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Abstract

A general strategy is proposed to explore the low-energy properties of two-dimensional
nonlinear o models with 6 terms. We demonstrate its application to nonlinear o mod-
els with the target space SU(N)/H, which include CPY~1, complex Grassmannian mani-
folds as well as the flag SU(N)/U(1)V~! and SU(N)/SO(N) manifolds. By analyzing the
symmetry and its anomaly content, we realize these nonlinear 0 models by consider-
ing specific deformations of the SU(N); conformal field theory. For the flag-manifold
SU(N)/U(1)N—1 and SU(N)/SO(N) models, those deformations are shown to correspond
to the marginal current-current operator with the specific sign which leads to a massless
renormalization group flow to the SU(N); fixed point. In contrast, a massive regime with
a two-fold ground-state degeneracy is found for the CPN~! (N > 2) and the Grassman-
nian nonlinear 0 models at 0 = .
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1 Introduction

Two-dimensional nonlinear o models play an important role in various areas of physics, rang-
ing from high-energy physics to condensed matter. In high-energy physics, these models
are much simpler field theories than (3+1)-dimensional non-Abelian gauge theories but still
share similar properties, such as asymptotic freedom, nonperturbative generation of the mass
gap [1]. Both in high-energy and condensed-matter physics, nonlinear o models describe the
long-wavelength and long-time dynamics of Nambu-Goldstone modes in various continuous
symmetry-breaking phases of matter, and a paradigmatic example in condensed matter is the
CP'(= $2) nonlinear o model [also commonly called the O(3) nonlinear o model] that de-
scribes the long-wavelength spin-wave excitations of an antiferromagnet [2-5]. More general
nonlinear o models with target space defined by a symmetric space G/H govern the low-energy
properties of Nambu-Goldstone modes relevant to the physics of Anderson localization whose
different symmetry classes are encoded in different target manifolds [6], and to the monitored
dynamics of free fermions [7-11].

Nonlinear o models have target spaces with nontrivial topologies, and their classical ac-
tions may include topological terms depending on the spacetime dimension, which give purely
imaginary contributions to the Euclidean action and cause interferences among different field
configurations in the functional integral [3-5]. The striking consequence of the topological in-
terference has been first uncovered for the two-dimensional CP! nonlinear o model [12,13],
which enjoys the 6 angle and describes the semiclassical properties of the spin-S SO(3) Heisen-
berg chain when 6 = 27S. Two different universality classes emerge depending on whether
the on-site representation of the SO(3) group is linear (for integer spins) or projective (for
half-integer spins); when S is half-integer (respectively integer) the 6 term causes destructive
(respectively constructive) interferences in the partition function leading to the emergence of
a gapless (respectively Haldane gap) behavior.

Since this Haldane conjecture, the effect of topological terms in nonlinear o models has
played a central role in our understanding of phases of quantum matter and quantum critical
phenomena. For instance, the tenfold-way classification of non-interacting topological insula-
tors and topological superconductors can be derived from the study of nonlinear o models on
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symmetric spaces in the presence of Z, and Wess-Zumino-Novikov-Witten (WZNW) topolog-
ical terms [14, 15]. Also, the classification of bosonic symmetry-protected topological (SPT)
phases in all spatial dimensions d can be obtained using semiclassical O(d + 2) nonlinear o
models with a 6 term [16]. Topological terms also induce exotic quantum phases transition
such as the integer quantum Hall plateau phase transitions which may be governed by the
gapless behavior of the Grassmannian % nonlinear 0 model with a 8 = 7 term when
k — 0 [17,18]. A second striking example is the competition between two conventional
symmetry-breaking orders which can be understood from the analysis of a nonlinear o model
with a WZNW term [19,20]. The latter leads to an exotic phase transition, dubbed deconfined
quantum criticality, which goes beyond the Landau-Ginzburg paradigm [21,22].

Although nonlinear o models with a topological term have many applications, it is noto-
riously difficult to correctly identify their low-energy properties. In the simplest situation, the
infrared (IR) limit of the two-dimensional CP! nonlinear o model with 6 = r has been stud-
ied over the years with a variety of approaches. When 8 = 0, it is known from the classic result
of Polyakov [1] and the exact Bethe ansatz solution [23] that a mass gap is generated dynami-
cally. At 6 = m, the field theory enjoys a mixed anomaly between SO(3) and Z, (time-reversal
symmetry for instance) symmetries [ 24,25], which constrains the IR limit to be nontrivial with
either a critical behavior or a ground-state degeneracy via the 't Hooft anomaly-matching con-
dition [26] or the Lieb-Schultz-Mattis theorem [27]. From the Haldane mapping [12,13] of
the spin-S Heisenberg chain and the fact that spin-1/2 Heisenberg chain has a gapless ground
state, the two-dimensional CP! nonlinear o model with 8 = 7 is expected to be massless and
belong to the SU(2); universality class [28]. Using non-Abelian bosonization of the spin-S
Heisenberg chain, Affleck and Haldane [28] gave a strong argument in favor of this critical be-
havior based on an important observation that the two-dimensional CP* nonlinear o model
with the 8 = 27tS topological term is obtained when an appropriate perturbation is added
to the two-dimensional SU(2),s WZNW model [29, 30]. In the S = 1/2 case, there is no
symmetry-allowed relevant perturbation in the SU(2); WZNW conformal field theory (CFT)
except the marginal current-current interaction, which strongly suggests that the CP' non-
linear o model at 8 = 7 flows to the SU(2); CFT with central charge ¢ = 1. Shankar and
Read [31] arrived at a similar conclusion by considering a lattice regularisation of the CP?
nonlinear o model with the 6 = 7 topological term, which, in the strong-coupling limit, is
mapped onto the spin-1/2 Heisenberg chain. Zamolodchikov and Zamolodchikov [32] found
the exact S-matrix corresponding to an integrable massless renormalization group (RG) flow
between the ultraviolet (UV) CP! nonlinear o model at & = 7 and the critical SU(2); WZNW
model in the far IR limit. This criticality has been confirmed numerically over the years em-
ploying Monte Carlo simulations and tensor network techniques [33-38]. The functional RG
approach has also been applied to this problem to describe the nonperturbative RG flow of
the model as a function of 0 [39,40]. Very recently, an interesting nonperturbative renormal-
ization approach has been developed to determine the RG flow of the two-dimensional CP?
nonlinear o model at 6 = 7 to the SU(2), fixed point [41,42].

In this paper, we investigate the IR properties of two-dimensional nonlinear o models
by extending the idea by Affleck and Haldane [28,43]. To demonstrate how it works, we
concretely study nonlinear o models with topological 6 terms, whose target spaces are of
the form SU(N)/H [with H being a subgroup of SU(N)]. More specifically, our examples in-
clude the type-Al symmetric space SU(N)/SO(N) [H = SO(N)], the complex Grassmannian
Gr(N,k) = UN)/U(k)xU(N —k) at 6 = 7, as well as the flag-manifold SU(N)/U(1)" ! non-
linear o model with multiple 6 terms [0, = 2wa/N (a=1,...,N —1)] [44].

These nonlinear ¢ models with the target spaces SU(N)/H describe the long-distance
physics of the SU(N ) Heisenberg spin chains if the subgroups H are chosen properly for given
on-site SU(N) representations. For instance, the two-dimensional Gr(N, k) nonlinear o model
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at 6 = wtn, (n. € Z) term (78) is directly related to the semiclassical limit of SU(N) Heisen-
berg spin chain with alternating SU(N) irreps described by a Young diagram with k rows and
n. column on even sites and its conjugate on odd sites [45-47]. As a special case, the two-
dimensional CPY~! = Gr(N, 1) nonlinear ¢ model with 8 = nip describes the low-energy
properties of a p-leg SU(N) Heisenberg spin ladder with alternating Heisenberg spin chains
in the N-N representations of the SU(N) group [48, 49, 49-51]. Finally, the flag-manifold
SU(N)/U(1)"~! nonlinear o model has recently been discovered as describing the continuum
limit of antiferromagnetic Heisenberg SU(N ) spin chain in various representations [44,52-56].

In many cases, the presence of the 6 term produces mixed global anomalies, and the IR
properties are severely constrained by the anomaly-matching condition. For instance, the
SU(N)/SO(N) nonlinear o model at 8 = 7 has been conjectured to enjoy a massless inte-
grable RG flow with emergent SU(N); criticality with central charge ¢ = N — 1 in the far IR
limit [57-59]. Similarly, the flag-manifold SU(N)/U(1)"~! nonlinear o model with the (N—1)
topological angles 6, = 2ma/N (a =1,...,N—1) is also expected to be massless exhibiting the
same SU(N ), behavior [54,55,60,61]. In contrast, the presence of the 8 = 7 topological term
in the Grassmannian Gr(2N, N) nonlinear o model does not lead to a critical behavior but has
nontrivial effects resulting in the emergence of a massive phase with two-fold ground-state de-
generacy [43]. A similar result is also expected for CPN ™! nonlinear o model with 8 = 7 with
a fully gapped phase that breaks spontaneously the charge conjugation symmetry [48,62].

We propose here a systematic method, based on the pioneer work of Affleck and Haldane
[28], that enables us to confirm all the conjectures and results derived from these previous
works. The starting point of our approach is the two-dimensional SU(N); WZNW model with
the Euclidean action [29,30]:

Swanw, = QJ d?x Tr (3,G'3,G) + EJ &y e (G'8,6G73,GG'a,G), (1)
M,

M
where a summation over repeated indices is implied in the following, G is an SU(N) matrix-
valued field (the WZNW field), and M, is a three-dimensional manifold whose boundary is
the two-dimension Euclidean space: d M5 = M,. The WZNW model (1) is massless with its IR
properties described by the SU(N); CFT [30]. This conformal symmetry is usually lost when
generic perturbations are added to the WZNW action. We consider here a class of deformed
SU(N); WZNW models of the following general form:

S = SWZNW1 + AJ dzx V(G, Gi-) 5 (2)
M,

where V(G, G") is a potential compatible with the global symmetry of the system. We apply
the Affleck-Haldane strategy [28,43, 60, 61] by tailoring the potential V(G,G") in such a way
that we obtain the desired nonlinear ¢ model with the target space SU(N)/H in the limit
A — 00, where the 6 terms are produced from the WZNW term in Eq. (1). We then consider
the small A perturbation, and study its RG flow in the vicinity of the WZNW fixed point. For
models on the flag-manifold SU(N)/U(1)¥~! and SU(N)/SO(N), the deformation V(G,G")
enjoys a (Zy), discrete symmetry G — ¢'2™/N G which forbids the generation of any relevant
fields of the SU(N); CFT under the RG flow. The potential is then at most marginal, the
lowest dimensional operator compatible with the symmetries of V(G,G') being the SU(N),
current-current interaction with scaling dimension 2. After replacing the potential term by this
marginal operator, the action (2) becomes the SU(N) Gross-Neveu model (also called chiral
Gross-Neveu model), which is an integrable field theory solved by the Bethe ansatz [63, 64]
or by using the factorized S-matrix approach [65,66]. The non-perturbative IR spectrum of
the latter model is known and strongly depends on the sign of the coupling of the current-
current interaction. The crucial point in concluding on the IR properties of the model boils

4
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down to the determination of the sign of its coefficient. To this end, we exploit the fact that
the SU(N); CFT with central charge ¢ = N — 1 admits a free-field representation in terms
of N — 1 bosons [67] and compute various operator product expansions (OPEs) to explicitly
evaluate the point-splitting regularization of V(G,G") to fix the specific sign of the marginal
current-current interaction. We then find the negative sign of the coupling constants for the
models on the flag-manifold SU(N)/U(1)N~! and SU(N)/SO(N), which leads to the massless
RG flow logarithmically approaching to the SU(N); fixed point. In contrast, for the CPN™1
(N > 2) and Grassmannian nonlinear o models at 6 = 7, we obtain the massive phase with a
two-fold ground-state degeneracy.

The rest of the paper is structured as follows. In Sec. 2, we review the approach of Affleck-
Haldane that connects the CP! nonlinear o model to the SU(2); WZNW model, and we also
explain the general idea of our strategy. The analysis to the flag-manifold SU(N)/U(1)N !
nonlinear o model with 6 terms is presented in Sec. 3, demonstrating the emergence of an
SU(N), massless behavior in the IR limit. A similar approach is applied to the SU(N)/SO(N)
nonlinear ¢ model at 8 = 7 in Sec. 4 to confirm the existence of the SU(N); massless flow
proposed in Refs. [57,58]. We also discuss the IR properties of the SU(N)/USp(N) nonlinear
o model when N is even. In Sec. 5, we investigate the Grassmannian U(2k)/U(k)x U(k) and
CPN~! nonlinear o models at 6 = . Finally, our concluding remarks are presented in Sec. 6
together with several technical Appendices.

2 Demonstration for the strategy with the SU(2); WZNW model

In this section, we discuss the massless RG flow from the CP! nonlinear o model at 8 = 7 to
the SU(2); WZNW CFT. We first give a review of the seminal work by Affleck and Haldane [28]
that connects the SU(2); WZNW model with the CP! nonlinear o model at 8 = 7. We will
present this discussion in a manner that allows for a direct generalization to other examples
discussed later of this paper. The CFT analysis is then used to describe the RG flow as a current-
current perturbation around the WZNW fixed point, providing a reasonable minimal scenario
for the phase diagram.

2.1 Double-trace deformation of the SU(2); WZNW model

Let us consider the SU(2); WZNW model with the double-trace potential,
S = Swznw, + AJ d*x |TrG(x)|?, (3)
where G is the SU(2)-valued scalar field and Syzyw, is the SU(2) level-1 WZNW action (1).

