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The Bethe Ansatz is a method for constructing exact eigenstates of quantum-integrable spin
chains. Recently, deterministic quantum algorithms, referred to as “algebraic Bethe circuits”,
have been developed to prepare Bethe states for the spin-1/2 XXZ model. These circuits represent
a unitary formulation of the standard algebraic Bethe Ansatz, expressed using matrix-product
states that act on both the spin chain and an auxiliary space. In this work, we systematize these
previous results, and show that algebraic Bethe circuits can be derived by a change of basis in the
auxiliary space. The new basis, identical to the “F-basis” known from the theory of quantum-
integrable models, generates the linear superpositions of plane waves that are characteristic of
the coordinate Bethe Ansatz. We explain this connection, highlighting that certain properties
of the F-basis (namely, the exchange symmetry of the spins) are crucial for the construction of
algebraic Bethe circuits. We demonstrate our approach by presenting new quantum circuits for

the inhomogeneous spin-1/2 XXZ model.
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1 Introduction

Quantum-integrable models are distinguished many-body systems in one dimension that possess
a tower of commuting conserved charges [1]. The Bethe Ansatz is a method to solve quantum-
integrable models that have particle conservation, providing explicit formulae for energies, eigen-
states, scalar products, correlation functions, etc. The coordinate Bethe Ansatz (CBA) solves
the spectral problem by using linear superpositions of plane waves, or “magnons”, as trial func-
tions [2,3]. The algebraic Bethe Ansatz (ABA) systematizes this approach by the R-matrix and
the monodromy matrix [4-6]. Both methods enable the construction of Bethe states, which are
eigenstates of the Hamiltonian when their spectral parameters satisfy the Bethe equations.

The preparation of Bethe states in spin-1/2 chains has great potential in quantum comput-
ing. For instance, Bethe states can be used to initialize quantum algorithms of adiabatic [7]
and real-time [8] evolution, as well as to benchmark quantum devices. Recent research focused



on the preparation of Bethe states of the paradigm of quantum-integrable spin-1/2 chain: the
homogeneous XXZ model !, whose Bethe states form a complete basis of the Hilbert space [13].

A first class of quantum algorithms [14-16] are based on the special simplicity of Bethe states
in the homogeneous XXZ model, rather than quantum integrability itself. They apply in presence
of closed [14,16] and open boundary conditions [15,16], and are either probabilistic [14, 15] or
deterministic [16]. Algorithms must be efficient to be implementable, which, in the circuit model
of quantum computing, means the number of one- and two-qubit gates must grow polynomially
with the parameters of the circuit. The number of gates of probabilistic algorithms is polynomial
in the number of qubits N and magnons M [14,15]. However, the success probability decreases
exponentially with IV for the ground state, and super-exponentially with M for excited states if
N is large [17]. The number of gates of the deterministic algorithm in [16], related to quantum
encoders [18], is linear in N, but exponential in M again.

A second class of deterministic algorithms relying explicitly on quantum integrability goes
by the name of “algebraic Bethe circuits (ABCs)” [19,20]. Just as the ABA builds Bethe states
as “creation” operators atop a (pseudo-)vacuum, ABCs seek to frame Bethe states as unitaries
acting on a reference state. ABCs were proposed for the homogeneous XXZ model with periodic
boundaries [19,20]. The starting point of [19] was the representation of Bethe states of the ABA as
matrix-product states (MPSs) [21]. MPSs are the simplest tensor networks [22], which make the
entanglement structure of states in one dimension apparent through a circuit-like arrangement
of local tensors that act on both the Hilbert space of the spin chain and an auxiliary space. The
unitaries of ABCs were extracted numerically from these tensors for the ABA in [19]. Closed
formulae for the unitaries of ABCs were later obtained in [20] by a complementary approach.
The key step in [20] was deriving a new representation of the linear superpositions of plane
waves in the CBA as an MPS. The tensors of this MPS, unlike that of the ABA, directly lead
to analytical expressions for the unitaries of ABCs. Nonetheless, the proof of the construction
of [20] was not complete and partially relied on numerical checks that were performed for small
number of magnons M. The equivalence between the realizations of ABCs in [19,20], and thus
between the formulations of the ABA and the CBA as MPSs, was also verified for small M
in [20]. The number of unitaries in ABCs is linear in the number of qubits N. However, the
ABC unitaries act on up to M + 1 qubits, and the efficiency of their decomposition into one- and
two-qubit gates on M remains uncertain in general. The generalization of the ABC construction
to open boundaries appears in [23].

The results of [20] raise the question of systematizing ABCs. A clear method for formulating
Bethe states of the ABA as the circuits of [20] would enhance the search for quantum-integrable
models in which the unitaries of ABCs admit efficient decompositions. The missing link prevent-
ing the systematization of ABCs is the connection between the MPS of the ABA and the CBA.
The ABA, which can be straightforwardly identified with an MPS [21], is the standard method
for computing Bethe states, while the MPS of the CBA provides closed formulae for the unitaries
of ABCs. In this work, we propose that the change to the F-basis of [24] in the auxiliary space
is the key to transforming the MPS of the ABA into that of the CBA, thereby allowing us to
analytically rephrase Bethe states as quantum circuits. The crucial feature of the F-basis is that
it is invariant with respect to exchange of qubits. In addition, we address the loopholes of [20] by

!The ground state of the anti-ferromagnetic spin chain has been approximated by a double-bracket quantum
algorithm in [9]. Moreover, the homogeneous XXZ model has been considered in connection to the variational
quantum eigensolver in [10,11] and shows promise in sampling certain topological invariants [12].



presenting a rigorous method to eliminate auxiliary qubits in the final circuit. We illustrate our
approach with new ABCs for the inhomogeneous XX7 model with periodic boundaries. Figure 1
contains an overview of the realizations of the Bethe Ansatz that we uncover.

SO OO ==

o O OO

0o 0 0 0 0 0 0 O o 0 0 0 0O O 0 O

Figure 1: Diagram of realizations of the Bethe Ansatz.

The F-basis is a special basis where the operators of the ABA are local operators with
a non-local dressing [24]. Originally proposed for the inhomogeneous XXZ model with periodic
boundaries [24], the F-basis, which admits a diagrammatic representation [25], was soon extended
to encompass higher-spin [26-28], higher-rank [29-31], totally anisotropic [32], open [33,34], and
supersymmetric [35,36] chains, among others [37,38]. (We refer to [25,39] for a summary of
the F-basis.) The F-basis in the quantum space was instrumental in providing a first solution
to the quantum inverse scattering problem for the spin operators [39], laying the groundwork
for the exact computation of form factors and correlation functions. Other applications of the
F-basis included the computation of domain-wall partition functions [40,41], asymmetric simple
exclusion processes [42], and spin-chain propagators [43]. The importance of applying the F-basis
to the MPS of the Bethe Ansatz was envisaged in [44], which reviewed the equivalence of the
MPS of [45-47] with the ABA by a change of basis in the auxiliary space as presented in [48].
The same remark was made in [49], which also underscored the suitability of the F-basis for the
explicit computation of Bethe wave functions.

The paper has the following structure. In Section 2, we present the inhomogeneous XXZ
model with periodic boundaries, together with the monodromy matrix and the R-matrix. We
introduce the F-basis in the auxiliary space and show it guarantees the invariance with respect to
exchange of qubits in the auxiliary space. In Section 3, we prove the change to the F-basis in the
auxiliary space relates the formulation of the ABA and the CBA as an MPS. First, we detail the
connection for the homogeneous XXZ7 model, and elaborate on the interplay between the F-basis
and Bethe states. Next, we turn to the inhomogeneous XX7 model, where we present a simple
parameterization of the CBA for the inhomogeneous spin chain. In Section 3, we use the MPS
of the CBA to write the unitaries of ABCs for the inhomogeneous XXZ model. We eliminate the
auxiliary qubit rigorously by a suitably re-defined MPS for the smaller unitaries. In Section 4,
we conclude with general remarks and prospects on future research. Appendices A-D contain
demonstrations of claims in the main text and additional material.



2 The F-basis of the XXZ Model

In this section, we review the inhomogeneous and periodic XXZ model. In Subsection 2.1, we
introduce the model, the R-matrix, and the monodromy matrix. We present the exchange algebra
of the monodromy matrix, whereby the ABA follows. In subsection 2.2, we review the F-basis
of [24]. We highlight that operators of the ABA in the F-basis are symmetric with respect to
exchange of qubits. The property proves to be instrumental in derivation of ABCs in Section 3
into this analysis. We refer to [25,39] for a summary of the F-basis of [24].

