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Abstract

Conformal fields with boundaries give rise to rich critical phenomena that can reveal
information about the underlying conformality. While the existing studies focus on Her-
mitian systems, here we explore boundary critical phenomena in a non-Hermitian quan-
tum 5-state Potts model which exhibits complex conformality in the bulk. We identify
free, fixed and mixed conformal boundary conditions and observe the conformal tower
structure of energy spectra, supporting the emergence of conformal boundary criticality.
We also studied the duality relation between different conformal boundary conditions
under the Kramers-Wannier transformation. These findings should facilitate a compre-
hensive understanding for exotic irrational CFTs and stimulate further exploration on
the boundary critical phenomena within non-Hermitian strongly-correlated systems.
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1 Introduction22

The emergence of conformal invariance offers strong advances in the study of quantum criti-23

cal phenomena [1–3]. It has been well established that the long-wavelength limit of contin-24

uous phase transitions of many lattice models is consistently described by the corresponding25

conformal field theories (CFTs). Given that the bulk conformality is already very rich and im-26

portant, the associated boundary critical behavior by imposing boundary conditions to critical27

systems is even more abundant and holds the potential to understand wide ranges of physi-28

cal problems, ranging from surface critical phenomenon in statistical models [4] to quantum29

transport through impurities [5]. Just like the bulk CFTs, these boundary critical behaviors are30

believed to fall into corresponding universality classes that are described by boundary CFTs31

(BCFTs) [6,7].32

For a given CFT, there are many possible ways to impose boundary conditions (b.c.s) onto33

it. In general, all physical boundary conditions are believed to flow to certain boundary fixed34

points, known as conformal boundary conditions. So far, for rational CFTs, the classification of35

conformal boundary states has achieved great success by using the Verlinde formula, which36

establishes the correspondence between conformal boundary states and boundary CFT oper-37

ators [8–11]. In contrast, the investigation on irrational cases is difficult from analytical and38

numerical point of view, with few existing result that limited to numerical calculations [12].39

Meanwhile, even when the conformal b.c.s are completely identified within some simplest sce-40

narios (such as minimal models), it is still highly non-trivial to align specific boundary states41

with concrete lattice models, since there is no any general principle to ensure the emergency42

of specific boundary criticality at low-energy limit for a given boundary interaction term. No-43

tably, the presence of boundaries not only causes local modifications of the correlations, but44

also leads to a global change in the Hilbert space of CFTs, selecting allowed operators through45

appropriate boundary conditions and modular invariance [8, 13, 14]. This provides an ap-46

proach to verify realized conformal boundary states in lattice models by studying the operator47

content.48

This work will address a new class of irrational CFT, dubbed as the complex CFT, and their49

conformal b.c.s. Complex CFT is a branch of conformal invariant theory that greatly violates50

unitarity, while intrinsically different from conventional non-unitary CFTs with real confor-51

mal data and real central charge (see detailed discussion in [15]). This kind of CFT leads52

to many interesting physical phenomena. For example, when the unitarity-breaking term is53

not too strong, the physical system defined in the real parameter space could exhibit approx-54

imate conformal symmetry, which is conjectured to be the origin of walking renormalization55

group (RG) flows in gauge theories [16–20] and certain weakly first-order phase transitions in56

statistical physics [15, 21–24]. Very recently, the existence of complex CFTs has been numer-57

ically verified in 2 dimensional classical and 1+ 1 dimensional quantum 5 state Potts model,58

where the emergent complex Virasoro symmetry and underlying conformal data are revealed59

explicitly [25,26].60

Moreover, studying complex CFT presents several formidable difficulties and remains a61

less explored land, leaving many open questions waiting to be mined. A question of particular62

interest is the generalization of (non-)unitary BCFT to its complex counterpart. On the one63

hand, as the complex CFT is irrational, the well-established Verlinde formula [27] does not64
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provide a systematic approch to construct the BCFT from fusion rule of bulk operators. On65

the other hand, the boundary conditions of complex CFT are generally complex, for which66

the stability under RG flows is not aware. Under these grounds, we address the following67

questions68

1. Are there conformal b.c.s, i.e. conformal fixed points under boundary RG flows, for the69

complex CFT?70

2. If exist, what is the typical feature for the boundary conformal invariance of the complex71

CFT?72

These questions are not only important for studying complex CFTs, but also potentially helpful73

for establishing general boundary conditions for such kind of irrational CFT.74

Here, in this paper we will explore these questions and answer them in the affirmative. We75

initiate the numerical study on boundary complex CFTs based on the 1+ 1 dimensional non-76

Hermitian quantum 5-state Potts model with free, fixed and mixed boundaries. The emergent77

boundary complex fixed point is evidenced through the conformal spectrum extracted through78

an extrapolation of rescaled energy gaps, which is a typical feature for (non-)unitary BCFTs.79

For the case of free b.c. and fixed b.c., we numerically verify the correspondence between80

lowest eigenspectrum with Virasoro characters and confirm the duality between free and fixed81

boundary fixed points. For mixed b.c., we observe emergent complex conformal tower struc-82

ture at the thermodynamic limit, while a complete determination of all of these Virasoro char-83

acters requires further theoretical insight. None of the boundary conformal data shown in this84

work has been reported before. These observations indicate that the existing knowledge of85

ordinary BCFT can be (partially) extended to the boundary critical behaviors of the complex86

CFT, but a complete characterization of them requires new tools for complex conformal b.c.s.87

This paper is organized as follows. In Sec. 2, we review the known results of the Potts88

complex CFT and the well-established BCFT formalism for unitary CFTs. Then we introduce89

the non-Hermitian 5-state Potts lattice model and its possible conformal b.c.s in Sec. 3. The90

main results are presented in Sec. 4, including a detailed analysis of boundary fixed point91

and related conformal operator content. The duality condition among different b.c.s is also92

discussed. In Sec. 5, we summarize this work and discuss some open questions for future93

studies.94

2 Review of background95

2.1 Complex CFT and the Potts realization96

A generic 2D CFT is characterized by its conformal data, which includes the central charge,97

scaling dimensions of local primary operators and operator product coefficients between them98

[1,3]. The central charge, denoted by a single number c, plays a crucial role in the conformal99

algebra, which can be separated into a direct product of two independent copies of the Virasoro100

algebra V ⊗ V̄ given by their generators {Ln}, { L̄n} satisfying101

[Lm, Ln] = (m− n)Lm+n +
c

12
n(n2 − 1)δm+n,0

[ L̄m, L̄n] = (m− n)L̄m+n +
c

12
n(n2 − 1)δm+n,0

[Lm, L̄n] = 0

(1)

