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Abstract

In the context of the AdS;/CFT,, the boundary causal development and the entanglement
wedge of any boundary spacelike interval can be mapped to a thermal CFT, and a Rindler
;\—&;3 respectively via certain boundary and bulk Rindler transformations. Nevertheless,
the Rindler mapping is not confined in the entanglement wedges. While the outer hori-
zon of the Rindler A—Js; is mapped to the RT surface, we also identify the pre-image of
the inner horizon in the original AdS;, which we call the inner RT surface. In this paper
we give some new physical interpretation for the inner RT surface. First, the inner RT
surface breaks into two pieces which anchor on the two tips of the causal development.
Furthermore, we can take the two tips as the endpoints of a certain timelike interval
and the inner RT surface is exactly the spacelike geodesic that represents the real part
of the so-called holographic timelike entanglement entropy (HTEE). We also identify a
timelike geodesic at boundary of the extended entanglement wedge, which represents
the imaginary part of the HTEE. Second, in the duality between the topological mas-
sive gravity (TMG) and gravitational anomalous CFT,, the entanglement entropy and
the mixed state correlation that is dual to the entanglement wedge cross section (EWCS)
receive correction from the Chern-Simons term in the TMG. We find that, the correction
to the holographic entanglement entropy can be reproduced by the area of the inner RT
surface with a proper regulation, while the mixed state correlation can be represented
by the saddle geodesic chord connecting the two pieces of the inner RT surface of the
mixed state we consider, which we call the inner EWCS. The equivalence between the
twist on the RT surface and the length of inner RT surface is also discussed.
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1 Introduction

It has long been known that, black holes in classical gravity satisfy thermodynamic laws and
the area of the outer horizon A plays the role of the black hole entropy [1-3], which is called
the Bekenstein-Hawking entropy;,

_ Area(A)
BT 46

(1)

Since then, understanding the microscopic origin of the black hole entropy is believed to be
an important window to explore the quantum theory of gravity, and many fruitful steps have
been taken towards this task, see [4—6] for an incomplete list.

In the context of the AdS/CFT [7-9], the Bekenstein-Hawking formula is generalized to
the Ryu-Takayanagi (RT) formula [ 10-12] for the entanglement entropy of regions in the dual
boundary field theory. More explicitly, consider a static region A in the boundary CFT, the RT
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formula gives a holographic formula for the entanglement entropy S 4,

_ Area(£)

A 4G 2

where £ is the (minimal) extremal surface in the AdS bulk homologous to the boundary region
A. At first, the RT formula was understood for the static spherical regions on the AdS boundary
[13], where we can find a Rindler transformation that maps the entanglement wedge WV 4 to a
Rindler K&s: black hole, then the entanglement entropy equals to the thermal entropy of the
Rindler black hole that is captured by the outer horizon of the Rindler black hole [13]". Later,
the general case of the RT formula was proved by the Lewkowycz-Maldacena prescription [17],
which directly computes the holographic entanglement entropy by applying the replica trick
in the gravity side.

Essentially, both the Bekenstein-Hawking and the RT formula are quantum information in-
terpretations for the outer horizon of the black holes, while the analogous aspects associated
to the inner horizon are much less understood. So far it is not clear which type of micro-states
the inner horizon counts. Nevertheless, there have been observations that strongly indicate
that the inner horizon has quantum information interpretation which deserves further inves-
tigation:

¢ It has been observed that the variation of the area of the inner horizon also satisfies a
“first law” of thermodynamics for a large class of black holes? [18-20].

* It appears that the product of the areas of the inner and outer horizon only depends on
the quantized charges and is independent of the mass of the black hole [18,21-25].

* In the topological massive gravity [26, 27], the entropy of AdS black holes receives a
correction from the Chern-Simons term, which is proportional to the area of the inner
horizon [28-31].

* More importantly, in the flat limit of the non-extremal BTZ black holes, the outer hori-
zon is pushed to infinity, hence only the inner horizon is left in the bulk, which is called
the flat cosmological horizon. In this configuration the asymptotic symmetries are gov-
erned by the 3d Bondi-Metzner-Sachs (BMS3) group and the correspondence between
the 3d asymptotic flat spacetime and the BMS symmetric field theory (flat; /BMSFT) was
proposed [32,33]. In this context the thermal entropy of the BMS field theory can be
calculated by a Cardy-like formula and it matches to the area of the flat cosmological
horizon [34, 35]. Also, the analog of the RT formula in this holography has been de-
rived [16] (see also [36]) which introduces two novel null geodesics for the geometric
picture of the holographic entanglement entropy.

In this paper we will mainly discuss the inner horizon in the Rindler ;‘Egé . The core of the
Rindler method is the construction of the Rindler transformations that map the causal devel-
opment D 4 of a boundary subregion A to a boundaryless thermal Rindler space. Since the
Rindler transformations are the symmetry transformations of the boundary QFT, the entangle-
ment entropy of A equals to the thermal entropy of the Rindler space. In holography, these
Rindler transformations can be extended into the AdS bulk, which maps the entanglement
wedge W 4 of A to a Rindler ;\@ . In this case, the Bekenstein-Hawking entropy, given by the
area of the outer horizon of the Rindler E, gives the entanglement entropy S 4. Also we can

IThis is called the Rindler method to compute the holographic entanglement entropy, see also [14-16] for
further progress on the Rindler method applied to holography beyond AdS/CFT.
2Such a “first law” for the inner horizons has negative energy or temperature.
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read the modular flow from the Rindler transformations, which is a geometric flow generated
by the modular Hamiltonian and is very useful in our discussions.

As we know that, the inverse Rindler transformations exactly map the outer horizon of the
Rindler ;\_dE; to the RT surface £ 4 in the original AdS spacetime. Then it is very interesting
to ask what is the image of the inner horizon in the original AdS spacetime. For any spacelike
interval A, there is a unique timelike interval A that connects the two tips of D 4. Recently, the
holographic entanglement entropy associated with timelike intervals has been studied in [37,
38] (see also [39-48] for relevant discussions). The geometric picture includes two spacelike
geodesics anchored on the endpoints of the timelike interval whose length makes the real part
of the holographic timelike entanglement entropy, while the imaginary part is given by the
length of a timelike geodesic connects the spacelike one at the null infinities. We identify the
image of the Rindler inner horizon in the original AdS spacetime, and show that it coincides
with the spacelike geodesics in the geometric picture of the holographic timelike entanglement
entropy for A. We also find that the timelike geodesic representing the geometric picture of
the imaginary part is the boundary of the extended entanglement wedge, which is mapped to
the exterior of the inner horizon in the Rindler AdS;.

Considering the correction to holographic entanglement entropy due to higher-order cur-
vature terms in the bulk is also interesting. Two typical higher order corrections to the Hilbert-
Einstein action are Gauss-Bonnet term [49] and Chern-Simons term [26,27]. In this paper,
we mainly focus on the Chern-Simons term, which is the low energy effective action of string
theory. The Chern-Simons term, which explicitly depends on the connection, is not manifestly
diffeomorphism invariant (up to a boundary term). This leads to unequal central charges c;
and cp in the dual conformal field theory. Such a theory is called the conformal field theory
with gravitational anomaly. In [50], the authors give a bulk description of the holographic
entanglement entropy with gravitational anomaly, which is a spinning particle with a world-
line action. However, the worldline action is not a pure geometric quantity, which is the main
motivation of this work.

The paper is organized as follows. In Sec.2, we give a brief introduction of the Rindler
method and give the explicit Rindler mapping. Then we identify the pre-image of the inner
horizon in the original AdS;, which we call the inner RT (IRT) surface. In Sec.3, we briefly
introduce the partial entanglement entropy (PEE) and the slicing structure of the entanglement
wedge and the extended entanglement wedge. Based on the fine structure we established
the partnership between the points in the causal development and the points on the RT and
the inner RT surfaces, based on which we further establish the duality between the PEE (or
timelike PEE) and the geodesic chords on the RT (or inner RT) surfaces. In Sec.4, in the context
of the correspondence between the topological massive gravity (TMG) and the gravitational
anomalous CFT,, we give the bulk geometric description of the holographic entanglement
entropy, which is the length of a geodesic chord on the IRT surface. This result is consistent
with the one obtained by measuring the “twist” of the RT surface introduced in [50]. In Sec.5,
we give the geometric picture for the gravitational anomalous correction to the balanced partial
entanglement entropy (BPE), which was proposed to be the mixed state correlation dual to the
EWCS. The geometric picture is just the saddle geodesic connecting the two pieces of the IRT
surface of the mixed state region, and gives the same result as the one obtained by measuring
the twist of the EWCS [51]. In Sec.6, we construct the PEE in the twist description based on
the fine structure, and the result is consistent with the length of the partner geodesic chord
on the IRT surface. We summarize our results and give discussion in the last section. In the
appendix, we give details of some calculations and the comparison between our geometric
description and the swing surface prescription [16,52,53] when taking the flat limit.

Through out this paper, we will put a tilde sign on the top of all the quantities in the Rindler
AdSs, and put a hat sign on the top of all the quantities associated to the inner RT surface.
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2 Timelike entanglement entropy from the inner horizon

2.1 A brief introduction to the Rindler method in AdS,/CFT,

The key point of the Rindler method is to construct a Rindler transformation, which maps
the entanglement entropy to the thermal entropy by a symmetry transformation, such that the
calculation of the entanglement entropy is equivalent to calculating the corresponding thermal
entropy. Comparing with the entanglement entropy, the calculation of thermal entropy which
we already have tools to evaluate is much easier. For example, the Cardy formula [54-58] for
the field theory side, and the Bekenstein-Hawking formula for the gravity side. The general
strategy to construct a Rindler transformation by the symmetries of the boundary field theory
and its bulk extension by holographic dictionary is summarized in Sec.2 of [16]. Here we only
list some key points of the Rindler method applied to the AdS;/CFT, correspondence. First,
we consider a spatial interval A in the vacuum CFT, on the plane,

A:(—ly/2,-1ly/2) = /2,1y /2), (ly,ly >0), ()
where U and V are the light-cone coordinates,

X+t xX—t
U=""-, v="—-. 4
5 3 4)

In this paper, we set the AdS radius £ = 1. The vacuum CFT, on the plane is dual to the
Poincaré AdS; with the metric given by>,

d 2
ds* =2pdUdV + 52 7)
4p

The causal development D 4 of the interval A is a diamond shape region,

ly ly Iy lv}
D,=1U,V)|——<U<<—=,——<V<—7}. 8
A {(, ) 5 55 2 8)

The bulk Rindler transformation maps the Poincaré AdS; (7) to a Rindler AdS;,

- N - dp?
ds? = T2d0? + 2pd0dV + T2dV? + —— L 9)
v Y 4(p2—T1212)
oV
and the explicit transformation is given by [16,59],
o 1 o [(2—(ZU+2U)(lV—2V)p)(2+(lU+2U)(lv+2V)p)}
4Ty L=y —20)(y +2V)p) 2+ (ly —20) (Iy —2V) p) )’
V- 1 1 [(2—(ZV+2V)(ZU—2U)p)(2+(lV+2V)(ZU+2U)p)} 10
a1, Ble—t -2+ 2 p) 2+ -2 y—20p) ) 10
. TgTy(4+16UVp + (12 —4U?) (12 —4v?) p?)
p= :
4plyly
3Under the following coordinate transformation,
x+t x—t 2
V== V=% P=5 )

the metric (7) can be rewritten in the Poincaré coordinate,

,  —dt?+dx?+dz?

22

ds (6)
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Figure 1: The figure is extracted from [59]. The pink surfaces represent the null
hypersurfaces N, and the blue curve represents the RT surface £.

where T and Ty are the parameters characterizing the size of a thermal circle of the outer
horizon,

outer horizon: (U, V) ~ (U + il, vV — iﬂ), 11
Ty Ty

The bulk Rindler transformation (10) reduces to the boundary Rindler transformation at
the asymptotic boundary p — oo,

U= @arctanh(z—U), V= ﬁ—varctanh(z—v), 12)

T Iy T Iy
where f3; = n/Ty and By = 7/ Ty. Similarly, the boundary Rindler transformation maps the
vacuum CFT, on the plane to a thermal CFT,. Following the logic of the Rindler method, the
entanglement entropy of the interval .4 (3) is mapped to the thermal entropy of the thermal
CFT,, which can be evaluated holographically. According to the bulk Rindler transformation
(10), the outer horizon p = Tj; Ty of Rindler K&STB is mapped from two null hypersurfaces N/,
in the original AdS; space,

2 2
Ny:p= , N_:p= , 13
Py 20y —2v) P =ty =200y +2v) (13
whose intersection is precisely the RT surface &,
21y ly
E:1p=——7"—"—, U=-=V. (14)
"7 (12 —4v2) ly
See Fig.1 for an illustration. The length parameter 7 of the RT surface £ is given by,
2V
7 (V) = arctanh (l_) , (15)
v

where we set the center point of £ to be the origin for the length parameter. The entanglement
wedge W, [60] is the bulk region enclosed by D 4 and N., which is mapped to the exterior
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Figure 2: The left and the right figures show the modular flow lines of ki and k{j
in the causal development D 4, respectively. The black line represent the interval A,
and the purple line represent its partner interval A.

of the outer horizon of Rindler K&gé (9) under the bulk Rindler transformation®. Therefore,
the thermal entropy of the boundary thermal CFT, equals to the Bekenstein-Hawking entropy
of the outer horizon in Rindler AdS; space. Now we denote the image of boundary interval .4
(3) under the Rindler transformation (12) as A. Due to the divergence of the entanglement
entropy, we need to introduce cutoffs to regulate the interval A,

Areg . (_lU/2+6U’_lV/2+6V) — (lU/z—eU,lv/z—Ev). (16)

Here, €, and €, are two infinitesimal constants of the same order. After performing the
Rindler transformation (12), the image of this regularized interval A" is,

A (—AT/2,—AV/2) - (AT/2,A7/2)
s . 17
AU:ilog(l—U), AV=ilog(l—v). an
Tf] eU T‘“/ GV

The proper length on the outer horizon in the Rindler AdS; is ds? = (T5dU + T (,df/)z. Inte-
gration along the proper length gives the length of the outer horizon,

- - 1;;1
Couter horizon = Tg AU + Ty AV = log( S ) (18)
€uy€y

Therefore, the holographic entanglement entropy of the interval A is given by,

SA:ibg( oly ) (19)
4G EyEy

which exactly matches the result evaluated by the RT formula [10-12]. On the other hand,
a useful byproduct of the Rindler method is the modular flow that manifests the replica sym-
metry. More explicitly, the Rindler transformation ¥ = f (x) is invariant under imaginary
identification of the Rindler coordinates ¥ ~ %' 4 if3;:, which can be referred to as the ther-
mal circle in the Rindler space. With the thermal circle, the modular flow k, along the thermal
circle in the Rindler space can be rewritten as k; = f3;iJzi. For example, for the thermal circle
of the outer horizon (11), the corresponding bulk modular flow, which is also called the bulk
modular Hamiltonian flow, is given by,

kP =B85 — By Oy (20)
m 4U% 2 o 4v? 2 u v
=—|ly—————|y—=ly—— -2 ———pd,.
Z(U ly ZVP) y Z(V ly lUP) V+4n(lu lv)lo P

4This can be seen clearly in Sec.3.2, where we introduce the concept of modular slice.
>The symbols €, €, in this paper all represent two infinitesimal constants of the same order.
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where the negative sign in the first line comes from the negative sign in the thermal circle (11).
The superscript a is used to distinguish it from a new bulk modular flow kf ’bUIk, which we pro-
pose in the next subsection. Interestingly, the null hypersurfaces A, , which are mapped to the
outer horizon in Rindler AES:, are just the Killing horizons of the bulk modular Hamiltonian
flow k"™, Furthermore, the RT surface & is precisely the fixed points of k*** (or the bulk
replica symmetry),

k&P =0, 2D

Asymptotically, we have the boundary modular flow k,

pa — nly  2nU? e nly  2mV? p 22)
tT 2 Iy )Y 2 L )7

See the left figure of Fig.2 for the boundary modular Hamiltonian flow lines generated by k{'.
In fact, we can also define the temporal and the spatial coordinates in the Rindler AdS;,

. gV 1 Iy +2U)(Iy —2V) p —2)?
Rindler time: tzzn(ﬂ——)z— og((( v UCY )p )2),
By By 4 ((Ily —2U0) Iy +2V) p —2)
g v 1 Iy +20)(Iy +2V) p + 2)?
Rindler space: ¥ :=n(—+—)=—lo ((( g UG )p )2).
By By) 4 ((ly —2U0)(ly —2V)p +2)
where we have used the bulk Rindler transformation (10). In this Rindler coordinate sys-
tem (£, X), the thermal circle of the outer horizon (11) is just f ~ t + 27i, and the modular
Hamiltonian flow k%™ can be rewritten as,

(23)

k&P = 25, (24)

In other words, the modular Hamiltonian flow kf’bun{ is precisely the generator of the time

translation in the Rindler AdS;, which is also why it is called the modular Hamiltonian flow,
whose modular flow lines are just the Rindler temporal coordinate lines when mapped to the
Rindler AdS,.

