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Abstract

Stochastic resetting has been a subject of considerable interest within statistical physics,
both as means of improving completion times of complex processes such as searches and
as a paradigm for generating nonequilibrium stationary states. In these lecture notes we
give a self-contained introduction to the toy model of diffusion with stochastic resetting.
We also discuss large deviation properties of additive functionals of the process such as
the cost of resetting. Finally, we consider the generalisation from Poissonian resetting,
where the resetting process occurs with a constant rate, to non-Poissonian resetting.
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1 Introduction39

These are the lecture notes from two lectures given at the 2024 summer school on Large Devia-40

tions held at Les Houches School of Physics. The lectures give an introduction to diffusion with41

stochastic resetting and how this relates to the general theme of the school, large deviations.42

In recent years there has been considerable interest in stochastic resetting for a number43

of reasons. As we shall motivate below, resetting can speed up some complex task such as a44

search process by cutting off errant trajectories that go wandering off in the wrong direction.45

Resetting also provides a paradigm for creating a nonequilibrium state, by virtue of continually46

restarting the dynamics and not letting the system relax to equilibrium. Perhaps the simplest47

dynamical process, to which one can add a resetting process, is diffusion. Indeed, diffusion48

with stochastic resetting [1] has become an important toy model where an in-depth under-49

standing of resetting can be obtained from exact calculations of relevant quantities such as50

survival probabilities, mean first passage times etc.51

The aim of these lecture notes is to provide a self-contained introduction to diffusion52

with stochastic resetting that will allow the reader to execute the calculations in full, using53

straightforward techniques such as Laplace transforms and renewal equations. Theses notes54

will hopefully be complementary to Reference [2], which is a more detailed review and con-55

tains a comprehensive bibliography up to 2020. The present notes also contain some more56

recent material. We also note that a historical perspective on resetting can be found in [3] and57

a brief review is given in [4].58

These notes are organised as follows. After motivating the study of stochastic resetting59

in Section 1.1, we begin by reviewing the diffusion equation in Section 2 and first passage60
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times 3 and Laplace transform techniques. We then use these techniques to study diffusion61

with Poissonian resetting in Section 4 and diffusion with resetting and an absorbing target in62

Section 5. We discuss large deviations of additive functionals of diffusion with resetting in63

Section 6 and the the example of the cost of resetting in Section 7. Finally we generalise to64

non-Poissonian resetting, defined by a waiting time distribution between resets, in Section 8.65

1.1 Motivations66

The process of stochastic resetting can be motivated by a simple everyday experience of search-67

ing for misplaced keys. During the search process, we periodically reset back to the place where68

the keys usually should be and restart the search. It turns out that such resetting expedites69

the completion time of the search process [1, 2]. More generally, motivations for studying70

stochastic resetting are71

(i) Searching for a target: In search processes it has been established that mixing local72

moves with long range moves improves the search process. This is termed as an “Inter-73

mittent search strategy” [5]. In the case of searches with stochastic resetting, the local74

moves are diffusion and the long range moves are the resets.75

(ii) Expediting completion times: More generally, it has been observed that restarting a76

complex task, which has a long time tail of completion times, can speed up performance.77

For example, consider a complicated chemical reaction [6], such as,78

79

E + S
kon

koff
ES

τ
P.80

The above equation represents a reaction where E is the enzyme, and S is the substrate81

which combines to form ES through a binding rate kon and then takes a random time82

τ (which could have long tails in its distribution) to produce the product P. The rate of83

unbinding of the enzyme, koff, can be thought of as the resetting rate, and it turns out84

that having such a rate enhances the completion time of the process by cutting off the85

long tails in the distribution of τ.86

(iii) Generating non-equilibrium steady states (NESS): Resetting the system to its initial87

state prevents the system from relaxing to its equilibrium state. The resetting process88

generates a probability current back to the initial condition from all other configurations,89

thus ensuring detailed balance is not satisfied. This results in a simple, but non-trivial,90

NESS exhibiting circulation of probability.91

2 Preliminaries: Diffusion Equation and Solution92

Diffusion is perhaps the simplest dynamical process in nature. Our aim is to study how intro-93

ducing resetting fundamentally changes the behaviour of a diffusive particle.94

2.1 Diffusion equation95

We begin by deriving the diffusion equation. Consider an over-damped diffusing particle start-96

ing at x (t = 0) = x0, which can be represented as,97

x t+∆t = x t + ξ , (1)
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where ξ is a Gaussian white noise given by the distribution98

P(ξ) =
1

p
4πD∆t

e−
ξ2

4D∆t . (2)

Averaging over all possible events between t and t +∆t99

P(x , t +∆t |x0) = 〈P(x − ξ, t |x0)〉 (3)

where the angle brackets indicates an average over the noise ξ. Expanding for small ξ100

P(x , t +∆t ) =

�

P(x , t )−
∂ P(x , t )
∂ x

〈ξ〉+
1

2

∂ 2P(x , t )
∂ x2

〈ξ2〉+ · · ·
�

(4)

= P(x , t ) +∆t
�

D
∂ 2

∂ x2
P(x , t ) + · · ·
�

, (5)

where in (4),(5) we have suppressed the dependence on x0 for ease of presentation. In going101

to equation (5), we have made use of the following properties of white noise102

〈ξ(t )〉 = 0 ,

〈ξ(t )ξ(t ′)〉 = 2D∆t δ(t − t ′) .

Dividing (5) by ∆t and taking ∆t → 0, yields the diffusion equation103

∂

∂ t
P(x , t |x0) = D

∂ 2

∂ x2
P(x , t |x0) . (6)

In a similar way we can average over events between t = 0 and t =∆t and write104

P(x , t +∆t |x0) = 〈P(x , t |x0 + ξ)〉 (7)

which leads to a backward equation. For diffusion this looks the same as the forward equation,105

where the spatial variable is now x0106

∂

∂ t
P(x , t |x0) = D

∂ 2

∂ x2
0

P(x , t |x0) . (8)

Taking the initial condition107

P(x , t = 0|x0) = δ(x − x0) ,

the solution of (6) is the familiar Gaussian108

P(x , t |x0) =
1

p
4πDt

e−
(x−x0)2

4Dt . (9)

Perhaps the simplest method to obtain the solution (9) is to assume a scaling solution109

P = (Dt )−1/2 f (z) where z =
(x − x0)

(Dt )1/2
(10)

so that z is the dimensionless scaling variable and f (z) is the scaling function. The prefactor110

(Dt )−1/2 in P ensures normalisation of probability through111

∫ ∞

−∞
dx P(x , t |x0) =

∫ ∞

−∞
dz f (z) = 1 . (11)

Substituting expression (10) in (6) leads to112

−
1

2

d

dz
[z f (z)] =

d2

dz2
f (z) . (12)

The solution which tends to zero as z→∞ and is normalised is f (z) = (4π)−1/2e−z2/2.113
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2.2 Solution by Laplace transform114

Let us also derive the solution of the diffusion equation by Laplace transform and discuss115

the subsequent inversion using a Bromwich contour to obtain the diffusion propagator. The116

reasons for choosing this method will become apparent when we move on to more complicated117

problems. We define the Laplace transform with respect to time for the PDF as,118

eP(x , s |x0) =

∫ ∞

0

dt e−s t P(x , t |x0) . (13)

By making use of integration by parts, we can rewrite the Laplace transform of the time deriva-119

tive of P(x , t |x0) as120

∫ ∞

0

e−s t ∂ P

∂ t
dt = [e−s t P]∞0 + s

∫ ∞

0

e−s t Pdt

= −δ(x − x0) + seP . (14)

