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Abstract

Understanding how entanglement can be reduced through simple operations is crucial
for both classical and quantum algorithms. We investigate the entanglement properties
of lattice models hosting conformal field theories cooled via local Clifford operations,
a procedure we refer to as stabilizer disentangling. We uncover two distinct regimes:
a constant gain regime, where disentangling is volume-independent, and a log-gain
regime, where disentanglement increases with volume, characterized by a reduced ef-
fective central charge. In both cases, disentangling efficiency correlates with the target
state magic, with larger magic leading to more effective cooling. The dichotomy between
the two cases stems from mutual stabilizer Renyi entropy, which influences the entan-
glement cooling process. We provide an analytical understanding of such effect in the
context of cluster Ising models, that feature disentangling global Clifford operations.
Our findings indicate that matrix product states possess subclasses based on the rela-
tionship between entanglement and magic, and clarifying the potential of new classes
of variational states embedding Clifford dynamics within matrix product states.
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1 Introduction30

Building on the revolutionary concept of formulating the renormalization group based on31

eigenvalues of reduced density matrices [1], tensor network (TN) states [2–8] have found32

widespread applications in the context of many-body theory. One key aspect of such class of33

variational state is that their limiting factor, entanglement, is very well understood, so that it34

is possible to exploit this fact for controlled computations. Over the years, there has been a35

growing interest in expanding the representation power of tensor network states, by dressing36

their structure with additional operations that could cope with such a limiting resource. One37

of the earliest examples along this line is the multi-entanglement renormalization ansatz [9],38

where layers of additional generic entangling gates provide the entangling power. More recent39

examples are augmented tree tensor networks (TTN) [10,11] and augmented matrix product40

states (MPS) [12]. The basic idea behind the identification of larger basins of variational states41

is that one feeds a controlled amount of entanglement by dressing input states via (entangling)42

two-body operations. While very powerful in principle, such generic dressing of tensor net-43

works often incurs in considerable computational overheads, and does not lend itself to simple44

physical interpretations in terms of which classes of states can be accessed.45

A sharply different approach has been put forward recently, merging entanglement with46

another fundamental proxy of quantum complexity originating from quantum error correction47

- non-stabilizerness, also known as magic [13–15]. The basic idea is to dress tensor network48
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Figure 1: a-b: Clifford augmented MPS. (a): schematics of a single sweep of lo-
cal stabilizer disentangling protocol applied onto a matrix product state (MPS); (b):
Hilbert space structure of many-body steates for a spin system. The manifold com-
prising MPS can be further split with respect to how much they can be disentangled
by local Clifford: local-Clifford disentanglable (LCD; disentangling improves with
size), non local-Clifford disentanglable (nLCD; disentangling does not improve with
size), and fully disentanglable (fLCD). In the text, we elaborate examples of all three
cases: tricritical Ising point, XXZ critical, and cluster Ising model. c-e: Illustration of
the Stabilizer disentangling protocol (see Sec.3.1). (c): Obtain the groundstate with
DMRG and bring it to a right-normalized form; (d) Apply the gates in C̃2 (see 3.1)
to the first bond, selecting the gate that minimizes the entanglement entropy on that
bond; (e) Apply the chosen gate to the MPS, perform a Singular Value Decomposi-
tion, update the first two tensors in the MPS, and repeat step (d) on the next bond.

states not with generic operations, but rather, with a restricted class of gates harvested from49

the Clifford group: in one-dimension, the corresponding variational class goes under the name50

of Clifford augmented matrix product states (CAMPS) [16] or Stabiliser TN [17] (as well as the51

corresponding dressed operators [18]), that have been proposed inspired by the observation of52

strong relationship between entanglement and magic in both random [19] and ground matrix53

product states [20]. As far as the Clifford-dressing operation keeps a local structure, the new54

ansatz allows to extend computations straightforwardly and, at the same time, to represent55

states with arbitrary entanglement with modest computational resources, as demonstrated56

within several algorithmic instances [16,21–23]. The limiting factor of such approach is how57

can one represent a state at fixed magic, while lowering entanglement with strictly local op-58

erations. Understanding the descriptive power of such Clifford-augmented TN raises a deep59

question in terms of the entanglement/magic interplay in many-body states, that is, how can60

we actually “cool” their entanglement properties via application of stabilizer gates that are61

local in nature.62

Here, we study the question whether one-dimensional conformal field theories [24] can be63

entanglement-cooled via local stabilizer operations. Such theories represent an ideal testing64

ground to understand the nature of stabilizer disentangling, as they combine a fundamental65

theoretical relevance, with a mild, logarithmic violation of the area law [25,26]. Starting from66

the matrix-product state representation of ground states of spin chains, we apply a Clifford67

circuit whose structure is made of local two-body gates. In order to comply with the structure68

of MPS, the basic protocol we follow is a sweeping procedure, schematically illustrated in69

Fig. 1a, where each two-body gate is harvested from the Clifford group on nearest-neighbors.70

We find that the Hilbert space of lattice conformal field theories features three distinct71

classes, depending on how effectively local stabilizer operators disentanglement works (see72
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Fig. 1b). The first class is made of states whose entanglement can only be lowered by a con-73

stant: we deem those states non local-Clifford disentanglable (nLCD). The second class com-74

prises states whose entanglement can be systematically cooled as size increases: the effective75

description of such systems is via a effective central charge, that is smaller with respect to the76

target state one. We define these staes are local-Clifford disentanglable (LCD). Finally, some77

states can be perfectly disentangled, at least for specific partitions, via local Clifford - we deem78

those fully LCD (fLCD).79

Local stabilizer cooling depends very strongly on the original state properties. Firstly, we80

show how, for all cases, the total amount of magic is related (and, at time, directly propor-81

tional) to entanglement cooling efficacy. We argue how such - in principle, very unexpected -82

finding can be justified based on the very special correlation structure of ground states, that is83

at odds with that of random Haar states. Secondly, we show how the efficacy of local stabilizer84

cooling with respect to size is dictated by the mutual stabilizer Renyi entropy (mSRE) [27–29].85

