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Abstract

The standard Komar charge is a (d− 2)-form that can be defined in spacetimes
admitting a Killing vector and which is closed when the vacuum Einstein equations
are satisfied. Its integral at spatial infinity (the Komar integral) gives the conserved
charge associated to the Killing vector, and, due to its on-shell closedness, the
same value (expressed in terms of other physical variables) is obtained integrating
over the event horizon (if any). This equality is the basis of the Smarr formula. This
charge can be generalized so that it still is closed on-shell in presence of matter and
its integrals give generalizations of the Smarr formula. We show how the Komar
charge and other closed (d− 2)-form charges can be used to prove non-existence
theorems for gravitational solitons and boson stars. In particular, we show how
one can deal with generalized symmetric fields (invariant under a combination
of isometries and other global symmetries) and how the generalized symmetric
ansatz permits to evade the non-existence theorems.
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1 Introduction

Charge conservation is one of the more powerful ideas of Physics. Conserved charges
can be used to label and characterize states or whole physical systems and their pres-
ence constrains their evolution and simplifies the study of their dynamics.

The conservation of many charges is associated, via Noether’s theorem, to global
symmetries. For each of those global symmetries there is a conserved current jµ satis-
fying the continuity equation

∂µ jµ = 0 . (1.1)

The amount of conserved charge enclosed in a spatial volume Σ3 is defined as

q ≡
∫

Σd−1
d3Σµ jµ =

∫
Σd−1

dd−1Σnµ jµ , (1.2)

where nµ is the timelike unit vector normal to Σd−1. Then, the continuity equation
implies that the variation in time of this charge equals the flux of this current across
the boundary of the volume. In other words: the amount of charge in that volume at
a given time equals the initial amount of charge plus or minus the amount of charge
that entered or left the volume. The total charge of the Universe, then, must remain
constant, because nothing can enter or leave it from outside (i.e. there are no sources
nor sinks at infinity). We may characterize the Universe by the value of this charge.

It is this property (which is what we mean by charge conservation) that makes con-
served charges real entities.

The continuity equation can be rewritten in a very convenient way in differential-
form language, using the (d − 1)-form J ≡ ?

(
jµdxµ

)
, which we will keep on calling

current:

dJ = 0 . (1.3)

The charge contained in the spatial volume Σd−1 is now

q =
∫

Σd−1
J , (1.4)

and charge conservation follows from Eq. (1.3) and Stokes theorem: if Σd is the region
of spacetime swept by the spatial volume Σd−1 in a given time and its boundary is

∂Σd = Σd−1
t0
∪ Σd−1

t1
∪ Bt0,t1 , (1.5)

integrating dJ we find, taking into account the orientation of the different pieces

0 =
∫

Σd
dJ =

∫
Σd−1

t1

J−
∫

Σd−1
t0

J +
∫
Bt0,t1

J , (1.6)

which leads to
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qt1 = qt0 − fluxt1
t0

, (1.7)

where the flux

fluxt1
t0
≡
∫
Bt0,t1

J , (1.8)

is positive when the charge is leaving the volume.
Let us now consider the charges contained in the volume outside a black hole1 at a

given time t0 and at a later time t1.2 The difference between these charges is (minus) the
amount of charge that has crossed the horizon into the black hole. However, as a rule,
black holes cannot carry charges whose conservation follows from global symmetries
and, the net effect would be that the total amount of charge of the Universe would
decrease. This kind of charges which are always computed via volume integrals cannot
be used to characterize neither the black hole nor the whole black-hole spacetime.
Furthemore, there are indications that Quantum Gravity may break all exact global
symmetries. [1].

In some cases, the (d− 1)-form currents are related on-shell or off-shell to (d− 2)-
form charges3 by

J = dQ . (1.9)

Sometimes, this relation only holds asymptotically. This is, actually, what happens
with the gravitational field itself [2]. This relation presents us with new opportunities:
one can replace volume integrals of J by surface integrals of Q over the boundaries or,
in general, over closed (d− 2)-suerfaces Σd−2

q =
∫

Σd−2
Q . (1.10)

In black-hole spacetimes one can, then, do away with the problem of integrating
inside the horizon and decree that the total charge of the spacetime is the integral
of Q over the (d − 2)-sphere at spatial infinity Σd−2 = Sd−2

∞ . Gravitational charges
are defined in this way and, as it is well known, it makes no sense to compute them
integrating anywhere else because, due to the principle of Equivalence, it is not possi-
ble to define an energy/mass or momentum density function. Since there is no time
evolution at spatial infinity, these charges characterize the whole spacetime.

In some cases the conserved charges obey “Gauss laws” because, at least in the
spacetime region we are concerned with, J = 0 and the (d − 2)-form Q is closed,
typically on-shell4

1Extending the integral to the interior has many practical and conceptual problems.
2Here we must use Kruskal-Szekeres time, or other time coordinate which is well defined at the

horizon, unlike Schwarzschild’s.
3It is customary to use the same name for q and for Q. This does not lead to confusion, usually.
4We use .

= to denote identities which are only satisfied on-shell.
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dQ .
= 0 . (1.11)

(d − 2)-forms (and forms of other ranks) that satisfy this equation are often called
conserved charges as well, although this equation is not equivalent to the continuity
equation (1.3). Strictly speaking, this equation is just the differential expression of the
Gauss law: due to the on-shell closedness of the (d− 2)-form charge Q, the value of
the integral does not change under smooth deformations of the integration surfaces:
if Σd−2 ′ has been obtained from Σd−2 by a smooth deformation (which includes the
assumption that the deformation does not cross any point at which the classical equa-
tions of motion are not satisfied) and Σd−1 ′ is the cobordant volume

∂Σd−1 ′ = Σd−2 ∪ Σd−2 ′ , (1.12)

taking into account the orientations of Σd−2 and Σd−2 ′, Stokes theorem implies∫
Σd−2

Q−
∫

Σd−2 ′
Q =

∫
Σd−1 ′

dQ .
= 0 , (1.13)

which is the generalized form of the standard Gauss law of electromagnetism.
Gauss laws are typically satisfied by charges that source Abelian (uncharged) fields,

such as the electric charge of standard electromagnetism. In those cases there is a very
clear distinction between the sources of the fields and the fields themselves. In general,
the charges of gravitational or non-Abelian Yang–Mills fields do not satisfy Gauss laws
and only their values in the whole spacetime can be defined as we explained before.
For instance, since the gravitational field carries energy, it is also the source of grav-
itational field and any smooth deformation of the integration surface will change the
sources of gravitational field and consequently the value of the energy/mass enclosed
by it. This implies that there can be no closed (d− 2)-form charge describing a local
energy density, as we mentioned before.

In spite of the above general discussion, there are special situations in which it is
actually possible to define on-shell-closed (d− 2)-form charges in theories of gravity
[3]. The main example is that of spacetimes admitting a Killing vector k in General
Relativity without matter.5 The associated on-shell-closed (d − 2)-form is the Komar
charge K[k] [5], which, in our notation and conventions,6 takes the form

5More general on-shell and off-shell possibilities have been explored in Ref. [4].
6Our conventions are those of Ref. [45]. In particular, we use mostly minus signature and we will

always describe the gravitational field through the Vielbein ea = ea
µdxµ, where Latin indices are tangent-

space indices and Greek indices are coordinate-basis indices. Furthermore, our Levi–Civita spin connec-
tion ωa

b = ωµ
a

bdxµ and its curvature 2-form Ra
b = 1

2 Rµν
a

bdxµ ∧ dxν are defined through the relations

Dea ≡ dea −ωa
b ∧ eb = 0 , (1.14a)

Ra
b ≡ dωa

b −ωa
c ∧ωc

b , (1.14b)

where D is the exterior Lorentz-covariant derivative.
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K[k] = (−1)d−1 1
16πGN

(d)
? (ea ∧ eb)Pk ab , (1.16)

where Pk ab is the Lorentz momentum map or Killing bivector

Pk ab = ∇akb = ∇[akb] . (1.17)

In vacuum,

dK[k] .
= 0 . (1.18)

The integral of this (d − 2)-form charge over a (d − 2)-sphere at spatial infinity
Sd−2

∞ (often called Komar integral) gives the conserved gravitational charge associated
with the Killing vector k, up to normalization. For instance, in stationary spacetimes,
the Komar integral associated to the timelike Killing vector ∂t gives the mass of the
spacetime ∫

Sd−2
∞

K[∂t] =
d− 3
d− 2

M , (1.19)

while the Komar integral associated to the Killing vector that generates rotations around
some symmetry axis, ∂ϕ, gives the component of the angular momentum in that direc-
tion ∫

Sd−2
∞

K[∂ϕ] = J . (1.20)

Since the Komar charge is closed, the same results can be obtained by integrating
over any other (d− 2) surface that can be smoothly taken to infinity. If one chooses
spheres, the integrands are independent of the radial coordinate. In particular, in
stationary black-hole spacetimes one can integrate over any section of the event horizon
obtaining exactly the same results. Different choices of section correspond to different
choices of hypersurface Σd−1.

Equivalent ways of writing this (d − 2)-form (ignoring the overall (16πG(d)
N ) factor) using the levi-

Civita affine connection and its associated covariant derivative ∇ are

(−1)d−1 ? (ea ∧ eb)Pk ab = (−1)d−1 εµ1···µd−2αβ

(d− 2)!
√
|g|
∇αkβdxµ1 ∧ · · · ∧ dxµd−2

= dd−2Σαβ∇αkβ

= −dd−2Σ nαβ∇αkβ ,

(1.15)

where nαβ is the binormal to the horizon, normalized as nµνnµν = −2.
More details on our notation and conventions can be found in Ref. [45].
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What makes this seemingly trivial result really interesting is that the integral over
the horizon is naturally expressed in terms of the physical variables associated to the
horizon, such as the Hawking temperature T and Bekenstein-Hawking entropy S, giv-
ing rise to an identity (the Smarr formula [6]) that relates, in a highly non-trivial way
these two sets of physical variables [7–15].7

Let us show how the Smarr formula can be obtained in this way.
If the horizon H is non-degenerate, it is most convenient to choose the bifurcation

surface BH because it leads to great simplifications. In particular, if k = ∂t −ΩH∂ϕ is

the Killing vector that becomes null on it, k2 H= 0, one can show that, on the bifurcation
surface BH

Pk ab
BH
= κnab , (1.21)

where κ is the surface gravity. Then, using Eq. (1.15) and the zeroth law of black-hole

mechanics (dκ
H
= 0) [7] we get, integrating over the bifurcation surface∫
BH

K[k] = − κ

16πG(d)
N

∫
BH

d(d−2)Σ nabnab =
κAH

8πG(d)
N

= TS . (1.22)

On the other hand, using Eqs. (1.19) and (1.20) the integral at spatial infinity gives∫
Sd−2

∞

dK[k] =
∫

Sd−2
∞

K[∂t]−ΩH

∫
Sd−2

∞

K[∂ϕ] =
d− 3
d− 2

M−ΩH J , (1.23)

where we have also used the fact that ΩH is constant over the horizon, which can be
understood as a generalization of the zeroth law.