—_—

2.2 The inner RT surface and the inner horizon in the Rindler AdS,

In the last subsection, we reviewed that the outer horizon p = T Ty in the Rindler AdS; is
mapped from the null hypersurfaces NV (13), whose intersection line is the RT surface £ (14).
Furthermore, the region outside the outer horizon in the Rindler Z\ES—; is mapped from the
entanglement wedge W 4 in the original Poincaré AdS;. Since the bulk Rindler transformation
is not confined within the entanglement wedge®, and there is also a inner horizon in the Rindler
AdSs, it is also interesting to conduct a similar analysis associated to the inner horizon. For
example, what is the pre-image of this inner horizon, as well as the region between the outer
and the inner horizons, in the original AdS;. What is the physical interpretation of these
pre-images? Is there a modular flow, or a replica story associated to the inner horizon?

First, the thermal circle associated to the inner horizon p = —T Ty is given by,
: . o . M . T
inner horizon: (U,V)~ (U +i—,V +i—), (25)
Ty Ty

5We will return to this point in Sec.3.2.2.
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which corresponds to a geometric flow (or modular momentum flow) kf bulk generated by the
so-called modular momentum P,,.4”, whose Killing horizon is just the inner horizon,

kPP =B 05 + By oy (26)
m 4U% 2 o 4vZ 2 Uu Vv
= ly——+— |y +=(ly———+— |3, +4n| —+— | pd,.
2(U ly ZVP) y Z(V ly ZUP) ! 4n(lU lv)p P

Similarly, the positive sign in the first line comes from the positive sign in the thermal circle
(25). The difference between kf"blﬂk and ktﬂ bulk i5 that ly is replaced with —ly, i.e.

Ve Vet (27)

which is understandable since the t direction becomes spacelike while the x direction becomes
timelike after we enter the outer horizon. Asymptotically, we have the boundary modular
momentum flow ktﬁ ,

z 2 z 2
kb= Ty _2m07 ), L (Tv 27V, 28)
2 1, 2

See the right figure of Fig.2 for the boundary modular flow lines generated by kf . The physical

significance of kf Pulk an be understood more clearly in the Rindler coordinate system (%, X),

B,bulk
kt

where the modular flow can be rewritten as:

kPP — oo, (29)

i.e. the bulk modular flow kf bulk is the generator of the spatial translation in the Rindler ;‘ES—; ,
hence we refer to it as the bulk modular momentum flow. In the Rindler coordinate system
(f, %), the thermal circle of the inner horizon (25) is X ~ X — 27i.

Second, solving the equation § = —T; T can also give us two null hypersurfaces M,
which are mapped to the inner horizon under the bulk Rindler transformation (10),

2 Moo 2
(Uy—20) Iy —2v) 7= P =Ty + 2001y +2v)

M,:p=— (30)

and their interaction line is £ which we refer to as the inner Ryu-Takayanagi (IRT) surface in
this paper,

~ 21y ly
E:p=——-—""-—"-—, U=—--YV, (3D
"7 (12 —4v2) ly
see the left figure of Fig.3 for an illustration. The length parameter T of the IRT surface £is
given by,
1. [2V—I
?z—log( V), (32)
2 °\2v+1,

where we set the null infinity (i.e. V = 00) to be the origin for the length parameter. One can
easily verify that k{j bulk g vanishing on &. Furthermore, the IRT surface £ intersects with the
asymptotic boundary at the endpoints of a boundary timelike interval A, which connects the
two tips of the causal development D 4 and is referred to as the partner interval of A in this
paper, .

A (=ly/2,1y/2) = (Iy/2,—1,/2). (33)

’In appendix A, we derive the modular Hamiltonian H,,,4 and the modular momentum P, as the integrals of
the stress tensor based on the Rindler method.
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Figure 3: The right figure is extracted from [61]. The left figure: the blue curve is the
IRT surface that is the intersection line between the two null hypersurfaces M. The
right figure: the green solid line represents the real part of the timelike entanglement
entropy, and the red solid line represents the imaginary part, which correspond to
the spacelike geodesic and the timelike geodesic respectively.

If we consider a case when A is a static spacelike interval of length L, i.e. [y =1, = L/2, then

the corresponding partner interval Aisa pure timelike interval® of the same length (which

means the time difference) L. Under the (t, x,z) coordinates (5), the corresponding IRT sur-
face & (31) is given by,

E: t?—2%= L—Z

4

Recently, the authors in [37,38] defined the so-called timelike entanglement entropy (TEE)

through the analytical continuation of the entropy formula for spacelike intervals. Specifically,

consider a pure timelike interval A of length L, the TEE Sg‘p

can be evaluated via the analytical continuation for the spacelike entanglement entropy, i.e.,

Ty _ ¢ v—L2? c (L) cTi
St =-1 =—log|— | +—. 35
A 3 og( € 3 °8 € 6 (35)

(34)

of this pure timelike interval A

Here, € represents the UV cutoff, ¥'—L2 denotes v/ds? for the pure timelike interval .Zl\, and
c is the central charge. Accordingly, the geometric picture of the real part of the TEE, was
proposed [37, 38] to be represented by the analytical continuation (i.e. Wick rotation) for
the RT surface connecting the timelike interval A (see the green lines in the right figure of
Fig.3)°. Later, various principles have been proposed to determine the geometric picture for
the holographic TEE!?

8Here “pure timelike” refers to the fact that A'is located at the x = 0 slice.

°Furthermore, the difference between the covariant RT surface (14) and the covariant IRT surface (31) is also
simply [, <= —I,, or equivalently [, «— [,. In other words, the covariant IRT surface (31) can also be obtained by
applying a Wick rotation to the covariant RT surface (14), and thus aligns with the result obtained by covariantizing
the static case.

19For example, in [39], the authors generalize the RT formula by extending the concept of the area of homologous
surfaces to include complex values. Specifically, the area of the timelike part is considered imaginary, while that of
the spacelike part remains real. When comparing the complex-valued areas of homologous surfaces, the imaginary
part is dominant. In [40,41,62], the authors claimed that the first order derivative of the timelike part and that
of the spacelike part should be equal at the merging point. In this way, when we extremalize the area of the
timelike part of the homologous surface, the spacelike part will also be extremalized at the same time due to this

10
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Interestingly, this geometric picture exactly coincides with the IRT surface £ (34). Note
that, the statistical interpretation in terms of density matrix for the timelike entanglement
entropy is not clear in the literature (see [37,38,63] for relevant discussions). Here we argue
that, if we take the IRT surface as the geometric picture for the timelike entanglement entropy,
then the timelike entanglement entropy can be associated to a bulk replica algorithm similar
to the Lewkowycz-Maldacena (LM) prescription [17], hence it can be taken as a holographic
entropic quantity. In Euclidean signature, the LM prescription applies the replica trick on a
bulk region in the gravitational theory, by cutting n copies of the bulk open along this region,
then cyclically gluing the n copies of the bulk into a n-manifold. This bulk picture is just the
holographic dual of a boundary replica algorithms that computes the von Neumann entropy
of a boundary region .4, and the cut open bulk region is just a time slice of the corresponding
entanglement wedge W, of A. Let us denote the partition function on the n-manifold as Z,,
and analytically continue n to a positive real number, then the von Neumann entropy S 4 is
holographically calculated by the replica algorithm,

SHEE = rlll_)n{ 1 (log Z, —nlog Z,). (36)

—n
When taking the n — 1 limit, (36) can be calculated by studying the action of a bulk geometry
with a conical singularity with open angle 2t(n — 1) along a worldline C extending into the
bulk [17],

SHEE = an (Scone )lnzl . (37)

Remarkably, the authors of [17] found that: 1) due to the consistency of the bulk equations
of motion, the worldline C should be an extremal surface; 2) the entanglement entropy is
proportional to the length of C, i.e. Sypr = length(C)/(4G). These indeed make a proof for
the RT formula.

One can keep track of the whole story by looking at the thermal circle, or the 7 circle as
it is usually parameterized by 7, which is a real circle with © ~ 7 + 27 period in Euclidean
signature, and the modular Hamiltonian generates the translation along the 7 circle. After
the cyclic gluing of the bulk, the period of thermal circle becomes T ~ 7 + 2nm, hence conical
singularity arises at the position where the circle shrinks, which is exactly the extremal surface
C. Note that, the IRT surface is also an extremal surface, and furthermore there is also a
thermal circle (25) that shrinks at it. Also in Euclidean signature the "timelike" interval .,Zl\,
is also spacelike, so there is no obstacle to apply the LM prescription to the IRT surface and
compute (36). In other words, we take the IRT surface as the bulk extremal surface C in the
LM story. The corresponding asymptotic story on the boundary is just cutting A open and
gluing n copies of the boundary cyclically, which is equivalent to inserting twist operators at
the boundary points of A. Then (36) is equivalent to calculating the two-point function of twist
operators inserted at the two endpoints of A. Since the quantity that generates the translation
along the thermal circle becomes the modular momentum, the physical interpretation for the
timelike entanglement should be associated to the modular momentum?!, rather than the

requirement. Also in [42], the authors proposed that, the holographic timelike entanglement entropy is captured by
the boundary-anchored extremal surfaces in the analytic continuation of the holographic spacetimes with complex
coordinates.

"In fact, we may define the TEE based on the modular momentum, which is similar to the method used to
define entanglement entropy based on the modular Hamiltonian. More explicitly, the modular Hamiltonian and
the modular momentum operators H,,.4, P,,.q are derived by substituting the classical generators L;, L; in Kk, k?

with their quantum counterparts, which are the generators £;, £; of the Virasoro algebra (E.2),

l 2 ly 5 27
Hinod :u['—l - _nﬁl - u['—l + _Tcﬁl’
2 I 2 I,
ml 2m ml 27 (38)
Puoa =Ly — L+ —L,— L.
2 L 2 L,

11
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modular Hamiltonian. Also, we expect that the timelike entanglement entropy also satisfies a
thermodynamic first law analog to the one associated to the inner horizon.

The geometric picture of the imaginary part proposed in [37,38], referred to as am, isa
timelike geodesic that connects the endpoints of the two pieces of the spacelike geodesics g
at the past and future null infinities (see the red line in the right figure of Fig.3), such that
Eu f’im remains connected. Interestingly, the length of this timelike geodesic reproduces the
imaginary part of the TEE obtained from the analytical continuation [37,38]. However, unlike
the real part, the imaginary part is independent of the length L of the timelike interval A, due
to the property of timelike geodesics, i.e. the proper lengths between the past and future null
infinities are the same for all timelike geodesics.

In this paper, we interpret the spacelike geodesic that represents the real part of the TEE
as the IRT surface £. When going back to Lorentzian signature, the IRT surface breaks in the
middle and becomes disconnected. Later we will interpret the timelike geodesic that represents
the imaginary part of the TEE as the boundary of the extended entanglement wedge, which
asymptotically connects the two pieces of the IRT surface, see the discussions around (72). We
find that the points on this timelike geodesic are not the fixed points of the modular momentum
flow, which makes their role in the analog replica story [17] of the extended entanglement
wedge unclear. We hope to investigate this point in the future. Nevertheless, we omit the
imaginary part of the TEE temporarily.

3 Partial entanglement entropy, modular slice and entanglement
wedge

3.1 Partial entanglement entropy

In this paper, we mainly focus on the two-dimensional system, and x denotes the spatial coordi-
nate. The entanglement contour s 4 (x) [64] is a function for the region .4, which is conjectured
to capture the contribution from each site x inside .4 to the entanglement entropy S 4. In other
words, it is the density function of the entanglement entropy S 4 which satisfies,

SA:J s (x)dx. (41)
A

The partial entanglement entropy (PEE) [59,65-69] which describes the contribution from a
subset A; C A to the entanglement entropy S 4 can be obtained by the integration of the
entanglement contour s 4 (x) for the region A;,

sq(A) = J syq(x)dx. (42)
A

The PEE s 4 (A;) describes certain type of the correlation between the subset .A; and the region
A that purifies A, hence it is useful to rewrite the PEE as,

sA(A)=T(ALA). (43)

The entanglement entropy S, can be expressed as a function of H,,y according to its definition, i.e.

Hmod = _IngA’
S4=—Tr(palogp ) =Tr(Hpege "med). (39

Similarly, the TEE may be defined as,
S(}) = Tr (Ppoge "m). (40)

12
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The PEE should satisfy a set of requirements [64, 65] including all the requirements satisfied
by the mutual information I (4, B)'? and an additional key requirement of additivity according
to its physical significance, see [51,70-81] for recent progresses on PEE. Suppose A, B, C are
three non-overlapping regions on a Cauchy surface, we list the physical requirements satisfied
by the PEE in the following,

1. Additivity: Z(A,BUC) =Z(A,B)+Z(A,C);

2. Permutation symmetry: Z(A, B) = Z(B,A);

3. Normalization'®: Z(A,B) |3_,i = Sa;

4. Positivity: Z(A,B) > 0;

5. Upper bounded: Z(A, B) < min{S4,Sp};

6. Z(A, B) should be invariant under any local unitary transformations inside A or B;

7. Symmetry: For any symmetry transformation 7 under which TA=A" and 7B = B/, we
have Z(A,B) = Z(A, B)).

Up to now, there are many prescriptions to construct the PEE. We mainly focus on two of
them in this paper, one is the additive linear combination (ALC) proposal [52, 59, 69] in
two-dimensional system'*, consider an interval .4 which is partitioned into three subinter-
vals A; U.A, U A; where A, is the middle one and A, (.A43) denotes the left (right) subinterval
of A,, the proposal claims that

1
sa(Ap) = > (Saua, +Sa,04, =54, —S4,)- (44)

The other one is the geometric construction applied to the holographic theories with a local
modular Hamiltonian [52,59], which claims there is an one-to-one correspondence between
the points in the region .4 and the points on the RT surface £, hence gives a natural contour
function for A. We will introduce this geometric construction in detail in the next subsection.
The PEEs evaluated by these two proposals are highly consistent with each other [52,59,82].