The space derivative goes through unaltered as the Laplace transform only acts on the time121

variable. Hence we obtain the Laplace transform of the diffusion equation as122

D
∂ 2

∂ x2
eP(x , s |x0)− seP(x , s |x0) = −δ(x − x0) (15)

The solution of (15) is123

eP(x , s |x0) =
1
p

4sD
e−
Ç

s
D |x−x0| , (16)

which can be verified by making use of the identity124

d2

dx2

�

e−a|x−b|� = −2aδ(x − b) + a2e−a|x−b| . (17)

Finally, to obtain the solution back in the time domain, we have to invert the Laplace transform125

by making use of the Bromwich integral126

P(x , t |x0) =
1

2πi

∫ γ+i∞

γ−i∞
ds es t
eP(x , s |x0) , (18)

where γ is a real number which lies to the right of all the singularities of the function to be127

inverted in the complex s plane. The singularity in (16) is a branch point at s = 0 due to128

the presence of s1/2. Therefore the inversion integral for (16) has to be evaluated around a129

branch cut along the negative real axis, which will finally result in (9) (See Appendix A for130

details). Rather than performing the contour integral, a simpler method to obtain the final131

result is to make use of a known integral (a particular case of identity 3.174.9 from [7], see132

Appendix B for an elementary proof)133

∫ ∞

0

dt t−1/2e−
β
t −s t =

π1/2

s1/2
e−2(β s)1/2 . (19)

Then we compare (16) and (19) and match β =
(x−x0)2

4D . One then deduces that the function134

whose Laplace transform is (16) is (9).135
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3 Preliminaries: Diffusion with an Absorbing Target136

Now consider the situation where in addition to a diffusing particle, there is an absorbing137

target [2,8] at x = xT . When the particle touches the target it is absorbed and the process is138

considered to be completed. We will usually take the absorbing target to be at the origin so139

that xT = 0.140

3.1 Survival probability141

We are interested in the probability that the particle survives up to a time t . Here we define142

P(x , t |x0) as the joint probability density for the particle position x at time t having started143

from x0, and the particle not having been absorbed. The presence of the absorbing target at144

xT can be modelled as a boundary condition P(xT , t |x0) = P(x , t |xT ) = 0.145

The backward Fokker-Planck equation reads146

∂

∂ t
P(x , t |x0) = D

∂ 2

∂ x2
0

P(x , t |x0) . (20)

The survival probability q(t |x0) is obtained by integrating over all final positions at time t147

q(t |x0) =

∫ ∞

0

dx P(x , t |x0) . (21)

Integrating over x from 0 to∞, and exchanging the order of differentiation and integration148

(since integration is with respect to x while the derivatives are with respect to x0), we end up149

with an equation for the survival probability as150

∂

∂ t
q(t |x0) = D

∂ 2

∂ x2
0

q(t |x0) . (22)

Taking the target to be at the origin, xT = 0, the boundary condition becomes151

q(t |0) = 0 , (23)

and initial condition becomes152

q(0|x0) = 1 . (24)

The solution to (22) with the boundary and initial conditions (23, 24) is given by153

q(t |x0) = erf

�

x0
p

4Dt

�

, (25)

where the error function is defined as154

erf (z) =
2
p
π

∫ z

0

du e−u2
. (26)

The simplest way to obtain (25) is to assume a scaling form q(t |x0) = g (z) where the155

scaling variable is now z = x0/
p

4Dt . Substituting in (22) one obtains156

−2z
dg

dz
=

d2g

dz2
. (27)

Integrating twice and using the boundary conditions g (0) = 0, g (∞) = 1 yields (25).157
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Again, one can also use the method of Laplace transform to obtain this solution. The158

Laplace transform of (22) is given by159

D
∂ 2
eq

∂ x2
0

− seq = −1 , (28)

with boundary conditions eq(s |0) = 0 and eq(s |∞) = 1/s , which can be solved to obtain160

eq(s |x0) =
1− e−x0

Ç

s
D

s
. (29)

Again, (29) can be inverted using the Bromwich integral by integrating around the branch cut161

at s = 0 to obtain (25), but is easier to use the known integral162

∫ ∞

0

dt e−s t erf
�

β

t 1/2

�

=
1− e−2β s1/2

s
, (30)

which can be derived using (19) (see Appendix C).163

The great advantage of using the Laplace transform is that we can obtain the large t be-164

haviour quite easily, without having to invert the full Laplace transform. For this we expand165

eq(s |x0) for small values of s and invert it term by term using the inverse Laplace transform166

identity167

L−1
s→t

§

1

sα

ª

=
1

Γ (α)
tα−1 , (31)

where the r.h.s. is zero when α = 0,−1,−2 . . .. Following this approach we get, expanding168

(29)169

eq(s |x0) ≃
x0
p

sD
−

x2
0

2D
+O(
p

s) . (32)

The large t behaviour is found using (31)170

q(t |x0) ≃
x0

(πDt )1/2
+O(t−3/2) , (33)

where we have used Γ (1/2) = π1/2.171

3.2 Mean first passage time (MFPT)172

The mean first passage time to the absorbing target is obtained from the survival probability173

as follows174

〈T(x0)〉 =
∫ ∞

0

dt t F(t , x0) , (34)

where175

F(t , x0) = −
∂ q(t |x0)

∂ t
(35)

is the first passage time distribution i.e. minus the rate of change of the survival probability is176

the rate at which the particle is absorbed. But due to the t−1/2 tails for the survival probabil-177

ity for diffusive processes as obtained in (33), F(t , x0) ∼ t−3/2 and the integral (34) for the178

mean first passage time diverges. That is, the mean first passage time for a diffusive process179

7
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is infinite even though the particle is absorbed with probability one!180

181

Note: When the survival probability goes to zero faster than t−1, the mean first passage time182

(34) can be simplified using integration by parts as183

〈T(x0)〉 = − [q(t |x0)t ]
∞
0 +

∫ ∞

0

dt q(t |x0)

=

∫ ∞

0

dt q(t |x0)

= q̃(s = 0|x0) . (36)

We will use this expression for 〈T(x0)〉 later on.184

4 Diffusion with Stochastic Resetting185

We now consider adding Poissonian resetting to the diffusive process discussed in the previous186

sections [1,2]. Poissonian resetting is defined by a constant resetting rate (per unit time) r to187

a resetting site xr . This leads to the following process:188

x t+∆t =

¨

x t + ξ with prob. 1− r∆t ,

xr with prob. r∆t
(37)

As for diffusion, we first write the forward master equation for the process with resetting. We189

denote Pr (x , t ) as the probability density at time t under resetting at rate r , where we have190

suppressed the dependence on initial condition x0. Upon averaging over all possible events in191

between the time t to t +∆t , we get192

Pr (x , t +∆t ) =r∆tδ(x − xr ) + (1− r∆t )〈Pr (x − ξ, t )〉
=r∆tδ(x − xr ) + (1− r∆t )

×
�

Pr (x , t )−
∂ Pr (x , t )

∂ x
〈ξ〉+

1

2

∂ 2Pr (x , t )

∂ x2
〈ξ2〉+ · · ·
�

=Pr (x , t ) +∆t
�

rδ(x − xr )− r Pr (x , t ) + D
∂ 2

∂ x2
Pr (x , t )
�

+ · · · , (38)

where as before the angle brackets 〈·〉 indicates an average of the the noise ξ.193