The on-shell-closedness of the Komar charge tells us that the results of these two
integrals are equal

M =
d− 2
d− 3

(TS + ΩH J) , (1.24)

which is the Smarr formula for stationary, asymptotically flat black holes in vacuum.
The Komar charge Eq. (1.16) is no longer closed on-shell when gravity is coupled

to most forms of matter and the above algorithm cannot be used directly to derive
Smarr formulas. One can follow the procedure outlined in Ref. [18] (see, for instance,
Ref. [19]) involving volume integrals but these do not give directly expressions in-
volving the total, conserved ADM charges. The derivation of the Smarr formulas is,
therefore, not as clean as the one puoneered by Bardeen, Carter and Hawking [7, 8]
that we have just explained here.

7Other methods have been used to derive Smarr formulas. For instance, in Ref. [16] the reduction of
the action to that of a σ-model was exploited to this end. See also Ref. [17].
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The Komar charge of General Relativity in absence of matter is just (minus)8 the
Noether (d− 2)-form charge associated to the invariance of the theory under diffeo-
morphisms (also known as Noether–Wald charge) Q[ξ] evaluated on a Killing vector k
which leaves invariant the only field of this theory, the metric, that is

δkgµν = −£kgµν = 0 . (1.25)

where £k is the Lie derivative.
This suggests that (minus) the Noether–Wald charge of the matter-coupled General

Relativity theory, −Q[ξ], evaluated over vector fields k generating symmetries of all
the fields of the theory that we denote generically by ϕ,

δk ϕ = 0 , (1.26)

may provide the on-shell-closed generalization of the Komar charge Eq. (1.16) that we
need. Observe that the above condition implies Eq. (1.25) and k of a Killing vector of
the spacetime metric.

However, as observed in Ref. [20] (see also Ref. [21]), in most diffeomorphism-
invariant theories9

dQ[k] .
= ıkL , (1.27)

where L is the d-form Lagrangian and ıkL is its interior product with the Killing vector
field k. Integrating both sides of this equation over a hypersurface Σd−1 with bound-
aries at infinity and at the bifurcation surface

∂Σd−1 = Sd−2
∞ ∪ BH , (1.28)

and applying Stokes theorem∫
Σd−1

dQ[k] =
∫

Sd−2
∞

Q[k]−
∫
BH

Q[k] .
=
∫

Σd−1
ıkL . (1.29)

This relation can be used to obtain generalized Smarr formulas [20],10 but the vol-
ume integral term obscures their interpretation as relations between physical quantities
defined at the horizon and spatial infinity.

In Ref. [15] it was argued that, as long as the diffeomorphism generated by k leaves
invariant all the fields of the theory11 for a given solution, and, hence, leaves invariant
the Lagrangian evaluated on-shell, ıkL is an exact (d− 1)-form. Indeed,

8In our conventions.
9In theories with Chern–Simons terms, invariant under gauge transformations up to total derivatives,

there could be additional terms in the right-hand side of this expression. This is due to the fact, to be
explained shortly, that diffeomorphisms induce gauge transformations.

10See also the more recent Ref. [21], based on the results of Ref. [22].
11When the theory contains fields with gauge freedoms, the transformations generated by k, δk, acting

on them have to be defined carefully so that the statements δk ϕ = 0 are gauge invariant [23–25]. This
point will be explained in more detail shortly.
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0 .
= δkL = −£kL = −dıkL , (1.30)

implies the local existence of a (d− 2)-form ωk such that

ıkL .
= dωk , (1.31)

and we can define the generalized Komar (d− 2)-form charge

K[k] ≡ − (Q[k]−ωk) , (1.32)

which is closed on-shell by construction.
In many [26–30] but not all [31] theories it is possible to give an explicit expression

of ωk which just needs to be evaluated on a given solution. In all the cases we have
studied so far the algorithm gives a Smarr formula with terms which are products of a
thermodynamic charge q times its conjugate chemical potential Φ. These objects appear
in the first law in terms of the form Φδq and sometimes they have to be understood in
the context of extended thermodynamics.

The use of the generalized Komar charge is not necessarily restricted to the deriva-
tion of Smarr formulas for black holes.12 Here we want to use it to study station-
ary, globally regular, horizonless, topologically trivial, asymptotically flat solutions of
General Relativity coupled to bosonic fields that we will loosely call “boson stars”,
although this name is used in a slightly more restricted sense in the literature (see, for
instance, Refs. [33, 19] and references therein). These solutions can be physically un-
derstood as self-gravitating solitons of some bosonic fields whose density is not high
enough to cause gravitational collapse.

As a simple example of what we intend to do, let us consider possible boson star
solutions of General Relativity in vacuum. The boundary of any Cauchy hypersurface
of these spaces is the (d− 2)-sphere at infinity. Integrating dK[∂t]

.
= 0 over the Cauchy

hypersurface and using Stokes theorem and Eq. (1.19) leads to M = 0 so that, according
to the positive mass theorem [34–36], the solution must be Minkowski spacetime. In
other words: there are no boson stars in vacuum.

This example shows how the generalized Komar charge can be used to constrain the
possible solutions of a given theory.13 It also tells us that, in order to make non-trivial

12Scalar charges satisfying Gauss laws have also been used to prove no-hair theorems in Ref. [29]
(see Section 2) and to prove that certain initial data sets do not correspond to constant-time slices of
stationary black-hole solutions in Ref. [32]. We will use these and other charges in our analysis.

13The study of the (non-)extsitence of non-topological solitons has a long history. The first result of
this kind is Derrick’s theorem Ref. [37] which proves the non-extstence of particle-like solutions of non-
linear generalizations of the wave equation. The possibility of the existence of those solutions if they
were allowed to have a periodic time dependence was also suggested in that reference. Solutions of the
Einstein-Klein-Gordon theory of this kind were first found by Kaup in Ref. [39]. The characterization of
non-gravitating spherically-symmetric solitons (called there Q-balls) by the charge associated to a non-
gauged global symmetry (a U(1) symmetry, typically) and their existence were studied by Coleman in
Ref. [38]. It is this symmetry that is used to make a generalized symmetric ansatz, as we will explain.
Stars and black holes with solitonic scalar fields having a U(1) global symmetry were constructed by
Friedberg, Lee and Pang in Ref. [40].
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solutions possible we have to relax one or several of these assumptions: stationarity,
regularity, asymptotic flatness, topological triviality, absence of event horizons and
Einstein equations in vacuum.

We have already seen that a non-degenerate event horizon works as a second, inner
boundary14 on which the Komar integral of the Killing vector that generates it gives
TS, so that M−ΩH J = 2TS ≥ 0, which can be satisfied for M 6= 0, even if the horizon
is degenerate and T = 0.

In absence of horizons, for obvious reasons, we do not want to give up on the
regularity of the solutions and, since we are interested in stationary, asymptotically-
flat solutions of trivial topology, we can only play with two assumptions: the coupling
to different kinds of matter (so we do not deal with the vacuum Einstein equations)
and with the implementation of the stationarity assumption on the matter fields, which
can modify the Komar charge. Most often, we deal with axisymmetric spacetimes. The
condition of axisymmetry can also be implemented in different ways.

This requires an explanation.
An asymptotically-flat spacetime is called stationary when it admits a Killing vector

field which is asymptotically timelike and axisymmetric when it admits a Killing field
vector with periodic orbits and fixed points (the axis). Let us call k any of these vector
fields. The conditions of invariance are expressed by Eq. (1.25) above. If this metric is
part of a solution that includes matter fields it is commonly assumed that they should
also be exactly invariant under the diffeomorphism generated by k as well. This is
usually expressed as

δk ϕ = −£k ϕ = 0 . (1.33)

Most theories are invariant under local and global symmetries which act on the
same fields and we must take this fact into account in the above expression. Let us
start with gauge symmetries.

1.1 Spacetime symmetries of fields with gauge freedoms

In general, gauge symmetries do not commute with the standard Lie derivative and
the above expression is, at the very least, ambiguous, because it is not gauge-invariant.
Using it can lead to wrong results [25] and, as repeatedly argued in Refs. [23–25] it
must be replaced by a gauge-covariant Lie derivative Lk that annihilates the fields in a
gauge-invariant way for the Killing vector k. This covariant Lie derivative is always a
combination of the standard one £k ϕ and a field- and Killing-vector-dependent gauge

14This is not completely true: we can always choose a hypersurface Σd−1 that goes inside the horizon.
However, in general, inside the horizon we are going to find singularities or non-trivial topology, includ-
ing other asymptotically-flat regions. If we do not want to deal with these, we must consider another
boundary and a section of the horizon (its bifurcation surface, if any) is the most convenient place for it
due to its special properties.
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transformation15 of the field δΛ(k,ϕ)ϕ. Thus, we are led to use the transformation

δk ϕ = −Lk ϕ = −
(

£k − δΛ(k,ϕ)

)
ϕ = 0 . (1.34)

The gauge transformation δΛ(k,ϕ) can be seen as “induced” by the diffeomorphism
generated by the Killing vector.

An alternative way of looking at this transformation is to consider that the best we
can do with field with gauge freedoms is to ask for invariance under diffeomorphisms
up to gauge transformations

£k ϕ = δΛ(k,ϕ)ϕ . (1.35)

While the first point of view is actually closer to the rigorous description of the
action of diffeomorphisms in fiber bundles,16 the second is going to help us to under-
stand better the implementation of the stationarity condition on fields transforming
under some global symmetries of the theory.