2.1 The R-matrix and Monodromy Matrix

We begin by briefly reviewing the ABA for the homogeneous XXZ model with periodic bound-
aries. The review serves to both provide context and facilitate the extension of the ABA to
the inhomogeneous spin chain. The XXZ model is a chain of N spin-1/2 sites, or, alternatively,
“qubits”. The Hilbert space is

N
HN:®hj, hj;CQ, (21)
j=1

and goes by the name of “quantum space”. We call the qubits of the quantum space “spins” to
differentiate them from auxiliary qubits below. The subscript j = 1,..., N labels the individual
Hilbert space of the spins h;, which is isomorphic to C2?. The computational basis of a qubit
corresponds to up and down spin-1/2 states like

1):=10) = H == m . 2:2)

N
H =3 (X;Xjn +YjYj + AZ;Zja) (2.3)
j=1

The Hamiltonian is

where A is the anisotropy parameter. We introduced standard Pauli matrices on the j-th spin
subject to periodicity. To diagonalize the Hamiltonian, one considers the monodromy matrix,
the 2 x 2-matrix whose entries are the operators of the ABA on the quantum space:

€ End(hg ® Hy), ho=C?. (2.4)

C(u) D(u)

The variable u denotes the spectral parameter. The 2 x 2-matrix acts on hg, called “auxiliary
space”, which corresponds to an auxiliary qubit called “ancilla”. The ABA dictates the construc-
tion of eigenstates by applying one of the non-diagonal operators from the monodromy matrix to
a reference state, whose spectral parameters must fulfil the Bethe equations. These Bethe states
not only diagonalize the Hamiltonian, but also the transfer matrix,

t(u) = tr T(u) = A(u) + D(u) , (2.5)

for every u. The regular series of the transfer matrix around every point spans a tower of
commuting conserved charges diagonalized by the ABA, the standard hallmark of quantum in-
tegrability [1]. The cornerstone of the ABA is the R-matrix, which we introduce next.



The R-matrix of the XXZ model is

1 0 0 0
_ |0 flw) g(w) O g simhu o sinh(iy)
Rw) = 0 g(u) f(u) 0 J) sinh(u + iry) ’ () sinh(u +ivy) (2:6)
0 O 0 1

The anisotropy parameter A that characterizes the spin chain depends on ~ like 2
A = cos7y . (2.7)

The R-matrix is an operator on the Hilbert space of two qubits, and we understand R(u) as a two-
qubit tensor which depends on the difference of the spectral parameters of each qubit u := u; —us.
The non-vanishing components of the R-matrix are

Rgo(w) = Rij(u) =1, Rgj(u) = Rig(u) = f(u) . Roi(u) = Ris(u) = g(u) . (2.8)

We depict the R-matrix as a tensor in Figure 2.

R%(uy—ug) = ¢ a

d

Figure 2: The R-matrix (2.6) as a two-qubit tensor. The R-matrix acts from left to right on the
first qubit, associated to u, and from bottom to top on the second, associated to us.

The R-matrix satisfies the Yang-Baxter equation (YBE) in difference form:
Ria(u1 — ug)Rig(ur — ug)Roz(ua — uz) = Raz(ug — uz)Ri3(u1 — us)Ri2(u1 — ug) . (2.9)

Subscripts denote the Hilbert space of the pair of qubits the R-matrix acts on:
Ris=R®1la, Ro3=120R, Ri3=(II®1)Ry3(II®1s), (2.10)

where 15 denotes the identity 2 x 2-matrix and the transposition 4 x 4-matrix II is

(2.11)

o O O =
S = O O
S O = O
_— o O O

Figure 3 depicts the YBE as an equality between tensor networks of R-matrices.

The monodromy matrix (2.4) spans an algebra with respect to the product in the auxiliary
space called “exchange algebra”. The algebra is associative and unital, but not commutative.
The R-matrix is the intertwiner that encodes non-commutativity through the RTT-relation:

ng(u - ’U)Tl (U)T2 (’U) = T2 (U)Tl (u)ng(u - ’U) 5 (212)

*References [19,20] mainly addresed the critical homogeneous XXZ model, where —1 < A <1 (0 < v < 7).
Since we also consider the inhomogeneous spin chain here, whose phase diagram is not known, we allow complex ~.



Figure 3: The YBE (2.9) as an equality of tensor networks. Each R-matrix acts on two qubits
from bottom to top, and so it is read the diagram.

where
=T®1ly, Th=1QT. (2.13)

Note the R-matrix acts on the auxiliary space of two ancillae, and the monodromy matrix acts
on the Hilbert space of an ancilla and on the quantum space. The RTT-relation specifies the
standard commutation relations of the ABA of the XXZ model; see (1.11)—(1.24) of Chapter VII
of [4]. The RTT-relation also implies that transfer matrices with different spectral parameters
commute, hence they are simultaneously diagonalizable.

SR S —

Figure 4: The RTT-relation (2.12) via tensor networks. The monodromy and R-matrices act on
ancillae from left to right, The monodromy matrices act on spins from bottom to top.

The monodromy matrix of the XXZ7 model is a tensor network of R-matrices, where the
YBE (2.9) implies the RTT-relation (2.12). Let Ryp; € End(hg ® hj;) be the R-matrix of the
ancilla and the j-th spin. The monodromy matrix of the inhomogeneous XXZ model is

T(u) = Ron(u —vN) ... Roa(u — va)Ro1 (u — v1) (2.14)

where v; is the inhomogeneity of the j-th spin. Figure 5 illustrates the monodromy matrix
as a tensor network of R-matrices. The YBE (2.9) implies the RTT-relation (2.12). Even
though (2.14) defines a one-parameter family of transfer matrices by (2.5), inhomogeneities forbid
the tower of conserved charges to be local, as often required to quantum-integrable models [1].
Lacking a local Hamiltonian, we define the inhomogeneous spin chain by the transfer matrix.
If v; = v, the spin chain is homogeneous, and there is a tower of local conserved charges that
contains the Hamiltonian (2.3). The charges are proportional to logarithmic derivates of the
transfer matrix thanks to regularity R(0) = II [4].

We close this subsection by noting that the exchange algebra must allow for products of more
than two monodromy matrices. Consider the product of three monodromy matrices. Inverting
the product by alternative sequences of pair-wise swappings leads us to

T1T2T3 - R2 Rl Rl T3T2T1R12R13R23 - R12 Rl R2 T3T2T1R23R13R12 ’ (2'15)

where
Rap = Rap(uqg —up) , To:=Ty(ug) - (2.16)



CEEEEEE 86000000

Figure 5: The monodromy matrix as a tensor network according to (2.14). The notation is
R; := Roj(u —vj). The action on ancillae goes from left to right and on spins from bottom to
top. The R-matrices on the diagram and the equation appear in reverse order: the leftmost R;
of the tensor network acts first, the next-to-leftmost Rs acts second, etc., whereas the rightmost
Ry in (2.14) acts first, the next-to-rightmost Rs acts second, and so on.

The RTT-relation is compatible with (2.15) thanks to the YBE (2.9), in the sense that alternative
sequences of transpositions giving the same product are equivalent. The YBE similarly ensures
the consistency of products of a higher number of monodromy matrices. Now, the product of
two monodromy matrices admits two reorderings, the trivial reordering and the transposition,
each corresponding to an element of Ss. Conjugation by 15 realizes the identity, which leaves
the order unaffected. Conjugation by the R-matrix realizes the transposition, which inverts the
order, in agreement with the RTT-relation (2.12),

The product of M monodromy matrices admits M! reorderings. Reorderings are in one-to-
one correspondence with permutations o € Sy;. Each o corresponds to a 2M x 2M_matrix R
on the auxiliary space of M ancillae

Hy = (]>V<§ he, he=C?, (2.17)
a=1
which satisfies
Ry T\ Ty... Ty = 1, 1,, .. -TaMR(fQ...M , (2.18)
where
To..ar = By pr(ur,ug, .. un) (2.19)

Each R{, ,; factorizes into products of standard R-matrices. For instance, if M = 3, the
R-matrix that performs the inversion (we use cycle notation) o = (1,3)(2) in (2.15) is

1,3)(2
R§23)( ) = R12R13R23 : (2-20)

Alternative factorizations of the same R-matrix are consistent owing to the YBE (2.9). We are
now in position to introduce F-matrices and the F-basis.

Figure 6: Permutation of the product of M monodromy matrices by R’ := RJ, ,, in (2.18).



