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Abstract

Quantum information scrambling, typically explored in closed quantum systems, de-
scribes the spread of initially localized information throughout a system and can be
quantified by measures such as the Loschmidt echo (LE) and out-of-time-order correla-
tor (OTOC). In this paper, we explore information scrambling in the presence of dissipa-
tion by generalizing the concepts of LE and OTOC to open quantum systems governed by
Lindblad dynamics. We investigate the universal dynamics of the generalized LE across
regimes of weak and strong dissipation. In the weak dissipation regime, we identify a
universal structure, while in the strong dissipation regime, we observe a distinctive two-
local-minima structure, which we interpret through an analysis of the Lindblad spectrum.
Furthermore, we establish connections between the thermal averages of LE and OTOC
and prove a general relation between OTOC and Rényi entropy in open systems. Finally,
we propose an experimental protocol for measuring OTOC in open systems. These find-
ings provide deeper insights into information scrambling under dissipation and pave the
way for experimental studies in open quantum systems.
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1 Introduction

Quantum information scrambling has become a pivotal concept in understanding the dynam-
ics of quantum many-body systems, attracting significant attention in recent years. In closed
quantum systems, it describes the process by which initially localized quantum information
spreads throughout the system, rendering it inaccessible to local measurements. This phe-
nomenon is closely tied to the thermalization dynamics of many-body systems and serves as a
key diagnostic for quantum chaos.

One of the most prominent tools for probing quantum information scrambling is the out-
of-time-order correlator (OTOC) [1, 2], which has been extensively studied across various ar-
eas of physics [3-24, 24-29] and has recently been measured in experiments [30-38]. An-
other quantity closely related to the dynamics of information scrambling is the Loschmidt
echo (LE) [39-44], which characterizes the retrieval fidelity of a quantum state after an im-
perfect time-reversal procedure, and has also been measured in experiments [45-55]. The LE
reveals that even small perturbations in the Hamiltonian can lead to significant changes in the
system’s dynamics, a hallmark of quantum chaotic behavior.

In closed quantum systems, information scrambling has been extensively studied, with
general relations between quantities such as the LE and the OTOC being widely explored [9,
55-67]. However, in realistic experimental settings, interactions between the system and
its environment are unavoidable. The presence of dissipation and decoherence significantly
modifies the universal behavior of information scrambling, making it fundamentally differ-
ent in open quantum systems [34, 36, 60, 66, 68-74]. Also, generalizing familiar concepts
from closed systems to open systems has led to the discovery of novel and intriguing physics
including the development of entropy dynamics [75-78], operator growth and complexity
[79-83], strong to weak symmetry breaking [84-92], quantum speed limit [93-98], gener-
alize Lieb—Schultz-Mattis theorem in open systems [99, 100]. This raises a natural question:
how do the dynamics of OTOC and LE behave in open quantum systems?

In this paper, we generalize the concepts of the LE and the OTOC to open quantum systems
governed by the Lindblad master equation. Interaction with the environment enriches the dy-
namics of information scrambling, creating a complex interplay between quantum chaos and
dissipation. We investigate the universal behavior of the LE, analyzing its dynamics in both
weak and strong dissipation regimes. In the weak dissipation regime, we identify a universal
structure for the LE and explain its characteristic behavior. In the strong dissipation regime,
we discover that the LE can exhibit a two-local-minima structure, reflecting the Lindblad spec-
trum of the dissipative evolution. Additionally, we establish a connection between the thermal
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average of the LE and the OTOC and prove a general relation between the OTOC and Rényi
entropy in open systems. Furthermore, we propose an experimental protocol for measuring
the OTOC in open systems.

The structure of this paper is organized as follows. In Section 2, we review the definition of
the LE in closed systems, introduce its generalization to open systems, and discuss its physical
significance. In Section 3, we analyze the simplest case where the forward and backward evo-
lutions of the LE in open systems differ only by the dissipation strength, exploring LE dynamics
in both weak and strong dissipation regimes. In Section 4, we review the relation between the
OTOC and the LE in closed systems, introduce the definition of the OTOC in open systems, and
establish a similar OTOC-LE relation for open systems. In Section 5, we extend the relation
between the OTOC and Rényi entropy from closed systems to open systems. In Section 6, we
propose an experimental protocol for measuring the OTOC in open quantum systems. Finally,
in Section 7, we present our conclusions and discuss the implications of our findings.

2 The Loschmidt echo in open systems

In an isolated quantum system, the LE measures the retrieval fidelity of a quantum state fol-
lowing an imperfect time-reversal evolution. It is defined as follows:

M(t) = [(apgle2te it ]af o) |2, )

Here, H; and H, are the Hamiltonian governing the forward and backward time evolution,
respectively. |vy,) is the initial quantum state at time t, = 0. Consider the case where
H, = H;+V, with V representing a perturbation to H;, thus, the LE measures the sensitivity of
quantum evolution to the perturbation and quantifies the degree of irreversibility. Even small
perturbations to the Hamiltonian can induce significant changes in the system’s dynamics, re-
sulting in a substantial deviation of the LE from 1 as the total evolution time increases from 0.
The definition of the LE is illustrated schematically in Fig. 1(a).

In real experiments, the measurement of the LE has been performed in numerous nuclear
magnetic resonance (NMR) studies since the 1950s [45-55], where echo experiments have
served as a standard tool.

We generalize the definition of the LE for open systems and will further discuss its dy-
namics [42,44] in the next section. Specifically, we consider the LE in open quantum systems
coupled to a Markovian environment, where the dynamics are governed by the Lindblad mas-
ter equation.

ap

E:—i[H,p]+2)f%:meL,'n—)f;:{l:,'nl'm,lo}- (2)

Here, the first term on the right-hand side (R.H.S.) describes the unitary time evolution with
Hamiltonian H, while the remaining terms describe the interaction between the system and the
environment, characterized by the Lindblad jump operators L,, and the dissipation strength
v. Below, we use p(t) = e“[py] to denote the density matrix obtained by evolving the initial
density matrix p, under the Lindblad master equation for a total time t.