1.2 Spacetime symmetries of fields with global freedoms

Let us denote the action of the independent global symmetries by δI ϕ where I, J, K, . . .
label them. Indeed, looking at the above transformation, it is very natural to generalize
the standard symmetric ansatz Eq. (1.33) to17

£k ϕ = ϑk
IδI ϕ , (1.36)

where the ϑk
I are constants that depend on the Killing vector k18 and which must be

compatible with the global structure (the periodicity, for instance, see footnote 22 in
page 13) of the symmetries involved.

For scalar fields, for instance, the above generalized symmetric ansatz allows depen-
dence on the coordinate adapted to the isometry generated by k, in contrast to what
happens to the metric. It can be shown, however, that the generalized symmetric ansatz
leads to exactly symmetric energy-momentum tensors £kTµν = 0 [43] so that it is per-
fectly compatible with the isometry. More generally, if T is any tensor invariant under
the global symmetry,

£kT = ϑk
IδIT = 0 . (1.37)

There is an important point concerning the generalized symmetry ansatz Eq. (1.36)
that we would like to clarify here. Most of the General Relativity literature consid-
ers that the generalized symmetric ansatz for the scalar fields prevents the spacetime

15The field-dependent parameters of these gauge transformations must be the same for all the fields
transforming under the same symmetry, though.

16See, e.g. [41, 42].
17For simplicity we consider only gauge-invariant fields.
18Here we are considering just one isometry and the index k in ϑk

I is redundant but it will be relevant
when we consider more general situations with several isometries in Appendix A.
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isometries from becoming true symmetries of the complete field configuration. A com-
mon way of expressing this idea is by saying that the scalar fields “do not inherit”
the symmetry of the spacetime metric.19 However, it follows from our previous dis-
cussion of the action of isometries on fields with gauge symmetries that they do not
“inherit” spacetime symmetries in the usual, restricted, sense in which spacetime sym-
metries act on all fields through standard Lie derivatives. Still, there is a perfectly well
defined (and gauge-invariant) sense in which the diffeomorphism generated by the
vector k leaves the field invariant, expressed through the combination of the standard
Lie derivative and the “compensating” gauge transformation into the gauge-covariant
Lie derivative. Gauge fields may be time-dependent in a certain gauge and, still, be
invariant under the gauge-covariant Lie derivative with respect to ∂t so that this isom-
etry is a symmetry of all the fields of the theory and not just of the metric. The solution
is stationary even if the gauge fields have dependence on t. Similar remarks apply to
axisymmetry and the dependence on the angular coordinate ϕ

The same reasoning can be used in the case of global symmetries: the fields are
now invariant under the transformation

δk ϕ ≡ −
(

£k − ϑk
IδI

)
ϕ = 0 , (1.38)

so that δk is a symmetry of all the fields of the theory, although it does not simply act as
the Lie derivative with respect to k on all the fields. For k = ∂t, each possible choice of
the constants ϑk

I provides a different implementation of the stationarity condition but
for any choice, there is a well-defined sense in which we can still say that the solution
is stationary, even if the matter fields have a dependence on t.

All the boson star solutions found so far are based on non-trivial choices of ϑk
Is for

∂t and ∂ϕ in stationary and axisymmetric spacetimes. One of our goals is to understand
this fact using the generalized Komar charge which must be modified by those choices.

In this paper we are going to consider different kinds of matter coupled to gravity
and different implementations of the stationarity and axisymmetry ansatzs on them,
constructing the generalized Komar charge and other charges satisfying Gauss laws in
each case and finding the implications for the existence of horizonless, globally regular,
topologically trivial, asymptotically flat solutions in d = 4 dimensions. It is organized
as follows: In Section 2 we consider the simplest kind of matter, namely a single, real,
massless scalar field. Next, in Section 3 we consider the Einstein–Maxwell theory. In
Section 4 we add a scalar potential to the theory of Section 2, breaking its shift symme-
try. In Section 5 we consider theories with an arbitrary number of scalars and Abelian
vector fields which have the generic form of a 4-dimensional, ungauged supergrav-
ity theory, combining and generalizing the results of the previous sections. Section 6

contains a discussion of our results. Appendix A contains a general discussion of
the generalized symmetric ansatz using only scalar fields as an example: consistency
conditions (very similar to the famous quadratic constraint of the embedding tensor
formalism) and the definition of scalar charges. Appendix B reviews the proof of the

19See, for instance Ref. [44] and references therein.
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generalized zeroth law for electrostatic and magnetostatic potentials that we use in the
main text. Finally, in Appendix C we show that solutions satisfying the generalized
symmetric ansatz with respect to electric-magnetic duality rotations (a symmetry of
the equations of motion but not of the action) can be found, even though they turn out
not to be very interesting in this simple case.

2 The Einstein–scalar theory

The simplest kind of matter that can be coupled to Einstein’s gravitational field which
we will always describe through the Vierbein ea = ea

µdxµ, is a real, massless scalar φ.
The action for this Einstein–scalar (ES) theory is

S[e, φ] =
1

16πG(4)
N

∫ [
− ? (ea ∧ eb) ∧ Rab +

1
2 dφ ∧ ?dφ

]
≡
∫

L . (2.1)

If the scalar field satisfies the standard symmetric ansatz Eq. (1.33) for the timelike
Killing vector k = ∂t it is not difficult to see that the generalized Komar charge of this
theory is equal to the standard one given in Eq. (1.16) (see, for instance, Ref. [31]).
This implies that there are no boson star solutions20 in this theory with the standard
implementation of the stationarity condition. On the other hand, according to the
Smarr formula Eq. (1.24), the presence of a non-degenerate horizon allows for black
holes of mass M = 2ST + 2ΩH J.

Before we study whether the non-trivial implementations of the stationarity and
axisymmetry conditions through the generalized symmetric ansatz can modify this
conclusion, it is convenient to define a charge for the scalar φ that satisfies a Gauss
law in a stationary spacetime [47, 29]. Since the theory is invariant under global shifts
of the scalar field, there is an on-shell-conserved Noether current whose Hodge-dual
3-form we denote by Jφ and which is given by

Jφ ≡
1

16πG(4)
N

? dφ . (2.2)

The on-shell conservation is here equivalent to the on-shell-closedness of Jφ:

dJφ = −Eφ
.
= 0 , (2.3)

where Eφ is the equation of motion of φ.
The charge associated to the above 3-form, given by its integral over a 3-dimensional

spacelike hypersurface,21 though, does not satisfy a Gauss law. Furthermore, in sta-
tionary spacetimes in which the scalar is time-independent it vanishes identically [29]

20As discussed in the Introduction, we are using here the term “boson star” in a rather loose way.
This is probably more evident in this case and more conventional or proper way of expressing this
result would be the non-existence of non-topological solitons [46].

21This is equivalent to the volume integral of the timelike component of the standard current.
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because the timelike component of the current does. A different charge is needed to
characterize the scalar field.

If all the fields are exactly invariant under the diffeomorphism generated by k, so
is Jφ and, using Cartan’s magic formula and Eq. (2.3)

0 = δk Jφ = −£k Jφ = −(ıkd + dık)Jφ
.
= dık Jφ , (2.4)

which tells us that the 2-form Qφ[k] = ık Jφ is closed on-shell and the charge Σφ defined
by its integral over closed spacelike surfaces satisfies a Gauss law [47, 29]. In standard
spherical coordinates Σ appears as the coefficient of the 1/r term in the asymptotic
expansion of φ.

The same arguments used for the Komar charge show that boson stars would be
characterized by Σφ = 0 which is consistent with their non-existence.

In presence of a non-degenerate horizon H, using the Killing vector k normal to it

(k2 H= 0) and integrating dQφ[k] = 0 over a hypersurface satisfying Eq. (1.28), taking

into account that, by definition, k BH= 0 so that Qφ[k]
BH
= 0, we find again Σφ = 0. This

result can be interpreted as a no-hair theorem relating the existence of a non-degenerate
horizon to the absence of scalar charge of the kind we have defined above [29].

2.1 The Einstein–scalar theory and the generalized symmetric ansatz

Now we want to see how the previous results may be modified if we implement the
stationarity condition (k = ∂t) in the form22

δkφ = −(£kφ− ϑk) = 0 , (2.5)

allowing for linear dependence of the scalar on the time coordinate:

φ = ϑkt + f (x1, x2, x3) . (2.6)

Notice that at any given time t = t0 it is possible to eliminate the ϑkt0 using the
shift symmetry. The term ϑkt is only relevant globally.

In this setting, the Noether current associated to the invariance of the theory under
constant shifts of the scalar, Jφ, defined in Eq. (2.2) does not vanish any longer.

The Noether–Wald charge of the theory, Q[ξ], is associated to the invariance of the
action under diffeomorphisms only and, therefore, it is not modified by the generalized
symmetric ansatz. It has the same expression as in the vacuum theory, namely

22Observe that this ansatz is consistent because both the scalar field φ and the time coordinate t take
values in R. In axisymmetric spacetimes, whose metric is invariant under constant shifts of the angular
coordinate ϕ ∼ ϕ + 2π, the ansatz ∂ϕφ = ϑϕ leads to a multivalued scalar field unless it is assumed
that φ must also be identified with φ + 2πϑϕ. This is not possible in this theory, but in theories with
more scalar fields that can be understood as coordinates in a “target space”, some of them may also be
understood as angular, periodically identified, coordinates and the ansatz would be consistent. This is
the case of the phase of the complex Klein–Gordon scalar, for instance [48, 49]. We will consider this
possibility in Section 5.3.
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Q[ξ] =
1

16πG(4)
N

? (ea ∧ eb)Pξ ab . (2.7)

By construction,

dQ[ξ] = Θ(ea, φ, δξea, δξφ) + Eaξa + ıξL . (2.8)

where the presymplectic potential is given by

Θ(ea, φ, δξea, δξφ) = ?(ea ∧ eb) ∧
(
DPξ

ab + ıξ Rab
)
− ?dφıξdφ . (2.9)

When ξ = k the term in parenthesis vanishes identically.23 With the standard
symmetric ansatz, the second term vanishes as well and, on-shell, we are left with
dQ[k] .

= ıkL, but in this theory L .
= 0 and the Komar charge coincides with (minus) the

Noether–Wald charge and with that of the vacuum theory.
In the generalized symmetric case Eq. (2.5) the Lagrangian and the first term in the

presymplectic potential still vanish on-shell, but the second term does not and

Θ(ea, φ, δkea, δkφ) = −ϑk ? dφ = −ϑk Jφ , (2.11)

so that

dQ[k] .
= −ϑk Jφ . (2.12)

Since Jφ is closed on-shell, locally there must exist a 2-form charge Qφ such that

Jφ
.
= dQφ , (2.13)

and we can define the on-shell-closed generalized Komar charge

K[k] ≡ −
(
Q[k] + ϑkQφ

)
, (2.14)

which differs from the one obtained with the standard implementation of the station-
arity condition.