Then in the limit ∆t → 0, we obtain the equation for the evolution of Pr (x , t ) as194

∂

∂ t
Pr (x , t ) = D

∂ 2

∂ x2
Pr (x , t )− r Pr (x , t ) + rδ(x − xr ) . (39)

We thus obtain a diffusion equation with two additional terms proportional to r on the r.h.s..195

The first represents the loss of probability with rate r from any position x , the second repre-196

sents the gain of probability at resetting position xr with rate r from all other positions.197

As t →∞ we reach a stationary state P∗r (x ) with
∂ P∗r
∂ t = 0. The forward equation (39)198

becomes199

D
∂ 2

∂ x2
P∗r (x , t )− r P∗r (x , t ) = −rδ(x − xr ) , (40)

8
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x
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Steady State Distribution

Figure 1: Steady state distribution for α0 = 1 and xr = 2. The steady state is a
Laplace distribution with a cusp at the resetting position xr = 2. The distribution is
symmetric about the resetting position.

which is the same as equation (15) with s replaced by r and a factor of r in the r.h.s.. Thus200

the solution is201

P∗r (x ) =
α0

2
e−α0|x−xr | , (41)

where202

α0 =
s

r

D
. (42)

Equation (41) is known as a one-dimensional Laplace distribution, and is illustrated in Fig. 1,203

where one sees a cusp at the resetting site. Due to the existence of a non-zero probability204

current in the system with resetting, the resulting steady state is a Non-Equilibrium Steady205

State (NESS).206

Similarly, to obtain the backward master equation, we consider the evolution of the particle207

in the first time step from 0 to ∆t . We then obtain (restoring the dependence on the initial208

condition),209

Pr (x , t +∆t |x0) = r∆t Pr (x , t |xr ) + (1− r∆t )〈Pr (x , t |x0 + ξ)〉 , (43)

which upon expanding and taking the ∆t → 0 limit leads to210

∂

∂ t
Pr (x , t |x0) = D

∂ 2

∂ x2
0

Pr (x , t |x0) + r Pr (x , t |xr )− r Pr (x , t |x0) . (44)

4.1 Renewal equation approach211

Another equivalent, but simpler, method to obtain the propagator for the system with resetting212

is to use the renewal approach [1,2,9]. This approach is based on the fact that between resets,213

the process behaves exactly like a normal diffusion process with the resetting position as the214

initial condition (See Fig:2).215

To show this more concretely, the last renewal equation can be written as:216

9
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Figure 2: A schematic of trajectory for a particle undergoing stochastic resetting.
The particle starts at x0 and resets to xr . t ′ represents the time of last reset and τ
represents the time of first reset.

Pr (x , t |x0) =

e−r t P0(x , t |x0) +

∫ t

0

dt ′ re−r (t−t ′)
∫ ∞

−∞
dx ′Pr (x

′, t ′|x0)P0(x , t − t ′|xr ) . (45)

The first term is the product of the probability of no resets in time t , e−r t , and reaching x at217

time t without resetting, P0(x , t |x0). The subscript 0 just denotes usual diffusion. The second218

term represents the probability of reaching x at time t when there has been at least one reset.219

We integrate over the time of the last reset, t ′, and dt ′ re−r (t−t ′) is the probability of a reset220

in time t ′→ t ′ + dt ′ and no further resets in time t − t ′. We also integrate over the position221

x ′ at time t ′. However, as we have conservation of probability
∫∞
−∞ dx ′Pr (x ′, t ′|x0) = 1.222

Finally, changing integration variable to u = t − t ′ the last renewal equation becomes223

Pr (x , t |x0) = e−r t P0(x , t |x0)
︸ ︷︷ ︸

Probability of no reset
up to time t and reaching x

by usual diffusion.

+

∫ t

0

du re−r u
︸ ︷︷ ︸

Probability of reset between
t ′ and t ′ + dt ′ and no resets

for the remaining time t − t ′.

P0(x , u|xr ) .
︸ ︷︷ ︸

After the last reset,
the system evolves like usual

diffusion starting from xr .

(46)

To obtain the steady-state solution from the (46), we look at the t →∞ limit, which makes224

the first term zero, and the remaining term gives the steady state solution as225

P∗r (x ) = r

∫ ∞

0

du e−r u P0(x , u|xr ) , (47)

which is the Laplace transform of a Gaussian, which we derived in Section 2 Eq. (16), and226

yields (41).227

In the Laplace domain, again making use of the convolution theorem, the renewal equation228

(46) becomes229

ePr (x , s |x0) = eP0(x , r + s |x0) +
r

s
eP0(x , r + s |xr ) , (48)

where230

ePr (x , s |x0) =

∫ ∞

0

dt e−s t Pr (x , t |x0) . (49)

10
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Now setting x0 = xr so that initial position is the resetting site, we obtain231

ePr (x |xr ) =
r + s

s
eP0(x , r + s |xr ) (50)

This provides another route to deriving the stationary state, which is given by the final value232

theorem of the Laplace transform as the coefficient of 1/s as s → 0 in (50). Thus,233

P∗r (x , s |xr ) = r eP0(x , r |xr ) , (51)

which recovers (47).234

4.2 Mean squared displacement235

We can use the renewal equation (46) to compute the mean squared displacement (MSD) as236

a function of time. For convenience let us take x0 = xr = 0. Then multiplying (46) x2 and237

integrating over x gives an equation for the MSD under resetting, 〈x2(t )〉r , in terms of the238

MSD in the absence of resetting, 〈x2(t )〉0 = 2Dt :239

〈x2(t )〉r = e−r t 
x2(t )
�

0 +

∫ t

0

du re−r u 
x2(u)
�

0 (52)

= 2Dte−r t + 2Dr

∫ t

0

du ue−r u (53)

=
2D

r

�

1− e−r t � . (54)

Thus for t ≪ 1/r the particle behaves diffusively and MSD grows linearly, but for t ≫ 1/r240

the MSD saturates to its stationary value.241

4.3 Relaxation to stationary state242

The last renewal equation may also be used to study the relaxation to the stationary state.243

Consider a large time t . The important term to consider in (46) is the second term. We244

introduce variables w = u/t and y = |x − xr |/t so that the second term may be written as245

r

∫ t

0

du e−r u P0(x , u|xr ) =
r t 1/2

p
4πD

∫ 1

0

dw

w1/2
exp−t

�

r w +
y2

4Dw

�

. (55)

Then the integral is in a form that may be evaluated by Laplace’s method (which is a particular246

case of the saddle point method). Since t is large, the integrand will be sharply peaked at the247

maximum of the argument of the exponential, which is given by248

w ∗ =
y
p

4Dr
. (56)

Then, if w ∗ is within the limits of integration, i.e. w ∗ ≤ 1, we obtain249

r

∫ t

0

du e−r u P0(x , u|xr ) ∼ exp
�

−t [r/D]1/2y
�

(57)

where we have ignored the prefactors to the exponential. But if w ∗ is outwith the limits of250

integration, i.e. w ∗ > 1, the integral is dominated by w = 1 and the contribution of the251

integral is of the same order as the first term in (46), e−r t P0(x , t |x0). See Appendix D for252

more details).253
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Figure 3: A schematic of a trajectory that does not cross x = 0 and hence survives
till time t . t ′ represents the time of last reset and τ represents the time of first reset.