Considering a general density matrix p, and given a set of complete bases {|n)}, the density
matrix p can be expressed as

p =2 Pmlm)(nl 3)

By using the Choi-Jamiolkwski isomorphism [101-103], the density matrix p can be mapped
to a wave function |1/)g> in double space, where

Y2) =D pralm), ® [n)g. @

3
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Figure 1: Schematic of the LE in closed (a) and open systems (b), as well as the OTOC
in closed (c) and open systems (d). (a): In closed systems, the forward and backward
time evolutions are governed by different Hamiltonians (H; and H,), resulting in a
final state (orange circle) that differs from the initial state (blue circle). (b): In open
systems, due to interactions with the environment (Env.), the Lindbladians £; and
L, govern the forward and backward time evolutions, respectively. (c-d): The time
contours of the OTOC. In contrast to the time evolution of OTOC in closed systems
(c), the forward and backward time evolution in open systems have correlations, as
denoted by the orange curved lines in (d).

Here, we denote the two copies of the system in double space as the left (L) and right (R)
systems.

After this mapping, the Lindblad master equation, which describes the dynamics of the
density matrix, can be transformed into a non-unitary Schrodinger-like equation that governs
the dynamics of the double-space wave function |1/)g) [75,101-103]:

10,190 (0)) = HP (1)) (5)
Here, H? = H, —iH, is a non-Hermitian operator defined on the double space with
H,=H, ®T;—7, ® Hj,
Hy =y O [~2Lp; ® L, o+ (L) L)y ® Tp + T, ® (L] L, )], (6)
m

where the superscript “T” stands for the transpose, and * stands for the complex conjugation.
Here, H, is the Hermitian part of the double space Hamiltonian, determined by the system
Hamiltonian. H,; originates from the dissipative part of the Lindblad evolution and is deter-
mined by the dissipation operators; hence, we refer to it as the “dissipative part of the double
space Hamiltonian.”

Using this double-space representation, we can define the generalized LE in open systems
as:

Tripy(Opa()] (Bleif eIt D)
\/Tr (t) Tr (t)] \/<¢0D|ein"fte_iH{7t|wg><,¢g|eng*te—iH§t|¢g>

Here, p1(t) = e“1t[po] and p,(t) = e“2![py]. p; and p, represent the density matrix under
the forward Lindblad superoperator £; and backward Lindblad superoperator L, respectively.

MP(t)=

(7)

4
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|¢g ) is the double space wave function obtained from the initial density matrix p,. H f and
H g are the double-space Hamiltonians corresponding to the Lindblad superoperator £; and
L, respectively, as defined in Eq. (6). Thus, H ? and Hg can also be viewed as the forward
and backward double-space Hamiltonians. The illustration of the generalized LE in the open
system is depicted in Fig. 1(b).

Our definition of the generalized LE describes the system’s departure from its initial state
after undergoing forward lindblad evolution £, followed by a distinct backward lindblad evo-
lution £,. Since the purity of the density matrix, Tr [pz(t)], generally decays due to the
decoherence in open systems, even when the forward and backward time evolutions are iden-
tical (p; = p3), the overlap Tr[p;(t)p,(t)] can still decrease over time. To characterize the
intrinsic differences between the forward and backward time evolution in open systems, we
introduce the normalization factor \/ Tr [pf(t)] Tr [p%(t)] in Eq. (7) to excluding the purity
decay of the density matrix during Lindblad time evolution.

If the dissipation strengths y; and y, in the Lindblad superoperators £; and £, are set to
zero, and the initial double-space wave function |[y)?) = |v,) ® |1),) is purified from a pure
state density matrix py = [1o) (3|, then the generalized LE defined in Eq. (7) can be rewritten
as

MD(t)|y1=}/2=0 =Tr(e ! poeite ol poetat) = (3|2t e ™1l |y ) 2. (8)

Hence, in the absence of dissipation, the generalized LE in an open system reduces to its
definition in closed systems, as given by Eq. (1). In this context, it quantifies the quantum
fidelity between two states after undergoing different Hamiltonian evolutions.

Additionally, the generalized LE can be interpreted as describing the overlap between two
(mixed) density matrices. This overlap quantifies the similarity between the two mixed states
and is related to the relative purity, which is defined as

Tr(p1p2)

. )
Tr(p3?)

Frp(p1,p02) =

The rate of change of relative purity can signal quantum fluctuations and is often discussed
in the context of quantum speed limits [ 104-108]. It is worth noting that the only distinction
between relative purity and the generalized LE we have defined lies in their respective nor-
malization factors. Therefore, the generalized LE in open systems can also be used to analyze
quantum speed limits.

3 The Loschmidt echo dynamics in open systems

In open systems, our generalized LE can be used to characterize the irreversibility between
different forward and backward dissipative dynamics. In principle, the forward and backward
Lindblad evolutions can differ in several aspects: the system Hamiltonian H, the dissipation
strength y, or the set of Lindblad jump operators {L,,}. In this work, to elucidate the role of
dissipation, we consider the simplest case where the forward and backward evolutions share
the same Hamiltonians and dissipation operators, differing only in the dissipation strengths 7.

We investigate the universal dynamical properties of the generalized LE and identify the
characteristic time scales that arise from the interplay between the two different dissipation
strengths of the Lindblad superoperator and the energy scales of the Hamiltonian.

Without loss of generality, we numerically study a dissipative Sachdev-Ye-Kitaev (SYK)
model as an example to illustrate the typical dynamical behavior of the generalized LE in open
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systems. We consider a quantum system composed of N Majorana fermions, described by the
SYK model Hamiltonian [109-112],

Hgyx = Z Jiiki XiXi Xk X1 (10)

1<i<j<k<I<N

where y; denotes the Majorana fermion operator that satisfies the anticommutation relation
{xi>x;} = 0ij. Here, Jjjiq is a random variable that satisfies the Gaussian distribution with
zero mean and variance
317%(q—1)!