In this case there is no general expression for Qφ: it depends on the explicit form
of the solution. Its actual form will not be important in what follows, though.

Let us consider a boson star solution and let us integrate dK[k] .
= 0 over a spacelike

hypersurface bounded by a 2-sphere of radius r. Applying Stokes theorem we find
that

23The equation
DPk

ab + ıkRab = 0 , (2.10)

defines the Lorentz momentum map Pk
ab and is solved when Pk

ab = ∇akb, the Killing bivector. Actually,
replacing the Lorentz momentum map by the Killing bivector this equation becomes the integrability
condition of the Killing vector equation. On the other hand, the left-hand side of the equation is just
−δkωab [23].
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∫
S2

r

Q[k] .
= −ϑk

∫
Σ2

r

Qφ . (2.15)

The integral in the left-hand side converges to M/2 as r approaches infinity. The
integral in the right-hand side gives the scalar charge contained in the 2-sphere and
it is easy to see that this charge diverges when r approaches infinity. This indicates
that boson stars of this kind do not exist in this theory. The situation is not improved
by admitting the existence of an event horizon or rotation since the integral that gives
the charge keeps diverging at infinity. Thus, stationary, asymptotically flat black-hole
solutions of this theory do not exist, either. Coupling the scalar field to itself or to some
other source can change these conclusions, as we are going to see in Section 4.

For black-hole spacetimes there is another way to arrive at this result which does
not rely on these charges and which will play an important role later. If k is the Killing

vector that becomes null on the horizon k2 H= 0 one can show that

kµkνRµν
H
= 0 , (2.16)

which implies, upon use of the Einstein equations and k2 H= 0

kµkνTµν
H
= 0 , (2.17)

leading, in this particular theory, to the conclusion

ıkdφ
H
= 0 , (2.18)

so that ϑk = 0. If the black hole is rotating k = ∂t −Ω∂ϕ and, since in this case ∂ϕφ = 0
(see footnote 22 in page 13), we arrive at the same conclusion as before. Notice, though,
that in the cases in which it is consistent to impose the generalized symmetric ansatz

∂tφ = ϑt ≡ ω , (2.19a)

∂ϕφ = ϑϕ ≡ m , (2.19b)

with non-vanishing ω and m, Eq. (2.18) demands

ω

m
= ΩH , (2.20)

known as “synchronization condition” [19], on account of the relation ϑk = ω−ΩHm.
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3 The Einstein–Maxwell theory

The Maxwell (or electromagnetic) field provides A = Aµdxµ another simple kind of
matter that can be coupled to Einstein’s gravitational field. It is worth stressing that,
despite the notation, geometrically A is not a 1-form, but a gauge field, a connection
in a U(1) fiber bundle, with gauge transformations

δχ A = dχ , (3.1)

where χ is any real function. Its gauge-invariant 2-form field strength, locally given by

F ≡ dA , (3.2)

is a 2-form, though.
The action of the 4-dimensional Einstein–Maxwell (EM) theory is

S[e, A] =
1

16πG(4)
N

∫ [
− ? (ea ∧ eb) ∧ Rab +

1
2 F ∧ ?F

]
≡
∫

L . (3.3)

Notice that this theory does not contain any fields charged with respect to the
Maxwell field that can source it. The action is not invariant under any global trans-
formations of the Maxwell field only, but the equations of motion supplemented with
the Bianchi identity are invariant under an SO(2) group of electric-magnetic duality
rotations and we are going to show in Section 3.1 that they may be consistently used in
the generalized symmetric ansatz. This theory is too simple for this ansatz to give rise
to boson star solutions but we can consider it as a “proof of concept” that opens the
door to the use in more complicated theories such as those we are going to in Section 5.

As we have explained in the introduction,24 the stationarity condition of the Maxwell
field has to be implemented in a gauge-invariant form, combining the standard Lie
derivative with a gauge transformation with parameter χk = ık A− Pk where the mo-
mentum map Pk satisfies the gauge-invariant momentum map equation

ıkF + dPk = 0 , (3.4)

whose integrability condition is the symmetry condition

δkF = −£kF = −ıkF = 0 . (3.5)

The gauge-invariant form of stationarity condition of the Maxwell field is the momen-
tum map equation

δk A = − (£k − δχk) A = − (ıkF + dPk) = 0 . (3.6)

Observe that, if k is timelike, ıkF is the electric field for an observer related to the
time defined by k and, therefore, Pk is the associated electrostatic potential Φ defined, as

24See Ref. [23] for details on this particular case.
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usual, up to an additive constant. In asymptotically-flat spacetimes Φ takes a constant
value at infinity Φ∞ that is purely conventional.

In this theory it is possible to find a generic form of ωk and the generalized Komar
charge of this theory is [23, 26, 28]

K[k] = − 1
16πGN

(4)
? (ea ∧ eb)Pk ab +

1
32πGN

(4)

[
Pk ? F− P̃kF

]
, (3.7)

where we have introduced the dual momentum map P̃k, defined by the dual momentum
map equation

ık ? F + dP̃k = 0 , (3.8)

whose local existence is guaranteed on-shell by the stationarity condition. It can also
be understood as the magnetostatic potential Φ̃ and, in asymptotically-flat spacetimes
it takes an arbitrary constant value at infinity Φ̃∞.

Apart from the generalized Komar charge Eq. (3.7) the EM theory has another two
interesting 2-form charges:

Q =
1

16πG(4)
N

? F , (3.9)

which is closed on-shell and whose integral over a closed 2-surface gives the electric
charge q enclosed by it, and

P =
1

16πG(4)
N

F , (3.10)

which is closed off-shell and whose integral over a closed 2-surface gives the magnetic
charge p enclosed by it. Notice that, Stokes theorem implies that p would vanish
identically if F was dA globally.

Since the theory does not contain sources of the Maxwell field, we expect any non-
trivial stationary, asymptotically flat25 electromagnetic fields to be sourced by singu-
larities or sustained by non-trivial topology. Indeed, the usual arguments applied to Q
and P in boson stars lead to q = p = 0.

Let us now turn our attention to the generalized Komar charge which can be rewrit-
ten in the form

K[k] = − 1

16πG(4)
N

? (ea ∧ eb)Pk ab +
1
2

[
ΦQ− Φ̃P

]
. (3.11)

Its integral over the 2-sphere at spatial infinity gives

M + Φ∞q− Φ̃∞ p = 0 , (3.12)
25Asymptotic flatness excludes homogeneous gravitational/electromagnetic waves which can be sta-

tionary, regular, horizonless and topologically trivial.
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which reduces to M = 0 once the vanishing of the total electric and magnetic charges
has been taken into account. Again, solutions of the kind we are looking for do not exist
in the EM theory. Observe that the vanishing of q and p is crucial for the consistency
of the result because the values of Φ∞ and Φ̃∞ can be changed arbitrarily keeping the
metric (and M) unchanged.

It is interesting to see how the presence of a non-degenerate horizon modifies this
conclusion.

First of all, we must replace ∂t by the Killing vector k = ∂t −ΩH∂ϕ that becomes
null on the horizon. The momentum maps Pk and P̃k cannot be interpreted as purely
electrostatic and magnetostatic potentials, although we will keep the notation Φ, Φ̃.
Moreover, they do not tend to just a constant value at infinity but their r → ∞ limits
may contain, for instance, terms proportional to ΩH cos θ, in addition to the arbitrary
constants Φ∞, Φ̃∞. Fortunately, it can be proved that those terms do not contribute to
the integrals of ΦQ and Φ̃P at infinity [50] and the integral at infinity of the generalized
Komar charge Eq. (3.11) gives

1
2

(
M + Φ∞q− Φ̃∞ p

)
−ΩH J , (3.13)

while the integral on the bifurcation surface gives

TS + 1
2

(
ΦHq− Φ̃H p

)
, (3.14)

where ΦH and Φ̃H are the values of the electrostatic and magnetostatic in BH which
are constant by virtue of the restricted generalized zeroth law [23] which we review in
Appendix B.

Combining these results we obtain the Smarr formula for stationary, asymptotically
flat black holes of the EM theory

M = 2ST + 2ΩH J + (ΦH −Φ∞) q−
(
Φ̃H − Φ̃∞

)
p . (3.15)

Notice that the non-vanishing electric and magnetic charges multiply unambiguous
differences of potentials.

3.1 Generalized symmetric ansatz

As we have mentioned before, the (left-hand side of the) Einstein equations Ea, Maxwell
equations E and Bianchi identities B, given by26

Ea = ıa ? (eb ∧ ec) ∧ Rbc +
1
2

(
ıaF ∧ F̃− F ∧ ıa F̃

)
, (3.16a)

E = −dF̃ , (3.16b)

26We ignore the overall factors of (16πG(4)
N )−1 in order to simplify the expressions.
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B = −dF , (3.16c)

where we have defined the dual 2-form field strength

F̃ ≡ ?F . (3.17)

These transformations act on F ad F̃ as

(
F
F̃

)′
=

(
cos α sin α
− sin α cos α

)(
F
F̃

)
, δα

(
F
F̃

)
=

(
0 α
−α 0

)(
F
F̃

)
. (3.18)

Thus, we may implement the stationarity ansatz on these fields in a non-trivial way,
using this global symmetry, as follows:

£k

(
F
F̃

)
=

(
0 α
−α 0

)(
F
F̃

)
. (3.19)

Notice that this ansatz guarantees the invariance of the Maxwell energy-momentum
tensor Ta given by

Ta ≡ 1
2

(
ıaF ∧ F̃− F ∧ ıa F̃

)
(3.20)

under the diffeomorphism generated by the Killing vector k, £kTa = 0.
It is convenient to introduce a dual (magnetic) gauge field Ã such that, locally,27

F̃ ≡ dÃ . (3.21)

The pair A, Ã transform under electric-magnetic duality as the pair F, F̃, namely,

δα

(
A
Ã

)
=

(
0 α
−α 0

)(
A
Ã

)
. (3.22)

It is worth remarking that, although this is not a symmetry of the action, there is
an on-shell conserved current associated to it:28

