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Abstract

A possible way of constructing polylogarithms on Riemann surfaces of higher gen-
era facilitates integration kernels, which can be derived from generating functions
incorporating the geometry of the surface. Functional relations among polylog-
arithms rely on identities for those integration kernels.

In this article, we derive identities for Enriquez’ meromorphic generating func-
tion and investigate the implications for the associated integration kernels. The
resulting identities are shown to be exhaustive and therefore reproduce all iden-
tities for Enriquez’ kernels conjectured in arXiv:2407.11476 recently.
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1 Introduction

Expressing observables in quantum field theories and string theories in an efficient way requires
the use of polylogarithms on Riemann surfaces of arbitrary genus [1-7]: these functions allow
linking parameters of the observables to geometric information determining the Riemann surface
in question. Simultaneously, polylogarithms offer the possibility to mathematically implement
the inevitable branch cut structure appearing in observables when considered as functions of —
for example — Mandelstam variables and masses of particles.

One possible and viable way to construct polylogarithms is as iterated integrals [8] over a
class of integration kernels appropriate for the Riemann surface in question. Usually, this class
of kernels can be derived from a generating function, which in turn gives rise to a connection on
the Riemann surface. Flatness of this connection form is sufficient for homotopy invariance of
the associated polylogarithms.

In most situations the generating function does not only satisfy flatness of the associated
connection form, but is subject to further relations and identities. At genus one, those are the
so-called Fay identities for the Kronecker function [9, Prop. 5 (iii)], which can be derived from
the Fay trisecant equations [10,11]. For genera higher than one, the connection between the Fay
trisecant equation and the identities explored in this article remains unclear. The anticipation
of establishing such a link later led us to call the kernel identities derived from higher-genus
generating functions Fay-like.

For each generating function and associated connection, the resulting class of polylogarithms
needs to be proven to be complete, that is, it shall be closed under integration and differentiation.

Suitable connection forms on Riemann surfaces of genus zero and genus one have been
identified and explored in [12] and [13-16]. Taking these connection forms as a starting point, a
vast literature is available for the construction of polylogarithms on Riemann surfaces of genus
zero and genus one, see for example [17-19] and [20-23, 9], respectively. For the construction
of connection forms and associated polylogarithms on Riemann surfaces of genus greater than
one, several approaches and suggestions have appeared in the last years [15,16,24-31].

The connection forms underlying the constructions of polylogarithms live on a principal bun-
dle of the Riemann surface and therefore take values in an associative algebra, whose generators
are associated to the non-trivial cycles of the Riemann surface. While the subalgebra associ-
ated to the B-cycles (which is relevant to the quasi-periodicities of the connection) is abelian
at genus one, it will become non-abelian at higher genera, because generators associated to
different cycles with non-trivial quasi-periodicity do not commute. At all genera, the choice of
generators for the algebra is not unique and correspondingly, there are several representations
for generating functions. In addition, there is as well choices for the analytic properties of the
generating functions, which implies the analytic properties of the associated integration kernels:
integration kernels can either be meromorphic or periodic in all of the cycles of the Riemann
surface. Furthermore one can choose the integration kernels to exhibit simple poles only or allow
for higher poles.

In summary, knowing a generating function that incorporates the geometry of the Riemann
surface and gives rise to a flat connection form, allows for the construction of polylogarithms on
this particular Riemann surface. The properties of the connection form (including its flatness)
will then imply relations among integration kernels, which in turn lead to functional relations
among polylogarithms and associated special values. Proving closure of the polylogarithmic
space thus constructed leads to a class of polylogarithms on a Riemann surface.

An important tool when exploring classes of polylogarithms is functional relations among



them. In a physics context, functional relations allow for canonical (and thus comparable) rep-
resentation of observables. In retrospective, the largest structural advantage when constructing
polylogarithms as iterated integrals is the algebraization: the associated algebraic structures lead
to an algorithmic way of using functional identities among polylogarithms to reduce them to a
canonical set. Those algorithms have been described for polylogarithms at genus zero [32,33] and
genus one [34-37]. Some of those relations have been used in the (easier) context of exploring
relations among various classes of (multiple) zeta values, see for example [38—42].

Functional relations among polylogarithms based on relations among integration kernels
have been put to use in numerous contexts in physics, in particular in the calculation of string
scattering amplitudes as well as for numerous calculations of Feynman integrals in quantum field
theory (see the review articles [43] and [44], respectively).

For periodic and single-valued kernels, a set of Fay-like identities has been proven to be
valid in ref. [45] recently. In the same reference, so-called interchange lemmas were proven and
Fay-like identities have been conjectured for meromorphic versions of kernels. In this article, we
are going to investigate the identities for meromorphic versions of integration kernels using the
language of generating functions based on Enriquez’ connection [26]. Employing our formalism
at genus one, we recover the known elliptic Fay identities. Upon expansion into the meromorphic
kernels suggested by Enriquez, our identities are shown to comprise all identities put forward
in ref. [45]. We are going to derive and prove several classes of identities and show that there
cannot be any identities other than those we have been considering.

The structure of this article is as follows: starting from Enriquez’ generating function, which
is reviewed in § 2, we are defining so-called component forms, which are substructures of the orig-
inal generating function, and allow incorporation of a second algebra for the quasi-periodicities.
The definition and properties of these component forms, as well as their Hopf algebra structure
is content of §3, together with a couple of basic identities and algebraic contractions of the
component forms.

The main results of our article are contained in §4, which are identities for the component
forms. The principal statements are collected in Theorems 9 and 12 along with the respective
proofs. Furthermore, § 5 is aimed at exploring identities for integration kernels derived from the
identities for component forms. We combine our identities to reproduce the identities suggested
in ref. [45]. In §6 we connect and interpret the language of the current article to the well-
explored formalism for building polylogarithms at genus one. Based on identities for Enriquez’
integration kernels, we show examples of functional relations for higher-genus polylogarithms in
§ 7. Finally, we summarize and formulate various open questions in §8. Several details of long
manipulations are relegated from the respective proofs to various appendices.

2 Enriquez’ connection

We consider a Riemann surface ¥ of genus h with homology basis 2;, B;, for ¢« € {1...h}, and
associated differentials w; such that

% wj = (Sij, f Wy = Tij- (2'1)
A; B;

3

All objects defined below depend on the geometry of the Riemann surface in question. The
precise way how this geometric dependence is captured depends on the choice of assigning quasi-
periodicities to the cycles in the homology basis. Within this article we are going to choose



the 2A-cycles to have trivial quasi-periodicities, where the B-cycles will carry the non-trivial
geometric information through their quasi-periodicities. This trivialization of the 2A-cycles is
a crucial ingredient when constructing the Schottky uniformization of Riemann surfaces [46].
Below, we are going to formally assign algebra generators a; and b; to the quasi-periodicities
when walking around 2A-cycles and B-cycles, respectively. Usually only the non-trivial behavior
when going around *B-cycles is noted.

Let us consider the free associative algebra t generated by the set {a;, bi}zh:r This algebra
reflects the structure of the fundamental group of a punctured Riemann surface ¥ \{x}, where
x € X denotes the puncture. In the following, we consider a unique one-form valued in the
algebra t, which will serve as a generating function for the integration kernels used to define
higher-genus polylogarithms later. In what follows, we will mostly consider the subalgebra b C t
generated by {b;}/_, only.

Proposition 1 (Enriquez—Zerbini [27, Prop. 3.13]). There exists a unique meromorphic one-
form K(z,z) in z, valued in the algebra t, for z,x in X"V, the universal cover of ¥, defined by
the two properties:

K(viz,x) =" K(z,2), Vie{l...h}, (2.2a)
h
(—2mi)Res K (z,7) = » _ bja;, (2.2b)

where ;2 is the image of z under moving around the cycle! B;. We are going to refer to K (z, x)
as Enriquez’ connection?.

This defines a holomorphic connection on a punctured Riemann surface ¥ \{z} with funda-
mental group freely generated by the cycles {2, %i}?zl. Restricting to genus one, the above
connection valued in t is related to the Kronecker function appearing in ref. [5, 14] and used
in the construction of a single-valued connection in ref. [9]. While in the above Proposition
Enriquez’ connection is considered as a formal object, an explicit representation in the Schottky
uniformization is provided in [31]. For the proofs and arguments in this article we will not
use explicit representations, but stick to the constraints (2.2) and their kernel version to be
introduced below in eq. (2.4).

Enriquez’ connection K(z,z) can be expanded into words composed from the algebra gen-
erators of t. The corresponding coeflicients w;,...;, j(2, ) are one-forms in z and functions in x
and are referred to as integration kernels,

0o h
K(z,z) = Z Z Wiy-ip (2, 2) biy -+ biay
r=01, ir,j=1 (2.3)

oo
= E wil...irj(z, .CC) bi1 cee biraj.
r=0

Here and in the remainder of the article repeated indices are summed over from 1 to h implicitly
unless otherwise noted. This is as well understood, if the two indices belong to the same object

!The notation for v;z = z +B; is borrowed from ref. [31], where on the Schottky cover going around the cycle
B; is equivalent to applying a Schottky group generator ;.

2In the original article ref. [26] this connection is defined on a Riemann surface without punctures, which has
a different fundamental group and, hence, gets an additional constraint on the algebra t, see ref. [31] for more
details.



(e.g. in w;;j). The particular form of the words with a chain of letters b followed by a single
letter a is a result of solving for the constraints (2.2) in ref. [27]. Appearance of any word other
than those in eq. (2.3) would violate one of the constraints.

In ref. [26], the integration kernels are shown to satisfy the following quasi-periodicity prop-

erties:
i
1
Wiy i g (’ykz, 1’) = Z ZT (5kil---il wil+1"'irj (Z, .ZC), (2.4&)
=0 "
r (_1)l+1
wil...irij(z, ’yk:C) = wil...mj(z, l‘) + 52']' m 5kir"'ir—l+1 wil"'ir—zk(z7 l‘), (24b)
1=0 '

where 0., = Hiz:l ki, - Furthermore, the kernels satisfy the residue condition
(—27‘(’5) E{:e:? wil...irij(z, SU) == 6r06ij7 (25)

which implies that poles are carried by two-index kernels with equal indices exclusively. Con-
sidering the behavior of kernels under cyclic shifts, it becomes clear that poles on the r.h.s. of
egs. (2.4a) and (2.4b) propagate to the L.h.s. at positions related to the original z and = by mov-
ing around cycles. Accordingly, eq. (2.5) takes into account only the pole in the fundamental
domain.

In general, higher-genus polylogarithms can be built recursively as iterated integrals from
integration kernels [26-29]. In the notation of ref. [31], polylogarithms are built from the kernels
in eq. (2.3) via

z
T (e = /t wip, (b)) T (B2oist), D(i2)=1, (2.6)
=2
where i,, are the multi-indices of the integration kernels w of length n,. The points x, in the
second line denote the second parameter of these kernels. The point zp € "V is the fixed
basepoint of integration.

For the remainder of this article, we will be concerned with relations among various generat-
ing functions for integration kernels. The simplest set of such relations, leading to linear 3-point
identities for integration kernels, will be reviewed in the next subsection.

2.1 Linear 3-point identities

Before studying Fay-like quadratic identities in § 4, it is instructive to consider the space of linear
3-point identities satisfied by the integration kernels wj,...; (2, x).
Several of these identities have already been shown in ref. [26, Lemma 9], where one finds®

wi1-~~irjk(z7 ‘T) - wi1-~~irjk(zv y) = 07 for .] 7é ka (278‘)

((wir--irpp’(z? I‘) - wil---irqq’(zv x)) - (wil---irpp’(z7 y) - wir--irqq’(z? y))) p'=p
The above equations show that holomorphic (combinations of) kernels are independent of the
location of the pole. Accordingly, we will omit the second argument for holomorphic kernels in
the following. As an immediate application, let us show that any linear 3-point identity can be

3The notation in eq. (2.7b) is our convention to write repeated indices which are not summed over.



traced back to the pole-independence conditions above.

Proposition 2 (Triviality of linear identities). Any linear 3-point identity among integration
kernels can be written as a linear combination of identities eq. (2.7a) and eq. (2.7b).