3.2 Modular slice, entanglement wedge and holographic PEE

In the Rindler AdS;, one can also consider the contour function for the thermal entropy which
describes how much each boundary degrees of freedom contribute to the thermal entropy
of the BTZ black string. Due to the translation symmetry along the X direction, the contour
function should be just a constant. On the other hand, the thermal entropy is calculated by
the length of the outer horizon. This leads us to establish an effective partnership between the
points on the boundary and the points on the horizon [59,66,67], and the points on the outer
horizon represent the contribution from its boundary partner point to the thermal entropy.
This partnership is not hard to determine as it should respect the translation symmetry along
%. The motivation will be clearer if we consider a boundary sub-interval A; and its partner

120ne should be careful not to confuse the PEE T (A, B) and the mutual information I (4, B).

3Note that the normalization requirement is subtle as we need to match between two infinitely large quantities.
In fact this requirement should only be imposed to special regions to make sure the existence of the solution for
the whole set of requirements. For example, in the Poincaré AdS,,, the normalization requirement can only be
imposed to spherical regions on the boundary [79,81]

“In higher dimension, the ALC proposal only applies to the situation when all degrees of freedom settle in a
unique order (for example a line or a circle).

13
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points on the horizon, which forms a sub-interval f:’i on the horizon. Hence, the contribution
from A_ to the thermal entropy is just given by the length of &..

Now we map the point-to-point partnership back to the original AdS; and then get the
partnership between the points on a boundary interval .4 and the points on the corresponding
RT surface £. Since the Rindler transformations are symmetries of the theory, the constant
contour function of the thermal entropy is mapped to the entanglement contour of A in the
original AdS;. Furthermore, for a subinterval 4; of A, the PEE s 4(.A4;) can be captured by
the length of a geodesic chord &; on &, which is formed by the partner points of .A;. The PEE
calculated in such a way exactly matches to the ALC proposal.

We will first give a brief review on how to explicitly build up the point-to-point partnership
for a spacelike interval .4 and its RT surface £ based on the slicing of the entanglement wedge
using the so-called modular Hamiltonian slices [59, 66,67]. Then we generalize this picture
to build up a similar partnership between the points on a timelike interval A and the points
on the inner RT surface, using the so-called modular momentum slices.

3.2.1 Modular Hamiltonian slice

The concept of modular (Hamiltonian) slice is proposed to provide a natural slicing of the
entanglement wedge [59,66,67], which we call the fine structure of the entanglement wedge.

This slicing is natural in the Rindler AdS; where there are translational symmetries along the
Rindler coordinate (,%), and modular slices are exactly the 2-dimensional spacetime slices
with fixed ¥ coordinates, and the slicing respects the spatial translational symmetry. Also the

modular slices in the Rindler AdS; can be mapped to certain spacetime slices in the entangle-
ment wedge W 4, hence we obtain the slicing structure in the entanglement wedge.

We can also identify the modular slices in the entanglement wedge without referring to
the Rindler ;\_dE; by the following prescription:

* First, given an arbitrary point P in the causal development D 4, we can identify a saddle
geodesic yp that connects P to the RT surface £ (or IRT surface &) with the minimal
length. Note that, the saddle geodesic y, intersects with £ vertically, and we call the
intersection point H on the RT surface the partner point of P. See the right figure of
Fig.4.

* Second, we let the point P move along the boundary modular flow line that passes
through P, then the saddle geodesic y, moves accordingly and sweeps out a 2-dimensional
hypersurface Py in the entanglement wedge, which is exactly the modular slice defined
in [59].

The above construction maps the modular slices in the original space exactly to the mod-

ular slices with fixed X coordinate in the Rindler AdS;. Let us consider the boundary point
P = (Uy, V;)'® and its image point P = (U, V;) on the Rindler boundary, one can find that the
saddle geodesic yp maps to the line y; that emanates from P, moving along the p direction
and ending on the outer horizon p = Tj; Ty (see the green lines in the left figure of Fig.4), i.e.

vpit=1tp, X=ZXp, p=TyTy, (45)

where

1 ((ZU+2U1)(ZV—2V1)) o 11 ((ZU+2U1)(ZV +2V1)
> P

=208 @, —2un @y T 2v) =3 (zU—zul)(zv—zvg)’ (46)

15From now on, if we omit the p coordinate of a point, then this is a boundary point, i.e. p = co.
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Figure 4: The left figure shows the modular Hamiltonian slices in the Rindler A_&S—;,
i.e. the spacetime slices with fixed ¥ coordinates shaded in gray blue. The green
lines represent the p coordinate lines, with the one indicated by an arrow being the
specific line that passes through the boundary point P, denoted as y. The right figure
shows the modular Hamiltonian slice that passes through P in the original Poincaré
AdSs;, and the orange curve represents the modular Hamiltonian flow L. The red
curves represent the intersection lines between the modular Hamiltonian slice and
the null hypersurface N,.

represent the Rindler temporal and spatial coordinates of P respectively. It is obvious that, v
is the saddle geodesic connecting P and the outer horizon p = Tj; Ty

We can obtain the pre-image yp in the original Poincaré AdS; of yp by using the mapping
(23) and then solving the following equations:

1 (((zU +2U)(ZV—2V)p—2)2) y

—log =tp,

4 "\ ((y—20)(Iy +2V) p —2)? “7)
1 (((ZU+2U)(ZV+2V)p+2)2) 5

—lo 5 | = Xp-

4 ((ly —2U0)({y —2V)p +2)

Note that, there are two solutions for these equations: one is a spacelike geodesic (48) that
corresponds to the yp (45) outside the horizon, and the other is a timelike geodesic (62) that
corresponds to the extension of yp inside the horizon. Then the saddle geodesic yp is given
by the spacelike solution,

21, [
rp: p(V)=——F—" = UWV)=-Z(V—=Vy)+ Uy, (48)
lU (lv _4(V—V0) ) ZV
where the parameters (l:,, l;, Vo, Up) read,
- —A+4UF . 12 +4V2 12 +4v2 12 +4U?
ZU:—U 1, lV: v 1: VOZV 1: UOZU 1' (49)
4U, 4V, 8V, 8U;

see the green line in the right figure of Fig.4. Compared with (31), it is easy to find that y, is
part of the RT surface for the interval with extension l; and l; and the center point (U, V).
One can further check that, y, is normal to the RT surface &, hence is the saddle geodesic.
We can also identify the intersection point H between yp (48) and the RT surface £, whose
coordinate is given by

1y Ly (LU + W)

Uy ==V, =
H=, " H= 1,1y + 40V,

(50)
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Consider an arbitrary point H = (Uy, V) on the RT surface £&. We can also obtain a
boundary curve by fixing Vi in (50), which we denote as L.
lyly (Vg —V)

[Z—4VVy

Ly:UWV)= (51)

One can easily verify that all points on this curve have the same partner point H = (Uy, Vy).
More importantly, this curve is precisely the boundary modular Hamiltonian flow line of k.

The curve £y is mapped to a boundary line £ along the f direction in the Rindler AdS;, see
the black lines on the Rindler boundary in the left figure of Fig.4. Consider the boundary point
P = (U, V;) that lies within this modular flow line Ly, i.e., it satisfies the following equation,

_ lyly (Vg —W1)

1= (52)
2 — 4V, Vy

On the other hand, each point on £} (51) determines a corresponding saddle geodesic, and
the set of all these saddle geodesics forms the modular Hamiltonian slice Py, see the blue
surface in the right figure of Fig.4,

210, I
v U= (V-V,)+U,,

P=Z-= 5
iy (" —4(v —15)?) Iy (53)
(Vg <V <V,—l,/2<V;<1,/2)

PH:

where the parameters (Z?J, l?,, Uy, Vp) in the above expression are given by (49) and (52). Also
we can check that, all the points on Py maps to points on the modular slice with fixed X
coordinate in the Rindler AdS,,

1 Iy +2V,
%= —log(u). (54)
2 Iy —2Vy

Note that, the saddle geodesics for different points on £ intersect with the outer horizon at
different points (see the green lines in the left figure of Fig.4), but all these intersection points
are mapped to the only point H on the RT surface £ via the inverse Rindler transformations.
In summary, we come up with the following conclusions:

* All points on the modular flow line £ have the same partner point H on £.

* The points (e.g. H) on &, the modular flow lines (e.g. £y) and the modular slices (e.g.
Py) are in one-to-one correspondence.

* The construction of modular slice gives a natural slicing for the entanglement wedge,

l l
_EV<VH<EV}' (55)

WA == {PH
One motivation to introduce the above fine structure of the entanglement wedge is to
compute the PEE s 4(A;) [59, 66], where 4; is any subinterval of .A. Based on the partner
relation between the points in D4 and those on £, we obtain the correspondence between
any subinterval A; of A and the geodesic chord &; on £. Here the points in .4; has partner
points on &£, which are exactly the points that make the geodesic chord &;. It has been argued
in [59,66] that the PEE s 4(A;) is captured by the length of the partner subinterval &; on &,
ie.
Length (&;)

sa(A)= 4G

(56)

16



SciPost Physics Submission

Figure 5: The figure is extracted from [74]. The PEEs s 4 (A;) are captured by the
length of &;. The purple lines are the saddle geodesics that are normal to the RT
surface £. Although the figure looks static, we should consider it to be a covariant
configuration.

see Fig.5 for an illustration. For later convenience, we define the length parameter A along the
RT surface £, and establish the relation between any boundary point, for example P = (U, V;),
and the length parameter of its partner point H (50) on &,

. _1 (ly +2Uy) (Iy +2V;)
AMP)= Ty = 21°g((zU—2U1)(lv—2v1))’

(57)

where we have used (15). Then for any subinterval .4; with the following two endpoints,
A P=(U;, V) = Q= (Uy,V,), (58)
the PEE s 4 (\A4;) is just given by,

A(Q)—A(P) _ ilo ((ZU_ZUl)(lV —2V;) (ly +2U,) (ly + 2V3)

salA)=—"7z 86~ \(ly +2U1) (Iy +2v)) (Iy —2U,) (Iy —2V5)

) . (59)

This result aligns exactly with the result evaluated by the ALC proposal (44).

We point out that, the PEE s 4 (A4;) is invariant under the modular flow, which means that,
any subinterval that intersects with the same class of modular flow lines or modular slices,
has the same PEE [66]. More explicitly, if the endpoints of the subintervals A; and A} are in
the same pair of modular flow lines, then s 4 (A;) =s4 (Ag), as their partner geodesic chords
coincide. On the other hand, one can compute the PEE using the ALC proposal, and the
requirement of modular invariance is sufficient to determine the boundary modular flow lines
(see [66] for various examples).

3.2.2 Modular momentum slice

Now we want to define a similar fine structure which is invariant under the modular momen-
tum flow kf . In this prescription, the coordinates t and X exchange their role, such that the ¥
direction becomes timelike, hence J; plays the role of the Hamiltonian in the region between
the outer and the inner horizon. Also, the bulk modular momentum flow kf Pk vanishes on
the IRT surface £. In this subsection, we follow a similar prescription to construct the modular
momentum slices.

The bulk modular momentum flow represents the bulk replica symmetry for the timelike
interval A, whose image interval is a line along the t direction in the Rindler X&sf,, . And in the
Rindler KCE; , the modular momentum flow lines are the ¥ coordinate lines, hence the modular
momentum slices are just the spacetime slices with fixed  coordinate, see Fig.6. Note that,
unlike the modular (Hamiltonian) slices, the modular momentum slice here is normal to the
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s inner horizon

outer horizon

Ao, S s, - S

Figure 6: The gray blue surfaces are the spacetime slices with fixed ¢ coordinate,
which are also the modular momentum slices. The green lines represent the 5 co-
ordinate lines, with the one indicated by an arrow being the specific line that passes
through the boundary point P, denoted as Y5, which is further divided into two parts

?}13 and ?123. The purple line A represents the partner interval of A.

f direction, rather than the ¥ direction. Now we start from an arbitrary point P, which is the
image of a point P in D 4, and search for a saddle curve ¥ connecting P and the inner horizon.
This is again the line along the p direction (see the green lines in Fig.6), i.e.,

~

To:l=1tp, X=%p, p=—TyT;. (60)

Since ¥ transitions from spacelike to timelike when passing through the outer horizon, we
divide it into the following two parts,

~+
I

fPJ X )’Z‘P) ﬁ = T[]T"},

Xp, —TpTy <p <TyzTy. (61)

/\1.
Yp:

/\2.
Yp -

~+
Il
=
Il

EP;
When mapping back to the original Poincaré AdSs, 7 is the spacelike solution of (47),

which is precisely yp as given by (48). And ?f, is the timelike solution of (47), which is given

by,

Cy(V—cy)

721 p (V)= C1Cy(—1+ cos| 2arccot (2C, (C4—V))]), U(V) = C3 + — ©2
1

where the parameters (Cl, C,,Cs, C4) read,

I7 +4U; [7 +4V? 212U, 212V,

- U o= V1 o= - v (63)
Iy (12 —4U2) YT av2

' 2T (2 —av2) P 2 au
Since ¥p intersects with both the outer and the inner horizons, P has partner points on both
the RT and the IRT surfaces. Again we denote the partner point on £ as H and the partner
point on £ as H. Given the coordinate of P = (U;, V;), H can again be specified by (50), while
the partner H is given by the intersection point between ?% and £1°, i.e.

Ly (Iyly —4U W)
4(ly Uy —lyVh)

A=72nE Vg= (64)

One can see that, when P is on the interval .4, its partner point on 3 goes to infinity, and when
P approaches one of the tips of D 4, its partner point also approaches the same tip. Similarly,

1611 appendix D, we also present a trick for locating the partner point H on 3 using the null hypersurface.

18



SciPost Physics Submission

for an arbitrary point H = (Uﬁ, Vﬁ) on &, the corresponding modular momentum flow line

can be also given by fixing Vg in (64), which we denote as L,

(2 —4vvy)

O, )

) (65)
Also, one can easily verify that all points on Eﬁ have the same partner point H = (Ug, V) on
£. Note that, the points on Lz have different partner points on the RT surface £. When we
move P = (Uy, V;) along Lz, which satisfies,

L -4 vy)

1= 4lv(V1 - VH‘) ’ (66)

its saddle geodesics ?113 and ?123 sweep out two spacetime slices, 7/5;1\ and 7/512?, respectively. See
the two blue surfaces in the left and the right figure of Fig.7. Then the modular momentum
slice P5 associated with Lz is defined as the union of these two slices,

21y [
:N ~2 - 2 > U:TU(V_V0)+U0,
lU (lv _4(V —_ Vo) ) ZV

V<V <Vy,—ly/2<V; <1,/2),

Bl .
Pﬁ.p

(67)
C,(V—-C
7/5% :p =C,C, (—1 + cos [2arccot (2C2 (C4 - V))]) , U=C3+ 2(6—4),
1

The parameters (Cy, Cy, C3, Cy, l?], l;, Uy, Vp) in the above expression are given by (49), (63)
and (66). As expected, 733 maps to a fixed f slice in the Rindler AdSs,

_o1 2Va—1
f=-log| ——Y . (68)
2\ 2V + 1y

Again the modular momentum flow lines (e.g. Zﬁ), the points (e.g. H) on the IRT surface g
and the modular momentum slices (e.g. 733) are in one-to-one correspondence.

