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Abstract1

We study the Izergin-Korepin Gaudin models with both periodic and open2

integrable boundary conditions, which describe quantum systems exhibiting3

novel long-range interactions. Using the Bethe ansatz approach, we derive4

the eigenvalues of the Gaudin operators and the corresponding Bethe ansatz5

equations.6
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1 Introduction28

The Gaudin model [1] describes an important class of one-dimensional many-body systems29

with long-range interactions and has widespread applications in various research fields,30

such as condensed matter physics and high-energy physics. For example, they are relevant31

in the simplified BCS theory for small metallic particles [2, 3] and in the Seiberg-Witten32

theory of super-symmetric gauge theory [4,5]. In addition, Gaudin models provide powerful33

tools for constructing integral representations of solutions to the Knizhnik-Zamolodchikov34

equations [6–9].35

The Gaudin operators with integrable boundary conditions can be constructed through36

a quasi-classical expansion of the inhomogeneous transfer matrix of quantum integrable37

models [7,10,11]. Within this framework, one can diagonalize the Gaudin operators once38

the exact solutions of the corresponding transfer matrix are derived. Following Gaudin’s39

pioneering work, various integrable Gaudin models have been constructed and solved ex-40

actly [12–25]. Among these integrable models, the most well-studied ones are those with41

U(1) symmetry, where the conventional Bethe ansatz approaches works well.42

On the other hand, advancements in several analytical methods-such as the generalized43

Bethe ansatz method [26–28], the functional T -Q relation [29–31], and the off-diagonal44

Bethe ansatz method [32–35]-have enabled us to solve non-trivial integrable models that45

lack U(1) symmetry [32, 36–38]. These progress motivate us to explore novel Gaudin46

models and analyze their exact solutions.47

In this paper, we study the Izergin-Korepin (IK) Gaudin model with periodic and48

open boundary conditions. The IK model plays a fundamental role in the study of non-49

A-type integrable models [39]. Exact solutions of the IK model with periodic and generic50

open boundaries have been constructed using the algebraic Bethe ansatz [40] and the51

off-diagonal Bethe ansatz [32, 38], respectively. The exactly solvable IK Gaudin model is52

constructed by following the standard approach, i.e., by proceeding with a quasi-classical53

expansion of the corresponding inhomogeneous transfer matrix [11, 21]. After some ana-54

lytic calculations, we obtain the exact spectrum of the IK Gaudin model, which is param-55

eterized by the solutions of the Bethe ansatz equations (BAEs).56

The paper is organized as follows. In Section 2, we introduce the IK model with peri-57

odic boundary conditions and its exact solutions. Section 3 focuses on the construction of58

the IK Gaudin operators under periodic boundary conditions, and provides their solutions-59

including their eigenvalues and the corresponding BAEs. In Section 4, we present the IK60

model with open boundaries and demonstrate its exact solutions. Section 5 focuses on61

constructing the IK Gaudin model with open boundaries. In Section 6, we derive the62

eigenvalues of the open Gaudin operators and give their corresponding BAEs. The last63

section provides a summary of our results.64
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2 The IK model with periodic boundaries65

2.1 Integrability of periodic IK model66

The R-matrix of the IK model [39], associated with the simplest twisted affine algebra67

A
(2)
2 , is given by68

R(u) =



c(u) 0 0 0 0 0 0 0 0

0 b(u) 0 e(u) 0 0 0 0 0

0 0 d(u) 0 g(u) 0 f(u) 0 0

0 ē(u) 0 b(u) 0 0 0 0 0

0 0 ḡ(u) 0 a(u) 0 g(u) 0 0

0 0 0 0 0 b(u) 0 e(u) 0

0 0 f̄(u) 0 ḡ(u) 0 d(u) 0 0

0 0 0 0 0 ē(u) 0 b(u) 0

0 0 0 0 0 0 0 0 c(u)


. (1)

The expressions for the functions in Eq. (1) are69

a(u) = sinh(u− 3η)− sinh 5η + sinh 3η + sinh η, b(u) = sinh(u− 3η) + sinh 3η,

c(u) = sinh(u− 5η) + sinh η, d(u) = sinh(u− η) + sinh η,

e(u) = −2e−
u
2 sinh 2η cosh(u2 − 3η), ē(u) = −2e

u
2 sinh 2η cosh(u2 − 3η),

f(u) = −2e−u+2η sinh η sinh 2η − e−η sinh 4η,

f̄(u) = 2eu−2η sinh η sinh 2η − eη sinh 4η,

g(u) = 2e−
u
2

+2η sinh u
2 sinh 2η, ḡ(u) = −2e

u
2
−2η sinh u

2 sinh 2η.