Moreover, each conformal multiplet, including a primary field with all of its descendants, con-102

stitutes an irreducible representation of the underlying conformal algebra 1 that is specified by103

1This statement does not hold for some special cases, such as logarithmic CFTs.
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the central charge c [28]. Since unitarity is believed to be an indispensable feature for quan-104

tum theories, the majority of previous exploration concerned with real c [28]. Nonetheless,105

the representation theory of Virasoro algebra with complex c is still self-consistent from the106

perspective of mathematics [29].107

By extending the definition of conformal data from real domain to the complex domain,108

one can define the so-called complex CFT, different from usual unitary CFT or non-unitary CFT.109
2 Formally, a CFT is said to be unitary, if it contains no negative norm states [3]. If the norm110

of some CFT states is negative, the corresponding CFT is non-unitary. Non-unitary CFT could111

have negative central charge, or negative scaling dimensions or some other possibilities. The112

most famous example is the Lee-Yang edge singularity, with central charge c = −22/5 and a113

single nontrivial primary field with ∆ = −2/5 besides the identity operator. Compared with114

the ordinary (non-)unitary CFT, complex CFT has several notable features. First of all, the115

conformal data (scaling dimensions, OPE coefficients) and central charge of complex CFT are116

all complex numbers, in sharp contrast to the (non-)unitary CFT. Second, in complex CFT the117

left CFT state is not the complex conjugate of right CFT state L〈φ| ≠ (|φ〉R)†. We use subscripts118

L and R to distinguish left and right eigenstates satisfying biorthogonal relations under radial119

quantization:120

|φ〉
R
= lim

r→0
φ̂(r, 0)|0〉

R
,

L
〈φ|= lim

r→∞
r2∆φ

L
〈0|φ̂(r, 0) (2)

Thirdly, as the central charge is associated with the anomaly of the energy-stress tensor, it121

appears in the Hamiltonian and controls the finite-size scaling of ground-state energy of CFTs122

and therefore observable [30,31]. In particular, the CFT Hamiltonian (generator of time trans-123

lation) defined on the cylinder with circumference L (which corresponds to a finite-size system124

with length L) is the dilation operator D = L0 + L0 on the complex plane that connected by a125

conformal mapping z→ ( L
2π) ln z, which gives126

H =
2π
L
(L0 + L̄0 −

c
12
) (3)

As c belongs to complex for complex CFT, the above expression of the Hamiltonian indicates127

that one has to search for the complex fixed points in potential non-Hermitian models. Previ-128

ously, the Potts model was proposed to be a candidate platform implementing such possibili-129

ties, and this conjecture has been validated in a non-Hermitian 5-state Potts model in recent130

works [25,26].131

Here we briefly recall the two dimensional critical Potts CFT, which can be equivalently132

formulated through Coulomb gas construction [34] that connects the Potts component Q and133

the Kac parameter m as134

Q = 4 cos2 (
π

m+ 1
) (4)

The central charge and scaling dimension for each representation could be expressed through135

the Kac formula136

c = 1−
6

m(m+ 1)

hr,s =
[(m+ 1)r −ms]2 − 1

4m(m+ 1)

(5)

This formalism was originally proposed for integer Q ≤ 4, and recently has been extended to137

2Here we distinguish non-unitary CFT from complex CFT. We denote theories containing real while negative
norm states as the non-unitary CFT.
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Figure 1: Kac index within 0≤ r ≤ 3 and −4≤ s ≤ 4 for bulk Potts CFT with generic
Q [32, 33]. The representations for SQ singlet operators correspond to the direct
product of two irreducible Verma module V1,n⊗ V̄1,n (n ∈ N∗), marked by blue circles.
The SQ vector fields are also diagonal with Kac index (0, m+ 1/2) (m ∈ N), marked
by green squares, while each module is non-degenerate in this situation since r = 0.
The primary fields with SQ higher representation correspond to logarithmic operator
pairs combining Verma modules with opposite s: Vr,n/r ⊗ V̄r,−n/r or Vr,−n/r ⊗ V̄r,n/r
(r, n ∈ N and r ≥ 2).

generic Q [24,32,33], giving the representation of torus partition function as 3 [33]138

SQ =
⊕

s∈N∗
R(1,s) ⊗ []⊕
⊕

s∈N+ 1
2

W(0,s) ⊗ [1]⊕
⊕

r∈N+2

⊕

s∈ 1
r Z

W(r,s) ⊗Ξ(r,s) (6)

Where [], [1] and Ξ(r,s) denotes SQ singlet, vector and higher representations, and R(1,s) and139

W(r,s) labels Virasoro representations. See an illustration for the diagram of Kac index in Fig. 1.140

The partition function for the former two kinds of field is always diagonal, while the last141

field combines (hr,s, h̄r,−s) and (hr,−s, h̄r,s) forming indecomposable while not fully reducible142

representation, leading to rank-two Jordan cells under L0 and L̄0. This establishes the fact143

that the Potts CFT is logarithmic for generic Q [35–37]. Meanwhile, the existence of exact null144

states for SQ singlet fields (h1,s, h̄1,s) with s ∈ N∗ imposes strong constraint on the structure145

of operator algebra, and the associated three-point OPE coefficient and four-point conformal146

block could be analytically bootstrapped with numerical confirmation [26,35,38–43].147

Interestingly, when Q > 4, from Eq. (4) we have cos2 ( π
m+1)> 1, which has no real solution148

for the parameter m. However, it was argued that the Coulomb Gas partition function remains149

valid after an analytical continuation with complexified m [24]. Consequently, all conformal150

data, including the central charge, scaling dimensions, and OPE coefficients, are analytically151

continued into the complex plane. The norm of most CFT states is no longer real simultane-152

ously and the reflection positivity of correlators is not applicable, which strongly conflicts with153

unitarity. These theories are classified as a novel branch of theories called complex CFTs.154

For the Potts case, this means that the existence of real fixed points persists until Q = 4,155

after which real critical points disappear while turning into complex critical points [24]. Since156

these complex CFTs could only emerge in non-Hermitian models, the phase transition point157