N3
We consider the set of jump operators {L; = y;}, (j = 1,2,...,N) with dissipation strength
y [113], leading to the Lindblad time evolution:

Wijadi i) = 616 Sx e O1r

N N
aa_,z :_i[HSYK:p]+2YZ£ijXj_Yzlz{lej:p}' (11)
j= j=

Below, we use the dissipative SYK model as an example to study the dynamics of the LE in
both the weak dissipation regime, where y/J < 1, and the strong dissipation regime, where
y/J > 1. Our findings are summarized in Table 1. Without loss of generality, we denote
the dissipation strengths of the forward and backward Lindblad evolutions as y; and y,, with
Y1 < y9. For clarity, we will refer to the Lindblad evolution with dissipation strengths y; and

Y- as the v, evolution and y, evolution, respectively.

Cases Typical dynamical structure | Late time plateau |
weak:
v1/J <y /J K1 One minimum, t;, ~ % | tp~1/71 |
strong (non-deg):
1Ly /J<vy/J One miniumum, t;, ~ % | tp~1/71 |
strong (degenerate):
1Ly /J<vyy/J Two local minima, t;,; ~ %, tmin2 ~ 5—; | tp ~ vo/J?, |

Table 1: Summary of the generalized Loschmidt echo dynamics in the weak and
strong dissipation regimes. For the strong dissipation regime, the dynamics are
further classified based on whether the ground state of H,; is degenerate or non-
degenerate (non-deg).

3.1 Weak dissipation regime

In the weak dissipation regime, where y; 5/J < 1, the generalized LE exhibits a universal
behavior, as illustrated in Fig. 2. The LE decays from its initial value of 1, reaching a minimum
at the characteristic time scale t;,. Subsequently, the LE increases and eventually returns to
a plateau with a value of 1 at the time scale ¢},

For simplicity, we consider the case where the system has only one steady state, which is
p(t = o0) o< Z. Therefore, in the long-time limit, different dissipation strengths have no
effect on the final states: both p;(t) and p,(t) approach the same steady state, and the LE
returns to its initial value of 1.

The characteristic time scales ty,;, and t,, in the weak dissipation regime are determined
by the dissipation strengths. To understand these time scales, we can analyze the dynamics of
the second Rényi entropy, which is defined as follows:

S@ = —log[Tr(p?)]. (12)

6
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1.0

- . 0
0 20 40 60 80
tJ

Figure 2: The Loschmidt echo dynamics of the dissipative SYK model in the weak
dissipation regime. We choose N =6, y,/J = 0.02, and y,/J = 0.1, with dissipation
applied to all Majorana fermions in the SYK model. The second Rényi entropy for
the y; and v, evolutions are also plotted as blue and red dotted lines, respectively,
for comparison. The initial state is the ground state of the SYK model. The time
at which the Loschmidt echo reaches its minimum approximately coincides with the
time when the second Rényi entropy for the smaller dissipation strength, v, saturates
to its final plateau value.

The dynamics of the second Rényi entropy for p; and p, are shown in Fig. 2 by the blue and
red dotted lines, respectively. For comparison, the green line represents the dynamics of the
LE.

In the weak dissipation regime, the dynamics of the second Rényi entropy initially increase,
following a characteristic yt scaling at short times [114], and eventually saturate as the initial
state evolves toward the steady state. Since y; < y,, the time for p,(t) to reach its steady
state is shorter than that of p;(t). The time t,,;, represents the time when one quantum state
(under y, evolution) reaches its steady state and its entropy stops increasing, while the other
state (under y, evolution) has not yet reached its steady state. Therefore, at t;, ~ 1/75, the
LE shows a minimum, as shown in Fig. 2.

The final plateau time t, ~ 1/y; is the time when both p;(t) and p,(t) reach the same
steady state, at which point both of their entropies reach their maximum values, as depicted
in Fig. 2, where the blue and red dotted lines saturate to the final plateau value.

3.2 Strong dissipation regime

The behavior of the LE becomes more complex when we consider the strong dissipation regime,
where y; ,/J > 1. To analyze this, we use the double-space representation, where the time
evolution of the density matrix is governed by the non-Hermitian double-space Hamiltonian
HP = H,—iH,, as defined in Eq. (6).

In the strong dissipation regime, H? is dominated by its dissipation part, —iH, while its
Hermitian part, H,, can be treated as a perturbation. Under these conditions, the dynam-
ics of the generalized LE vary significantly depending on whether the ground state of Hy is
degenerate.

When the ground state of H, is non-degenerate, the LE dynamics follow patterns similar to
those seen in the weak dissipation regime. However, if H; has degenerate ground states, we
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observe distinct behavior in the LE dynamics, including a potential two-local-minima structure,
which can be attributed to the spectral structure of H” in this case.

3.2.1 Ground state of H; is non-degenerate

First, we consider the case where the dissipative Hamiltonian H; has a non-degenerate ground
state. For example, we examine the dissipative SYK model in Eq. (11), where dissipation acts
on all Majorana fermions, i.e., L i =X for j=1,...,N. In this model, the unique ground state
of the dissipative Hamiltonian H, is the EPR state in double space, which corresponds to the
identity density matrix in the original Hilbert space.

In our numerical simulation, we choose the initial state as the ground state of the SYK
Hamiltonian. In this scenario, the LE dynamics, as shown in Fig. 3(a), exhibit a structure
similar to that observed in the weak dissipation regime. This is because the typical behavior is
still primarily determined by dissipation dynamics, as in the weak dissipation regime: at time
tmin ~ 1/72, P with dissipation strength y, nearly reaches its steady state, while the evolution
under y; still has non-vanishing dissipative components, causing the LE to reach a minimum.
Then, at time t, ~ 1/y,, both density matrices, p; and p,, reach their steady states, and the
LE saturates to a plateau.

3.2.2 Ground state of H; is degenerate

Next, we consider the case where the dissipative Hamiltonian H; has degenerate ground states.
As an example, we examine a deformation of the dissipative SYK model, where only half of the
Majorana fermions (with indices j = 1,2, ..., %) in the system are coupled to the environment.
Under these conditions, the system’s density matrix evolves as follows:

op N/2 N/2
o :—i[HSYK,p]+2YZXjPXj_YZ{XijaP}' (13)
j=1 j=1

The ground state degeneracy of H,; arises because dissipation only affects the degrees of
freedom in one half of the system (Majorana fermions y; for j = 1,2,..., %), leaving the
energy of H,; invariant in the other half. As a result, any pairing operator involving an even
number of these undissipated Majorana fermions, such as Xi Xi, (with jy, jy = % +1,...,N),
corresponds to a ground state of Hy.