(2)

The R-matrix in (1) satisfies the quantum Yang-Baxter equation (QYBE) [41]70

R1,2(u1 − u2)R1,3(u1 − u3)R2,3(u2 − u3) = R2,3(u2 − u3)R1,3(u1 − u3)R1,2(u1 − u2), (3)

and possesses the following properties:71

Initial condition : R1,2(0) = κP1,2, κ = sinh η − sinh 5η, (4)

Unitarity relation : R1,2(u)R2,1(−u) = c(u)c(−u) × I1,2, (5)

Crossing relation : R1,2(u) = V1R
t2
1,2(−u+ 6η + iπ)V −1

1 ,

V =

 −e−η

1

−eη

 , (6)

Quasi-classical property : R(u)|η→0 = sinhu× I, (7)

where I is the identity matrix, P1,2 is the permutation operator, R2,1(u) = P1,2R1,2(u)P1,2,72

and the superscript ti indicates the transposition in the i-th space.73

In the framework of the algebraic Bethe ansatz method [41], one can construct the74

transfer matrix75

t(p)(u) = tr0{R0,N (u− θN )R0,N−1(u− θN−1) · · ·R0,1(u− θ1)}, (8)
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where {θ1, . . . , θN} is a set of inhomogeneous parameters. Here and below, the superscript76

(p) indicates that the system is under the periodic boundary conditions.77

By using the QYBE (3) repeatedly, one can demonstrate that the transfer matrices78

with different spectral parameters commute with each other [42] :79

[t(p)(u), t(p)(v)] = 0. (9)

The transfer matrix t(p)(u) acts as the generating functional of the conserved quantities80

of the system and the integrability of the system is thus proved.81

2.2 Exact solutions of periodic IK model82

Introduce some functions83

ã(u) =
N∏
l=1

c(u− θl), (10)

d̃(u) =
N∏
l=1

d(u− θl), (11)

b̃(u) =

N∏
l=1

b(u− θl). (12)

With the help of the conventional Bethe ansatz method, the eigenvalues of the transfer84

matrix t(p)(u) can be parameterize by the following T -Q relation [40,43]85

Λ(p)(u) = ã(u)
Q̃(u+ 4η)

Q̃(u)
+ d̃(u)

Q̃(u− 6η + iπ)

Q̃(u− 2η + iπ)
+ b̃(u)

Q̃(u− 4η)Q̃(u+ 2η + iπ)

Q̃(u− 2η + iπ)Q̃(u)
, (13)

where86

Q̃(u) =
M∏
j=1

sinh
(u− λj − 2η

2

)
, (14)

and M = 0, 1, . . . , N . The Bethe roots {λ1, . . . , λM} in Eq. (14) satisfy the following87

Bethe ansatz equations (BAEs)88

N∏
l=1

sinh
(
λj−θl−2η

2

)
sinh

(
λj−θl+2η

2

) = −Q̃(λj − 2η)Q̃(λj + 4η + iπ)

Q̃(λj + 6η)Q̃(λj + iπ)
, j = 1, . . . ,M. (15)

3 IK Gaudin model with periodic boundaries and its exact89

solutions90

3.1 Construction of Gaudin operators91

The IK Gaudin operators {H(p)
1 , . . . ,H

(p)
N } with periodic boundary conditions can be con-92

structed by expanding the transfer matrix at the point u = θj and around η = 0 as93

follows94

t(p)(θj) = κ t
(p)
0 (θj)

(
I + ηH

(p)
j + · · ·

)
, j = 1, . . . , N, (1)

H
(p)
j =

∂ ln(t(p)(θj)/κ)

∂η

∣∣∣∣∣
η=0

. (2)
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From Refs. [32, 35], we know that95

t(p)(θj) =κRj,j−1(θj − θj−1) · · ·Rj,1(θj − θ1)Rj,N (θj − θN ) · · ·Rj,j+1(θj − θj+1). (3)

The quasi-classical property of the R-matrix shown in Eq. (7) allows us to introduce the96

corresponding classical r-matrix r(u)97

R(u) = sinhu× I + η r(u) +O(η2), when η → 0,

r(u) =
∂R(u)

∂η

∣∣∣∣
η=0

. (4)

The matrix representation of r(u) is98

r(u) =



c′(u) 0 0 0 0 0 0 0 0

0 b′(u) 0 e′(u) 0 0 0 0 0

0 0 d′(u) 0 g′(u) 0 f ′(u) 0 0

0 ē′(u) 0 b′(u) 0 0 0 0 0

0 0 ḡ′(u) 0 a′(u) 0 g′(u) 0 0

0 0 0 0 0 b′(u) 0 e′(u) 0

0 0 f̄ ′(u) 0 ḡ′(u) 0 d′(u) 0 0

0 0 0 0 0 ē′(u) 0 b′(u) 0

0 0 0 0 0 0 0 0 c′(u)


. (5)

The non-zero entries in Eq. (5) read99

a′(u) = −3 coshu− 1, b′(u) = 3− 3 coshu, c′(u) = 1− 5 coshu,

d′(u) = 1− coshu, e′(u) = −4e−
u
2 cosh u

2 , ē′(u) = −4e
u
2 cosh u

2 ,

f ′(u) = −4, f̄ ′(u) = −4, g′(u) = 4e−
u
2 sinh u

2 , ḡ′(u) = −4e
u
2 sinh u

2 . (6)