This quantity is akin to mutual information in the context of Renyi entropies, and describes86

how spread in stabilizer space a given partition is. States for which mSRE is negative are87

those where stabilizer disentangling improves with size, while for those with positive mSRE,88

no improvement is observed. We elucidate this fact via extensive numerical computations, and89

analytical understanding via exactly soluble cluster-Ising models [30].90

Our results thus show how, within the Hilbert space corner described by matrix product91

states, there is fundamental a difference between states that can be disentangled by Clifford92

operations, and states that cannot (see Fig. 1). This emphasises the potential for CAMPS to93

describe efficiently a broader class of phenomena with respect to MPS, with emphasis on states94

with vanishing non-local magic content.95

The rest of the paper is structured as follows. In Sec. 2, we review the concept of magic,96

introduce the main observables we target, and review how those are computed in tensor net-97

work states. In Sec. 3, we describe the local entanglement cooling protocol, and show how98

CAMPS can be dramatically simplified. Sec. 4, we review the models we investigate numeri-99

cally, while in Sec. 5, we discuss the corresponding numerical results. The origin of efficient100

stabilizer disentangling is then elaborated upon in Sec. 6, investigating cluster Ising models.101

Finally, we draw our conclusions and present a detail outlook of our findings in the broader102

context of augmented tensor network states.103

2 Basics of Magic104

2.1 Definition105

Magic quantifies the extent to which a quantum state deviates from the class of stabilizer106

states, a subset of quantum states that can be efficiently simulated on classical computers. In107

this section, we briefly review the key definitions necessary for their characterization.108

Consider a system of N qbits, with Hilbert space H = ⊗N
j=1Hi . The Pauli group PN is109

defined as110

PN =
¦

eiθ π2σ j1 ⊗ · · ·σ jN |θ , jk = 0, 1,2, 3
©

. (1)

It includes all operator strings composed of tensor products of N Pauli operators, each multi-111

plied by a phase factor of ±1 or ±i.112

The stabilizer group S of a N-qubits pure quantum state |ψ〉 is an abelian subgroup of PN113

and contains all the strings that stabilize the state, namely114

S|ψ〉= |ψ〉, ∀S ∈ S. (2)
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A state is a stabilizer states if |S| = 2N . Such a state can be efficiently simulated via stabilizer115

formalism [31]. Alternatively, a stabilizer state can be described in terms of the resources116

required for its preparation. The Clifford group of N qbits CN consists of unitary operators that117

serve as the normalizer of PN , mapping a Pauli string in another Pauli string via conjugaiton,118

specifically119

CN =
�

U such that U PU† ∈ PN for all P ∈ PN

	

. (3)

It is generated by the Hadamard gate, the π
4 and the CNOT gate. It is well-known that Clifford120

group alone is insufficient for universal quantum computation [14], and must be supplemented121

by the T gate. Stabilizer state are those states that can be prepared by means of only Clifford122

operations, starting from a product state |0〉⊗N .123

Magic represents the deviation from the set of stabilizer states, reflecting the amount124

of non-Clifford resources required for state preparation. For this reason, the properties re-125

quired for a good measure of magic, that we denote as M, are the following:(i) Faithfullness:126

M(|ψ〉) = 0 iff |ψ〉 is a stabilizer state (ii) Invariance under Clifford unitaries: M(Γ |ψ〉)≤M(|ψ〉),127

for Γ ∈ CN , and (iii) Additivity: M(|ψ〉⊗ |φ〉) =M(|ψ〉)+M(|φ〉) (in general, sub-additivity128

is sufficient). Several measures that meet these criteria have been proposed in quantum in-129

formation theory, including the min-relative entropy of magic [32], the relative entropy of130

nonstabilizerness [13], the robustness of magic [32, 33], the stabilizer rank, stabilizer ex-131

tend [34], mana, thauma (for qudit) [35], stabilizer nullity [36], CSS entropy [37], and the132

basis-minimized stabilizerness asymmetry [38]. However, many of these measures involve133

complex minimization procedures, which complicate their computation in many-body systems.134

To face the problem of computability, more practical measures of nonstabilizerness have been135

recently introduced, including Bell magic [39] and stabilizer Rényi entropies (SREs) [27].136

Unfortunately, their calculation still requires evaluating an exponential number of terms. Nev-137

ertheless, notable progress has been made in their experimental measurements [40–43] and138

large-scale numerical simulations [28,29,44–48].139

2.2 Full-state magic140

In this study, we measure magic using SREs [27]. For a pure quantum state of N qubits ρ,141

SREs are defined as142

Mn (ρ) =
1

1− n
log







∑

P∈P̃N

Tr (ρP)2n

2N







, (4)

where P is a Pauli string and P̃N is the projective Pauli group, namely the standard Pauli group143

modulo the global phases. This definition satisfies properties (i), (ii) and (iii) mentioned144

in the previous section. Eq. 4 coincides with the n-Rényi entropy associated to the classical145

probability distribution146

ΞP =
Tr (ρP)2

2N
(5)

Magic generally scales linearly with the system size N . Therefore, in the following, we will147

consider the SRE density defined as mn = Mn/N . The SREs provide useful measures for148

evaluating the total magic content of a quantum state. However, for the purpose of this work149

— specifically, assessing the effectiveness of the Stabilizer Disentangling Algorithm — metrics150

beyond the total magic of the full state are needed.151
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2.3 Mutual Stabilizer Renyi entropy152

We can extend the definition of SRE to mixed states, namely when Tr(ρ2) ̸= 1, by properly153

normalizing the above probability,154

Ξ̃P =
Tr (ρP)2

2N Tr(ρ2)
(6)

such that we still have
∑

P Ξ̃P = 1. For example, for the case of Rényi index n= 2, the SRE of155

a mixed state reads156

M̃2 = − log

�
∑

P∈PN
|Tr(ρP)|4
∑

P∈PN
|Tr(ρP)|2

�

. (7)

With this extension, we define the mutual SRE as157

Ln(ρAB) = M̃n(ρAB)− M̃n(ρB)− M̃n(ρA) (8)

This quantity, reminiscent of mutual information, was first introduced in Ref. [29], and subse-158

quently investigated in [20,49–51]. It is worth noting that, similar to mutual Rényi entropies,159

Ln(ρAB) is not necessarily strictly positive in general.160

2.3.1 Interpretation of mutual SRE161

It is important to note that, very much like Renyi mutual information in the context of entan-162

glement (which is not positive definite), the mutual SRE entropy cannot be interpreted as a163

generic information measure, as the reduced density matrices ρA,ρB are in general mixed. It164

is however very indicative of correlations, as already demonstrated in the context of quantum165

phase transitions, and again, in a similar manner as Renyi mutual information for entangle-166

ment.167

We would like now to provide two arguments to justify its physical relevance, that will also168

be instrumental in interpreting the results presented below.169

Spreading of information over Pauli strings. - The first perspective we would like to offer170

is based on the fact that SRE can be thought of as participation entropy in the Pauli basis171