Proof. For the proof, define a linear 3-point identity £("™)(z,y,x) of weight m as

m

ﬁ(m)(z’y, r) = Z Aiy vy j Wiy eevi (2, ) + Nyt Wiy i (2,y) = 0, (2.8)
r=0

whose vanishing is ensured by a particular fixed choice of coeflicients A;,...;, ;,%i,...i,; € C, where
repeated indices are summed over implicitly. In the following we will prove validity of the theorem
inductively over the weight m.
Validity of the induction start m = 0 is evident as the holomorphic differentials are linearly indepen-
dent, which implies all coefficients in any weight-zero identity to vanish.
For the inductive step, we assume that for ,C(Z)(z, y,x) =0, for all 0 < £ < m, the theorem holds. Let
us define recursively a collection of lower weight identities

Ez(jn_lf) = £§T,,‘i’:ff)(%kz, Y, x) — Egn—lf:l)(z, y,x) =0, fork=1,...,m, (2.9)
each of which are true for arbitrary choices of i1 - - - ix,. With each step, the quasi-periodicity eq. (2.4a)
produces extra terms of lower weight, and the highest-weight terms are canceled out, reducing the
weight of the identity by one. Isolating the highest-weight terms, we can write

(m—k) _
L il = Ny Wiy (25 T) F Mig i Wiy (2, Y)

+ [lower-weight terms] = 0. (2.10)

Choosing k = m yields a collection of weight-zero identities, for which linear independence of the
holomorphic forms w;(z) implies the following conditions on the coefficients A and #:

0
£§1)7/7n = ()\il"'imj + niIA..imj)u)j(Z) =0 = )‘il"'imj + Niyeimg = 0. (211)

Taking the residue of the collection of weight-one identities obtained by choosing £k = m — 1, one
deduces a second set of conditions on the coefficients \ and 7,
Res Y, = RS (Aiy i Wi j (2, %) + Ny vy j Wi (2, y) + [weight-zero terms])

h
1
=g Auinoaii =0 = D i 1ij = =i i1 (2.12)
j=2
where only the first term contributes to the residue as all the other terms are regular at z = x.
Using the conditions on A and 7 in eqgs. (2.11) and (2.12) for the highest weight, one can rewrite £m)

from eq. (2.8) as

L™ (z,y, )
= ) N (Wi i (2,2) = Wiy (2,9))
h
> i1 (@i (25 ) = Wiy i 11(2,2)] = (Wi (2, 9) = Wiy i11(2,9)])
j=2
+ £(7n—1) (Z, n Z‘), (213)

where one can observe the weight-m terms to vanish due to egs. (2.7a) and (2.7b). Accordingly,
combining the translational behavior of the integration kernels and validity of the weight-m identity



L) (z,y,z) = 0 gives rise to an identity

m—1

,C(m_l)(z,y, J}) = Z /\i1---irj wil...”j(z,ﬂf) + MNiy-inj wil...“j(z,y) =0 (2.14)
r=0

of weight m — 1, with the particular fixed choice of coefficients A;,...;, ;, i, ...i,; assumed for £™) in
eq. (2.8).

By the assumption of the induction step, the theorem holds for £~V (z, y,x). Therefore, one
concludes that £0™)(z,y,z) can be written as a linear combination of egs. (2.7a) and (2.7b) for any
weight m > 0. O

Notice that the above proof also shows that any linear identity is graded by weight, that is, in
eq. (2.8) each contribution for a particular weight r € N vanishes individually:

)‘il"'irj wil...irj(z, 1‘) + Miyirg wil...iTj(z, y) =0. (2.15)

This is due to the fact that the above theorem is proven inductively modulo lower-weight terms
relying on egs. (2.7a) and (2.7b) of particular weight r.

Validity of Proposition 2 has been shown using identities (2.7) for individual kernels. These
identities will be rewritten in terms of generating functions in egs. (3.19) and (3.20).

3 Component forms

In order to show quadratic relations among generating functions for Enriquez’ integration ker-
nels, we will define so-called component forms, which are generating functions for specific com-
binations of integration kernels, where certain indices are fixed. This allows for expressions
involving contractions of free indices. However, before doing so we briefly introduce the Hopf
algebra structure on the free associative algebra b that will prove to be a useful tool in what
follows.

3.1 Hopf algebra

Component forms are best described as one-forms valued in the tensor algebra of b. The algebra b
has a natural Hopf algebra structure, which allows for systematic investigation of the component
forms. The Hopf algebraic structure of b was already exploited in ref. [27].

Definition 3. A Hopf algebra® b (over a field K) is a bialgebra together with a (unique) anti-
homomorphism map S : b — b called the antipode such that the algebra structure (product
p:bh®b—= b and unit n : K — ), coalgebra structure (coproduct A : h — h® b and counit
€ : h = K) and the antipode are all compatible. This means that the coproduct p and counit €
must be algebra homomorphisms and the antipode S satisfies

po(S®id)oA=po(id®S)oA=noe. (3.1)

For the free associative algebra b defined at the beginning of §2 and generated by elements
b; with i € {1,...,h}, the canonical Hopf algebra structure has the standard product and unit
maps. The coproduct, counit and antipode acting on the generators of b and the neutral element

4Notice that despite using the same letter, objects £ with and without subindices are different.
5See for example ref. [47] for a general introduction.



are defined as
Abi) =b;@1+1®0b;, A(l)=1®1, €(b;) =0, €1)=1, Sbi)=-b;, S(1)=1. (3.2)

These relations are extended to the whole of b by linearity and (anti-)homomorphism property.
In the remainder of the article we will use the coproduct and antipode to construct maps for
generating functions in order to derive several useful formulas and identities.

3.2 First component form

Definition 4. Following the notation in refs. [27, 31], the j-th component K); of Enriquez’
connection, which is referred to as the first component form, valued in the free assoczatwe algebra
b C t, is defined as®

Kyj(2,2) =Y wiyipi(2,2) biy - biy 5 €{1,... h}, (3.3)
r>0

where as before {bi}?zl are the generators of the algebra b.

Comparing with eq. (2.3), it is clear that Enriquez’ connection is a contraction of the first
component forms K); with the letters aj,

Using quasi-periodicity (2.4) and residue (2.5) of the integration kernels within eq. (3.3), one
can derive the quasi-periodicity and residue of the first component form to be

K); (62, m) = " K(g);(2, ), (3.5a)
et —1
K); (2, 72) = Kv);(2,7) + Kyr(z, @) T, (3.5b)
(—2m1) Iz{:exs K);(z,7) = bj, (3.5¢)

where there is no summation over k in eq. (3.5b) and 7 again denotes the operation of moving
along the cycle B,. The details of the calculation are spelled out in Appendix A.1.

As a side note, upon acting with the counit on the first component form, one obtains the
holomorphic differential

€(K(p);(2, 7)) = wj(z). (3.6)
3.3 Second component form

Definition 5. We define the second component form K, );(p,)k, valued in the tensor algebra
b®b=06% as

K(bl)](b2 Z Wiy -ipjp1-psk (Z :U) bll "'bir ®bp1 "'bpsv J k€ {17"'7h}' (3'7)

r,s>0

The notation (by) and (bg) in eq. (3.7) explains the position of the corresponding algebra
generators within the tensor product’. In what follows we will enumerate the algebra label in

This notion of first component form has also been considered in ref. [27].
"The total number of tensor sites is understood from the context.



the first component form too, whenever the position of the generators in a tensor product is not
obvious.

Similar to the first component form above, we can calculate the quasi-periodicity and the
residue of the second component form. We find that® (cf. Appendix A.1)

1@ebi —ebi@1

K v))joo)k (7i2,T) = ebiK(bl)j(bQ)k(z7‘r) + 0;5 Tob —bol K (o)(2, ), (3.8)
where there is no summation over ¢ and
(=2mi) Res K (p,)j(02)1 (2, 7) = dj(1 @ 1). (3.9)

A special case of the second component form is obtained when it is acted upon with the counit
on the second tensor site

K(b)jk(z’ x) = (id@ 6) (K(bl)j(fn)k(zv 'T)) = €2 (K(bl)j(bz)k(zv x)) = Zwil'"irjk(za ‘T) bil T birv

r>0
(3.10)
where we used the notation for a map m that m,, ,, acts non-trivially only on the sites
P1,---,Pn. Contraction of the special form in eq. (3.10) over b yields the first component form:
K([,)k(z,m) = K(b)jk(z,w)bj. (3.11)

Quasiperiodicity K(y);,(7iz, ) for the special form can be easily deduced from eq. (3.8). The
expression for the quasi-periodicity of the full second component form (3.7), Kp,);(6,)k (2, %T),
is involved and will not be used in the rest of the article. Instead, we note quasi-periodicity in
the auxiliary variable for the special form

e bi 1

A2
—, (312)

Kk (2,7im) = Kpyji(2,7) + 05K p)i(2, )
where again there is no summation over i. A detailed derivation of the properties in eqs. (3.8),
(3.9) and (3.12) is noted in Appendix A.1.
Note, that in principle one could define a k-th component form valued in b®*. However, we
are not going to consider this possibility here, as the second component form is sufficient for
deriving the Fay-like identities in this article.

3.4 Hopf algebra operations on component forms

This subsection is dedicated to understanding the additional structures and properties of the
component forms arising from applying various Hopf algebra maps. This will allow us to con-
struct variations of the component forms, build relations among them and map among different
identities for generating functions.

Antipode. One of the tools necessary for the identities in §4 will be the antipode map. Since
it is an anti-homomorphism, application of the antipode on a component form effectively reverses
the order of the indices of the integration kernels in the expansion. For the first and second

8The fraction in the second term should be considered as a formal power series as explicitly shown in eq. (A.5).
Rigorously, the component forms are valued in the completion of the algebra t ® t by the formal power series.

10



component forms one finds

K(se)j (2 2) =8 (K(t);(2:2)) = > (=1) Wiy biy - by, (3.13a)
r>0
K (561)i (0206 (%> %) =51 (K(5)j(00)6(2:2)) = > (=1) Wiy jproopak iy < by @ by -+ bp,,
r,s>0
(3.13b)
K (61)(562)k (2, ) =2 (K(o1)j(02)0(%,2)) = Y (=1)°Wiy iy Uiy + =+ biy @ by by
r,s>0
(3.13¢)

Coproduct. Another useful set of results comes from applying the coproduct on the compo-
nent forms. By explicitly evaluating the coproduct of the first component form eq. (3.3), one
finds
K(ab)j(2:8) =A (K);(2,2)) = D wiy (2, 2) Albiy) -+ Abi,)
r>0

= Z w(il”'iru-‘pl"'ps)j(z7 'r) bzl e blr ® bpl e bps )

r,s>0

(3.14)

where W denotes the shuffle product”. Here we used the subscript for the label (Ab) in order
to denote the position of the generators in a tensor product after application of the coproduct.
Acting with the coproduct A on either of the tensor sites in eq. (3.7) yields

K(Aby2)j(05)k (25 ) =1 (K(oy)(00)k (2, 7))
= Z Wiy wipgyjs)ip1--pik biy -+ bi, @ bjy - bj, @by, -~ by, (3.15a)

r,8,0>0
K(bl)j(A[’%)k(Z?x) =Ag (K(bl)j(bg)k(za x))
- Z Wiy vy j (1 jawpr-po)k Oin *~ bip @ Dy -+ by @ bpy -+ by (3.15b)

r,8,0>0

The resulting forms live in the triple tensor product b®3. When exploring quadratic identities
in §4.2 below, we will have to consider the double product b®? only, to which the above forms
can be mapped to by applying the product map p to any two of the three tensor sites.

Quasi-periodicities and residues for the above objects can be deduced from linearity of the
coproduct. An example containing a similar calculation is shown in Appendix A.1.

Product and permutation. Application of the permutation operator P,, and the product
operator i, is evident: the former permutes tensor sites p and ¢, while the latter concate-
nates the generators at sites p and ¢ (only for neighboring sites g=p+ 1). The notation with
enumerated algebra labels (b;) allows to define

K (vy)j(01)k = P12 K(p,)j(02)k> (3.16)

Ko1)jo0)k = 1125 (6,)j(b2)k-

9The shuffle of two ordered sets P and @ is obtained by selecting from Perm(PNQ) those permutations, which
keep the individual orderings of the sets P and @ intact. If P and @ are index sets, a summation over the objects
indexed by the shuffles is implied.

11



Notice a possible ambiguity: despite yielding different results, the action of p19 and g9 0 P1a
cannot be distinguished with this notation. Throughout this article the concatenation of algebra
generators will be assumed to be in the order, in which the corresponding algebra labels appear.

Contractions of component forms. We have already seen in eq. (3.11) that the second com-
ponent form is related to the first component form upon acting with the counit and contracting
the first free index j with a corresponding algebra generator b;. Combining the coproduct map
together with contractions gives rise to more interesting results, summarized in the following
proposition.