With the help of Eq. (7), we can obtain the expression for t
(p)
0 (θj) and the corresponding100

Gaudin operators H
(p)
j101

t
(p)
0 (θj) =

N∏
l 6=j

sinh(θj − θl)× I, (7)

H
(p)
j =

N∑
l 6=j

Γj,l(θj , θl), Γj,l(θj , θl) =
rj,l(θj − θl)
sinh(θj − θl)

. (8)

Here Γj,l(θj , θl) describes a long-range two-site interactions between sites j and l (with102

l 6= j), which only depends on the inhomogeneous parameters θj and θl. We can use the103

spin-1 operators Sα, α = ±, z to expand the operator rj,l(u) as follows104

rj,l(u) =− (3 coshu+ 1)Ij,l + 4[(Szj )2 + (Szl )2]− 6(Szj )2(Szl )2 − 2 coshuSzjS
z
l

− (S+
j )2(S−l )2 − (S−j )2(S+

l )2 − 2e−
u
2 cosh(u2 )(SzjS

+
j S
−
l S

z
l + S+

j S
z
jS

z
l S
−
l )

− 2e−
u
2 sinh(u2 )(SzjS

+
j S

z
l S
−
l + S+

j S
z
jS
−
l S

z
l )− 2e

u
2 cosh(u2 )(S−j S

z
jS

z
l S

+
l

+ SzjS
−
j S

+
l S

z
l ) + 2e

u
2 sinh(u2 )(S−j S

z
jS

+
l S

z
l + SzjS

−
j S

z
l S

+
l ). (9)

One see that the operator r(u) is Hermitian when iu ∈ R. As a consequence, a family of105

Hermitian operators {iH(p)
j } can be obtained if the parameters {θj} all lie on the imaginary106

axis.107
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Based on the expansion of t(p)(θj) with respect to η (1) and the commutation relation108

of the transfer matrix with different spectral parameters (9), we can prove that {H(p)
j }109

mutually commute. The proof is as follows.110

Proof. For convenience, we omit the symbol (p) from t
(p)
0 (θj) and H

(p)
j in the proof. From111

Eq. (7), we see that t0(θj) is proportional to the identity matrix and commutes with any112

operators. The commutation relation [t(θj), t(θl)] = 0 then leads to113

[I + ηHj + η2H
(2)
j + · · · , I + ηHl + η2H

(2)
l + · · · ]

= [I, I] + η
{

[I, Hl] + [Hj , I]
}

+ η2
{

[H
(2)
j , I] + [I, H(2)

l ] + [Hj , Hl]
}

+ · · ·

= η2[Hj , Hl] + η3(· · · ) + · · · = 0, (10)

Since η is arbitrary, the coefficients of each power of η in (10) must be zero. On examining114

the η2 term specifically, this yields the following equation115

[Hj , Hl] = 0. (11)

116

The aforementioned proof is also valid for the open system. It should be remarked117

that we require t
(p)
0 (θj) = lim

η→0
t(θj)/κ to be proportional to the identity operator. This118

condition is automatically satisfied in the periodic system. However, for the open system,119

additional constraints on the model parameters are mandated so that the condition holds120

(see Eq. (3)).121

3.2 Exact solutions of Gaudin operators122

The Gaudin operator H
(p)
j is exactly solvable. We can derive the eigenvalues of the Gaudin123

operators directly from the T -Q relation of the transfer matrix (13). The Bethe roots in124

the T -Q relation are also functions of the parameter η. The Bethe roots {λj |j=1,...,M} can125

be expanded in terms of η as follows:126

λj = µj + ηνj +O(η2). (12)

By setting u = θj in the T -Q relation (13) and taking the first derivative of ln Λ(p)(θj)127

with respect to η at η = 0, we finally can get the eigenvalue of the periodic IK Gaudin128

operator E
(p)
j , which read129

E
(p)
j =

∂ ln(Λ(p)(θj)/κ)

∂η

∣∣∣∣∣
η=0

=

N∑
k 6=j

1− 5 cosh(θj − θk)
sinh(θj − θk)

+ 2

M∑
k=1

coth
(θj − µk

2

)
. (13)

The Bethe roots {µj} in Eq. (13) should satisfy the following BAEs130

M∑
l 6=j

[
−2 coth

(µj − µl
2

)
+ tanh

(µj − µl
2

)]

+

N∑
l=1

coth
(µj − θl

2

)
= 0, j = 1, . . . ,M. (14)

6
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From Eq. (9), we observe that the total z-component spin operator
∑

j S
z
j commutes131

with the Gaudin operator H
(p)
j and these operators share the same eigenstates. The integer132

M now is a conserved charge representing the total number of spinons. When M = 0, the133

energy is
∑

k
1−5 cosh(θj−θk)

sinh(θj−θk) , which corresponds to the vacuum state |1〉⊗N .134

Due to the Z2 symmetry, all eigenstates in the M 6= N sectors exhibit degeneracy.135

Therefore, we only need to solve the BAEs (14) with 0 ≤ M ≤ N . Some numerical136

solutions of Eq. (14) for small-scale systems are presented in Table 1.