[46, 52]. This interpretation remains correct even in cases where SRE is not a measure of172

magic, for instance for mixed states.173

The mSRE can then be thought of as follows: if positive, this indicates that the sum of174

the two partitions is actually more widely spread in stabilizer subspace with respect to the175

original partitions (taking into account the normalization factor at the denominator in Eq. (6)).176

Oppositely, if negative, it implies that there is some common stabilizer states the sum of the177

two partitions projects onto, so as to induce a specific form of correlations between them. In178

the context of stabilizer disentangling, the presence of such correlation will be related to a179

more efficient disentangling procedure: this may be expected based on the fact that, once the180

circuit has sufficiently large support to capture both A and B, there is an additional degree of181

freedom/non-separability that can be taken care of solely via stabilizer operations.182

We can have a qualitative understanding of the above argument in a simplified scenario.183

Suppose that there is a single stabilizer operator commuting with the state ρ, and with support184

on both A and B. Then, we expect a negative (albeit small due to normalization) mSRE. We185

will see that this is exactly what happens in cluster Ising models, where the presence of such186

’hidden’ encoded qubit makes stabilizer disentangling extremely efficient.187
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Density matrix decomposition. - The second argument is based on the fact that any mixed188

state on two disconnected partitions A and B can be written as follow189

ρAB =
1

2NB
ρAIB +

1
2NA

IAρB −
1

2N
IAIB +ϱAB (9)

where the term proportional to the identity accounts for the correct normalization of the full190

operator, and we have |A| = NA, |B| = NB, NA + NB = N . The previous equation implicitly191

defines the last term ϱAB which incorporates all contributions coming from Pauli strings which192

have nontrivial support in both subsystems A and B. As a consequence, Tr(ϱAB) = 0. In193

particular, when this term is absent, it is easy to see that the SREs of AB reduces to a particular194

combination of the SREs of A and B separately. In fact, assuming ϱAB = 0 one gets for example195

(for n= 2)196

Tr(PρAB)
4 = δPB IB

Tr(PAρA)
4 +δPAIA

Tr(PBρB)
4 −δPI , (10)

where P = PAPB with PA(PB) is acting in the subsystem A(B) only. It follows that all Pauli strings197

with non-trivial support in both A and B have vanishing expectation values. As a qualitative198

consequence, the mutual SRE would be particularly sensible to the absence/presence in the199

full density matrix ρAB, of Pauli correlations acting non-trivially in A and B. In fact, after sub-200

tracting from L2(ρAB) the entanglement contribution (namely the Rényi-2 mutual information201

I(ρAB)), the remaining “magic” part W (ρAB) (see Eq.(12)) strongly depends on ϱAB.202

2.4 Magic that can be removed by local operations203

Another useful observable that we will consider below attempts to quantify the magic that a204

given state has if restricted to a limited bond dimension description. This quantity is related205

to the portion of magic that can be removed by applying only local operations on the state.206

While the detailed reasoning behind introducing this quantity, that we denote as mχ=2
2 , will be207

thoroughly discussed in Sec. 2.5, we anticipate an intuitive explanation of this measure here:208

mχ=2
2 (|ψ〉) represents the magic of the state closest (in L2 norm) to |ψ〉 among those that209

exhibit low entanglement. If the magic is primarily derived from the correlations we will get210

mχ=2
2 ≪ m2. Conversely, if mχ=2

2 ∼ m2, this indicates that most of the state’s magic content211

is not due to correlations and can therefore be eliminated through local operations. In this212

scenario, we would expect the Stabilizer Disentangling Protocol to be more effective.213

2.5 Numerical Computation214

Our computations are all based on MPSs, the simplest class of Tensor Network states, a very215

established and powerful tool to describe groundstates of 1D spin-chains [53]. A pure quantum216

state |ψ〉, in its MPS reperesentation, reads217

|ψ〉=
∑

s1,s2,··· ,sL

As1As2 · · ·AsL |s1, s2, · · · sL〉 (11)

where Asi are χ × χ, except for the boundaries i = 1, i = L, where the corresponding tensors218

are, respectively, a row and a column vector of lengthχ. The parameterχ is the bond dimension219

of the MPS and it’s directly related to the entanglement of |ψ〉.220

By utilizing this representation of the state and incorporating sampling techniques within221

the space of the Pauli strings, we can efficiently derive the magic observables defined ear-222

lier. Indeed, while computations for generic states typically scale exponentially with N , this223

framework allows us to reduce the computational complexity to a linear scaling with respect224

to system size L and number of samples NS , and polynomial in the bond dimension χ.225
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Specifically, for full state magic density mn we exploit perfect Pauli sampling, a method226

based on Tensor Networks perfect sampling algorithms [54,55], and introduced for the com-227

putation of magic in Ref. [44, 45]. We employ the same technique also for the computation228

of mχ=2
2 . In this case, we first variationally project the MPS |ψ〉 onto the manifold of χ = 2229

MPSs, and then repeat the computation.230

One of the limitations of Perfect Pauli sampling is that it does not allow for computation231

mutual SRE between two disconnected partitions A, B as in Eq. 8. To obtain Ln(ρAB)we employ232

the Pauli-Markov sampling method introduced in Ref. [29]. In particular, we focus on the case233

n= 2, from now on denoted just L(ρAB), and rewrite L(ρAB) as234

L(ρAB) = I(ρAB)−W (ρAB) (12)

where I(ρAB) = S2(ρA) + S2(ρB)− S2(ρAB) is the Rényi-2 mutual information, and235

W (ρAB) = − log

�
∑

PA∈PA
|Tr(ρAPA)|4
∑

P∈PB
|Tr(ρB PB)|4

∑

PAB∈PAB
|Tr(ρAB PAB)|4

�

.