Proposition 6. The following contraction identities for the first and second component forms

hold: 9
K(Ablg)k(z, T) — K(bl)k(37 T) = K(Ab12)j(b1)k('z7 z)(1 ® b;), (3.17a)
K(Ablz)k:(z7$) - K(b1 k:(Z7x) =

(L@ bj) K (vy)j(ab1)k (2, T), (3.17b)
(1@ bj) K (6,)j(62)6 (25 %) = Koy joa)n(z,2)(0; @1),  (3.17¢)

)
Kpo)k(2,2) — Koy yk(z, @)
where in each line there is an implicit summation over the repeated index j.

Proof. By direct calculation, one can prove identity (3.17a):

T

h
K(ab0)ionk(52) (1@ 0) =33 > " Wiy ipuprpajingr ik (28) by - biy, @by, -y b
j=17r,5>01=0

r
§ : E :w(il'“izLU;Dl"';Ds)ps+1iz+1“'irk(z’ .13) bi1 o bir ® bpl T bpsbps+1

r,s>01=0

= Z w(il“‘iTUJpr"pspSH)k(Z, ) biy b, ® by, + by, bps+1

r,s>0

Zw(il“'irmpl“-ps)k(zﬂ (E) bi1 s bi'r‘ ® bpl e ® bps
r>0
s>1

= Kab)n(2,7) = Koy)u(z,7), (3.18)

where we have used the definition (3.7) together with eq. (3.15a) in the first line, relabeled j — psi1
in the second line, got rid of the sum over [ by absorbing all indices in the shuffle-product in the third
line and relabeled s — s+ 1 in the fourth line. Finally, we used eq. (3.14) together with the definition
(3.3) in the last line.

In a completely analogous way one can proof the contraction identities (3.17b) and (3.17c¢). O

The identities (3.17) can be reformulated in terms of identities of Hopf algebra maps. While
we refrain from showing them explicitly, since it is not very enlightening, this implies that the
relations are merely consequences of combinatorics and not features of the component forms. In
particular, these identities do not yield any interesting identities among the integration kernels.
However, they will turn out to be useful tools for simplifying complicated expressions as for
example eq. (6.11) when showing that eq. (4.11) reduces to the Fay identity at genus one.

For completing this technical section, let us note the echo of relations (2.7) for the integration

%Using the notation (3.16) the r.h.s. of eq. (3.17a) is abbreviated as

f112 0 Pas (K(ab15)5(03)k (2, %)) = 12 (K(ab13)5002)k (2, %)) = K(ab12)i(01)% (2, 7).
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kernels in terms of component forms. We find

Kw)n(2,2) = Kyn(2,y),  for j #k, (3.19a)
— Kyow (2,2) |y = Koy (2,9)| iy — Koy (2,9) (3.19b)

K)jj(z,7)

I—

i'=j k'=k

for the component forms. Eqgs. (3.19a),(3.19b) and (3.11) also imply the relation

, forie{l,...,h}. (3.20)

==l

Ky, 2) — Ky, ©) = (K (Y, 2) — K (y, ) b

Tracing the above relations back to the corresponding kernel relations (2.7) follows immediately
when performing an expansion order by order.

4 Identities for component forms

Employing the definitions and properties of the component forms introduced in § 3, we can now
explore the space of possible identities. Linear 3-point identities have been shown to be trivially
related to the kernel identities in egs. (3.19) and (3.20). After stating a differential 2-point
identity in §4.1, we are going to consider quadratic 3-point identities for component forms in
§4.2. In §5, we discuss the corresponding identities once expanded into integration kernels. The
quadratic 3-point identities will be shown to qualify as valid generalizations of the genus-one
Fay identities in §6.

4.1 Differential 2-point identities

The first component form in Definition 4 takes values in the algebra b. As visible in eq. (3.3),
the associated kernels are one-forms in the first variable and ordinary functions in the second
variable. Consequently, one can apply the exterior derivative to the second variable of the first
component form. Using the results from ref. [26, Lemma 8], one finds for the integration kernels

dewiy k(2 2) = (=1)"dwi, i, 2) (4.1)
which has already been reported in [45, Corollary 9.5]. Written in terms of component forms
de K p);1(2,7) = d. K(sp);1 (2, 2) (4.2)

it constitutes a neat example for the interplay between the two different notions of component
forms. The above identity will be put to use in particular in § 7, where identities among higher-
genus polylogarithms are considered.

4.2 Quadratic 3-point identities

In this subsection, we are going to identify quadratic combinations of component forms that
depend on three points on the manifold, Q(z,y,z) € b ® b. These expressions will be one-
forms in each of z and y, and functions in x. Provided that Q vanishes for any combination of
z,y,x € 3, and expanding Q in the generators of b ® b, one finds

0=9(z,y,x) = Z Kiyeippreops (25U, T) biy -+ - bi @ by - by, (4.3a)
r,s>0
0= Kiyeip proops (2, Y, ), Vit, .. ip,p1,...,ps € {1,..., h}, (4.3b)
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where the coefficients x are quadratic combinations of integration kernels from Enriquez’ con-
nection in eq. (2.3).
4.2.1 Index swapping identities

Starting from relations eq. (3.19) and eq. (3.20), one can derive so-called index-swapping iden-
tities relating first and second component forms. These identities will be used extensively
throughout the later sections.

Lemma 7. Let k,l € {1,...,h} and consider the expression

Rkl(zv Y, Q?) - K(b1)j (Z, IIZ) (K(bz)]k(yv Z) - K(bz)jk(y7 .%') _5ij(b2)lm(y7 Z) +6ij(bg)lm(y7 1’)) ‘

o~

(4.9)

Then Ry (z,y,x) = 0 for all pairwise distinct points z,y,x € 2.

Proof. We start with the expression K,);(z,z) [K(b)jk(% z) — Ko,k (Y, x)] and use eq. (3.19a) to
conclude that

Kv,);(2,2) [K(63)j5 W 2) — K(oz)j5 0, 2)] = K(o1);(2,2)85% [Ko2)6m Y 2) — K(oz)em (¥, )] ’

m=k
(4.5)
As a next step, we use eq. (3.19b) to arrive at
K1) (2, 2) [K(o2)j5 ¥ 2) = K (o)W, )] = K(o1);(2,2)85% [Ko2)1m (s 2) — K(oz)im (¥, )] ‘m—z’
(4.6)
which immediately yields Ry (z,y,2z) = 0. O

We will also need a similar index swapping identity for component forms involving the coproduct.

Lemma 8. Let k € {1,...,h} and define

Ri(z,y,7) =(K(0,); (¥, 2) = K(3); (¥, 7)) Ko)j(A012)k (2, 7)

(4.7)
— (K625 (¥: 2) = K(0)jk 0, 2)) (K (ab12)j (2, %) — K(p,);(2,2)) -

Then Ri(z,y,x) =0 for all pairwise distinct z,y,x € X.

Proof. We can apply egs. (3.19b) and (3.20) to obtain

[K(bg)j(ya z) — K(bg)j(yvl')] Ko)j(ae1)k(2, )

= [K(bg)ll’(ya z) = Koy (¥ $)} ‘z/:z(l @ b;j) K (by)j(ab1)k (2 T) (4.8)

for any [ € {1,...,h}. On the other hand, we can use eq. (3.19a) and eq. (3.19b) to conclude

Kooy, 2) — K(bz)jk(yvx)] {K(Ablz)j(zvaj) - K(bl)j(%x)}

= [K(bz)ll/(y7 z) — K(bz)ll’(yvx)} ‘ {K(Ablz)k(zax) - K(bl)k(z7x)] (4.9)

=l

Subtracting the above two equations from each other yields

Rk(z7y= (L‘)

= [K(bz)ll’ (y,2) = Kooy (v, x)] ‘l’:l [(1 ® b)) Ko,)j(ab10)k(2:2) = (K(ab10)k (2, 2) = Ko,k (2, 7)) }7
(4.10)

where we conclude that the r.h.s. does indeed vanish by means of the contraction identity (3.17b),
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which completes the proof. |

Notice that these identities are trivial in the sense that they follow directly from the proper-
ties (3.19) and (3.20). However, the form derived here will prove very useful for transforming
identities in later sections.

4.2.2 The quadratic Fay-like identity

In this section, we state and prove a quadratic 3-point identity among the component forms. We
call these identities Fay-like, which is supported by the fact that we show in § 6 that this identity
reduces to the well-known Fay identity for the elliptic Kronecker function upon restriction to
genus one. However, in contrast to the elliptic case, it is currently not clear if and how this
generalized Fay-like identity may connect to the Fay trisecant equation for higher-genus theta
functions [10, 11].

Theorem 9 (Fay-like identity). Let k,l,m € {1,...,h} and Ky);(2,7), Kb,)js)k(2,2) be the
first and second component form as in Definitions / and 5, respectively. Define

lem(za Y, .%') = lem(za Y, x) + PIZ(qkml(y? 2, $)) (411)
where
Qk’lm(z7 Y, l‘) = [K(bl)l(zv l’) - K(b1)l(Z7 y)] K(bQ)k’(yv 33‘)(1 ® bm) (4 12)
— K(6,) (2, Y) K (62)j(Ab12)k (Y, ) (b1 @ bin) -

Then Qkim(z,y,x) = 0 for all pairwise distinct points z,y,x € X.
Proof. The first step of the proof is to study the analytical behavior of Q. In Appendix A.2, we

show explicitly that we have

Quim (Vi2,y,7) = (€ @ 1) Qtim (2,4, 2), Qb (2,719, %) = (1 ® ") Qpim (2, 9, ), (4.13)

and that the combination of terms is holomorphic in the variables z, y and x.
Suppose we integrate with respect to the variable z, defining a one-form Qg (2, y, x),

Dt (2,1 2) = / Quim (4, 2), (4.14)

where zp is an arbitrary fixed point on the surface, and the integral is homotopy-invariant since
Qpim is holomorphic in z. Fixing arbitrary z and x, we can interpret Q. (2, y,x) as a holomorphic
one-form satisfying

Qi (2,79, 2) = (1 @ ") Qi (2, ¥, 7). (4.15)

The quasi-periodicity and (vanishing) residue of Qy;,,, are similar to the conditions that had uniquely
determined Enriquez’ connection in eq. (2.2). Indeed, as detailed in Appendix A.3, the strategy used
to uniquely identifiy Enriquez’ connection also allows us allow us to uniquely identify Q. (2, y,2) = 0.
We can reverse the integration in eq. (4.14) by taking an exterior derivative, finding

lem('za yax) = dz(lem(Zmywr)) =0. (416)

O

4.2.3 Identities for z-reduction

In the process of rewriting scattering amplitudes and other observables in the language of poly-
logarithms formally defined in eq. (2.6), one frequently faces the situation that an integration
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variable will occur multiple times as argument of two integration kernels, for example:

Wiy eeiy (z7x)wp1"'ps (y,Z) (417)

In order to (at least formally) perform the next integration, one will have to rewrite the product
of the two kernels as

Wiyeniy (2 %) Wproopy (8, 2) = D Mg oo, @i it (25 %) W, (41, )
" (4.18)

i, e, i (2,2) Wy (Y, 2)

with some constant coefficients A... and ... contracted with the terms on the r.h.s., with an im-
plicit dependence on the indices i1 - - - %,,, p1 - - - ps. This process has been referred to as “removing
repeated occurrences of z” [4] and — more recently — “z-reduction” in ref. [45]. In a genus-one
context the Fay identities were sufficient to z-reduce all occurring expressions. Similarly, we will
employ the Fay-like identities from Theorem 9 to perform this task for the kernels derived from
Enriquez connection at higher genera.

We are going to rewrite identity eq. (4.11) from Theorem 9 in order to isolate a single
term with repeated dependence on the argument z. In particular, this means that we want
to collapse the last line of eq. (4.11) into a single term. To achieve this, we apply the index
swapping identities from §4.2.1.

Once the term with repeated z-dependence has been isolated, we can perform a relabeling
of the b-alphabet in order to arrive at an equivalent identity, which exactly matches the identity
stated in [45, Conjecture 9.7] upon expansion into kernels. The result in this section therefore
proves this conjecture and emphasizes the benefits of the formalism developed in this article.