µ1 µ2 µ3 iE
(p)
2 d

0.0000+0.4353i 0.9196−1.5234i −0.9196−1.5234i −12.9430 1

0.0000−1.5502i 0.0000+0.4521i – −12.7628 2

−1.3935+1.5603i 0.0000+0.5509i 1.3935+1.5603i −12.5338 1

0.0000+0.5733i 0.0000+1.5294i – −12.3989 2

0.0000+0.5056i – – −12.0349 2

0.0000−0.1551i 0.0000+0.5085i 0.0000−2.9649i −0.1070 1

0.0000−1.2447i 0.0000+3.3197i 0.0000+1.5966i 0.1198 1

0.0000+1.5035i 0.0000−1.1513i – 0.1204 2

2.4667−2.9649i −2.4667−2.9649i 0.0000−2.9650i 0.1354 1

1.1525−2.9649i −1.1525−2.9649i – 0.1358 2

0.0000−2.9650i – – 0.1373 2

– – – 0.1407 2

0.0000−0.1522i – – 12.0709 2

0.0000−0.2218i 0.0000−1.1745i – 12.4479 2

1.3948−1.2064i 0.0000−0.1987i −1.3948−1.2064i 12.5850 1

0.0000+1.9031i 0.0000−0.0970i – 12.7716 2

0.0000−0.0796i −0.9210+1.8756i 0.9210+1.8756i 12.9496 1

Table 1: Numeric solutions of Eq. (14) with {θ1, θ2, θ3} = {−0.40i, 0.18i, 0.75i}. The

eigenvalue of iH
(p)
2 given by Eq. (13) matches the exact diagonalization results. Here d

represents the degeneracy of the energy level.

137

4 The IK model with open boundaries138

4.1 Integrability of open IK model139

For an integrable system with open boundaries, in addition to the R-matrix, we also140

require the boundary−related K-matrices [42]. In this paper, we consider the type II141

7
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non-diagonal K-matrices in Ref. [44]142

K−(u) =

 1 + 2e−u−ε sinh η 0 2e−ε+σ sinhu

0 1− 2e−ε sinh(u− η) 0

2e−ε−σ sinhu 0 1 + 2eu−ε sinh η

 , (1)

K+(u) =MK−(−u+ 6η + iπ)
∣∣∣
(ε,σ)→(ε′,σ′)

, (2)

M = diag
{

e2η, 1, e−2η
}
. (3)

The matrices K−(u) and K+(u) satisfy the reflection equation (RE) and the dual RE143

respectively [45,46], specifically as follows144

R1,2(u1 − u2)K−1 (u1)R2,1(u1 + u2)K−2 (u2)

= K−2 (u2)R1,2(u1 + u2)K−1 (u1)R2,1(u1 − u2), (4)

R1,2(u2 − u1)K+
1 (u1)M−1

1 R2,1(−u1 − u2 + 12η)M1K
+
2 (u2)

= K+
2 (u2)M−1

2 R1,2(−u1 − u2 + 12η)M2K
+
1 (u1)R2,1(u2 − u1). (5)

Then the double-row transfer matrix of the IK model is constructed145

t(u) = tr0{K+
0 (u)R0,N (u− θN )R0,N−1(u− θN−1) · · ·R0,1(u− θ1)

×K−0 (u)R1,0(u+ θ1)R2,0(u+ θ2) · · ·RN,0(u+ θN )}. (6)

With the help of QYBE (3) and (dual) REs (4) and (5), one can prove that the transfer146

matrices with different spectral parameters commute with each other [42] :147

[t(u), t(v)] = 0. (7)

This ensures the integrability of the system. The transfer matrix (6) indeed does depend148

on the inhomogeneous parameters {θj} and four free boundary parameters {ε, σ, ε′, σ′}.149

4.2 Inhomogeneous T -Q relation150

In Refs. [32, 38], the transfer matrix t(u) defined in (6) has been exactly diagonalized via151

the off-diagonal Bethe ansatz approach. Let us recall the T -Q relation.152

First, introduce some functions153

a(u) =

N∏
l=1

c(u− θl)c(u+ θl)
∏
α=ε,ε′

(1− 2e−α sinh(u− η))
sinh(u− 6η) cosh(u− η)

sinh(u− 2η) cosh(u− 3η)
, (8)

d(u) =

N∏
l=1

d(u− θl)d(u+ θl)
∏
α=ε,ε′

(1− 2e−α sinh(u− 5η))
sinhu cosh(u− 5η)

sinh(u− 4η) cosh(u− 3η)
, (9)

b(u) =
N∏
l=1

b(u− θl)b(u+ θl)
∏
α=ε,ε′

(1 + 2e−α sinh(u− 3η))
sinhu sinh(u− 6η)

sinh(u− 2η) sinh(u− 4η)
, (10)

c(u) =41−Nc0 sinhu sinh(u− 6η)