Each of the two terms in Eq. 12 can be sampled via a Markov-chain approach, as detailed236

in Ref. [29].237

3 Stabilizer Disentangling via Clifford238

3.1 Stabilizer disentangling protocol239

We perform a disentangling procedure on a given ground state, previously obtained via stan-240

dard DMRG, using a Clifford circuit consisting of two-qbits Clifford operations. The basic steps241

of the algorithm are depicted in Fig. 1c-e, and can be listed as follows:242

(i) given the target Hamiltonian H, we run a DMRG simulation to obtain the ground state243

Ψ in MPS form;244

(ii) we apply all possible two-qubit gates on the bond (1, 2), obtaining the (unnormalized)245

states |Ψ[C1]〉= C1,2|ψ〉;246

(iii) based on their bipartite entanglement entropy at the cut (1, 2), we select the lowest247

entangled state within the set of all |Ψ[C1]〉; we denote this state as |Ψ[Cm
1 ]〉, and the248

corresponding minimizing gate as Cm
1,2;249

(iv) we repeat operations (ii-iii) sequentially for all bonds, until one obtains the CAMPS:250

|Ψ[C1;L−1]〉=
L−1
∏

j=1

C j, j+1|ψ〉 (13)

whose entanglement is smaller than Ψ;251

(v) repeat (ii-iv) until convergence with the number of sweeps.252

The resulting CAMPS will have the structure as shown in Fig. 1a. By construction, the253

MPS part of the CAMPS will have a systematically lower entanglement entropy compared to254

the MPS representation of the initial state. Note that, because of the circuit structure, the255

circuit becomes global after just one sweep with O(N) gates. Namely, a local operator can be256

transformed to an operator with support on an extensive number of qubits. This is different257

from, e.g., brickwork circuit, where O(N) depth and O(N2) gates are required.258
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Optimized search. - In the original CAMPS proposal [16], the full set of two-qbits Clifford259

gates (a part from phase factors) comprising 700+ gates was used. Here, we propose a largely260

optimized search. Let C2 denote the original set of two-qubit gates and C1 denote the set261

of single-qubit Clifford gates. The key observation is that if two unitaries U , V ∈ C2 can be262

expressed as U = (S1 ⊗ S2)V , where S1, S2 ∈ C1, then U and V will have identical effects on263

the singular values. Therefore, the search for disentangling can be restricted to a subset of C2,264

that we denote C̃2, consisting of |C2|/|C1 ⊗ C1|= 20 gates.265

3.2 Entropy gain ∆266

To evaluate the representational capacity of Clifford-augmented tensor networks, it is essential267

to define an observable that quantifies the efficiency of the Stabilizer disentangling protocol.268

We refer to this observable as entropy gain. For a subregion A of size ℓ, it is defined as269

∆= SA− SSM
A . (14)

Here, SA denotes the entanglement entropy of the original state |Ψ〉, while S(SM)
A represents the270

entanglement entropy of the resulting state after applying the stabilizer disentangling protocol,271

specifically272

S(SM)
A = −Trρ(SM)

A lnρ(SM)
A ,

where ρ(SM)
A = TrĀ|Ψ[Cℓ;L−ℓ]〉〈Ψ[Cℓ;L−ℓ]| is the reduced density matrix of the final state, with273

the trace taken over the complement of subregion A. We will refer to S(SM)
A as Stabilizer Mini-274

mized Entanglement Entropy (SMEE).275

4 Models276

In this section we provide a summary of the properties of one-dimensional models employed277

to explore stabilizer disentangling. For each of the following models, we obtain the MPS278

approximation of the ground state at a specified bond dimension, χ, by performing Density279

Matrix Renormalization Group (DMRG) simulations using the iTensor package [56, 57]. We280

made sure that the results have converged in the bond dimension, so that the MPS is a faithful281

representation of the ground state. Subsequently, we apply the techniques described in the282

previous section to calculate the quantities of interest from the MPS.283

Our focus in the following will be on critical spin chains governed by conformal field theory,284

where the entanglement entropy is known to exhibit the scaling behavior [26,58]285

SA =
c
6

log
�

2L
π

sin(ℓ
π

L
)
�

+ γ (15)

in open chains. Here, ℓ denotes the subsystem size, L is the total size, c is the central charge286

of the conformal field theory, and γ is a non-universal constant. The scaling behavior above287

implies that a polynomial growth of bond dimension χ with L is necessary for an MPS to288

faithfully represent the state. In the following we will examine how the stabilizer disentangling289

procedure affects the CFT entanglement scaling.290

4.1 XXZ model291

We consider a spin-1
2 XXZ chain with open boundary conditions, described by the Hamiltonian:292

H = −
L−1
∑

i=1

�

S x
i S x

i+1 + S y
i S y

i+1 + JzSz
i Sz

i+1

�

(16)

9
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where Sαi =
1
2σ

α
i and σαi are the Pauli matrices (with α = x , y, z). Jz is the parameter that293

represents the strength of the uniaxial anisotropy along the z-direction.294

The model exhibits three distinct phases [59]: A gapped ferromagnet for Jz > 1; a Tomonaga-295

Luttinger liquid phase, characterized by a CFT with a central charge c = 1 in the interval296

|Jz| < 1; A gapped antiferromagnet for Jz < −1. For |Jz| = 1 the model becomes equivalent297

to the Heisenberg model (After rotation along z when Jz = −1). In what follows, we will298

consider groundstates of this model inside the critical phase.299

4.2 Tricritical Ising model300

We also examine a quantum spin chain with a tricritical Ising point, as first introduced in301

Ref. [60]. The Hamiltonian for this model is Z2 symmetric and is given by:302

H = HI +λHT (17)

where HI represents the transverse field Ising model hamiltonian at the critical point h = 1,303

specifically304

HI = −
L−1
∑

i=1

Sz
i Sz

i+1 −
L
∑

i=1

S x
i , (18)

and HT describes a three-spins interaction term:305

HT =
L−2
∑

i=1

�

S x
i Sz

i+1Sz
i+2 + Sz

i Sz
i+1S x

i+2

�

. (19)

The model remains in the Ising universality class for 0 ≤ λ < λTCI, with a tricritical Ising306

(TCI) point at λTCI = 0.428, marking the transition between the critical Ising phase and a307

gapped phase. In the gapped phase, a Z2 symmetry-preserving ground state coexists with308

two symmetry-broken ground states. In the following, we focus on the TCI point in the phase309

diagram, which is described by a conformal field theory with central charge c = 7/10.310

4.3 Cluster Ising models311

Finally, we consider a class of models known as Cluster Ising models [30,61–63], focusing on312

three distinct scenarios with corresponding Hamiltonians H1, H2, and H3. The first Hamilto-313

nian is defined as follows314

H1 = −
L−2
∑

i=1

(S x
i Sz

i+1S x
i+2) + h

L
∑

i=1

Sz
i . (20)