Jem ≡ 1
2

(
A ∧ F + Ã ∧ F̃

)
, dJem

.
= 0 , (3.24)

27We are not going to address any global issues related to the existence of A or Ã in this section.
28The conservation is due to the well-known property

? B ∧ ?A = −A ∧ B , (3.23)

for any pair of 2-forms A, B in 4 dimensions. This property is, precisely the responsible for the non-
invariance of the Maxwell action under electric-magnetic duality transformations.
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which, furthermore, is invariant under electric-magnetic duality transformations.29

Then, the generalized symmetric ansatz Eq. (3.19) is locally equivalent to the con-
ditions

d
(

ıkF− αÃ
ık F̃ + αA

)
= 0 , (3.26)

which imply the local existence of the electric and magnetic momentum maps Pk, P̃k
satisfying the generalized momentum maps equations(

ıkF
ık F̃

)
= −D

(
Pk
P̃k

)
, (3.27)

where we have defined the covariant derivatives

D
(

Pk
P̃k

)
≡ d

(
Pk
P̃k

)
−
(

0 α
−α 0

)(
A
Ã

)
, (3.28)

which are invariant under the gauge transformations

δχ

(
A
Ã

)
= d

(
χ
χ̃

)
, δχ

(
Pk
P̃k

)
=

(
0 α
−α 0

)(
χ
χ̃

)
. (3.29)

The momentum maps transform as Stückelberg fields and we may eliminate them
using the appropriate gauge transformation, if necessary. Thus, it is clear that they
cannot be identified with electrostatic or magnetostatic potentials as in the symmetric
case.

To check the consistency of this construction, it is interesting to review it in terms of
the gauge fields. Taking into account their gauge freedoms, the generalized symmetric
ansatz reads

£k

(
A
Ã

)
= d

(
χk
χ̃k

)
+

(
0 α
−α 0

)(
A
Ã

)
, (3.30)

and we can immediately see that it is satisfied by the choice of parameters of the
compensating gauge transformations(

χk
χ̃k

)
=

(
ık A− Pk
ık Ã− P̃k

)
. (3.31)

In black-hole spacetimes, if k = ∂t −ΩH∂ϕ is the Killing vector that characterizes
the event horizon as a Killing horizon, in the definition of the generalized symmetric

29There is another electric-magnetic duality-invariant current

Jem−2 ≡ 1
2
(

A ∧ F̃− Ã ∧ F
)
= d

(
1
2 Ã ∧ A

)
, (3.25)

but it does not seem to play any role in what follows.
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ansatz we have to use the same global symmetry for ∂t (with parameter ω) and ∂ϕ

(with parameter m) and the covariant derivatives of the momentum maps are now

D
(

Pk
P̃k

)
≡ d

(
Pk
P̃k

)
− (ω−ΩHm)

(
0 1
−1 0

)(
A
Ã

)
. (3.32)

On the horizon, both ıkF and ık F̃ vanish identically. In the symmetric case the
generalized zeroth law can be derived from this fact (see Appendix B). In this case, we
find that

D
(

Pk
P̃k

)
H
= 0 . (3.33)

If the synchronization condition Eq. (2.20) is not satisfied ω − ΩHm 6= 0, these
equations imply that both connections A and Ã are pure gauge on the horizon and,
thus, the field strength and its dual vanish identically there(

F
F̃

)
H
= 0 . (3.34)

The generalized symmetric ansatz Eq. (3.19) does not modify the definitions of
electric and magnetic charges satisfying Gauss laws Q, P Eqs. (3.9) and (3.10). Since we
can compute the electric and magnetic charges integrating these field strengths over
any section of the horizon obtaining the same result (because it is the same result one
obtains integrating over the 2-sphere at spatial infinity), we conclude that, in this case,
the generalized symmetric ansatz leads to vanishing electric and magnetic charges
q = p = 0 in black-hole spacetimes. In boson-star spacetimes they vanish for the same
reasons as in the previous cases.

If the synchronization condition Eq. (2.20) is satisfied, then the momentum maps
admit the standard interpretation of electrostatic and magnetostatic potentials and sat-
isfy the generalized zeroth law and the electric and magnetic charges need not vanish.

The generalized Komar charge is modified. The Noether–Wald charge Q[k] only
depends on diffeomorphisms and the induced gauge transformations and it is not
modified and it is still given by [23]

Q[ξ] = ?(ea ∧ eb)Pξ ab − Pξ F̃ . (3.35)

On-shell, it satisfies

dQ[ξ]
.
= Θ(e, A, δξe, δξ A) + ıξL , (3.36)

where the presymplectic potential and the on-shell Lagrangian are given by

Θ(e, A, δξe, δξ A) = − ? (ea ∧ eb) ∧ δξωab − F̃ ∧
(
ıξ F + dPξ

)
, (3.37a)
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L .
= 1

2 F ∧ F̃ . (3.37b)

Now, when ξ = k, the first term in Θ vanishes but the second does not, according
to the generalized momentum map equations (3.27), which we also have to apply to
the calculation of ıkL. Substituting the result in dQ[k], we get

d
[
− ? (ea ∧ eb)Pk ab +

1
2

[
Pk F̃− P̃kF

]] .
= −ω Jem . (3.38)

where Jem has been defined in Eq. (3.24). Since Jem is closed on-shell, there must be a
2-form Jem, whose form depends on the particular solution on which we evaluate it,
such that

dJem
.
= Jem , (3.39)

and we arrive at the following generalized Komar charge

K[k] = − ? (ea ∧ eb)Pk ab +
1
2

[
Pk F̃− P̃kF

]
+ ωJem . (3.40)

Since the electric and magnetic charges must vanish for any hypothetical boson
star, it seems unlikely that the integral of Jem at infinity could help us to avoid the
conclusion M = 0. In Appendix C we have studied, as a proof of concept, a simple
example of time-dependent solutions of the Maxwell equations in a (non-back-reacted)
stationary spacetime (Minkowski spacetime), showing their existence. They turn out
to be superpositions of electromagnetic waves with no electric nor magnetic charges.

In black hole spacetimes the last term must be replaced by (ω−ΩHm)Jem and there
are two two possible cases: when the synchronization condition is not satisfied we
must use the vanishing of F and F̃ on the bifurcation surface because the momentum
maps do not satisfy a restricted generalized zeroth law and, again, the vanishing of
the electric and magnetic charges makes it very unlikely that the current Jem gives any
finite contribution at infinity. When the synchronization condition is satisfied, the last
term vanishes identically and the momentum maps are constant over the horizon and
we recover exactly the same Smarr formula as in the symmetric case. It remains to be
seen if there are any black hole solutions satisfying this ansatz but, in principle, the
Smarr formula does not exclude this possibility.

4 The Einstein–scalar theory with a scalar potential

The thermodynamics of the black holes of this theory was recently studied by us in
Ref. [31]. Thus, we shall be brief. The action is the one considered in Eq. (2.1) plus a
scalar potential term:

S[e, φ] =
1

16πG(4)
N

∫ {
− ? (ea ∧ eb) ∧ Rab +

1
2 dφ ∧ ?dφ + ?V(φ)

}
≡
∫

L . (4.1)
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The scalar potential V(φ) is assumed not to be constant, so it cannot be interpreted
as a cosmological constant. Therefore, there is no shift symmetry, no associated on-
shell conserved Noether current and no possible generalized symmetric ansatz in this
theory. In spite of this, an on-shell-closed 2-form charge can be defined in stationary
solutions using the following observation [47,29]: if all the fields of the solution we are
considering are invariant under the diffeomorphism generated by k, we have, on the
one hand

− ıkd ? dφ = (dık − £k) ? dφ = dık ? dφ , (4.2)

and on the other hand

0 = £k ? V′ = dık ? V′ , V′ ≡ ∂V
∂φ

, (4.3)

which implies the local existence of a 2-formWk such that

ık ? V′ .
= dWk . (4.4)

In this case it is not possible to find a generic expression for Wk. Its form will
depend on the particular solution on which ?V′ is evaluated but we can always add a
closed 2-form to it so that, for asymptotically flat solutionsWk(∞) = 0.

Then, if we take the interior product of k with the scalar equation of motion and
use the above results

ıkEφ =
1

16πG(4)
N

ık
[
−d ? dφ + ?V′

]

= d

{
1

16πG(4)
N

[ık ? dφ +Wk]

}
,

(4.5)

and we can define the on-shell closed 2-form charge30

Qφ[k] ≡ −
1

4πG(4)
N

[ık ? dφ +Wk] , (4.6)

whose integral over closed 2-dimensional surfaces gives, by definition, the scalar charge
Σ enclosed in it. At infinity, because of the boundary condition Wk(∞) = 0, the scalar
charge depends only on the first term in the above equation. Furthermore, the usual
argument leads to Σ = 0. In presence of a non-degenerate horizon we find that Σ is
given by the integral of Wk on the bifurcation sphere. Thus, Σ would be secondary
hair, dependent on the dimensionful constants defining V.

The generalized Komar charge is in this theory [29]

30The normalization is purely conventional.
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K[k] = − 1

16πG(4)
N

[
?(ea ∧ eb)Pk ab − Vk

]
, (4.7)

where, in the same vein asWk, the 2-form Vk is defined to satisfy

dVk
.
= −ık ? V . (4.8)

Its value at spatial infinity can be set to zero for asymptotically-flat solutions, Vk(∞) =
0, upon the addition of a closed 2-form.

With the chosen boundary conditions, the integral of K[k] at spatial infinity gives,
yet again, M = 0. When the potential is not definite-positive, this may not be enough
to ensure that the only possible solution is Minkowski spacetime because the positive
mass theorem would not be valid.

Allowing for a non-degenerate horizon and choosing k accordingly, we get the
Smarr formula [29]

M = 2ST + 2ΩH J + 2αΦα , where Φα ≡ −
1

16πG(4)
N

∫
Σ3

ık ?
∂V
∂α

, (4.9)

where α is a dimensionful constant in V which plays the role of a new thermodynamic
variable while Φα plays the role of its conjugate potential [51, 15, 27]. If the scalar
potential depends on more dimensionful constants, αi, the last term is replace by a
sum over similar terms.