At A =0, this theory has the global symmetry:

SU(2), x SU(2)x

Z, 4)

where (Q;,Qg) € SU(2); x SU(2)i acts as G — £ GQ; and the Z, quotient is taken because
(—15,—15) € SU(2); x SU(2)y acts trivially. This symmetry group has the 't Hooft anomaly,
which requires that the system is gapless, and the model at A = 0 actually describes the SU(2),
CFT. At nonzero A, the global symmetry is explicitly broken to the subgroup

SU(2)y X (Zy), Su(2); x SU(Z)R’

Zy Zy ()
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where SU(2)y is the diagonal subgroup of SU(2); x SU(2)z and V € SU(2)y acts as G — VGV,
The center of SU(2);, denoted by (Z,);, describes the discrete chiral symmetry, G — —G.

This symmetry structure clarifies the importance of studying this double-trace perturba-
tion in the context of the antiferromagnetic Heisenberg spin chain. The discrete chiral sym-
metry (Z,); appears as the low-energy realization of the one-step lattice translation symmetry,
and thus the symmetry (5) has the legitimate origin in the antiferromagnetic Heisenberg spin
chain [28]. Moreover, there is the Z, mixed 't Hooft anomaly between PSU(2), = SU(2)y /Z,
and (Z,);, and thus the low-energy physics has to be nontrivial to satisfy the anomaly-matching
constraint, which is the field-theoretic version of the LSM theorem [68]. In this case, the pos-
sible scenarios to satisfy the anomaly matching are either (i) the system remains gapless while
respecting the symmetry (5), or (ii) the ground states are two-fold degenerate by breaking the
(Z5); symmetry spontaneously. We will see below that both scenarios of the ground states are
realized within the above effective Lagrangian by properly choosing the sign of A.

Now, let us assume that |A| > 1 so that the dynamics of G is restricted to the classical
moduli space of the double-trace potential.! We first consider the simpler case, A — —o0,
where the potential is minimized when the trace is maximized: | Tr G| = 2, and hence the two
classical vacua are given by

G==1,. 6)

These vacua are related to each other by the discrete chiral symmetry (Z,);, and thus we find
the two-fold degenerate gapped vacua that breaks the (Z,); symmetry spontaneously when
A — —00.

The case A — +00 is more nontrivial and corresponds to the analysis by Affleck and Hal-
dane [28]. Our presentation here basically follows Ref. [60] so that its SU(N) generalization
can be obtained. To minimize the double-trace potential with A > 0, we require that TrG =0,
and this classical moduli can be parametrized as

G(x) = U(x) diag(e™/?, e ™/2) U(x)T, (7)

where U(x) is “locally” an SU(2)-valued field. We note that this decomposition has the local
U(1) gauge redundancy, U(x) ~ U(x)e!®*)9s which implies that the physical target space is
SU(2)/U(1) ~ CP'. This becomes more evident if we represent the SU(2) matrix U(x) as?

U(x) = (zl(x) _z;(x)) (8)

z5(x)  2(x)

with the constraint |2 |?+|2,|> = 1, and then the U(1) gauge transformation acts on Z = (;,2,)"
as Z(x) — e*™Z(x), so the equivalence class [Z ] parametrizes CP'. Let us summarize the ac-
tion of the global symmetry in this description: The SU(2), transformation acts as Z — VZ, and
the faithful global symmetry is SU(2), /Z, because —1, can be absorbed into the U(1) gauge
redundancy. The (Z,); transformation should acts as G — —G, and this can be achieved by
U — U(io,), which is equivalent to the charge conjugation, Z — z*, in the CP! description up
to the SU(2)y /Z, transformation.

To be precise, A is the dimensionful quantity, and we cannot talk about whether it is small or large unless we
have other scale. However, the WZNW model is conformal, and we need to combine it with other perturbation to
discuss its magnitude. For this purpose, we secretly deform the kinetic term of the WZNW action away from the
conformal fixed point &, and assume its marginal perturbation is large enough so that A becomes relevant in the
UV limit.

2To make contact with the original S? formulation in Ref. [28], we note that G = U(io;)U" can be written as
G = i§)-3 with the unit vector , =Z'0,Z.



SciPost Physics Submission

By substituting G = U(l'crg)U"r into the WZNW action (1), we can derive the effective
Lagrangian of the CP! nonlinear o model. The computation of the kinetic term gives

Tr(3,G"9,G) o< |(3, +ia,)Z|? 9

with the auxiliary U(1) gauge field a = iZ'.dZ. The computation of the WZNW term I'[G] in
Eq. (1) is tricky since we first have to extend G(x) to the three-dimensional manifold M5 with
0 M3 = M,. The convenient choice given in Ref. [60] is to take M5 = (M, x [0,1])/(M, x {1}),
and we extend G(x) = U(x)el™/273y(x)" as

G(x, x3) = U(x) ex? )7y (x)1, (10)

by setting 6(0) = m and 6(1) = 0. Since G(x,0) = G(x) and G(x,1) = U(x)U(x)" = 1, this
extension satisfies the requirement. Then, the straightforward calculation gives

I[G(x,x3)]= i@ da, (11)
27

M,

and we obtain the CP! nonlinear o model at 8 = 6(0) = 7 for A — +00. Instead of per-
forming this direct calculation, one can also deduce the value of the topological angle 8 = &t
from general principles. The charge conjugation symmetry (Z,); is present only at 6 = 0
and 0 = 1, and the mixed anomaly between SU(2),, /Z, and (Z,); can be reproduced only at
0 = 7. Therefore, 6 = 7 should be selected just by symmetry and consistency.

2.2 Relating the double-trace deformation and the current-current perturbation
Therefore, the classical analysis with the double-trace potential | Tr G|? suggests that

* A K 0: Two-fold degenerate gapped vacua that spontaneously breaks the center sym-
metry (Z,); (or G — —G).

¢ A>> 0: The physics is described by the CP! nonlinear o model at § = .

We would like to compare this with the SU(2); current-current J; - J; perturbation of the
SU(2); WZNW model. We note that the latter is the lowest-dimensional scalar operator that
respects the [SU(2)y /Z4] % (Z4); symmetry since the strongly relevant SU(2); WZNW primary
field Tr G is odd under (Z,); and cannot thus appear [28]:

S/ = SWZNW1 —A/J dZXjL ‘jR(X). (12)

The latter model is the SU(2) Gross-Neveu model which can be solved exactly by means of
the Bethe ansatz approach [63]. It has a gapless (respectively fully gapped) spectrum when
A’ > 0 (respectively A’ < 0). The spectrum of the elementary excitations for A’ > 0 consists
of spin-1/2 massless particles called the spinons. The exact massless scattering amplitudes
for the right and left moving spinons have been given in Ref. [32]. In the A’ > 0O case, the
spinons become massive excitations whose non-perturbative mass gap as function of A’ is
known from the exact solution of the model. The -RG function to all orders in a certain
minimal prescription, valid for all A/, has been proposed in Refs. [69, 70]. Here, we simply
need the one-loop RG equation to review the sign dependence of A’ on the IR physics of the
model:

da’
dlnu

=BA?, (13)



SciPost Physics Submission

with some positive numerical coefficient 3. This can be solved as

1
1/A(a=1)+ B1In(1/ua)’

If A’ < 0 at the UV cutoff u = a™!, it is marginally relevant and A’ diverges at some low-
energy scale within the one-loop RG flow, which indicates the generation of the mass gap. On
the other hand, if A’ > 0 at the UV cutoff, it is marginally irrelevant and the system goes back
to the WZNW CFT logarithmically. This observation strongly suggests that the double-trace
deformation (3) and the current-current term (12) are related:

()= (14)

|TrG|2(_)—jL'jR. (15)

Since both operators share the same symmetry structure, it is quite natural to expect the ex-
istence of such a correspondence. According to the above argument, however, we have to
establish this including its sign.

To justify this correspondence explicitly, we regularize the original double-trace deforma-
tion at the short-distance scale as

I TrG(x)|? = J d?r F,(Ir) T G(x + r/2)] Te[GT (x — r/2)], (16)

where F,.(|r]) is a positive function sufficiently localized in the region |r| < €. When we are
interested in the physics at the length scale much larger than e, this should give identical
results as the double-trace deformation. After this UV regularization, the operator product
on the right-hand side can be evaluated using the short-distance OPE of the primary operator
Tr G of the SU(2); WZNW CFT. Noting that the SU(2); WZNW model is equivalent to the free
massless compact boson at the self-dual radius, one can explicitly compute this OPE using the
free-field representation (see Appendix B):

TG (x + 1/2)] TG (x — r/2)] ~ ﬁ EPTNY SN AT 17)

When this is substituted in the above UV regularized form (16), we obtain the current-current
operator with the negative coefficient as the leading nontrivial contribution, which justifies
the identification (15) including the sign.

Thanks to this correspondence, it is quite natural to conclude that the CP! nonlinear o
model at 8 = 7 is gapless and logarithmically approaches the SU(2); WZNW conformal fixed
point in the deep IR regime. More rigorous statements have been obtained in Refs. [32, 71]
based on the integrability of the model (12) which corresponds to the integrable massless
RG flow of the CP! nonlinear o model at & = 7, and more recently in Ref. [41] using an
interesting approach.

2.3 Proposal of the general strategy to investigate the RG flow

Here, let us extract the essence of the above RG analysis with the point-splitting regularization.
Assume that we have established a connection between a certain WZNW CFT and the nonlinear
o model of our interest using Affleck-Haldane’s method (see Fig. 1): Introducing the potential
term V(G(x)), the nonlinear 0 model is obtained from the CFT by restricting the motion
of G(x) into the classical minima of V(G(x)). As only the classical minima of V(G(x)) is
important in the Affleck-Haldane argument, it would be reasonable to assume that V(G(x))
can be written in the form of V(G(x)) = >, |O(x)|?, where the sum runs over certain primary
operators related to G and its polynomials. Several examples illustrating this form will be
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given in the following sections of this paper. The primary operator Tr G of the CFT itself can
appear in V(G), which is indeed the case for the Grassmannian cases (see Sec. 5). In such
cases, the relevance of the perturbation can be determined directly by examining the scaling
dimension of G.

A particularly interesting situation arises when all the primary fields are forbidden by cer-
tain discrete symmetries (see Secs. 3 and 4), as in the CP! case described above where the
discrete Z, chiral symmetry G — —G excludes the only relevant operator Tr G. Under these
symmetries, the potentials are at most marginal, the lowest dimensional operator compatible
with the symmetries of V(G) being the current-current interaction with scaling dimension 2:

N2-1

S’ = Swanw, — A’J d*x Z JATR(x), (18)
A=1

where we have introduced the chiral SU(N); current Jf’ r- Action (18) is the SU(N) Gross-
Neveu model which is an integrable field theory [64]. The 3-RG function of this field theory
to all orders in a certain minimal prescription has been proposed in Refs. [69, 70] As in the
N = 2 case, the model has a gapless (respectively fully gapped) spectrum when A’ > 0 (re-
spectively A’ < 0). The Bethe-exact spectrum of the elementary excitations for A’ > 0 consists
of massless particles which transform in the fundamental representation of the SU(N) group
and are SU(N) spinons [72]. The exact massless scattering amplitudes for the right and left
moving SU(N) spinons have been given in Ref. [57]. In the A’ > 0 case, the SU(N) spinons
become massive excitations whose mass as a function of A’ is known from the exact solution
of the model as well as its factorized S-matrix [65,66].

The crucial point in concluding on the IR properties of the model is then the sign of A’
generated by the RG flow starting from V(G). The basic strategy in this paper is illustrated in
Fig. 1. The idea in the above argument is to skip such higher-order computation by modifying
V(G): We regularize |O(x)|? via the point-splitting procedure as

[0(x)]? = f d?rF,(IrNO(x + r/2)0*(x —1/2), (19)

where the minimal requirement of the weight function F, is
* the positivity: F.(|r]) > 0.
* the locality: F.(|r|) is sufficiently localized in the region |r| S €.

The positivity is required for the regularization procedure (19) not to change the sign of the
potential V(G) which is crucial in the minimization. The locality is also necessary so that the
regularized operator is also local. Now, we can establish the correspondence between |O(x)|?
and the lowest dimensional operator [the current-current operator in the above example] just
by using the short-distance OPE instead of solving higher-order RG flows.

To get the meaningful result in this prescription, we also need to assume some regular-
ity of F,(|r|) at the origin. For this purpose, we have to look at the short-distance OPE of
O(x +r/2)0*(x —r/2). If the lowest-dimensional operator that has the same symmetry of
|O(x)|? is the current-current operator, the short-distance OPE takes the form of

1
O(x +1r/2)0"(x—r/2) ~ A (1 + #|r|*(current-current) + -+ ) , (20)

where A, is the scaling dimension of O. For the above integration being finite, F,(|r|) should
converge to O sufficiently fast as |r| — 0. The exact details of the weight function would not
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equivalent

) SU(N); WZNW | semiclassically iy G/H o-model
[ C——

| +V(G,G") ' + topological term

. > (i SU(N); WZNW
proper regularization * = (il
+ free-field representation +pert. (JLJR, etc.)

Figure 1: Illustration of the strategy. We start from the WZNW model (the prin-
cipal chiral model with the WZNW term, precisely) with a potential term V(G,G")
[model-(i) ] which is designed to reproduce the desired nonlinear o model [ (i)’] in the
semiclassical limit. We then properly regularize the potential (blue dashed line) and
investigate what happens to the resulting deformed WZNW CFT [(ii)] by RG (red
arrow) or by exploiting the integrability if the deformation leads to an integrable
WZNW CFT.

be important as we suspect that the long-wavelength physics is insensitive to such UV details,
but as an example, one may take

|0(x)]? = éf d2r|r|PPoee0(x + 1/2)0%(x — 1 /2), 21

which satisfy all the above criterion. Then, the nontrivial leading contribution becomes the
current-current operator, and the sign of its coefficient is identical to that of # in (20). We
will apply this prescription to study the IR behaviors of several nonlinear ¢ models, in par-
ticular, SUN)/U(1)V~! and SU(N)/SO(N) nonlinear o models at the specific 8 angles in the
remaining sections of this paper.