As we have shown that the entanglement wedge WV 4 is the union of all the modular Hamil-
tonian slices, and covers the region outside the outer horizon in the Rindler AES_; Now we
define the extended entanglement wedge WV ,, which is the union of all the modular mo-
mentum slices and is mapped to the region outside the inner horizon in the Rindler ;\Eg;
correspondingly; i.e.,

= {7517 .

|Vir| > Zl}. (69)

The extended entanglement wedge w 4 contains the entanglement wedge W 4 as a subregion.
As |Vg| increases, the modular momentum slice goes deeper into the bulk. It is also interesting
to note that, when V7 — +00, the union of these two corresponding modular momentum
slice 7/51%\ makes a smooth timelike hypersurface, which is given by,

B2 — 1 . B2

POO - Vﬁll—r>noo H J Vﬁl—l}zloo Pﬁ
AL 4 2 (12 _ 2 av2) U\ 1ziay2 g,

ly (1§ +412 (v2—4vv, + V2) +16V2V2) 2+4V2 1y

(—oo <V <oo,—l,/2<V; <1y/2).

P2
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Figure 7: The orange curve is the boundary modular momentum flow line Eﬁ Pis
a boundary point on Eg, with its partner points on £ and & denoted by H and H,
respectively. The blue surfaces in the left figure and that in the right figure represent
the hypersurfaces 73% and 7/512,{\, respectively, and their union forms the modular mo-
mentum slice 7/53 The green curve in the left figure is the spacelike saddle geodesic
?}1). The two green curves in the right figure are the spacelike saddle geodesic ?113 and
the timelike saddle geodesic }7}23 respectively. The red lines are the intersection lines
between P and M.

See the blue surface in the left figure of Fig.8. Therefore, the extended entanglement wedge
w 4 is the region bounded by the null hypersurfaces M., the causal development D 4 and the
timelike hypersurface 73\200. According to (65), in the limit H— 00, the modular momentum
flow line fﬁ becomes L, which is precisely the boundary straight line overlapping with the
interval \A. In other words, the timelike hypersurface 7/5(2>o is the modular momentum slice
associated with the modular momentum flow line L, that overlaps with the interval A. For
convenience, we define two hypersurfaces = 4 and E 7 as the spacetime slices where A and A
are located, respectively,

EA:UZU_VZVZO, EE:UZU'FVZV:O. (71)

It is well known that the RT surface £ is a boundary of the intersection surface between the
entanglement wedge and the hypersurface = 4. Similarly, we can also study the intersection
surface between the extended entanglement wedge w 4 and the hypersurface = 1. The inter-
section line between 7/5200 and = 7 is denoted as ?io, which is a timelike geodesic,

AZ 2ly Iy

Yoo P =

L (2 +4v2) I, 72)

see the red line in Fig.8. Therefore, the intersection surface between the extended entangle-
ment wedge W, and the spacetime slice =7 is a codimension one region bounded by the

timelike interval A, the IRT surface € and the timelike geodesic ?200, see the gray region in the
right figure of Fig.8. Hence the timelike geodesic ?io gives a natural geometric interpretation

for the imaginary part of the TEE S(zT) (35), and connects the two parts of the IRT surface Eat
the past and the future null infinities. As expected, the absolute value of the length of 72 is
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t

Figure 8: In the left figure, the blue surface is the modular momentum slice 7320 The

extended entanglement wedge WA is the bulk region bounded by M (the yellow
surfaces), D 4 and 7/5200. The red curves in the left and the right figures represent the
intersection line between 7/520o and =z, which we denote as ?io In the right figure,
the blue curve represents the IRT surface £. And the shadow region is the intersection

surface between W, and E 7.

m,i.e.,

¢ J T2 dv (73)
w2 = ——dV =m.
T ) oo 5 +4V2
In particular, if we consider the case when A is a static spacelike interval of length L, i.e.
ly = ly = L/2. Under the (t,x,z) coordinates (5), the corresponding timelike geodesic 72,

(72) is given by,
~ L?
72ttt = 7 x=0. (74)

One can easily verify that the asymptotic behavior (when t — +00) at the null infinity of ?io

is the same as that of the IRT surface & (34) at the first order derivative level (i.e. the leading
order),

?ZOO:ZNt, E:izn~t (75)
which explains why the requirement that the first order derivatives of the timelike geodesic
and the spacelike geodesic should be equal at the merging point, which is proposed in [40,41],
is reasonable. More interestingly, when we embed the Poincaré AdS; into the global AdS;, the
IRT surface can be extended to the asymptotic boundary, with the anchor points being the
two tips of the causal development of the complement B = A. Thus, the extended part can
be referred to as the IRT surface of 3. In this situation, the IRT surface of A and that of its
complement B are not the same one. See Fig.14 and appendix B for the details. Also note
that, the timelike geodesic ?io is not the set of fixed points of the modular momentum flow
kf ’blﬂk, hence does not plays the similar role as the IRT surface & in the bulk replica story.

Similarly, we can also define the length parameter 2 on € and establish the function X(P),
betvxeen any boundary point P = (U;, V;) and the length parameter of its partner point H (64)
on¢&,i.e.,

A(P)=7T5==1
(PY=75 =318\ (0, 20ty +2v)

where we have used (32). As any boundary point in D 4 has a partner point on g according
to (64), in the same sense any subinterval .4; of the timelike interval .A (33) corresponds to
a geodesic chord &; on the IRT surface £. Similar to (56), the timelike partial entanglement

entropy (TPEE) SEET)(;D that captures the contribution from the subinterval ;l\l (58) to the

TEE SEIT) is also given by the length of its partner geodesic chord g'l More explicitly, consider
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the subinterval ;l\l with the following two endpoints,

AP =(U, V) > Q=(Uy, Vy), 77)
we should have,
Length(§) A(Q)—A(P)
4G 4G
1 o ((ZU —2U,) Iy +2Vy) (Iy +2U5) (Iy — 2V2))
(Iy +2U7) (Iy —2Vy) (Iy — 2Uy) (Iy +2V;)

M1
S~ (Ai) =
A (78)

8G

We can also use the TPEE s(T)(Areg), where A™ is the following regularized timelike in-

terval of A, to regulate the timelike entanglement entropy SEIT)’

Areg ( lU/2+6U’lV/2_6V)_)(lU/2 _lV/2+6V)‘ (79)

The partner points of the left and the right endpoints of A€ on £ are denoted by H; and H,,
respectively. These points are given by,

l Ey€y

l €EyE

Vg, =L+ Y ma Ve, Vg =LYy mayEE 0)
U U

where we ignore the higher order terms O(e®). One can easily find that H; approaches to

the lower tip of D 4, while H, approaches to the upper tip of D 4. Therefore, the timelike

entanglement entropy SfZT) is given by,

(T) _ (T), Fregy _ Length(E™8) _ 1 (lulv )
Sy =sz U =— ——=_"1 , 81
FERRr 4G 4G \eyey (®1

where £ is the partner geodesic chord of A8 on &, and we ignore the higher order terms
O(e).

Before ending up this section, we also point out that, one can also use the null geodesics
on M, to identify the one-to-one correspondence between the boundary modular momentum
flow line Lﬁ, the point H on & and the modular slice PA (67). This prescription looks more
similar to the previous work [52,59]. Let us denote the bulk modular flow lines on the null
hypersurfaces M. (30) as Eli'} Hence, H, Eg and Eli? are in one-to-one correspondence,

He Eﬁ «— LA%, (82)

where EE are also the null geodesics since M. are the Killing horizons of kf Abulk

. More ex-
plicitly, [,Ii? are the intersection lines between Pz and M., i.e. the null geodesics connecting

the endpoints of A with H,

21y (1 #2V)
Ly (Ly F2V)2 (1y £2v5)

Ly (Ly (V —2vg) £2VVy)
ly (ZV + ZVH)

,UV)=

£§: p(V)=— , (83)

see the red lines in Fig.7. In other words, H, EH‘ and Eg are respectively the intersections of

7/517 with the IRT surface £, the asymptotic boundary and the null hypersurfaces M.
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4 Topological massive gravity and holographic entanglement en-
tropy with gravitational anomaly

4.1 CFT, with gravitational anomaly and topological massive gravity

For a quantum field theory with gravitational anomalies (not necessarily two-dimensional)
which means there is a breakdown of energy-momentum conservation at the quantum level, it
cannot be coupled to a dynamical gravitational background [83]. Holographically, the action
in the bulk not only includes the Einstein-Hilbert action (with a cosmological constant), but
also includes a gravitational Chern-Simons term [28], which is called the topological massive
gravity (TMG). From now on, the quantum field theory we study is the two-dimensional CFT
with gravitational anomalies in the vacuum state on the plane, which duals to the Poincaré
AdS; in TMG. We will denote the CFT, with gravitational anomaly as CFT5. Such theories
are described by two copies of the Virasoro algebra with two unequal central charges ¢; and
cg. Consider the same boundary spatial interval A as described in (3). The entanglement
entropy S 4 for the interval A can be obtained using the replica method [50], as we reviewed

in appendix E,
‘L ly ) Cr (lv )
Sy=—=1 — |+ =1 —
476 Og(eU 6 °8 €y

_CL +CR1 ( lulv ) C; —Cr (ZUEV)
= og + log .
12 €Ey€y 12 lveU

where €; and €y, are the cutoffs along the U direction and V direction, respectively.

The asymptotic symmetry algebra of Einstein gravity has two equal central charges. In
order to incorporate the effect of gravitational anomaly, we should consider the TMG [27,84]
whose action includes an additional Chern-Simons (CS) term, namely

1 p— 1 2

where A = —2 is the cosmological constant with a AdS; radius £ = 1 and u is the coupling
constant that characterizes the interaction strength between the CS term and the Einstein-
Hilbert term. We denote this correspondence as TMG;/CFT; correspondence. The Einstein
gravity can be recovered in the limit y — oo. Compared with the Einstein gravity, the left and
the right central charges of the boundary CFT, of the TMG are not equal any more [85],

3 1 3 1
a=2(1+2). a-2(1-0) @
2G u 2G U

and the equation of motion is influenced by the CS term [50],

(84)

1 1
RMV_E(R+2)guv=_ﬁCMV (87)

where C,, is the Cotton tensor. Therefore, the TMG also admits the locally AdS; solutions in
the case that the Cotton tensor is vanishing. For example, the BTZ black hole solutions,

dp?
ds* = T2dU? +2pdUdV + T2dV? + ——————. (88)
4(p2—T14T7)
which can be written in the ADM form,
r2—r2)(r2—r? 2 2
PPN Gl Gt 9 OO i dr2+r2(dnp+r+r_dt)
& (=) =17) z
9 5 (89)
2, J 2 2, .2 J
=—|r*+—-M|dt*? + ———dr*+r*|do + —dt | ,
4r2 (r2+4j—22—M) 2r2
T
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by the following coordinate transformations,

+t —t
Uz—go R VZ—QP s p=2r2—r3—ri,
2 (90)
Ty=ry+r_, Ty=r,—r_,
and M,J are the physical conserved charges in the Einstein gravity,
M= ri +r2, J= 2r r_. 9D

However, due to the presence of the CS term, the physical conserved charges in the TMG get
shifted [85,86],

J M
M=M+—-, J=J+—. (92)
u u
The black hole entropy in such theories is derived in [31] based on the Wald formula [87-89],

and the result shows that the correction of the thermal entropy for the outer horizon from the
CS term is proportional to the area (or the length) of the inner horizon [28-31],

14 hori Linner hori
Souter — oute‘rl-Gorlzon + II’II’IZI'GZ:‘IZOII (93)
where the length of the horizons comes from the integration for their induced metrics. As we
reviewed in Sec.2.1, the entanglement entropy of the interval A (3) is mapped to the thermal
entropy of the outer horizon of Rindler AdS; (9). The length of the inner horizon of the Rindler

AdS; (9) is given by,

- . le
einner horizon = TfJAU - TVAV = log ( ZU L4 ) 5 94)
vEeu

where AU and AV are the lengths of A™# along the U direction and the V direction, as
described in (16). Substituting (18), (94) into (93), we obtain the (regulated) holographic
entanglement entropy with gravitational anomaly,

1 Iyl 1 lye
SA=8%+8%=-—1 (U")+ 1 (U"), 95
A A A 4G 08 €y€y 4MG 08 lveU ( )

which is exactly the same as the result (84) evaluated by the replica method with the central
charges (86). Here, the first term S:}l represents the contribution from the Einstein-Hilbert
action, while the second term S represents the correction from the CS term, which we refer
to as the normal part and the anomalous part of the entanglement entropy respectively. In [50],
the authors set the cutoffs to be e;; = €, = €, then the entanglement entropy S 4 is given by,

1 (L) 1 Iy
SA:SZ+S§‘:4_GIOg(?)+4u_GIOg(E) (96)

4.2 Bulk description with gravitational anomaly

In [50], the authors proposed a bulk calculation for the holographic entanglement entropy
with gravitational anomaly by generalizing the LM prescription [17], which we gave a brief
introduction in section 2.2. Following the calculations in [50], we apply the LM prescription for
the spacelike interval A, with the difference that the bulk gravitational theory is the TMG (85)
instead of the Einstein gravity. We calculate the partition function Z, on the replica manifold
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M, and compute the holographic entanglement entropy following (36), and we will find that
the Einstein-Hilbert term in the action (85) gives the contribution

€ S
Scone,Einstein = _4_G J dA V guv(X)X'uXv +0 (62) p 97)
C

which looks like the familiar RT formula. Here € = n —1 is a infinitesimal parameter when
n — 1, and we use A to parameterize the geodesic. On the other hand, after some reformula-
tion the contribution from the Chern-Simons part of the action (4) can be written as (see [50]
for details),

€ 1
S =——— | dA=@-Vn, 98
cone,CS 16MG JC ‘U,n n ( )

where V is the covariant derivative alone the worldline C. Here we have introduced a normal

frame, where i and n are unit spacelike and timelike vectors respectively which are orthogonal
to each other and also orthogonal to the unit tangent vector v along C, i.e.

A2=1, n’=-1, n-i=0, fi-v=0, n-v=0. (99)
One can take the worldline with a normal frame as the worldline of a spinning particle, where
the information of the normal frame is represented by the direction of the spin vector. To con-
clude, the holographic entanglement entropy (36) with gravitational anomaly can be obtained
by extremizing a worldline action for a spinning particle in the AdS; bulk, which we refer to
as the twist description in this paper,

Sypg = 4%J dA (,/gu,,XuXv + iﬁ : Vn) . (100)
C

Finally, the worldline C will be determined by the extremization of the worldline action.