5 The Einstein–Maxwell–scalar theories

In this section we are going to consider a generic supergravity-inspired theory that in-
cludes the three cases we have studied so far as particular examples. This theory con-
tains, apart from the gravitational field ea, nv Abelian gauge fields AΛ, Λ = 1, . . . , nV .
with field strengths FΛ ≡ dAΛ and nS scalar fields φx, x = 1, . . . , ns that parametrize a
non-linear σ-model with positive-definite target-space metric gxy(φ) coupling to them-
selves via a scalar potential V(φ) and to the Abelian gauge fields via the symmetric,
scalar-dependent, matrices IΛΣ(φ) (which is conventionally assumed to be negative-
definite) and RΛΣ(φ). The action takes the form31

31In supergravity theories, the numbers nV and ns, the σ-model metric, the scalar matrices and the
scalar potential are constrained by supersymmetry. In supergravity, the scalar potential would be asso-
ciated to the gauging of R-symmetry. The gauging of other symmetries would give rise to couplings not
concluded in the action Eq. (5.1). In particular, the gauging of symmetries which act as isometries of the
σ-model metric leads to the replacement of the derivatives of the scalar fields by covariant derivatives.
In some cases the gauge symmetries can be used to completely gauge away some of the scalars, whose
kinetic terms become mass terms for the vector fields. The so-called Einstein–Proca–Higgs model con-
sidered in Refs. [52, 19] can be obtained in this way starting from a model of the form Eq. (5.1). We will
study this more general class of models elsewhere [53].
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S =
1

16πG(4)
N

∫ [
− ? (ea ∧ eb) ∧ Rab +

1
2 gxydφx ∧ ?dφy

−1
2 IΛΣFΛ ∧ ?FΣ − 1

2 RΛΣFΛ ∧ FΣ + ?V
]

,

(5.1)

The equations of motion Ea, Ex, EΛ and the presymplectic potential Θ(ϕ, δϕ) (here ϕ
stands for all the fields of the theory) are defined by the general variation of the fields
in the action

δS =
∫ {

Ea ∧ δea + Exδφx + EΛδAΛ + dΘ(ϕ, δϕ)
}

. (5.2)

Ignoring the overall factors of (16πG(4)
N )−1, they are given by

Ea = ıa ? (eb ∧ ec) ∧ Rbc +
1
2 gxy (ıadφx ? dφy + dφx ∧ ıa ? dφy)

− 1
2 IΛΣ

(
ıaFΛ ∧ ?FΣ − FΛ ∧ ıa ? FΣ

)
− ıa ? V , (5.3a)

Ex = −gxy {d ? dφy + Γzw
ydφz ∧ ?dφw}

− 1
2 ∂x IΛΣFΛ ∧ ?FΣ − 1

2 ∂xRΛΣFΛ ∧ FΣ + ?∂xV , (5.3b)

EΛ = dFΛ , (5.3c)

Θ(ϕ, δϕ) = − ? (ea ∧ eb) ∧ δωab + gxy ? dφxδφy − FΛ ∧ δAΛ . (5.3d)

where we have defined the dual 2-form field strength

FΛ ≡ IΛΣ ? FΣ + RΛΣFΣ . (5.4)

5.1 Global symmetries

In supergravity theories the symmetries of the σ-model, generated by the Killing vec-
tors KI

x(φ) of gxy(φ)

δI gxy = −£KI gxy = 0 , (5.5)
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and the symmetries of the Abelian gauge fields are related32 thanks to the equivariance
property

δI RΛΣ = TI ΛΣ + TIΛ
ΩRΩΣ − RΛΩTI

Ω
Σ − RΛΓTI

ΓΩRΩΣ + IΛΓTI
ΓΩ IΩΣ , (5.6a)

δI IΛΣ = TIΛ
Ω IΩΣ − IΛΩTI

Ω
Σ − 2R(Λ|ΓTI

ΓΩ IΩ|Σ) . (5.6b)

We will assume that this is the case here. Otherwise we would restrict ourselves to the
subgroup of isometries of the σ-model metric for which the above equivariance con-
ditions hold. Thus, in absence of the scalar potential, which may break some of those
symmetries, the equations of motion are invariant under the following transformations
of the scalars and gauge fields

δIφ
x = KI

x(φ) , (5.7a)

δI FM = TI
M

N FN , (5.7b)

where we have defined the symplectic vectors of field strengths(
FM
)
≡
(

FΛ

FΛ

)
, (5.8)

and where the matrices TI in Eqs. (5.6a) are blocks of the matrices TI
M

N in Eq. (5.7b),
i.e. (

TI
M

N

)
=

(
TΛ

Σ TΛΣ

TΛΣ TΛ
Σ

)
. (5.9)

The Killing vectors KI and the 2nV × 2nV matrices TI satisfy the Lie algebra

[KI , KJ ] = − f I J
KKK , (5.10a)

[TI , TJ ] = + f I J
KTK . (5.10b)

Furthermore, the matrices TI belong to the Lie algebra of the symplectic group SL(2nV , R)
in the fundamental (vector) representation [54], which implies for the block matrices

32See, e.g. Section 1 of Ref. [29] for a detailed description of the properties of the scalar matrices that
are required for this relation to work.
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TA ΛΣ = TA ΣΛ ,

TA
Λ

Σ = −TAΣ
Λ ,

TA
ΛΣ = TA

ΣΛ .

(5.11)

Some of the transformations of the field strengths are electric-magnetic duality
transformations transforming FΛ into FΛ

δI FΛ = TI
Λ

ΣFΣ + TI
ΛΣFΣ . (5.12)

Those transformations are symmetries of the equations of motion but they do not leave
the action invariant. As we have seen in Section 3.1 they can also be used to formulate
a generalized symmetric ansatz.

In presence of an scalar potential, we are going to assume that a subset of these
symmetries whose generators we will label with A, B, C, . . . (KA, TA) generate a Lie
subalgebra with structure constants fAB

C are preserved. In particular, we assume that

£KAV = KA
x∂xV = 0 . (5.13)

We are going to denote with indices U, V, W, . . . the Killing vectors that do not
leave invariant the scalar potential

£KU V = KU
x∂xV 6= 0 . (5.14)

5.2 Charges and Smarr formula for the symmetric ansatz

Contracting the scalar equations of motion Ex with the Killing vectors KI
x we get [55]:

KI
xEx ≡ dJI + ?KI

x∂xV + 1
2 ΩMPTA

P
N AM ∧ EN , (5.15a)

JI = −KI x ? dφx − 1
2 ΩMPTI

P
N AM ∧ FN , (5.15b)

where we have used Eqs. (5.5), (5.6a) and (5.13) and where

(ΩMN) =

 0 1nV×nV

−1nV×nV 0

 , (5.16)

In absence of scalar potential, the 3-forms JI would be the on-shell-closed Noether–
Gaillard–Zumino (NGZ) currents of the theory [54]. The scalar potential breaks some of
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the global symmetries and we end up with the on-shell-closed NGZ currents JA and
the currents JU which are not closed on-shell:

dJA
.
= 0 , (5.17a)

dJU
.
= − ? KU

x∂xV . (5.17b)

In stationary solutions in which all the fields satisfy the symmetric ansatz (invariance
without compensating global transformations33), the usual symmetry arguments lead
to two kinds of on-shell-closed 2-form charges [29]

QA[k] ≡
1

4πG(4)
N

{
ıkKA x ? dφx + ΩMPTA

P
NPk

MFN
}

, (5.18a)

QU[k]
.
=

1

4πG(4)
N

{
ıkKU x ? dφx + ΩMPTU

P
NPk

MFN +WU,k

}
, (5.18b)

where the 2-formsWU,k are defined by

dWU,k ≡ ık ? KU
x∂xV , (5.19)

and where we have defined the symplectic vector of momentum maps(
dPk

M
)
≡
(

ıkFM
)

. (5.20)

As in the case considered in Section 4, we cannot give a generic expression for the
2-formsWU,k because it will depend on the particular solution considered.

The generalized Komar charge of this theory (symmetric ansatz) can be easily found
combining the results and strategies of the previous sections with those of Refs. [26,
28]34 and it is given by

K[k] = − 1
16πGN

(4)

{
?(ea ∧ eb)Pk ab +

1
2

[
Pk

ΛFΛ − Pk ΛFΛ
]
− Vk

}
, (5.21)

where Vk has been defined in Eq. (4.8).
Finally, the electric qΛ and magnetic pΛ charges, combined in a symplectic vector of

charges qM can be defined as the integrals of the symplectic vector of 2-form charges

QM ≡ 1

16πG(4)
N

FM , qM ≡
∫

S2
∞

QM . (5.22)

33As we have stressed, for the gauge fields, we always need to introduce a “compensating” gauge
transformation.

34The derivation is reviewed to account for the generalized symmetric ansatz in Section 5.3, anyway.
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As usual, with the trivial implementation of the stationarity condition, electric,
magnetic and scalar charges must vanish qM = ΣA = ΣU = 0. Taking this into account,
the integral of the exterior derivative of the Komar charge over a Cauchy surface of a
boson star gives, yet again, M = 0.

Allowing for a non-degenerate horizon and choosing k accordingly, we get a gen-
eralization of the Smarr formulas obtained before, that combines them:

M = 2ST + 2ΩH J + (ΦΛ
H −ΦΛ

∞)qΛ − (ΦΛ H −ΦΛ ∞)pΛ + 2αΦα , (5.23)

where α and Φα have the same meaning as in Eq. (4.9).

5.3 Generalized symmetric ansatz

The theories we are considering can have a large number of global symmetries, with
different kinds of orbits. This means that, in stationary, axisymmetric spacetimes, it
may be possible to define a generalized symmetric ansatz involving the Killing vector
∂ϕ as well as ∂t:35

∂tφ
x = ϑt

AKA
x ≡ ωKx , (5.24a)

∂ϕφx = ϑϕ
AKA

x(φ) ≡ mLx , (5.24b)

for two constants ω, m and two Killing vectors of the target space metric K, L that also
leave invariant the scalar potential V. In the particular case of the massive, complex,
Klein–Gordon field there is only one isometry that leaves invariant the scalar potential
and, therefore, K = L was the only possibility considered in Ref. [48, 49].