3Note that Q = 2,3 lead to unitary minimal models with finite primary fields, outside of the scope of this
partition function.
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within the original Potts model could only approach the true RG fixed points, while never158

reaching it. Thus the nature of phase transitions of 2D Potts model change from continuous159

to discontinuous at Q = 4. As the complex fixed points moving away from the real axis with160

increasing Q, the correlation length at the phase transition points gradually decreases. Impor-161

tantly, when Q is slightly above 4, a pair of complex fixed points reside extremely close to the162

real axis, therefore the RG flows between these fixed points greatly slow down and the phase163

transitions become weakly first-order exhibiting pseudo universal scaling behavior across a164

large length scale.165

2.2 Two-dimensional BCFT166

In this section, we revisit the basic ingredient for 2D BCFT. Soon after the birth of two dimen-167

sional CFT, Cardy formulated the essential criterion for the conformal b.c.s, stating that the168

off-diagonal component of the stress tensor, either parallel or perpendicular to the boundary,169

should vanish [4,14]. When the boundary aligns with the time axis, this implies the absence of170

momentum flow across the boundary [7]. Under the RG, any uniform b.c. is expected to flow171

into a conformally invariant fixed point. Additionally, given a bulk CFT, there may be multiple172

conformal b.c.s, that are distinctively characterized by their boundary operator content.173

For 2D CFT defined in the upper half-plane, the boundary corresponds to the real axis. The174

conformal b.c. suggests that the energy-momentum tensors fulfill T (z) = T (z) when z lies on175

the real axis. Consequently, the correlators of T are analytically continued from those of T176

into the lower half-plane. The conformal Ward identity takes the form:177

〈T (z)Π jϕ j(z j , z j)〉=
∑

j

(
h j

(z − z j)2
+

1
z − z j

∂z j
+

h j

(z − z j)2
+

1
z − z j

∂z j
)〈Π jϕ j(z j , z j)〉 (7)

In radial quantization, to ensure equivalence among Hilbert spaces defined on different178

manifolds, one selects semicircles centered at a boundary point, conventionally the origin.179

Leveraging the conformal b.c., the dilation operator can be expressed as:180

D = L0 =
1

2πi

∮

C
zT (z)dz (8)

where C denotes a full circle around the origin. Notably, there is now only a single copy of the181

Virasoro algebra, due to the fact that conformal mappings preserving the real axis correspond182

to real analytic functions.183

Consideration of the partition function on the torus constrains the bulk operator content184

through modular invariance. Similarly, consistency on an annulus helps in classifying both185

permissible b.c.s and boundary operator content. Imagine a CFT on an annulus formed by a186

rectangle of unit width and height δ, with b.c.s a and b on either edges. The partition function187

with these b.c.s is denoted as Zab(δ).188

One approach to compute Zab(δ) involves considering the CFT on an infinitely long strip of189

unit width, conformally related to the upper half-plane by the conformal mapping z→ ( 1
π) ln z.190

The Hamiltonian equals the generator of infinitesimal translations along the strip, given by:191

Hab = πD−
πc
24
= πL0 −

πc
24

(9)

For the annulus, we have:192

Zab(δ) = Tre−δHab = TrqL0−
c

24 (10)

where q ≡ e−πδ. This can be decomposed into characters:193

Zab(δ) =
∑

h

nh
abχh(q) (11)
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with the non-negative integers nh
ab. Evaluating the coefficients nh

ab fully specifies the operator194

content for corresponding boundary conformal fixed point, which has been accomplished only195

in rational CFTs.196

Alternatively, the annulus partition function can be interpreted, up to an overall rescaling,197

as the path integral for a CFT on a circle of unit circumference, being propagated for imaginary198

time δ−1. From this perspective:199

Zab(δ) = 〈a|e−H/δ|b〉 (12)

Since the conformal b.c. requires Ln = L−n, the solution space for boundary states |B〉must re-200

side in the subspace satisfying Ln|B〉= L−n|B〉. For diagonal CFTs, a special series of boundary201

states could be constructed systematically through202

|h〉〉=
∞
∑

N=0

dh(N)
∑

j=1

|h, N ; j〉 ⊗ |h, N ; j〉 (13)

called Ishibashi states. Then, the overlap between different Ishibashi states is given by203

〈〈h|e−
2π
δ (L0+ L̄0−

c
12 )|h′〉〉= δhh′χh(e

− 4π
δ ) (14)

The Cardy states correspond to physical boundary states fulfilling Eq.(11), which are linear204

combinations of the Ishibashi states:205

|a〉=
∑

h

〈〈h|a〉|h〉〉 (15)

where |a〉 and |h〉〉 represent conformal boundary states associated with this b.c. and Ishibashi206

states linked to boundary primary operator h respectively. Equating the two expression for the207

annlus partition function, the Cardy conditions are derived as208

nh
ab =
∑

h′
Shh′〈a|h′〉〉〈〈h′|b〉

〈a|h′〉〉〈〈h′|b〉=
∑

h

Sh′hnh
ab

(16)

where S is the modular matrix, which characterizes the transformation among different char-209

acters under modular transformation δ → −1/δ: χi(q) =
∑

j Si jχ(q̃), with (q̃ = e−π/δ) and210

χi(q) being the conformal character of the corresponding irreducible module labeled by i.211

These requirements impose strong restriction on the structure of permissible boundary states.212

It can be demonstrated that the elements Shh′ of the modular transformation matrix S also213

appear in the Verlinde formula [27], derived from considering the consistency of the CFT on214

a torus. This states that the right-hand side of:215

nh
h′h′′ =
∑

ℓ

ShℓSℓh′Sℓh′′
S0ℓ

(17)

is equal to the fusion algebra coefficient nh
h′h′′ . Since these are non-negative integers, the216

consistency of the above boundary states ansatz is confirmed. At least for diagonal models,217

there is a bijection between the allowed primary fields in the bulk CFT and the permissible218

conformally invariant b.c.s.219

The construction of Cardy state is helpful, since it shows how boundary primary fields are220

connected with the modular invariance in the bulk CFT. The aforementioned formalism and221

the conformal b.c.s have been intensively studied within rational BCFTs, where the Verlinde222
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formula works well. In comparison, there is little known results for irrational BCFTs. An ob-223

vious obstruction is that the number of primaries is infinite in irrational CFTs and evaluating224

the modular matrix S is impossible for a generic case. For this reason, we explore proper-225

ties of boundary ingredients: the boundary conformal spectrum, the correspondence between226

boundary fields and the representation of Virasoro algebra, in the context of Potts complex227