3 Continuous deformations between SU(N); WZNW model and
flag-manifold o model

The work by Bykov [52,53] and also by Wamer, Lajko, Mila, and Affleck [54, 55] discovered
that the SU(N) analogue of the antiferromagnetic Heisenberg spin chain with the local spins
belonging to the p-box symmetric representation (CTJ- - -[J) can be also described by the rela-
P
tivistic nonlinear o model, whose target space is the complete flag manifold SU(N)/U(1
(see, e.g., Ref. [44] for a recent review). This model has N —1 independent topological angles
which are specified as 6, = Z%a with a =1,...,N —1. The IR properties of the flag-manifold
nonlinear o model with the 0 terms are determined in this section in close parallel to the

recent investigation of Refs. [60,61].

)N—l

3.1 The SU(N)/U(1)"! flag-manifold nonlinear c model
We start with the SU(N); WZNW model (1), whose internal global symmetry is given by

(SU(N)LZxN SU(N)R) .z,

(22)

10



SciPost Physics Submission

The global chiral transformation (£2;,Qz) € SU(N); xSU(N) acts as G — ;G Q;, and the Zy
quotient is taken because the diagonal center (e2mi/N lN,ezm/N 1y) € SU(N); x SU(N )y does
not affect G. The action (1) is also invariant under the Z, charge conjugation G — G*, which is
an independent symmetry except for N = 2 where it is already included in [SU(2); xSU(2)g]/Z.
The WZNW model is conformal with the central charge ¢ = N — 1 [30], and the above global
chiral symmetry is a part of the larger one, G(z,%) — QL(z)G(z,i)QE(i), where Q;(z) and

Q};(i) are arbitrary (anti-)holomorphic SU(N)-valued functions, and z = 7 + ix (7 being the
imaginary time).

Following the approach of Affleck and Haldane [28], we consider a deformation of the
SU(N); WZNW model and relate it with the SU(N)/U(1)" ! nonlinear o model. To this end,
as a natural extension of (7), the classical moduli space for the WZNW field G is parametrized
as [60]

G = vau'
1 0
0 = oz ¢ , (23)

N—2

0
0
w 0
N

0 -1
where U is a “locally” U(N)-valued field, and w = e27/N Asa specific deformation to realize
this classical moduli, we can add multiple double-trace potentials [61]:3

[N/2]

S = Swaaw, + Z J d2x A, |Te[G™]1%, (24)
M,

with A,, > 0. In the strong-coupling regime A, — +oo for n = 1,...,[N/2], the classical
moduli of Eq. (24) selects an SU(N) matrix G such that Tr[G"] = 0 withn =1,...,[N/2],
which can be parametrized as (23). As noted in Ref. [61], just adding | Tr G|? is not enough to
select the SU(N)/U(1)N~! moduli space for N > 4, while it works for N = 2 and 3.

The double-trace potential explicitly violates the continuous chiral symmetry, while it pre-
serves the vector-like symmetry and the discrete chiral symmetry. The full global internal
symmetry of model (24) is thus for N > 2:

(PSU(N)y % (Zy)) X Zy, (25)

where PSU(N), = SU(N), /Zy 2 [V]actsas G — VGV, and (Zy); € SU(N); as G — e*™/NG.
This is the manifest symmetry that can be maintained at the SU(N) antiferromagnetic Heisen-
berg chain in the p-box symmetric representation ((I1---[]), where PSU(IN) describes its spin

p

rotational symmetry and (Zy); is the low-energy realization of the one-unit lattice translation.
There is the mixed ’t Hooft anomaly between PSU(N) and (Zy;); : When we promote the global
symmetry PSU(N)y x (Zy);, to the local gauge redundancy, the system should be interpreted
as the boundary of the 3d SPT state described by [60]

21

Szaspr == | AL Uw,(PSUN)), (26)
N M;

*Here, we add the double-trace term of Tr G" following Ref. [61]. However, our proposal explained in Sec-
tion 2.3 uses the form of |0(x)|? with a primary operator O(x), and they may look inconsistent at first. We here
note that this is not problematic. A WZNW primary takes the form of Tr G> — (Tr G)? instead of Tr G? itself, and
our proposal naturally uses the potential of the form A}|Tr G|* + A, | Tr G%? —(TrG)?| +--- with A7 > 0. We can
see that these two potentials have the same minima, so we do not need to discriminate them seriously: First, the
minimization of the A} term sets TrG = 0, and thus setting Tr G2 = 0 and Tr G — (Tr G)? = 0 are the same. It is
straightforward to check this is true for n = ., [N/2].

11
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where A; is the background gauge field for (Zy); and w,(PSU(N)) is the background two-form
gauge field for PSU(N) describing the obstruction to lift the PSU(N) bundle to the SU(N) bun-
dle. Then, the anomaly-inflow argument states that the low-energy effective theory has to
reproduce the same ’t Hooft anomaly, which gives the LSM-type constraint [73]. This con-
strains the possible scenarios of the low-energy physics as:

* The ground states are N-fold degenerate due to the spontaneous breaking of (Zy); .
* The ground state preserves the symmetry (25) but has gapless excitations.

The first option is realized by flipping the sign of A,, in the model (24): When A,, —» —oo for
n=1,2,...,[N/2], the potential minima are given by

2mi

G=en K1y, 27)

with k =1,...,N, and we obtain N-fold gapped vacua that violate (Zy); . In the lattice model,
they correspond to the valence-bond-solid states that break spontaneously the one-unit lattice
translation but preserve the N-unit translation.

We now present the details for the case of A,, > 0, where the classical moduli is given
by (23), G = UQU'. As Q is a diagonal matrix, this decomposition has the U(1)" gauge
redundancy,

U(x) ~ U(x)diag(e! ™, .. elan()), (28)

and the physical target space is given by the flag manifold, U(N)/U(1)N~! ~ SU(WN)/U(1)N L.
Let us introduce N2 complex scalar fields ; (i,j=1,...,N) such that

U(x) =[2;;00)]i j=1,..n = [Z1(x), ..., 2x(x)], (29)

with (Z;); = z;;. These fields are constrained to be orthonormal complex vectors, 21' -2 =645,
to enforce the U(N) property, U'U = 1y. The original global symmetries of the action (24)

have a direct interpretation on the complex fields Z; via the identification (23):
* The PSU(N)y spin symmetry: Z; — VZ; with V € SU(N)y .
* The (Zy); chiral symmetry: Z; — Z;,,, where the flavor index is understood in mod N.
* The Z, charge conjugation: 2; — 25 _, ..

The next step is to derive the low-energy effective Lagrangian for the complex fields Z; by
substituting (23) into the WZNW action (1). The calculation of the kinetic term is straightfor-
ward, whereas the evaluation of the WZNW term requires the extension of G(x) = U(x)QU (x)"
to a three-dimensional manifold M5 with d M5 = M,. The derivation has been done in Refs.
[60,61], which propose to take M3 = (M, x[0,1])/(M,x{1}) and G(x, x3) = U(x)2(x3)U(x)"
with Q(x3) = w N2 diag(el®1(xa)  ei(x)) Here, we just require that 6,(0) = 2W”(a—l)
and 6,(1)=6' (a=1,...,N), where 6’ is arbitrary. The Lagrangian then takes the form of a
nonlinear o model on the flag manifold SU(N)/U(1)N~! with topological 6 terms:

N
Z(|az|2 CARERA L) EE S IR S [CAR RS | CARECR-A)
=1

1<a<b<N

+Z—e“"8 Z) 0,2, (30)

12
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where the first two terms are nontopological couplings g,;, = cos(2n(a — b)/N)/2n and
by = sin(2m(a—Db)/N)/2m and the topological angles appearing in the last term are defined
by

eazea(O)—ea(1)=2§(a—1)—9’ (@a=1,....N). (31)

These N topological angles 8, couple to a set of integer topological charges:
i S Ao
4o = EJ dzxe“”auza‘ 0,2, - (32)

However, the topological charges are not all independent due to the orthonormalization con-
straint, E;" -Z; = §;;, and they satisfy 25:1 q, = 0 since it can be shown that lezl Z1-9,2,=0
[54,60]. This implies that the model (30) is left invariant by shifting all the topological angles
by the same amount: 6, — 6, + 8, and there are thus only N — 1 independent topological
angles, which is in full agreement with the value of the second homotopy group for the flag
manifold: 7,(SU(N)/U(1)N™1) ~ ZN~!. This explains why the effective Lagrangian appears
to contain an undetermined constant 0. In the following we fix its value as

2
Gazﬁna (@a=1,...,N—1) (33)

in the model (30).

3.2 SU(N), CFT approach

In this section, we provide an argument suggesting that the SU(N)/U(1)"~! nonlinear o model
becomes gapless at the (Zy); symmetric point with 6, = 2wa/N (a = 1,...,N —1). For
N = 2, the flag nonlinear o model becomes the famous CP' nonlinear o model witha 6 = 7
topological term with its well-known SU(2); massless behavior as reviewed in Sec. 2. The
flag nonlinear o model (30) with topological angles (33) and the SU(N), CFT share the same
mixed global PSU(N) xZy anomaly [60, 61, 73], and a massless RG flow between the two
theories is consistent with the 't Hooft anomaly matching, generalizing the N = 2 result to
N > 2. However, the anomaly matching argument provides only the kinematical constraint,
and a more detailed analysis of the dynamics is required to determine whether the massless
RG flow is actually realized.

Before presenting our argument, let us note that there is evidence supporting the massless
RG flow from the flag nonlinear o model to the SU(N); CFT. As we briefly mentioned, the flag
nonlinear ¢ model (30) with topological angles 6, = 2nwpa/N governs the IR properties of
SU(N) Heisenberg spin chain in symmetric rank-p tensor representation in the large p limit
[54,55]. A gapless phase in the SU(N); universality class has been predicted for model (30)
when p and N are coprime while a spectral gap is formed in other situations [55, 56, 60,61].
In the particular p = 2 and N = 3 case, which shares the same topological angles as in Eq.
(33) for N = 3, a large-scale DMRG calculation has shown the existence of a gapless SU(3);
behavior with central charge ¢ = 2 [74].

To understand the possible RG flow, the list of relevant and marginal scalar operators for
the SU(N), CFT is needed. For this purpose, let us give a brief reminder of the SU(N), current
algebra. The SU(N); CFT has Jg ; chiral currents, defined by the following OPE (we use the
same conventions as in Refs. [43: 75-770):

A )
JA=2)IE(0) ~ et L

S 34
21z (34)

13
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with a similar definition for the right current. In Eq. (34), fA2¢ denotes the antisymmetric
structure constants of the SU(N) group and z = T +ix (7 being the imaginary time). This OPE
defines an infinite-dimensional algebra called the Kac-Moody algebra, and the counterparts of
the highest-weight representations are called the (WZNW) primary operators. As an example
of the primary operator, the defining OPE of the SU(N); WZNW G field reads as [67]:

1
T (2)Gap(0,0) ~ 5 T;. Gyp(0,0)

I (2)G, (0,0) ~ 2%2 Gy (0, O)T;‘a , (35)
T being the generators which transform in the fundamental N-representation of the SU(N)
group with the normalization: Tr(TAT?) = 648 /2.

The SU(N); CFT admits N primary fields (*) which transform in the fully antisymmetric
representations of the SU(N) group, a =0, .., N — 1 being the number of boxes of the underly-
ing Young tableau with a single column. They are generated by fusion from the WZNW field
G = M which transforms in the N-representation. These primary fields are relevant opera-
tors with scaling dimension a(N —a)/N. Under the (Zy); center symmetry, they transform as
(@) 5 ¢12am/Ng(a) - Gince the action (24) is Zy invariant by construction, these relevant con-
tributions cannot be generated under the RG flow [61]. Based on this observation, Ref. [61]
conjectured that the SU(N)/U(1)Y~! model with 6, = zNﬂ flows to the SU(N); WZNW CFT.

To complete this argument, we have to take care of the SU(N )y -invariant current-current

term,
N2-1

—y > AR, (36)
A=1

which is marginally irrelevant for y > 0 but marginally relevant for y < 0. In this respect,
the key point of the analysis is to determine the precise sign of the coupling constant y of the
SU(N); current-current term from the double-trace deformations. To make the connection
between them, we employ the idea presented in Sections 2.2 and 2.3: We take the point-
splitting of double-trace operators as

1 B
[ Tr G™(x)]* = = J d2r|r PP N=mIN o=Irl/e e G (x + 1 /2) Te G (x — 1 /2) , 37)
£

and compute the right-hand-side by OPE to extract the current-current term as the leading
nontrivial contribution.

The computation of OPE can be performed by using the exact duality between the SU(N);
WZNW CFT and N — 1 massless compact bosons ®,, (m = 1,...,N —1) that we combine into a
single vector field ®. As discussed in Appendix A, its periodicity is described by the root lattice
which is spanned by the simple root vectors @, and reads as follows*

$~d+V/md,, (38)

and its kinetic term of the Lagrangian is given by the canonical one, %(8M<_f>)2. In the compact
boson representation, the building block of the interaction of model (24) admits a simple
free-field representation:

N
1 o
TrG=—— Z s lVATe,® , (39)

a=1

“For details on the periodicity of the compact boson, see discussions in Section 4.4 and, in particular, Ap-
pendix A.2.

14
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where €, are the weight vectors of the N-representation, which are (N —1)-component vectors
defined by Eq. (A.10). As a result, we can find that the short-distance OPE is given by

TrG"(x +1/2)TrGM(x —r/2) = L ( niN' gn’nn!(N —2)!