2.2 The F-basis
By definition, the F-matrix is the invertible 4 x 4-matrix that satisfies
Ryy(u) = Fyy' (—u) Fip(u) (2.21)

where
Fyy =11 Fio 101 . (2.22)

The F-matrix of the R-matrix (2.6) is

1 0 0 0
0 1 0 0
Fia(u) = (2.23)
0 g(u) f(u) O
0 0 0 1
The definition holds thanks to the following properties of the functions in (2.6):
fu)f(—u) + g(u)g(-u) =1, f(u)g(—u) +g(u)f(-u) = 0. (2.24)
The F-matrix exists because the R-matrix is pseudo-unitary [24] :
R12(U)R21(—u) =14 . (2.25)

An F-matrix Fio. s is the 2M x 2M_matrix that encodes all the R-matrices for products of M
monodromy matrices. The definition of F-matrices in this case is

R(172...M = FU:}M...UMFIZ...M ’ (226)
where
F12...M = FlQ...M(ul) U2y« UM) ) Falag...aM = HUFIQ...M(uUpuaga o 7UO'M)HU ) (227)

and II7 is the permutation 2M x 2M_matrix of 0. Note that the definition of Fy 6.0, involves
both the permutation of ancillae by I1° and the permutation of the arguments of the F-matrix.
The closed formula of Fia_ s is [25,31]

M—-2 M
FlQ...M = H ‘O>a <0|a + |]‘>a <1|a H R(Zb 9 (228)
a=1 b=a+1

where [i), (j|, are projectors of the Hilbert space h, in (2.17) and
Rab = Rab(ua - ub) . (2.29)

The F-matrices Fio. ps realize the reordering of the product of monodromy by means of twists.
The definition (2.26) enables us to rephrase (2.18) as

F12_._MT1T2...TMF1_2.1_.M=F T.7T, ..T, F1 . (2.30)

0102...0)\f 0102 ON ™~ 0102...00\

3The pseudo-unitarity of the R-matrix differs from matrix unitarity in general. For instance, (2.6) is pseudo-
unitary according (2.25), but unitary only if u is real. We emphasize the name “unitarity” for the pseudo-unitarity
of the R-matrix (2.25), which borrows from factorized-scattering theory [50], is deeply ingrained in the literature.



The consistency of the F-matrix Fjs with the algebra of the monodromy matrix implies the
consistency among Fis_ ps with different M [24]. The F-matrices realize the change to the “F-
basis” of the auxiliary space (2.17), whereby the operators of the ABA are particularly simple [24].

Before proceeding, we should make a remark. Reference [24] initially introduced F-matrices
on the quantum space (2.1). The corresponding F-basis is useful for computing scalar products
[24,39] and solving the quantum inverse scattering problem for local spin operators [39]. In this
work, however, we focus on F-matrices on the auxiliary space, as proposed in [43]. This approach
shall prove to be well-suited for framing Bethe states as quantum circuits.

Let us consider the product M monodromy matrices. Figure 7 depicts the product as a tensor
network of R-matrices. Monodromy matrices admit a dual picture where spins and ancillae
switch roles. (We keep the nomenclature “spins” and “ancillae” in the dual picture with the
same meaning to make the context clear.) The definition of the j-th dual monodromy matrix

over M ancillae is *

Tj(vj) = T := Rij(u1 —vj)Roj(ug —vj) ... Ryrj(upr —vj) . (2.31)

The spectral parameter of the j-th matrix is v;, whereas u, is the inhomogeneity of the a-th
ancilla. The YBE (2.9) implies the RTT-relation of dual monodromy matrices is

T1(v1) Za(v2) Ria(vy — v2) = Ria(v1 — v2) Za(v2) J1(v1) - (2.32)

The operators of the ABA of dual monodromy matrices follow from the corresponding exchange
algebra. Figure 8 depicts the product of dual monodromy matrices as a tensor network.

Figure 7: The product of monodromy matrices equals a tensor network of R-matrices.

To introduce the F-basis, we must perform a change of basis in the auxiliary space by the
F-matrix Fio_pr. According to (2.30), the product of monodromy matrices is symmetric under
permutations once is twisted by the F-matrix. Here, we show that this property implies the
existence of new dual monodromy matrices

T = F12...M‘%€F1_2.1..M ) (2.33)
that are symmetric with respect to exchange of ancillae: °

T = (2.34)

4,% are often called “column-to-column” monodromy matrices, as opposed to the “row-to-row” matrices T.
5The symmetry of monodromy matrices with respect to the exchange of spins was previously highlighted in [51].
We are grateful to A. A. Ovchinnikov for bringing this work to our attention.



Figure 8: The product of dual monodromy matrices equals a tensor network of R-matrices.
Grouping R-matrices by columns in Figure 7 leads to this picture.

where
T = T(visut, ..., unr) , T =1 T(vk gy s - - oy Uy, )TI7 (2.35)

and we wrote the dependence on u, explicitly. Figure 9 represents (2.33) and (2.34). The proof
of (2.34) follows from the independence of the F-matrix on the number of spins N. If N = 1, just
F is defined. Equation (2.30) with N = 1 implies F, fulfills (2.34). Any other C%J is symmetric
with respect to exchange of ancillae due to the independence on v; of the proof. Moreover,
we emphasize 97 are also dual monodromy matrices: since Fio. s just acts on the auxiliary
space and does not depend on —wvj;, (2.32) holds for :%J as well. Both .7} and :77 span the same
exchange algebra. The definition of C%J in (2.33) can be understood as a change of basis of the
dual monodromy matrices .7;. The new basis is called “F-basis”.

IR

—— —_—

7| = 7| =

i

Figure 9: New dual monodromy matrices defined in (2.33). The notation is F' = Fja_p;. These
monodromy matrices are symmetric with respect to exchange of ancillae as stated in (2.34).

The operators of the ABA simplify in the F-basis. If we rearrange the tensor product on which
the new dual monodromy matrices act to mimic (2.4); that is, if we write .7; € End(h; ® Hyy), it

follows that .
— o B

Tj = [ N ~]] : (2.36)
9;

10



where the first three operators read [24]
el )
1 0 faj ’
S IR 0o of X 0
) (2.37)
0 fbj/fba YGaj c=a+1 0 fcg/fca

1/fab 0 0 YGaj M ]—/fac 0
[ 0 fbj] [ 10—621[ fcj] ’

Jaj = flua —vi) s fao = f(ua —wp) ,  gaj := g(ua —vj) , (2.38)
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while @j follows from the proportionality of the quantum determinant to the identity matrix [4].

3 The F-basis and Algebraic Bethe Circuits

In this section, we present the ABCs of [19,20] in light of the F-basis of [24]. Inspired by [20], we
use the F-basis to formulate the linear superposition of plane waves in the CBA as an MPS. The
tensors of this one-dimensional network inherit the symmetry with respect to exchange of qubits
of the F-basis, which later plays a key role in computing analytic expressions of the unitaries of
ABCs. In Subsection 3.1, we relate the MPS formulation of the CBA for the homogeneous spin
chain in [20] with the F-basis. In Subsection 3.2, we use the connection to derive the CBA of the
inhomogeneous XX7 model. In Subsection 3.3, we construct the ABCs for the inhomogeneous
spin chain along the lines of [20].

3.1 The F-basis and Coordinate Bethe Ansatz: Homogeneous Spin Chain

The ABCs consist of unitaries over various qubits that act on a reference state to produce
normalized Bethe states. References [19,20] obtained ABCs for the homogeneous XXZ model,
whose Bethe Ansatz is well-known. The starting point of [19] was the formulation of the ABA
as an MPS [21,48], whereas [20] began with a new MPS representation of the CBA. Both classes
of MPSs are connected by a change of basis in the auxiliary space, which we show to correspond,
essentially, to the change to the F-basis.

We begin with the unnormalized Bethe state of M magnons over N spins as per the ABA [4]:

B(ur) ... Bur) |02 = O]y Ty |1 - O]y Tag 115 10)°7 (3.1)

where B(u,) are the operators in (2.4), which commute among themselves, |i), belongs to h, in
(2.17), and [0)®" is the reference state in the quantum space. The so-called “magnons” are to
be identified with plane waves, as the CBA makes clear. (See (3.10) below.) According to (2.33),
we can write

B(uy) ... Blup) |00V = Y M Tgv L ZP M iy i) (3.2)
1;=0,1

11



where |i>®M belongs to the auxiliary space, and we introduced the following notation for the first
column of (2.36):
TVi=d,, T'=%;. (3.3)

To write (3.2), we also used
Fio. v | = y®M (3.4)

Figure 10 depicts the Bethe state according to the ABA. The Bethe state (3.2) is an MPS, whose
tensors are :77 and bond dimension 2M. MPSs represent a highly structured form to describe
many-body states in one-dimension [22].

MPSs reframe wave functions through a sequence of matrices defined over an auxiliary space,
which define local tensors, each associated with a spin, such that the global wave function emerges
as a product of these spin-specific matrices. The dimension of the matrices connecting adjacent
spins, known as the “bond dimension”, quantifies the entanglement between bipartitions of the
state across the interstice between spins. Nevertheless, the MPS representation of a given state
is inherently non-unique. Matrices at individual spins can be modified by introducing invertible
matrices in the auxiliary space between them, a transformation that leaves the overall wave
function unchanged. This ambiguity is due to the fact that these insertions cancel out in the
complete tensor contraction. For instance, let V; be the invertible 2M 5 9M _matrices of a gauge
transformation acting on the auxiliary space of (3.2). The mapping

T VATV, P - M vy, DM S v (3.5)

yields another admissible MPS representation of the Bethe state (3.2). If all the matrices of
the gauge transformation are equal, the transformation is called “global”, otherwise it is called
“local”.

AAAAAAA e

Rt b b S

o o0 o o o0 0 0 O o 0 o o0 o0 0 0 O

Figure 10: Bethe state according to the ABA. The standard formulation of the ABA (3.1) based
on T, equals the dual formulation of the ABA in the F-basis (3.2) based on .7;.