The condition w ∗ < 1 corresponds to y = |x − xr |/t <
p

4Dr . Thus there is an equilibra-254

tion front travelling with speed v =
p

4Dr . When |x − xr | < v t , Pr (x , t |x0) has relaxed to255

its stationary form, but if |x − xr | > v t , Pr (x , t |x0) is still time dependent and is dominated256

by trajectories in which no resets have occurred or the last reset was near t ′ = 0. See [9] for257

a more detailed discussion.258

We also note that, ignoring prefactors, may write for large t and |x−xr |with y = |x−xr |/t259

Pr (x , t |x0) ∼ exp [−t I (|x − xr |/t )] (58)

where260

I(y) =

¨

(r/D)1/2y when y <
p

4Dr ,

r + y2/4D when y ≥
p

4Dr .
(59)

Here I(y) is our first example of a large deviation function (see [9] for more details).261

5 Diffusion with Resetting and Absorbing Target262

We now consider our diffusing particle under resetting as a searcher searching for the target.263

As in Section 3, we model the target with an absorbing site at xT = 0 [1, 2, 11]. Using a264

last renewal approach (See Fig. 3) we can write the survival probability for the system with265

resetting in terms of the system without resetting as266

qr (t |x0) =

e−r t q0(t |x0)
︸ ︷︷ ︸

Probability of surviving
with no reset up to time t

+

∫ t

0

dt ′re−r (t−t ′)
︸ ︷︷ ︸

Probability of reset between
t ′ and t ′ + dt ′ and no

resets for the remaining time.

qr (t
′|x0)
︸ ︷︷ ︸

Probability of survival
till t ′ with resetting.

q0(t − t ′|xr )
︸ ︷︷ ︸

Probability of survival
without resetting for
the remaining time.

. (60)

Again there are two terms: the first is the probability of no resets and survival, the second267

integrates over the time t ′ of the last reset. Recognizing that in (60), the term inside the268

integral is a convolution, we can make use of the convolution theorem to obtain the Laplace269

transform of qr (t |x0) as,270

eqr (s |x0) = eq0(s + r |x0) + r eqr (s |x0)eq0(s + r |xr ) . (61)

12
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Then we obtain271

eqr (s |x0) =
eq0(s + r |x0)

1− r eq0(s + r |xr )
, (62)

which upon taking the initial and reset position to be the same ie, xr = x0, becomes272

eqr (s |x0) =
eq0(s + r |x0)

1− r eq0(s + r |x0)
(63)

=
1− e−α(s)x0

s + re−α(s)x0
, (64)

where α(s) =
Ç

r+s
D , and we have used (16) to obtain (64).273

274

Note: Instead of a last renewal equation for the survival probability as given in (60), one could275

also write an equivalent first renewal equation with τ representing the time of first reset as276

(See Fig. 3),277

qr (t |x0) = e−r t q0(t |x0)
︸ ︷︷ ︸

Probability of surviving
with no reset up to time t

+

∫ t

0

dτ re−rτ
︸ ︷︷ ︸

Probability of a single
reset between τ

and τ+ dτ.

q0(τ|x0)
︸ ︷︷ ︸

Probability of survival
till τ without resetting.

qr (t − τ|xr ) .
︸ ︷︷ ︸

Probability of survival
with resetting for

the remaining time.

(65)

Taking the Laplace transform of (65) then yields an alternative equation for the Laplace trans-278

forms279

eqr (s |x0) = eq0(s + r |x0) + r eq0(r + s |x0)eqr (s |xr ) , (66)

which reduces to (61) when x0 = xr .280

5.1 Mean first passage time281

Using (36), the mean first passage time (MFPT), calculated from (64), reduces to the simple282

expression283

〈Tr (x0)〉 = eqr (s = 0|x0) (67)

=
eα0x0 − 1

r
. (68)

Expression (68) has diverging behaviour for both the small r and large r limits,284

• For r ≪ 1 〈Tr (x0)〉 →
x0
p

Dr
.285

• For r ≫ 1 〈Tr (x0)〉 →
e
Ç

r
D x0

r
.286

The limit r → 0 recovers the diverging diffusive MFPT discussed in Section 3. The limit287

r →∞ implies resetting to xr with infinite rate. The particle is then unable to diffuse away288

and find the target, and the MFPT diverges. In between these two limits the MFPT has an289

optimal value of resetting which minimizes the MFPT. This optimal value, r ∗, can be obtained290

by evaluating
d〈Tr (x0)〉

dr = 0, which results in291

y

2
= 1− e−y , (69)

13



SciPost Physics Lecture Notes Submission

 10

 15

 20

 25

 30

 35

 40

 0  1  2  3  4  5

⟨t
f⟩

 (
M

e
a
n
 F

P
T
)

y (Dimensionless resetting rate)

Mean FTP

Figure 4: A plot of MFPT for x2
0/D = 7. We observe that the function is a non-

monotonic function of y and has a minimum at y∗ = 1.5936 . . ..

where y =
x0

(D/r )1/2 . The dimensionless parameter y is the ratio of the two length scales in the292

system: x0, the distance of the resetting site to the target (at the origin) and (D/r )1/2, the293

typical distance diffused between resets. Equation (69) has a unique non-zero solution given294

by y∗ = 1.5936 . . ., that minimizes the MFPT for searches with resetting. A plot of the MFPT295

is illustrated in Fig. 4.296

Note that here the optimisation of the MFPT assumes that we know the distance to the tar-297

get x0. Obviously, this requires significant information. Nevertheless, the calculation demon-298

strates the principle that the MFPT can be optimised by tuning the resetting rate. Also we see299

that any (finite) resetting rate performs better than the diffusive process without resetting.300

5.2 Long time behaviour of survival probability301

It is difficult to invert the Laplace transform of the survivial probability for all time t . For302

an integral expression see [12]. However, as in the diffusive case discussed in Section 3, the303

asymptotic behaviour can be easily obtained.304

The asymptotic behaviour of the survival probability (64) can be obtained from the sin-305

gularities of the Laplace transform [1, 2]. The singularity furthest to the right (with largest306

real part) in the complex s plane dominates the long term behaviour. Expression (64) has two307

singularities:308

(i) Branch point at s = −r .309

(ii) Pole at s0, which satisfies310

s0 + r exp

�

−

√

√ r + s0

D
x0

�

= 0 . (70)

311

Since s0 > −r , the pole is the furthest singularity to the right and the contribution from the312

pole determines the leading order behaviour,313

q(t |x0) ≃
t≫1

Aes0 t , (71)

14
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where the constant A is the residue from the pole, which may be calculated to be314

A =
1+ s0/r

1+ s0xr/(4(r + s0)D)1/2
. (72)

If |s0| ≪ 1 then (70) yields,315

s0 ≃ −re−y , (73)

where y =
q

r
D x0, which in turn implies y ≫ 1. Then we have316

q(t |x0) ≃ e−r te−y
, (74)

which is of the form of the Gumbel distribution.317

Aside on Gumbel distribution318

Consider a situation where N iid random variables are drawn from a PDF, f (x ). We are319

interested in finding the probability that the maximum of these N random numbers is less320

than a given number M . That is,321

P(max
1≤i≤N

Xi ≤ M) = [P(X1 ≤ M)]N =

�
∫ M

−∞
f (x )dx

�N

= exp

�

N ln

�

1−
∫ ∞

M

f (x )dx

��

.