CFT in this work. For this purpose, the numerical investigation provides a promising avenue,228

advocating a first step in the understanding of BCFTs in the context of irrational CFTs.229

3 Lattice Model230

3.1 Original Potts Model231

The original Q-state quantum Potts model is defined through [44]232

HPotts = H0(J , h)− hLηL − hRηR

H0(J , h) = −J
L−1
∑

i=1

Q−1
∑

k=1

(σ†
iσi+1)

k − h
L
∑

i=1

Q−1
∑

k=1

τk
i (18)

The Hilbert space is a tensor-product of Q dimensional local spaces spanned by |0,1, · · · , (Q−1)〉.233

H0 is the bulk hamiltonian and ηL(R) is the boundary term.234

We firstly focus on the bulk hamiltonian H0. The Potts spin phase operator is defined as235

σ̂|n〉=ωn|n〉, ω= e2πi/Q (19)

and the spin flip operator is236

τ̂|n〉= |(n+ 1) mod Q〉 (20)

Importantly, they satisfy the relations237

σQ
i = τ

Q
i = 1, σiτi = τiσiω. (21)

H0(J , h) has two essential properties:238

(1) The Hamiltonian is invariant under the SQ spin permutation symmetry. For example,239

for Q = 3, this symmetry is generated by Z3 symmetry generator S and charge conjugation240

C. Their actions do not commute, and the fact that SQ is non-Abelian has interesting conse-241

quences. Charge conjugation obeys C2 = 1. It acts on the operators as242

Cσ jC = σ
†
j , Cτ jC = τ

†
j . (22)

Cyclic permutations are generated by S = Π jτ j , and they satisfy243

S†σ jS =ωσ j , S†τ jS = τ j (23)

(2) For general Q and periodic b.c., the Potts model is self-dual at the point J = h, under244

Kramers-Wannier transformation245

τi → σ
†
iσi+1, σ†

iσi+1→ τi+1. (24)

By tuning the parameter J/h, H0(J , h) has two phases: an ordered phase at J > h that246

spontaneously breaks SQ symmetry, and an disordered phase at J < h that respects SQ sym-247

metry. The order-disorder transition occurs at J = h, with its precise position determined by248

8
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the Kramers-Wannier duality. It is well established that the phase transition in this model is249

continuous for Q ≤ 4 but turns into first-order for Q > 4 [45–48]. Notably, for Q just above250

4, such as Q = 5, the first-order transition is very weak characterized by a large correlation251

length and a small energy gap [49].252

Next we turn to the boundary terms. From the perspective of Q state quantum Potts model,253

different known boundary states are achieved through adding a large boundary field that254

project the boundary spin to a specific configuration. For example, in the 3-state Potts CFT, a255

D series of minimal model M5,6 with central charge c = 4
5 [50], the free, fixed (A,B or C) and256

mixed (AB,BC,AC) b.c.s [51–53] have been established as conformal b.c.s that renormalize257

into corresponding boundary fixed points of 3-state Potts BCFT [8,54], where A, B and C cor-258

respond to the three directions of spin polarization at each local site related via the Z3 cyclic259

permutation. The complete classification of Cardy states includes another conformal boundary260

state |φ2,2〉 [54, 55], realized as the “new” boundary condition 4, preserving the S3 permuta-261

tion symmetry and could be reached by changing the sign of boundary transverse fields and262

polarizing the boundary spins into the direction along this transverse field |A〉+|B〉+|C〉p
3

[53].263

3.2 Non-Hermitian Potts Model264

The original Potts model HPotts in Eq.(18) exhibits second-order ferromagnetic to paramag-265

netic phase transitions for Q ≤ 4. For Q > 4 the phase transition becomes first-order type, so266

in the traditional viewpoint there is no critical phenomena that should be concerned. On the267

other hand, it has been proposed that the Q > 4 Potts model could host the conformal fixed268

points living in the complex parameter space [24]. This idea has been realized and validated269

in an extended quantum lattice model [26] and a classical model [25] very recently.270

In this work, we mainly follow Ref. [26] and consider a 1+1D non-Hermitian 5-state Potts271

subjected to different b.c.s:272

HNH-Potts =H0(J , h) +H1(λ)− hLηL − hRηR

H1(λ) =λ
L−1
∑

i=1

Q−1
∑

k1,k2=1

[(τk1
i +τ

k1
i+1)(σ

†
iσi+1)

k2 + (σ†
iσi+1)

k1(τk2
i +τ

k2
i+1)]

(25)

where H1(λ) is a nearest-neighbor interaction term which ensures the Kramers-Wannier dual-273

ity and SQ spin permutation symmetry. By choosing λ as a complex number, H1(λ) breaks the274

hermiticity of the original Potts model. For the bulk Hamiltonian (hL = hR = 0) with periodic275

b.c., HNH-Potts realizes two fixed points in the complex parameter space and these two complex-276

onjugated-partner fixed points are described by the complex conformal field theory [26]. The277

critical parameters are determined to be Jc = hc = 1 and λc ≈ 0.079+ 0.060i for Q = 5.278

The boundary terms in Eq.(25) introduces different b.c.s through different choices of η279

applied to the ends of the spin chain (‘L(R)’ labels left (right) boundary site). Inspired by280

previous conformal b.c.s in two dimensional 2,3 and 4-state Potts model [8, 52, 53, 56], we281

consider free, fixed and mixed b.c.s in this work. These are also known as blob b.c.s, where282

the boundary spin could only take Qb ≤ Q values. For Qb = Q, η are just trivial null matrix283

and the boundary is free. For Qb = 1, the boundary spin could only take a fixed value. This284

correspond to fixed b.c., which could be realized through adding a strong magnetic field that285

project the boundary spin to a certain direction. Similarly, for mixed b.c. 1 < Qb < Q, η286

forbids several boundary spins while taking the rest spins with equal possibilities. In all cases,287

we take hL and hR to be a large number to ensure the long-wavelength limit of this model288

could flow to corresponding boundary fixed points. The correspondence between b.c.s and289

different choices of η is summarized in Table.1.290

4In particular, this new boundary condition was found by implementing a duality between different boundary
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Figure 2: Finite-size scaling of raw energy gaps with free-free boundary condi-
tion. We numerically compute several low-lying energy gaps with total system size
L = 6, 7, · · · , 11 and fit them through (En − E0) ∝ A/L + B/L3. Vanishing energy
gaps in the thermodynamic limit signals the boundary criticality. Different colors la-
bel states belonging to different conformal multiplets, which will be elucidated in
detail below.