In this paper, we only focus on the locally AdS; spacetime, where the worldline C ex-
tremizing the worldline action is precisely a extremal surface'”, hence the first term in (100)
represents the length of the RT surface. The second term presents the correction from the CS
term which we denote as Sig. Interestingly, the integrand in S.g can be rewritten as a total
derivative [50],

fi-Vn=20:log((q—q)-n), (101)

hence the value of S5 only depends on the normal vectors at the boundary points of C,
G . a(rs) ny—a(7s) ny
cs = 08| — p ,
4uG q(7)-m—q(r;)-m

where the subscripts f and i present the final and the initial points of the worldline respectively,
and the two vectors q and g determine a reference parallel transported normal frame satisfying,

(102)

¢?=-1, =1, q-X=0, 4X=0,

~ . (103)
q-9=0, Vvq=0, Vvq=0.
And the explicit expressions of the reference normal frame {q, 4} are given by,
1
q=———= oy —1lydy),
V2l
utvP (104)

. l 3 L U+V) . L, (U+V) )
= — oy — oy +2pd
1 lUle ( lU+lV v lU+lV v P L)

7When the bulk spacetime is not locally AdS, spacetime, there could be some non-geodesic solutions for the
worldline action (100) [50]. One can consult [50,90-92] for more discussions about the worldline action (100).
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up to an overall sign depends on a choice of handedness.

Note that, the CS term in the action (85) lacks of diffeomorphism invariance, which results
in the fact that the S.4 correction depends on the choice of the normal vector at the endpoints
of C (see [50] for more discussions). Also, the configuration of the normal frame, i.e. the nor-
mal vectors n and fi, cannot be determined by extremizing the worldline action. Fortunately,
the worldline C representing a holographic entanglement entropy anchors on the boundary,
hence one can take the following boundary condition for n,

n; =n; o< g, (105)

where t is the temporal coordinate of the boundary CFT,, it has been verified in [50] that
Scs for this boundary condition exactly matches the anomalous part S (96) with the cutoffs
being €; = €y, = €. Furthermore, in Sec.6, we point out that this boundary condition (105)
of n indeed comes from a specific regulation €;; = €y, see (161). Nevertheless, although we
have fixed the boundary condition for n, the specific value of n remains highly non-unique
over the entire RT surface. More importantly, unlike the RT surface, the twist description is
not purely geometric, which poses difficulties for calculating or even defining the anomalous
part of the PEE, as well as the EWCS. One main purpose of this paper is to search for a purely
geometric picture of the anomalous part such that S corresponds to the area (or length) of
some newly-defined geometric quantity under a proper regulation, similarly to the case of the
RT prescription.

4.3 Gravitational anomalous entanglement from the inner RT surface

According to (93), the correction of the thermal entropy of a BTZ black hole from the CS
term is proportional to the length of the inner horizon'®. Also, it is well known that, the
entanglement entropy of a boundary interval of AdS; is also given by the thermal entropy of
the Rindler black string [13,59]. Then it is natural to think that, the CS correction to the
holographic entanglement entropy for intervals should be represented via the inner horizon in
the Rindler AdSs, as well as its pre-image, the IRT surface 3 (31). On the other hand, we have
reviewed that the CS correction (102) can be represented via the normal frame along the RT
surface with no reference to the IRT surface. The main target of this section is to establish the
representation of Si¢ via the IRT surface, and uncover the hidden relationship between the
IRT surface and normal frame representations.

Another reason why we relate the S5 to the inner horizon comes from the correction of
the modular Hamiltonian. Due to the CS term, the stress tensor of the thermal state (i.e. the
Rindler AdS;) is corrected in the following way [85],

-1 1 -1 1
z(zu )= D ;Tt()(c)) E(: )= oI, (106)
where the superscript (u™!) denotes quantities with the presence of the CS term, while the
superscript (0) denotes quantities in the absence of the CS term when y — ©o. By repeating
the derivation in appendix A, one can find,
H® —g© 1,0

mod mod mod’

W

(107)

hence the correction from the CS term is captured by the modular momentum Pr(noo)d’ which
generates the modular momentum flow with the fixed points located on the IRT surface.

18This statement and (107) are our starting points, connecting the correction of the holographic entanglement
entropy from the CS term to the IRT surface. However, they are only valid for 3-dimensional TMG, hence our results
are only applicable to the holographic two-dimensional CFT with gravitational anomalies. In fact, the derivation
of the worldline action (100) is also only valid for 3-dimensional TMG.
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In this section, we realize this idea and find the same results as those obtained by using
the normal frames (102). Again let us begin with the regularized interval, and its image in the
Rindler AdS;:

A (=ly/2+ey,—ly/2+ey) = (Iy/2—ey,ly/2—¢€y), (108)
A8 (AT /2, —AV /2) - (AT/2,AT7/2), (109)

where AU = log( ) AV = log( ) As we have reviewed, after the Rindler transfor-
mation, the re(iluced den31ty matrlx P4 is mapped to a thermal state in the Rindler spacetime
with translation symmetries along X¥ and f directions, hence the entanglement contour for
both the entanglement entropy and the timelike entanglement entropy is flat, and the two
entanglement entropies satisfy the volume law. After the regulation, the length of A" is mea-
surable, and we can compute the entanglement entropy by calculating the regulated lengths of
its partner geodesic chords on the horizons, for example the normal part of the entanglement
entropy is calculated by the length of its partner geodesic chord on the outer horizon (18),
while the anomalous part of the entanglement entropy comes from the length of its partner
on the inner horizon (94).

First, let us consider the normal part of the entanglement entropy and ignore the anoma-
lous contribution. Actually, what we are computing is the contribution to the entropy S " of

the Rindler Ad83 from the regulated interval A™8, i.e. the PEE s (.Areg)l s, 4~ Here Alis the
image of A which has infinite length. Since the PEE structure 1s invariant under the Rindler
transformations, which are symmetries of the CFT, we should have

s:}l(ftreg)l Aress 4 =874 (A™8) | gres, 4 =S} (110)

The next step is to identify the partner geodesic chord £ of .A™# on the RT surface &£, hence
we can compute the PEE using the correspondence (56) between the PEE and geodesic chords
on the RT surface £. The computation is now straightforward by replacing the A; in (58) and
(59) by A™8 (108). After we ignore the higher order terms O(e?), we get

1 Iyl
" =4—Glog(ﬂ) : (111)

€yfy

Then we compute the anomalous part of the entanglement entropy using the same prescrip-
tion,

S:l&(uzlreg)ljreg_)“& = S:IL\ (Areg) |Areg_>_A = 8:14' (112)

Since the anomalous part of the thermal entropy for the Rindler AdS; is proportional to the
area of the inner horizon with a coefficient 1/(4uG), the correspondence between the anoma-
lous PEE (APEE) s¢ (A;) and the area of the partner geodesic chord should be modified ac-
cordingly,

Length(E™8) B 2(Q) —A(P)
4Gu 4G

l
:Llog(U_EV) (113)
4uG lyey

5% (A'%) =

where P and Q are the left and the right endpoints of A8, and we have replaced A; in (78)
with A™# (108), and ignore the higher order terms O(e?). Finally we get the entanglement
entropy (95) for intervals in gravitational anomalous CFT,, which coincides with the results
obtained in [51].
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Sy

Bl
A/

Figure 9: The figures are extracted from [74]. The region A'B’ serves as an auxiliary
system to purify the bipartite system p,5. The left figure represents the adjacent case.
While the right figure represents the non-adjacent case, where we need to make a
further separation, A’ = A7 UA, and B’ = B] UB,.

One can also identify the partner geodesic chord of A™% on the IRT surface using a pre-
scription similar to the so-called swing surface prescription using null geodesics emanating
from the endpoints of .A. This prescription indeed uses the intersection lines (which are null
lines) between the modular momentum slices and the inner horizon in the Rindler A—cfS—Q . Nev-
ertheless, in the original AdS;, the image of these null lines all anchor on the boundary at
the endpoints of .4, we need further input to clarify which null line gives the correspondence
between the endpoints of .A™® and their partner points on £. When taking the flat limit, we
recover the swing surface picture proposed in [16], see appendix F for more details.

5 BPE and EWCS with gravitational anomaly

5.1 A brief introduction to the BPE with gravitational anomaly

In general, the balanced partial entanglement entropy (BPE) is a special PEE that satisfies the
certain balanced conditions and is claimed to be dual to the EWCS [74,75]. In [74,75], it was
shown that the BPE exactly captures the same type of mixed state correlations as the reflected
entropy, and is conjectured to be purification independent. These conjectures have passed
various tests [51,70, 74, 75,78,80].

Consider a bipartite system H, ® Hpg with the density matrix p,z, we can introduce an
auxiliary system A’B’ to purify it such that the whole system ABA’B’ is in a pure state |v), and
satisfies Try 5 = pag. Then the BPE between A and B is defined as,

BPE(A,B) = San (A) |balanced (114)
where the subscript “balanced” means that the partition of the auxiliary system A’B’ should

satisfy the balance conditions, which are listed in the following:

1. When A and B are adjacent, the balance condition is'°,

San (A):SBB’ (B) (115)

°In fact, the solution to the balance conditions may not be unique. In such cases, we choose the minimal one
as our definition, which called the minimal condition [74].
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2. When A and B are non-adjacent, we need to further decompose the disconnected regions,
A=A UA, and B’ = B] UB,,. In this case, we have two balance conditions,

SAA/ (A)=SBB/ (B), SAA/ (A/]_)szB/ (Bi). (116)

See Fig.9 for an illustration. The partition points in the auxiliary system A’B’ are called the bal-
anced points which are determined by the balance conditions. When the gravitational anomaly
is taken into account, the normal part and the anomalous part of the holographic entangle-
ment entropy should satisfy the balance conditions independently [51,93], for example in the
adjacent cases we should have,

SZA/ (A) = SEB/ (B) b SgA’ (A) = S;B/ (B) 5 (117)
and the BPE can also be decomposed into two parts
BPE"(A,B) = SZA’ (A) |balanced BPE‘ (A,B) = ‘SXA’ (A) |balanced (118)

For various covariant configurations in the gravitational anomalous CFT,, both the normal and
the anomalous parts of the BPE(A, B) have been carried out carefully using the ALC proposal
(44) in [51]. For example, let us consider the configurations in the right figure of Fig.9, where
A’ and A}, satisfy the balance condition. Using the ALC proposal, the BPE® (4, B) s,

1
BPEC (4,B) = 53 10 () tanced = 5 (s;;,lA 453, 54—, ) . (119)
Following our analysis on the fine structure of the extended entanglement wedge, the APEE
sy 4 (A) also has a geometric picture, which is the partner geodesic chord of A on the IRT
1772
surface Exan, of A}AA,, we call this geodesic chord Exan, (A). More explicitly, we have,

@)= Leng'fh(gA’IAA'2 (A))

LA = (120)
A%, 4uG

The computation can be explicitly done by adapting this configuration to the formula (78). As
we have shown, the ALC proposal and the geometric picture coincide, hence (120) and (119)
give the same result. Since the BPE is a special PEE that satisfies the balanced condition (116),
its anomalous part BPE? (A, B) has a natural geometric interpretation in terms of subregions
of the inner horizon or IRT surface, which is the main topic in this section.

On the gravity side, the length of the EWCS is no longer enough to reproduce both of the
normal and the anomalous parts of the BPE(A, B). We can also decompose the gravity dual of
the BPE(A, B) into the normal part and the anomalous part, i.e.

Eyw (A,B) =El, (A,B) + ES, (A,B), (121)

where the normal part is given by
ET (A, B) =4iGLength(zAB), (122)
with X,5 representing the EWCS of the entanglement wedge W,g. As in the non-anomalous

configurations [74, 75], the length of the EWCS matches the normal part of the BPE (see
also [51] for the covariant configurations)

1
ET, (A,B) = BPE"(A,B) = 4—GLength(EAB) . (123)
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One the other hand, the anomalous part Ejj, (A, B) is supposed to be the geometric picture for
the anomalous part of the BPE. Since the normal part Ej, (A, B) matches the BPE"(4, B), we
expect the anomalous part Ejj, (A, B) to match BPE?(A, B). According to our previous discus-
sion, the geometric picture for the anomalous part is just the geodesic chord on the IRT surface
E’A/l an,(A), hence we should have

1 ~
E% (A, B) = BPE*(A, B) = %—GLength(é’A/l (). (124)

Another construction for the geometric picture of BPE? (A, B) was given in [51] using the
twist description [50]. Unlike the case for the RT surface, the endpoints of the EWCS are settled
in the bulk, naively choosing the time direction as the normal vector in the normal frame is
not well motivated, and furthermore the time direction is in general not normal to the EWCS.
Interestingly, since the EWCS anchors on the RT surfaces of AB vertically, the authors of [51]
proposed that, spacelike normal vector fi can be chosen to be the tangent vector of the RT
surfaces of AB. With the normal vectors fi; and fi; at the endpoints of the EWCS determined,
we can compute the CS correction to the EWCS by (102), and the results exactly match the
anomalous part of the BPE,

1
BPE‘(A,B) = —— log

125
e (125)

q(zs) n;—a(zf)-ny
q(7)-n;—q(r;)-m

Both n; and ny can be determined up to an overall sign according to a choice of handedness.

Here we only need to choose the signs to ensure that the term inside the logarithm is positive.

This result also coincide with the reflected entropy [94] for gravitational anomalous CFT, [95].
In this section, we demonstrate that the geodesic chord 5A/l A, (A) is also the saddle geodesic

connecting the two pieces of the IRT surface £,5 of AUB, which is exactly the same as the EWCS
Y45- Furthermore, in the next section, we discuss the geometric construction of the APEE in
the twist description, based on the fine structure of the extended entanglement wedge. In that
context, we point out that the right hand side of (125) indeed evaluates the APEE 5‘1,1 A, (A),

which explains the equality between the two sides of (125), see appendix G for details.

