anisotropic defect. For N = 1 and p = 2, we still take the impurity site at the center of the
superconducting square and plot the B, and \\IJ1| at t = 10%t, in Fig. 3. By setting x as 1.30
and 2.10, we can observe the novel vortex cluster with C, (not Cg in isotropic impurity case)
symmetry shown in Fig. 3(b,e) and the distorted flux lattice in Fig. 3(c,f) respectively. Our nu-
merical data also indicate that the vortex cluster phase exists in the regime 1.15 < k; < 1.67
for this mesoscopic superconductor. As we see the anisotropic defect occupies the smaller
normal area compared with its isotropic counterpart, this will lead to the greater x; for the
emergence of the magnetic vortex phases.
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Figure 3: Evolution of the magnetic flux density B, (a-c) and the order parame-
ter of the first condensate \\Ill| (d-f) at the presence of an anisotropic defect in
the 15&; x 15&; type-1.5 superconductor. The snapshots show the Meissner phase
(a,d), vortex cluster phase (b,e) and vortex lattice phase (c,f) at the GL parameter
k7 = 0.70, 1.30 and 2.10 respectively. The magnetization only has the component
perpendicular to the superconducting plane.

5 Conclusion

Based on two-band TDGL theory, we investigate the impurity effect on the vortex collective
behaviors in the mesoscopic type-1.5 superconductor. With the finite element method, our
numerical results give the direct evidence for the existence of vortex cluster phase at the
presence of nonmagnetic defects in this system. We also discuss the possible patterns of
vortex cluster state with multiple impurities and anisotropic defect structure. We hope that our
theoretical results will inspire further research on better understanding novel vortex dynamics
and transport properties in two-band superconductors.
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