_ 2 A A DY
|r|2nN-)/N \ N*(N —n)!  N?(N—n—1)! IrPTTe + )
(40)

whose full derivation is presented in Appendix B [see Egs. (B.17) and (B.19)]. By substituting
this expression into the point-splitting form of the potential, we obtain the effective Lagrangian
as

1 .- 1 > 1 5 oy 2
Los = 5(8Md>)2—reff{§(au<b)2—m > cos(«/4n(ea—eﬁ)~<1>)} , @D
1<a<B<N
where the coupling constant y.¢ is defined as
[N/2]
Annn!
=962m3(N —2)! — 42
Yeft = 9667 7°( ) ; NN —n—1)1 (42)

Equivalently, the effective Hamiltonian for model (24) in the general N case is given by the
Sugawara energy-momentum tensor with the SU(N) current-current term:

21

Hy =
NTN+1

(TRTR 4 T ) — veT g (43)

As seen, the stabilization of the flag manifold SU(N)/U(1)N~! from the action (24) requires
that all the couplings A,,n = 1,...[N/2] are positive’ and we have y.¢ > 0 from Eq. (42).
Then, the current-current operator in (41, 43) is marginally irrelevant, and a massless SU(N ),
behavior is obtained in the far IR limit. We thus conclude that the IR properties of the flag
nonlinear o model (30) with topological angles 6, = 2ma/N are critical and belong to the
SU(N), universality class as conjectured in previous studies [55,56,60,61].

Let us check the consistency by flipping the sign of A, which makes y.¢ < 0. Model (43) is
an integrable field theory with a non-perturbative mass gap when y.4 < 0. The nature of the
vacua can be determined by minimizing the cos-term in the effective Lagrangian (41). This
gives N-fold gapped vacua:

(®) = v1kéy, (44)

with k = 0,1,...,N — 1. We note that (®) = /7ké; with any i = 1,...,N also minimize
the potential, but they are gauge equivalent to the above configuration due to & ~ & + /7d,,
(@, = €3—€ms1), and thus there are only N physically distinct minima. For the gauge-invariant
operator Tr(G), we find that

N
1 s 2 )
(TrG) » — E el VAmé, (@) — ‘/Ne_ZTHk/N, (45)

a=1

as €, €g = Oqp — 1% (see Eq. A.9). Up to an overall magnitude, these vacua are consistent
with the ones (27) obtained by the classical analysis for the double-trace terms with A,, < 0.

SHere, it is important to note that each deformation gives the same sign for the current-current interaction. If
some couplings were opposite, we had to discuss which deformation dominates the others. However, our prescrip-
tion given in (21) is UV-cutoff dependent, and thus it would be dangerous to compare the magnitude between
different deformations. It is an interesting question if there is an extension of our prescription that can treat those
general cases.

15



SciPost Physics Submission

4 SU(N)/SO(N) nonlinear c model at 6 = 7

In this section, we investigate the IR properties of the SU(N)/SO(N) nonlinear ¢ model at
0 = 7 by a similar approach. For N = 2, this model reduces to the CP! nonlinear o model at
0 = 7 discussed in Sec. 2. For N > 3, this symmetric space admits a Z, topological term since
75(SU(N)/SO(N)) =~ Z,. In this respect, the value of 6 cannot be tuned at will and its allowed
value 0 = r is fixed. The resulting model is expected to be a massless integrable field theory
with the SU(N); criticality according to the analysis of Refs. [57-59], and we will examine
it using our approach. A comment on the IR properties of the SU(N)/USp(N) nonlinear &
model for even N = 2k will also be given at the end of this section.

4.1 Connecting the SU(N)/SO(N) nonlinear o model at 6 = 7 and the SU(N),
WZNW model

The SU(N)/SO(N) coset is described as®
SU(N)/SO(N) = {G € SU(N)|3U € SU(N) s.t. G = UU"}, (46)

since G is left invariant under the right SO(N) action on U, U — UO with O € SO(N). To
obtain it as the classical moduli space, it is convenient to use the fact that G = UUT for some
U € SU(N) is equivalent to the condition G = GT [61]. We thus consider the following SU(N),
deformed action to select the SU(N)/SO(N) manifold:

S = Swanw, +AJ a2x Tr[(6-6") (6 -6")']. (47)
M,

In the strong-coupling regime A — 400, the classical moduli for G(x) is described as
G(x) = U(x)U(x)", (48)

where U(x) is “locally” an SU(N)-valued scalar field but it is associated with the SO(N) gauge
redundancy, U(x) ~ U(x)O(x). This defines an SO(N) principal bundle on M.

As expected, when N = 2, this model reduces to the one in Sec. 2 by changing the vari-
able. For SU(2) matrices, we have UT = o,U"0,, and thus the moduli space condition (48)
becomes G = Uo,U'o,. By changing G — G'(io,) and U — U’ 12+—1201, this relation becomes
G’ = U'(io3)U’" which is Eq. (7). Then, we obtain the two-dimensional CP! nonlinear o
model at 8 = 7t for N = 2 when A — o0. In the following, we focus on the case N > 3.

We can now derive the effective Lagrangian for the SU(N)/SO(N) nonlinear o model by
plugging G = UUT into the WZNW action (1), and the computation of the kinetic term is
straightforward, which gives the standard form obtained by the Callan-Coleman-Wess-Zumino
procedure [78,79]. The nontrivial part is, again, to determine the topological term from the
WZNW term, and the situation turns out to be rather complicated for N > 3. We first give
the formal derivation using some mathematical machineries and then provide a more explicit
derivation.

Let us first give the list for the possible topological terms for the SU(N)/SO(N) nonlinear o
model, which are consistent with the locality and unitarity of relativistic quantum field theories
(QFTs) [80-84]. The idea is that the topological term itself can be regarded as an invertible

5This expression follows from the general result of the Cartan embedding: Let o : G — G be an automorphism
and K = {g € G|g = o(g)}. Then, the map g — go(g™') of G to G induces the embedding G/K — G, which is
called the Cartan embedding, and thus we can identify G/K as the image of this map. In our case, we can take o as
the complex conjugation for unitary matrices, and then K = SO(N). As Uc(U™') = UUT, we find this expression
for the coset SU(N)/SO(N). We thank the anonymous referee for pointing out this clear explanation.
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QFT, and one can employ techniques to classify SPT phases [81,85-87]: For bosonic QFTs,
this can be classified by the SO-bordism group, ﬁf’o(SU(N )/SO(N)), which is identical to the
integral homology (i.e. homology with the integer coefficient)”, H,(SU(N)/SO(N); Z), at low
degrees. For N > 3, we have (the table can be found in Ref. [83])

Hy(SU(N)/SO(N); Z) ~ m»(SUN)/SO(N)) ~ Z,, H3(SU(N)/SO(N); Z) ~ 0. (49)

Therefore, the unique possibility for the topological term of the SU(N)/SO(N) nonlinear o
model is the discrete 6 term,
w,(SO(N)), (50)

where w,(SO(N)) is the 2nd Stiefel-Whitney class for the SO(N) principal bundle.® For fermionic
QFTs, the classification is given by the Spin-bordism, which can be computed using the Atiyah-
Hirzebruth spectral sequence [83]; ﬁzpm(SU(N )/SO(N)) ~ Z, and ﬁgpm(SU(N )/SO(N)) can
only have torsion elements, and thus the only possible two-dimensional topological term is
again given by the second Stiefel-Whitney class of the SO(N) bundle.

With this knowledge, the remaining task is to demonstrate that the SU(N); WZNW term
evaluated on the SU(N)/SO(N) moduli (48) gives the nontrivial element of the Spin-bordism
group ﬁgpm(SU(N )/SO(N)) ~ Z,. Since we can embed the nontrivial configuration for N = 2
into the larger N, it is almost evident that the WZNW term gives the nontrivial Z, element (50).
As a consequence, we find that the effective Lagrangian on the classical moduli becomes

S = (kinetic term for the SU(N)/SO(N) field) + imw,(SO(N)). (51)

While the above discussion provides an abstract derivation, let us also present a simpler
explanation of the form of the topological term. When we denote G = UU! to parametrize
the SU(N)/SO(N)-valued field, we should note that U is not necessarily globally defined as
the SU(N)-valued field. When we go from one patch to another, U is affected by the SO(N)
gauge transformation, which defines the SO(N) bundle. What we would like to show is that
the SU(N); WZNW term on G = UU! is identical to mw,(SO(N)), and let us make this state-
ment more concrete. The group SO(N) has the nontrivial first homotopy 7;(SO(N)) =~ Z,,
and its universal cover is given by the Spin(N) group. Thus, it is a nontrivial question if the
SO(N) bundle can be lifted to (or regarded as) the Spin(N) bundle: On two-dimensional closed
manifolds, this is possible if and only if the second Stiefel-Whitney class w,(SO(N)) vanishes.
Therefore, the problem reduces to checking the following properties:

(i) The WZNW term vanishes mod 27 when the SO(N) bundle can be lifted to Spin(N).

(i) If the lift does not exist, the WZNW term gives = mod 2.

Let us begin with the statement (i). When the SO(N) bundle can be lifted to the Spin(N)
bundle on two-dimensional manifolds, there exists a global section as the Spin(N)-bundle on
2-manifolds is a trivial bundle thanks to 7;(Spin(N)) = 0: That is, we can take U as the
globally defined SU(N) valued field in a suitable gauge choice. Using the Polyakov-Wiegmann
formula [88], we find

WIZNW[UUT] = WZNW[U]+WZNW[UT] +8i f Tr[(UTdU) A (ULdU)T]
N~ Y M2 N~

cancel =0

(52)
=0.

7Instead of an integral homology, one may use the U(1)-valued cohomology, which has the equivalent data due
to the universal coefficient theorem. We shall freely interchange these notions depending on the context.

8The 2nd Stiefel-Whitney class characterizes the obstruction of promoting the SO(N)-bundle to an Spin(N)-
bundle: Taking a good cover {U, }, of the manifold, then we have the SO(N)-valued transition function g,z on each
double overlap U,z = U, N Ug, which satisfies g,583,8,, = 1 in SO(N) on the triple overlap U,q, = U, NUg N U,
Take a lift of SO(N) transition functions to Spin(N ), which we denote as &4, then §,58p,8,, = (—1)"*" in Spin(N).

The collection of {n,g,} defines a Z,-valued 2-cocycle, and its equivalence class gives w,(SO(N)).
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Thus, the WZNW term vanishes when the SO(N) bundle has the lift to the Spin(N) bundle.

Next, let us check the statement (ii). The above argument using the Polyakov-Wiegmann
identity can be generalized to show that the WZNW term does not change under the small
deformation of the fields with G = UUT. Therefore, we just have to give an example of the
field configuration G = UUT, for which the WZNW term gives . However, this is already
known for the N = 2 case as SU(2)/SO(2) ~ CP! and we can consider the monopole (or
hedgehog) configuration, on which the SU(2); WZNW term gives 7. Embedding this SU(2)
configuration into SU(N) is straightforward as one can just put it in the first 2 x 2 block for
the identity matrix, and then the SU(N); WZNW term gives 7 for that configuration. This
completes the pedagogical derivation for the effective Lagrangian (51).

4.2 Global symmetry and ’t Hooft anomaly

Here, let us discuss the global symmetry of model (47) and the 't Hooft anomaly for the

SU(N)/SO(N) nonlinear o model at 6 = 7. The structure of the global symmetry is distinct

between even and odd N:

SU(N)y x (Zy),
(Z3)y X Zy 2

Odd N : SUWNN)y X Z,. (54)

Even N :

X Zo, (53)

Here, SU(N)y is the anomaly-free subgroup of SU(N); x SU(N)y defined by the embedding,
SU(N)y 2V = (V,V*) € SU(N), x SU(N )R, and it acts on the WZNW field as

G(x)— VG(x)VT. (55)

It is important to notice that this is different from the vector-like SU(N), symmetry consid-
ered for the flag-manifold nonlinear 0 model. The deformation (47) also preserves the dis-
crete chiral symmetry (Zy);, G — e>™/N G, but it has an overlap with SU(N )i The center of
SU(N)y acts as G — e*m/NG and thus (Zy); is completely included when N is odd while only
(Zy 2)1 € (Zy),, is included for even N. In this regard, for even N, it is convenient to define

SU(N)y = [SU(N)y x (Zy)11/Zy 2 ={U € U(N)| detU = £1}, and we can treat their actions

in a simple way as G — VGV with V € SU(N)y. For even N, —1y € SU(N)y acts trivially
on G, so we have to take another Z, quotient ((Z,)y). Combining these and by adding the Z,
complex conjugation symmetry G — G*, we obtain the above symmetry groups (53, 54) for
even and odd N.
After decomposing G = UUT, we need to describe the symmetry transformation on the U
field. First, V € SU(N ) acts as
U(x)— VU(x). (56)

When N is even, the SO(N) gauge redundancy, U(x) ~ U(x)O(x), can absorb —1, and we can
understand the Z, quotient. For odd N, SO(N) does not have a nontrivial center, so such quo-

tient structure does not appear. What is somewhat nontrivial is the action of e 1 ~ € SU(N)y
(or e2™/N e (Zy),) for even N:

U(x)— e U(x)C, (57)

where C € O(N) with det C = —1 gives the outer automorphism on the SO(N) gauge transfor-
mation. The Z, complex conjugation, G — G*, is given by U(x) — U(x)*.

Next, we discuss the 't Hooft anomaly of this symmetry. Let us first show that there is no
’t Hooft anomaly for odd N. For this purpose, we consider the symmetry-preserving local per-
turbations that makes the ground state unique and gapped. This can be achieved by regarding
the SU(N)/SO(N) nonlinear ¢ model as the SO(N) gauge theory coupled to the SU(N) scalar
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field, and then the above discrete 6 angle for the nonlinear o model becomes that of 2d SO(N)
gauge theory. Then, we can take the linear ¢ model realization for the SU(N)-valued scalar
and deform its potential to the massive one instead of the wine-bottle-type potential, which
ends up with the 2d pure SO(N) gauge theory at & = 7 as the low-energy effective theory
of the deformed model. The Hilbert space of the 2d pure gauge theory is solely given by the
Lorentz-invariant state with the Wilson line (or test quark) at spatial infinities, whose energy
density is specified the quadratic Casimir of the Wilson-line representation. Taking 6 = & for
SO(N) gauge theory is equivalent to restrict those quark representations to the projective ones,
which are representations of Spin(N) without the promotion to SO(N) representations. Since
SO(N) with odd N has the unique spinor representation, we get the unique gapped vacuum,
which shows that the 't Hooft anomaly is absent.