In our numerical simulation, we choose the initial state as the ground state of the SYK
Hamiltonian. This initial state contains components outside the ground-state Hilbert space
of Hy, as the SYK Hamiltonian does not commute with H;. Consequently, we observe that
the generalized LE exhibits distinct dynamical behavior, characterized by a two-local-minima
structure, as shown in Fig. 3(b).

This novel structure is determined by the spectrum of Hy,, which corresponds to the spec-
trum of the Lindblad superoperator and is referred to as the Lindblad spectrum. In the strong
dissipation regime, the Lindblad spectrum exhibits two distinct energy scales, as illustrated in
Fig. 4. This separation of energy scales leads to contrasting behaviors in the short-time and
long-time dynamics: as the dissipation strength increases, the short-time dynamics accelerate,
while the long-time dynamics slow down.

More explicitly, the main feature of the Lindblad spectrum in the strong dissipation regime
is that it separates into segments along the imaginary axis. Since H? is dominated by its
dissipation part —iH,; with dissipation strength y, the separations between these segments
are on the order of y. Within each segment, the perturbative term H, in the double space
Hamiltonian H? with energy scale J determines the finer structure, resulting in widths along
the imaginary axis on the order of J2/y, as depicted in Fig. 4. We refer to the eigenstates
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0.7 v, =100 | | 1
Yy = 100.0
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Figure 3: The Loschmidt echo dynamics of the dissipative SYK model in the strong
dissipation regime. Here, we choose N = 6, y;/J = 10, and y,/J = 100, with the
initial state being the ground state of the SYK model. In panel (a), dissipation is
applied to all Majorana fermions, resulting in a non-degenerate ground state of Hy,
while in panel (b), dissipation is applied to half of the Majorana fermions, leading to
a degenerate ground state of H;. The second Rényi entropy for y; and v, evolution
are also plotted as the blue and red dot lines for comparison. The LE in (a) exhibits
a single minimum structure, while the LE in (b) shows a two-local-minima structure.

with imaginary parts on the order of a few times y as high imaginary energy states, and the
eigenstates with imaginary parts on the order of J2/y as low-lying imaginary energy states
[75].

For a general Lindblad evolution with this segmented Lindblad spectrum structure, the
short-time dynamics are dominated by high-imaginary-energy states, which have imaginary
components on the order of y, leading to dynamics on the yt scale. In the long-time limit,
these high-imaginary-energy states decay, and the dynamics become dominated by low-lying
imaginary-energy states, with imaginary components on the order of J2/y. As a result, the
long-time dynamics follow the J2t/y scale.

With the above analysis of the Lindblad spectrum, we can now discuss the LE dynamics
in the strong dissipation regime. Recall that we consider the case where the dissipation for
both forward and backward evolutions (y; and y, evolution) has the same form, differing only
in dissipation strength. As a result, the eigenstates of the double-space Hamiltonian for the
forward and backward evolutions are nearly identical. Consequently, as we will demonstrate,
the generalized LE exhibits a local maximum at intermediate times and a long-time plateau at
a value of 1, due to the near alignment of eigenstates in the y; and y, evolutions.

The times at which the first and second local minima of the generalized LE occur are
denoted as t;,; and t.;,, respectively, with the local maximum between them marked as
tmax- The time at which the LE reaches its final plateau is denoted as t,. Below, we analyze
the events occurring at each of these time points in chronological order and provide a brief
discussion of the timescales associated with them.

* First local minimum: t;,;.
The initial decrease of the generalized LE is due to the differing decay rates of high
imaginary energy states in the y; and y, evolutions. The time t;,; corresponds to
the point when high imaginary energy states have mostly decayed in the y, evolution
but remain significant in the y; evolution. Since the short-time dynamics follow the yt
timescale, we have t;,; ~ % After t;;, the v, evolution predominantly occupies low-

9



268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

286

287

288

289

290

291

292

SciPost Physics

Submission

L Bt
~Y
®0 00 o ®@o 9w o g OoaM® o®@ o 0000 (4]
) 3
(<) (] (<] () [ (<)

9

0

Re(E)

Figure 4: The schematic diagram illustrates the spectrum of Hj, in the strong dis-
sipation regime, where the spectrum splits into segments along the imaginary axis,
spaced by intervals on the order of y. The ground state degeneracy of Hj, is indi-
cated by the presence or absence of a border around the segment near zero, with this
border having a width on the order of J2/y. The figure shows the case where the
ground states of Hj, are degenerate, highlighted by the bordered segment near zero.
In contrast, if the ground state is non-degenerate, the segment around zero appears

without this border.

lying imaginary energy states, while the high imaginary energy states in the y; evolution,
which are nearly orthogonal to the states in y,, begin to decay gradually. Consequently,
the difference between the density matrices p; and p, decreases, leading to an increase
in the LE after t ;.

Local maximum: ¢ .

The local maximum occurs when the high-imaginary-energy states of the y; evolution
decay. At this point, both evolutions are predominantly distributed over low-lying imag-
inary energy states, resulting in the overlap between the density matrices p; and p,
reaching a local maximum. Subsequently, the low-lying imaginary energy states begin
to decay around t ~ J72 for the y; evolution. As a result, the LE decreases again, since
the decay rates of the low-lying imaginary energy states for y; and y, evolutions are
different.

Second local minimum: t;;,-

At t 9, the low-lying imaginary energy states have decayed for the y; evolution, while
they persist for the y, evolution. At this time point, the y; evolution approaches its
steady state, whereas the y, evolution has not yet reached a steady state. Given that the

. . 2
long-time dynamics scale as J7t scale, the t 0 ~ %

Long-time plateau: tp.
Following t.;.», the low-lying imaginary energy states for the y, evolution gradually
2 At this point, the LE reaches its final plateau

decay, reaching steady state at t, ~ 73.
value of 1, indicating that both evolutions have reached their respective steady states.