5.2 A case study of non-adjacent intervals

5.2.1 BPE"(4,B) and the EWCS

Let us give an explicit example of two non-adjacent intervals A and B with connected entan-
glement wedge W, 5, where

A: (U, V) = (U, V), B:(Us,Vs) = (Us,Vy) (126)
Due to the conformal symmetry, the EWCS only depends on two conformal invariants—-n and
uE
_ (=) (Va—vs) . (U, = U,) (Us — Us)
(V=) (V4= Vy) (Us — Uy (Us—Uy)

Therefore, without losing generality, we can fix three endpoints of the interval A, B, and set
the parameters (U4, V4) free, for example,

(127)

1 3
U1:V1:0, U2:V2:§3 USZVSZE' (128)
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Furthermore, it is convenient to rewrite the parameters (U4, V4) in terms of the conformal
invariants (1, 77) which can simplify the calculation,

_3(m—-1) _3(n—1)
T 237-1) ' 23n-1)

Since the the entanglement wedge is connected, the RT surface has two pieces £,5 = £;UE,,
which are given by,

U, (129)

oy (n—1)(B7-1) _Bn-1(-1)
Py s na-n YT n-nei-n” (130)
2
&PV =Sy V=V

where &; and &, are also the RT surfaces of AA’,B;B and A’,B;, respectively, see Fig.10. As we
discussed above, the ¥, is a type I spacelike geodesic?® connecting the RT surfaces £; and &,
while satisfying the extremal condition,

0L (Us,» Vity» Pat,» Unty» Vi, ity ) _ oL (Un,, Va,» Par,» Unty» Vi ity )
Vi, Vi,

=0, (131)

where L(Uy,, Vi, Pu,» Un,» Vu,> Pu,) Tepresents the proper distance (C.5) between H; and Hy,
and H; and H, are the points where ¥,5 anchors on &£; and &,, see Fig.10. The solution of
this extremal condition is given by,

3(n—1)(B1—-1) 1 1

Vi, = sy Vg =+ ——, (132)
o8/ —60+6n37—1)0 2 2 1+9,/17
hence, we arrive at,
+1 n+1
E, (A B)= iLength (Zap) = ilog (ﬁ )(\/ﬁ_ ) (133)
4G 8¢ " (ym—1)(v/1-1)

Following [51], we can extend X,z to an RT surface that anchors on the boundary at Q,
and Q,. The RT surface corresponds to the boundary interval AJAA’, shown in Fig.10. The
equation of ¥,; with its extension is?!,

21, [
p(V)=———~ , UW)=Z W -V +U,, (134)
lU (ZV — 4(V — Vo)z) ZV
according to (C.3) and (132), the parameters (ZZ, l;, Vo, Up) are given by,
~ 64/1 ~ 6 3(1—-3 3(1—37m
lU: _\/ﬁ, lv: ﬁ, Vozwa 0:(—7_)), (135)
In—1 In—1 2(1—97) 2(1—-910)

hence the extension of the X,; intersects with the asymptotic boundary at the two points
Q, = (Ug,, Vg,) and Q, = (Uy,, Vy, ), see Fig.10,

UQ :_l_U+y:1_;’ VQ :_&4_;(:1_;

1T 2 3,/75-1 @ 2 2 3,/m—1 136
S A N DV VAN S S

Ty YT e @ 2 2" 3/m+1

20Here “type I” means that %,; and its extension can be referred to as the RT surface of a certain boundary
interval. See appendix C for details.

21We hope that the same symbols “(Iy;, Iy, V,, U,)” with different meanings in (48) and (134) do not cause any
confusion.
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Figure 10: Extracted from [51]. Illustration for the EWCS in the non-adjacent case.
The extension of the EWCS X5 intersects with the asymptotic boundary at the two
points Q; and Q,.

Without loss of generality, we suppose that A have a smaller size than that of B, i.e.

U4—U3>U2—U1,V4—V3>V2—V1(:>é<n,ﬁ<%, (137)
such that the point Q; is on the left of the interval A. Otherwise, it would be on the right-hand
side of B. The points Q;,Q, and the endpoints of AB make a decomposition for the time slice
where the bipartite system AB are settled on, see Fig.10. Given the partition points Q; and Q,,
then A7, A,, B] and B;, regions are also determined. In [51], the authors show that balance
conditions (117) are satisfied by this partition. Therefore,

1 (va+)(vVa+1)
BPE" (A4,B) =5}, 4 (A) = s, (B) = o= log 7= — =
(‘(/j_ 1)1()\(/}2) (139
. . . 1 - 1
BPE (A, B) :SAgMg(A):SBgBB;(B):guc log(ﬁ+1)(\/ﬁ—1)

where the PEEs and the APEEs are calculated by the ALC proposal. Hence, we conclude that,

1
Ey (A,B) = 7 -Length (£a5) =5y 1,y (4) lpatancea = BPE"(A,B). (139)

5.2.2 BPE%(A,B) and the inner EWCS

Given the partition points Q; and Q, (136), we can also compute the length of the partner
geodesic chord éA'A/I A, (A), and verify the coincidence between it and BPE? (A, B) (138). More
explicitly, for an arbitrary boundary point P = (Up, Vp) in the casual development of the inter-
val A} AA,, the function A(P) is given by (76),

1 ([Z:J"‘Z(UP—UO)][[\V/—Z(VP_VO)])

A(P)==1 — i 140
® ¢ [ly—2Up — Uy ][ 1y +2(Vp —Vp)] (140)

2
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where the parameters (l;,l;,vo, Uy) are specified by (135). Therefore, the anomalous part
ES (A,B) is,

Length(Eyan, (A) A (P,)—A(P))
4uG B 4uG
1o WA+
¢ 7 (va+1)(vi-1)
where P; and P, are the left and the right endpoints of A respectively, as specified by (126).
More importantly, the result aligns exactly with the BPE® (4, B) (138) evaluated by the ALC

proposal.
More interestingly, we find that the partner geodesic chord 5A'1 A4, (A) is also the saddle

Ey (A,B)=

(141)

geodesic that connecting the two pieces of the IRT surface E’\AB of AB, which we call the inner
EWCS (or IEWCS for short). In such a way, the calculation of Ejj, (A, B) is also an optimization
problem, which is the same as the calculation of Ejj, (A, B). Since the entanglement wedge
W,g is in the connected phase, and the RT surface £,5 = £ UE,, where £; and &, are also the
RT surfaces of AA’, BB and A, B,, respectively. It is natural to take the IRT surface for AB to be,

Ep=E UL, (142)

which is the union of the two IRT surfaces of AA,B,B and A, B, see Fig.11. More explicitly,
we can write down the functions for these two IRT surfaces,

(m—1B1-1)

eV =yavisav-DnG-1
_(3—2v+3(2v—1)n)(1—17)
e TC ES b [ ) (143)
_ 2
SR S OTaC RS
U(V)=2—v

Slmllarly, the IEWCS 3,5 is the saddle type II spacelike geodesic?? connecting the IRT
surfaces 51 and 52 To calculate the IEWCS %45, we also impose the extremal condition,

aL(UH\l’V[/—I\lpr JU V JpH ) _ aL(Uf—[\lﬂVI/—I\lip[/—[\1>U[,—[\ZJVH\21pH\2)
aVH\l B SVH\Z

=0, (144)

were we also take L(Ug , Vi, , P, Ug,» Vi, P,) as (C.5), which represents the proper distance

between H, and H, but may differs by a negative sign, depending on whether H; and H, are on
the same sector of the type II spacelike geodesic, see appendix C for details. Nevertheless, the
overall sign does not affect our discussion, since it does not affect the solution of this extremal
condition. And H; and H, are the intersection points of ¥.,5 with the IRT surfaces EAA/Z BB and

5':4/2 B, respectively, see Fig.11. The solution of this extremal condition is given by,

Vi, = B(le)ﬁ = Vﬁ=§+_i~

2y 2 Vi

Interestingly, 35,5 and its extension can also be referred to as the IRT surface 5’:4/1 A, of the
interval A AA,, whose equation is given by,

(145)

. 20, I,

Enpn, 1 p(V)=———F—" , UV =—Z(V=V)+U,  (146)
17772 _ _ l
o (L7 —4(v —v)2) v

22Here “type II” means that 3,5 and its extension can be referred to as the IRT surface of a certain boundary
interval. See appendix C for details.
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Figure 11: Illustration for the anomalous part Ey, (A, B) in the non-adjacent case. The
dashed line represents the boundary of the causal development. The purple lines y,
and y, represent the null geodesics. The IEWCS %, (the red solid line) and its
extension (the red dashed line) can be referred to as the IRT surface of the interval
A AA,, whose endpoints are also Q; and Q,.

see Fig.11 for an illustration. Here, the parameters (Z;,l;,vo, Up) are also given by (135).
According to (32), the length parameter of the IRT surface SA/l A, is,

1 2(V—=Vy)—1y

T = —1og((—°)¥). (147)

2 2(V—=Vp)+1y

Therefore, by substituting (145) into the above equation, the anomalous part Ej, (A, B) is given

by the length of 5,5 divided by 4uG,

Length(Z,5) _ T, —TH, 1 log (ﬁ— 1) (\/ﬁ—l— 1)
4uG 4uG 8uG " (ym+1)(v/n-1)

ES% (A,B) = (148)

which coincides with (141) as we expected. Moreover, we emphas1ze that the IEWCS Z!AB is
precisely the partner geodesic chord of A on the IRT surface SA/ A4 which is EA/ A, (A). This can

be shown by demonstrating that the points H; and H, are the partner points corresponding to
the left and right endpoints of A, respectively. In appendix D, we present a trick for locating
the partner point H on the IRT surface £ of the boundary point P. More explicitly, the partner
point H is the intersection point between the null hypersurface introduced by P and the IRT
surface &, see Fig.15. Now, let us use this trick to indicate H\l and H\z are the partner points
corresponding to the left and the right endpoints of A, respectively. For example, according to
(C.12), the null hypersurface N introduced by the left endpoint (U, V;) of the interval A is
given by,

Ni: p=——. (149)
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One can easily verify that the null hypersurface N; intersects with the IRT surface EA& an, (146)

at H; (145). In other words, H; is the partner point on gAﬁ A4, of the left endpoint of A according

to the discussion in appendix D, and the geodesic connecting the left endpoint of A with H;
is a null geodesic, see Fig.11. A similar discussion applies to the right endpoints of A, which
finishes our proof.

On the other hand, as the saddle geodesic connecting the two pieces of the IRT surface
EAB, the IEWCS .5 also represents the timelike mixed state correlation between the timelike
intervals A and B. In fact, as we mention above, both the EWCS and the IEWCS should be
understood as the mixed state correlations between two causal developments, D, and Dy,
rather than just between the intervals A and B, or A and B, due to the Lorentz symmetry.
Moreover, one can easily verify that the result (148) corresponding to the IEWCS cannot be
derived from the EWCS (133) through analytical continuation.

6 Reproducing the twist description from the partner geodesic
chord on the IRT surfaces

In this section, we aim to construct the geometric picture of the anomalous partial entangle-
ment entropy in the twist description, and the interval .A we consider is specified by (3). In
Sec.3.2.2, we have analyzed the fine structure of the extended entanglement wedge using the
modular momentum slices, and identified the partnership between points in the causal devel-
opment D 4 and points on the RT and the IRT surfaces using two saddle geodesics }7}, (48) and

?123 (62), which are mapped to the curves along the p direction in the Rindler AdS,;. For the
boundary point P = (Uy, V; ), the corresponding normalized tangent vectors at H (the partner
point of P on &) for &, ?11,, and ?IZJ are denoted as vg|y, v |7, and Vg2 |, respectively, which
are given by

&1&3 8(lyUy +1yV1) &5
=—=(1;;0;; + 1,3 0

Veln 282 (lydy +1yoy) + Tl E & 0>

2lyly 4(1121112/ - 16U12V12)
Vor Iy ==YV (£,V,8y + E4 Uy 8y) — 3 (150)
o g2 AT RS lyly€i&s P

1 8(lyVh —IlyUy) &5
Vor iy = — (—lyE1Eady + Ly ExE48y ) + 2.,
72| 25%( vE1E40y + 1y E2E30y) Iyl E15s o

where (51: 52; 535 541 gs) are,
EV=12—4U3, &y =12 +4U2, E3 =12 —4V2, &, =12 +4V2, &5 =yly +4U,V;.  (151)
More interestingly, these tangent vectors satisfy the following property,

Ol =0el)* =1, Ogla)* =—1 (152)
Vng . V?}’lH :Vng . V?%lH = V?%lH . V?}) |H = O:

which is exactly the same as (99). This gives a natural configuration for the normal vectors
n, 0 across the entire RT surface £. More explicitly, consider an arbitrary boundary curve C
(not necessarily a straight line), which has the same endpoints with the interval A, see Fig.12.
Given any point P on C, one can determine two corresponding saddle geodesics ?}1;2, as well
as their tangent vectors Vel |;; and Vg2 |7 at the partner point H on £. Then it is a natural choice
to define these vectors as the values of the normal vectors n, @i at the point H. Since there is
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Figure 12: The blue lines represent the boundary of the causal development D 4.
The orange curve C has the same endpoints with the interval .4, and the dashed part
represents a subcurve C;.

a one-to-one correspondence between the points on C and points on £, we can determine the
normal vectors n, il across the entire RT surface using the same prescription,

ﬁ|H = V?}l’|H, an = V?Izle. (153)

Although the RT surface for C and A are the same, the configuration of the normal vectors
n, 1 on the RT surface £ depends on the position of every point on C. On the other hand,
given a configuration of the normal vectors n, i on £, we can determine the boundary partner
points of £ by shooting the spacelike geodesics to the boundary with the initial direction f23.
Then the union of all the points where these geodesics anchor on the boundary form a unique
spacelike curve C homologous to £. Therefore, the boundary curve C and the configuration of
the normal vectors n, i are in one-to-one correspondence.

Given a configuration of the normal vectors n, i on &, the corresponding boundary curve
is denoted as C. In [50], the authors claimed that the anomalous part S¢ is given by,

Sf‘4—41Gf dti- Vn——J dlog((q—q)-n), (154)
where the reference frame {q,q} is given by (101). For arbitrary subregion &; on &, it de-
termines a corresponding subcurve C; based on the one-to-one correspondence between the
points on C and those on &, see Fig.12 for the subcurve C;. It is natural to interpret the part
associated with &; as the APEE s (C;), since the configuration of the normal vectors n, fi on &;
is determined by the subcurve C;, as specified by (153), i.e.

1 1 (@—@) Iy, 0l
si(Ci)z—f dtii-Vn= log( d il ) (155)
4uG Jg 4uG (@—@) g, 'nlg,

where H; and H, are the partner points of the left and the right endpoints of C; on &, respec-
tively. We find the above expression only depends on the endpoints of C;, which suggests us
to define a function for the boundary point P = (U;, V;) according to the following definition,

(ZU+2U1)(ZV_2V1))_AA
(Iy—20) Uy +2v))) 7

A(P)=10g (=@ mli) = 3 1o ( (156)

BFor an arbitrary point H on &, the corresponding modular Hamiltonian slice P is the set of the saddle spacelike
geodesics that are normal to £, hence the geodesic determined by the normal vector ii|,; corresponds to a saddle
geodesic which has an intersection point with the boundary.
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Figure 13: Illustration for the APEE of the subinterval A, in the twist description.
The two red curves are the geodesics normal to the RT surface £. The two black
arrows represent fiy and fi|y,, respectively. The two purple arrows represent n|,
and n|y,, respectively.

where H and H are the partner points of P on &£ and on &, as specified by (50) and (64),
respectively. The reference normal frame {q, G} is given by (104), and the normal vectors n, i
are given by (150) and (153). 75 is the length parameter of £ of the point i , which is given
by (32). For any subinterval .4; whose two endpoints are P = (U;,V;) and Q = (U,, V,), the
APEE 59 (A;) should equal to,

4uG 4uG

1y ((ZU —2U7) (ly +2V;) (Iy +2U,) (Iy — 2v2))
8uG (ZU+2U1)(ZV—2V1)(ZU_2U2)(ZV +2V2) 5

s (A:) ZLJ dri-vn= HQ=AP)
) (157)

where & is the partner geodesic chord of A; on &;, and the configuration of the normal vectors
n, i is determined by A4;, see Fig.13 for an illustration. More importantly, the result aligns
exactly with the APEE in the IRT description, based on the fine structure of the extended
entanglement wedge, i.e. (78) divided by u.