If we perform the same deformation for even N, we obtain two-fold gapped vacua because
SO(N) with even N has two inequivalent spinor representations, which are exchanged by the

outer automorphism C, and thus we have the spontaneous breaking, SU(N )y /Z, S%B, SUN)y/Z,.

Indeed, we can show that there is the Z, 't Hooft anomaly for the global symmetry, SU(N)V /Z,:
Its 3d SPT action can be formally written as

Ssdspr = ﬂJ CUw,(SU(N)y/Zs,), (58)
Ms

where C denotes the Zy gauge field for the action U — e™/NUC and wy(SU(N)/Z,) is the
two-form gauge field characterizing the obstruction of lifting the SU(N); /Z, bundle to the
SU(N)y bundle. Maybe, the simplest way to derive it is again to consider the pure SO(N)
gauge theory limit of the above deformation, and the consideration of this limit is sufficient as
the 't Hooft anomaly is preserved under any local symmetric deformations of the theory. In this
limit, gauging of SU(N )y /Z, is equivalent to gauge the Z, one-form symmetry of the SO(N)
gauge theory, which introduces the Z, two-form gauge field, B = w,(SU(N)y/Z,). This has
the nontrivial interplay with the dynamical two-form gauge field w,(SO(N)), and its detail
depends on whether N = 4k +2 or N = 4k because the center of Spin(N) is Z4 for N = 4k +2
but Z, X Z, for N = 4k. In both cases, the outer automorphism C : U — e™/NUC has the same
action on w,(SO(N)) as

C : wy(SO(N)) — w,(SO(N)) + B, (59)

and thus it gives the Z, anomaly at 6 = 7 given by inflow of the above SPT action.

4.3 Massless RG flow from the SU(N)/SO(N) model at 6 = 7 to the SU(N),; CFT

Here, we study the action (47) in the vicinity of the SU(N); WZNW CFT and discuss the
massless RG flow from the SU(N)/SO(N) nonlinear ¢ model at 8 = . We can rewrite the
action (47) as

S= SWZNW1 - ZAJ‘ d2x Tr[GG*] B (60)
M,

up to an unimportant constant. Next, we express the potential part in terms of the fields of
the SU(N); CFT by computing the OPE after separating the points:

Tr(GG*(x)) = 51_2 J d2r|rPN=D/N =Irl/e T G (3 — 1 /2)G*(x + 1/2)]. 61)
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As the potential preserves the (Zy); transformation, G — €'/ G, no relevant primary fields
can be generated by this procedure. Therefore, up to irrelevant operators, one is left with
SU(N)y-invariant current-current contributions

Tr(J1Jg) = T TogJ 1R - (62)
As has been done in Sec. 3, the precise identification of the perturbing field can be derived
by means of the Abelian bosonization approach (A.14) of the G field in terms of N — 1 chiral
bosonic fields <_}5R’ - In particular, in Appendix B, we explicitly show that the leading nontrivial
contribution of OPE is given as

1675
o kYo __ A B A B
(e e Y A (63)
[the symbol ;AB: denotes the first non-constant term in the OPE A(z,z)B(0,0); see Eq. (B.6)].
With this result in hands, we deduce the leading contribution of the Hamiltonian density for
model (60) in the general N case:

27
Hy = N1 ——— (TR TR ) + 27 Tos Tapd IR (64)
with v = M. The perturbation in Eq. (64) is different from the one (43) obtained

A
ap aﬁ
instead of 58, Such a marginal deformation of the SU(N); WZNW model has already been

discussed by two of us in the context of SU(N) self-dual sine-Gordon models [89]. Its IR effect
can be elucidated by a simple one-loop RG approach [89,90] or by a non-perturbative duality
approach [91].

Let us first consider the one-loop RG approach. Defining g = y.¢, the one-loop beta func-
tion for the model (64) is given by [89]:

for the flag nonhnear o model in that we now contract the currents with the metric T

;=——g?, 65
§=—.8 (65)

so that g(1) = %&%{w and g(1) goes to zero in the IR regime (I — oo) when g(0) > 0, i.e.,

A > 0, whereas it diverges when g(0) < 0. This leads us to conclude that the two-dimensional
SU(N)/SO(N) nonlinear o model at 8 = 7 enjoys the same IR massless SU(N); criticality as
the flag nonlinear o model though the directions of the marginally irrelevant deformations are
expected to be different for these two models when N > 2 (Fig. 2). This may explain the fact
that whereas the SU(N)/SO(N) nonlinear o model at 6 = 7 is integrable [57, 58], the flag
nonlinear o model (30) with topological angles 6, = 2rta/N is apparently not integrable [92].

One can go beyond the one-loop RG approach by considering the compact boson effective
Lagrangian. For this purpose, we have to introduce the T-dual field, whose periodicity is given
by

O ~ 0 + V4ré,,. (66)

In terms of the chiral boson & L r» the original field is given by $ = &, + &5 and the dual field
is given by © = &, — ®5. Then, the effective Lagrangian can be denoted as

1 o 1 -
L= 5(%@)2 + Vet {_8_71(8“@)2 +

4% S cos(¢4_n(aa—aﬁ)~é)}, 67)

1<a<f<N
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which takes exactly the same form as the flag nonlinear o model (41) by replacing © = .
In terms of the current algebra, this formal equivalence is best seen by considering a duality
transformation [91]:

b= J=kY7,
Jh = Ja=Ug, (68)

where K48 = —2 T;‘ﬂ fﬁ. Written explicitly, J ’L“ is given by

FA = { J’LA‘ (A € Anti-symmetric (SO(N)) parts),
A=

—Jf (A € Symmetric, Diagonal parts) , (69)

where we have used the fact that the SU(N) generators T# can be decomposed into three
distinct classes of matrices: antisymmetric, symmetric, and diagonal. In terms of the new
currents jz‘ that satisfy the same SU(N); Kac-Moody algebra (34) as the original ones, the
model (64) now reads as follows:
_2n
N+1
which takes the form of an integrable field theory in terms of the new SU(N); currents. We thus
observe the equivalence of the “local physics” between the model (64) and the flag nonlinear
o model (43) after the duality transformation (68). Both models share the same IR fixed
point, i.e., the SU(N); WZNW CFT, on the marginally irrelevant side. We note, however, that
the duality transformation (68) does not respect the periodicity of the fields, and we cannot
naively apply it when discussing the global aspects of the physics. The correct treatment of
the periodicity of the fields becomes important on the marginally relevant side as we will see
in the next subsection.

To the best of our knowledge, unlike in the CP! and SU(N)/U(1)N™! cases, no simple
physical systems are known so far from which the 8 = 7 SU(N)/SO(N) nonlinear o model
is derived in the low-energy limit. Nevertheless, our approach may give a useful hint to look
for such systems. In fact, as has been pointed out in Ref. [89], the effective Hamiltonian
(64) describes low-energy physics of several interesting lattice spin systems. For instance, the
criticality of one of the phase boundaries found in a certain frustrated spin-1 system [93] is
described precisely by (64). Therefore, those systems may provide us with a good starting
point to derive the SU(N)/SO(N) nonlinear o model from actual physical systems.

Hy (: TR+ TR 3) —YetJ P TR s (70)

4.4 Gapped phases and SU(N)/USp(N) nonlinear c model

The effect of the marginal interaction —A Tr(J LJ;{ ) is very different depending on the sign of
A; the system becomes gapless for A > 0 but gapped for A < 0. In the previous section, we
have seen that the A > 0 side corresponds to a massless flow from the § = 7w SU(N)/SO(N)
nonlinear o model. In this section, we consider the vacuum properties on the opposite side
A < 0. To this end, the first important task for studying A < 0 is to correctly identify the
number of gapped vacua and the discrete symmetry breaking.

We begin by identifying the periodicity of the compact bosons more carefully. For this
purpose, we note that the WZNW field G is given by the combination of the original field &
and its T-dual field © as [see Eq. (A.14)]

Gji ~exp{ivm[(¢+8) ®+(¢,—¢) O]} . (71)

The gauge redundancy must maintain G invariant, and thus the correct periodicity of the fields

is identified as
3 3 — (@ 3 3 —(o0
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SU(N)/SO(N)
A B A B
d ph / SU(N)1 (TasTap) T TR
gapped phase w, )
GSD=N << «— SU(N)/U(1)N-1
JATA

gapped phase w/
GSD=1 (N=o0dd), 2 (N=even)

Figure 2: Two directions of marginal deformations J{J2 and T(:‘ﬁ T (]f[J,J’L“J}]é3 around the

SU(N), fixed point and the corresponding G/H nonlinear ¢ models [G = SU(N)].
When the IR phases are gapped, the ground-state degeneracy (GSD) is also shown.

The second one is nothing but (66). However, the periodicity for the 3 field, (38), should also
transform the © field, and this plays the pivotal role to correctly find the physically distinct
vacua when © acquires the vacuum expectation value.

Now, let us analyze the effective Lagrangian (67) for A <0, i.e., yof < 0. To minimize the
potential term, we find the vacua labeled by

k

The periodicity by the root vector tells that physically distinct vacua must have different N-
ality, and thus all the vacua with the same Zk n, (mod N) are the same. Moreover, we have
to identify © ~ © + 22;, and thus the physically distinct vacua must have different D in
mod gcd(N, 2). As a result, we have for A < 0:

* Odd N: The unique gapped vacuum, and no spontaneous symmetry breaking occurs.

* Even N: Two-fold gapped vacua, and there is the spontaneous breaking, SU(N) LN SU(N).

We summarize the RG flows corresponding to two distinct current-current deformations of the
SU(N); WZNW CFT in Fig. 2.

We now investigate the IR properties of the SU(2k)/USp(2k) nonlinear o model. To this
end, we return to the WZNW description with the Tr(GG*) deformation (60), the negative A
amounts to considering the following action instead of (47):

S=Swamw, +1Al | a3 Te[(G+6T)(G+G")'], (74)
M,
which means that the classical moduli for even N is given by’
G'=-G. (75)

As G on the classical moduli is an anti-symmetric SU(N) matrix, we can define its Pfaffian
and it becomes +1. Therefore, the moduli space for even N (N = 2k) has two disconnected
components:

(U, UT|U e SUN)}U{UT_UT|U e SUN)}, (76)

“We note that this condition cannot be achieved for odd N. Taking the determinant of both sides, we get
det(GT) = det(—G) = (—1)V det(G). Since G € SU(N), this gives (—1)¥ = 1, so the classical moduli for odd N
cannot be expressed in this way.
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1
where 7, =1, ®i0, = ( (i Ok) is the metric of the USp(2k) group with the positive Pfaf-
—1k

fian, and J_ = diag(1,...,1,—1) ® io, is the counterpart with negative Pfaffian. The gauge
redundancy is given by the USp(2k) transformation, U — UV with V.7 VT = 7. Therefore,
the low-energy effective theory is given by the double copy of the SU(2k)/USp(2k) nonlinear
o model. We note that the SU(2k)/USp(2k) nonlinear o model does not have the 6 parame-
ter, and thus it is natural to suspect that it has the unique gapped vacuum. This nonlinear o
model is known to be a massive integrable field theory whose S-matrix and thermodynamic
Bethe ansatz equations have been obtained [94,95]. Since each choice of the sign in (76) gives
a gapped vacua, we have the two-fold gapped ground state predicted by the above anomaly
discussion when N = 2k. We thus conclude that the two-dimensional SU(2k)/USp(2k) non-
linear o model is a massive field theory with a unique ground state.

5 Grassmannian and CPY~! nonlinear o models at 6 = 7

In this section, we examine the IR properties of the two-dimensional nonlinear o model at

6 = 7 based on the complex Grassmannian target space Gr(N, k) = % Specifically,

we focus on the cases of U(2k)/U(k)x U(k) and CPN~! models since these field theories enjoy
many interesting applications in condensed matter physics and have been extensively studied
over the years.

5.1 Generalities

Complex Grassmannian nonlinear 0 models have been introduced mainly as a generalization
of the CPN~! = Gr(N, 1) nonlinear o model which is a field theory of N-component complex
z fields constrained to 2’z = 1 [96-101]. This class of nonlinear o models is based on the
complex Grassmannian target space Gr(N, k) and are described by a N x N Hermitian projector
matrix P such that P* = P = P2, and TrP = k. The two-dimensional Euclidean action of this
model reads as follows:
Sern i) = iz d?x Tr ((8,P)?*) + 9 J d*x e""Tr (P3,P3,P), (77)
2g M, 4n M,

where a 0 term has been added since 7,(Gr(N,k)) = Z. The model (77) is invariant under
a global PSU(N) symmetry: P — VPV', V being an SU(N) matrix. At 8 = 0, 7, it posseses
an additional Z, charge conjugation symmetry C: P — P*. A local U(k) gauge redundancy
becomes manifest if we introduce a parametrization of P = &' in terms of a N x k complex
matrix-valued complex fields & satisfying ®'® = 1,.

The action (77) can be rewritten as a field theory of k N-component complex scalar fields
o, = (51)(1, witha=1,...,Nand !l = 1,...,k with the constraint &;T . 51/ = O;r. Thisis a
natural generalization of the CPN~! model with the U(1) gauge invariance to the one with a
local U(k) non-Abelian gauge invariance: 51 — ml(x)i)m (U is an U(k) matrix so that P is
left invariant). The global PSU(N) symmetry P — VPV of the model (77) is now described
by: ($,), = V,,(®,), whereas the Z, charge symmetry C becomes &,; — ®”,. The action (77)
reads then as follows:

]. - - - - - - 9 - -
SGr(v k) = el d’x [3M<I>;< P+ (‘I’T "9 <I’l’)(q’*f "9 ‘I’l)] Yy JM d’x €""39,%; - 2,9 .