Since the global symmetries of these theories also act on the gauge field strengths
and on their duals according to Eq. (5.7b) we must also include them in the ansatz:

£tFM = ϑt
ATA

M
N FN ≡ ωTM

N FN , (5.25a)

£ϕFM = ϑϕ
ATA

M
N FN ≡ mSM

N FN . (5.25b)

Since ∂t and ∂ϕ have vanishing spacetime Lie brackets, the matrices T and S must
commute and K and L must have vanishing target space Lie brackets as well. Thus,
we can use target space coordinates (scalar fields) adapted to them. If we call them,
respectively, φ1 and φ2, the ansatz reads

35See footnote 22 in page 13. Notice that this is the most general thing we can do: as proven in
Appendix A.1, if we only use the Killing vector ∂ϕ the spacetime cannot be spherically symmetric nor it
can admit any other Killing vector whose Lie brackets with ∂ϕ do not vanish. In black-hole spacetimes
this is usually associated to rotation.
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∂tφ
x = ωδx

1 , (5.26a)

∂ϕφx = mδx
2 , (5.26b)

⇒ φx = δx
1ωt + δx

2mϕ + f x(x1, x2) , (5.26c)

and, if K = L, then φ2 = φ1, T = S and

∂tφ
x = ωδx

1 , (5.27a)

∂ϕφx = mδx
1 . (5.27b)

⇒ φx = δx
1 (ωt + mϕ) + f x(x1, x2) , (5.27c)

As we have mentioned before, it is usually stated that the solutions satisfying this
ansatz are neither stationary nor antisymmetric and that their only spacetime symme-
try, present when K = L is the one generated by the Killing vector

k ≡ ∂t −
ω

m
∂ϕ . (5.28)

As we have explained at length in the introduction, the above ansatz follows from
a modified (“twisted”) definition of what being stationary and axisymmetric means.
In other words, it is a different implementation of stationarity and axisymmetry and
we are going to see that one can define on-shell closed Komar charges for each Killing
vector ∂t and ∂ϕ, independently. The combination k in Eq. (5.28) is clearly special,
though, and it can be shown36 that, the event horizon of stationary, axisymmetric

36The proof is based on Eq. (2.17), which can be seen to apply separately to the energy-momentum
tensor of the scalar fields and of the gauge fields: since ıkıkFΛ = 0, we find that

ıkFΛ H= f Λ k̂ + v̂Λ , (5.29)

where k̂ = kµdxµ and v̂Λ = vΛ
µdxµ where vΛ is a spacelike vector normal to k. Then

kµkνTµν
H∼ gxyıkφxıkφy − IΛΣvΛ · vΣ H∼ 0 . (5.30)

The second term is non-negative because IΛΣ is definite-negative and the vectors vΛ are spacelike in
mostly-minus signature. Since gxy is positive-definite, the condition Eq. (2.18) must be satisfied by each
scalar φx. Om the other hand, find vΛ = 0 and the conditions Eqs. (B.7) must be satisfied for all Λ, that
is

ıkFM H
= 0 . (5.31)
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black holes satisfying this ansatz (if any) is the Killing horizon of k, which implies the
“synchronization condition” Eq. (2.20) Ref. [19] which can only be satisfied in the case
K = L, φ1 = φ2.

As for the gauge fields, following the same steps as in Section 3.1, defining the
gauge fields AM, FM = dAM, we find that the generalized ansatz implies

ıt,ϕFM = −DPt,ϕ
M , (5.32)

where we have defined the gauge-covariant derivatives

DPt
M ≡ dPt

M −ωTM
N AN , DPϕ

M ≡ dPϕ
M −mSM

N AN , (5.33)

invariant under

δχ AM = dχM , δχPt
M = ωTM

NχN , δχPϕ
M = mSM

Nχ . (5.34)

Notice that, in black-hole spacetimes, for k = ∂t −ΩH∂ϕ and using Eq. (5.31) we
find that

ωTM
N −ΩHmSM

N = 0 , (5.35)

which implies T = S and the synchronization condition. Then, in the Einstein–Maxwell
case the momentum maps satisfy the standard momentum map equation (5.20) which
leads to the generalized zeroth law for the electrostatic and magnetostatic potentials
ΦM = Pk

M.
Let us now consider the definitions of the different charges in this setup.
Electric and magnetic charges are still defined by Eq. (5.22) and satisfy Gauss laws.

Thus, they are doomed to vanish identically in boson stars, but not necessarily in
black-hole spacetimes.

Let us now consider the scalar charges. The standard symmetry arguments leading
to the expression Eq. (5.18a) are valid and lead to the same expressions except for the
charges associated to the generators K, L and T, S involved in the generalized symme-
try ansatz. Then, except in these two cases, those charges must vanish in boson stars
and are subject to no-hair theorems in asymptotically-flat black-hole spacetimes [29].
The two exceptions fall in the general case considered in Appendix A.2 and, since
the global symmetries they are associated with commute, they have the same form as
in the standard case and must also vanish for boson stars and are subject to no-hair
theorems.

The charges QU k do not need to vanish, though, and should be treated as in Sec-
tion 4 [31].

Let us now consider the Komar charge. The Noether–Wald charge can be found as
in the symmetric case and takes the form [29]

Q[ξ] = ?(ea ∧ eb)Pξ ab + Pξ
ΛFΛ . (5.36)

By construction, it satisfies
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dQ[ξ]
.
= Θ(ϕ, δξ ϕ) + ıξL , (5.37)

where, in this theory

Θ(ϕ, δξ ϕ) = − ? (ea ∧ eb) ∧ δξωab + gxy ? dφxδξφy + FΛ ∧
(

ıξ FΛ + dPξ
Λ
)

, (5.38a)

L .
= −1

2 FΛ ∧ FΛ − ?V . (5.38b)

For ξ = k, where k is some Killing vector

Θ(ϕ, δk ϕ) = −ϑk
A
(

KA x ? dφx − TA
Λ

MFΛ ∧ AM
)

, (5.39a)

ıkL .
= 1

2

(
dPk

Λ ∧ FΛ + dPk Λ ∧ FΛ
)

− 1
2 ϑk

A
(

TA
Λ

MFΛ ∧ AM + TA Λ MFΛ ∧ AM
)
− ık ? V , (5.39b)

so that

Θ(ϕ, δk ϕ) + ıkL .
= d

{
1
2

(
Pk

Λ ∧ FΛ + Pk Λ ∧ FΛ
)}

+ ϑk
A JA − ık ? V , (5.40)

where the on-shell-closed NGZ 3-form currents JA have the form given in Eq. (5.15b)
for the subset of indices A, B, . . . corresponding to the invariances of the scalar poten-
tial.

Substituting this expression in Eq. (5.37) we find the identity

d
{
?(ea ∧ eb)Pk ab +

1
2

[
Pk

Λ ∧ FΛ − Pk Λ ∧ FΛ
]}

= ϑk
A JA − ık ? V . (5.41)

As usual, we can define on-shell the 2-forms JA and Vk

JA
.
= dJA , (5.42a)

ık ? V .
= dVk , (5.42b)

whose form depends on the solution on which they are evaluated. Notice that the
2-forms JA do not satisfy a Gauss law and are different from the 2-form charges QA[k],
which depend on the Killing vector and satisfy a Gauss law. The combinations ϑk

A JA
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for k = ∂t, ∂ϕ are just ω JK and mJL and we will call the corresponding 2-forms ωJK
and mJL

The on-shell-closed generalized Komar charges is, therefore,

K[k] = − 1
16πGN

(4)

{
?(ea ∧ eb)Pk ab +

1
2

[
Pk

ΛFΛ − Pk ΛFΛ
]
− ϑk

AJA − Vk

}
. (5.43)

We can always derive a Smarr formula by integrating this generalized Komar charge
over the relevant boundaries. In boson-star spacetimes, though, it is not clear how to
identify generically the results in terms of conserved charges and potentials. Since the
electric and magnetic charges vanish, it is likely that the terms containing the gauge
field strengths will not contribute to the integrals at infinity, but the other two terms
can contribute, explaining the existence of boson star solutions like those constructed
in Refs. [48, 49, 56] for instance.

In black-hole spacetimes, since, as we have explained, we must have K = L and
T = S, we find that

ϑk
AJA = ϑt

AJA −ΩHϑϕ
AJA = (ω−ΩHm)K = 0 , (5.44)

by virtue of the synchronization condition Eq. (2.20) and the next-to-last term in Eq. (5.43)
vanishes identically. As we have discussed, the synchronization condition also ensures
that the momentum maps are constant over the horizon and we can proceed as in the
symmetric case, obtaining exactly the same Smarr formula Eq. (5.23). This formula
allows for rotating black-hole solutions as those constructed in Refs. [48, 49].

6 Discussion

In this paper we have shown how to construct 2-form charges satisfying Gauss laws
and how they can be used to restrict (or forbid) the existence of boson-star or black-
hole solutions. We have pad special attention to the construction of the generalization
of the standard Komar charge of General Relativity from which Smarr formulas can
be found. We have considered several cases of increasing complexity leaving outside
our scope theories of the Proca–Higgs type which can be constructed by gauging the
symmetries of the scalars, eliminating some of them to obtain mass terms trough the
Stückleberg mechanism and also Yang-Mills fields. The former give rise to “Proca–
Higgs balls”, stars and black holes [52, 19] and the later to global monopoles [57–60].
it should be possible to extend the methods developed here to study these two kinds
of solutions, as well to extend them to asymptotically-AdS solutions [61] for which
one can use the positive energy theorem of Ref. [62]. Work in this direction is already
under way [53].

We have also studied the generalized symmetric ansatz used to construct all the
known boson start solutions, considering a generic case with an arbitrary group of

33



isometries and global symmetries. We have argued that this ansatz should be under-
stood as a different implementation of the spacetime symmetries on the matter fields
and not as a breaking of those symmetries (“non-inheritance” [44]).

The obvious similarity that we have found between the integrability condition of
this ansatz and the quadratic constraint of the embedding tensor formalism is quite
remarkable and calls for further study. It should be noticed that this ansatz has been
extensively used in the context of generalized dimensional reduction and that it is also
related to the construction of “U-folds.” These intriguing connections deserve further
study since they may lead to a complementary understanding of the reasons for the
existence of the boson star and hairy black hole solutions considered in the literature.
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A General considerations on the generalized symmetric
ansatz

In this appendix we want to study the generalized symmetric ansatz for arbitrary
isometry and global groups. We will mainly focus on scalar fields, for the sake of
simplicity. Thus, we assume

1. The existence of a group of isometries of the spacetime metric generated by the
Killing vector fields km ≡ km

µ(x)∂µ, with Lie brackets

[km, kn] = fmn
pkp , (A.1)

which may simply be a subgroup of the complete isometry group. The isometries
we are considering may be those of an internal space, if we are interested in a
dimensional compactification ansatz, or just part of the ansatz for a boson-star,
black-hole or any other kind of solution.