Now we turn to the anomalous part Sf‘4 (154) with the configuration of the normal vectors
n,fi are determined by a boundary curve C. However, to explicitly calculate S% (154), we
need to adopt the holographic regulation z = €, because the metric diverges at the asymptotic
boundary. That is, we consider the initial and the final points of the integration in S to be
located on the z = € surface, which also implies that we simultaneously regulate the boundary
curve C, because the points on C and those on £ are in one-to-one correspondence. Therefore,
we can only focus on the regulation for the boundary curve C. We denote the regularized curve
as C"8 by imposing the regulation for C at the following boundary points,

Py =(—ly/2+ey,—ly/2+€y), Py=(ly/2—ey,ly/2—€y), (158)

which is equivalent to making a holographic regulation at the partner points H;, H, (50) of
P;,P,on €,

—7<:>ZH1 :ZH2 =2 GUEV. (159)

PH, = PH, = 2epey
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And the anomalous part S% (154) is given by the part associated with ™%,

1 1 l;e
a—=_-_ dti-Vn=s%(C)=——1o (U V), 160

where £ is the partner geodesic chord of C™# on £, and we have used (157). And the result
aligns exactly with that (113) in the IRT description as we expected. Furthermore, we can
also discuss the asymptotic behavior (i.e. the boundary condition) of the normal vector n. For
example, the normal vector n|y : for the cutoff point P; (158) is given by (150),

2H € €

One can easily verify that n|y, is proportional to the vector d, where ¢t is the temporal coordi-
nate of the boundary CFT, only when a special regulation €;; = €y, is taken.

7 Summary and discussions

In this work we have studied two relatively independent topics associated to the inner horizon
of the Rindler K&STB . First, we identify the pre-image of the inner horizon in the original AdSs;,
which coincides with the spacelike geodesic representing the real part of the holographic time-
like entanglement entropy. We call it the inner RT surface, which is an extremal surface and
is invariant under the bulk modular momentum flow. One can apply the bulk replica algo-
rithms associated to the IRT surface which gives the IRT surface a physical interpretation as
a von Neumann entropy that equals to the two-point function of the twist operators settled
at the endpoints of a timelike interval. We also introduce the concept of the extended en-
tanglement wedge by including the region between the RT and IRT surfaces. We identify a
timelike geodesic at the boundary of the extended entanglement wedge which reproduces the
imaginary part of the holographic timelike entanglement entropy. Nevertheless, the points on
this timelike geodesic are not the fixed points of the modular momentum flow, which makes
its role in the analog replica story [17] of the extended entanglement wedge unclear. We hope
to revisit this point in the future. We introduce the fine structure of the entanglement wedge
and extended entanglement wedge, via slicing them using the modular slices and the modular
momentum slices respectively, which gives a partnership between points in the causal develop-
ment and the points on the RT and IRT surfaces. The (timelike) partial entanglement entropy
for subintervals in the causal development is then given by the length of the geodesics chord
on the RT (IRT) surface, which consists of the partner points of the subinterval.

Second, in the duality between the TMG and the gravitational anomalous CFT,, we repro-
duce the gravitational anomalous correction to the holographic entanglement entropy and the
BPE (or reflected entropy) using the length of the geodesic chords on the IRT surface. More
interestingly, the geodesic chord that captures the anomalous part of the BPE is also a saddle
geodesic connecting different pieces of the IRT surface of the mixed state, which means it can
also be understood as an EWCS anchored on the IRT surface, hence captures an optimized
quantum information quantity. This is a natural generalization of the observation that, the
gravitational anomalous correction to the black hole entropy in TMG is proportional to the
area of the inner horizon. Previously the gravitational anomalous correction to the entangle-
ment entropy and the BPE are described by measuring how much the RT surface [50] or the
EWCS [51] are twisted after introducing a normal frame configuration on the RT surface. Nev-
ertheless, certain prescription for the normal frame configuration on the RT surface is needed
before we can measure the degree of twist, which lacks physical interpretation. We show that,
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our geometric picture using the geodesic chords on the IRT surfaces is equivalent to the twist
description based on the normal frame configurations given in [50,51].

In the sections 4, 5 and 6, when we say the CS correction to an entropy quantity, we mean
an entropy quantity associated to the outer horizon, or the RT surface. One can also consider
the CS correction to the entropy associated to the inner horizon, either by applying the world-
line action formalism [50] (see [99] for details, and see [16] for a similar calculation), or the
fine structure analysis introduced in this paper. On the contrary, this correction is proportional
to the length of the outer horizon. Since we have associated the IRT surface as the geometric
picture for the timelike entanglement entropy, this CS correction may also be taken as the CS
correction to the timelike entanglement entropy. If we take the flat limit (where the AdS radius
approaches infinity), this CS correction reproduces CS correction to the holographic entangle-
ment entropy in the 3-dimensional flat holography [33,35,36,96]%4. In particular, the authors
in [99] applied the worldline action to evaluate the holographic entanglement entropy in 3d
flat holography and obtained the same result as the field theory calculation [16,36].

In [16,52, 53], the geometric picture of the HEE in 3d flat holography is proposed to be
the so-called swing surface, which consists of two null geodesics?® (the so-called ropes), and
a spacelike extremal surface connecting the two ropes (the so-called bench surface). Further-
more, in [52] it was pointed out that, the HEE calculated by the bench is indeed a PEE, which
correspond to length of the bench, a geodesic chord on the infinite RT surface. At the same
time, the ropes give another tool?® to determine the point-to-point partnership between the
points of the boundary interval and the points on the RT surface. Readers who are interested
in the relationship between the swing surface and the fine structure analysis using the modular
slices, should consult [52] for more details, as well as the related discussions in Appendix F.

Unlike the RT surface, the IRT surface extends deep inside the AdS bulk. One can further
explore geometry reconstruction using the IRT surface. Also we can define the analog of the
partial entanglement entropy threads [77,79,81] using the IRT surfaces, which may be help-
ful for understanding the geometric reconstruction for covariant or even timelike geometric
quantities.

In the context of the AdS/CFT, it was recently pointed out that the twist along the RT
surface is also an observable even in pure AdS; without gravitational anomaly [100]. From
the perspective of operators, the twist commutes with the operator of the area of the RT surface.
However, the physical meaning of the twist is still not well understood. In this paper, we find a
close relationship between the twist along the RT surface and the IRT surface, hence the twist
may have a physical interpretation associated with the timelike entanglement.

Recently, there are some new achievements on the study of the timelike entanglement, see
for example [37,38,61,101-103]. In [61] the authors defined a so-called timelike modular
Hamiltonian, which is obtained by analytic continuation for the modular Hamiltonian, to re-
construct the bulk operators, and the timelike geodesic that represents the geometric picture
of the imaginary part does not play a similar role in the reconstruction of the bulk operators. It
is interesting to re-derive their results in our new context of the timelike entanglement, which
does not depend on the analytic continuation. Also generalizing our discussion to higher di-
mensions or other holographic theories are interesting future directions.

24The 3d flat holographic is the correspondence between the asymptotically flat gravity and a 2-dimensional
field theory with BMS; symmetries which lives on the future null infinity, see [16,97-99] for details. The gravity
can also be the TMG, and in this case both of the two central charges in the dual BMS field theory are non-zero.

ZThese two null geodesics emanate from the two endpoints of the boundary interval and enters into the bulk
along the r direction, which is null, in the Bondi gauge.

261n this paper we used the geodesics y, instead of the null lines. Actually, the null ropes are just the boundary
of the modular slices, which can also be used to identify the point-to-point partnership between the points on the
boundary interval and the points on the RT surface.
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A The modular Hamiltonian and the modular momentum

As we have mentioned in Sec.2.1 and Sec.2.2, the modular Hamiltonian and the modular
momentum for the interval A (3) are the generators of translations for the Rindler temporal
and spatial coordinates respectively, thus they can be expressed as the integrals of the stress
tensor in the Rindler space,

(%) (%)
Hmod = f dx TZE’ Pmod = J dx Tf)?' (Al)
—00 —00

Using (23) and (12), we can map the modular Hamiltonian H,,q and the modular momentum
P_,q to the original space,

e () (2 e (3 )

dU15—4U2T dvl‘z,—4V2T
= _— + _ s
y 8ly uu y 8l Vv

o - . (A.2)
med =T\ By By J\atox VU7 gt ax "
dU15—4U2T dVl?,—4V2T
B The IRT surface in the global AdS,
The CFT, on the cylinder is dual to the global AdS;,
1
d52=—(1+r2)dt2+mdr2+r2d92, (B.1)
with the following identifications,
6~0+21, t~t+2m. (B.2)

Without loss of generality, we consider the static interval A on the t = 0 slice with the length
Ly (Ly < 7). The corresponding Rindler transformation is,

jui?) v
U= iarctanh M , V= iarctanh M (B.3)
U tan(%) Ty tan(%)
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where (U, V) are the light-cone coordinates and are defined as,

L L
U=-20+t), v="2(0-1). (B.4)
27 2T

and the parameters [;;, [, are given by,

L

L
U

to, ly=2L
27_[9 \4

_ 1%
Iy = ~Lt. (B.5)

Similarly, there are also two modular flows, one is the modular Hamiltonian flow ki and the
other one is the modular momentum flow kf ,

ki = lé’g — iaV =7 (costcos@ —cos(e—e))csc(e—e)sec(e—e) o,
Ty Ty 2 4 4

—2mcesc (%9) sintsin 89y,
(B.6)

kf = lé’g + =8, =—2ncsc(%)sintsin98t

Ty Ty
T (cos t cos 6 — cos (e—e))csc(e—e) sec(z—e) -
2 4 4

One can easily verify that the endpoints of A are the fixed points of k{, and those of A are
the fixed points of kf , respectively. Here, A is the partner interval that connects the two tips
of the causal development D,, which is a pure timelike interval with the length ¢4 along the
0 direction, see Fig.14. The bulk Rindler transformation also maps the original global AdS;
(B.1) to the Rindler AES; (9), and the radial coordinate transformation is given by,

T Ty
p="2L@2+ (2 + 4r2)cosle + 4(1 + r2) cos (2t)
N ®.7)

+ 8rcos 9 (—2\/ 1+r2cos(ly/2)cost + rcos 9))csc2 (ly/2).

According to the holographic dictionary, the bulk modular flows can be obtained by replac-
ing the boundary global generators in the boundary modular flows with their bulk dual Killing

vectors,
ly ly
mese| & )sec| % I
ko-bulk — (4) (4)(rcostcos@—v1+r2cos(—6))8t
V1412 2
2 l [
— 142 CSC(EG) sintsinfdy +2nv 1+ r2 cos@csc(f)sin to,,
-
2nr l
kﬁ’bmk:——csc(—g)sintsin 60 (B.8)
‘ V1+r2 2 ‘
lo
mtan| 1 I
+ & (r —rcot? (Ze) + v/ 1+ r2cost cos  csc? (Ze)) T
r

[
+2nv1 +r2costcsc(§)sin9.

As discussed in Sec.2, solving kf’b‘ﬂk =0 and kf bulk_ g give us the RT surface £ and the IRT
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Figure 14: The surfaces enclosed by the dash curve represent the null infinities of the
Poincaré patch. The blue curves y; and y5 represent the IRT surface of A, while the
blue curves y, and y, represent the IRT surface of B, where B is the complement of
A. The black line is the boundary of the entanglement wedge of A on the 68 = 0 slice.
The red curve y5 represents the boundary of the extended entanglement wedge on
the 6 = 0 slice, which intersects with the RT surface £ at the point Q.

surface &, respectively,
7
cot (—2 )
1 LY
2 218 ) __ 2 6
\/cos 0 csc (2) cot (2)

ot= arccos(rcOS (69))
e ive )
. ( rcos(ﬂg/z)) 0 (B.9)
Y9 : t=—arccos| —————— =7
{ 2 V1+r2
. (rcos(ﬁg/z)) 0
: t=arccos| ————— |,
& V14712
. ( rcos(ﬁg/z))
Y4: t=arccos| ———————

* V1+r2
where y; and y, smoothly join together at the null infinity of the Poincaré patch, as do y5 and
Y4. More interestingly, y; intersects the asymptotic boundary at the upper endpoint of A, while
Y4 intersects the asymptotic boundary at the upper endpoint of B, where B is the complement
of A, see Fig.14. One can easily verify that the RT surface £ and the IRT surface £ are indeed

mapped to the outer and the inner horizons of the Rindler AdS;, respectively,

p
6=0

)

=0

Ple =TgTy, plg=—TyTy. (B.10)

On the other hand, we can obtain a timelike geodesic representing the boundary of the inter-
section surface between the extended entanglement wedge W, and the hypersurface 8 = 0
by following the derivation of Sec.3.2.2,

Ys: r=cot(%9)cosr, t(7)=arctan(sin(%)tanr), (B.11D)

42



SciPost Physics Submission

which connects y; and y3 at the null infinities of the Poincaré patch. This means y, and y4
are not in W,. Therefore y; and y5 should be referred to as the IRT surface of A, while y, and
4 should be referred to as the IRT surface of B. And the length of the timelike geodesic y; is
also .

C Spacelike and null geodesics in the Poincaré AdS,

In this appendix, we list some useful properties of spacelike and null geodesics in the Poincaé
AdS;. We mainly focus on two types of spacelike geodesics in the Poincaré AdS;. One is
connected, which we call type I spacelike geodesic, which anchors on the boundary at two
space-like separated boundary points, while type II spacelike geodesic is disconnected and
anchors at two timelike separated boundary points. The type I spacelike geodesic is,

21y
(2 =4V —Vvp)2)

l
p(V)= UW)= Z—U (V=Vo)+ U, (ly,ly>0), (c.1)
\%

which can be referred to as the RT surface of the boundary spatial interval Z,
T: (_ZU/Z + Uo,_lv/z + Vo) — (ZU/Z + U(), lv/z + Vo), (CZ)

For the type I spacelike geodesic, which connects the two spacelike points (U;, V;, p;) and
(U,y, Vs, py), the parameters (I, 1y, Vy, Uy) are,

- X B X
U 2(va=V)pips” T 2(Uy—Uy) prpy]
+ —1+2(U;—Uy)(V; + V-
V, = P2+ p( (Uy 2) (W 2)92), (€.3)
4(U; —Uy) p1p2
U = P2 +p1(=1+2(U; +Uy) (V] — V) p3)
00— s
4(V; —=V3)p1py
where X is,
X= \/p%+2p1pz (1Y = 1)+ (ps +p1p2Y ), (C.4)
Y =2(U; —Up) (V1 —Va).
Hence the proper distance between (U, V4, p1) and (U,, V,, p5) is,
1 X+p1—p2+Y JX+py—p1+Y )
L(ULVy, p1, Uy, Vy, pg) = —log( P1— P2 P1P2 P2—P1 P1P2 ) (C.5)
2 X +p1—p2—Yp1p2) X +py—p1—Yp1p2)
Similarly, the equation of the type II spacelike geodesic is,
V)= 2y UV =Y V=V +Us Uply>0)  (C6)
p ZU (1‘2/—4(V—V0)2), ZV 0 0> Usty .
which has two connected sectors
[ [
Left sector: V <V — EV’ Right sector: V >V, + EV’ (C.7)

and can be also referred to as the IRT surface of the interval Z (C.2). The partner interval Tis
the timelike interval connecting the two tips of the causal development of Z, i.e.