Using a Jordan-Wigner transformation, Ref. [63] demonstrates that the model exhibits a phase315

transition at h = 1. For h = 0,the system’s four-fold degenerate ground state (in case of open316

boundary conditions) is the cluster state, an example of symmetry-protected topologically or-317

dered state, protected by a Z2×Z2 symmetry, which has been extensively studied as a resource318

for quantum computation [64,65].319

Expanding on this model, we introduce an additional nearest-neighbor interaction, weighted320

by the parameter D, as shown in the following Hamiltonian321

H2 = H1 + D
L−1
∑

i=1

Sz
i Sz

i+1 . (21)

Details of our computation of the critical points for this model can be found in Appendix B.322

Our estimate for the critical point at D = 0.1 yield hc ≃ 0.9.323
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In both the previous cases, the critical points of the phase diagram are described by a324

Conformal Field theory with central charge c = 1.325

The third and last scenario we examine, presented in detail in Ref. [30], is the following:326

H3 = −
L−2
∑

i=1

(S x
i Sz

i+1S x
i+2) + V

L−1
∑

i=1

S y
i S y

i+1 . (22)

The phase diagram closely resembles that of the previous Cluster Ising model considered in327

this section. In fact, for V = 0, the two models coincide. The model host two phases: a328

cluster phase for V < 1, where multipartite entanglement is maximum, and, for V > 1, an329

antiferromagnetic phase, marked by nonvanishing staggered magnetization along the y-axis330

and a pronounced reduction in multipartite entanglement. At V = 1, the critical behavior of331

the model is described by a conformal field theory with central charge c = 3/2.332

5 Results333

To explore the relationship between properties of different states and the efficacy of Stabilizer334

Disentangling, we apply the stabilizer disentangling protocol in Sec.3.1 to various ground335

states. We then compute the magic observables defined in Sec.2 to examine correlations be-336

tween the magic content of each state and its disentanglability.337

In studying the representational power of TNs for many-body states, a key factor is the338

scaling of entanglement entropy with system size. It is well known that a MPS can efficiently339

approximate the ground state of a finite spin chain with L sites when the entanglement en-340

tropy SA of a partition A (comprising half the chain) is bounded by SA ≤ c log(L/2) [66]. To341

understand the impact of the Stabilizer Disentangling protocol on this bound, we analyze the342

size scaling of both entanglement entropy and SMEE.343

We present the results organized by model: in Sec. 5.1 we analyze the XXZ model, and in344

Sec. 5.2 the Tricritical Ising model. In these cases, we observed that convergence showed no345

dependence on the number of sweeps: a single sweep was sufficient to achieve the minimum346

SMEE.347

5.1 XXZ model348

Ref. [67] demonstrates that Clifford circuits augmented with T -gates can be fully disentangled349

through Stabilizer Cooling, provided that the number of T -gates remains below the system350

size, L. The authors also delucidates that in the context of Hamiltonian dynamics, the behav-351

ior differs: even at low magic density, states exhibit resistance to stabilizer disentanglement,352

meaning they cannot be fully disentangled.353

Our findings for the critical groundstates of the XXZ model align with those results: these354

states cannot be disentangled completely, as shown in Fig. 3. However, we also found a new355

characteristic specific to Stabilizer disentangling of groundstates. Fig. 2 presents the entropy356

gain,∆, along with various magic observables within the critical phase of the XXZ model, with357

a fixed system size of L = 32. Interestingly, in Fig. 2a, we observe that358

∆∼ C m2 (23)

where C is a proportionality constant dependent on system size, but not on the model’s pa-359

rameters.360

Fig. 3 presents the results for the size scalings. In Fig.s 3a, 3b we observe the expected361

logarithmic scaling of entanglement entropy within the critical phase [26]. Specifically, Fig. 3a362
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Figure 2: Entropy gain ∆ compared with magic observables in the ground states
of the XXZ chain across various Jz values within the critical phase, for a system size
L = 32. The data are presented on a relative scale, with each panel scaled as follows:
(a): ∆max = 0.67, mmax

2 = 0.27, mχ=2,max
2 = 0.30; (b): ∆max = 0.67, |Lmax

AB | = 0.27.
(a) Comparison with the full state SRE density m2 and the local magic mχ=2

2 . The
computation of m2 and mχ=2

2 is performed via perfect Pauli sampling with NS = 103

samples. (b) Comparison with mSRE LAB where A, B are two partitions located at
the boundary of the chain, each of length ℓA = ℓB = L/4. The computation of LAB is
performed via Pauli-Markov sampling with NS = 104 samples.

shows the scaling of SA for a fixed system size L of L = 512 as the size ℓ of the partition A363

varies. The x-axis is rescaled as log(2L
π sin(πl

L )). The dashed line in the figure corresponds to364

the linear fit: SA = a1 log(2L
π sin(πl

L )) + b1 (see Eq. (15)). The value of the central charge365

c1 estimated using the relation a1 =
c1
6 is found to be c1 = 1.016± 0.001. Figure 3b, on the366

other hand, displays the entanglement entropy SA calculated fixing the size of partition A at367

l = L
2 and varying the size of the system L. In this case, the x-axis is rescaled as log( L

π), and368

the central charge estimated by the fit SA = a2 log( L
π)+ a2 (represented by the dashed line) is369

c2 = 1.015± 0.001. Both c1 and c2 are compatible with the central charge of the model that370

is c = 1.371

In Fig. 3, we also present the results for the SMEE. As shown in Fig. 3a and Fig. 3b, the372

SMEE also follows the expected logarithmic trend, but appears lowered by a constant factor.373