Isolating repeated z-dependence. Notice, that the Fay-like identity (4.11) can be factorized
by means of eq. (3.19b) and eq. (3.20) to yield an identity with a factor b; ® by,

Qi (215 2) = ( [(Kouyppr(5:2) = Koy (2,9))]

+ [(K(fm)qq’ (¥, 2) = Kvy)qq (U5 Z))]

, K(bg)k(yvl‘)
p=p

q,:qK(bl)k(Z’ x) (4.19)
= K61)j (2, ¥) K (o) (a012)k (Y T) — K(o)5 (Y, 2) K(o)5(A012)k (25 $)) (b ® by),

for arbitrary p,q € {1,...,h}. Applying now the index swapping identities (4.4) and (4.7) leads
to an expression with a single isolated term with repeated z-dependence (see Appendix A.4 for
more details of the derivation)

wim (2,9, ) = ( (K (6)6 (1, 2) = K(6)j6(Y, 2)] K(ap12) (2, 2)
+ [Kenir(z:7) = Ko)jr(29)] Koy);(y, @)
— K(02); (¥ ) K(,)5(2012)k (25 7)) — K (6,)(25 ¥) (K (62)(2b12)% (Y5 90)) (by ® by
= Ti(z,y,2)(b; @ by,) . (4.20)
An equivalent identity. In the following, we would like to rewrite identity (4.20) to allow

us to directly match — upon expansion — against the identity in ref. [45, Conjecture 9.7]. The
rewriting shall be implemented by defining a map = to be applied to eq. (4.20). In order to
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construct the mapping, it should be noted that transformations of algebra generators do not
affect which arguments a generating function uses. Given that both identities have precisely one
term with repeated z-dependence, it should be possible to construct the map from demanding
they are mapped onto each other.

Accordingly, we want to transform the algebra generators such that the mapping

K60)ik (Y5 2) K (Ab12)5 (2, 7) = K (p);(2, %) K(00)8(Y5 2) (4.21)

is realized for the term with repeated z-dependence, which can be achieved employing the Hopf
algebra structure.

The notation in eq. (4.21) already suggests that the transformation should somehow corre-
spond to first applying the antipode to the second tensor site and applying the coproduct to the
first site in a second step. The application of the antipode is motivated by the fact that the first
and second component forms should swap upon application of the transformation (4.21) and
also by the appearance of the antipode in the final expression. The application of the coproduct
is suggested by the requirement to remove the coproduct from the final expression. We now
want to formally define a map that realizes the transformation (4.21).

Definition 10. We define the map = : b2 — b2 as the combination
== 23 © Al e} SQ N (4.22)

where the subscripts as usual indicate the tensor sites on which the maps are applied.

As shown in Appendix A.4, the map = exactly realizes the desired transformation (4.21).
Applying the map E to the quantity Zj defined in eq. (4.20), we obtain

Ti(z,y,x) = 20 Ix(z,y, x),
= [K(s62)jk (¥, %) — K(50,)j5 (4> 2) | K(py);(2,2)
+ [K(ap12)jk (2 ®) — K (2610155 (2, ¥)] K(562); (> )
= K(Ab12)j(00)k (% ) K (585)5 (U, ©) = K(Ab12)7 (2 Y) K (5561 )k (Y5 T) -

(4.23)

While eq. (4.23) is already in beautiful shape for removing double occurrences of z, let us rewrite
the identity one last time by removing contractions of indices in the first line by using egs. (3.19a)
and (3.19b):

j’-llc(z7 Y, JZ‘) = [K(Sbg)pp’ (ya l‘) - K(sz)pp’(y7 Z)]

 Ker(z2)
b =p

+ [K(ab12)jk (2 ®) = K(a612)5% (2, ¥)] K(562); (5 ) (4.24)

— K (Ab12)j(on)k (25 2) K (505)5 (Y, T) — K (A1) (2 Y) K (655018 (Y, T) -
where the above identity is valid for any values of p = 1,...,h. Using the eq. (4.24), we will
straightforwardly be able to extract kernel identities in the next section.
5 Identities for integration kernels

The identities formulated in the previous subsection in terms of component forms provide a
convenient way of obtaining relations among the integration kernels for higher-genus polyloga-
rithms: they just need to be expanded in algebra generators. In this section, we aim to make
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this explicit and thereby state a collection of useful identities among integration kernels, which
can then be used to derive functional relations among higher-genus polylogarithms in § 7.

Let us expand eq. (4.24) into component forms. While the explicit calculation is per-
formed in Appendix A.4, the resulting identity arising as coefficient corresponding to a word
(—1)%bi; ... bi,. @by, ...bp, reads

wil“'irk(z’ w) wpl"'pspp’(yv Z)

p'=p
= Wiy (2, T) Wp1--pspp’ (y,2) ,
p=p
r—1 s
- Z Z (_1)misw(i1"'ilUJps"'pm+1)j7:l+l"'irk(’z7 x) Wpi - pmj (yv :C)
=0 m=0
. (5.1)
- Z (_1)m_sw(i1"'irwps"'pm+1)jk(z’ y) Wp1---pmj (y> $)
m=0
' S
- Z Z (_1)m_$w(i1~~~ilwps~~~pm+1)j(Za Y) wp1~~-pmjil+1~~~irk(ya )
=0 m=0

=t Uiy iy ipr-pep (25 Y, )

and is valid for each set of indices (i1,...,ir, k,p1,...,0s,p) € {1,...,h} 52 In the above
equation, Uj, ...; k. p,.-p.p(%, ¥, z) denotes the collection of all z-reduced terms.

Notice that eq. (5.1) matches the identity stated in ref. [45, Conjecture 9.7] upon application
of the expanded index swapping identity from Lemma 7 and absorption of the index j into the
shuffle product in the second line. Furthermore, the interchange lemmas from ref. [45, Theorem
9.2, Corollary 9.3] can be shown to be equivalent to eq. (5.1) in the special case of r = 0 by
virtue of Lemma 7 and some combinatorics.

5.1 Uniqueness of identities for kernels

In this subsection we prove that the Fay-like identity (4.11) is the unique quadratic identity up
to linear combinations of the trivial linear identities (3.19a) and (3.19b). Following the strategy
from §2.1, we prove this statement using expansions of the component forms in eq. (4.11) into
integration kernels. It is currently unsettled, whether the uniqueness statement can be lifted to
a statement on identities among generating functions consistently. The uniqueness statement
implies that the collection of conjectures in [45] is complete.

Proving uniqueness proceeds in two steps: we first notice that relation eq. (5.1) together with
the linear identity (2.7a) allows to find a z-reduced expression for any quadratic combination
of the integration kernels with repeated z-dependence. Afterwards, this fact can be combined
with the following lemma to deduce the uniqueness in Theorem 12 below.

Lemma 11 (Uniqueness of z-reduced quadratic identities). Any z-reduced 3-point quadratic
identity holds by means of the trivial linear equations (2.7a) and (2.7b). Moreover, it does so
separately for each weight implying a weight-grading of z-reduced quadratic identities.

Proof. Consider an arbitrary z-reduced quadratic identity of highest weight m,

m—

[)\il"'irivpl'“psp wil"'iri(z’ I) + Ny ivi,pr---psp wil"'iri(’z’ y)] wpyupsp(ya 13) =0
0

(5.2)
whose vanishing is achieved by a particular fixed choice of coefficients A;,...i.i.p1--pops Tir-vinip1--pep €

3

I(m)(z’ y,:r) = in:

r=0 s=
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C. We will show that each term in the sum of eq. (5.2) vanishes due to the trivial linear identities
(2.7) by induction.

Induction start: we will show that the terms with » = m in eq. (5.2) vanish trivially. Similar to
the linear case (cf. eq. (2.9)), we define a family of lower weight identities by iteratively applying the
quasi-periodicity rule first in z and then in y.

m—k,0 m—k+1,0 m—k+1,0

IO (g w) = T (2, ) = T O (2, y,2) = 0, (5.3a)
m—k—1,l mkl+1l1 mkl+1l1

T (g, a) = T Y Gy ) = T Y (2,y,2) = 0, (5.3b)

for arbitrary choices of k,l > 0 subject to 1 < k+1 < m and i1,...,ix € {1,...,h} and with the
identification Z(™:0) := 7(™)  Notice that Il(m lfﬂl l)(z y,x) indeed has lower weight as the highest
weight terms are canceled out.
At first, let us consider Iz(lool)k (z,y,2), where only the quasi-periodicity in z is used m times. Since
the quasi-periodicity in z only affects the terms in square brackets in eq. (5.2), when we apply the
quasi-periodicity m times, the non-zero contribution will only come from the term with r = m and
s = 0 in eq. (5.2), because application of quasi-periodicity in z m times will kill m first indices in
Wiy .ini(2, ). Therefore, it is easy to calculate

I (@ 2) = Pisviniop @i (2) + iy iip i (2)] wip(y) = 0. (5.4)

i

which directly implies
Airigiip F Mia-vigmip = 0 (5.5)

Now, we consider the identity Z; . (1, )

(0)

., (z,y,7), where z quasi-periodicity is applied (m—1) times. The
non-trivial contribution to Z; ;| (z, y, x) will come from the terms r = m,m—1land s =0,...,m—r
in eq. (5.2). Evidently, the contrlbution from r = m—1 terms will be holomorphic, because application
of quasi-periodicity in z (m—1) times will kill all but one index in w;,...; ;(2,-). Therefore, it is easy

to verify that

Zl,,,imil(z,y,ac) = [Niyeipninp Winni (2, T) + Miyeviyinp i (2,y)] wp(y) + [regular in z] = 0. (5.6)

Taking residues at z = x or z = y allows us to isolate terms with A and ., resulting in the relations

10)

ResI( o (zy,2) =0 = Nijip_siip =0, (5.7a)

10)

ResI( o (zy,2) =0 = Ny _siip = 0. (5.7b)

Equations (5.5) and (5.7) together with the trivial linear identities (2.7) now yield

[Nisevvigminp Wi owvinni (25 T) + Mg Wiy i (2, Y)] wp (y)
= Xy i p[Wir i (25 @) = Wiy i (2, ) W (y) (5.8)

= Aiyvitp Wiy bk (2, T) — Wik (2,9)] ok wp(y) =0,
for some fixed 1 < k < h. We have therefore shown that the 7 = m term in eq. (5.2) indeed trivially
vanishes, thus concluding the induction start.
Induction step: assume that all terms with » > m — k in eq. (5.2) trivially vanish, so that it can be
written as

3
>
3
u

I(m Z Y,z Z Z [Ail"'irivpl'“psp wil""iri(zﬁ $) + Niy--viri,p1--psp wil"'iri(zv y)] wl)1~'~psl)(ya I) =0

(5.9)
Now, we would like to show that the terms with » = m — k vanish trivially too.

To begin with, we consider the identity Ii(f_’_(_)i)mik(ay,x). Similarly to the argumentation at the
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induction start, the non-trivial contribution after applying z quasi-periodicity (m—k) times comes
from the terms with » = m — k, leading to

I(k 0)

11° 1mkzy’

M»

rimisprpep Wil2)  Niyevimiprpop Wil2)] Wpyopop(Y, 7) = 0. (5.10)
s:O

Now we can apply the y quasi-periodicity k times, which eliminates all terms in eq. (5.10) with s < k

leading to

0,k
IO o (2 ®) = iy Wi (2) iy i eoprp 0 (2)] wp(y) (5.11)

7 )‘il"'im—ki,m-"pkp T iyt giyp1epED = 0.

Inserting this relation back into eq. (5.10) eliminates the terms with s = k and we can now take the
y quasi-periodicity (k—1) times and repeat the argument. Therefore, we conclude that

Ail"‘imfkiapl“'psp + My i riprpep = 0 (5~12)

foralls=1,...,k.

As at the induction start, let us now consider the application of z quasi-periodicity (m—k—1) times.
The non-trivial non-holomorphic contribution will come from the terms with » = m — k in eq. (5.9),
thus allowing us to calculate

k
k+1,0
IO (zye )= [Nirinaiprpap Wiy i (22 2) A+ Mi i i propap Wi (2 9)| Wpyopp (0, @)
s=0
+ [regular in 2] = 0. (5.13)

Now we can take residue of eq. (5.13) at z = y or z = z, that gives us

k
k+1,0
Re Iz( 1m)k l(z,y,;v) = Z)‘il---im_k_lii,m--~pspwp1--~psp<y7x) =0, (5.14a)
s=0
k
k+1,0
E{fgzz(lmim,)k,l(zayvz) = ZT]il“'inz—k—lii»pl"'Pspwpl"'Psp(y’x) =0. (514b)
s=0

The r.h.s. of eq. (5.14) is a one-form in y and we can take quasi-periodicity k times in order to eliminate
all terms in the sums of eq. (5.14) but those with s = k. This gives us that A;,...i,. . 1iip1-pip

Miyeipn_n_1ii,pr-pep = 0 and we can insert this result back to eq. (5.14). Repeating this argument k
times allows us to conclude that

)‘il"'imfkflii,lh“'psp = Mig-vim—p—14i,p1Psp — 0 (515)

foralls=1,... k.
Using the results (5.11) and (5.15) allows us to show that for r = m — k and each s = 0,...,k we
have

[Niy i pipr-pap Wis i1 (25 ) F Mig iy _ipy . pap Wiy oo —xi (25 Y)] Wiy - pop (Y5 T)

= Niy i iispr o pap | Win i i (2, T) = Wiy vy i (2, Y)] Wpy oo opap (Y, @)

wpl“'PsP(yv :L')

= )\il"'im—k—lii7p[w7;1"'inz—k—lkk/ (Zv 1‘) - Wi1~~-im—k—1kk’(zv y)] ek

:07

(5.16)
by means of the trivial identities (2.7). This concludes the proof. O

The above lemma proves that no non-trivial identities among z-reduced terms exist (of which
weight grading is an immediate consequence). This allows us to conclude that the Fay-like
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identity (4.11) expanded into kernels is the unique quadratic 3-point identity:

Theorem 12 (Uniqueness of the Fay-like identity). Any quadratic 3-point identity among the
integration kernels is equivalent to a linear combination of the Fay-like identity (5.1) and the
trivial linear identities (2.7a) and (2.7b), meaning that the Fay-like identity (4.11) is unique
modulo the trivial linear identities.