(75)

Now if f (x ) has an exponential tail, f (x ) ∼ Ae−ax for x ≫ 1, we obtain the Gumbel distri-322

bution from (75),323

P(max
1≤i≤N

Xi ≤ M) ≈ exp
�

−
NA

a
e−aM
�

. (76)

In the case of the survival of a diffusive particle under stochastic resetting, we have a similar324

situation [2,11]. Between each reset the particle must survive, that is, its maximum excursion325

to the left must be less than x0. The maximum excursion between resets i−1 and i, is a random326

variable that we’ll call Xi , and due to renewal the Xi are independent random variables. For327

survival through N resets we must have Xi < x0 for i = 1, . . . , N. That is, the maximum of328

the Xi must be less than x0 which is the problem described above. We obtain the probability329

that Xi < x0 by averaging the survival probability for a diffusive particle q0(t |x0) over the330

duration of each excursion. Then, with the expected number of resets r t in the long time331

limit, we obtain the Gumbel distribution through332

qr (t |x0) ≈
�∫ ∞

0

dt re−r t q0(t |x0)

�r t

(Using (29))

=
�

1− e−x0

Ç

r
D

�r t

≃ e−r te−y
. (77)

5.3 Mini-summary333

So far we have seen how stochastic resetting changes the behaviour of diffusion with an ab-334

sorbing target. First, the mean first passage time is rendered finite with the introduction of335

resetting whereas it is infinite without resetting. Second, the survival probability decays as an336

exponential for large time rather than as a power law, as is the case without resetting. The337

form of the exponential decay can be understood from extreme value statistics. As an aside, we338

note that in some circumstances resetting can also generate a non-trivial power decay of the339

survival probability [13]. We now turn to the subject of this summer school: large deviations.340
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6 Large Deviations in Stochastic Resetting341

6.1 Additive functional342

We are interested in calculating the large deviations of an additive functional for a process343

with resetting [14–16]. Consider a path with N resets. Let f (x t ) be an additive functional of344

the trajectory, using which we can define345

At =

∫ t

0

dt f (x t )

=
N+1
∑

i=1

A(tn−tn−1) , (78)

where tn is the time of the nth reset and we have defined t0 = 0 and tN+1 = t . For simplicity346

we will assume f ≥ 0 so that At ≥ 0 (although more general cases can be considered [14–16]).347

We expect a large deviation principle to hold with the form348

Pr

�At

t
= a, t
�

∼ exp (−t I (a)) , (79)

where I(a) is the large deviation function, sometimes referred at as the rate function. Using349

the first renewal formalism, we can write an equation for Pr (At , t ) as350

Pr (At , t ) = e−r t P0(At , t ) +

∫ t

0

dτ e−rτr

�
∫ At

0

dAτP0(Aτ,τ)Pr (A− Aτ, t − τ)

�

, (80)

where we have used the additive property of the functional to write a convolution over Aτ.351

Define a generating function (which in the case of At ≥ 0 is simply a Laplace transform over352

At )353

Gr (k, t ) = 〈e−kAt 〉 =
∫ ∞

0

dAt e
−kAt Pr (At , t ) , (81)

using which we can rewrite (80), making use of the convolution theorem as354

Gr (k, t ) = e−r t G0(k, t ) +

∫ t

0

dτ re−rτG0(k,τ)Gr (k, t − τ) . (82)

Now define the Laplace transform of Gr (At , t ) as355

eGr (k, s) =

∫ ∞

0

dt e−s t Gr (k, t ) , (83)

from which we obtain again, making use of the convolution theorem,356

eGr (k, s) = eG0(k, s + r ) + r eG0(k, s + r )eGr (k, s) , (84)

which can be rearranged to obtain,357

eGr (k, s) =
eG0(k, s + r )

1− r eG0(k, s + r )
. (85)

In (85), we have obtained the Laplace transform of the generating function with resetting in358

terms of the Laplace transform of the generating function without resetting. Equation (85) has359
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Figure 5: For simplicity, we set the particle to start and reset to x = 0. Cost is incurred
at the jumps denoted by xi . τ represents the time of first reset.

a pole at 1− r eG0(k, s + r ) = 0, which we denote by s0(k, r ). So upon inverting, we obtain360

the leading behaviour of Gr (k, t ) as361

Gr (k, t ) ∼ es0(k,r )t . (86)

Then upon a second inversion with respect to k, we obtain (ignoring sub-exponential terms),362

Pr (At , t ) ∼
∫

dk exp
�

t
�At

t
k + s0(k, r )
��

, (87)

which is dominated by the saddle point ,363

At

t
+

d

dk
s0(k, r ) = 0 . (88)

So we obtain the large deviation form for Pr (At , t ) as364

Pr (At , t ) ∼ e t I(a) (89)

where I (a) is the Legendre-Fenchel transform of s0365

I (a) = − sup
k
(ka + s0(k, r )) , (90)

with a =
At

t .366

7 The Cost of Stochastic Resetting367

In the model so far, we have assumed that the resets are instantaneous and cost free, but this368

assumption is unrealistic as resets must come at a price. To rectify this and make the model369

more applicable, we introduce a cost to each of the resets [17,18], which may also be thought370

of as time penalties.371

We consider here the simple case of a diffusing particle under resetting with cost but no372

absorbing target [18]. A different ensemble of trajectories is to consider the cost of resetting373

up to absorption by a target at the origin [17].374
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7.1 Additive cost function375

We consider additive costs that occur at the resets (See Fig. 5) of the following form,376

C =
N
∑

i=1

c(|xi |) , (91)

where we take xi as the position just before the reset and the resetting position as the origin.377

The resetting costs are functionals of resetting jumps. Example costs include:378

• A constant cost c(x ) = c. This can be thought of as a fixed charge or time penalty such379

as refractory period for each reset [19].380

• Linear cost per reset: c(x ) =
|x |
V . This can be interpreted as the time to return to the381

origin at a constant speed V . [20]382

• Quadratic cost per reset c(x ) = x2. This is related to “thermodynamics of resetting”383

[21].384

• Exponential cost per reset: c(x ) = e|x |. This could be used to model situation where385

resets from a large distance are highly unfavourable [17].386

We are interested in calculating the statistics of the total cost, such as the mean 〈C〉 for the387

process up to a fixed time t and also the large deviation function.388

To begin with the calculation for the mean total cost, we write down a first renewal equa-389

tion for Pr (C , t ), which is the joint PDF of having incurred a total cost C at time t . We obtain390

the first renewal equation as391

Pr (C , t ) = δ(C)e−r t +

∫ t

0

dτ re−rτ

∫ ∞

−∞
dx P0(x ,τ)Pr (C − c(x ), t − τ)Θ(C − c(|x |)) ,

(92)

where Θ(C − c(|x |)) ensures that the total cost is kept positive. The first term accounts for392

trajectories with no resets and the second term integrates over trajectories where the first reset393

occurs at time τ.394

We then define a generating function395

Gr (k, t ) =

∫ ∞

0

dC e−kCPr (C , t ) . (93)

Using the definition of the generating function on (92), we obtain396

Gr (k, t ) = e−r t+

∫ t

0

dτ re−rτ

∫ ∞

−∞
dx P0(x ,τ)

×
∫ ∞

0

dC e−kCPr (C − c(x ), t − τ)Θ(C − c(|x |)) . (94)

Making a change of variable to C ′ = C − c(|x |), we get397

Gr (k, t ) = e−r t +

∫ t

0

dτ re−rτ

∫ ∞

−∞
dx P0(x ,τ)

∫ ∞

−c(|x |)
dC ′e−k(C ′+c(|x |))Pr (C

′, t − τ)Θ(C ′)