N∏
l=1

c(u− θl)c(u+ θl)d(u− θl)d(u+ θl), (11)

where c(u), b(u) and d(u) are the non-zero elements of the R-matrix defined in (2).154

8
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The eigenvalue of the transfer matrix t(u), denoted as Λ(u), can be parameterized by155

the following T -Q relation [32,38]156

Λ(u) =a(u)
Q1(u+ 4η)

Q2(u)
+ d(u)

Q2(u− 6η + iπ)

Q1(u− 2η + iπ)
+ b(u)

Q1(u+ 2η + iπ)Q2(u− 4η)

Q2(u− 2η + iπ)Q1(u)

+
1

cosh(u− 3η)

[
c(u)Q1(u+ 2η + iπ)

Q1(u)Q2(u)
− c(−u+ 6η + iπ)Q2(u−4η)

Q1(u− 2η + iπ)Q2(u− 2η + iπ)

]
. (12)

The function Qi(u) in Eq. (12) depends on N̄ = 4N − 2 parameters {λj |j = 1, . . . , N̄}157

Q1(u) =
N̄∏
k=1

sinh
(u− λk − 2η

2

)
, (13)

Q2(u) =
N̄∏
k=1

sinh
(u+ λk − 2η

2

)
, (14)

and the constant c0 is specified as follows158

c0 = −2e−ε−ε
′

{
cosh(σ′ − σ + 2η)− cosh(N̄η −

∑N̄
j=1 λj)

cosh( N̄η2 −
1
2

∑N̄
j=1 λj)

}
. (15)

The analyticity of Λ(u) requires that the residues of Λ(u) at u = λj + 2η, j = 1 . . . , N̄159

must vanish, which leads to the following BAEs160

(1 + 2e−ε sinh(λj − η))(1 + 2e−ε
′
sinh(λj − η)) cosh(λj − η)

4 sinhλj sinh(λj − 2η)

= −
N∏
l=1

sinh
(λj − θl − 2η

2

)
sinh

(λj + θl − 2η

2

)
cosh

(λj − θl
2

)
cosh

(λj + θl
2

)

× c0Q2(λj + iπ)

Q2(λj − 2η)Q2(λj + 2η)
, j = 1, . . . , N̄ . (16)

Due to the broken of U(1) symmetry, the T -Q relation in Eq. (12) includes an inho-161

mogeneous term, which leads to significantly more complex BAEs (16) compared to those162

(15) in the periodic case. However, under specific conditions, the inhomogeneous term in163

(12) can vanish, as demonstrated in Section 4.3.164

4.3 Homogeneous T -Q relation165

Constrained non-diagonal boundaries Under the following constraints166

eσ
′−σ = e−4kη, k ∈ Z, (17)

the spectrum of the transfer matrix can be parameterized by the following homogeneous167

T -Q relation [32,38]168

Λ(u) =a(u)
Q(u+ 4η)

Q(u)
+ d(u)

Q(u− 6η + iπ)

Q(u− 2η + iπ)
+ b(u)

Q(u+ 2η + iπ)Q(u− 4η)

Q(u− 2η + iπ)Q(u)
, (18)

where the resulting function Q(u) is169

Q(u) =

M∏
j=1

sinh
(u− λj − 2η

2

)
sinh

(u+ λj − 2η

2

)
. (19)

9
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Here M is a non-negative integer and takes the following values170

M =


N − k, k ≤ −N,
N + k + 1, k ≥ N + 1,

N − k, 1−N ≤ k ≤ N,
N + k− 1, 1−N ≤ k ≤ N.

(20)

The resulting BAEs now read171

N∏
l=1

sinh
(
λj−θl−2η

2

)
sinh

(
λj+θl−2η

2

)
sinh

(
λj−θl+2η

2

)
sinh

(
λj+θl+2η

2

) ∏
α=ε,ε′

(1− 2e−α sinh(λj + η))

(1 + 2e−α sinh(λj − η))

= −sinh(λj + 2η) cosh(λj − η)

sinh(λj − 2η) cosh(λj + η)

Q(λj − 2η)Q(λj + 4η + iπ)

Q(λj + 6η)Q(λj + iπ)
, j = 1, . . . ,M. (21)

Although the U(1) symmetry remains broken, the system exhibits an additional sym-172

metry under Eq. (17), which ensures the existence of a homogeneous T -Q relation. In this173

case, the integer M is fixed by the system parameters. One can then find a proper “local174

vacuum” to proceed with the generalized Bethe ansatz approach and study the physical175

quantities of the model [26,28]. When M ≥ 2N , the T -Q relation (18) with M Bethe roots176

may provide the complete set of eigenvalues of the transfer matrix. When 0 ≤ M < 2N ,177

two T -Q relations are required to parameterize the full spectrum of the transfer matrix,178

with the number of Bethe roots being M and 2N −M − 1, respectively. Such degen-179

erate points exist in various integrable models, e.g., the anisotropic spin-1
2 chains with180

non-diagonal boundary fields [26,28–30,35]).181

Diagonal boundaries As the boundary parameter ε approaches infinity ε→ +∞, the182

resulting K-matrices become diagonal183

K−(u) = I, K+(u) =M, (22)

where the matrix M is defined in (3). In this case, the K-matrices automatically satisfy184

the operator relation185

lim
η→0
{K+(u)K−(u)} = I. (23)