0.00 0.01 0.02 0.03
1/L2

0

1

2

3

4

5

Re
(h

i)

0.00 0.01 0.02 0.03
1/L2

0.0

0.2

0.4

0.6

0.8

1.0

Im
(h

i)

h1, 1
h3, 1
h5, 1

Figure 3: Finite-size scaling of rescaled energy gaps with free-free boundary condi-
tion. At each size, we rescale the whole spectrum by setting the first descendant of
the identity operator to be hL−2I = 2. Then an extrapolation is performed through
h(L) = h(∞) + C/L2. Up to Re(h) ≤ 5, we classified three conformal multiplets
according to their degeneracy and conformal tower structure. The h1,1 multiplet la-
bels the conformal family of identity operators, whose lowest field corresponds to
the ground state in this case. The h3,1 multiplet denotes lowest S5 vector operators
with 4-fold degeneracy, corresponding to the scaling dimension of boundary magne-
tization. Lastly, h5,1 is the lowest higher-representation field.
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Table 1: Conformal boundary conditions for non-Hermitian 5-state Potts model. We
use {A,B,C,D,E} to label allowable values of boundary spins.

Boundary condition η

free Null matrix
fixed (A) |0〉〈0| −

∑4
i=1 |i〉〈i|

mixed (AB)
∑1

i=0 |i〉〈i| −
∑4

j=2 | j〉〈 j|
mixed (ABC)

∑2
i=0 |i〉〈i| −
∑4

j=3 | j〉〈 j|
mixed (ABCD)

∑3
i=0 |i〉〈i| − |4〉〈4|

4 Numerical Results291

4.1 Gaplessness and finite-size scaling292

We numerically study the non-Hermitian hamiltonian Eq.(25) through the exact diagonaliza-293

tion (ED) and extract its low-lying eigenvalue spectra at different total system size L. Near the294

boundary critical point, the energy spectrum should follow the scaling form of BCFT as [31,57]295

(En − E0)∝
π

L
(hn −

c
24
) +δEbulk

n +δEboundary
n , (26)

where En and E0 are the eigenenergies for n-th excited state and ground state, hn is the scaling296

dimension of corresponding boundary operator, c is the central charge. δEbulk
n and δEboundary

n297

are finite-size correction due to bulk and boundary irrelevant operators [13, 58–60], whose298

contributions should vanish at thermodynamic limit. Eq.(26) looks exactly the same as the299

usual BCFT, because it comes from the global conformal symmetry. The only difference is that,300

here in the complex CFT conformal data such as central charge c and scaling dimensions hn are301

not real numbers. Instead, these (boundary) conformal data take complex values. As a result,302

eigenenergies En have both real and imaginary part, which are separately shown in Fig. 2. We303

illustrate the procedure for free-free b.c.. Both the real and imaginary parts of the raw energy304

gaps scale to nearly zero in the thermodynamic limit, signaling the boundary criticality.305

The bulk correction δEbulk
n takes the same form as the periodic boundary condition case re-306

gardless of the b.c., as analyzed in [13,26], where the leading order correctionδEbulk
n ∝ (1/L)3+· · ·307

comes from T2 + T̄2 and T T̄ . The boundary correction δEboundary
n depends on the operator308

content for corresponding boundary fixed points and need to be treated case by case [60]. For309

example, for free-free b.c., the leading order term of δEboundary
n is higher than (1/L)4. 5 So in310

Fig. 2 we use the finite-size scaling function as (En − E0)∝ A/L + B/L3.311

4.2 Conformal Tower312

After determining the existence of boundary criticality, we turn to extract the scaling dimen-313

sions for boundary operators through the rescaled gap:314

2(En − E0)
EL−2I − E0

≈ hn +
α

L2
+ · · · (27)

conditions, which we will discuss later.
5The boundary perturbation is able to be inspected from its boundary conformal spectrum, which will be pre-

sented within the next subsection. Currently, we may assume this is the case and recheck this condition when the
boundary operator content is extracted.

11



SciPost Physics Submission

0

1

2

3

4

5

Re
(h

)

h1, 1 multiplet
0

1

2

3

4

5

h3, 1 multiplet
0

1

2

3

4

5

h5, 1 multiplet

free-free

Figure 4: Real parts of boundary conformal spectrum of free-free boundary condi-
tion. The solid symbols label numerical results after an extrapolation (see main text),
while the dashed lines marked theoretical values from each identified Verma mod-
ule. Different multiplets are distinguished through their ground states degenercay,
originating from different SQ representations. The imaginary parts belonging to the
same conformal multiplet are almost the same, see Tab.2.

Table 2: Boundary conformal multiplet for free-free boundary condition. The first
column presented the representation of different boundary operators φr,s specified
by Kac index r, s. Then the theoretical prediction and numerical results after extrap-
olation are presented within the second and third column.

Operators theoretical numerical
φ1,1 0 0

L−2φ1,1 2 2
L−3φ1,1 3 2.9961+ 0.0069i
L2
−2φ1,1 4 3.9868+ 0.0287i

L−4φ1,1 4 4.0060+ 0.0115i
L−2 L−3φ1,1 5 4.9681+ 0.0764i

L−5φ1,1 5 5.0044+ 0.0351i

Operators theoretical numerical
φ3,1 1+ 0.3063i 1.0037+ 0.3060i

L−1φ3,1 2+ 0.3063i 2.0042+ 0.3045i
L2
−1φ3,1 3+ 0.3063i 2.9990+ 0.3065i

L−2φ3,1 3+ 0.3063i 3.0055+ 0.3033i
L3
−1φ3,1 4+ 0.3063i 3.9836+ 0.3200i

L−1 L−2φ3,1 4+ 0.3063i 4.0010+ 0.3090i
L4
−1φ3,1 5+ 0.3063i 4.9512+ 0.3524i

L2
−1 L−2φ3,1 5+ 0.3063i 4.9857+ 0.3281i
L2
−2φ3,1 5+ 0.3063i 5.0047+ 0.3142i

L−4φ3,1 5+ 0.3063i 5.0435+ 0.3223i

Operators theoretical numerical
φ5,1 4+ 0.9190i 4.0148+ 0.9216i

L−1φ5,1 5+ 0.9190i 5.0097+ 0.9319i
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The extrapolation of rescaled energy gaps is shown in Fig. 3. Here we found three bound-315

ary primaries up to Re(hn) ≤ 5 for the free-free b.c., labeled by φ1,1,φ3,1 and φ5,1 (see Kac316

table in Fig. 1), corresponding to lowest S5 singlet, vector and higher representation boundary317

operators. Since this b.c. preserves the full permutation symmetry, only perturbations from318