Proof. Let Z(z,y,x) = 0 be an arbitrary 3-point identity among integration kernels such that Z(z, y, x)
is a 1-form in z,y and a function in 2. We begin by grouping the terms in Z(z,y,2) = 0 such that

m—-r

I(z,y,x) =0 & Z Z Vis ooty eopap Wiy ini (25 T) Wpy opap(Ys 2) = Z(2,Y,2) (5.17)

r=0 s=

where Z(z,y,x) is a placeholder function that collects all z-reduced terms, m is the weight of the
highest-weight term, and v;,...; 4 p,...p.p € C are arbitrary coefficients defined by the original identity.
Using eq. (2.7a) for ps # p and eq. (5.1) for p; = p to simplify the r.h.s., one finds

m m-—-r

DD Viivipipap Wi iy (28) Wy pp (4, 2)
r=0 s=0
m m-—r
= 3D Wiiviopipep Wiseini (5,2) @prpp (3, 2)]| (5.18)
r=0 s=0 PFDPs
+ [Virivipypop Ui wipiprpe1p(2, Y5 )] ‘ B
P=ps

= ZF(Z,Z%:E)

where Zgr(z,y,x) is a placeholder function that collects the z-reduced terms coming from the trivial
and Fay-like identity. Then, the difference Z(z,y, z)—Zr(z,y,x) = 0 is a z-reduced quadratic identity,
which holds by means of the trivial linear equations (2.7a) and (2.7b) as a result of Lemma 11.

Thus, we recognize that the identity Z(z,y,x) = 0 is equivalent to a linear combination of egs. (2.7a),
(2.7b), and (5.1) as desired. O

As a final remark, the identity given in ref. [45, Conjecture 9.6], which superficially depends on
arbitrary many points on the Riemann surface, can be reduced to the proven identity eq. (5.1).
One has to notice that the dependence on the points a; and b; can be eliminated by means of
the linear relations eqs. (2.7). Then the identity only depends on three points and Theorem 12
can be applied.

6 Comparison to generating functions at genus one

Enriquez’ generating function eq. (2.3) is the unique solution to two conditions: while the pole
structure (with corresponding residues) is fixed by the (analytic) condition (2.2b), its period-
icities are constrained algebraically through (2.2a). When constructing Fay-like identities as
above, residues at the poles have to add to zero and periodicities have to match.

The full range of analytic and non-abelian algebraic structures can only be implemented for
genus two and higher. In this section we are going to explore what remains from the analytic
and algebraic structures when constructing Fay-like identities at genera zero and one.

6.1 Echo of the formalism at genus zero

At genus zero, there are no non-trivial cycles on the Riemann sphere. As all generators of the
algebra correspond to “moving around a cycle of the Riemann surface”, there are no generators
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and the algebra is trivial. Accordingly, there are no algebraic (quasi-periodicity) conditions
which have to be matched for Fay-like identities at genus zero. The situation is different for
matching the poles: despite having no cycles and therefore no integration kernels with a single
simple pole, e.g. no one-form in the sense of eq. (2.3), the closest one gets is with kernels

dz

Z—a

(6.1)

that have simple poles at z = a, 00 on the Riemann sphere. As a result, there does not exist a
direct relationship wherein Enriquez’ connection and the corresponding quadratic identities are
reduced to genus zero. Nevertheless, the pole-matching pattern is met by the partial fraction
identity
dz d dz d dz d
vy o vy o Y —o. (6.2)

Z—TxY—Tr 2—YyYy—r Z—xTY—=2

The cycle structure at genus one can be mathematically realized by averaging over the genus-
zero kernels in eq. (6.1). One efficient way of performing the average is to use the Schottky
parametrization and has been discussed in [31, Eqn. (5.22)]. A similar approach expressing
genus-one polylogarithms in terms of genus-zero differentials has been discussed in ref. [9].

6.2 Genus one

As discussed in § 2, the algebra b used in Definition 1 will be abelian, that is there is just a single
pair of generators a = a; and b = b;. The meromorphic and quasi-periodic generating function
for integration kernels at genus one is the Kronecker function [9],

F(¢—xa Zg(m (& =)™, (6.3)

where u is the Abel map, £ = u(z) and x = u(z) are the images of points z and x on the universal

cover, and « is the chosen power-counting variable. To compare to Enriquez’ connection, we

can identify the Kronecker form!!

Sw)(z,2) = F(u(z) —u(z), —b1 /2mi)dz, (6.4)
which can be shown to satisfy
Sey(nz z) = eblS(z,m), Res Sy (2, ) = 1. (6.5)

One can immediately use the conditions satisfied by Enriquez’ connection eq. (2.2) and the first
component form eq. (3.5a) at genus one to show

1
K(z,x) = — 78( )(z,x)blal, K(b)l(z,m)‘ = — (b)(z,x)bl, (6.6)

h=1 271 h=1 271
implying
S(b) (Z, xIr) = 27” Z wl m . (67)

m=0 m tlmes

"The convention for the power-counting variables for the Kronecker function and Enriquez’ connection differ
by a factor of (—2¢). Furthermore, we use the calligraphic S instead of S as done in ref. [31] to avoid confusion
with the antipode.
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Corollary 13. The quadratic Fay-like identity for the component forms eq. (4.11),

0=[Kpu(z,2) = K u(29)] Koyy(y, ©)(1 & bn)
+ [Ko2)m (s ®) = K(op)m (4 2) ] K(pyyi(z, ) (b @ 1)
— (K1) (2 ) K (6,)5(2010)% U 2) + K (0,0 (¥ 2) K (b1)(ab12)6 (2, 7)) (b @ bin), (6.8)

reduces to the Fay identity for the Kronecker function at genus one,

= FE—x,Q)F( —x,a) — F(E =&, )F( —x,a+a&) — F(E —x,a+a)F(—¢a) (6.9)

for points €,€,x on the universal cover and with formal identification o = —(by ® 1)/(27i),
—(1®by)/(2mi).

Proof. Setting u(z) = & u(y) = &u(z) = x, and multiplying the Fay identity (6.9) by (b; ®
b1)A(b1) dzdy, we find that it is equivalent to the Fay identity for the Kronecker form

0= (S(b)(z, .’L‘)bl & S(b)(y, CE)bl)A(bl)
— (So) (2, 9)b1 ® 1)S(Aby,) (Y, ) A(b1)(1 @ by) (6.10)
- S(A[Hz)(z’ I)A(bl)(l ® S(b)(ya Z)bl)(bl ® 1)

by using eq. (6.4). On the other hand, one can see that

0= K(b1) ( 7:C)K(bz)1(ya )(1 & bl) + K(b1)1(zvz)K(b2)1(y7x)(bl ® 1)
= Ko1)1(2,9) [K(02)1(y, @) + K(o)1(2012)1 (4, ) (01 @ 1)](1 @ b1) (6.11)
= K(v:)1 (4, 2) K (0,)1(2,2) + K(o1)1(a012)1(2,2) (1 @ b1)] (b @ 1)

by directly setting all indices to 1 in eq. (4.11). Using the contraction identity eq. (3.17a) (recall that
at h =1 algebra b is abelian) we find

0= K(bl)l(z x)K(bz)l(yax)(l @b +b0® 1)
_K(bl) (2, y)K(Ablg)l( z)(1® by) (6.12)
= K(Ap1)1(2, ) K(p,)1(y, 2) (b1 ® 1).

This precisely matches the Fay identity for the Kronecker form (6.10) by eq. (6.6) (up to a factor
—1/2xi) and thus shows that eq. (4.11) reduces to the Fay identity for the Kronecker function (6.9).
(]

7 Application to polylogarithms

Relations among integration kernels of linear, derivative, and quadratic type as in egs. (2.7),
(4.1) and (5.1), respectively, can be used to derive functional relations among higher-genus
polylogarithms defined in eq. (2.6). While ref. [45] explored some relations involving Fay-like
identities recently, we will consider relations that can involve the appearance of special values,
i.e. multiple zeta values here. In the future, these relations can be used to derive identities
among higher-genus multiple zeta values.

7.1 Removing z from the labels

If we have a higher-genus polylogarithm of the form T' (5. ; z), where the argument z of the

polylogarithm also appears as a label for the pole loca‘mons, it can be desired to remove z
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from the labels. This was already done in the elliptic case [5, Sec. 2.2.2], yielding a functional
relation where on the r.h.s. there is an elliptic polylogarithm where z is also a label, while
on the Lh.s. only elliptic polylogarithms without z as a label appear and we furthermore can
have genus-zero multiple zeta values (MZVs). The same technique can also be applied in the
higher-genus case to remove z from the label by using quadratic identities for the kernels.

One obvious question then is whether elliptic zeta values appear appear in these higher-
genus polylogarithmic relations, or only MZVs. As we will answer below, the identities will only
involve genus-zero MZVs but no elliptic or higher-genus special values.

For the derivation of these functional relations, we start off with a higher-genus polylogarithm

E (i (i b 2) (7.1)
that has the argument z also a label for a pole (at a position £ € {1,...,k}). We are particularly
interested in the case p = g, since if the two last indices of a kernel do not equal each other, it
is independent of the second variable (see eq. (2.7a), so if p # ¢, the variable z in the label of
the kernel is irrelevant. Example 15 will look at one of these trivial examples with p # ¢, while
in Example 14 a more interesting non-trivial identity for the case p = ¢ will be shown.

Following the derivations for the elliptic case from ref. [5], we start off by writing

z . . . . . .
f (lnla~--,ln[_17(7»1"'27“1"1)71"44_1?“"l"k 72) _ / dto d f <1"17'~~71"£71’(7'1'-'lrpq),1ng+1a~'~11nk ,t())
t

Ty ooy Tp—1, A Tog1 o Tk . dto Tl oy Tp—1, to, To41 oo T
0=20
~——
=dy,
+ lim [ ((frreeie o (GrdbBing iy (7.2)
t—zo T1, oo T—1, t, T4y oo Th

and investigate the two appearing terms separately:

Derivative term. Taking the derivative w.r.t. tg of the higher-genus polylogarithm inside the
integral with 1 < ¢ < k yields

z
< TH | 111 i |
/ dto F( s 'n.g_la( 1°++4rpQ), nppr o Ing ’t0>
t

L1y ooy Te—1, to, To41s oo Tk
0=%0
z . . . - . .
— . (t )f‘l 17’&27"'71’”[717(11"'1qu)71n[+17"'71nk -t
= wi,,, (to, T1 , ' ito
1 L2y ooy To—1, 0, Te+1y - Tk
to==z20

{—1

z ti—1 te—1 . .
1n seenlng |
+ / H / Wiy, , (tj7 ‘Tj) / dtowir“irPQ(tlv tO) r ( 3351—11, - x: ,tz)
t[):ZO J:1 t

tj:ZO =20
(=1)"d¢, Wiy iq pg(toste)

(PI) z . . ( . ) . .