T:(—ly/2+ Uy, ly/2+ Vo) = (Iy/2 + Uy, =1y /2 + V) (C.8)
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For the type II spacelike geodesic, which connects the two spacelike points (U, V;,p1) and
(Uy, V5, p2), the parameters (I, Ly, Vi, Uy) are,

lU = X > ZV = X )
2(V,—=V1) p1p2 2(Uy = U) p1p2
_ P2t P (142U = Up) (Vi +V3) p) C.9)
4(Uy —Uz) p1p2 ’ '
_ P2t p1 (142U +Up) (V1 = Vo) o)
4(V1 =V3) p1p2

where X is also given by (C.4). The proper distance between (Uy, V1, p1) and (Us, V5, p,) is also
given by (C.5) when they are on the same sector of the type II spacelike geodesic (C.6). When
they are on the different sectors, for example, (Uy, V7, p;) is on the Left sector, (Usy, V5, p5) is
on the Right sector, we define the proper distance between them to be,

Yo

Uop

5

%} oo
L(UlivlﬁpanZJVZJPZ):J V dsz‘i‘J< Vv dS2
—00 v,

1 log((X +p1—=P2+Yp1pa) X +py—p1 + Yp1p2))
X +p1—p2=Yp1P2) X +p2—p1—Yp1P2)

(C.10)

2

where ds? is the induced line element on (C.6) and X, Y are (C.4), and the difference between
(C.10) with (C.5) is only up to a overall sign.
The null geodesic, which intersects the asymptotic boundary at the boundary point (U, V;),
is given by,
c? Vi —V
V)=——, UWV)=U;+—, (C11)
P (\—V)? toac?
where C is an arbitrary constant. The null hypersurface introduced by the boundary point
(Uy, V1) is,

1
p= . (C.12)
2U—-U))(K—V)
In particular, the null geodesic (C.11) with the coefficient C =1/ V2 is,
p(V)= uvV)=U;+v;—V. (C.13)

2V —V)¥

D A trick for locating the partner point H on &

Consider a boundary point P = (U, V;) in D 4, and the null hypersurface introduced by P via
(C.12), which we denote as Np. There is only one intersection point H between N} and the
IRT surface £ (31), which is given by,

) R ly (yly —4UyV3)
H= né: Vg=— ,
N " 4(Ly Uy —IyVh)

(D.1)

which is exactly the same as the partner point H (64) of P on the IRT surface &. In other words,
the partner point H of P is precisely the intersection point between the null hypersurface Np
and the IRT surface &, see Fig.15 for an illustration.
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Figure 15: The yellow surface represents the null hypersurface N} introduced by
P. The two green curves represent the saddle geodesics ?}1, and ?}2), respectively.
The partner point H is the intersection point between A/ p and &. And the red curve
presents the null geodesic connecting P and H.

E Replica trick for the CFT, with gravitational anomaly

The generators of the CFT, on the plane are given by,
L,=U"g,, L,=Vv"14,, (E.1)

where L, L, and L., L, are the only global generators. The charges £,, £, associated with
these generators form the Virasoro algebra which is the central extension of the Witt algebra,

c
(Lo L] = (=) Lo + 751 (n* = 1) 8

s A - c (E.2)

[[’n: ‘Cm] = (n - m) £n+m + ﬁn( 2 1) 5n+m,0
where ¢; and cy are the left-moving central charge and the right-moving central charge, re-
spectively. For the interval A (3), the entanglement entropy S 4 is defined as the von Neumann
entropy S 4 = —Trp 4 log p 4 of the reduced density matrix p 4. To calculate the entanglement
entropy, we can first consider the n-order Rényi entropy SS{) = ﬁ log Trp’;, and then take the
limit n — 1. The replica method [104, 105] proposes the partition function Z, = Trp'; of the
n-order replica manifold can be calculated by the two-point function of the twist operators,
namely

Z,=Trp" = (&,(a) &, (b)) = (E—U)ZhL (G—V)ZhR (E.3)

ly ly
where a and b are the left and the right endpoints of the interval A, respectively. The cutoffs
€y, €y are introduced to make the action Z, dimensionless and ensure the entanglement en-
tropy to vanish in the limit [;; — €y,l, — €y. The conformal dimensions of twist operator for
the left-moving sector and the right-moving sector are h; = ;—z (n — %) and hy = ;—f‘ (n — %),
which can be determined by the conformal Ward identities. Note that for the CFT, with the
gravitational anomaly (c; # cg), the twist operator possesses non-zero spin s, [50],

+ 1 - 1
A,=h, +hg= CL24CR (n— —), sy=h, —hp = CL24CR (n— ;) (E.4)
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where A, is the scaling dimension of the twist operator. Furthermore, the n-order Rényi
entropy is given by,

(n) _ n+1 ZU lV
Sy = Tom (CL log(—EU +cglog _Ev (E.5)
Accordingly, the entanglement entropy S 4 is,
CL ly ) CR ( ly )
Sp=—log| = |+ —=log| — |]. E.6
A= Og(eu G 08 e (E.6)

F The regulated geodesic chord on the inner RT surface and its
flat limit

As discussed in Sec.3.2.2, the regulated interval A™# corresponds to a geodesic chord on the
IRT surface £. More explicitly, the partner points on £ of the endpoints of 4™ are denoted as
the cutoff points Q; and Q,, respectively, which are given by (64),

:lv (lyey + Iy —2€ey) ey) N ly (lyey +lyey)

\% >
R 2lyey —2lyey 2lyey —2lyey E1)
v __ b (lyey + Iy —2ey) ey) L (lyey +lyey) '
Q ZIUGV —ZZveU ZZUGV —2lveU ’

where Vg (V,,) represents the V-coordinate of Q;(Q,), and “~” denotes that we perform a
Taylor expansion for the infinitesimal constants €;; and €. In particular, if we choose two
equal cutoffs, i.e. ey = ey = €, the corresponding cutoff points Q;,Q,, are,

Ly (ly+1y) Ly +ly)

@ =50,y e T 201 (E2)

We denote the regulated part of £ as Y, which extends from Q; to V = oo, and then from
V =—00 to Q,,

y=§feg-p=—L U=—Z—UV (V<Vy orV>V,) (E3)

y (12 —4v2) Ly @ w

see Fig.16 for an illustration. Therefore, y represents the partner geodesic chord on & cor-
responds to Sil (96) with the cutoffs being €;; = e, = €. However, the IRT surface £ is not
homologous to A, such that we can introduce two auxiliary null geodesics y_, y, emanating
from the endpoints of A, which are the bulk modular momentum flow lines on M, to make
the composite surface y 4 = yUy_Uy, homologous to .4, similarly to [16]. We emphasize that
v+ are not the fixed points of kf ’blﬂk, hence do not represent the bulk replica symmetry. More
explicitly, y. are the bulk modular momentum flow lines connecting 9, A = £(1;/2,1,/2)
with Q;(Q,), which are given by (83),

—~ Iy+1
=L V)=—= _ vvw)=LYV_y
—0 o e =—2 vwm=—2l_y (E4)
=5 P Ly +2V)?’ 2 ' '

The anomalous part S (96) can be given by the total length of y 4,
ga :Length(yA) _ Length(y)

A 4uG 4uG )
4uG 4uG Iy )’
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Figure 16: The black and the purple lines represent the interval A and its partner
interval A, respectively. The blue line is the RT surface £. The orange line is the
IRT surface £. The red lines v+ and y_ are two null geodesics emanating from the
endpoints of A, which are introduced to make the composite surface y 4 =y, Uy_Uy
homologous to 4. They intersect & at the cutoff points Q; and Q,, and y is the
regulated part of g

where 7T is the length parameter of the IRT surface &. One can see this is very similar to the
case in the flat holography. In fact, this is reasonable. The authors in [16] calculated the
holographic entanglement entropy by taking the flat limit ({ — o0) for the Rindler method.
In the flat limit, the outer horizon of Rindler Kd‘sj is pushed to infinity, thus leaving only the
inner horizon in the bulk. More interestingly, they find that the flat limit of the area of the
inner horizon exactly matches the holographic entanglement entropy in the flat holography.
This implies that the holographic entanglement entropy in the flat holography can, to some
extent, be referred to as originating from the inner horizon of the Rindler KE;, rather than
the outer horizon. Now we show that the geometric picture of the holographic entanglement
entropy in the flat holography (including the null geodesics), can also be derived by taking the
flat limit of our discussions here?’.

The infinite-dimensional Bondi-Metzner-Sachs (BMS3) group [107-111] is the asymptotic
symmetry of three-dimensional flat spacetime at the null infinity, hence the Flat/BMS; cor-
respondence which we called the flat holography was proposed in [32,33]. The holographic
entanglement entropy, and its geometric picture are given in [16] via the Rindler method,

govs _ Length (%)

A 4G ’

where the superscript “BMS” is used to distinguish it from the AdS/CFT, and y®™S is the fixed
points of the bulk modular flow klfMS’bUIk (or bulk replica symmetry). The spacelike geodesic
y is connected to the endpoints of the boundary interval .A®MS on null infinity by two null

geodesics yEMS. The null geodesics y2MS are the orbits of the endpoints 3.4®™S under the bulk
BMS, bulk
t

(E6)

modular flow k and they are two r coordinate lines, see (E11) later. Here we only focus
on the null-orbifold whose metric is,

ds®> = —2dudr + r?d¢?, E7)

which duals to the zero temperature BMSFT on the plane. We consider a boundary interval
ABMS’
APMS 2 (=1, /2,—14/2) = (1,/2,14/2), (E8)

27See also [106] for earlier discussions
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and the corresponding modular flows k®° and kBMS:bulk g re [16)],
[
KEBMS — % ((z; —4¢2) 0, + (zuz¢ + 4icf>2 — 8u¢) au)

8(lyu—1,9) l
kltaMs,bulk — 20 ((12 — 492 + #) 8, + (Zul¢ +4i¢2 —8u¢) Iy (F9)

l¢r
8l
+ (—” + 8r¢>) 8,),
Ly

the spacelike geodesic yBMS is just the fixed points of kBMS bulk ,l.e.
k?MS’bulk|YBMs =0, (E10)
and )/BMS are two r coordinate lines passing the endpoints of ABMS
l l¢ [, l¢
BMS . u BMS
cu="L =2, u=—, == F11
Ty 2 ¢ o - ¢ 2 (E11)

Now we return to consider the flat limit of the geometric picture of the anomalous part S¢.
We recover the AdS radius ¢ such that the metric of Poincaré AdS; is,

2 2 dPZ
ds*=1(°| 2pdUdV + — |, (E12)
4p2

which is the solution of the Einstein-Hilbert action plus the cosmological constant term,

3
16 - d3x /=g (R—2A), (E13)

where the cosmological constant A = —1/£2. The cosmological constant A will vanish in the
limit £ — oo, which we called the flat limit of the AdS/CFT. When the cosmological constant
vanishes, there is only the Einstein-Hilbert term, whose solution is just the flat spacetime. In
order to consider the flat limit properly, we rewritten the metric (E12) in the BMS gauge [112],

ds? =r (dqsz du’ )—Zdudr, (E14)

by the following coordinate transformation,

2 2 2
(€¢+u—£—) (€¢—u+£ ) o= (E15)
r 4

One can easily verify that the Poincaré-BMS metric (E14) will reduce to the null-orbifold (E7)
in the flat limit. According to the coordinate transformation (E15), the parameters [, [}, can
be written in terms of [, l¢,

ptly =l

- L Ly = E16
U 2 \% 2 ( )

According to the coordinate transformation (E15) and the parameters (E16), we can rewrite
the modular momentum flow vectors kf (28) and kf sbulk (26) in the Poincaré-BMS coordinate
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(w, ¢,1),

= (e (4

+ (121, — 1302 - 8Lug + 4l (u? +0%42)) 3, )

ke (o) fezlj,) (2 -1, (2 (12 +492) + 4u?) + 8%1,u¢) 8, ,
+ (2157 +81,¢ (02— ru) + 1y (—02r (12 —492) + 4ru® — 80%u) ) 3,
—8((L, (> —ru)+214r9))3,).

After taking the flat limit, the only difference between kf ,kf Pk and k?MS,k?MS’bUIk is an
overall coefficient negative sign, which does not change the physical essence. Therefore, in
the flat limit, the spacelike geodesic y, which is the set of the fixed points of kf ’bulk, will reduce
to yBMS | the fixed point of k?MS’bUIk. Similarly, we can also rewrite the null geodesics v, (F4)

in the Poincaré-BMS coordinate (u, ¢, r),

ly

[
a0 y-: u:—Eu, ¢ =_E; (F.].7)

—

2’ 2
which exactly match the null geodesics yiMs (E11) even without taking the flat limit. There-
fore, the geometric picture of the holographic entanglement entropy in the flat holography can
be obtained by taking the flat limit for the geometric picture of the anomalous part S in the
AdS/CFT with gravitational anomaly. Furthermore, for the mixed state correlation, the EWCS
in the flat holography (including the geometric picture) given in [113] can be also derived by
taking the flat limit of the IEWCS 5 a5, Which is specified by (145) and (146).

Interestingly, all the null geodesics (C.13) are the r coordinate lines even without taking
the flat limit. More explicitly, the parameters (U;, V;) which characterize the null geodesics
(C.13) can be rewritten in terms of the parameters in the Poincaré-BMS coordinate according
to the coordinate transformation (F15),

1 1
U1=5(£¢1 +uy), V1:£(€¢1—u1)- (E18)
According to (E15), the null geodesics (C.13) can be rewritten in the Poincaré-BMS coordinate,

u=uy, ¢ =9y, (E19)

which are the r coordinate lines in the BMS gauge.

G The equality between the two sides of (125)

In this appendix, we demonstrate the equality between the two sides of equation (125) by
showing that the right-hand side of (125) indeed evaluates the APEE 5;1"1 a, (A), and thus equals
to the left-hand side. Consider the configuration of A’lAA’2 described by (128) and (136). The
RT surfaces £ and &, can be also understood as the saddle spacelike geodesics ?11)1 and ?1132
corresponding to the left and the right endpoints of A for the interval A]AA,, where P; and P,
are the endpoints of A. This is because £; and &, are both normal to the EWCS 2,5, as shown
in Fig.10. Therefore, the endpoints H; and H, (described by (132)) of X, are the partner
points of the left and the right endpoints of A on the RT surface EA/I A respectively. For (125),
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the authors in [51] chose the following boundary condition of the spacelike normal vectors i;
and fi for the EWCS %55,

nl = V?él |H1’ nf = V?Il)z |H2’ (Gl)

where Vo1 |, and V1 |, represent the normalized tangent vectors of &; and &, at the end-
1 2

points H; and H, of ¥ 45, respectively. According to the discussion in Sec.6, the above equation
also implies the boundary condition of the timelike normal vectors n; and n,

n; = v?lz,l |H1) nf = V?IZJZ |H2) (Gz)

where ?}2)1 and ?}2,2 are the saddle timelike geodesics corresponding to the two endpoints
of A for the interval A}AA’.
(U, Vp) = (U; — Uy, V; — V) and a variable replacement Iy, [, — l;, l;, where (ZE, l;, Up, Vo)
are specified by (135). In fact, this choice can also ensure that the term inside the logarithm
in (125) is positive, see (156). According to (156), the right-hand side of (125) is given by,

Therefore, n; and n; are given by (150) up to a translation

RHS = T _ s (A (G.3)
© 4uG TAMy T '

where H; and H, are the partner points of the endpoints P; and P, of A, respectively. Therefore,
the two sides of (125) are equal.
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