S5 singlet boundary operators contribute to the energy spectrum. From our numerical results,319

the only singlet primary operator with (the real part of) dimension lower than 5 is the identity320

operator, indicating that the lowest boundary contribution to δEboundary
n is higher than 1/L4.321

Accordingly, the boundary conformal spectrum could be extracted through an extrapolation of322

rescaled energy gaps in Eq. (27), and the results are shown in Fig. 3. In the thermodynamic323

limit, it is expected that all states belonging to the same conformal family should have the324

same imaginary part, but the real parts are different by integer numbers.325

Next we will separately discuss the conformal tower structures for different b.c.s.326

4.2.1 Free-Free b.c.327

Now we are ready to discuss the boundary conformal towers within this model. The lowest328

scaling dimensions of boundary operators for free-free b.c. are summarized in Tab. 2 and329

Fig. 4. The boundary conformal spectrum exhibits many universal features and unveils under-330

lying conformal information. Firstly, within each conformal family, the scaling dimension with331

lowest real part is identified as a primary boundary operators φ̂, with its descendants deviat-332

ing from it with integer values. This is attributed to that the descendant fields are produced333

through applying Virasoro generators to the primary L−ν1
L−ν2
· · · L−νm

φ̂ with positive integer334

ν. For the BCFT case, there is only one copy of Virasoro algebra. This is in contrast with the335

bulk criticality, where both of the holomorphic and anti-holomorphic parts should be taken336

into account. Additionally, most scaling dimensions for boundary operators take complex val-337

ues, sharply different from BCFTs of real fixed points, indicating the non-unitary nature of the338

hidden fixed points. Comparing the scaling dimensions with the highest weight of existing339

Verma Module, we could align these lowest boundary operators with their representation and340

Kac index for the underlying Virasoro algebra. In addition, the rs-th level descendants con-341

tains a null state for the Verma module with integer r and s, which is explicitly observed in our342

numerics. For example, the third order descendants for the Kac operators φ3,1 only have two343

fold degeneracy, due to the extra constraint: f1 L3
−1φ3,1 + f2 L−1 L−2φ3,1 + f3 L−3φ3,1 = 0 ( fi344

are some constants related to the central charge c). Both the theoretical value and degeneracy345

agree with numerical results.346

Based on the numerical results, the lowest parts of the cylinder partition function of S5347

complex fixed points with free-free b.c. can be determined as348

Zfree,free = χ1,1 + 4χ3,1 + 11χ5,1 + · · · (28)

where the coefficient in front of the Virasoro character represents the degeneracy of conformal349

fields and the subscript denotes the Kac index for its representation under Virasoro algebra.350

We also presented the small q expansions of several Virasoro characters as:351

χ1,1 = q−c/24+h1,1(1+ q2 + q3 + 2q4 + 2q5 + 4q6 + · · · )

χ2,1 = q−c/24+h2,1(1+ q+ q2 + 2q3 + 3q4 + 4q5 + 6q6 + · · · )

χ3,1 = q−c/24+h3,1(1+ q+ 2q2 + 2q3 + 4q4 + 5q5 + 8q6 + · · · )

χ4,1 = q−c/24+h4,1(1+ q+ 2q2 + 3q3 + 4q4 + 6q5 + 9q6 + · · · )

χ5,1 = q−c/24+h5,1(1+ q+ 2q2 + 3q3 + 5q4 + 6q5 + 10q6 + · · · )

(29)

where the central charge c and scaling dimension hr,s could be evaluated through Eq.(5).352
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Figure 5: Boundary conformal spectrum of A-A, A-B and free-A boundary conditions.
The numerical results are labeled by solid symbols, and the dashed lines represents
the theoretical values of scaling dimensions within each Virasoro character.

4.2.2 Fixed b.c.353

Next, we considered fixed b.c. (A-A, A-B, free-A), which means the boundary spin is polarized354

into a fixed direction among Q possible values [52,53,56]. We verified the emergent boundary355

criticality associated with these b.c.s by the vanishing of energy gaps and extracted the under-356

lying operator content through an extrapolation in parallel to the discussion for free-free b.c..357

Let’s consider the finite-size correction within A-A b.c. as an example, the boundary transverse358

field break the full S5 symmetry into its subgroup S4 symmetry. Thus only S4 singlet opera-359

tor with one-fold degeneracy will modify the scaling form. From the numerical results, the360

Kac operator φ5,1 acquires S4 vector representation, while the other primary with dimension361

smaller than 5 is the identity operator. Thus the finite-size correction also takes the same form362

as free-free b.c. and the extrapolation formula Eq.(27) is still valid in this case. For the A-B363

or free-A b.c.s, the identity multiplet is not included within the boundary operator content,364

which is a generic consequence when the b.c.s applied to the two ends are different. This365

means the whole spectrum would be shifted by an overall constant corresponding to the low-366

est scaling dimensions. However, the boundary perturbation could still be safely excluded due367

to the absence of irrelevant boundary singlet operators up to Re(h) = 5. For these 2 cases, we368

could rescale the whole spectrum by setting the gap between the lowest singlet field ψ with369

its first-order descendant to be 1 and perform the extrapolation as:370

En − E0

EL−1ψ
− Eψ

≈ hn +
α

L2
+ · · · (30)

Once again, we could align each boundary operators with its irreducible representation under371

Virasoro algebra from the existence of null states and the theoretical prediction for scaling372

dimensions. The numerical results are presented in Fig. 5, where the spectrum also displays373

boundary conformal tower structure, coming from the fusion between different conformal374

boundary states [8].375

For fixed b.c.s, we determine the expression of partition function over Virasoro characters376

as377

ZA,A = χ1,1 + 3χ5,1 + · · · (31)
378

ZA,B = χ3,1 + 2χ5,1 + · · · (32)
379

Zfree,A = χ2,1 + 3χ4,1 + · · · (33)
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4.2.3 Free/Fixed-Mixed b.c.380