We compare the dynamics of the generalized LE with that of the second Rényi entropy for
v1 and y, evolutions in Fig. 3(b). The second Rényi entropy dynamics for p; and p, are shown
by the blue and red dotted lines, respectively, while the LE dynamics are represented by the
green line for comparison. As illustrated in Fig. 3(b), the timescale of the LE’s first minimum,
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tmin1> coincides with the point when the Rényi entropy dynamics of the y, evolution reach their
first plateau (means that the high imaginary energy states for y, evolution decay out, while its
low-lying imaginary energy states have not decayed yet). In contrast, the y; evolution has not
yet reached its first plateau, indicating that the high imaginary energy states are still present.

Similarly, the timescale of the LE’s second minimum, t;,,, aligns with the maximum value
of the Rényi entropy for the y; evolution. This indicates that the low-lying imaginary energy
states in y; evolution have decayed, allowing it to reach a steady state, while the vy, evolution
has not yet reached its maximum entropy. Finally, the time at which the LE reaches its final
plateau coincides with the point at which the Rényi entropy dynamics of the y, evolution reach
their final saturation. After this point, both evolutions reach their steady states.

4 The OTOC-Loschmidt echo relation in open systems

The out-of-time-ordered correlator (OTOC) is a widely used diagnostic tool for detecting quan-
tum chaos, as it measures quantum information scrambling and the system’s sensitivity to
initial conditions. In a closed system, it is defined as a four-point correlator with an uncon-
ventional time-ordering .

Fg(t) = (RL(OW,Rp()Wp)p. (14)

Here, Ry(t) = ef'Rpe 1t represents the time evolution of the operator Ry, {-) p denotes
thermal average at temperature 1/f. Below, we consider the infinite temperature case for
simplicity. Thus, F(t) = Tr [R;(t)WATRB(t)WA] /d, where d is the dimension of the Hilbert
space.

Both OTOC and LE describe the irreversibility induced by perturbations, and they are con-
nected through the OTOC-LE relation in closed systems [57]. In real systems, dissipation is
inevitable, which raises the question: does this relation also hold in dissipative settings? In
this section, we extend the definition of OTOC and establish a generalized OTOC-LE relation
for open systems.

4.1 OTOC-LE relation in closed systems

We first review how OTOC and LE are related in closed systems. Following the approach
in [57], consider a bipartite system where A is a small subsystem and B is its complement.
We choose W, and Ry in Eq. (14) to be local unitary operators defined in subsystem A and B,
respectively. Since the dynamical behavior of the OTOC is universal for a chaotic Hamiltonian,
which is insensitive to the specific choices of the operators W, and R, as long as they do not
reflect the particular symmetries of the Hamiltonian, we can consider the average OTOC over
all unitary operators support on subsystems A and B,

m=% J dW,dRy Tr [RL (W, Ry (6)W,]. (15)

Here, the integration is performed with respect to the Haar measure for unitary operators.
With the aid of the formula for the Haar integral

¥ 1
f dWAWA'OWA == d_IA ® TI’A(O), (16)
A

11



SciPost Physics Submission

327 the average OTOC in Eq. (15) can be written as

FO = —— fdRBTr{IA®TrA[RB(t)]RE(t)}

dad
. (17)
1 T
dRp Try {Tra [Rp(£)]1Tra [RE(6)]} -
dAd
s2s  Thus, the OTOC is related to the reduced evolution of the operator Tr, [Rp(t)] = Tr, (eiH ‘Rge t).
320 Without loss of generality, the total system Hamiltonian can be written as
H=H,+Hg+V. (18)

330 Here, Hy and Hp are the Hamiltonians defined on subsystems A and B, respectively. The
331 interaction term is given by V = & >, Vk ® Vk where 6 represents the coupling constant
332 between subsystems A and B. To account for the effect of the coupling on the reduced evolution
333 of the operator Ry, we approximately treat it as random noises acting on subsystem B [57,115,
334 116],

Tra(e*Rge™H) & d, ei(Hp+Va)t R g e i(Hp+Va)t (19)
335 Here, {V,} denotes the random noise operator, and the overline represents the average over
336 all the realizations of {V,} [117].

337 Using the above approximation and the Haar integral in Eq. (16) to compute the random
338 average over Rp, the average OTOC in Eq. (15) can be further written as

— 1 , :
F(t) ~ P'TrB [emitHs+Va)t g Ha+V )] |2, (20)
B
330 where R.H.S represents the average over all realizations of the noise operators {V,} and {V, }.
320 Each term in this average corresponds to the LE as defined in Eq. (1). Thus, we obtain the
321 OTOC-LE relation in closed systems. We also provide proof of this OTOC-LE relation using the
342 diagram representation in Appendix A [118].

;3 4.2  Generalization of OTOC-LE relation to open systems

324 We proceed by defining the OTOC in open systems and demonstrate that a generalized OTOC-
345 LE relation also holds in open systems. Previous studies have proposed various definitions
sa6 for the OTOC in open systems [55,59-67]. Here, we adopt the definition that is particularly
347 suitable for future experimental realizations, such as those using NMR techniques. The exper-
s4s  imental implementation using NMR will be discussed in detail in Section 6.

349 The definition of the OTOC in open systems is extended as follows:

FP(t) =~ Tr{R‘ e [WieC R IW, ]} (21)

ss0 Here e“![R] represents the dynamical evolution of an operator R under the operator Lindblad

351 equation:
OR _

5 = {[H.R] +2yZL RL,, y;{L;Lm,R} (22)

ss2 for a total time t. Note that a minus sign should precede the > L;RLm term when both R
353 and L, are fermionic operators [81,119].
354 The term e“ {[R] represents the backward evolution of an operator R under the operator
355 Lindblad equation:

oR

= :—i[H,R]+2y;L;RLm—y;{LLLm,R}- (23)
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We also define eit[R] through the relation

Tr[Re“[W]] =Tr [ S [RIW ],
which represents the adjoint dynamical evolution of an operator R under the equation:

dR . .
e =—i[H,R]+2y »_L,RL, —y > {Lf L,.R}. (24)
m m

0
When the system and bath are decoupled, meaning the dissipation strength in the Lindblad
evolution is set to zero, the OTOC definition reduces to that of closed systems, as given in
Eq. (14). Additionally, if all jump operators are Hermitian, we have eUt[R] = e“![R].
Similarly, we consider the average OTOC in open systems by averaging over unitary oper-
ators on subsystems A and B:

FD(t) = % J dW,dR Tr(RLeS  [WeL [RyIW, ]} (25)

We denote the OTOC of the open system as FP, distinguishing it from the OTOC of closed
systems. Here, W, and Ry represent random unitary operators acting on subsystems A and B,
respectively. Averaging the OTOC over the random unitary operators W, yields

deAFD(t) =diATr {Zo® Tra[e” [Rg]] e [R] ]}
o (26)
=d_1A Trg {TrA [e“'[Rp]] Try [eDt[RL]]} .