= e−r t +

∫ t

0

dτ re−rτ

∫ ∞

−∞
dx P0(x ,τ)

∫ ∞

0

dC ′ e−k(C ′+c(|x |))Pr (C
′, t − τ)

= e−r t +

∫ t

0

dτ re−rτ

∫ ∞

−∞
dx P0(x ,τ)e−kc(|x |)Gr (k, t − τ) . (95)

18



SciPost Physics Lecture Notes Submission

Finally taking a Laplace transform of (95) by making use of the convolution theorem, we get398

eGr (k, s) =
1

s + r
+ r

∫ ∞

−∞
dx eP0(x , r + s)e−kc(|x |)

eGr (k, s) , (96)

which can be rewritten as399

eGr (k, s) =
1

s + r

1
�

1− r
∫∞
−∞ dx eP0(x , r + s)e−kc(|x |)

� . (97)

Equation (97) gives an exact expression for the Laplace transform of the generating function400

of the cost, from which exact expressions for the moments of the cost, can be computed.401

7.2 Mean total cost402

For example, the mean total cost can then be obtained as403

〈C〉 = L−1
s→t

�

−∂k eGr (k, s)

�

�

�

�

k→0+

�

(98)

= L−1
s→t

�

2r (r + s)
s2

∫ ∞

0

dx eP0(x , r + s)c(|x |)
�

. (99)

Performing these calculations for the linear and quadratic cost per reset (see Appendix E), leads404

to the following mean total costs, which is written in terms of the dimensionless resetting rate405

R = r t .406

• Linear cost per resetting: c(x ) = |x |407

〈C〉lin =
p

Dt

�

e−R

p
π
+
(2R − 1)erf(

p
R)

2
p

R

�

. (100)

For large values of t (and therefore R), this increases as, 〈C〉lin ≃
p

Dr t .408

• Quadratic cost per resetting: c(x ) = |x |2409

〈C〉quad =
2Dt (R + e−R − 1)

R
. (101)

For large values of t , the mean total quadratic cost increases as 〈C〉quad ≃ 2Dt . In-410

terestingly, this does not depend on r and therefore is finite in the limit r ↘ 0. The411

explanation is that in this limit the probability of a reset is O(r t ) but the typical cost of412

a reset is O(1/r ), which results in an O(t ) contribution to the mean cost as r ↘ 0.413

The large time behaviours can be explained by the following scaling argument. The distri-414

bution of the position x at a reset is given by integrating the Gaussian distribution over the415

waiting time distribution between resets416

P(x ) ≃
∫ ∞

0

dt
re−r t

p
4πDt

exp
�

−x2/4Dt
�

(102)

=
α0

2
e−α0|x | , (103)
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where we have used our trusty formula (16), and as before α0 = (r/D)1/2. Then, for large417

times, the mean cost will be the mean number of resets r t multiplied by the mean cost per418

reset. For the case of c(|x |) = |x |β this gives419

〈C〉 = r t

∫ ∞

0

dx α0e−α0x xβ (104)

=
Γ (β + 1)r t

α
β

0

, (105)

which precisely recovers the long time limits of the exact results above for the case β = 1, 2.420

7.3 Large deviation function421

The large deviation function of the cost can be obtained from (97) following the approach of422

Section 6. Here, we work out the case of linear cost per reset c = |x |.423

The integral in (97) becomes424

r

∫ ∞

−∞
dx eP0(x , r + s)e−kc(|x |) = r

∫ ∞

−∞
dx

1
p

4(r + s)D
e−
Ç

r+s
D |x |e−k|x |

=
r

r + s + k
p

D(r + s)
(106)

and we obtain425

eGr (k, s) =
r + s + kD1/2(r + s)1/2

(r + s)(s + kD1/2(r + s)1/2)
. (107)

It is easiest to invert the Laplace transform over k first as the only singularity is a simple pole426

at k = −s/(D(r + s))1/2. Therefore we obtain427

ePr (C , s) =
r

(r + s)3/2D1/2
exp

�

−
sC

D1/2(r + s)1/2

�

. (108)

We now invert the Laplace transform over s by using the Bromwich contour428

Pr (C , t ) =
1

2πi

∫ +i∞+γ

−i∞+γ
ds es t
ePr (C , s) (109)

where γ should be to the right of the singularity at s = −r . Setting C = at , with t large, we429

evaluate the inversion integral over s by the saddle point method,430

Pr

�

C

t
= a, t
�

∼
∫ +i∞+s0

−i∞+s0

ds exp

�

−t

�

as

D1/2(r + s)1/2
− s

��

, (110)

where we have chosen γ = s0 so that the contour goes through the saddle point s0, in a431

direction parallel to the imaginary axis, and for simplicity we have ignored prefactors to the432

exponential. The saddle point equation for s0 reduces to433

r + s0 = −r +
2D1/2

a
(r + s0)

3/2 , (111)

which has a unique real solution with (r + s0) > 0.434

Therefore Pr (C/t = a, t ) ∼ exp(−t I(a)) where the large deviation function is435

I(a) =
as0

D1/2(r + s0)1/2
− s0 , (112)

where s0(a, r ) is the solution of (111). Note that for a = (Dr )1/2 the solution of (111) is436

s0 = 0 and I(a = (Dr )1/2) = 0, which is consistent with the mean cost 〈C〉 ≃ (Dr )1/2t , as437

we saw in Section 7.2.438
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8 Non-Poissonian Resetting439

So far we have assumed that the resetting is Poissonian, i.e., we have assumed that the waiting440

time between resets is distributed exponentially. We now relax this assumption and assume441

a general waiting time distribution ψ(t ) [22–25]. This means that a reset occurs, in time442

t → t + dt after the last reset, with probability ψ(t )dt . We also define the probability of no443

resets up to time t as444

Ψ(t ) =

∫ ∞

t

dτ ψ(τ) . (113)

Note that we recover the all the results for Poissonian resetting if we setψ(t ) = re−r t . Another445

situation that is also of interest is the case of deterministic reset (or sharp restart) which is given446

by ψ(t ) = δ(t − tr ).447

Similarly to Section 4.1, in the absence of an absorbing target and with x0 = xr , we can448

write the propagator for system with resetting using a first renewal equation as449

Pr (x , t |x0) = Ψ(t )P0(x , t |x0) +

∫ t

0

dτ ψ(τ)Pr (x , t − τ|x0) . (114)

Then using Laplace transform we get,450

ePr (x , s |x0) =

∫∞
0 dt e−s tΨ(t )P0(x , t |x0)

1−
∫∞

0 dt e−s tψ(t )

=

∫∞
0 dt e−s tΨ(t )P0(x , t |x0)

s
∫∞

0 dt e−s tΨ(t )
, (115)

where the last equality is obtained by performing integration by parts on the denominator. The451

stationary state will then be given by the coefficient of the
1
s term in the small s expansion.452

So we obtain the stationary state to be453

P∗(x ) = lim
s→0

∫∞
0 dt e−s tΨ(t )P0(x , t |x0)
∫∞

0 dt e−s tΨ(t )
. (116)

Thus, for the NESS to exist, this limit should not vanish. Therefore, we require454

∫ ∞

0

Ψ(t )dt =

∫ ∞

0

τψ(τ)dτ = E(τ) <∞ . (117)