Indeed, in Fig. 3c and 3d, where we illustrate the scaling of entropy gain ∆ with system size,374

we observe that it scales sublogarithmically. Additionally, in both cases, the range of the y-axis375

is sufficiently narrow to be considered nearly constant, suggesting that the factor C in Eq. 24376

shows no size dependence in this context. We refer to states in which Stabilizer disentangling377

does not improve with increasing system size as non-Local Clifford Disentanglable (nLCD)378

states, since the gain ∆ becomes negligible in the large-L limit. As previously discussed, this379

behavior is not governed by the full-state magic density m2; instead, it is associated with the380

state’s non-local magic content. To illustreate this fact, in Fig. 2,we consider mχ=2
2 , which381

represents the amount of magic that cannot be eliminated by local operations. The latter is382

systematically smaller than m2. This indicates that the magic primarily originates from the383

correlations within the state, making it more challenging to remove entanglement through384

stabilizer operations.385
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Figure 3: Stabilizer disentangling within the cricical phase in XXZ model. For (a),
(c) data are shown for a fixes length of the system L = 512, varying the size of
the partitions A, B (ℓA = l, ℓB = L − l) from l = 8 to l = 256. For (b), (d) data
are presented for varying total system lengths L with fixed, equally sized partitions
A and B (where ℓA = ℓB = L/2). (a), (b): Scaling of Entanglement Entropy (EE)
and Stabilizer-Minimized Entanglement Entropy (SMEE). Dashed lines represent the
fitted curves, with both curves sharing the same slope. (c), (d) Scaling of entropy
gain ∆. It exhibits sublogarithmic scaling; however, due to the very small scale on
the y-axis, it can effectively be considered saturated.

5.2 Tricritical Ising Model386

We now move to the Tricritical Ising Model. In Fig. 4, we present the comparison between the387

entropy gain ∆ and the various magic observables throughout the phase diagram. Consistent388

with the results for the XXZ model, we find a correlation between the entropy gain,∆, and the389

full state magic density, m2, for both system sizes L = 64 (in Fig. 4a) and L = 128 (in Fig. 4b).390

Specifically, we find391

∆∼ C m2 . (24)

What distinguishes this scenario from the previous one is the size scaling of EE and SMEE392

at the Tricritical Ising point λTCI = 0.428, as illustrated in Fig. 5. In Fig.s 5a, 5b we ob-393

serve that, when fixing the system size at L = 512 and varying the partition size ℓ, or al-394

ternatively, fixing ℓ = L
2 and varying L, both size scalings exhibit the expected logarith-395

mic behavior. Specifically, the central charges obtained by the linear fits with the functional396

forms SA = a1 log(2L
π sin(πl

L )) + b1 and SA = a2 log( L
π) + b2 are c1 = 0.705 ± 0.003 and397
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Figure 4: Entropy gain ∆ compared with magic observables in the ground states of
the Tricritical Ising model across various Jz values, for two system sizes: L = 64 ((a)
and (b)) and L = 128 ((c) and (d)). The data are presented on a relative scale, with
each panel scaled as follows: (a): ∆max = 0.34, mmax

2 = 0.29, mχ=2,max
2 = 0.29; (b):

∆max = 0.34, |Lmax
AB | = 0.003; (c): ∆max = 0.34, mmax

2 = 0.31, mχ=2,max
2 = 0.31; (d):

∆max = 0.34, |Lmax
AB | = 0.002. (a), (c): Comparison with the full state SRE density

m2 and the local magic mχ=2
2 . The computation of m2 and mχ=2

2 is performed via
perfect Pauli sampling with NS = 103 samples. (b), (d): Comparison with mSRE LAB
where A, B are two partitions located at the boundary of the chain, each of length
ℓA = ℓB = L/4. The computation of LAB is performed via Pauli-Markov sampling with
NS = 104 samples.

c2 = 0.736± 0.005, respectively, both of which are consistent with the central charge of the398

Tricritical Ising point, c = 0.7.399

Most importantly, at odds with what happends for the XXZ model, we observe that SMEEs400

are not only shifted of a constant factor - they indeed show a logarithmic growth with a401

small prefactor. The estimated slope values are a1 = 0.086 ± 0.001 (from Fig. 5a) and402

a2 = 0.091 ± 0.001(from Fig. 5b). This fact suggests that the Stabilizer disentanglement is403

able to map the model onto a different one, characterized by a smaller effective central charge404

cSM . This behavior is further illustrated in Fig. 5c and Fig. 5d, where the logarithmic scaling of405

∆with size is evident. The prefactors, determined by the fits (represented by the dashed lines)406

with the functional forms ∆ = a∆1 log(2L
π sin(πl

L )) + b∆1 for Fig. 5c and ∆ = a∆2 log( L
π) + b∆2407

Fig. 5d, are a∆1 = a∆2 = 0.03, which correspond to a significant fraction of the central charge408

c = 0.7. We refer to conformal field theories for which ∆ shows logarithmic scaling with sys-409
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Figure 5: Entanglement entropy (EE) and Stabilizer-minimized Entanglement En-
tropy (SMEE) in Tricritical Ising point. For (a), (c) data are shown for a fixed length
of the system L = 512, varying the size of the partitions A, B (ℓA = l, ℓB = L− l) from
l = 8 to l = 256. For (b), (d) data are presented for varying total system lengths L
with fixed, equally sized partitions A and B (where ℓA = ℓB = L/2). (a), (b): EE and
CMEE scaling with size. While both follow the expected logarithmic trend, CMEE
features a distinct prefactor. Dashed lines represent the linear fits. (b), (d): The
gain ∆ scales logarithmically with size at the TCI point. The dashed line represent
the linear fit.

tem size as Local Clifford Disentanglable (LCD). What radically changes from nLCD states is410

the non-local magic. As shown in Fig. 4a, mχ=2
2 ∼ m2, which implies that the magic of the411

state can be almost entirely removed by local operation. In this case, disentangling via Clifford412

operations is anticipated to be particularly effective. Our results confirm these expectations.413

Furthermore, the distinction between nLCD and LCD conformal field theories can be under-414

stood through the mSRE of their corresponding states. In Fig. 2b, we see that in XXZ model415

LAB > 0 within the critical phase. In contrast, Fig. 4b (for system size L = 64) and Fig. 4d (for416

system size L = 128) show that LAB < 0 at λTCI = 0.428. As previously discussed in Sec. 2.3,417

we expected a more efficient Stabilizer disentangling procedure in the latter case, and our418

results confirm the prediction.419
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6 On the origin of efficient stabilizer disentangling: cluster Ising420

models421

While negative mSRE provides an intuitive way to understand why certain states are subjected422

to more efficient stabilizer disentangling than others, it is unable to provide clear information423

about the functional form, nor the origin of such a mechanism. Here, we show that both424

aspects can be addressed using Cluster Ising models as testing ground.425

6.0.1 Non-local disentangling transformation as a Clifford operation426

A key aspect of the cluster Ising models defined above is that, at their critical points, their427

ground states can be exactly mapped onto direct sums of lattice field theories. This fact, am-428

ply discussed in Ref. [30], can be understood in two ways. The first one is to note, as in429

Ref. [30], that the model free energy feature exact periodicity. The second one, more intu-430

itive, is to re-write the model Hamiltonian in terms of complex fermions c j =
�∏ j−1

i=1σ
z
j

�

σ−j ,431

c†
j =
�∏ j−1

i=1σ
z
j

�

σ+j (where σ±j = σ
x
j ±σ

y
j ) so that Eq. 22 becomes432

H3 =
L
∑

i=1

(c†
j − c j)(c

†
j+2 + c j+2) + h

L
∑

j=1

(c†
j + c j)(c

†
j+1 − c j+1) .