We then apply an approximation similar to that used in closed systems [120], where the effect
of the coupling on the reduced evolution of the operator Ry is approximated as random noise,
represented by V,, acting on subsystem B. This approximation leads to the expression:

Try [ea[RB]] ~ dje“sat[Ry],

the average OTOC further becomes

F(O) = J ARy Try (e [Ry e 0 TRLT) 27)
B

EB,a

Here, a labels different realizations of the noise. e~«'[Ry] represents the effective Lindblad

evolution of operator Rp under the Lindblad evolution

oR .
e :—1[H+Va,R]+2y;LmRLm—y;{Lr'an,R}. (28)

For simplicity, we have omitted the subscript B in the above equation. The overline in (27)
denotes the average over the random realizations of the noise operators {V,} and {V, } acting
on subsystem B.

For a general bipartite open system governed by the Lindblad evolution, we apply the
Choi-Jamiolkowski isomorphism to map the evolution into a doubled Hilbert space. In this
representation, the Hamiltonian in the doubled space can be formulated as:

HP =H} +Hp +VP.
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Here,

D _
HA/B_ sa/B T Haa/ps

and
VD = VL ®IR_IL ® VRT,

where H; /5 and Hg 4/p are defined as in Eq. (6).
After mapping to the doubled space, the average OTOC can be expressed as

i(Hy +ve
e a

1 .
FD(t)=— J dRyTrp {5 +V) R ) (R }

dp

Dt D _i(HDaiuD
;%T@[éug*M?”elG%+%J1.

B

(29)

We then compare the above results with Eq. (7) and find that the averaged OTOC corresponds
to the thermal average of (unnormalized) LE in open systems. This establishes a generalized
relation between two distinct measures of information scrambling—OTOC and LE—applicable
to open quantum systems governed by Lindblad time evolution. The connection between the
OTOC and LE offers valuable insights into their dynamics in open systems, particularly in
understanding quantum chaos within dissipative environments. A diagrammatic proof of this
OTOC-LE relation in open systems is given in Appendix B [118].

5 The OTOC-Rényi Entropy Relation in Open Systems

In the following, we will demonstrate that the normalization factor for the LE in open systems,
which is the purity of the density matrix, is also related to the average of the OTOC. We
begin by reviewing the relation between the OTOC and Rényi entropy in the closed system (a
diagrammatic proof of this OTOC-Rényi entropy relation can be found in [56]). We will then
show that this relation holds in open systems as well.

We consider a system initialized at infinite temperature p o< Z, then it is quenched by an
arbitrary operator O at time t = 0. Thus, p(0) = OO'. The density matrix at time t is then
given by p(t) = U(t)00TUT(t). U(t) = e 1 is the time evolution operator. We divide the
total system into subsystems A and B, the reduced density matrix of subsystem A is

pa(t) = Trg [p(0)] = Trg [U()OOTUT(1)]. (30)
We consider the second Rényi entropy Sfxz) for the subsystem A defined as
S = —log[Tra(p3)]. 3D
We consider the case of infinite temperature for simplicity. The OTOC is then defined as
F(t)=Tr[VI(6)RLV(£)R],

where we choose V = p(0) = 00'. A general relation connecting the OTOC and the second
Rényi entropy can be obtained by considering the average OTOC over the operator Ry [56]

f dRy Tr[VI(t)RLV(t)Rg ] = di Tr[Trg[ V()] ® ZzV(t)]
B

= Tra [Trp[ V()] Trp[V (¢)]]
= TTA(PEJ

(32)
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Here, Ry is a local unitary operator defined in subsystem B. The integral is performed over
unitary operators with respect to the Haar measure. However, it is worth noting that the
random operator Ry only needs to satisfy the requirements of a unitary 1-design and does not
necessarily need to be Haar random. In the second line of the equation above, we have applied
the formula

; 1
f dRgRyVRp = d—TrB(V) ® Iy, (33)
B

and V = V' = p(0). Thus, we obtain a general relation between the OTOC and the second
Rényi entropy,

exp(—S) = J dRy Tr[VI(0)RLV (6)Rg]. (34)

Below, we show that this relation still holds in open systems:
exp(—SY) = J dRy Tr { Ve [RLe“ VIR ]}, (35)

where the Lindblad operators are assumed to be Hermitian, which implies L't = ¢Lt. The
reduced density matrix of subsystem A of the open system is given by:

pa(t) =Trg p(t) =Trg [ e~ [V]]. (36)
Use the Eq. (33), the R.H.S of the Eq. (35) can be rewritten as

J dRy Tr {V' e [RLe“[VIRs]} = di Tr{e£  [V](Trg £ [V]) ® I}
B

= Try [ (Trg £ [V ])(Trg 5[V )] 37)
=Tra[ 3]
= exp(—Sf)).

The third line follows from e*'t = £, Additionally, we used V' = V since V = 00". This
completes the proof of Eq. (35).

This relation, as given in Eq. (35), demonstrates that in open systems, the second Rényi
entropy can be used to infer properties of the OTOC. The L.H.S. of the equation represents the
Rényi entropy, which can be measured in a quench experiment, while the R.H.S. represents an
equilibrium average with respect to the infinite-temperature density matrix. This establishes
a connection between correlations evaluated in an equilibrium density matrix and quantities
measured in non-equilibrium processes. Analogous to linear response theory—where a normal
correlator measures the response of observables to a perturbation of the system’s Hamiltonian,
the OTOC measures the response of the system’s entropy to a quench [56].