That is, for a stationary state to exist for diffusion under resetting we require the mean time455

between resets to be finite.456

8.1 Survival probability457

Let us also consider the survival probability with an arbitrary waiting time distribution. As we458

did in Section 5, we can write down a first renewal equation for the survival probability as459

follows:460

qr (t |x0) = Ψ(t )q0(t |x0) +

∫ t

0

dτ ψ(τ)q0(τ|x0)qr (t − τ|xr ) . (118)
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Then, as usual, taking the Laplace transform and setting x0 = xr yields461

eqr (s |x0) =

∫∞
0 dt e−s tΨ(t )q0(t |x0)

1−
∫∞

0 dτ e−s tψ(τ)q0(τ|x0)
. (119)

Finally, we obtain the MFPT by setting s = 0462

〈Tr (x0)〉 =

∫∞
0 dt ψ(t )
∫ t

0 dτq0(τ|x0)

1−
∫∞

0 dτ ψ(τ)q0(τ|x0))

=

∫∞
0 dt ψ(t )
∫ t

0 dτq0(τ|x0)
∫∞

0 dτ ψ(τ)(1− q0(τ|x0))
. (120)

8.2 Optimising the waiting time distribution463

In Section 5.1, for the case of Poissonian resetting, we optimised the MFPT to an absorbing464

target, with respect to the resetting rate r . More generally, we can ask, what is the best choice465

of waiting time distribution to minimize the mean time for first passage?466

It turns out that when the target is at a known distance from the resetting site (in the case467

of resetting to x0 and a target at the origin this distance is x0) the answer to this question468

is that a deterministic resetting, ψ(t ) = δ(t − tr ) is the best [23, 24, 26]. But the resetting469

period, tr , has to be chosen appropriately and relies on us knowing the distance to the target.470

A more realistic problem is when we know where the target ought to be (at the origin471

say) but the actual distance from this position is a random variable, xT , drawn from a target472

distribution, PT (xT ) centred at the origin [27]. Thus we do not know the position of the473

target exactly. A sensible strategy for searching for the target would be to reset to the origin474

and select an optimal waiting time distribution for resetting. The relevant quantity to optimise475

is then the MFPT averaged over the target position, xT ,476

〈Tr (x0)〉 =
∫

dxT PT (xT )〈Tr (xT )〉 (121)

where 〈Tr (xT )〉 is given by (120) with x0 replaced by xT .477

Although this optimisation problem is beyond the scope of these lectures, we mention that478

the optimal waiting time distribution depends on the target distribution. For example, in the479

case of an exponential target distribution PT (xT ) = β/2 exp(−β |xT |) the optimal waiting480

time distribution is exponential, i.e. Poissonian resetting with rate r = β2D/4 [28].481

9 Conclusion482

In these lectures we have presented a detailed account of diffusion with stochastic resetting483

and highlighted some large deviation principles that apply. We have endeavoured to make the484

lecture notes self-contained as far as possible so that an interested reader can learn the tricks485

of the trade. The field of stochastic resetting is constantly expanding and evolving and these486

notes, whilst not aiming to provide comprehensive coverage of all recent developments, will487

hopefully provide an entry point to this rich and complex topic.488
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A Inverting Laplace transform of Gaussian using the Bromwich497

integral498

The task is to evaluate the inverse Laplace transform using the integral obtained from (16)499

and (18),500

P(x , t |x0) =
1

2πi

∫ γ+i∞

γ−i∞
ds es t 1

p
4sD

e−
Ç

s
D |x−x0| . (A.1)

To evaluate the Bromwich integral (A.1), we integrate along the contour Γ ,shown in Fig. 6,

Figure 6: We define the keyhole contour Γ composed of Cγ,C1, Ca,Cε,Cb and C2. Cγ
is a straight segment that vertically intersects the real axis with all the singularities
lying to its left. Here γ > 0 and s runs from s = γ− iR to s = γ+ iR. Cε is a small
circular contour around the branch point singularity at s = 0. In the limit R →∞
and ε→ 0, we see that the only contributions to the integral are from Cγ,Ca and Cb,
using which we can calculate the required Bromwich integral.

501

where we have a keyhole construction around the branch point at s = 0. From Cauchy’s502

theorem, since there are no singularities inside the contour, we obtain503

1

2πi

∮

Γ

ds es t 1
p

4sD
e−
Ç

s
D |x−x0|

=
1

2πi

�
∫

Cγ

+

∫

C1

+

∫

Ca

+

∫

Cε

+

∫

Cb

+

∫

C2

�

dz ezt 1
p

4zD
e−
Ç

z
D |x−x0| = 0 . (A.2)
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Since we eventually take the limits R→∞ and ε→ 0, the contribution from the integral from504

C1, C2 and Cε goes to zero, as a consequence of Jordan’s lemma. So we obtain the required505

integral as506

1

2πi

∫ γ+i∞

γ−i∞
ds es t 1

p
4sD

e−
Ç

s
D |x−x0| = −

1

2πi

�
∫

Ca

+

∫

Cb

�

dz es t 1
p

4sD
e−
Ç

s
D |x−x0| . (A.3)

To evaluate the integral along Ca, we choose s = reiθ with θ = π, with the limits of the507

integral running from r =∞ to r = 0, which gives us508

∫

Ca

ds es t 1
p

4sD
e−
Ç

s
D |x−x0| =

∫ 0

∞
dr eiπ

exp
�

reiπt
�

p
4r Deiπ/2

exp

�

−
s

r

D
eiπ/2|x − x0|
�

= −i

∫ ∞

0

dr
exp (−r t )
p

4r D
exp

�

−i
s

r

D
|x − x0|
�

= −
2i
p

4Dt

∫ ∞

0

du e−u2
e

iu
p

Dt
|x−x0|

= −
2i
p

4Dt

∫ ∞

0

due
−
�

u− i|x−x0|p
4Dt

�2

e−
|x−x0|2

4Dt

= −i

√

√ π

4Dt
e−
|x−x0|2

4Dt . (A.4)

To perform the calculations we have used a substitution u2 = r t , followed by completion of509

the squares and Gaussian integral.510

Similarly, to evaluate the integral over Cb, we choose s = reiθ with θ = −π, with the511

limits from r = 0 to r =∞. Performing exactly the same steps used to obtain (A.4), we get512

the same result513

∫

Cb

ds es t 1
p

4sD
e−
Ç

s
D |x−x0| = −i

√

√ π

4Dt
e−
|x−x0|2

4Dt . (A.5)

Plugging in (A.4) and (A.5) into (A.3), we obtain the inverse Laplace transform514

P(x , t |x0) =
1

2πi

∫ γ+i∞

γ−i∞
ds es t 1

p
4sD

e−
Ç

s
D |x−x0| =

1
p

4πDt
e−
|x−x0|2

4Dt . (A.6)

B Proof of the integral identity (19)515

In this appendix we show how to obtain516

∫ ∞

0

dt t−1/2e−
β
t −s t =

π1/2

s1/2
e−2(β s)1/2 . (B.1)

Note that the above integral converges only when s > 0 and β > 0. We start by defining517

I =

∫ ∞

0

dt t−1/2e−
β
t −s t , (B.2)

Using the properties of a Gaussian integral, we can rewrite the integrand in (B.2) as518

t−1/2e−
β
t = π−1/2

∫ ∞

−∞
du exp
¦�

−t u2 + 2i
Æ

βu
�©

, (B.3)
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using which we obtain,519

I = π−1/2

∫ ∞

−∞
du exp
�

2i
Æ

βu
�

∫ ∞

0

dt exp
�

−[u2 + s]t
�

= π−1/2

∫ ∞

−∞
du

exp
�

2i
p

βu
�

u2 + s
. (B.4)