1. = (g, eening 1 (119-Dq), inyy 1y ing, |

= / winl (t(), (El) T < 2 -1 e+ k ] to)
t

T2, ooy To—1, to, To41y oo Th
0=%0

tj—1 te—1 - . .
/t wi,, (t;, ;) /t [du (Wu.---npq(tovfe)r (lﬁfjf,’ifilﬁf 3t€))

£=Z20

= eing
_ Wir»--ilpq(tmt@) dtg I < ;ééjrrll’ o ;];: 7t@) :|

. (g g aing
Wiy, 4 (te,xoq1) F( DLt o Th ite
z
_ a in27v--7in,[7 7(’L1"'irpq)7in[ 7---7ink .
—/ Wi,,, (thxl)F( ! “ ito
t

T2y oy To—1, to, To41, oo Tk
0=20

. -2

ti_1 to—2 -/ .
+(—1)T/t H/ wi,  (tj, ;) /t wiw_l(teflaffefl)wz‘rmupq(toatefl)P('ﬁfﬁ,’ﬁﬁ:‘ﬁf;’55*1)
0=20 j=1

tj=z0 ¢—1=20
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—1

z ti_1 te—1 ~ [ .
oI e [ ittt (e T (e ste) . (@)
to=z20 j=1 t

tj=z0 =20

where we used identity (4.1) to swap the arguments of the kernel with a derivative acting on it,
as well as partial integration (P.I.). Now we encounter quadratic kernel terms inside our iterated
integral, which calls for the use of the quadratic 3-point relations derived in § 5, to reduce the
quadratic terms in such a way, that we have a proper iterated integral again (with only one
kernel used per integration step). Thus, application of fitting instances of the quadratic identity
eq. (5.1) will reduce the r.h.s. of the equation to iterated integrals, where z is removed from the
labels. As the result becomes very lengthy and involved in the general case, we will not state it

here but will look at specific examples of this identity later.
If the argument appears to be the pole of the innermost integral (¢ = k) the above result
simplifies and we find

z
B ((ingsening g, (3100 pq)
d F nys Mg 17 -t
/f to Tl e Th—1, to 10

0=2%20
z i ]
— . T in27 T i"k—l’ (11-~~zrpq) N
= [ et B (e g

0=%0
tj_1 th—1
11 / wi, (t5,2;) / digwiy i, pq (tr; o)
t t

z
+/
to=20 \ j=1 /tk=%0 k=20
(=1)"de) Wiy iy pg (to i)

z
i ingseeing g, (d1+irpq) |
= / wim (to,xl) T ( :227 nE_1 tor ,to)

vy Th—1,
20

k—1

z k—1 tji—1
+(*1)T/ H/ wi, (£, %) | (Wiwispg (o, th—1) = Wi, ...ispq(to, 20))
t t
Jj=1

0=20 =20
z . . ( . )
_ ) = (ingyoning g, (11-+2rpq) |
= / Wi,,, (to,z1)T ( oy m:_ll t Jo)
t():ZD
z k=2 nt; 4 tg—2
I
+(-1) / H/ wi,, (tj,2;) / Wiy, (th—1,Tk—1) Wi, iy pq(to, tk—1)
to=z20 j=1 tj=z0 tk—1=20
(T Grei1Pg)ing o ing,
( 1) r ( 20, Ty oeny a?k,; 12 ) - (7.4)

The other special case, £ = 1 is more involved: since the outermost integration is divergent in
general, a regularization prescription for the higher-genus polylogarithms (and associated higher-
genus MZVs) is required. Whenever regularization is required below, we will either comment on
how we deal with it or avoid the corresponding polylogarithms. Making regularization rigorous
is beyond the scope of the current article and will be part of future work.

A further problem sets the situation at higher genera apart from the elliptic case: denoting
by @ the function part of integration kernels, e.g.

Wiy ooy ik (2, T) =1 Wik (2, 2)d2 (7.5)
the anti-symmetry in the elliptic case [5]

= (=1)"wy... .
w1 +11(sz) - (—1)"ws +11(3&2) - (7.6)

could be used to cancel separately divergent terms (as can be seen in the example in eq. (7.7),
reduced to h = 1). Unfortunately, this anti-symmetry property does not carry over to higher
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genera in an obvious way. Even worse, identity (4.1) involves reversal of the order of indices,
which prohibits all obvious cancellation identities. The following depth-one example is the
higher-genus version of eq. (7.6):

to

[ ((Geindh) s 2) = /z dto 4 (“1'"“]"“);750) + lim I ((indh) )

to=z0 dio t—zp
N —
=y,
. - do -
- i T 5 e il . 1 21Ty .
a /tozowh_glo (dtOF((“ 2 )’to) +dto dxr((“ o ),t0)> +tli>HZIOF( g ,t)

z to d
:/t zlgrtlo (Wz'y--irjk(tl)avr)'*'dto/ awilmirjk(tlax) >

0=20 t1=z0
(_1)Tdt1d1irmi1jk(fc7tl)

+ lim T ((il'"tirjk) ; t)

t—20

= / lim dtg (‘Dz‘1~~~i,»jk(t07 IL’) + (—1)T (a}ir...iljk(l', to) — @ir...iljk(fb, Zo)) >
t

0=20 x—to
li f (i1--irjk) . ¢ .
+ Jim T (37051, (7.7)

where we used the differential identity (4.1) moving to the fourth line. Taking the above ex-
pression as starting point, it would be desirable to make the expected cancellation obvious.
Alternatively, one could try to rewrite the expression back into polylogarithms, for which a
relation between @, ..;, jx (2, ) and @;,....;, ji(, ) would be useful. However, as alluded to above,
such relations are not known to us beyond genus one. Nevertheless, we are going to consider
eq. (7.7) for r =0 and r = 1 in Example 16.

Boundary term. Let us now consider the boundary term

lim f\ (inl""> in5717in[7ine+17"'7 ink . t) (7 8)
t2 Tl ey Th—1, b Tpgly oo T ’ ’
In most cases this term will vanish, because the length of the integration path shrinks to zero
as t — zg9. The only non-vanishing situation occurs, if all exhibit poles. As discussed around
eq. (2.5), the only integration kernels with poles in the fundamental domain are those of the
form wj;(z,z) for some j € {1,...,h}, where the pole is at z = . Lemma 8 of ref. [26] implies
the following expansion (no sum over j)
1 1

wjj(z,x) = T oM e —x

+0(1), forz—uz, Vje{l,...,h}. (7.9)

Using the above expansion, the boundary term for labels i,,, = (jm,jm), for jm € {1,...,h},
can be written as (no implicit summation)

lim T ((jhjl), vy (Je—1de—1)s (Gesde)s (Ger1sdet1)s o (Jrsdie) '750)

to—20 TL, e T, to, Tepls, e TR )
, 1 (Tt db e dy, Bt dt,
= e (LU L 0 ) L LI [ ) o
o=z0 (=2m0)* \ 22 /o m=Tm ) Jr  te—to \ Ty m— Tm

The above expression vanishes unless all x,, € {zp,%o} as visible after applying substitution
(7.12) below.
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If all z,,, € {z0,t0}, we find (using a,, € {0,1} with a,, = 0if x,,, = 2z and a,,, = 1 if z,,, = 1)

3 I ( \J ), ey ( \J ) — 13 T (jlvjl)a ceny (jkv]k) .
t&gof ( T ’t0> - t(}i’%o r (al(t0*20)+207 -y ag(to—20)+20"’ to
k t
1 m—1 dt
= Jim 11 [ m
to—20 (—27T2)k me1 /70 tm — am(to — Z()) — 20
(7.11)
1 o [t dt
=i e [T
to—zo (—2mi)* 12 Jo t —am
1
= o G a b ’a’ ) 1 b
(—2mi)k (@ ki)
where we used the substitution
P k. N SRS (7.12)
O ooy ky .

with ¢, = 1 and where G(--- , ) is the Goncharov polylogarithm [17]. When evaluated at z = 1,
Goncharov polylogarithms constitute MZVs via:

G(0,...,0,1,0,...,0,1,...,0,...,0,1;1) = (=1)"C(n1, ..., ny). (7.13)
— ~—— ~—
ny—1 Npy_1—1 ni—1

In summary, the boundary value (7.11) vanishes in most cases and otherwise yields (up to
factors of —271) a genus-zero MZV. If polylogarithms are considered which need regularization,
this MZV from the boundary might also require to be regularized, which can be implemented
through the usual shuffle regularization of MZVs.

Now that we have investigated the general cases of these higher-genus polylogarithms iden-
tities, we will exemplify this in the following, where specifically Example 14 is remarkable due
to the appearance of MZVs. Note, that in all of these examples there is no implicit summation
over repeated indices.

Example 14. Let j, k € {1,...,h}, then as in eq. (7.2), we can write (no summation over
the indices j, k)
z
= (G = ((d), (k) . (G, (k)
r ((%,)’ (kzk) ; Z) = /t dg, I ((%,) (to) 7t0> + tliglo r ((%,) ( ¢ ) vt) . (7.14)
0=20

For the derivative term, using the quadratic identity (5.1) on eq. (7.4), we find:

dy T (609
[ (@0)

4 to z to
=/ Wjj(thZO)/ Wkk(tlato)_/ Wkk(to,Zo)/ wjj(t1, 20)
to=z20 t1=20 to=z0 t1=20
z to
+/ wkk(tmzo)/ w;i(t1, 20)
¢ ¢

0=—20 1=20
h 2 to z to
- [/ wm(to)/ wmgj(t1, 20) +/ wm(to)/ wjmj(t1,t0)
m=1 to=zo t1=z20 to=zo t1=z20

z to z to
+ / oy (10, 70) / (1) + / (20, 20) / wjmm,to)}
to=z0 t1==20 to==z0 t1=20
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-7 ((gg’), (kk) Z)

zh: [ ( m), (i) z) +f<<r:>,<jggj>;z) +f(<n;g7'>,<@>;z) +f(<%>7<g§>;z)],

m=1

(7.15)

where there is no implicit summation over j and k, and “—” denotes that the corresponding
kernel is independent of the second variable and zg is an arbitrary point on the universal cover.
To reduce all integrals to higher-genus polylogarithms in the above equation, we furthermore
used the identity (no summation, and arbitrary j,m) r (U:OU ) ; t0> =T ((j;’;j ) ;to), which is
an instance of the identity [45, Eqn. (9.51)] and identity (2.7b).

For the boundary value, following the derivation in eq. (7.11), we find an MZV (no summation

over j,k):
- 1 1 1
i Gk (kk) . ) — = )= —— - —
Jim T ( 7). (k? ,z) S GO = = @ = 5 (7.16)
For genus h=2 and j =k =1, identity (7.14) reduces to
r (%WZD ; z) —_T <<1Z10}), OF Z) T ((2210})7 OF Z) _7 ((2_17),(1_2) , Z)
P@0202) F (@) of (D) Lo ()

Identities like the one above can also be verified numerically. Our numerical implementation
on the Schottky cover is based on the explicit representation of integration kernels w(z, x)
described in [31] and takes into account branch cuts and regularization. The associated
software routines are still under vivid development with the goal of implementing numerical
calculation for all (regularized) hyperelliptic polylogarithms up to a certain complexity'?

Example 15. Consider now the trivial case, where the two last indices of the innermost
kernel are different. For this, we consider a polylogarithm of length two, beginning with the
identity (¢,7,k,¢ € {1,...,h} with k # ¢)

P(@0k0;2) = /t :_ZO di T (D60 1) (7.18)

In the above equation, both kernels do not have a pole and the boundary term vanishes due
to the mechanism explained above. The point xg is arbitrary here (and can even be omitted)
since the holomorphic differentials w;(z,x) depend on the first variable z only. Adapted to
this scenario eq. (7.4) generates

5 z to z to
r (gg ) )2/ Wi(t(])/ wjke(tl,to)+/ wjke(to,zo)/ wi(t1)
to=zo t1==20 to=z0 t1=20

z
—/ / wi(t1) wjke(to, t1)
to=z0 Jt1=20
z z to
/ (to)/ w]ke(tl,to)+/ wjkz(to,zo)/ wi(t1)
to=z0 t1==20 to==z0 t1=20

20ne of the authors (EI) is currently working towards publishing a version of the package SchottkyTools in

the future [48]. If you would like to test and help, please get in touch.
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z to z to
—/ Wi(to)/ wike(t1,to) —/ ijé(tma)/ wi(t1)
to=z0 t1=z20 to==z0 t1=20

z to
+ / wi(to) / wike(t1,b)
to=z20 t1=z20

_ T ike), () . T jkl), (7). T i), (5k0) .

—T (OZO) ggg,z) r ((% ) ggg,z) iy (gg}ab ),z> , (7.19)
where in the next-to-last step we applied the quadratic identity eq. (5.1) to reduce the product
wi(t1) wike(to, t1). The points a, b can be chosen on the universal cover arbitrarily.

A similar derivation for j,k,¢ € {1,...,h} with k # ¢ yields the shorter identity

D(@00:2) = =T (00 2) + T (EDG)52) + 1 (DE;2), (7.20)

where as above xg is an irrelevant point and a, b are arbitrary points.
Note, that both identities egs. (7.19), (7.20) are trivial upon noticing that any kernel w;(z, x)
OF Wi, . i,pq(2, x) for p # ¢ is independent of the second variable = (cf. eq. (2.7a)).