By Fourier transforming the fermionic operators and applying a Bogoliubov transformation433

bk = ukγk + ivkγ
†
k where uk =

1p
2

Ç

1+ εk
Λk

, vk = −
1p
2

sinδk

Ç

1− εk
Λk

and434

εk = cos(
4πk

L
)− h cos(

2πk
L
) ,

435

δk = sin(
4πk

L
) + h sin(

2πk
L
) ,

and, finally, Λk =
q

1+ h2 − 2h cos(6πk
L ), the Hamiltonian becomes436

H3 = 2
L
∑

k=1

Λk

�

γ†
kγk −

1
2
) . (25)

From this form, by choosing M = L
3 and splitting the summation into three separate terms, we437

express the Hamiltonian as438

H =
3
∑

s=1

Hs
Ising (26)

thanks to the fact that by inserting M in Λk the dispersion relation of the Ising model is re-439

trieved. An analogous computation can be carried out for the Hamiltonian of Eq. 20, where the440

absence of nearest-neighbour interaction in the y-directionaligns the final dispersion relation441

with that of the Ising model when M = L/2.442

This shows how, at the critical point, the system Hamiltonian can be expressed as a sum443

of two or three commuting terms, acting on distinct sublattices (up to bundary terms). Each444

eigenstate can then be mapped onto a direct product of wave functions leaving on the distinct445

sublattices. This transformation is composed of sequences of SWAP gates, and it thus a Clifford446

operation.447

This implies that, for partition sizes of L/2 and L/3,2L/3 respectively, the two models448

will feature an SMEE resembling exactly that of an Ising model of effective size L/2 and L/3.449

Under the assumption that the local minimization procedure we utilize will return that (an450
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assumption that we will scrutinize in detail later), this consideration immediately lends itself451

to the following predictions: i) for ℓ < L/p, SMEE will scale logarithmically, with an effective452

central charge that is 1/2 or 1/3 of the original one; ii) exactly at L/p, the SMEE will vanish;453

iii) the same patter will be repeated for all partitions, up to boundary and convergence effects.454

Moreover, we note that mutual SRE in real space is going to be negative for these cases: this455

can be seen by noticing that the original transformation can be seen as a correlation acting456

non-trivially in A and B irrespectively of their distances.457

Below, we scrutinize the predictions above against numerical computations.458

6.1 Magic scaling in cluster Ising models and stabilizer disentangling459

Since it is possible to partially disentangle the critical ground state of cluster Ising models with460

a global Clifford operation, the question we address here is: can this operation be retrieved461

via local stabilizer disentangling?462

It is not automatic that local stabilizer disentangling would be able to find the duality463

transformation described above. Indeed, the procedure could in principle get stuck into some464

local minima (since, ultimately, it is made to optimize entanglement locally), and be unable465

to retrieve the fact that part of the chain can completely decouple from the other. One would466

then need a Monte Carlo-like procedure to obtain the disentangling operation.467

In order to have a qualitative picture of this, in Fig. 6, we depict the EE and SMEE for the468

critical point. One can observe that, differently from all previous cases, there is a strong sweep469

dependence here: few sweeps systematically overestimate the SMEE.470

Most importantly, once converged, the data are perfectly consistent with the observation471

above: there is a perfect disentangling at l = L/2, signaling that simple local Clifford dis-472

entangling is able to capture the duality property described above. We note that this is not473

happening for arbitrary parameters across the transition line: for instance, at D = 0.1, full474

disentangling does not take place, as exemplified in Fig. 7.475
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Figure 6: Entanglement entropy (EE) and Stabilizer-minimized Entanglement En-
tropy (SMEE) at the critical point of Eq. 20. Data are obtained for a fixed length of
the system L = 64, varying the size of the partitions A, B (ℓA = l, ℓB = L − Sl) from
l = 2 to l = 32.
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Figure 7: Stabilizer disentangling at the critical point (D = 0.1, h = 0.9) of Cluster
Ising model in Eq. 21. Data are obtained for a fixed length of the system L = 256,
varying the size of the partitions A, B (ℓA = l, ℓB = L − l) from l = 20 to l = 128.
(a) Scaling of Entanglement Entropy (EE) and Stabilizer-Minimized Entanglement
Entropy (SMEE) with subsystem size ℓ. Dashed lines represent the fitted curves, with
both curves sharing the same slope. (b) Scaling of Entropy gain ∆ with subsystem
size ℓ. (b) Scaling of entropy gain ∆. It exhibits sublogarithmic scaling; however,
due to the very small scale on the y-axis.
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Figure 8: Entanglement entropy (EE) and Stabilizer-minimized Entanglement En-
tropy (SMEE) at the critical point of Cluster Ising model in Eq. 22. (a) System size
L = 96; (b) System size L = 192.

To further corroborate the efficiency of disentangling, we consider the Cluster Ising model476

in Eq. 22, which features instead a tripartite unit cell over duality. The corresponding results477

are depicted in Fig. 8. As can be seen in both plots (representing different volumes), the478

SMEE is a strongly non-monotonous function of the partition size. In particular, it becomes479

compatible with 0 at L/3, in perfect agreement with the exact disentanglement expected at480

convergence. Interesting, we are unable to see the same behavior at 2L/3 at large volumes481

(we observe it only at L = 24): we believe this may be due to the fact that the transformation482

has large (3-site) support, so a minimization based on two-body gates only may not be enough483

for full disentangling.484
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As a final confirmation of our theory, in Fig. 9, we plot the SMEE obtained from the cluster485

Ising models, with the EE and SMEE of the of the Ising model defined on a third of its volume.486

We observe an almost perfect quantitative agreementn (no adjustable parameters) between487

the Ising SMEE and the Cluster Ising SMEE of a larger system, corroborating the fact that local488