In this section and the previous one, we separately consider the non-normalized LE and
the normalization factor of LE. The non-normalized LE is related to the average OTOC, while
the normalization factor, which is directly related to the Rényi entropy, is also linked to the
average OTOC. This approach aligns with real experimental conditions, where these quantities
are more naturally measured independently and then combined to define the LE in the open
system.

6 The experiment protocol of measuring OTOC

In closed systems, the OTOC has been experimentally measured on various platforms, in-
cluding NMR [30, 31], superconducting circuits [32-34], trapped ions [35-37], and cold
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atoms [38]. Below, we outline a straightforward protocol for measuring the OTOC defined
in Eq. (21) in open systems, using an NMR experimental setup as an example.
This protocol involves the following steps:

* 1. Initial state preparation: Prepare the system in a high-temperature state p, with a
polarization field My [30]:

Lo < e PH-IMg) ~ 7 eMjg. (38)

Here, 7 represents the identity operator. Since Z remains constant and does not affect
observables under Lindblad dynamics, we treat the density matrix as effectively propor-
tional to Mj.

* 2. Forward Evolution: Evolve the system with forward Lindblad evolution, then the
system’s density matrix becomes e“{[ Mp].

* 3. Apply Perturbation: Apply an operator W, to the system, resulting in the modified
density matrix: p; = W, e“/[Mp]W,.

* 4. Backward Evolution: Evolve the system with backward Lindblad dynamics, yielding
the final state p, = e“ ¢ [ W, e“ [Mp1W, |-

* 5. Measurement: Measure the operator My on the final state p.

The expectation value My on the final state provides the OTOC:
Tr[p,Mg] = Tr {MBeﬂt [Wj'e“[MB]WA]} . (39)

This expression matches the OTOC for an open system as defined in Eq. (21) if we set
Rp = Mp, and assume Mg = M;. Consequently, this protocol can be employed to experimen-
tally measure the OTOC in open systems.

7 Conclusion

In this paper, we developed a framework to generalize the LE for open quantum systems and
analyzed its dynamics using the Choi-Jamiolkowski isomorphism, which maps quantum evo-
lution onto a doubled Hilbert space. We explored the relation between LE dynamics and the
structure of the Lindblad spectrum. In the weak dissipation regime, the LE exhibits a one-
minimum structure. In contrast, in the strong dissipation regime, the LE can display a two-
local-minima structure, depending on whether the ground state of the dissipation part of the
double-space Hamiltonian is degenerate. While this work primarily considers differences in
dissipation strength between forward and backward Lindblad evolutions, future investigations
could examine cases involving variations in dissipation forms or Hamiltonian components.
Such studies could reveal additional universal structures in LE dynamics.

Additionally, we extended the definition of the OTOC to open systems. Our proposed defi-
nition is well-suited for probing universal information-scrambling properties in open quantum
systems and can be experimentally measured using techniques like NMR. We demonstrated
that the unnormalized LE in an open system is directly related to the average OTOC, par-
alleling the OTOC-LE relation in closed systems. Furthermore, we proved that the relation
between the OTOC and the second Rényi entropy persists in open systems, establishing links
between different measures of information scrambling. Future research could further gener-
alize the connections among various information-scrambling measures in open systems, such
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as the spectral form factor, relative entropy, and operator entanglement [9,58]. These efforts
would deepen our understanding of information dynamics in dissipative quantum systems and
open new directions for both experimental and theoretical investigations.

Lastly, it would be interesting to explore the symmetry aspects of LE dynamics [121]. For
example, if the forward evolution respects certain symmetries while the backward evolution
weakly breaks them, one could investigate how this weak symmetry breaking influences the
LE dynamics. Our definition of the LE, which quantifies the similarity between two density
matrices over time, could also be applied to study phase transitions during this process. In
particular, it might serve as an order parameter for the transition from strong to weak symme-
try breaking [86-92], which can only occur in mixed states. Moreover, it would be interesting
to investigate the symmetry properties of two Lindblad evolutions [122-125] using our gen-
eralized LE shows promise for classifying the symmetry classes of different Lindbladians.
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A The diagrammatic proof of the OTOC-LE relation in closed sys-
tem

We provide a diagrammatic proof of the OTOC-LE relation (the similar diagrammatic proof
technique can be found in [56]), as reviewed in the Section 4 of the main text.

For a general operator Q, if we choose a complete orthogonal basis of subsystems A and B,
we can write it as

Q= D Qiuipinislia)lis) Gal Gisl- (A1)
A1B>JA,JB

The diagram illustrating this is shown in Fig. 5(a), where the left legs represent the input
and the right legs represent the output. When we perform a partial trace over the degrees of
freedom of subsystem B, in the diagram, this involves connecting the input and output legs of
subsystem B, as depicted in Fig. 5(b).

. b
(a) fA 0 ;A (b) TraQ = 0
B

lg

Figure 5: The diagram represents the general operator Q in (a) and the partial trace
over subsystem B of it in (b).

We will then use this diagrammatic technique to prove the OTOC-LE relation. For simplic-
ity, we consider the infinite-temperature case, where p(0) o< Z.
First, we can present the OTOC defined as

Fp—o(t) = Tr[Ry ()W, Ry (£)W4] (A.2)

in the Fig. 6.
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u(e)

Al

-

Ut

Rp

Ut

Ut

_ng

Figure 6: The diagram representation of OTOC is defined in the Eq. (A.2).

Next, we perform the random averaging over operators on subsystem A

- 1 . .
F(t)=— f dW, Tr [RL(OW,Rp(6)W, ]. (A.3)
A
We use the Harr random average formula,
+ 1
dWAWA OWA == d_IA ® TI’A(O), (A.4)
A

and it is depicted as the Fig. 7 (the constant % has been omitted).

0 = 0

Figure 7: The diagram representation of the Harr random average formula Eq. (A.4).
The blue dash line represents the Harr random average of the operator W, defined
on subsystem A.