Example 16. Let us consider the depth-one case, where the first integration kernel carries
the label z. We consider the formula derived in eq. (7.7) for the cases r=0 and r=1 and
will only be concerned with this formula for j = k, as other cases are trivial. Throughout
this example there is no summation over repeated indices.

e 7 =0: In this case, we deal with the kernel wj;(z,x), which has a pole at z=xz. Sepa-
rating the pole from the rest of the kernel, i.e. writing
1 1

@jj(z’x):_%z—x

+wj(z, ), (7.21)

with w;(z, z) a function which is regular at z =2, we find in eq. (7.7) for the case r =0

the result
( ? 72) tozzofgrtlo 0 271 to—x+wj( 0,) Qﬂx_to'i'wj(xv 0)
z
- i Dii im T (G7) -
/to:zo xlgltlo dto wjj(z, 20) +tllglor( ; 1)
wy;(f0.70) —5L-G51)
z
: - 1
= /tozo 1151;10 dto (wj(to,x) +wj(x,to)> —T(UD;z2) - 53 G(1;1). (7.22)

There are a couple of remarks necessary for this result: First, for both polylogarithms
appearing in this equation, endpoint regularization is required. Secondly, the Goncharov
polylogarithm G(1; 1) needs to be regularized by setting G(1;1) =0. Lastly, if the func-
tion w(z,x) was anti-symmetric under exchange of z and x the integrand in the above
equation would vanish, resulting in an instance of the reflection identity [5, Eqn. (2.44)]
at genus one. Unfortunately, for genera higher than one, the terms do not cancel to
our knowledge. Thus, in the higher-genus case it is not clear to us how to rewrite the
above unintegrated expression into higher-genus polylogarithms.

e r=1: For this case, the reversal of the labels iy ---14, is trivial and we encounter a
cancellation in the unintegrated term of eq. (7.7) (all functions are regular at z = ¢y so
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that the limit can be taken without problems):

z
/ lim dtg <a)i1~~-irjk:(t0a r) + (—1)" (Qi, iy jr (7, t0) — @iy i (T, 20)))
t

Tt
0=20 0

r=1 z . ~ ~ -
( — ) / lim dt[) (wijk(to, .CC) — wijk(aj, to) + wijk(a:, Z()))
t

r—t
0=20 0

z
/ dto @;jx(to, 20)
t ——_— ———

0=20
wijk (t0,20)
=T (Wh;2). (7.23)

zo 7

Furthermore, the boundary term vanishes and we are left with the identity

L (0k);2) =T (k) 2), (7.24)
which is an instance of the relation [45, Eqn. (9.51)]. Similar identities arise when
all indices 71, ...,4, are equal and 7 is odd, as then the reversal of the indices 77 - - - i,
is trivial and the (—1)" factor leads to a cancellation (cf. again [45, Eqn. (9.51)]).
However, the general case of arbitrary labels iy - - -4, does not have such an immediate
cancellation.

8 Summary and Outlook

In this article we derived Fay-like identities for meromorphic kernels in the construction of
polylogarithms on higher-genus Riemann surfaces from relations for Enriquez’ meromorphic
generating function. Various types of identities can be created by combining generating functions
in a way such that residues cancel and periodicity properties are matched. Once considered at
genus one, our identities reduce to the well-known Fay identity for the Kronecker function at
genus one.

Upon expanding every generating function within the identities into Enriquez’ meromor-
phic integration kernels for polylogarithms, we find all kernel identities conjectured recently in
ref. [45]. We prove that the space of identities is exhausted by our identities.

In §7, we provide several examples for functional relations among higher-genus polyloga-
rithms. We can verify the shown relations numerically using the Schottky approach [31]. When
specializing to particular arguments of the higher-genus polylogarithms in these functional re-
lations, one can obtain identities for multiple zeta values associated to higher-genus polyloga-
rithms. However, a proper definition of higher-genus multiple zeta values and a survey of their
properties is beyond the scope of this article.

There is a couple of immediate open questions resulting from the article:

e For Riemann surfaces of genera zero and one, the Drinfeld [49] and elliptic/KZB asso-
ciators [50], respectively, have been facilitated for building recursion algorithms for the
calculation of various observables in quantum field theory and string theory. Thus, it
would be interesting to explore representations for associators for connections on higher-
genus surfaces. The most pressing question here is, whether information can be gained
from the degeneration of those objects to the known associators at genera zero and one.

e It would be interesting to know to what extent the functional identities implied by Fay-like
identities allow to single out bases for cohomologies in classes of higher-genus polyloga-
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rithms. This might as well touch upon the question in what way the uniqueness and
exhaustiveness of Fay-like identities might help in showing closure under taking primi-
tives.

e Functional relations for higher-genus polylogarithms are believed to imply relations among
higher-genus multiple zeta values. Can one extend the collection of examples in the current
article to a survey of relations among higher-genus zeta values leading to a data mine
similar to the two existing ones for genus-zero and genus-one multiple zeta values [38,40]7

e The most pressing question on a structural level is the relation of higher-genus Fay-like
identities to the Fay trisecant equation [10,11].

e In ref. [45] it was conjectured that all identities derived for periodic kernels would carry
over to identities for meromorphic kernels. It would be nice to know, whether the opposite
direction could be proven: in this case every identity for meromorphic generating functions
should have an echo for the properly periodic kernels.
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Appendix

A Computations with component forms

A.1 Properties of the component forms

In this appendix, we explicitly show the properties of the component forms (3.3) and (3.7) stated
in section § 3. Based on the properties (2.4a), (2.4b) and (2.5) of the integration kernels, we can
now verify the properties of the component forms directly based of their definitions.

First component form. We verify the properties (3.5a), (3.5b) and (3.5¢) by direct compu-
tation. For the quasi-periodicity in z, we obtain

K k,z 1’ ZZ (Sk“ dm Yimat.. QTJ(Z I’)b b“

r>0 m= O

— Z Z  Wime1. ing (2, @) O biy - - iy (A1)

r>0 m= 0
b
- k N . . . .
= Z % Z w1m+1-~~2r] (Z, l’) blm+1 e b’LT
m>0" r>m

= eka(b)j(z, CL') s

where we have used eq. (2.4a) in the first line, resolved the Kronecker delta in the second line,
regrouped the sums in the third line and relabeled r — r — m, t4+n, — %, in the last line.
Completely analogous, we obtain for the quasi-periodicity in x

r—1
1 m+1
K(b)]('z?’ykx) b)j Z, T +Z(5’Lr] Z (( 6k1r 1. Gp— mwll A —m— lk(z .T)b bl'r
r>0 =0
Koy =" bi,...bi_ b b,
= Kp);(2,2) +Z Z o e (2 @) biy - b, Oy (A.2)
r>1m=1

—1m
= Kiy(2nm) + Kz | 3 C gt ),

m!
m>1

where we have used eq. (2.4b) and similar manipulations as above. Using the exponential series,

we can formally identify

> ﬁ,ﬂm bt = (A.3)

m>1

thereby arriving at eq. (3.5b). For the residue, eq. (2.5) directly yields eq. (3.5¢) upon resolution
of the Kronecker delta.

Second component form. For the second component form, we perform a very similar pro-
cedure, but now paying attention to the second flavor of power counting variables. Again, using
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eq. (2.4a) we find

- wim 7/7'2 Y '(27 x) m
Ko)i(on)j (2, 0) = > (Z tLr L Pad bbi - by ®bpl...bps>

m!
r,s>0 \m=0

s h
w psjlZ, T r m
DN DY s )(bk) ® (bk)™bpy iy -+ by,

r+m+1)!
T75>0 m:Opm+17 ,Ps=1 (+ +)

(o
= Z —E—— Z Z wim+1-~~irip1~~~psj(z?x) iy + - bip @ bpy . bp,

m>0 820 tm41,etr=1
T>m P1,-- 7ps:1

+5 Z ,,,,+m+ ' Z Z wpm+1-~~psj(z’x)(1®bpm+l "‘bps)

S2M Pt 1,e-,Ps=1
(br)" ® (b)™
= (ebk X 1) (01)i(b2)7 (Z .’,U) +5Zk Z m K(bz) (Z .’L')
r,m>0
(A.4)

for the quasi-periodicity in z. This is exactly eq. (3.8). Moreover, we can use the exponential
and geometric series to formally identify

bi)" b )™ r ebk r m—1
> ((Tkliikl))! =3 (h @byt <1®m1®2(b’“;! >

r,m>0 r>0

1® ebw o 1 (p)mel
- - @ _ b ®Db A5
1@by, —bp®1 ;)ng()(k@k) 1® by m! (A.5)

1®ebr —ebk @1
1®b, — b ®1 ’

For the quasi-periodicity in z in the special case of K(b)ij(z, x), we again use eq. (2.4b) to derive

m+1 h
K(b)ij(za V) = K(b )ij (z,7) + 51] Z Z (m + 1)! Z wil-nirfmk('z’ z)bi, ... bir—mbzn
r>0 m=0 T1yeenylr—m=1
— B (b)ij (Za «T) + i Z Z wll...lrk(za :IZ) (AR Z m k
>0 %1,.00,0r=1 m>1 ’
et —1
= K(pij(2,7) + 05 Koy (2, 7) B (A.6)

which coincides with eq. (3.12). The residue follows directly from resolution of the Kronecker
delta in this case as well. We can also do this for the variations of the component forms involving
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the Hopf algebra morphisms. For example, we have
K (b,)i(Ab12)j (Tk2, ) = 23 0 P12 0A2 (K (5, )i(05); (V62 T))

= pa3 0 P12 0Ag <(€bk ® 1)K (by)i(b2)5 (% T)

1®@ebk —ebr @1
0; Kipyi(2,
+ k(l@bk—bk®1> ("2”(290))

= p23 o P12 ((ebk ®l® 1)K(51)i(Ab23)j<z7 z)

1Qer @elh —etr @1 @1
+ Sik ( K(Aby3)5(2: @)

1106, +1®0, 1 —-b,1®1

ebe @ et — 1 @ ebk

b
= (1 X e k)K(bg)i(Ahl2)j(Z’ ;E) + 51]{: bk; X 1

K(ab10);(2,7),

where we have used that the Hopf algebra maps are homomorphisms. Analogously, the quasi-
periodicity of arbitrary variations of the component forms can be computed.

A.2 Properties of the quadratic identity generating function

In this appendix we derive the quasi-periodicity property as well as the residues of the generating
function for the Fay-like identities defined in eq. (4.11). To show the analytical properties of
Qpim(z,y,x), we can focus on g, (2,y, ). We start by deriving the quasi-periodicity in z. By
using eq. (3.5a), we immediately obtain

Grim (Yi%, Y5 ) = (€” @ 1)gpim (2, y, 7). (A.8)
The quasi-periodicity in y is a little bit more involved, but applying equations (3.5a), (3.5b) and

(3.8) and using the result (A.7) allows us to formally deduce

Qi (2,739, ) = (1@ ) [K(o,1(2,2) = K(5,1(2,9)] K o)k (¥, 2) (1 @ bpy)
— (1@ ") K (6,);(2, ) K (0y)5(2610)% (¥ ) (b1 @ by
eAbi _ 1 ebi

- 5in(b1)j(273/) b @1 K(Ablz)k(y7$)
Kopi(ey) o @ i
+ Kp)i(2,9) o ®e (b2)k (Y5 T)
e b1

+ Kon)i(29) = 0 @ " Ko,k (4> 7)

Knv1)6 (Y, 2) | (b1 @ b))

]

e b —1 eAli) — 1@ ebi
bj@1l| —————
b, ®1

+0ii K (p,)i (2, 9) (

= (1 ® ebi)lem(zv Y, l‘)

B_bi — ]. b,
o [K(Ablz)k(% ) = Ko (y, @)

= (b ® 1)K (by)j(2b12)k (Y, x)} (by @ bi)
= (1® €")quim(2,y, ) (A.9)

+ Kp,)i(2,9)
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by means of the contraction identity (3.17b). Let us consider the residues next. Using egs. (3.5¢)
and (3.9), we arrive at the conditions

(—2mi) IZ:{:eg Qi (2, Y, T) = Ko, (Y, ) by @ bin, (A.10a)
(—2mi) lf/{:eg Qi (2,9, ) = —K(p,)1(2,7) by @ bim, (A.10Db)
(=2m1) Res gum (2, Y, 2) = K(ap1)6 (Y 2) b © b, (A.10c)

where we have again used eq. (3.17b) to derive equation (A.10c). Having established these
properties, we can use them to derive the analogous properties of the full expression Qg (2, vy, )
via eq. (4.11). We get