In this subsection, we present more numerical results involving connecting free/fixed b.c. with381

mixed b.c.s. Due to the S5 permutation symmetry, the free-mixed b.c. leads to three possi-382

ble combinations with respect to two/three/four state mixed b.c.. The real parts for these383

boundary states are illustrated in Fig. 6. The extrapolated spectrum exhibits similar conformal384

structure as other boundary fixed points, which allows classification of different conformal385

multiplets. Within each conformal family, all states acquire the same representation under386

global symmetry, while their real parts deviate from each other with integer values and their387

imaginary parts are almost equal. However, it is difficult to align each multiplet with corre-388

sponding Virasoro characters. We suspect that it may come from the following reasons. Firstly,389

since the identity family is absent in most cases, the ground state has a non-zero conformal390

dimension and the exact spectrum should be shifted by the lowest one, which is an unknown391

complex number. Secondly, although the existence of null states is explicitly observed in sev-392

eral multiplets, the numerical results are incompatible with corresponding representations.393

For example, the level-2 null states are found in the lowest two conformal family marked by394

red and green symbols within free-AB b.c.. However, the numerical energy difference between395

these two states is approximately 0.257− 0.046i, different from h2,1 − h1,2 ≈ 0.017+ 0.227i,396

excluding the identification of these two families as φ1,2 and φ2,1. This might be attributed397

to that the Kac indexes are allowed to take fractional numbers, similar to the bulk CFT. Addi-398

tionally, the operator content for these boundary states is more complicated, containing many399

low-lying singlet boundary operators, which might induce more leading perturbation to the400

finite-size scaling behavior than the bulk correction from T T̄ . This also explains the large401

deviation from perfect integer-value spacing, compared with free/fixed b.c.s.402

Next, we consider connecting fixed b.c. with two/three/four state mixed b.c.. There are403

6 inequivalent boundary states in this case. We presented four of them in Fig.7. Similar as404

previous discussion, each conformal family exhibit apparent tower structure, while the corre-405

spondence between numerical results with Virasoro characters is currently unknown. Intrigu-406

ingly, we identify a boundary operator having null states at its level-2 and level-3 descendants407

within A-BCD/ABCD/BCDE b.c.s. This phenomenon is usually occured within minimal mod-408

els, where each primary operators corresponding to two Kac representations under Virasoro409

algebra. However, this is not expected to happen for any primary operators in the bulk log-410

arithmic Potts CFTs in Eq.(6). All of these results urge a comprehensive investigation on the411

structure of conformal boundary states within irrational CFTs.412

Principally, one could also verify these conformal boundary states by imposing different413

mixed b.c.s at the two ends of the spin chain. However, the symmetry of most configuration414

is much smaller than the original S5 spin permutation symmetry, leaving the degeneracy of415

all states to be one-fold, and receives larger boundary perturbations. On the other hand, the416

results presented above is able to confirm the emergence of boundary fixed points for mixed417

b.c.s. We also checked the ‘new’ b.c. by polarizing the boundary spin along the direction of418

the transverse field [53]. Nevertheless, this b.c. does not lead to any novel boundary fixed419

point within our model.420

4.3 Duality between boundary conditions421

Lastly, we identify some properties from the perspective of Kramers-Wannier duality which is422

an important property of the Potts model. For a periodic chain, the critical bulk Potts model423

is invariant under this duality transformation as discussed in Sec. 3. For open b.c.s, this trans-424
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Figure 6: Boundary conformal spectrum of free-AB, free-ABC and free-ABCD bound-
ary conditions. The solid symbols mark extrapolated spectrum from numerical com-
putation. Different conformal multiplets are classified according to their degeneracy
and tower structure. The dashed lines are the conformal tower generated from the
lowest dimension within each multiplet (see main text).
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Figure 7: Boundary conformal spectrum for different boundary conditions: (from
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formation can be explicitly written as425

σ′
i+ 1

2
= Πi

j=1τ j

τ′
i+ 1

2
= σ†

iσi+1

(34)

However, under this duality transformation, the boundary Hamiltonian is transformed into dif-426

ferent boundary conditions. We illustrate this duality using free-free b.c.. When hL = hR = 0,427

the model Eq.(25) is mapped to a new Hamiltonian:428

H ′(J , h,λ) =− J
L−1
∑

i=1

Q−1
∑

k=1

τ′k
i+ 1

2
− h

L
∑

i=2

Q−1
∑

k=1

(σ′†
i− 1

2
σ′

i+ 1
2
)k

+λ
L−1
∑

i=2

Q−1
∑

k1,k2=1

[(σ′†
i− 1

2
σ′

i+ 1
2
)k1τ
′k2

i+ 1
2
+τ′k2

i+ 1
2
(σ′†

i− 1
2
σ′

i+ 1
2
)k1]

+λ
L−1
∑

i=1

Q−1
∑

k1,k2=1

[(σ′†
i+ 1

2
σ′

i+ 3
2
)k1τ
′k2

i+ 1
2
+τ′k2

i+ 1
2
(σ′†

i+ 1
2
σ′

i+ 3
2
)k1]

− h
Q−1
∑

k=1

σ′k3
2
+λ

Q−1
∑

k1,k2=1

(σ′k1
3
2
τ
′k2
3
2
+τ′k2

3
2
σ
′k1
3
2
)

(35)

where the site {1,2, · · · , L} are rearranged into site {32 , 5
2 , · · · , L + 1

2} within the new Hamil-429

tonian. At the boundary critical point Jc = hc = 1 and λc ≈ 0.079+ 0.060i, the transformed430

model H ′ has transverse field, longitudinal field and transverse field-longitudinal field interac-431

tion terms at its left end: i = 3
2 , while there is not any on-site interaction at the opposite side:432

i = L + 1
2 . Since |λ| ≪ |J |= |h|, the transverse field-longitudinal field interaction is negligible433

compared with the other two terms. Additionally, the longitudinal field tends to polarize the434

left end into the A direction and this b.c. is expected to be renormalized into fixed b.c.. The435

Potts spin at the other end is free to take any values among Q states, corresponding to a sum436

of fixed b.c. with A, B, C, D and E states [14,54]. This means the free b.c. is dual to the fixed437

b.c. and the partition function is quantitatively related via:438

Zfree,free = ZA,A+ ZA,B + ZA,C + ZA,D + ZA,E = ZA,A+ 4ZA,B (36)

Up to Re(h) ≤ 5, we find (36) numerically holds by using Eq.(28) and Eq.(31) and (32).439