The discussion up to this point applies to both the homogeneous and inhomogeneous XXZ
models. To align with [20], whose spin chain is homogeneous, we set v; = 0, hence ;7\;’ -7
until the end of the subsection. The MPS of the Bethe state thus becomes uniform, which means
that all the tensors of (3.2) are equal.

Let us derive the representation of the CBA as an MPS from (3.2). We perform a global
gauge transformation by the 2M x 2M_matrix

V- ® [ga ! ] , (3.6)

M
a1 | 0 TTo=1, brea fab
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where
fa = f(ua) 5 Ya = g(ua) . (37)

(We introduced f, already for convenience.) The global gauge transformation just rescales Tl
because 7 ¥ is diagonal. The tensors of the MPS representation of (3.2) become

A=V TV = (Z) [1 0]

20 1

a];lail J; . - o . 0 (38)
1 _ y—=151v, _
M=V V‘§®[o fabfb] [0 0] 2, [0 facfj |

The transformation leaves a multiplicative factor due to the action of V! and V on |0)®™ and
|1)®M | respectively. If we re-define

H Hfab B(ui) ... Blua) |0)®Y (3.9)

a=1 9a p1
b#a
we obtain
O = S (o/®M A A=A DO [y i) (3.10)
i;=0,1
M
= Z 2 [ H Saqap] [H xnp 1] ’nl .. TLM>N ,
1<ni<..<npy<Nai,...,ap=1 [1<g<ps<M
apF#aq
where
1N = oy o, [OOEN (3.11)
The diagonal elements of the R-matrix (2.6) define the quasi-momenta py, ..., pys of the magnons
[19,20]:
sinh u,
= ipg) = fo=——""—. 3.12
Za = exp(ipa) = fo sinh(ug + 1) ( )
The scattering amplitudes are
sinh(u, — up)
= = 3.13
b= Job sinh(uq — up + i7y) (3.13)
in terms of which the two-body S-matrix reads
g,y = Sta _ Snh(ua —up+1y) (3.14)
Sab sinh (up — uq + 1)

Since the Bethe state (3.10) realizes the unnormalized linear superposition of M magnons with
quasi-momenta pi,ps ..., py over N spins, we call it the “MPS of the CBA”.

Reference [20] used an equivalent MPS of the CBA. We prove the equivalence between both
representations in Appendix A. By changing its initialization in the auxiliary space, the MPS
of [20] produced Bethe states with 0 < » < M magnons that can have support on 1 < k < N
qubits. This fact underpinned the construction of the unitaries of ABCs in [20]. The MPS (3.10)

13



also permits to define these Bethe states in the same fashion. A Bethe state of » magnons over

k spins with quasi-momenta p,,, chosen among p, is

oy = N O AR LA gy i i) (3.15)
i;=0,1

T M
= Z Z [ 1_[ Smaqmap] [H x%’apll \nl .. .nr>k .

1<ni<..<nr<kai,...,ar=1 | 1<qg<p<M
ap#aq

Equation (3.15) states that the initialization of the MPS of the CBA |mima...m; )y inside
the auxiliary space produces a Bethe state whose quasi-momenta are determined by the initial
state for every number of tensors k of the MPS. The correspondence between Bethe states and
elements of the computational basis of the auxiliary space is one-to-one for fixed k. We also note
that (3.15) does not hold for the MPS representation of the ABA written in terms of .7;. The
demonstration of (3.15) follows from a direct computation, but there is an alternative derivation
of this property. We end this subsection by proving that (3.15) is a consequence of the symmetry
under exchange of ancillae of dual monodromy matrices in the F-basis (2.34). The proof also
highlights the convenience of the change of normalization (3.8), as different Bethe states would
carry different normalizations if defined by the MPS of T

Consider (2.34). The gauge-transformation matrix (3.6) is diagonal. The effect of the gauge
transformation on the matrix elements of 7 is just a rescaling, as we already mentioned. The
rescaling does not spoil the symmetry under exchange of ancillae, which still holds for (3.8):

Giyoovipg| A (ury oo ung) |G1 -G = oy ooy | Aoy s oy gy, ) oy -+ - Joney > (3.16)

for every permutation o € Sys. It is clear from (3.8) that A® only have non-trivial matrix elements
between states of the form |mims...m, )y and |ning...n,—;)p. Furthermore, the contribution
to the matrix elements between ancilla at |0) is a multiplicative factor of one. This feature, which
differentiates A’ from 7 ¢ enables the reduction of the number of ancilla in the auxiliary space.
We can write the action of the first A* on the initial state of (3.15) like

A(uy, .. upg)my . medns = 4B A Uy -y U, )| DS s (3.17)
and
T
Ay, uan)|ma ey = U0 Ayt ) [P0k fma . omedar, (3.18)
a=1

where we used (3.16) with a permutation o that verifies
Oa=Mq, a=1,2...,1, (3.19)

but is otherwise arbitrary. We depict (3.17) and (3.18) in Figure 11. The concatenation of (3.17)
and (3.18) in the Bethe wave function of (3.15) leads us to

<O’®MAik<U1,...,uM) .. .Ail(ul,. . .,UM)’ml .. .mT>M

, , (3.20)
= 01" A (s -y Uy ) - oo AT (s, ) [P
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Figure 11: Application of the symmetry with respect to exchange of ancillae to A?. Black and
red lines represent qubits at |0) and |1), respectively. Horizontal and vertical lines correspond to
spins and ancillae, respectively. Numbers besides horizontal lines denote the u, identifying the
ancillae.
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Therefore, if we reorder the quasi-momenta in A’ and trace ancillae that remain at |0) out, we
can prove that Bethe states with a few magnons have the form (3.10). This fact is a consequence
of the definitorial property of the F-basis (2.34).

Given an MPS with the property (3.15), one can construct the unitaries of ABCs in the
scheme of [20]. Motivated by the connection between the CBA and the F-basis we uncovered,
we now turn to the inhomogeneous spin chain to construct their ABCs.

3.2 The F-basis and Coordinate Bethe Ansatz: Inhomogeneous Spin Chain

In this subsection, we compute the MPS formulation of the CBA for the inhomogeneous XXZ
model. This representation leads us to the exact unitaries producing normalized Bethe states in
Subsection 3.3.

Let us turn back to (2.36). The formula says Bethe states of the ABA are MPSs whose tensors
are 7. In Subsection 3.1, we performed a global gauge transformation to obtain an alternative
tensor (3.8) for v; = 0, when the MPS is uniform and the spin chain homogeneous. To obtain
analogous tensors for general v;, we promote (3.6) to a local gauge transformation by means of
the 2M x 2M_matrices

Vi = (% [g“j 0 ] . (3.21)

M
a=1 0 l_lb=17 b#a f‘lb

The transformation acts on the tensors like

0 ~150 Moo
A=V TV =& |

M q—1 M
15 1 0 0 1 1 0
Aj =V TV = [o f ] [0 0] 2 [0 ] '
a=1b=1 abfb] c=a+1 facfcy

It is convenient to assemble both operators into the non-unitary tensor

(3.22)

Aj :Aj(vj;ul,...,uM) : HM®h] = HM+1 i HM+1 = h]®HM s A; = <Z’JAJ ’0>j R (323)

where |i); belongs to the Hilbert space of the j-th spin. We depict (3.22) in Figure 12. We have
defined A; so that it moves the position of h; in the tensor product from the last to the first
place. The swapping is convenient for the construction of ABCs. We have not specified Aj|1);
as it plays no role in the MPS.
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Figure 12: Tensor of the non-uniform MPS of the inhomogeneous CBA from the dual monodromy
matrices in the F-basis according to (3.22). The notation is V; = @M., V.. Being factorized,
the gauge transformation is a rescaling, but local rather that global due to the inhomogeneities.

The action of Vp on |1)®M and V!, on |[0)®M produces an overall normalization that we
cancel by redefining the Bethe state like

(ol = H H fap | B(wy) ... B(ua) 002V . (3.24)
a=1 YaN-1
b;éa
Explicitly,
O = ST oM AR AT DM [y i) (3.25)

ij=0,1

-2 > [ [ ] [ﬁﬁlw] 1.