The last integral can be evaluated using a contour integral along a contour C that runs along520

the real axis, and is closed in the upper half plane since β > 0. (This is a consequence of521

Jordan’s lemma.) Thus we obtain,522

I = π−1/2

∮

C

dz
exp
�

2i
p

β z
�

(z − i
p

s)(z + i
p

s)

= 2π1/2i Resz=i
p

s

exp
�

±2i
p

β z
�

(z − i
p

s)(z + i
p

s)
, (B.5)

Upon evaluating the residue, we obtain523

I =
2
p
πi exp
�

−2
p

β s
�

2i
p

s
=
π1/2

s1/2
e−2(β s)1/2 . (B.6)

C Proof of the Laplace transform of the error function (30)524

Using the definition of error function (26), we can re-write (30) as,525

∫ ∞

0

dt e−s t erf
�

β

t 1/2

�

=
2
p
π

∫ ∞

0

dt e−s t

∫

β
p

t

0

du e−u2

=
2
p
π

∫ 1

0

dw

∫ ∞

0

dt t−1/2e−s t e−
β2w2

t , (C.1)

where for the second equality we have performed the substitution, w =
p

t
β u and changed the526

order of the integration. Now we observe that the second integral in (C.1) is of the form (19)527

once we make the identification β → (βw )2, after which we obtain528

∫ ∞

0

dt e−s t erf
�

β

t 1/2

�

=
2β

s1/2

∫ 1

0

dw e−2βw s1/2

=
1− e−2β s1/2

s
. (C.2)

D Laplace’s method529

In this appendix we give the details of evaluating (46) by Laplace’s method. Using w = u/t530

and y = |x − xr |/t , we can rewrite the second term of (46) as531

Pr (x , t |x0) =
e−tφ(1,y)

p
4πDt

+
r t 1/2

p
4πD

∫ 1

0

dw

w1/2
e−tφ(w,y) (D.1)
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where532

φ(w, y) = r w +
y2

4Dw
(D.2)

Since we are interested in the large time behaviour, we can evaluate (D.1) using Laplace533

method, where we expand the integrand around the maxima of the argument of the expo-534

nential and integrate. In (D.2) it occurs at the minimum of φ(w, y), which we obtain as535

w ∗ =
y
p

4Dr
. (D.3)

We get two different large time behaviours for (D.1) depending on whether w ∗ < 1 or w ∗ ≥ 1.536

For the first case, choose w ∗ < 1, which is the case where the minimum of φ(w, y) is537

within the interval [0, 1]. Then, the dominant contribution will be from the integral in (D.1).538

We can evaluate the term by expanding φ(w, y) to the second order in w539

φ(w, y) = φ(w ∗, y) +
φ′′(w ∗, y)

2
(w − w ∗)2 +O(w3) . (D.4)

Since w ∗ is a minimum of φ(w, y), we have φ′(w ∗, y) = 0 and φ′′(w ∗, y) > 0. Using the540

substitution541

s =

√

√ tφ′′(w ∗, y)

2
(w − w ∗) , (D.5)

we obtain542

r t 1/2

p
4πD

∫ 1

0

dw

w1/2
e−tφ(w,y) ≃

re−tφ(w ∗,y)

p

2πDw ∗φ′′(w ∗, y)

∫ ∞

−∞
dw e−s2

. (D.6)

Note that we can safely take the upper and lower limits to ±∞ as we are interested in the543

large t behaviour and the contributions from the values different from w ∗ will be exponentially544

small. Evaluating all the terms, we obtain545

Pr (x , t |x0) ≃
1

2

s

r

D
e−
Ç

r
D y t , (D.7)

which is the same as the steady-state distribution obtained for diffusion with resetting in (41).546

Note that the contribution from the first term in (D.1) is sub-leading in t as it will be of the547

order of e−tφ(1,y)/
p

t .548

In the second case, when w ∗ ≥ 1, which occurs when the minimum of φ(w, y) is outside549

the interval (0, 1), the major contribution of the integral will be from the boundary close to 1.550

So the relevant expansion of φ(w, y) is551

φ(w, y) = φ(1, y) +φ′(1, y)(w − 1) +O((w − 1)2) . (D.8)

Note that in this case φ′(1, y) < 0. We can approximate the second term in (D.1), by evalu-552

ating the integral in the interval [1− ε, 1]. We then obtain553

r t 1/2

p
4πD

∫ 1

0

dw

w1/2
e−tφ(w,y) ≃ −

re−
p

4πDtφ(1,y)

tφ′(1, y)

∫ −tφ′(1,y)ε

0

ds e−s

≃ −
re−tφ(1,y)

p
4πDtφ′(1, y)

∫ ∞

0

ds e−s

= −
e−tφ(1,y)

p
4πDtφ′(1, y)

. (D.9)
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To obtain the above expression we have used the substitution s = tφ′(1, y)(w − 1), and554

changed the upper limit to ∞ as we are interested in the large t behaviour. We see that555

unlike the previous case, the contribution from the integral and the first term in (D.1) are of556

the same order. Thus for w ∗ ≥ 1, we obtain557

Pr (x , t |x0) ≃
�

y2

y2 − 4Dr

�

e
−t
�

r+
y2

4D

�

p
4πDt

. (D.10)

E Calculation of Mean Costs for Resetting558

In the main text we derived559

〈C〉 = L−1
s→t

�

2r (r + s)
s2

∫ ∞

0

dx eP0(x , r + s)c(|x |)
�

, (E.1)

where560

eP0(x , r + s) =
1
p

4D(r + s)
e−(r+s)/D)1/2x . (E.2)

E.1 Linear cost per reset561

For the case of linear cost per resetting, plugging in c(x ) = |x | we obtain562

∫ ∞

0

dx eP0(x , r + s)|x | =
D1/2

2(r + s)3/2
. (E.3)

Therefore we obtain from (E.1),563

〈C〉lin = r D1/2L−1
s→t

�

1

s2
p

r + s

�

. (E.4)

Noting that564

L−1
s→t

�

s−2� = t , (E.5)

and565

L−1
s→t

�

(r + s)−1/2� =
e−r t

p
πt

, (E.6)

we can make use of the convolution theorem to obtain the product of the two Laplace trans-566

forms as a convolution, which gives567

L−1
s→t

�

1

s2
p

r + s

�

=

∫ t

0

dτ (t − τ)
e−rτ

p
πτ

=
e−r t
p

t
p
πr

+
(2r t − 1)erf
�p

r t
�

2r3/2
. (E.7)

To obtain the above integral, we have made the substitution τ = u2 and made use of the568

definition of the error function (26). Upon plugging (E.7) into (E.4) and defining R = r t , we569

obtain570

〈C〉lin =
p

Dt

�

e−R

p
π
+
(2R − 1)erf(

p
R)

2
p

R

�

. (E.8)
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E.2 Quadratic cost per reset571

For the case of quadratic cost per reset, c(x ) = |x |2, following exactly the same procedure, we572

obtain573
∫ ∞

0

dx eP0(x , r + s)|x |2 =
D

(r + s)2
. (E.9)

Therefore we obtain from (E.1),574

〈C〉quad = 2DrL−1
s→t

�

1

s2(r + s)

�

. (E.10)

Splitting (E.10) into partial fractions, and inverting term by term and again defining R = r t ,575

we obtain,576

〈C〉quad = 2DrL−1
s→t

�

+
1

r s2
+

1

r2(r + s)
−

1

r2s

�

=
2Dt (R + e−R − 1)

R
. (E.11)
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