The diagrammatic representation of the average OTOC in Eq. (A.3) is shown in Fig. 8
where the blue dash line represents the Harr random average of the operator W,.

L

um®

Ut

= u() Ut U Ut

Rp Ri N

Figure 8: The diagram representation of the average of OTOC over W,.

To account for the effect of the coupling on the reduced evolution of the operator Rg, we
approximately treat it as random noises acting on subsystem B,

Try(e P Ryge™H) o d,ei(Hp+Va)t Ry e—i(Hp+Va)t (A.5)

The logic here is that the reduced evolution of Ry can be viewed as a general open system
dynamics where the open system (subsystem B) evolves together with the bath (subsystem A)
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unitarily. We consider the open system dynamics by tracing out the bath degree of freedom.
Under the Born-Markov approximation, the open system evolution can be written as the form
of the Lindblad master equation, where the form of the Lindblad jump operators is decided by
the interaction between the system and the bath. The Lindblad evolution can be equivalently
written as the system evolution under the effective Hamiltonian with random noise, this ran-
dom noise has to satisfy some average properties, and this noise is called Langevin noise in
literature.

The diagrammatic representation of this approximation is shown in Fig. 9, where the or-
ange dotted line represents the random averaging over the noises {V,}. Incorporating this

| |

Ut U
] ® R, ®

=~ — Ul (O Rp [—{ UaO}—

Figure 9: The diagram representation of reduced evolution of Rz. Here, the effect
of coupling on the reduced evolution of the operator Ry is approximated as random
noise {V,} on subsystem B, and the orange dot line denotes the random average over
noise {V,}.

diagram into the averaged OTOC, we obtain the diagram shown in Fig. 10.

Ul O Ry [{Ue®F— Vs OF R} 1Y ®

Figure 10: The diagram representation of the average of OTOC over W, after using
the approximation of Fig. 9. Here, the orange dot line denotes the random average
over noise on the subsystem B.

Next, we consider the averaging of operators on subsystem B, with the diagrammatic rep-
resentation shown in Fig.11. Note that the final line in Fig.11 takes the form of the LE. Through
these procedures, we have shown that the averaged OTOC in Eq. (15) can be further expressed
as

- 1 . 4
F(t)~ ?l Trg [e‘l(HBJfVa)tel(HB‘LVﬁ)t] 2. (A.6)
B
Recall that the definition of the LE at infinite temperature is

M(t) = |Tr[ettemiH2t]|2, (A.7)

We then observe that the final line of Fig. 11 takes the form of the LE.

B The diagrammatic proof of the OTOC-LE relation in open system

Below, we provide a diagrammatic proof of the OTOC-LE relation for open systems, which
is quite similar to the proof for closed systems, except that the evolution is now governed
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Ut Re VOV OFR) F{Us®
_ Ve Ua (O[] YO 1%®
U (O U5 ut o Us®

Figure 11: The diagram representation of OTOC averaged over the random unitary
operator on subsystems A and B. Here, the blue dash line represents the random
average over the unitary operators Ry, and the orange dot lines denote the random
average over noise on subsystem B.

by Lindblad dynamics rather than unitary evolution. For simplicity, we consider the infinite
temperature case, where p(0) o< Z. and we assume the Lindblad jump operators are all
hermitian, thus £ = £ (the definition of £ denote the backward Lindblad evolution and
L' denote the adjoint Lindbald evolution, their definition are in the Eq. (23) and Eq. (24)
respectively).

The average OTOC over the random unitary operator W, defined on subsystem A

JdWAFD(t) = dif dW, Tr{RLeZ  [W e [Ry W, ]} (B.1)
A

is represented in Fig. 12.

e“t[RE]

= e%t[R}] e“t[Rp]

[ ]

Figure 12: The diagram representation of the average OTOC of operator W, sup-
ported on the subsystem A.

Here, we consider local dissipation, which does not involve interactions between subsys-
tems A and B. Therefore, we use the same approximation as in the proof of the OTOC-LE
relation for closed systems, where the effect of coupling on the reduced evolution of the oper-
ator Ry is approximated as random noise on subsystem B. This approximation can be generally
formulated as

Try [eﬁt[RB]] ~ djetsal[Ry],
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e**[Rg]

2

etBat[Rp]

Figure 13: The diagram representation of reduced evolution of Ry in open system.
Here, the effect of coupling on the reduced evolution of the operator Ry is approx-
imated as random noise {V,} on subsystem B, and the orange dot line denotes the
random average over noise {V,}.

s31  and it is shown as Fig. 13.
532 Incorporating this diagram into the averaged OTOC, we obtain the diagram shown in
s33  Fig. 14, where we omit the subscript B.

elBat[Rg] efzat[R]]

efat[R] eet[RT]

omit “B”

Figure 14: The diagram representation of the average of OTOC after averaging over
operators on subsystem A. We have omitted the subscript B since both the time evo-
lution and operators only non-trivially act on subsystem B.

534 Then, we do the average over Rz. We have shown it in the Fig. 15. We have decomposed
s35  the Lindblad evolution into two blocks, denoted as £F and £? (to facilitate comparison with
536 the unitary evolution in closed systems, we use F to denote forward and B to denote backward).
537 The black dashed-dot line indicates that there are correlations between the F and B blocks in
s3s  the Lindblad evolution.

539 Examining the last line of Fig. 15, we find that it takes the form of the unnormalized LE in
sa0 the open system.

- 1 - -
FD(t) = ?TI’B [el(H§T+VJ)te—1(H§+Vﬁ)t]. (B.2)
B

sa1 where the forward and backward lindblad evolutions are represented as £, and Lg. Addition-
ss2 ally, when we replace the Lindblad evolution with the unitary evolution of the closed system,
sa3  we find that this diagram reverts to the form of the LE for the closed system, as depicted in
sa4 the last line of Fig. 11.
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oo ! N —— |
Lo [ p L £e® Li® (gt I LF©®
== | e ————— |
AG) L (6) LE(®) L ()

_ [ TFW

Figure 15: The diagram representation of the average of OTOC over operator R.
The black dashed-dot line indicates the correlations between the forward(F) and
backward(B) blocks of the Lindblad evolution.
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