I<sni<..<npy <N ai,..,apy=1 [1<g<ps<M p=1 j=1
apF#aq
The lack of uniformity of the MPS is reflected in the appearance of position-dependent quasi-

momenta:
sinh(uq — vy)

sinh(uq —v; +17y)

ZTaj = exp(ipa) := faj = (3.26)

We assume u,, hence p, ; do not satisfy the Bethe equations in principle. We assume on top
that u, # up: quasi-momenta are different position-wise, and the Bethe wave function does to
vanish identically. The scattering amplitudes are unchanged with respect to the homogeneous
spin chain and equal (3.13). We depict (3.25) in Figure 13. Since (3.25) realizes a Bethe wave
functions with M magnons propagating over N spins the inhomogeneous spin chain, we identify
it the “MPS of the CBA”. Magnons are still plane waves whose scattering is governed by the
two-body S-matrix (3.14), but their quasi-momenta vary as the plane wave propagates through
spin chain. This parameterization straightforwardly generalizes the CBA for the homogeneous
spin chain. For instance, if M = 2:

]\1/5\2,]> = 2 <812 [ 11:[ ij] [ ﬁ fUQ,k] + 821 [ 11:[ 962,j] [ 12:[ xlk]) [ning) . (3.27)
j=1 k=1 j=1 k=1

1<ni<nao<N

The proof of the equivalence between both representations appears in Appendix A.
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Figure 13: Bethe state as the non-uniform MPS of the CBA in the inhomogeneous spin chain.
The Bethe state is a linear superposition of plane waves with spin-dependent quasi-momenta.

Like (3.10), the MPS of the CBA (3.25) enables the systematic construction of Bethe with

less than M magnons . This fact is the upshot of (2.34), the symmetry with respect to the

exchange of ancillae of % . Following the steps of Subsection 3.1, we indeed deduce

<0|®MA2’“(vk;u1, o) A (o, )| ma . me g

| . (3.28)
= 0|®" AP (U Uiy - s Uiy ) - A (015 Uy s+, ) (D

We should mention [49] already stressed the suitability of the F-basis to compute Bethe wave
functions. We clarify the relation between (3.25) and the parameterizations of the Bethe wave
functions for the inhomogeneous spin chain of [49] in Appendix A.

3.3 Inhomogeneous Algebraic Bethe Circuits

Having obtained the MPS of the CBA (3.25), we are in position to construct ABCs for the
inhomogeneous spin chain. The first step is the decomposition the Hilbert space of k qubits into
eigenspaces of definite total spin along the z-axis:

Hy = D HY, (3:29)
r=0
with
k
Hl[:] - span{\il cdg) | Z ij = r} = span{ ni...npy. |[1<np <...<n, < k} . (3.30)
j=1
The dimension of the eigenspace is
r k
dim HI" = ( ) : (3.31)
T

where we define the binomial coefficient to vanish if » < 0 or > k. We stress (3.30) encompasses
the quantum (2.1) and auxiliary (2.17) Hilbert spaces for k = N and k = M, respectively.
We introduced the decomposition because Bethe states arrange into the eigenspaces, thus the
unitaries of ABCs based on them break into blocks of definite total spin along the z-axis. Bethe

states with r magnons over k spins belong to H,[:] in particular. If k and r with r < k are

fixed, Bethe states are in one-to-one correspondence with the computational basis of H,[:]. In

5The MPS in terms of ng (3.2) also gives rise to Bethe states with a few magnons thanks to the symmetry (2.34).
However, normalizations are more intricate, which complicates the later derivation of unitaries.
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Appendix B, we define the index « to label the string 1 < n; < ... < n, < k inside the
eigenspace H,[:]. We shall use the index to label to the objects of ABCs. Later we do not allow r
to be greater than M, although M itself could belong to 0 < M < N.

The arrangement of Bethe states into eigenspaces is not accidental. In the MPS formulation
of the CBA (3.25), it follows from the commutativity between A; and the total spin along z-axis
of M + 1 qubits (M ancillae and the j-th spin of the quantum space). Therefore, we can write

M i ] r r—1
Al =@ AP Al gl gl (3.32)

The number of rows and columns of the non-unitary matrices is

# rows x # columns of AJ[Z"T] = <7”M ) X <M> . (3.33)

—1 T

The square block A% is diagonal with entries

] aﬂ = 5&51_[ Ty j s (3.34)

where we resorted to the identification

lay =|mi...mpp, [B)=1n1...n0 ), (3.35)

with & = M, according to Appendix B. We shall use the identification (3.35) consistently in the
following. The rectangular block AlY"] has the entries

J»arﬁ Z 50‘7 ﬂpn Snpnqanyj ) (336)
qaép
where we identified
la) =|my...... Mr—1)k—1, |Bp) =01 . Np_1npr1 ... )k , (3.37)

with k = M. Given the block decomposition of A;, we seek to write the MPS of the CBA (3.25)
as a quantum circuit. In other words, we want to compute unitaries out of the non-unitary
tensors (3.23), which themselves decompose into unitary blocks of definite total spin along the
z-axis. We achieve this goal by a local gauge transformation that puts (3.25) into the canonical
form. The canonical form is a standard representation of an MPS where the tensor is subject to
orthonormalization constraints [22]. The tensor thus obtained is unique up to unitary rotations
in the auxiliary space. Here we use specifically the left canonical form of the MPS (3.25), defined
as that whose tensors A;- are isometries with more rows than columns.

The set of matrices X realize the local gauge transformation on the auxiliary space we want.
The M + 1-qubit unitary is built as

Py = X7 MM X; (3.38)

We depict (3.38) in Figure 14. Unitarity holds if

PP = 1pus1 . (3.39)
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We assume X; preserve the total spin along the z-axis,

M+1
X;= @ xi, (3.40)
r=0

hence P; decomposes into unitary blocks according to r.

[
: () :
2 ——— 1
|
|
! O
0

Figure 14: M + 1-qubit unitaries (sharp-cornered) from the non-unitary tensor (rounded-
cornered) by a gauge transformation as per (3.38). Locating ancillae and spins in a single array
is necessary to obtain ABCs, whose unitaries follow from the elimination of post-selected qubits.

The local gauge transformation (3.38) leads us to a quantum circuit. However, the quantum
algorithm thus obtained is probabilistic. The last M out of the N + M qubits must be post-
selected at |0>®M. To avoid the computational cost of post-selection, we trace these qubits out.
The result is the circuit of ABCs, a class of deterministic quantum algorithms. We still denote
the unitaries by P;, despite that the elimination of post-selected qubits reduces the size of the
last unitaries in the circuit. ABCs produce normalized Bethe states of M magnons over N spins:

1
TR
We depict the circuit in Figure 15.

' O = Py P DO [0V (3.41)

oy =

O O OO = ==

Figure 15: ABCs are deterministic algorithms preparing normalized Bethe states of the inhomo-
geneous XXZ model. The unitaries are either long or short.

The number of qubits on which the unitaries act defines two classes: long (1 < j < N — M)
and short (N — M < j < N) unitaries. The unitaries of both classes are the orthogonal sum of
unitary blocks, which in turn split into non-unitary building blocks. Long unitaries are

M1 .
Pi=@P", PP =GP0y, 1<i<N-M; (3.42)
r=0
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whereas short unitaries are

N—j+1

P = @0 pj[T], Pj[”]:@\jpj[r], N-M<j<N-1.
o

We summarize the properties of long and short unitaries in Table 1.

(3.43)

Pj[i’r] position domain | image | # rows x # columns | formulae
long | 1<j<N-M HY | HE (M) x (M) (3.44) -
short | N—M <j<N—1|H  [HET T (%)« (V71 (3.71)

Table 1: Features of the non-unitary building blocks Pj[i’r] of the unitaries of ABCs.

Let us now write the exact form of the non-unitary building blocks of ABCs. The realization
of Bethe states as the MPS of the CBA (3.25), which provides the means to construct Bethe
states with 0 < r < M magnons, enables us to compute explicit expressions. We begin with long
unitaries in Sub-subsection 3.3.1, which are simpler. In Sub-subsection 3.3.2, we focus on short
unitaries, where we show how to eliminate the qubits post-selected at \0>®M by defining a new
short tensor in the MPS. Our approach to short unitaries detaches from that of [20]. We prove
the equivalence between both points of view in Appendix C.

3.3.1 Long Unitaries

Formula (3.38) implies the non-unitary building blocks of long unitaries are

P[i,r] B X—l[r—i] A[i,r] X[r]

J BERRVES! J J (3.44)

because they are unaffected by the elimination of ancillae. The matrix elements of A; are (3.34)
and (3.36) we already introduced. To write the formulae of X; and X !, we need Bethe states
with 7 magnons over k spins. We choose that the states have support in the last spins of the
spin chain in view of the architecture of ABCs. The choice means Bethe states belong to

N
Hi = @ he,

(3.45)
=7
where
e Nkt (3.46)
According to (3.25), the Bethe state with quasi-momenta p,,, ¢ out of p1¢,...,pape is
WLy = 3 OPM AR AT ey fi iy (3.47)

1,=0,1

r
Jr<ni<..<nr<N ai,...,ar=1
ap#aq

r np—l
H SMagmay, H H Lmay, ¢ |n1 o 'nr>k :

1<g<p<r p=14=73}

Since we focus on long unitaries, 1 < jp, < N — M, hence M +1 < k < N. The number of
magnons 7 is always smaller than the number of spins k& over which they propagate.
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Bethe states are in one-to-one correspondence with the computational basis of H,[:]. This fact
permits us to understand the MPS of the CBA as the invertible mapping

MPS;, : HUl —  Hl

ko (3.48)
ma . men (U

Since Bethe states are linearly independent thanks to the assumption u, # up, they span a linear
basis of the Hilbert space of the last k > M spins. On the other hand, the last £ — 1 unitaries of
ABCs prepare

@15 = Py_i ... Py lmy . ompdar (3.49)

[r]

The set |<I>,[:L> is an orthonormal basis of H;* because unitary transformations preserve both
the orthonormality and the completeness of |mims...m,),,;. Therefore, we can think about the
quantum sub-circuit of last k£ — 1 unitaries as the unitary mapping

. (7] o (7]
ABCs;, : Hi/ H[I;] ‘ (3.50)
|m1m2 . mT>M —> |(I)k,a>
It follows that the matrix X; performs a change of basis:
(7] (I:) [r] [r]
|(I)k,oz> = X]k,/j’a|\11kz,ﬁ> . (351)
B=1
We depict this formula in Figure 16.
= [T}
= ;)
M
k

O O O O

Figure 16: The local gauge transformation X, as the change-of-basis matrix that orthonormalizes
the set Bethe states with » magnons over k spins.