The diffeomorphisms generated by those Killing vector fields act on the matter
fields, here represented by scalar fields φx parametrizing some target space, as

δmφx = −£km φx , (A.2)
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where £km is the Lie derivative with respect to the vector field km

£km φx = ıkm φx ≡ ımφx . (A.3)

2. The existence of a global symmetry group acting on the matter fields. On the
scalar fields that we are considering as an example, the generators are

δIφ
x = Kx

I (φ) , (A.4)

where the Kx
I (φ) are Killing vectors of the target space metric gxy(φ) satisfying

the Lie algebra

[KI , KJ ] = f I J
KKK . (A.5)

The generalized symmetric ansatz assumes that the scalar fields are not symmetric
under the infinitesimal general coordinate transformations (GCTs) generated by the
Killing vectors of the spacetime metric, in the naive sense

£mφx ≡ £km φx = 0 , (A.6)

but in a generalized sense [43]

δmφx ≡ −£mφx + ϑm
IKI

x = 0 . (A.7)

Here the ϑm
I are constants (we call them shift constants) and the above equation

indicates that the scalars are invariant under the GCTs generated by the spacetime
Killing vectors up to a global symmetry generated by a certain combination of the
target-space Killing vectors KI .

A.1 Consistency condition

The ansatz Eq. (A.7) has to satisfy a consistency (or integrability) condition: if we act
with the Lie derivative with respect to a different spacetime Killing vector, we find

£m£nφx = ϑn
I£mKI

x = ϑn
I∂yKI

x£mφy = ϑn
Iϑm

JKJ
y∂yKI

x , (A.8)

and, antisymmetrizing in m, n and using the definition of the Lie bracket, we get, up
to a factor of 1/2,

[£m, £n]φ
x = −ϑm

Iϑn
J [KI , KJ ]

x = −ϑm
Iϑn

J f I J
KKK

x , (A.9)

where we have used Eq. (A.5). Using the fundamental property of the Lie derivative,
Eq. (A.1) and the linearity of the Lie derivative, we find that,

[£km , £kn ] = £[km,kn] = £ fmn pkp = fmn
p£kp , (A.10)
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and plugging this relation into Eq. (A.9) and using the ansatz again, we arrive to the
following relation between structure constants and shift constants

fmn
pϑp

K = −ϑm
Iϑn

J f I J
K . (A.11)

We notice that this relation is formally identical to the so-called quadratic constraint
of the embedding tensor formalism.37 In that formalism, the consistency condition
Eq. (A.11) can be seen to arise from the requirement that the embedding tensor be
invariant. Here, if we view the shift constants ϑm

I as objects an adjoint index m and
another index I in some other representation r of the spacetime symmetry subgroup,
and transforming with matrices

ΓAdj(Tm)
p

n ≡ fmn
p , Γr(Tm)

K
J ≡ ϑm

I f I J
K , (A.12)

invariance means

δmϑn
I = ΓAdj(Tm)

p
nϑp

I + Γr(Tm)
I

Jϑn
J = fmn

pϑp
I + ϑm

Jϑn
K f JK

I = 0 , (A.13)

which is the consistency condition Eq. (A.11).
This consistency condition imposes strong constraints on the possible ansatzs. Let

us consider, for example, a 4-dimensional spherically-symmetric spacetime and let
us focus on the generators of the SO(3) isometry subgroup with structure constants
fmn

p = εmnp, m, . . . = 1, 2, 3. It is evident that the shift constants can only be non-
trivial if f I J

K 6= 0 and, therefore, one uses for the generalized symmetric ansatz a
non-Abelian subgroup of the target space isometry group. In particular, for the very
often considered case of a massive, complex, Klein–Gordon scalar, which only has one
available isometry, all the components of the shift constants must vanish identically
in the spherically symmetric case and none of the generators of SO(3) can be used to
define a generalized symmetric ansatz. However, if the spacetime is stationary and
axisymmetric, those two commuting spacetime symmetries can be combined with the
phase shifts of the Klein–Gordon field as in Ref. [49]. This example was studied in
Ref. [43]

Observe that a trivial way to satisfy the constraint is to use identical spacetime
and target-space Lie algebras and shift constants which are proportional to Kronecker
deltas.

A.2 Scalar charges and the generalized symmetric ansatz

As we have explained in the main text, in the standard symmetric case, one can con-
struct 2-form scalar charges satisfying a Gauss law using the invariance of all the fields
under the diffeomorphisms generated by Killing vector, which implies the invariance
of the on-shell-closed Noether–Gaillard–Zumino (NGZ) 3-form currents (see Eq. (2.4))

37See, e.g. Eq. (3.57) in Ref. [63].
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δk JI .38 This leads to the on-shell closedness of the interior products of the Killing vec-
tor km and the NGZ 3-forms dım JI

.
= 0, which we can use as 2-form scalar charges

Qm I ≡ ım JI .
This mechanism does not work in the generalized case, in which we have

δm JI = −dım JI − ımdJI + ϑm
JδJ JI

.
= −dım JI + ϑm

J f J I
K JK = 0 ,

(A.14)

except when one uses Abelian global symmetry groups.
In the non-Abelian case, though, we can define on-shell 2-forms BI

JI≡̇dBI , (A.15)

that can be seen as the duals of the scalar fields [55, 64] and we can rewrite the above
expression as a total derivative

d
(

ımdBI − ϑm
J f J I

KBK

) .
= 0 , (A.16)

which allows us to define the on-shell-closed 2-form scalar charges

Qm I ≡ ımdBI − ϑm
J f J I

KBK , dQm I
.
= 0 . (A.17)

B The (restricted) generalized zeroth law for the electro-
static and magnetostatic potentials

If we define the electrostatic and magnetostatic potentials through the momentum map
equations (3.6) and (3.8) that we reproduce here for the sake of convenience

ıkF + dΦ = 0 , (B.1a)

ık F̃ + dΦ̃ = 0 , (B.1b)

using the Killing vector k = ∂t−ΩH∂ϕ that satisfies k2 H= 0 and k BH= 0, we immediately
find that these potentials are constant on BH:

dΦ BH
= 0 , (B.2a)

38Here, JI is the NGZ 3-form current associated to the global generator labeled by I.
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dΦ̃ BH
= 0 . (B.2b)

In Ref. [23] this property has been called the restricted generalized zeroth law, since it
is a restriction of the standard generalized zeroth law which says that they are constant
over the whole H to BH. The generalized zeroth law follows from the restricted one
and from the equations

ıkdΦ = 0 , (B.3a)

ıkdΦ̃ = 0 , (B.3b)

which are obtained by taking the interior product of the momentum maps equations
with k.

The standard derivation of the generalized zeroth law39 that does not relie on
the existence of a bifurcation surface but needs, instead, the Einstein equations from
which Eq. (2.17) follows. Applying this identity to the energy-momentum tensor of the
Maxwell field we find40

ıkF · ıkF H= 0 , (B.4a)

ık F̃ · ık F̃ H= 0 , (B.4b)

which implies that ıkF and ık F̃ are null inH. Since ıkıkF = ıkık F̃ = 0, the only possibility
is that

ıkF
H
∝ k̂ , (B.5a)

ık F̃
H
∝ k̂ , (B.5b)

where k̂is the 1-form dual to the Killing vector k, that is k̂ ≡ kµdxµ. Using the
momentum-map equations, it follows that

k̂ ∧ dΦ H
= 0 , (B.6a)

k̂ ∧ dΦ̃ H
= 0 , (B.6b)

39See, for instance Ref. [65].
40The Maxwell energy-momentum tensor is invariant under the replacement of F by ?F = F̃.

38



which, together with Eqs. (B.3) implies that Φ and Φ̃ are constant over H.
Here it is important that these functions are defined as momentum maps with re-

spect to k = ∂t − ΩH∂ϕ. The purely electrostatic and magnetostatic potentials that
would have been obtained in k = ∂t do not have this property. The electric and mag-
netic charges are the same on the horizon and at infinity because they satisfy Gauss
laws and they no longer need to vanish.

Finally, observe that, as a consequence of the generalized zeroth law,

ıkF H= 0 , (B.7a)

ık F̃ H= 0 . (B.7b)

A generalization of these results when there are several gauge and scalar fields can
be found in footnote 36 in page 30.

C A generalized stationary solution of the Maxwell equa-
tions in Minkowski spacetime

In this appendix we want to show how to find solutions of the Maxwell equations and
Bianchi identities satisfying the generalized symmetric ansatz Eqs. (3.19) with k = ∂t.
It is convenient to work with the gauge fields A, Ã because the Maxwell equations
and Bianchi identities are automatically satisfied and we only need to demand the
self-duality condition Eq. (3.17). Thus, we are going to use the formulation of the gen-
eralized symmetric ansatz for gauge fields Eqs. (3.30). We also make the ansatz/gauge
choice χk = χ̃k = 0 that reduces Eqs. (3.30) to

∂t

(
A
Ã

)
=

(
ωÃ
−ωA

)
, (C.1)

which, working in Cartesian coordinates, can be solved by

At = Ãt = 0 , Am = cos (ωt) fm(x) , Ãm = sin (ωt) fm(x) , m, n, p, . . . = 1, 2, 3 .
(C.2)

The solution will satisfy the self-duality condition Eq. (3.17) if the time-independent
fm(x) satisfies the equation

εmnp∂n fp = −ω fm , ⇒ ∂m fm = 0 . (C.3)

This equation is solved in spherical coordinates by
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fr = 0 , fθ =
A cos (ωr) + B sin (ωt)

sin θ
, fϕ = −A sin (ωr) + B cos (ωr) , (C.4)

where A and B are integration constants.
This solution oscillates in time and space and the components of the gauge fields

are sines or cosines of ω(t± r). The components Fθϕ and F̃θϕ vanish identically and so
do the electric and magnetic charges. The non-vanishing components of the energy-
momentum tensor do not decay fast enough at infinity but they are time-independent,
as expected:

Ttt = Trr ∼ −
ω2(A2 + B2)

r2 sin2 θ
, Tϕϕ = − sin2 θTθθ ∼ 4ω2AB sin (ωr) cos (ωr) . (C.5)
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