So we conclude that the duality between free and fixed b.c.s Eq.(36) is verified within our440

computation. In particular, new boundary conditions can be constructed by fusing topological441

defect lines (TDLs), which was studied systematically in Ref. [61] with focusing on rational442

CFTs. The duality transformation here also falls into this picture, where the TDL is now chosen443

in a non-trivial way that corresponds to the Kramers-Wannier duality as a non-invertible sym-444

metry [62,63] of the Potts model. The duality between different boundary conditions is then445

established by fusing the duality defect line. While most existing literature focus on fusing446

TDLs in rational CFTs [61,64–67] , here for the first time we consider such duality relation for447

an irrational CFT with complex conformal data.448

5 Summary, Discussion and Outlook449

In this work, we have investigated the boundary critical phenomena of a non-Hermitian quan-450

tum 5-state Potts model which exhibits complex confomal invariance in the bulk. We propose451

a list of potential conformally invariant boundary conditions (b.c.s) inherited from the existing452
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Q ≤ 4 Potts boundary conformal field theory (BCFT), and we verify them using characteristic453

conformal tower structures of operator spectra through numerical calculations. We further454

extract conformal dimension of boundary operators that connected with the irreducible repre-455

sentation of underlying Virasoro algebra. These findings unambiguously demonstrate that the456

conformal invariant boundary fixed points exists even in the complex conformal field theory.457

We hope this work could stimulate future exploration along several directions as follows.458

First, it is of great importance to develop novel theoretical tools to analytically determine459

the operator content for boundary complex fixed points. For example, the conformal feature460

and content for mixed b.c.s (Fig. 6 and Fig. 7) is awaiting a good understanding. The existing461

2d BCFT approach is mainly applicable to rational CFTs, with little known for irrational cases.462

The underlying reason is that the well-established Verlinde formula is only applied to rational463

CFTs, while for irrational CFTs there is no general approach to construct the complete set of464

boundary states. Taking the Potts model studied in this work as an example. On the one465

hand, the Coulomb Gas formalism offers a complete classification for all of the bulk primary466

fields in 2d Potts/O(n) CFT [32–34, 68], which potentially provides a feasible way to tackle467

this problem. On the other hand, since the Potts CFT is logarithmic for generic Q [35, 36],468

the boundary conformal spectrum there might share totally the same Virasoro structure as the469

complex case Q = 5 within this work. It might be promising to derive its boundary spectrum470

from the perspective of logarithmic BCFTs, where some earlier exploration has been achieved471

in several simple cases [69–75]. The result of this work stands as valuable benchmarks for472

future computation.473

Second, in principle, given the conformal b.c.s, it is supposed to be able to evaluate the474

bulk-boundary OPE coefficients from wavefunction overlaps and obtain more conformal data475

through an extrapolation to the thermodynamic limit [76,77]. However, to interpret the phys-476

ical meaning of these results in this model requires a deep understanding for the emergent477

boundary criticality in complex CFTs. From a different perspective, these data could not only478

enable a more thorough computation for the complex boundary criticality, but also facilitate479

much insight into boundary pseudo-criticality, where a conformal b.c. is applied to a bulk480

exhibiting pseudo-critical behavior induced by nearby complex fixed points.481

Third, the free, fixed and mixed b.c.s might only constitute a small fraction of potential482

conformal b.c.s within this model, since the bulk CFT contains infinite primary fields. It is483

meaningful to work out more boundary fixed points, such as the ‘new’ b.c. for 3 or 4 state484

Potts model [54]. On the one hand, the structure of Cardy states for the complex BCFT could485

be further inspected from these results. On the other hand, since the Verlinde formula could486

not be directly applied to this scenario [8,27,78,79], one might ask whether some modified or487

generalized version governs the conformal structure for complex boundary criticality, and this488

should facilitate a straightforward verification or construction of novel conformal boundary489

states. An alternate approach is to consider adding relevant perturbations onto a subsystem of490

the CFT, which is expected to be converted to certain conformal boundary conditions (which491

are expected to be Cardy states) for the unperturbed bulk [80–88]. This setup is also helpful492

for studying the boundary RG flows, for which the irreversibility of coarse-graining degrees of493

freedom of the boundary theories is characterized by a g function [89]. While it is conjectured494

that there is not any c theorem for the bulk complex fixed points [90], the question about495

generalizing the g function and corresponding irreversibility theorem to complex boundary496

fixed points remains unexplored.497

Moreover, as we have mentioned in the discussion of duality between different boundary498

conditions, another systematic approach to construct boundary states is by fusing topological499

defect lines (TDLs), which has achieved great progress for rational CFTs [61,64–67]. Applying500

this approach could provide insights into investigating conformal boundary conditions for the501

complex CFT. Meanwhile, the lattice realization of TDLs [91–95], within our studied non-502
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Hermitian 5 state Potts model is also an interesting and promising problem for gaining a wealth503

of knowledge for the complex CFT.504
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A More numerical results511

In this section, more numerical data of the boundary operator content for fixed, free-mixed512

and fixed-mixed b.c.s are presented. Since the descendant fields are related to the primaries513

with integer-deviation, we only exhibit the scaling dimensions of boundary primaries in the514

following. For the fixed b.c.s, the Kac index for the low-lying fields has been identified within515

the main text. Thus we compare the theoretical prediction and numerical results in Tab. 3. For516

the later two cases, the whole spectrum is shifted by the lowest scaling dimension within each517

b.c.. So we present the numerical evaluation of the difference between the scaling dimensions518

in Tab. 4 and Tab. 5.519

Table 3: The scaling dimensions of boundary primaries for fixed boundary con-
ditions. Different boundary conditions are listed in the first column. The second
column presents the representation of different boundary operators φr,s specified by
Kac index r, s. Then the theoretical prediction and numerical results after extrapo-
lation are presented within the last two column. For the A-B and free-A cases, the
identity multiplet is not included within the boundary operator content and we shift
the whole spectrum by the lowest scaling dimensions.

Boundary Condition Operators theoretical numerical

A-A
φ1,1 0 0
φ5,1 4+ 0.9190i 4.0216+ 0.9241i

A-B
φ3,1 1+ 0.3063i 1+ 0.3063i
φ5,1 4+ 0.9190i 4.0063+ 0.9233i

free-A
φ2,1 0.25+ 0.1149i 0.25+ 0.1149i
φ4,1 2.25+ 0.5744i 2.2542+ 0.5768i
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