We choose the change-of-basis matrix in (3.51) to correspond to the standard Gram-Schmidt
process, although it is important to notice that X; is only determined up to unitary rotations.
If we use the Gram matrix of Bethe states

cfly = ol bl (3.52)
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the closed formulae of the matrix elements of X; are [20]

dety_ O

xlbl
e det, C’,ET]

xM o =0if a>p, (3.53)
] detg_y Clgfl_, 8

: =— if a<p
Jkap ! ’
’ Vdety_; € dety 1

where det, denotes the corner principal a x o minor and ,_,3 denotes the replacement of the
a-th by the 3-th column. The matrix X; is upper-triangular. Therefore, X i ! is upper-triangular
as well, and the matrix elements read [20]

—1[r] detq Cigfl_,g

X;

M . (3.54)
Y Jdetas € det, 1

This matrix provides us with the Cholesky factorization of the Gram matrix (3.52) by construc-
tion:

oft = x; it (3.55)

Table 2 summarizes the features of the matrices in (3.44). The reason for using (3.52) to compute
closed fomulae is that we know the entries exactly, thanks to the knowledge of the Bethe states
(3.47). However, this knowledge does not mean can evaluate scalar products efficiently in general;
rather, the limitation must be taken into account in the numerical computation of the unitaries.

1<j<N-M | domain | image | # rows x # columns formulae
AT AT () |G G
SR 0 )7 N I )
T T T (T e

Table 2: Features the constituents of long unitaries.

It remains to demonstrate unitarity of long unitaries (3.39). In the definition of A; in (3.23),
we left A;|1); unspecified because it did not appear in the MPS. This freedom allows us to
determine P;|1); at will, which we choose at our best convenience to ensure unitarity. On the
other hand, we are left to prove that

<0‘j PkaP]k ’0>j = lonr (3.56)
which is equivalent to

CIET] _ A[O»T]TC[T] A[Oﬂ’] + AE»LT]TC]ET__II]A[LT]

Jk k—1""Jk k Je (3-57)

thanks to the Cholesky factorization (3.55). We offer the proof of (3.57) in Appendix D.
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3.3.2 Short Unitaries

Our starting point for the construction of short unitaries is the following observation. The
matrices X, of long unitaries orthonormalize the set of linearly independent Bethe states with
1 < r < M magnons over the last M < k < N spins. The construction of X, of long gates
relies on that the mappings defined by the MPS (3.48) and by the quantum sub-circuit (3.50)
are invertible and unitary, respectively. If short unitaries borrowed the mapping defined by the
MPS (3.48), it would be non-invertible 7. Bethe states with 1 < r < k magnons over the last
1 < kK < M spins are not all linearly independent, since they carry every possible subset of
r quasi-momenta of pyj,...,py ;. Furthermore, Bethe states are ill-defined if the number of
magnons is greater than the number of spins, that is if £k <r < M.

Our strategy to construct the short unitaries consists of two steps. First, we replace the first
M + 1 tensors A; of the MPS (3.25) by the smaller non-unitary tensors

ij = ij (Ujk; ULy ey uk) € End(Hk+1) . (358)

The tensor €2;, just acts on k + 1 qubits, unlike Aj;, . By definition, the MPS of (3.58) must
only construct the maximal number of linearly independent Bethe states over k spins out of the
computational basis. The number of magnons r of Bethe states is bounded from above by k.
Next, we define the short unitaries by the local gauge transformation

-1
P, =X, 195X

L= X N-M<j,<N-1, (3.59)

ko

whose matrices follow from the orthonormalization of the set of Bethe states. We depict (3.59)
in Figure 17. The new set of matrices are unitary if

Pl Py =1q . (3.60)

We stress the strategy differs from that of [20], which is based on an Ansatz. Our approach is
advantageous in that it enables us to demonstrate the construction of short unitaries rigorously.

Q||

Figure 17: Definition of the last k£ + 1-qubit unitaries out of new non-unitary tensor of the MPS
of the CBA by a local gauge transformation. The size of the unitaries is dictated by the number
of linearly independent Bethe states over k spins.

The tensor (3.58) breaks into blocks of definite total spin along the z-axis by assumption,
which in turn split into non-unitary matrices:

k .
Q;, =@ all, o= g all

Ik Jk E
r=0

(3.61)

"The MPS of the last N — M + 1 tensors A; does not suffer from the same problem as it prepares states over M
spins. However, we deem Pn_ar+1 to be a short unitary since it acts on M qubits after the elimination of ancillae.
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where we recall (i|, belongs to hy in (2.1). The number of rows and columns of the non-unitary
matrices is

1,7 -1
# rows x # columns of ng’ L (k ) X (k> ) (3.62)

r—1 r

The defining property of the new tensor is that the mapping

MPS;, : HLd - HL

. (3.63)
|m1 . .mr>k = |\I/’[€7]a> = QN e ij |m1 . .mr>k

is invertible. We stress the MPS based on €2, also corresponds to the CBA. Bethe states thus
computed carry r quasi-momenta Py, ¢...,Pm, ¢, chosen among pis,...,pre. We depict the
equivalence between the MPS of Q; and A; in Figure 18.

o O O O
o O O O
<

Figure 18: Equivalence between the MPS of the CBA of the M + 1-tensor (3.23) and the k + 1-
tensor (3.58). Despite the difference in the number of input qubits, the equivalence holds due to
the linear dependence of Bethe states over k < M spins.

Let us determine the non-unitary tensor. We begin with j, = N, that is £k = 1. Bethe states
on the last spin are just the elements of the computational basis:

o =10y, jelh =) . (3.64)
Therefore,
ooy =0y, lljpy =1y (3.65)

We deduce the last tensor is the identity matrix:
ot g 10
Qv=|" = : 3.66
N [ o olbU " o1 (3.66)

Since the last tensor is trivial, the N-th unitary is trivial as well, hence its absence in ABCs.
Let jr = N — 1, which implies k£ = 2. According to (3.63), we must have

0
all! 100y = [00)
Ol 10y = [10) + 21, y_1[01)

a (3.67)
Ol 01) = [10) + 20, y_1[01) |

953]_1|11> = (s1272,N—1 — s2171,nv—1)|11) .
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Therefore,

[0.01 0 0 1 0 0 0
O 0 Qggﬂ,l 9585]1,2 0 0 zoN—1 T1N-1 0
N-1,1 12
0 0 0 ol 0 0 0 S1222N—1—$21Z1,N-1

The first non-trivial tensor allows us to compute the remainder.
The computation of the tensor for N — M < j < N —1 is inductive. We detail the derivation
in Appendix C. The result is

, det B!
[i,r] k—1l,a—p
Q. 0 = et B (3.69)
where we used the indexation of Appendix B, and
o T it o+ a
BYL, = kW s (BELS),, = S e alel] o it i=0, p=a . (370

k1A + (]:)|\Il,[€q17ﬁ> if i=1, p=a«

The matrix Bl performs change of basis from the computational basis to the set of Bethe states
in H,[:__f]. The matrix B,([;L ., is the result of the replacement of the $-th column by the relevant

entries of the Bethe state that the MPS (3.63) prepares.
The formula of the non-unitary building blocks of short unitaries is

i,T —1[r—: @7 T
plirl = x M= glird I (3.71)

The quantum sub-circuit of the last kK — 1 short unitaries maps the computational basis to an

orthonormal basis of H,[:]:

ABCs;j, : H - HL

: (3.72)
ma.mey e (@YY = Py_p. . Py lma . my

The matrix X, orthonormalizes Bethe states, as we already mentioned. We choose the matrix
to be defined by the Gram-Schmidt process again. The entries of the matrix are (3.53) with
a suitable adjustment in the ranges of indices. The inverse matrix X i L provides the Cholesky
factorization of the Gram matrix (3.52), and the entries of the inverse matrix are (3.54) with the
adaptation of the ranges of indices. Table 3 summarizes the features of the matrices in (3.71).