The U(1)-symmetry of the IK model is now recovered, and one can also use homoge-186

neous T -Q relations to parameterize the spectrum of the transfer matrix. The functions187

a(u), b(u) and d(u) given by Eqs. (8)-(10) reduce to [47]188

ā(u) =

N∏
l=1

c(u− θl)c(u+ θl)
sinh(u− 6η) cosh(u− η)

sinh(u− 2η) cosh(u− 3η)
, (24)

d̄(u) =

N∏
l=1

d(u− θl)d(u+ θl)
sinhu cosh(u− 5η)

sinh(u− 4η) cosh(u− 3η)
, (25)

b̄(u) =
N∏
l=1

b(u− θl)b(u+ θl)
sinhu sinh(u− 6η)

sinh(u− 2η) sinh(u− 4η)
. (26)

The T -Q relation (12) now can be simplified as the following one [47]189

Λ(u) = ā(u)
Q(u+ 4η)

Q(u)
+ d̄(u)

Q(u− 6η + iπ)

Q(u− 2η + iπ)
+ b̄(u)

Q(u− 4η)Q(u+ 2η + iπ)

Q(u− 2η + iπ)Q(u)
, (27)

10
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where the function Q(u) is defined as190

Q(u) =

M∏
j=1

sinh
(u− λj − 2η

2

)
sinh

(u+ λj − 2η

2

)
. (28)

In this case, the integer M is adjustable and can take the following values191

M = 0, 1, . . . , N. (29)

The resulting BAEs for the Bethe roots {λj} in (27) are192

N∏
l=1

sinh
(
λj−θl−2η

2

)
sinh

(
λj+θl−2η

2

)
sinh

(
λj−θl+2η

2

)
sinh

(
λj+θl+2η

2

) sinh(λj − 2η) cosh(λj + η)

sinh(λj + 2η) cosh(λj − η)

= −Q(λj − 2η)Q(λj + 4η + iπ)

Q(λj + 6η)Q(λj + iπ)
, j = 1, . . . ,M. (30)

In the following sections, we will construct integrable IK Gaudin models with open bound-193

aries and derive their exact spectra.194

5 IK Gaudin model with open boundaries195

Following the approach outlined in Section 3.1, one can construct the associated Gaudin196

operators {Hj}. We expand the transfer matrix t(θj) around η = 0, specially as follows197

t(θj) = κ t0(θj)(I + ηHj + · · · ), j = 1, . . . , N,

Hj =
∂ ln(t(θj)/κ)

∂η

∣∣∣∣
η=0

. (1)

Equation (7) implies that198

t0(θj) = lim
η→0

tr0


N∏
l 6=j

sinh(θj − θl)
N∏
l=1

sinh(θj + θl)K
+
0 (θj)P0,jK

−
0 (θj)


=

N∏
l 6=j

sinh(θj − θl)
N∏
l=1

sinh(θj + θl) lim
η→0
{K−j (θj)K

+
j (θj)}. (2)

To ensure that the resulting Gaudin operators form a commuting family, i.e.,199

[Hi, Hj ] = 0, i, j = 1, 2, . . . , N,

which is essential for the integrability of the corresponding Gaudin model [1], we require200

that t0(θj) be proportional to the identity operator (see Section 3.1)201

lim
η→0

{
K−j (θj)K

+
j (θj)

}
∝ I . (3)

Equation (3) gives rise to the following restrictions for the boundary parameters202

lim
η→0

eσ = eσ
′
, lim

η→0
eε

′
= −eε. (4)

11
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Without loss of generality, we assume that the boundary parameters ε, ε′ and σ are203

independent of the crossing parameter η, while σ′ depends on η. From these assumptions,204

we get the following identities205

σ′ = σ + σ̄η, ε′ = ε+ iπ. (5)

As a consequence, the following equation can be obtained206

t0(θj) =

N∏
l 6=j

sinh(θj − θl)
N∏
l=1

sinh(θj + θl)w(θj)× I, w(θj) = (1− 4e−2ε sinh2 θj). (6)

Using the initial condition of R-matrix (4) and the QYBE (3), the double row transfer207

matrix at the point u = θj can be expressed as [32]208

t(θj) =κRj,j−1(θj − θj−1) · · ·Rj,1(θj − θ1)K−j (θj)R1,j(θj + θ1) · · ·Rj−1,j(θj + θj−1)

×Rj+1,j(θj + θj+1) · · ·RN,j(θj + θN )tr0{K+
0 (θj)P0,jRj,0(2θj)}

×Rj,N (θj − θN ) · · ·Rj,j+1(θj − θj+1). (7)