(78)
Grassmannian nonlinear o models (78) with a 6 term turns out to have many interesting
applications in condensed matter physics. As already discussed in the introduction, the Gr(2k,
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k) nonlinear o model at 8 = © when k — 0 is expected to describe the integer quantum
Hall plateau phase transition. This field theory also captures the low-energy properties of an
SU(2k) Heisenberg spin chain with explicit dimerization where the spin operators belong to
self-conjugate fully antisymmetric representation of the SU(2k) group [102, 103]. Similarly,
two-dimensional CPN~! nonlinear o model with 8 = 7tp can be realized by considering a p-leg
SU(N) Heisenberg spin ladder with alternating Heisenberg spin chains in the N-N represen-
tations of the SU(N) group [48,49,49,50]. The latter spin lattice system might be realized
experimentally using alkaline-earth ultracold atoms [49]. Other related realization is SU(N)
Heisenberg spin chain with alternating SU(N) irreps described by symmetric representation
with p boxes on even sites and its conjugate representation on odd sites [45,46,51].

The IR properties of CPN~! nonlinear o model with a @ = 7 term are rather well under-
stood. For even N, the model exhibits a mixed anomaly between PSU(N) and the Z, charge
conjugation C symmetry [51,61,104]. The IR physics is then non-trivial as the result of this
mixed anomaly: a trivial fully gapped phase with a unique ground state is not allowed. By
contrast, the vacuum at = 0 is trivial for even N. As discussed in Sec. II, the CP! nonlinear
o model at 8 = 7 is massless in the SU(2); universality class. However, this massless behav-
ior at 8 = 7 does not generalize to larger value of N. In contrast, for even N > 2, a massive
phase is formed with a two-fold ground-state degeneracy which stems from the spontaneous
symmetry breaking of the Z, charge conjugation symmetry [48,62].

In the odd-N case, the global symmety does not have a mixed anomaly but there is a global
inconsistency between the 6 = 0 and 6 = 7 theories [51,105,106]: The gauged action cannot
be modified by a local symmetric counterterm such that both 6 = 0, 7w are anomaly free. The
global inconsistency condition tells (i) the physics at & = 7 has a nontrivial IR physics as in
the case of even N, or (ii) if the system at 6 = 7 is trivially gapped, then it has to be in a
different SPT state compared with the 8 = 0 theory. The various previous analysis predict that
the CPN~! nonlinear o model at & = 7 has two-fold degenerate gound states that realize the
scenario (i), and they include a large-N analysis, a strong-coupling approach, and a numerical
investigation for N = 3[48,62,96]. This observation is compatible with the fact that the SU(N)
Heisenberg spin chain with alternating N-N representations, whose low-energy properties are
governed by the CPY~! nonlinear o model at 8 = 7, has a fully gapped phase with a two-fold
ground-state degeneracy, a conclusion derived from exact results [107,108]. As a function of
6, the model displays a first-order phase transition at 6 = 7 as first predicted in Refs. [62,96].

In the general complex Grassmannian Gr(N, k) case, there is a mixed anomaly between
PSU(N) and the charge conjugation C symmetry only when N is even, k odd and 6 = w [109].
A global inconsistency between the 6 = 0 and 8§ = 7 theories is found in the remaining
cases [109]. When N is even and k = N /2, a fully gapped phase with a two-fold ground
state degeneracy is expected on general grounds [43]. The latter model with 6 = 7 arises as
the long-distance effective field theory of the SU(N) Heisenberg spin chain where the spins
belong to the fully antisymmetric self-conjugate representation. This lattice model is known
to be dimerized with a two-fold ground state degeneracy which stems from the spontaneous
breaking of the one-step translation symmetry [43,46,110,111]. In the N = 4 case (k = 2),
the existence of this doubly-degenerate massive phase has been reported in various different
numerical works [111-114].

5.2 Connecting the Gr(2k, k) nonlinear c model at 6 = 7 and the SU(2k); WZNW
model

We propose to apply our general strategy to the Gr(2k, k) and CPY~! nonlinear o models at
0 = 7 to reproduce all these results. Let us first consider the Grassmaniann case by deforming
the SU(2k); WZNW model by a suitable potential to select the Gr(2k, k) manifold in the strong-
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coupling regime:

Ser(2k k) = Swanw, + f d?x {21 [Tr(G?) +c.c. ]+ Al Tr (G) P} . (79)
M,

The potential is invariant under the PSU(2k) symmetry: G(x) — VG(x)VT, V being an SU(2k)
matrix, and under two independent Z, symmetries: G — —G and G — G*. The strong-
coupling regime with A, , — ©o stabilizes the Gr(2k, k) manifold:

G=UQU" (80)

with Q = diag(i...i—i---—1i) with k eigenvalues i and U is a general U(2k) matrix.'® There
is a redundancy in the description since one can find U(2k) matrices V such that

vavi=q, (81)

(2 %) -
where A and B are independent U(k) matrices. The ground-state manifold (80) corresponds
thus to the Gr(2k, k) Grassmannian manifold.

We then introduce 4k? complex scalar fields ®,, (a, b =1, ..., 2k) such that U, (x) = ®,,(x) = (&})(x)
and G, = ., @} Q. P, from Eq. (80). These fields are constraint to be orthonormal com-
plex vectors: 52 -$, = 6, to enforce the U(2k) property: UTU = 1, and distinct scalar fields
take value in the Gr(2k, k) Grassmannian manifold. The PSU(2k) symmetry on the fields acts
as (®5), — Voe(®})., whereas the Z, charge conjugation C symmetry &, — ¢*, corresponds
to G — —G* from the identification (80). The latter is obviously a symmetry of the potential
(79). The symmetry G — G* is realized by ; — @iﬂ,@kﬂ — 52", l=1,...,k.

The derivation of the low-energy effective Lagrangian for the complex scalar fields ®; is
similar to the one for the flag nonlinear o model. We extend G(x) = U(x)QQU(x)" to a three-
dimensional manifold M5 with d M5 = M, with M3y = (M, %[0, 1])/(M5 x {1}). In this respect,
we consider G(x,x3) = U(x)Q(x3)U(x)" with Q(x3) = diag(e®1(x) .. eln(x)) Here, we
just require that 6,(0) = n/2, 6,,1(0) =—n/2 (a=1,...,k) and 6,(1) =0 (a = 1,...,2k).
The action then takes the form of that of the Gr(2k, k) Grassmannian nonlinear o model (78)
at 6 = 7. This identification has already been obtained by Affleck in Ref. [43] using a different
potential.

We now turn to the direct analysis of action (79) by exploiting the SU(2k); CFT. The main
difference with actions (24) and (47) stem from the fact that action (79) is not Zy symmetric
but only invariant under a Z,: G — —G. It means that some relevant operators are now
allowed and one expects on general grounds no SU(N); massless behavior in this problem.
We can use the free-field representation of the SU(2k); CFT to derive this result. First, using
the result of Appendix B (see Eq. (B.10)), the A, term in Eq. (79) is a marginal irrelevant

by choosing V as:

o 2
current-current interaction: A, : Tr G Tr G'; = —4”TAZJ1?J£‘. One can thus safely neglect this
contribution to analyse the IR properties of the action (79). Second, in stark contrast, the A,
term in Eq. (79) is a strongly relevant perturbation. Using the free-field representation (B.12),

YAs Tr(G) = Tr(Q) = 0, this minimizes | Tr(G)|?> = 0. Since Tr(G?) = Tr(Q?) = Tr(—1) = —2k, this also minimizes
the A, term. We can also check all the minima take this form by reversing the logic: To minimize Tr(G?) + c.c., we
would like to set G = —1. Then, the eigenvalues of G have to be +i, and we want to choose the same numbers of
i and —i to make Tr(G) = 0, which gives G = UQU".
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the Hamiltonian density associated to the action (79) takes then the form of a generalized sine-
Gordon model [115]:

- > 21 >
Har(ak k) = (8X<I>R)2 + (3X<I>L)2 — Tl Z : Ccos [‘/4_”(5}' + €a) . <I>] D (83)

1<a<y<2k

The perturbation has a scaling dimension A = (é’y + é’a)z = 2(k—1)/k as the SU(2k); primary
field which belongs to the fully antisymmetric irrep of SU(2k) with two boxes. It is a strongly
relevant perturbation which opens a mass gap for either sign of A;. In the vacuum, the bosonic
fields are pinned into minima of the sine-Gordon potential (83). Let us work on the case
Ay > 0, then we can find two physically inequivalent minima up to the gauge redundancy
$~ &+ y/7d,, as

B

2k—=1

> = = T o

(&) =0, @) =" ; na,. (84)
In these ground states, one has (G) ~ +1,; from Eq. (A.14) and the Z, charge conjugation C
(G - =G, ie., &, — ®},) is spontaneously broken. We thus find that Gr(2k, k) nonlinear o
model with 6 = r is a fully gapped phase with a two-fold ground-state degeneracy which stems
from the spontaneous breaking of the C symmetry. This result is in full agreement with the
known result on the lattice regularization of the model in terms of an SU(2k) Heisenberg spin

chain in self-conjugate fully antisymmetric representation of the SU(2k) group [110-114].

5.3 CP" ! nonlinear o model at 6 = 1

We now turn to the CPN™! case, where the analysis should be divided based on the parity of

N. In this respect, we consider the following two deformed actions with positive A:

Swznw, + AIMZ d?x |Tr(G) + (N —2)? when N odd

2 i 2 (85)
Swznw, +7LfM2d x |e NTr(G)+(N—2)| when N even.

S(CPN—I =

The potential is invariant under the PSU(N) symmetry: G — VGV, with V being an SU(N)
matrix, and under a Z, conjugation symmetry: G — G* (respectively eIV G — eV G¥) for odd
(respectively even) N. As it can be checked by a numerical minimization,'! the strong-coupling
regime with A — 0o gives

G=UQU", (86)

U being a general U(N) matrix and
Q = diag(1,—1,...,—1)when N odd (87)
Q = ei%diag(l,—l,...,—l) when N even (88)

with N — 1 eigenvalues —1. For both N, G is an SU(N) matrix. The description (86) is redun-
dant with respect to the local transformation U — UV by U(N) matrices V that satisfy

vavi=q. (89)

10ne can easily check that the following configuration minimizes the potential term. A nontrivial task is to con-
firm if any minima can be expressed in this form. We confirm this by performing the numerical global minimization
of the potential in two ways: One is the random search, i.e. the local minimization starting from the random con-
figuration, and the other is the stimulated annealing. If one wants to evade this numerics, one may add an extra
term, such as —A’[Tr(G?) + c.c.] for odd N. The minimization of this extra term is achieved by requiring G> = 1,
so the eigenvalues of G are 1. Then, to minimize the A term, we need to choose —1 as much as possible, and the
CPY~! moduli is obtained. We can give the similar discussion for even N by adding —A'[e2"/N Tr(G?) + c.c.]. For
CPY~1, however, we believe that this addition term is just a mathematical trick that makes the proof easier, and
we do not introduce them in the disucssion of the main text.
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By choosing V as:

e'? 0, N—l)
V= ’ s (90)
(ON—I,l B

with a phase 6 and an U(N — 1) matrix B, one observes that V satisfies Eq. (89). The ground-
state manifold (86) corresponds thus to the Gr(N,1) Grassmannian manifold, i.e., CPN 71,
We then introduce N complex scalar fields (2); = U;; (i =1,...,N) constrained to ' -Z = 1
associated with the CPN~! manifold. The original global symmetries of action (85) have a
direct interpretation on the complex fields Z via the identification (86):

* The PSU(N) spin symmetry: 2 — VZ with V € SU(N).
* The Z, charge conjugation: Z — Z* .

The derivation of the low-energy effective Lagrangian for the complex scalar fields Z is simi-
lar to the one for the flag and Grassmannian nonlinear o models. We extend G(x) = U(x)QU(x)"
to a three-dimensional manifold M5 with d M5 = M, with M5 = (M5 x [0,1])/(M, x {1}). The
matrix G is parametrized as G(x, x3) = U(x)Q(x3)U(x)" with Q(x3) = diag(el®1(xa) . eiOn0xa)y,
We choose 6,(0) = an/N, 6,(0) =t+an/N (a=2,...,N) with a =0, 1 for odd and even N
respectively, and 6,(1) =0 (a =1,...,N). Pluging Eq. (86) into the WZNW action (1) leads
to the CPY~! nonlinear o model at 6 = n [61].

The leading contribution which governs the IR properties of the action (85) is

Sepnv-1 = Symw, +AN—=2) | d2x [ FTrG+ce] (A>0)
M, 91

a=0(N =odd), 1 (N =even),

where we have neglected the marginal irrelevant perturbation Tr G Tr G'¢ = —81,\]i2JJj{f‘J‘L4 (see
Eq. (B.10)).

The perturbation in Eq. (91) is strongly relevant with scaling dimension (N —1)/N < 2.
It opens a mass gap and the nature of the ground state for positive A depends on the parity
of N. When N is odd (a = 0), the phase is two-fold degenerate with G, = —*"/N1. The
74 charge conjugation symmetry G — G* (Z — Z*) is spontaneously broken in this phase.
In the even N case (a = 1), we find also a two-fold degenerate fully gapped phase for A > 0
with G = —1y, G = —e?™/N 1, that breaks spontaneously the Z, charge conjugation symmetry
G — e2"/NG*. Our results lead to the conclusion that the CPN~! nonlinear o model with a
0 = 7 term describes a massive phase when N > 2 which is two-fold degenerate as the result
of the spontaneous symmetry breaking of the charge conjugation symmetry. All these are fully
consistent with what is known for the lattice SU(N) spin models [46,48,49,49,50,107,108].