N —M < jp < N—1 | domain | image | # rows x # columns formulae
o A THET ()< () [ 369) (3:70)
X, AT | W () () (3.53)
Xt AT T (o) < (o) (3.5)

Table 3: Features of the constituents of short unitaries.
The last step of the construction of short unitaries is the proof of (3.60). According to (3.71)
and the Cholesky factorization (3.55), unitarity is equivalent to
[r] _ lor]f ~lr] ol0r] [(Lr]t ~lr =1l (1]
Cp = O + QO Q7 (3.73)

We provide the demonstration of (3.73) in Appendix D.
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4 Conclusions

In this work, we systematized the ABCs of [19,20], a recent proposal of quantum circuits that
prepare arbitrary Bethe states of the standard spin-1/2 XXZ model with periodic boundaries.
We demonstrated that the exact unitaries from [20] can alternatively be obtained by performing
a basis transformation in the auxiliary space of the ABA. The resulting basis is equivalent to the
F-basis, known from the theory of quantum-integrable models.

The key property of the F-basis is that it is symmetric with respect to the exchange of qubits.
When applied in the auxiliary space of the ABA, the resulting MPS is invariant with respect to
the exchange of the ancillae. A key property of the F-basis is its symmetry with respect to qubit
exchange. When applied within the auxiliary space of the ABA, the resulting MPS becomes
invariant under the exchange of ancillae. The explicit wave functions of this MPS are scattering
plane waves, thus establishing a natural connection to the CBA. As a by-product, the same MPS
generates Bethe states with an arbitrary number of magnons simply by changing the initialization
in the auxiliary space. While it is relatively straightforward to prove this, we observed that it
had not yet been discussed in the F-basis literature. Furthermore, the symmetry of the F-basis
clarified how to rigorously eliminate the auxiliary space in the final circuits, so that the ABCs
have no ancillae. We showcased our approach with new circuits for preparing the exact Bethe
states of the inhomogeneous spin-1/2 XXZ model with periodic boundaries. We believe that the
symmetry in qubit exchange in the auxiliary space holds potential for constructing circuits for
other quantum-integrable models and could, hopefully, aid in identifying efficient decompositions.
Our results open up promising avenues for future research, some of which we briefly discuss below.

First, our ABCs could be applied to models closely related to the inhomogeneous spin-1/2
XXZ model. A straightforward idea is to consider the staggered spin chain [52]. This model can be
obtained by choosing alternating inhomogeneities v9;_1 = —iv and vo; = iv. The Hamiltonian is
composed of two- and three-body densities and, much like the homogeneous spin chain, exhibits
a rich phase diagram. Moreover, this model holds relevance from another perspective: the
alternating spin chain is employed in the “integrable Trotterization” of the XXZ model [53].
This implies that our circuits can construct the exact eigenstates of selected integrable quantum
circuits, which are utilized for simulating non-equilibrium dynamics in discrete time. A relatively
straightforward generalization of our circuits involves the preparation of Bethe states in the spin-s
XXZ models [4,6], which possess an F-basis in both the quantum and auxiliary spaces [26]. The
primary distinction in these models lies in the fact that spins are spin-s qudits, while the ancillae
remain qubits, which would affect the elimination of the auxiliary space in the final circuits.

Another spin system that is worth considering is the Richardson-Gaudin (RG) model [3,54],
which realizes doubly degenerate fermions with pair-wise interaction and is quantum integrable
[55]. The eigenstates of the RG model are Banerjee-Cooper-Schrieffer states computable by the
ABA [56,57]. The isotropic and anisotropic RG models are related to the “quasi-classical” limits
of the transfer matrices of the inhomogeneous XXX [56,58] and XXZ models [57,58], respectively;
therefore, we expect a similar limit to be applicable to the unitaries of ABCs. The RG model
requires to deform the periodic boundary conditions by a diagonal twist, which adds a new layer
of complexity to the method without precluding its applicability [59].

A more challenging task is the construction of quantum circuits for other spin chains which
can be solved by the Bethe Ansatz. One potential candidate is the solid-on-solid model equivalent
to the inhomogeneous spin-1/2 XYZ model [60], which provides the means to construct Bethe
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states of this completely anisotropic spin chain [61]. This ice-type model has an F-basis [32],
but it is linked to the dynamical YBE [62] rather than the standard YBE (2.9), thus posing a
new challenge to ABCs. Even more complex are higher-rank spin chains. While these models
do have an F-basis [29-31], it remains uncertain whether it would be beneficial for constructing
nested Bethe states. An F-basis in the auxiliary space would be necessary, but achieving such a
generalization is not clearly defined. Ultimately, the aim is to construct the nested Bethe states,
with the nesting occurring in the auxiliary space. Perhaps the more recent methods discussed
in [63,64] for the ABA in these models could prove advantageous.
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A The Matrix-Product State of the Coordinate Bethe Ansatz

In this appendix, we provide the proofs of claims about the MPS of the CBA we made in the
main text. In Subsection A.1, we show the equivalence between the MPS of the CBA of the
homogeneous spin chain (3.10) and the MPS of [20]. In Subsection A.2, we demonstrate the
equality between both realizations of Bethe states of the inhomogeneous spin chain (3.25): the
MPS and the superposition of plane waves. In Subsection A.3, we prove the equivalence between
(3.25) and the Bethe wave functions of [49].

A.1 Equivalent Matrix-Product States

The Bethe state of [20] equals an MPS of the CBA whose tensor appears in (54)—(57) therein.
The MPS of [20] follows from (3.10) under the replacement of the scattering amplitudes
1 sinh(ug + 1y) sinh(up + i)

— = Al
1+ zqwp — 2Az,  sinh(ivy)sinh(ug — up + i) ’ (A1)

Sab
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and the change of normalization

ul >H[ I

1<b<a<s<M SbaSab

] ol (A.2)

Bethe states in [20] are also explicitly proportional to (3.10). The change of the normalization is

LN sinh(iv) sinh (uq — up + i) sinh(up — va +17) | o [01]
e [ Il sinh(u, + i) sinh(up, + 1y) sinh(uq — ) Uy - (A.3)

1<b<asM

A.2 Inhomogeneous Coordinate Bethe Ansatz

Let us prove the equality between the first and second lines of (3.25). We follow the analogous
proof of Appendix B of [20]. We begin with N = 1. Formula (3.22) lead us to

1A DMy = [Hma1]|1>®M|0>+ > [Hsabxblla DM 1) (A.4)

1=0,1
b#a

where we borrowed the notation from (3.13) and (3.26). The rightmost state in (A.4) corresponds
to the first spin and belongs to the quantum space. The tensor A; either preserves the ancillae
at |1) and the spin at |0) or flips the state of one single ancilla at a time in exchange for flipping
the state of the spin. The fact follows from the commutativity of A; with the total spin along
the z-axis, which encompasses both the M ancillae and the spin.

If N =2, we obtain

M M M
M ARAR 1O [iyiy) = [ [ [#an ] 200y + [H ] o7 [1)®M[10)
a=1

i;=0,1 a=1 b=1
b;ﬁa <A5)
+ Z [xa 11_[ Sab Tb,1 Tb 2] o, [1H®M01) +Z > [H Sab Tb,1 H Scd Td 2]%% [D®M]11) .
Te=1[b=1
b;éa “ ;aa b#a d#ac

The pattern is now clear. If the tensor keeps the j-th spin at |0), it yields the product of the
quasi-momentum variables z, ; of the ancillae that remain at |1). If the tensor flips the state of
the j-th spin into |1), the state of one ancilla becomes |0). Let the ancilla be at a-th position.
The tensor yields the product of scattering amplitudes sq, and quasi-momentum variables xy ;
oM

with the ancillae at |1). The eventual projection onto {0 in the auxiliary space forces M out

N spins to be at |1). The projection and the pattern just explained lead to (3.25).
A.3 Equivalence with Ovchinnikov’s Bethe states

We now demonstrate the equivalence between (3.25) and the Bethe states of [49]. We must
perform the non-local gauge transformation of the tensor (3.23):

) i
A;- — Wj A;Wj_l , (A.6)
where
M [ [Tt ] M SabS 0
k=1 %a,k b=1,b+#a 2ab>ba
Wi =X ¢ N , (A.7)
a=1 0 [Hk:j+2 xa,k] Jaj+1
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and we borrowed the notation from (3.13) and (3.26). Non-locality refers to the dependence
of the j-th matrix W; on the quasi-momenta p, ; on every position of the spin. (The product
by definition equals one if the upper endpoint is smaller than the lower or vice versa.) If we

normalize
(M) HM far HM (M)
a
‘\I/N >'_) f SabSba |\I/N >, (AS)
a=1 GalJaN b=1
b#a

to cancel the multiplicative factor induced the non-local gauge transformation and follow the
steps of Subsection A.2, we obtain

M M 1 M N
|\IJEV ]> = Z Z [ H ] 1_[ Yap,np 1_[ Tay,g 1701 - - .nM>N . (A9)
p=1

S .
1<ni<...<npr<N ai,...ap=1 [ 1<qg<p<M %% j=np+1
apF#aq

Formula (A.9) matches the Bethe states in (13) and (14) of [49].