Clifford circuits are indeed able to fully capture the model duality at the full wave function489

level. Moreover, in the cluster Ising model at criticality, LAB < 0. This completes the picture490

we proposed: for CAMPS to showcase systematic improvement over MPS, a negative mSRE491

and the presence of non-local stabilizer information is key.492

7 Conclusions493

We have scrutinized the possibility of systematically disentangle ground states of quantum494

spin chains using local Clifford operations. From the complexity viewpoint, the procedure we495

described can be thought of as a lowering of entanglement complexity, while keeping magic496

complexity invariant. More specifically, the expectation value of any observable with low Pauli497

weight can be efficiently computed on an MPS with lower bond dimension, thus reducing the498

computational cost.499

Within this framework, we have shown how the large corner of the Hilbert space com-500

prising matrix product states features very diverse sets. Some states are local-Clifford disen-501

tanglable, that is, once system size increases, the bond dimension required to describe a given502

state is parametrically smaller than that of an MPS. This implies that, to simulate such states,503

hybrid methods such as Clifford-augmented MPS are systematically better than traditional504

MPS (they trade a systematic cost for a gain that improves with size). At specific points in505

parameter space, such states can even become fully disentanglable. Another class of states is506

instead made of states that cannot be Clifford disentangled apart from a constant contribution.507
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Figure 9: Comparison of Entanglement Entropy in Ising and Cluster Ising models
after Stabilizer Disentangling. Data are shown for a fixed system size L, indicated in
the legend, varying the sizes of the partition A, B (ℓA = l, ℓB = L − l) from l = 2 to
l = 16. Both EE and SMEE exhibit the expected logarithmic scaling behavior, and,
for different models, SMEEs are compatible.
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We have elucidated the origin of such a mechanism utilizing mutual Stabilizer Renyi en-508

tropies. Despite not being measures of magic for mixed states, the latter still serve as a quan-509

tifier of localization in stabilizer space. Combining qualitative reasoning with exactly solvable510

examples, we have argued that the key feature for a state to be stabilizer disentangled re-511

sides in the sign of the mutual Stabilizer Renyi entropy: if negative, it captures the fact that512

there are non-local correlations (entanglement) that can be systematically diminished via the513

application of Clifford operations only.514

Our work paves the way to a series of extensions, and leaves open questions. First of515

all, it calls for a deeper (field) theoretical understanding of mSRE. While those have already516

been shown to be superior to full state magic in determining critical behavior in a number of517

cases, they still lack a generic relation to continuum description. Based on the results reported518

above, understanding the latter would be crucial to better identify the relation between the519

hybrid complexity classes defined above and physical properties - and, ultimately, defined for520

which classes of phenomena lowering complexity with CAMPS can work. Similarly, it would521

be important to understand the role of mSRE in out of equilibrium dynamics. The fact that522

in those scenarios, improved performances of CAMPS have been so far less promising that for523

ground states, may be explained by the fact that in such situations, it is very unlikely to observe524

states with negative mSRE.525

At a broader theoretical level, it would be extremely interesting to formulate measures of526

computational complexity that are hybrid between entanglement and magic - and can thus527

lower bound the complexity of representing a state using either tensor networks or Pauli528

tableaus, and establish connections between tensor networks are alternative approaches [68].529

Understanding such hybrid complexity would be crucial to address the capability of other530

classes of Clifford-augmented tensor networks, including tree-tensor and projected-entangled531

paired states, that are better suited to represent higher-dimensional states. Our proposal to532

attack this targeting participation entropy in stabilizer subspace could be checked in all such533

tensor network settings utilizing Pauli-Markov chains, and may stimulate the search for al-534

ternative quantities to define hybrid complexity. Finally, it may also be interesting to explore535

alternatives to systematic disentangling, e.g., including an element of stochasticity, to further536

decrease entanglement.537
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Figure 10: Illustration of gate selection during the first sweep of the Stabilizer Dis-
entangling protocol, across various parameters and system sizes. The gate selected
in the process is uniform in the bulk of the chain. (a) Results for the TCI model; (b)
Results for the XXZ model.

A Gate choosing550

In this section, we provide detailed descriptions of the gate selection process employed by551

the Stabilizer Disentangling protocol. Fig. 10 shows the results for two distinct models: the552

Tricritical Ising model in Fig. 10a and the XXZ model in Fig. 10b. In both cases, onvergence553

was independent of the number of sweeps, with a single sweep being sufficient to achieve the554

minimum SMEE. Interestingly, even without constraints on gate selection, the disentangling555

protocol uniformly selects the same gate in the bulk of the chain, consistent with expectations556

based on the homogeneous structure of the ground states. For this reasons, the single gate557

showed in the colormaps in Fig. 10 corresponds to the one selected in the bulk of the chains558

during the first sweep of the minimization. In Fig. 10a we observe that for the Tricritical Ising559

model case, where groundstates belong to the LCD of the Hilber space (both for critical point560

and area-law phases), gate selection remains independent of system size L and parameter λ.561

In contrast, for XXZ model, whose groundstates fall within the nLCD sector, the gate selec-562

tions shows some variations across different values of the parameter Jz in the critical phase.563

Although the gate choice is not identical for each combination of Jz and L, the protocol still564

explores only a limited subset of C̃2 gates for minimization.565

B Estimation of critical point in Cluster Ising models566

We consider the Hamiltonian in Eq. 21 and estimate the critical value of the parameter h for567

a fixed D = 0.1 by analyzing the system’s entanglement entropy. Our results are depicted568

in Fig. 11. On the left panel, we show the entropy divided by log(L) for various volumes.569

This indicates rather sharply that, in the vicinity of 0.9, a critical scaling is observed (another570

regime that resemble criticality also emerges at larger h, but we do not consider it here).571

In order to estimate the position of the critical point, we utilize a fine grid in parameter572

space, and plot the position of the maximum versus inverse volume in the right panel. We573

observe a trend that is compatible with linear scaling, and extract hc = 0.903± 0.001.574
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Figure 11: Estimation of the critical point of the Hamiltonian in Eq. 21, for fixed
parameter D = 0.1. (a): Scaling of Entanglement Entropy (EE) with parameter h for
various system sizes. (b) Size scaling for the estimation of the critical point hc . The
points correspond to the positions of the peak in panel (a), the dashed line represnts
the linear fit. The estimated intercept is hc = 0.903± 0.001.
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