Then, the following Gaudin operator can be constructed209

Hj = Γj(θj) +
N∑
l 6=j

Γ̄j,l(θj , θl), (8)

where the operator Γj(θj) and Γ̄j,l(θj , θl) are defined as210

Γj(θj) =
1

sinh(2θj)w(θj)
lim
η→0

∂

∂η

[
K−j (θj) tr0{K+

0 (θj)P0,jRj,0(2θj)}
]
, (9)

Γ̄j,l(θj , θl) =
rj,l(θj − θl)
sinh(θj − θl)

+
K−j (θj)rl,j(θj + θl)K

+
j (θj)

w(θj) sinh(θj + θl)

∣∣∣∣∣
η→0

, (10)

and the operator rj,l(u) is given by (4) and (9). Here Γj(θj) describes the on-site potential,211

while Γ̄j,l(θj , θl) represents a site-dependent, long-range two-site interaction. One can also212

use the spin-1 operators to expand the Gaudin operator. After some tedious calculations,213

we get the expression of Γj(u)214

Γj(u) =− e−σ sinhu (4eu − eε (σ̄ + 2))

e2ε − 4 sinh2 u
(S−j )2 − eσ sinhu (4e−u + eε (σ̄ + 2))

e2ε − 4 sinh2 u
(S+
j )2

− 4 sinh(2u)

e2ε − 4 sinh2 u
(Szj )2 − 4 sinhu (eε − (σ̄ + 2) sinhu)

e2ε − 4 sinh2 u
Szj

− e2ε(5 + 7 cosh(2u)) + 5 + 4 cosh(2u)− 9 cosh(4u)

sinh(2u)
(
e2ε − 4 sinh2 u

) Ij . (11)

The two-site interaction Γ̄j,l(u) comprises not only the operator ri,j(u) given in Eq. (9),215

but also two additional operators on site j216

K−j (u)|η→0 = e−σ−ε sinhu (S−j )2 + eσ−ε sinhu (S+
j )2

+ 2e−ε sinhu (Szj )2 +
(
1− 2e−ε sinhu

)
Ij , (12)

K+
j (u)|η→0 =− e−σ−ε sinhu (S−j )2 − eσ−ε sinhu (S+

j )2

− 2e−ε sinhu (Szj )2 +
(
1 + 2e−ε sinhu

)
Ij . (13)

12
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Unlike the two-site interaction Γj,l(θj , θl) in the periodic system (see Eq. (8)), Γ̄j,l(θj , θl)217

in the open system depends on the inhomogeneous parameters θj,l and the boundary pa-218

rameters σ and ε.219

The Gaudin operator defined in Eq. (8) is exactly solvable. Equation (1) allows us to220

obtain the eigenvalues of the Gaudin operators from the exact spectrum of the transfer221

matrix t(u) at u = θj as follows222

Ej =
∂ ln(Λ(θj)/κ)

∂η

∣∣∣∣
η=0

. (14)

As demonstrated in Section 4, the homogeneous T -Q relation exhibits a significantly223

simpler form compared to its inhomogeneous counterpart, yielding BAEs that are more224

tractable for analytical and numerical treatment. Consequently, in the following section,225

we will consider the exact solutions of the IK Gaudin model with boundary conditions226

specified by Eqs. (17) and (22), respectively.227

6 Exact solution of the IK Gaudin model with open bound-228

aries229

6.1 Constrained non-diagonal boundaries230

Following Eqs. (17) and (4), one can construct the corresponding Gaudin operator (8) by231

letting σ̄ = −4k and eε
′

= −eε. It should be noted that the extra constraint (17) only232

affects the specific expression of the operator Hj , without altering its underlying structure233

(the position of non-zero entries in the matrix).234

The eigenvalues of the IK Gaudin operators read235

Ej =
∂ ln(Λ(θj)/κ)

∂η

∣∣∣∣
η=0

=
M∑
l=1

4 sinh θj
cosh θj − µ̃l

− 6 coth θj − tanh θj +
4e−2ε sinh(2θj)

1− 4e−2ε sinh2(2θj)

+

N∑
k 6=j

[
1− 5 cosh(θj − θk)

sinh(θj − θk)
+

1− 5 cosh(θj + θk)

sinh(θj + θk)

]
, (1)

and the corresponding BAEs are236

−
M∑
k 6=j

µ̃j + 3µ̃k
µ̃2
j − µ̃2

k

+
N∑
l=1

1

µ̃j − cosh θl
+

4µ̃j
e2ε + 4− 4µ̃2

j

= 0, j = 1, . . . ,M. (2)

Notably, there is a one-to-one correspondence between µ̃j in Eq. (2) and λj in Eq.237

(21): µ̃j = lim
η→0

coshλj . From Eqs. (1) and (2), we observe that the eigenvalue of the238

Gaudin operator Hj depend on the set {µ̃j} and ε, but is independent of σ and σ̄. The239

numerical solutions of Eq. (2) for small-scale systems are presented in Table 2.240