Qrim (M2, Y, ) = Qaim (02, Y> ) + Pr2(qhmi (Y, 112, T))
= (" © Dapim (2 3,2) + Pia(19 € )aomi(y, 2,7)))

= (" ® 1)Qpim (2,y, 7), (A.11a)
Qhim (2, 1y, ) = (1@ ") Qg (2,9, @), (A.11Db)

by means of egs. (A.8) and (A.9). Moreover, we have

(—275) 1}:@9? lem(Z, Y, x) = (—275) E{:eg Qeim (2,Y, ) + P12 5265 kal(% 2,1)

= K(b2)k(y,$)b[ & bm + P12 (_K(b1)k(ya'r)bm ® bl) =0 (A12a)
(—271'7?) ?};{:ezs lem(z,y,x) = (K(bl)k(z,a:) - K(bl)k(z,a:)) bl & bm = 0, (A.12b)

(—2mi) E{:eys Qkim(2,y,x) = (—2mi) 5:65 Qkim (2, y, ) + 52657712(qkm1(y, z,z))| =0, (A.12c)
where we have used egs. (A.10a), (A.10b) and (A.10c). Additionally, eq. (A.12¢) requires that
E{:es Pro(qremi(y, z,x)) = — l;{:eg Qkim (2, Y, ) . (A.13)

This condition can be reduced to the requirement
(—2m1) IZ{:eys Kwyr(y, z) = by, . (A.14)

To see that this is true, consider the Laurent expansion of K (y;(2,y), which reads

b 1
(—2mi) z —y

Ky(z,y) = o(1). (A.15)

From this, we can directly read off that eq. (A.14) is true as exchanging the roles of z and y
introduces an additional minus sign.
A.3 Uniqueness of generating functions valued in the tensor algebra

In the proof of Theorem 9, we identified the one-form £, € b®b. This one-form is holomorphic,
and satisfies

Qi (2,779, 2) = (1 ® ) Qi (2, y, 2). (A.16)
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By expanding €24;,,, in the first algebra b, we can identify its components
Qpim (2, ¥, Zbu -+ bip ® Qi i, (2,9, T), (A.17)

where Q. i, ..., are also holomorphic and quasi-periodic,

lem,hmir (Za YiY, .T) - ebi lem,il---ir('zv YiY, JZ’) (Alg)

The proof of Theorem 9 uses the statement that €, is uniquely identified to vanish by its
holomorphicity and quasi-periodicity requirements. We proceed to show this by adapting the
theorem used by ref. [27] for identifying the uniqueness of Enriquez’ connection.

Theorem 17 (Uniqueness of algebra-valued one-forms). A one-form H(y,z) € b can be uniquely
identified if it satisfies the conditions

(271) ResH (y,x Zb T, (A.19a)
H(viy,z)=¢e 1H(y, x), (A.19b)

for some r; € b. In other words, if H and H' satisfy these conditions for the same rj, then
H=H.

Proof. The proof proceeds in two parts. First, we show that the residue and quasi-periodicity condi-
tions imply a condition on the value of H’s A-periods. Then, we deduce conditions on the coefficients
of G and see that the residue, quasi-periodicity, and A-periods uniquely identify them.

By performing a canonical dissection of the Riemann surface X, we identify the boundary of the
fundamental domain with the sequence of cycles ‘31911%1_19[1_ Lo %hmh%,;lm,;l. Then, integrating
along this boundary we find

h
H(y, ) = (2mi) Res H(y,z) = Y _ b;r;
2% y=r =1
h h
-y o)=Y § Hw.o) ~ Hlgox) = (e - f H(y,x
j=1 7{%]%%]-1%1 =174 j=1
(A.20)
By collecting words with the same starting letter, one finds
bi 1 b

H (y,z) =r; = H (y,x — " (A.21)

00 B(b)

where eb?’; T is identified with the formal sum p el where B are the Bernoulli numbers.

Now, by expanding H(y,z) = > o0 g hiy i, (4, @ )b21 . bls, one identifies the conditions on h as

S

. Oiyveini
H(yiy,z) = " H(y,x) = hi ., (yi,7) = » o P (8, 2),
k=0 ’

(2i) ResH (y,x Zb r; = (2mi) ljfﬁ Piy iy (Yy &) = T4y igennigs (A.22)

b; Oiy.ir i B
]{ Hy’ — b 1TJ = % hn h(y’ )_Z%rihiwﬂ"'isa

k=0
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where ; = >0° 74, biy -+ - b;,. These conditions are sufficient to uniquely identify h;, ...;_: if h and
h' have the same residue, quasi-periodicity, and A-period, then their difference h— h’ is a holomorphic
periodic one-form with vanishing A-periods, and can only be identically zero.

Since each coefficient of H is uniquely identified, so is H itself. O

In ref. [27], one can identify r; = a; and deduce the uniqueness of Enriquez’ connection. In
our case, since gy, 4,...;, are holomorphic we identify r; = 0. Since 0 satisfies the same quasi-
periodicity and residue conditions (i.e. 0 = €?0 and Resy—, 0 = 0), we deduce that Qi ,..i, =
0, and consequently that Qpp,, = 0.

A.4 Derivations for Fay-like identities

In this appendix, we will perform several explicit calculations used in §4 and §5. We start by
deriving eq. (4.20) from eq. (4.19). First, by applying the index swapping identities eq. (4.4)
and eq. (4.7) to the corresponding terms with repeated z-dependence. Doing this, we arrive at
the expression

q'=

q

Qi (2,,2) = ( (Ko (2:2) = Koy (2,9)] )p,:pme(% 2) + Ko (2, 2) K b)qq (4, 7)

— K(6,);(2,9) K6,)5 (00120 (Y, ) — Ko)(2, ) K(py)qq (¥, 2)

r—

q

— K(6,); (4, 2) K(6,)(a612)k (2, x)) (b ® byy,)

= ( [(Ksr o (202) = Koy (2200)] | Ko ) + Koy 122 2) K (0:2)

qa'=q

= K1) (2, Y) K (b2)j(Ab12)% (Y5 T) — (K(bl)j(zax)K(bg)jk(yvz)

q’—q>

- (K(bg)j(yax)K(bl)j(Ablz)k(Zax) = K6)j(2,2) [K(62)j% (¥, 2) = K(b)j% (4, )]

— Ko,); (2, 2) K (6,5 (Y, ) + Ko, (2, 7) K (55)qq' (Y5 T)

+ [K(o2)jn (¥ 2) = K(oy)1(y, )] K(Ablz)j(z>$)>> (br ® bm)

=< (K (6% (¥, ) — K(o2)5 (Y 2) | K(Ap12); (2, @)
+ {K(bl)jk(zax) - K(bl)jk(zay)}K(bz)j(yvx)

- K(bz)j (y7 x)K(bl)j(Ab12)k(Z7 :17) - K(bl)j (Za y)K(bz)j(Abu)k(ya Q?)) (bl & b’m) ’

(A.23)
where we have again used the index swapping identity (4.4) in the last step.

Next, we verify the transformation (4.21). We can do this using the Hopf algebra axioms.
For example, for the first term in eq. (4.20) we have

2 (K(62)j5 K (Ab1)j) = 1d@po A®idoid ®S o A(K(p);) K (sey)jik - (A.24)
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Then notice

ideuoA®idoid®S oA =id®poid®id®S o A ® idoA
=id®puoid®id®S oid ®A o A
=id®(noe)o A =id®], (A.25)

where in the first equality we notice that A; and Ss do not interfere with each other, in the
second equality we use coassociativity and in the last equality we use antipode compatibility
condition. Then id ®(n o €) kills all the non-trivial algebra elements in the second tensor site
leaving the only term of the coproduct, when the second tensor site is the neutral element
(id®1 : b — b®? stands for concatenating a neutral element from the right). The second term
in eq. (4.20) is treated analogously. The second term in eq. (4.20) is treated analogously. The
second line in eq. (4.20) is obviously mapped to the second line of eq. (4.23). The term of the
third line in eq. (4.20) can be shown to be mapped to the third line of eq. (4.23) due to

id@poA®idoid®Sopu®idoid ®A =id®uo A ®@idopy ® id 0id®? ®S o id A
=idQuop®p®idoid®@P ®id*? oA ® A ® id0id®? ®S o id @A
= pu@poid® @uoid®@P ®id®?0id®* @S0 A ® A ®idoid ®A
=u®poid@P®idoid® @uoid® @S 0id®*3 @A oA ® A
= pu@poid®P®idoid®® @(noe)o A A
=p®@puoid®P®idoA ®id®1
=pu®idoid @ PoA ®id = p12 0 Pag 0Aq, (A.26)

where we used for each equality: commutativity of AjoSs; compatibility p and J; associativity of
1 and commutativity of AqA9S3; commutativity of ugs and Pag; compatibility of the antipode;
property of id ®(n o €) when acted on A; property u(- ® 1) = id(-). The last term in eq. (4.20)
can be treated analogously. We have (omitting arguments for brevity)

E (K(01)j K (52)j(2b12)k) = K(Aby2)jti23 © A1 0 82 0 piog 0 P2 082(K (v,)j(os)k)- (A.27)
It can be seen that this is mapped to the last line of eq. (4.23) by

a3 0 Ay 0 Sz 0 pg3 0 Pra oAy

(id®u)o(A ®id)o(id ®@u)o(id ® P)o(id ®S ® S)o(P ®id)o(id ®A)

(id @p)o(A ® id)o(id @p)o(id @ P)o(P ®id)o(S ® id ®S)o(id ®A)

(id ®pu)o(id®? @p)o(A @ id)o(id ® P)o(P @id)o(S ® id ®5)o(id ®A)

(id ®p)o(id®? @p)o(id®% @ P)o(id @ P @ id)o(P ®1d®?)o(id ®A ® id)o(S @ id ®S)o(id ®A)
(id @u)o(id ® P)o(P @id)o(id®? @u)o(S ® id®? ®S)o(id ®A ® id)o(id ®A)

(id ®@u)o(id ® P)o(P @ id)o(id*? @u)o(S ® id®? ®5)o(id®? ®@A)o(id ®A)

(id®@u)o(id ® P)o(P ®id)o(S ® id ®(noe))o(id ®A)

(id®u)o(id @ P)o(P ®id)o(S ® id ®1)

—Pos, (A.28)

where we have again used for each equality: anti-homomorphism property of S with respect to
the product; P oSy = S 0P; commutativity of o3 and A1; AjoPogoPra = Psg0PagoPia0Ag;
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i34 © P3goPozoPig = PagoPioougs and commutativity of Siz and As; cocommutativity of
the coproduct; compatibility of the antipode; compatibility of the counit with respect to the
coproduct and that p(-®1) = id(-). Plugging this result into eq. (A.27), we see that it evaluates
to the last line of eq. (4.23).

Last, we explain how the Fay-like identity for kernels (5.1) follows from the Fay-like identity
for generating functions (4.24): We begin by expanding the generating functions in eq. (4.24) in
words (—1)%b;, ...b;. ® by, ...bp,. This can be done term by term, exploiting the definitions of
the component forms and applying the respective Hopf algebra morphisms. The result for the
distinct terms is given by

K o)1 (1, 0) K(p,)ppr (W0, )

p'=p
= > (1) Wiy i (4, 0) Wpy oy (W, )| by by @Dy, by (A.29a)
r,s>0 p=p
K (Ab10)5 (U, V) K (55, (W, T)
— Z Z(_1)mw(i1~~-irwp5~"pm+1)jk(u’v) Wy (W, ) biy o b @ by, . by (A.29D)

r,s>0 m=0
K (Aby12)5(61 )k (s V) K (56,5 (W, )
= Z Z Z (_1)mw(i1“~ilwps-~~pm+1)jil+1"'irk(u7 'U) wpl"'pmj (w7 Jf) bil te bir ® bps cee bpl ?

r,5>0 [=0 m=0

(A.29¢)
K (Ab12) (1 V) K (56561 )k (W0, T)

T S
= Z Z Z (_1)mw(z‘1~~~ilwps-~~pm+1)j(ua v) wpl"'pmjil+l"'irk(w7 ) by ... b, @ bp, - bp,

r,5>0 [=0 m=0

(A.29d)

where the additional sum over m (and [) in the second, third and fourth expansion arises due
to the different possibilities of distributing the letters to the two generating functions. We can
now read off the coefficient of the word (—1)%b;, ...b;. ® b, ...b,, for each distinct term. In
particular, substituting the appropriate arguments and expansions for all the terms in eq. (4.24),
we directly arrive at eq. (5.1).
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