B Indices of Algebraic Bethe Circuits

In this appendix, we define the collective indices for the ordered strings of integers that labels
the computational basis of Hl[:]. The labelling of Subsection 3.1 of [20] is the opposite to ours.
Let 1 < my < ... < m, < k be the string that labels the state of the computational basis
[r]

li1...ig) = |mq...m;), of H'. We define the collective index following three steps. First, we
rephrase the string in the binary basis as a number in the decimal basis:

k
X = Z 2k_3i]- =
Jj=1 J

Note the most significant bit in the string is the first, then the second, and so on. Next, we

k

i
2k N6, (B.1)
1 p=1

arrange the numbers in the totally ordered set

k r
Sz<{X=22k_j25ﬁﬁp:1<m1<...<mr<k‘},<>, (B.2)
j=1 p=1

where the order relation < is the standard inequality among integer. Finally, we assign « to the
a-th element of S:

ok =[Sape, a=1,..., <k> : (B.3)

r

We illustrate the assignation of collective indices in Table 4.

11 19 13 14 | M1 Mo X «
0 0 1 1 3 4 3 1
0 1 0 1 2 4 5 2
0 1 1 0 2 3 6 3
1 0 0 1 1 4 9 4
1 0 1 0 1 3 10 5
1 1 0 0 1 2 12 6

Table 4: Example of assignation of collective indices for the computational basis.
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C The Short Tensor

This appendix is devoted to demonstrations around the non-unitary tensor of short unitaries €2;
n (3.58). In Subsection C.1, we derive the formula (3.69) for the entries. In Subsection C.2, we
prove the equivalence with the Ansatz of [20].

C.1 Closed Formulae

We derive (3.69) by induction. The base of the induction is (3.68), for which j = N —1. Formula
(3.69) straightforwardly holds for (3.68). We must prove the inductive step for N—M < j < N—1.
It follows from (3.63) that

‘\I/,[:]O) = QN—I ce ijilﬁjk\ml ce mr>k (Cl)

Z Z i) On—1.. Q01 o)k k71<n1-‘-nr—i’QE:T]|m1---mr>k

1=0,1 1S <...<n,_;<k—1

kl kl

|0>Z |‘I’k 15>ng Ba T |1>Z |‘I’k 15>ij,5a :

Since Bethe states with different number of magnons are linearly independent, two decoupled
linear systems for the entries of the tensor (3.58) arise:

k-1
) . .
Ek 1<)\“I’k 1/3>ij B :k<M\Ilk,a>7 A= 1,---7< ) )

i
(k 1) .
Semoueh el o (el a1 (174).

r—1

where we took into account the indexation of the computational basis of Appendix B. The
Cramer’s rule provides the solution for both linear systems (C.2) in terms of the change-of-basis
matrices between the computational basis and Bethe states (3.70). The result is (3.69).

C.2 Equality with Other Short Tensors

Reference [20] used another tensor to build short unitaries. Let us demonstrate both tensors are
equal. The spin chain of [20] is homogeneous, hence we set v; = 0. According to (54)—(57) and
(86) of [20], we must prove

k-1 k
bl = Z Y U a=1,...,<r_i>, 5:1,...,(r>, (C.3)

where we used the indexation of Appendix B. The entries in left-hand side are (3.69). The

right-hand side involves
[r—i]
[r=i  _ M ' (C.4)
Jr—1,08 det C]Er_—lz]
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The definition of the tensor Aék is (3.34) and (3.36) under the adaptation of the ranges of the
indices. The MPS of A;k thus defined prepares Bethe states over k spins and r magnons with

quasi-momenta in the set p,...,pg. Note (C.4) is rectangular:
i k—1 k
# rows x # columns of b= - C] x . (C.5)
Jk—1 r—1 r—i

The matrix is built from the Gram matrix of Bethe states (3.52). The definition of C,Ef]a_,ﬂ
encompasses scalar of products the maximal set of the linearly independent Bethe states in H,[:],
with r quasi-momenta in pq,...,pr, and the linearly dependent Bethe states, with one quasi-
momentum pi41 and » — 1 quasi-momenta in pq, ..., pk.

The first step of the demonstration of (C.3) is

()
cfls = ey = Yl uo ol (C.6)
A=1
The change-of-basis matrix between the computational basis and Bethe states (3.70) Cholesky-
factorizes the Gram matrix (3.52):

ol _ Bl 1)
Therefore,
L 1.2 )
Y |
where
(B1_),, = | < = B i e co
k<)\‘\pk,5> if p=a
The remainder of the proof follows from the recurrence relation among Bethe states.
Let ¢ = 0. We use the notation (3.35) in addition to
M= ok, jp<li<...<l, <N, (C.10)

following Appendix B. The labelling also holds with & replaced by & — 1. We apply (3.34) and
(3.69) to (C.3) and obtain

,

det B, B, [H] | 1)
p=1

Formula (3.47) with v; = 0 implies

T M T
W = Y [ [ s] [H a:f;z;N+’“]=[Hwnp] )L (Ca2)
p=1

at,...,ap=1 L1<qg<p<M p=1
ap#aq

We took into account that

Nektl<li<..<f<N if Azl,...,(k_l). (C.13)

r
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Formula (C.11) then follows from then multi-linearity of determinants.
Let ¢ = 1. We use the notation (3.37) and

‘)\l>k—1 = |€2 .. -£r>k—1 , Jre1 <ty <...<l.<N. (0.14)

We apply (3.34) and (3.69) to (C.3) and obtain

det B,E@La_)ﬁ = 2 [H SnyngTng

p=1 [ g=1
q#p

det B, (C.15)

We deduce from (3.47) with v; = 0 that

k<)\|\Il][q:]ﬁ> = Z [H Snpnqan]k—1<)\|\1j][:11ﬁp> y (0.16)

p=1 | g=1
q#p
where we used
. k—1 k
N—-k+l=0h<lyo<...<l. <N if A= . +1,..., . (C.17)

Multi-linearity of determinants implies (C.11). The proof of (C.3) is complete.

D Unitarity of Algebraic Bethe Circuits

This appendix is devoted to the demonstration of unitarity of ABCs. In Subsection D.1, we
demonstrate (3.57), which implies the unitarity of long unitaries. In Subsection D.2, we demon-
strate (3.73), which implies the unitarity of short unitaries.

D.1 Proof of Unitarity of Long Unitaries

The proof of (3.57) amounts to a direct computation. The entries of (3.57) are

'8 s I8 '8
[r] - ) ) [r] - - )
el [H ST [H mm] [H
y=1

g=1 p,g=1

il . (D)

=1
T#p y#q
where we labelled Gram matrices by (3.35) and (3.37). Formula (D.1) is the consequence of

r r r Ip—1
C]E:Lﬁ = Z Z Z [ 1_[ Smpmqsnpnq] [H H l'mp,hxnp,h]

Je<li<..<lr<N ai,...,ar=1by,....br=1 [ 1<g<p<r p=1 h=jj
apFaq bp#bq

r r r Ap—1
- X DI I N [ e A 1 I e

jk,1S£1<...<ZTSN al,...,a,«=1 bl,.“,br:1 1<q<p§7’ p=1 h:jk,1
apFagq bp#bq

T
X [mepzjkanvjk] (D'Z)
q=1
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5SS S [ e [T

a1,b1=1jr_1<la<...<ly<N ai,...,ar=1b1,....b0=1 | 2<q<p<r p=1 h=jji
ap7#aq bp#bg
ap#ai bp#b1

T T
X 1_[ Smapmay Ymay,ji H Snagnay nag.jr | -
q=2

p=2
D.2 Proof of Unitarity of Short Unitaries
To proof (3.73), we write the matrix elements

; ] [r—1]
C _ Z i det Bkr llaa)\ [ 7 [r— z] det Bkr 1,v—0
k OCB 5 0 1 e 1 det BkT‘ I’L nU')‘ k— 7/'“/ d t B]E’f‘ 171]

where we introduced to alleviate notation

D0:<k;1>, D1:<ﬁ:i>, (D.4)

and we Cholesky-factorized the Gram matrix (3.52) according to (C.7). Since

o, b SRTST1 AP SNPRRCLL NP SGTL 1o
Z ’Wdet SEC 1 B ] ol
=1 det By, detB 21 |k 1<D0"I’k 11> - k1(Dol ¥y py) kDol ¥y )
k- 1<.U|‘I’k 1) e k—1<“|\111[£1,Do> k<“|\p’[:5>
=l Wfh) |
(D.5)

and (1]

Z [r—1] det Bk 1,v—p3
7/‘“/

=1 det B,E_l ]

thanks to the fact the determinant of a matrix with repeated columns vanishes, we have

= W+ Dol WLy (D.6)

Do Do+D1
crly = [Z + Y ]@,&f}l kAT Ly = oyl ol (D.7)

A=1 A=Dg+1

The proof of (3.73) is thus complete.
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