6.2 Diagonal open boundaries241

When ε→ +∞, the expression of the Gaudin operator (8) can be simplified as follows242

Γj(θj) = (−6 coth θj − tanh θj)× I, (3)

Γ′j,l(θj , θl) =
rj,l(θj − θl)
sinh(θj − θl)

+
rl,j(θj + θl)

sinh(θj + θl)
. (4)

13
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The corresponding eigenvalues of the IK Gaudin operators in terms of the Bethe roots

µ̃1 µ̃2 µ̃3 E1 d

1.0462 −31.3108 0.0541 −17.5222 1

0.1573 1.0461 – −17.5011 2

1.3552 1.0504 – −16.3699 2

−1.5098 1.0453 – −15.3492 2

1.0478 1.3151 −1.2458 −11.8797 1

−1.1210 1.0471 1.1846 −1.9845 1

0.2520−0.7199i 0.2520+0.7199i – 28.9411 2

−8.7360 −1.6847 – 30.4393 2

0.8132−0.3340i 0.8132+0.3340i 1.3385 32.7812 1

−0.2126 1.3237 14.4331 36.8243 1

−0.4131 1.3235 – 36.8791 2

2.0772 1.3188 – 39.7611 2

27.7924 −0.0643 1.1818 46.1381 1

−0.1616 1.1820 – 46.1579 2

−1.4080 1.1716 – 48.6891 2

1.5999 1.1923 – 49.1452 2

1.2134−0.0445i 1.2134+0.0445i −1.3308 52.8331 1

Table 2: Numeric solutions of Eq. (2) with N = 3, {θ1, θ2, θ3} = {−0.40, 0.18, 0.67} and
{ε, σ, σ̄} = {0.50, 0.12,−4}. From Eq. (20), the number of Bethe root M can be 2 or 3.
The eigenvalue of H1 given by Eq. (1) matches the exact diagonalization results. Here d
represents the degeneracy of the energy level.

243

are244

Ej =

M∑
k=1

4 sinh θj
cosh θj − µ̄k

− tanh θj − 6 coth θj

+
N∑
k 6=j

[
1− 5 cosh(θj − θk)

sinh(θj − θk)
+

1− 5 cosh(θj + θk)

sinh(θj + θk)

]
, (5)

where {µ̄j |j = 1, . . . ,M} satisfy the following BAEs245

N∑
l=1

1

µ̄j − cosh θl
−

M∑
k 6=j

µ̄j + 3µ̄k
µ̄2
j − µ̄2

k

= 0, j = 1, . . . ,M. (6)

Analogously, µ̄j in Eq. (6) and λj in Eq. (30) has a one-to-one correspondence246

µ̄j = lim
η→0

coshλj . The numerical solutions of Eq. (6) for small-scale systems are presented247

in Table 3.248

7 Conclusions249

In this paper, we study the integrable IK Gaudin model with both periodic and open250

boundary conditions. We construct the Gaudin operator by expanding the inhomogeneous251

14
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µ̄1 µ̄2 µ̄3 E1 d

1.5573 – – −44.7405 5

−0.3537 1.5480 – −43.6642 3

– – – −41.2908 7

0.2509−0.6787i 0.2509+0.6787i – −38.9182 3

1.5348 1.0476 −1.2797 4.8930 1

1.0480 – – 8.3428 5

0.3834 1.0468 – 8.9485 3

Table 3: Numeric solutions of Eq. (6) with N = 3, {θ1, θ2, θ3} = {0.40, 0.18, 1.20}. The
eigenvalue of H1 given by Eq. (6) matches the exact diagonalization results. Here d
represents the degeneracy of the energy level.

transfer matrix at the point u = θj , which ensures the solvability of the Gaudin operator.252

By leveraging the exact solutions of the IK model, obtained through the Bethe-ansatz253

method, we finally get the eigenvalue spectrum of the Gaudin operator in terms of the254

Bethe roots, which are determined by the corresponding Bethe ansatz equations (BAEs).255

Numerical computations have also been done to validate our analytical results.256

The IK model with open boundary conditions deserves further elaboration. In this257

paper, we only consider the non-diagonal K-matrices in Eqs. (1) and (2). It should be258

emphasized that our method remains applicable to other K-matrix classes examined in259

Refs. [45, 46]. Since the Gaudin operator’s form explicitly depends on boundary parame-260

ters, distinct K-matrix configurations will result in physically distinct Gaudin operators.261

Future work may involve further analysis of BAEs. It will be interesting to explore262

the existence of infinite Bethe roots or singular physical solutions of the corresponding263

BAEs, which may be essential for the completeness of our BAEs and the explanation of264

the degeneracy.265

Another open question is the construction of eigenstates for the Gaudin operator.266

When the system retains U(1) symmetry, the eigenstates can be constructed using the267

algebraic Bethe ansatz method. However, this approach requires further adaptation or268

generalization to address the case withou U(1) symmetry.269
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