6 Concluding remarks

In this paper, we explored the IR properties of two-dimensional nonlinear o models at nonzero
topological angles. The target spaces considered in our study include (i) SU(N)/U(1)N 1, (ii)
SU(N)/SO(N), and some complex Grassmannian manifolds (iii) Gr(2k,k) and (iv) CPN!.
After studying the structure of the global symmetries and its 't Hooft anomalies, we exam-
ined the detailed dynamics to determine how the IR limit of the nonlinear o model realizes
the symmetry constraint. Specifically, we addressed the question: Does the system become
gapless, or does it acquire a mass gap with degenerate ground states?

To obtain the reasonable scenario for the dynamics, we established an explicit connection
between those nonlinear o models and the SU(N); WZNW CFT with specific potentials, fol-
lowing the approach pioneered by Affleck and Haldane [28] for the CP! nonlinear o model.
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We then exploited the fact that the SU(N); WZNW CFT admits a free-field representation in
terms of N — 1 compactified bosons to relate the potential term properly UV-regularized by
the point-splitting with the leading relevant/marginal interactions for the WZNW CFT. For the
SU(N)/U(1)"~! nonlinear o model at 6, = %V—"a (a=1,...,N—1) and the SU(N)/SO(N)
nonlinear o model at & = 7, this procedure relates the perturbing potentials to two dif-
ferent marginal current-current interactions having the specific signs for which they become
marginally irrelevant. As a result, we found that the RG flows of those nonlinear o models
logarithmically approach back to the SU(N); WZNW CFT.

As a consistency check, we also analyzed the IR physics by flipping the sign of the coef-
ficient for the potentials in those models. The classical analysis of the sign-flipped potentials
predicts gapped vacua with specific degeneracy. A similar point-splitting UV regularization
procedure combined with the short-distance OPE now yields a marginally-relevant current-
current interaction. Using the free compact boson description for the SU(N); WZNW CFT, the
number of gapped vacua generated by this marginally relevant current-current interaction can
be determined, reproducing the result of the classical analysis.

For the SU(N)/SO(N) nonlinear o model at 8 = m, there is already a strong evidence
for its massless RG flow to the SU(N); WZNW CFT, based on the integrability [57-59]. It
is worth noting here that integrability requires the sufficiently large symmetry to constrain
the RG flow, and the case of the complete flag manifold SU(N)/U(1)"~! most likely is not
integrable. However, our approach, which combines the Affleck-Haldane argument with the
OPE and point-splitting regularization of the potential, does not require integrability and has
much wider applicability. Our results not only reproduce the known massless flow in the
6 =  SU(N)/SO(N) nonlinear o model from a different perspective, but also strongly suggest
that the non-integrable SU(N)/U(1)"~! nonlinear o model at 6, = %ﬂa undergoes a similar
massless RG flow to SU(N);, supporting the conjecture by Refs. [54,60,61].

For the Grassmannian cases [i.e., Gr(2k, k) and CPN~1] at 8 = m, the deformations con-
necting the SU(N); WZNW CFT to these nonlinear o models are strongly relevant from the
beginning, leading to the formation of a mass gap and two-fold ground-state degeneracy. This
degeneracy is associated to the spontaneous breaking of the Z, charge conjugation symmetry.
The resulting IR behavior is fully consistent with the results well-established for the corre-
sponding SU(N) lattice spin models.

We expect that the approach developed in this paper provides a systematic method to deter-
mine whether two-dimensional nonlinear o models exhibit a massless RG flow. For example,
let us consider a G/H nonlinear o model with nontrivial 6 angles which arises as a semiclassi-
cal approximation of a quantum spin chain with global continuous symmetry G. A key question
is whether it flows to the G; WZNW CFT assuming that the analysis of symmetry and anomaly
is consistent with such a massless flow. If the model preserves a sufficiently large discrete chiral
symmetry [like (Zy); in Sec. 3] as the low-energy realization of the one-step lattice translation
symmetry, this chiral symmetry forbids relevant terms by scalar primary operators [28,43,61].
In such cases, the leading operator to the WZNW CFT is the marginal current-current interac-
tion, but then the fate of the RG flow crucially depends on the sign of the marginal coupling,
which determines whether the operator is marginal relevant or irrelevant. Our claim is that
this sign can be determined unambiguously by combining the point-splitting regularization of
the potential with the short-distance OPE obtained from a free-field representation of the G;
CFT. While we do not have a rigorous proof that this prescription always yields the correct an-
swer, it produces a consistent picture across all the examples examined in this paper. Further
applications to two-dimensional nonlinear 0 models with real Grassmannian manifolds and
Sp(N) series at 6 = 7t will be explored elsewhere.
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A Abelian-bosonization description of the SU(N); CFT

In this Appendix, we review a simple free-field description of the SU(N); with central charge
¢ = N —1 in terms of N — 1 bosonic fields. This identification will be important for the
investigation of the IR properties of perturbed SU(N); CFT.

A.1 Review of the multi-component Abelian bosonization for the Hubbard model

The starting point is the one-dimensional U(N) Hubbard chain in the large repulsive U limit
for a 1/N-filling with Fermi-wavector kr = 7 /(Nag):

N
Huubbard = —tZZ (c;’;iﬂca’i + H.c.) + % Z Ny iNg ;i (1- Saﬁ), (A1)

i a=1 i,

where c;i creates a spinless fermion in the band a = 1,...N of the site i and n,; = cl’ica’i
is the occupation number. When the Hubbard interaction U is sufficiently large, the system
becomes a Mott insulator and the charge degrees of freedom gets decoupled from the low-
energy physics. The physical properties of this Mott-insulating phase are described by the
SU(N) Sutherland model [43,75,77,90,116,117]:

N2-1

Hsutherland = JZ Z SIA+1SI'A 5 (A.2)
A=1

i

where J = 4t2/U is the spin-exchange and S = c(; .T (’;‘ﬁ cg,; is the SU(N) spin operator on site
i. A summation over repeated indices is implied in the following and the SU(N) generators
are normalized such that: Tr(TAT?) = §48/2. The model (A.2) is integrable and has N — 1
gapless modes that are described by the SU(N), CFT with central charge c =N —1.

A continuum description of the SU(N) spin operator can be derived from the continuum
limit of the fermion in terms of N Dirac fermions: c, ,/ /@y — e~tkexp, (x)+ etkrXR,(x) with
X = nagy. One thus obtains the identification:

Stlag — Jp + T+ e LI TA Ry + e 2R RI T2 g

af aff
= JR +J7 + e NA e 2R NAT, (A.3)
where J‘L“ = LZT(‘;‘/} Lp is the left SU(N); current with a similar definition for the right one. The
2ky SU(N) spin density N of Eq. (A.3) is thus: N4 = (LZT&“ﬂRﬁ)C, the average being over the
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fully gapped charge mode. We then introduce N left-right moving bosons ¢,  to bosonize
the Dirac fermions [76,77] :

I = Ka —ivVaAT Y, R, = Ka ei«/4_mpaR (A.4)

where [¢qr, ppr] = i64p/4 and x, are the Klein factors that insure the anticommutation of
the fermions with different colors: {x,,kg} =20,p, K:; = K4. Our normalization conventions
of these chiral bosons are:

Oup
($ar(2)ppL(0)) = “an Ing
(A.5)

o
_ afl _
(0ar(Z)ppr(0)) = “an Inz.
The periodicity of compact bosons will be discussed later after clarifying the fundamental fields
for the WZNW CFT. The 2k SU(N) spin density can thus be expressed in terms of these bosonic

fields:
KaKﬁi‘Saﬁ A

NA_ 8 (ei‘/4_ﬂ(paL+i‘/4_ﬂKpl3R>c. (A6)

27ay

The next step of the approach is to switch to a new basis where the charge degrees of freedom
are single out to perform the average in Eq. (A.6). In this respect, we introduce a new basis
with one charge bosonic field ® ., ; and N—1 spin fields @,z ; (m=1,...N—1) through [116]:

N
1
¢CR,L = m Z QP(XR,L (A'7)
a=1

1 m
@ rL = —F/—— $pr,L —MPm+1R,L |>
vm(m+1) (;

the inverse transformation being:

o,
C.
= — + end
PaR,L /N mZ:; o PmR,L
(I)CR L =
= =+ 8- Prp, (A.8)
m a R,L
where €, (¢ =1,...,N) are N — 1-dimensional vectors which satisfy:
N
>, =0, (A.9a)
a=1
N
> BT E™ = S (A.9b)
a=1
- = ]-
ea-eﬁ = 501[5 — N, (A9C)
where m=1,...,N — 1 describes the components of the &, vectors. An explicit choice is:
1
—1 >
Jrmy (M=)
[ea]mz _‘/ml-‘rl (m:a—]_) . (A].O)
0 (m<a-—1)
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That is, €, are weight vectors for the defining representation of SU(N).
With these definitions, we obtain the non-Abelian formulation of the 2kp-part of the SU(N)
spin density N4 = iA Tr(GT#) defined by:

LIRg =il Gg, (A.11a)
N .
A= /N <el 4”/N“’c> (A.11b)
277:a(1)/N ¢
KaKﬂiﬁ"/j_l Ty
Gﬁa — . elmea@Lﬂ\M_neﬁ@R . (A.11¢)

where &, = ¢ + &, is the total charge boson field and we take average over the charge
degrees of freedom in the large U Mott-insulating phase. We now consider the —2k part N4

Rl Lg =—ir*(G"),, (A.12a)
. K K o(—1)%ap1 .
(6N, =Gly="1— e ; e VAT ATy B (A.12b)

We now check that G has the correct two-point function since it is a primary field with scaling
dimension 1—1/N:

o s _ 1 NG
(Gl (5 2)Gyp(w, ) = = > (=) i%%rie K repry
Y

x ei/2(EE~EE,) <: e—ix/4_7'cé’},«f>R(i) .. ei«/4_n‘e’y~<_1'>R(w) :> ’ (A.13)
<. a—iVATE, B (2) .. oivATEsBL (W) > _ Oap
’ t : |Z_W|2(1—1/N) ’

as it should be.

A.2 SU(N), WZNW CFT

Let us now summarize the outcome of the Abelian bosonization in the above discussion. The
SU(N); WZNW primary field G has the following free-field representation in terms of N — 1
bosonic fields:

'5a -1
Gn., = M . i VATE,® ) +ivATEs By .
PN C ~
(A.14)
. KpKg(—)0e™l
(GT) =G = Zpre T o iVATE iV ATy By L
o ab VN

A more rigorous free-field representation of the G WZNW field can be found, for instance, in
Ref. [118] (see Appendix B) or in the book [67], where the Klein factors are constructed out
of the zero mode operators of the bosonic fields.

Let us now identify the periodicity of compact bosons. For this purpose, we combine the
left- and right-movers in two ways: The first one is the standard compact boson

=3, + oy, (A.15)
and the another is its dual field,

éz(iL_(_ﬁR' (A.16)
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The periodicity of & can be understood by looking at the diagonal components of G:

1
Gy = —— : e /47® (A.17)
aa »\/N
We introduce the SU(N) simple root vectors as
@; =€ —Eiyq. (A.18)
Then, the minimal periodicity for & that leaves G,,, invariant is given by

$~d+ vra, (A.19)

and we impose it as the gauge redundancy. However, in terms of & and ©, the primary field
G takes the form of

Gpo ~exp[ivT((E,+85) -+ (E,—%3)-0)], (A.20)

and the above periodicity of ® flips the sign for the off-diagonal component of G. Thus, the
correct gauge redundancy requires the diagonal shift of the original and dual compact bosons

12
$ $ a;
() () v#(2) s

as
We also have another gauge redundancy that only shifts the dual field ©:

3 d 0
(é) ~ (é) + «/4_n(€i) . (A.22)

The field configurations related by these two redundancies should be physically identified.'?

B OPE computations using free-field representations

Here, we calculate the OPEs of the SU(N); WZNW CFT using its free-field representation
introduced in Appendix A.

120ne may wonder why the gauge redundancy has such a nontrivial action. Recall that the basic idea of the
Abelian boson description of the SU(N); WZNW CFT relies on the two facts: (1) The N-flavor massless Dirac
fermion can be dualized to the U(N); WZNW model via the non-Abelian bosonization, but (2) the same system can
be dualized by applying the Abelian bosonization to each flavor. Then, gapping out the flavor-singlet component,
we obtain the equivalence between N — 1 free bosons and SU(N),; WZNW CFT. However, bosonization is gauging
of the fermion parity symmetry. When we apply the Abelian bosonization to each flavor naively, fermion parity of
each flavor is gauged, and the bosonic operator corresponding to G;; with i # j is dropped from the local operator
spectrum. To circumvent it, we have to be careful so that flavored fermion parity is not gauged while we need to
gauge the diagonal fermion parity, which secretly performs the topological operations, such as adding invertible
topological phases and gauging of discrete symmetry. Now, we can interpret that the effect of the topological
operation ends up with correcting the gauge redundancy via the Witten effect.

13Here, the kinetic term of the free boson is taken as the canonical one, %(3“5)2. There is the other standard
convention, which takes ® ~ & + 271d,,, with the kinetic term %(85)2 with R = J% In this case, the T-duality

= = - . . . 2 . .
maps this theory to the another compact boson, © ~ ©+2mn¢é,,, with the kinetic term %—i (9©)2. In this convention,

Gpo ~ €Xp [i (%(Ea +€g)- 3+, — €p)- é)], and the correct periodicity becomes (&, 8) ~ (3, 8)+(2nd;, nd;) and
(3,8) ~ (3,0) + (0,278,). These two conventions are translated via ® < %5 and ® & v27R0.
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B.1 OPEs for the SU(N)/U(1)"! flag-manifold o model

We first consider the potential part of model (24) for the flag nonlinear o model and express it
in terms of the SU(IV), fields. From the symmetry argument, we know that the short-distance
OPE takes the form of

TrG"(2,2) Tr G'™(0,0) ~ (co+crlzP Tr(Jpd) +++-), (B.1)

|Z|2n(N—n)/N

where z = x; + ix, is the complex coordinate, and we would like to determine the coefficient
¢, forn =1,2,...,[N/2]. Since the computation for general n is cumbersome, let us first
demonstrate the computation for the n = 1 case in detail to give an idea how the calculation
goes. We then explain how we extend its computation to the n = 2 case and, lastly, derive the
formula for general n.

To compute the OPE of Tr G(z,%) Tr G(0, 0), we use its free-field representation and apply
the Wick theorem of the normal-ordered product:

TrG(z,2)TrG'(0,0)

N
_ Zlvz . ei1/4_7té'a.<_f>(z,i) . e—imé'a.f_f)(o,o) y 1 Z : eiméa'&;(zﬁ) .. e—i1/4_7ré'ﬁ~<_1;(0,0) :

= N 78 (B.2)
N
_1 1 ivame, (BGa-800) . ;1 Z L ivam(E, $(es) -2 $00) .
N = Jzf?e N 5 lal

Since €, - €g = G4p — %, we may simply set z = 0 inside the normal-ordered product of the

second term. For the first term, we have to expand as ®(z,2)—®(0, 0) = z8$(0,0)+23(0)+- - -
with the holomorphic derivative & = 9, = %(81 —1id,). Stopping the expansion at the second
order, we get

. @l VAT, (3(2,2)-9(0,0)) .

2 =2 (B.3)
- e == - == 4 - - ==

=1+iVane, (203 +20% + %a% + %a%) - 7”(% (203 +258))2 +--- .
Here, we note that we perform an integration over the relative coordinate (2, %) with a rotation-
symmetric weight. Thus, we only need to maintain the term with |z|? for our purpose:

. ol VATE, ($(2,2)-%(0,0) .

. . (B.4)
=1—4n|z|*(€, - 38)(é, - ) + (non-rotation-symmetric or higher-order terms) .
As a result, we find that
- " 1 |z|? . AR —5)B
' S S 33N . VAT, E)800) . |, ...
TrG(z,2) Tr G1(0,0) T 1- (4713@ 3% ;5 ‘e C
a
(B.5)

Here, let us introduce the new symbol {AB: to denote the first non-constant term in the
OPE A(z,2)B(0,0) (which is not necessarily non-vanishing in the limit |z| — 0). In the case of
Tr G TrG', it extracts the following marginal operator as the leading non-constant contribution,

+ 4T > z=2 2 b o\ 2
TIGTG': =~ 0808+ > icos[Van (2, —2) ]

1<a<p<N
47‘5 - = = 2 - - 4
N 8<1>L~8<I>R+1Vl<z cos[ V4n (€, &) 3] (B.6)
<a<f<N
47'5 - = 2 - - 2
o ndel S el a4
1<a<fB<N
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where we have used & = 3%, 3% = 3%, and 8, = i(8 — ) with &, = 9%z = 0. Now
we show that the marginal operators (B.6) can be written in the form of an SU(N); current-
current interaction Tr(J;Jz). Using the fermionic representation (A.3), the SU(N); currents
reads as follows:

A __ T A

Jpo= LiTisLg

A T A

JA = RLTHRg. (B.7)

We deduce then

i L t
Loy—-= R Rq::Lglg,

1.
ATA _ .
JeJi =5 RiRgLgla— 5 R, A

2
where we have used the identity:

1

1
A A __
T, T _(5a56ﬁ)’_ﬁ

af “ys T 2 5aﬁ5 5)/) . (B.8)

Using the Abelian bosonization rules (A.4), we find

Tr(JRJL):ljgjg:i{axaR.axiL_zi S ;cos[mga—zﬁ)@];}, 8.9)

2 4n 1<a<B<N
from which we get the following identification:

“TrGTrG 2 = —S—TEZJAJA (B.10)
o o N R L . .

Next, let us move on to the analysis for n = 2, i.e. TrG%(z,2)TrG'2(0,0). Although the
basic strategy is the same, the n # 1 case requires an extra step as Tr G" itself is not a chiral
primary and we have to extract the primary part out of Tr G". To this end, we need to evaluate
the following OPE for Tr G2 (no implicit summation over y here):*

T PIvEY.)
K, KoqKgK, o176 = — - e 2 e 2 L 2
Gay(z:z)Gy/S (0, 0) —__T ﬂNY . elv4ney~<I>L(z)+w4nea-<I>R(z) . elv4neﬁ~<I>L(O)+l\/4rtey~<1>R(0) .
T PEY)
K,KyKpgK, 1o®i“vf . .
___re Bty e—l%(ea~ey+eﬁ-ey)
N
X : ei1/4m?y~<_$L(z) . ei¢4n€a-$R(2) . ei¢4né,5~<f>L(o) . ei«/47‘cé'yvff>R(0) .
iayOvp
_ N RaRpIt T T i5(e,8, 4858, gmineu
N

% : ei\/4né'),~t_ﬁL(z) . ei¢4naﬁ-<f>L(o) . ei¢4naa~<f>R(£) . ei1/47TEY-<_I;R(O) .

KYKaKﬁKYiS“Yi(SYﬂ 2078 7%7a
N |z|2/N

iKYKaKﬂKYigaY(—i)‘S“ﬁiEYﬁ 2018 507a
N |z|2/N

—i%(é’a%}-ké’ﬁé’y)e—iné'a‘é'ﬁ . eim(é}ﬁfﬁ)~<_I5Leim(Ey+Ea)~$R . (O, O)

~

. ei‘/4_n(gy'$+éﬁ'$L+Ea'$R) . (0’ 0) R (B.].].)

~

The leading term in the OPE (B.11) for @ = 8 is obtained when y # a so that

°Tr G2° :—% elVAR(E+e) (B.12)

r#a=1

4Here, we carefully compute the overall phase of ; TrG?; appearing from the Klein factor and the commuta-
tion of zero modes for completeness of the discussion. However, it anyway cancels when computing the product
o TrG*(z,2) o o TrG™(0,0): , so one may neglect the details on the phase factor.
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which has scaling dimension A = (€Y + é’a)z = 2(N—2)/N, and this is the SU(N); primary field
corresponding to the 2-box fully antisymmetric representation. Since we are interested in the
leading nontrivial contribution, we may replace Tr G2(z,z) Tr G'2(0,0) by 2 TrG?(z,2)2 2 TrG'2(0,0): .

The next step of the approach is to compute the following OPE:

°Tr G%(2,2)2 2 Tr G2'(0,0):

N N
1 iVAR(2,+8,)8(2,) . . o—iv/AR(E5+85)-$(0,0)
= Z Z re Tt e b >
N® fa1sipm
1 Z |Z|—z(ay+za)~(25+a,3) . @i VAT(2, 42,8585 ) (0,0) i VAT(E, 42, ) (208, (0)+208R(0)) . 4 ...

Y#a,07#f
2! 1 o R . ,
™ N2[z[fN-2)/N ; [1 —54n (8, +2,)- (208,(0) +2984(0))) }
y#a
+ iz Z |z|—2(EY+Ea).(Ea+E,5) . @i VAT(8,%5)8(0,0) . 4 ...

y#a,fFay#B

! 2N—-1) N—-2 , 3 .53 . ivVAT(2,~5)-8(0,0) .
T P2/ Nz A (16”3%'3%—4%-6 (&%) S e
Y

(B.13)

since we have from Egs. (A.9):

D8, + 2,0 E, +2,1" = 2(N —2)5 s (B.14)
r#a

(7, +2.) (Cat ) =1-= (r#a’p).

In Eq. (B.13) the non-rotation-symmetric terms have been neglected as in Eq. (B.4) since they
average to zero after the integration over the relative coordinate.

We deduce that the first regular term in the OPE (B.13) is the marginal current-current
term:

S(2TrG*:)(2Tr G2 ):

2rP(N-2) )1 - - 1 e, —¢5) &
:——{ axq’R'ax‘I’L_m Z :cos[m(ea—eﬁ)“ﬁ]i} (B.15)

27 1<a<f<N

where we have used Eq. (B.9).
We now consider the general n case. The leading term in Tr G" is

in

= Nn/2

Z ol 471(é'i1+?,~2+~--+3in)’5 . (B.16)

sTrG"; s
i1 iy, i,

which has scaling dimension A, = (Eil +Eé,+... Ein)z =n(1—1/N)—n(n—1)/N = n(N—n)/N,
and this is the SU(N), primary field corresponding to the n-box antisymmetric representation.
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We then need to evaluate the following OPE:

°Tr G"(z,2) 2Tr G"'(0,0):

_ 1 QI VA&, +Ey ok, ) BEE) | (—IVER(E 444, ) B0,0)

Nno
170y Fly 172 Fn
_ 1 Z Z |Z|—2(é}1+a2+...+ain)~(ah+zj2+...+zjn):eim((ail+a»2+...+zin)-i'>(z,fz)—(ah+aj2+.‘.+ajn)«f>(o,0))
Nn
ll#lz#lnjl#.]z#]n

n! 1 N N 5 - _== 2
~ e 2 (124 (G e+ 8,) (08,00 4208,
iy iy i,
i n_n' Z |Z|_2(5y+5i2+~-~+5in)'(5iz+~-~+5in+Eﬁ) : eim(gy_éﬁ)'(f’(o’o) 4.
n
N™ i i,
n! NI gamnN—2 [ . .. 1 (23
~ —zP——| 0%, - 0P — — el VAn(8,-3)900) . | |
Nn|z[2eN-n)/N | (N —n)! d (N—n—1)! ( LooR 471#2[5

(B.17)

where as before the non-rotation-symmetric terms have been neglected and we have used the
following identities with help of Egs. (A.9):

>, 1=Nl/(N—n)
iyl . A,
Tl2
(EY+EL-2+...+Ein)-(€i2+...+Ein+€ﬁ):n—1—ﬁ (YA #... 41, #B)
—2)1 B.18
Z [Eil‘i‘...‘l‘gin]m[gil+...+Ein]p:n%5m}), ( )
i FlpF e Fly )

T (N—fn—1)"
inF ... Fi (FY#B) (N n 1).

The leading non-trivial term in the OPE (B.17) isforn=2,...,[N/2]:

S(2TrG")(STr G2 )

)

slnn!(N—=2)! | 1 - - 1 NN
:—m %QXQR-HXCDL—A}? Z .COS(V47T(€a—€ﬁ)'<I>).

_ 8PN =2)! , ,
~ No(N—n—1)!"RL”>

where Eq. (B.9) has been used.

B.2 OPE for the SU(N)/SO(N) nonlinear o model with § = 7t

We now investigate the free-field representation of the interacting term in the action (60)
which accounts for the physical properties of the SU(N)/SO(N) nonlinear o model with 6 = 7.
In this respect, we need to calculate the OPE G,p (z,.%)(GT)aﬂ (0,0). Using the results (A.14),
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we have

D 1 Gap(2,2)(G1)4p(0,0)
a l3

=— Z KpKaKpKeg . iV By () HVATE By (2) . . q—i VAT, B (0)—iv/ATE B (0) .

= _ZKﬁK KpKg € —inéy-8p . oiVATep: <I>L(z) iv4n8a-<I>R(£) - @ IVATE$1(0) . e_i‘/4“5ﬁ"1’R(0) :

a,f
=_ZK/3K KpKy € —inéy€p+inéy €, :ei«/4_né',3~<§L(Z): —iv4ne, <I>L(O) u/4_1're <I>R(z) —i\/4_7té'/5~3>R(0):
a,f
~ _—ZKﬂK KpKa(— 1)0a8 ——_ ; ol VATEBL()VATE$1(0) . , ol VATE Bp(2)—iv/ATEy E5(0) .
|Z|2e eﬁ
1 4T 5 - - 1 o . =3
~ |2[20-1/N) 1_W|Z| axq)R'axq)L"'z_ Z :cos (V4 (2,—23) ©): 1 (0,0)+--- |,

1<a<f<N
(B.20)
where © = $; — &; is the dual field to & and where we have used 3, = i(8 — d).
The leading regular term in the OPE (B.20) is a marginal contribution and we need to

express it as a current-current perturbation, Tr(J LJ}{ ). We can use the fermionic description
(A.3) of the SU(N); currents so that

Tr(J J7) = TA T g8

aplL
_ A B T A F B
= TopTaply TysLoRy T, 5, Ro, (B.21)

_1 RTR L'i‘L _lRIR ..LTL .
_4 a Bap N'aa"[a’ﬁ"

where we have used the identity (B.8) on the SU(N) generators. The next step of the approach

is to apply the Abelian bosonization of the Dirac fermions (A.4) and the use of the basis (A.8),
and we find

Tr(JLJRT)=4iﬂ_ b0 +5— > ccos(Van(2,—3)-6):

1<a<f<N
- (B.22)
1 = 1 5 2\ =
= —30©-0 By Z cos(v4n(ea— ,5) @)
1<a<fB<N
We thus deduce the identification:
1672
STH(GGY)S = —— . (B.23)

15Here, the computation of the phase factor associated with the Klein factor and commutation of zero modes
is the most subtle part, and we need to do it with great cares. In this case, however, there is a trick to evade its
computation and it provides the useful consistency check. For the computation of the diagonal contribution, i.e.
a = f3, the Klein factor becomes trivial in an obvious way. Moreover, no subtle phase associated with the chiral zero
modes is also absent because the compact boson can be combined as & = & L+ 5R. This part is already computed
when calculating the OPE of Tr G(z,Z) Tr G'(0,0) in (B.5). Thus, the subtle phase factor can appear only in the
off-diagonal contribution, but the off-diagonal one is severely constrained by the symmetry as the marginal term
should be combined as Tr(J LJRT ), and one can skip its computation from this viewpoint.
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