
Ground State Analysis of the Spin-1/2 XX Chain Model with Anisotropic Three-Spin
Interaction

N. Mahboob1, S. Mahdavifar1,∗ and F. Khastehdel Fumani2
1 Department of Physics, University of Guilan, 41335-1914, Rasht, Iran and

2 Department of Basic Sciences, Langarud Branch, Islamic Azad University, Langarud, Iran

In this paper, we investigate the ground state properties of the spin-1/2 XX chain model with
anisotropic three-spin interaction using the fermionization technique. By exactly diagonalizing the
Hamiltonian, we analyze the dispersion relation, ground state energy, fidelity susceptibility, and
order parameters. Our results reveal two gapless phases separated by a second-order critical line:
a composite phase exhibiting both chiral and spin-nematic-I long-range orderings, and a phase
characterized by spin-nematic-II long-range ordering.

Further, we study the ground state phase diagram through the concurrence and quantum discord
between nearest-neighbor spins, finding that these measures are maximized at the critical line, with
an additional entangled region observed. Finally, we examine the spin squeezing parameter and
entanglement entropy, demonstrating that the ground state is squeezed throughout and becomes
extremely squeezed at the critical line. Notably, in the gapless spin-nematic-II phase, the Heisenberg
limit is achieved. By dividing the system into two equal parts, we observe significant entanglement
in the gapless composite phase. The central charge calculation confirms the critical nature of the
gapless spin-nematic-II phase, while the entanglement entropy follows volume-law scaling in the
gapless composite phase.

I. INTRODUCTION

The quantum ground state represents the lowest en-
ergy configuration of a quantum mechanical system,
where all particles occupy the minimum available energy
levels. Also known as the zero-point energy state, it sig-
nifies the least amount of energy a system can possess,
even at absolute zero temperature. The ground state
phase describes the characteristics and behavior of a sys-
tem in this minimal energy state. Grasping the ground
state phase is essential for exploring quantum phenom-
ena, particularly in low-dimensional quantum magnets [1
and 2].

A ground state phase diagram maps out the different
phases of a quantum system at its lowest energy state as
various parameters, such as pressure, or magnetic field,
are varied [3 and 4]. This diagram is crucial for under-
standing quantum phenomena, predicting material prop-
erties, and exploring quantum phase transitions, which
occur at absolute zero temperature and are driven by
quantum fluctuations. Its applications span material sci-
ence, where it aids in designing new materials like super-
conductors and magnetic materials, quantum comput-
ing, where it helps optimize quantum algorithms and un-
derstand qubit behavior, and condensed matter physics,
where it is essential for studying phenomena such as su-
perconductivity, magnetism, and topological phases of
matter.

There are several types of quantum phase transitions.
A gapped-gapped phase transition occurs between two
distinct phases of a quantum system, both of which have
an energy gap between the ground state and the first ex-
cited state. This transition is characterized by a change
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in the system’s properties without closing the energy gap.
In spin-1/2 chains, the transition between different topo-
logical phases, such as the Haldane phase, is a well-known
example [5]. The Haldane phase is a gapped phase with
unique topological properties and edge states.

A gapped-gapless phase transition occurs when a quan-
tum system transitions from a phase with an energy gap
to a phase without an energy gap. This type of transition
is significant because it often involves changes in the sys-
tem’s symmetry and topological properties. In the one-
dimensional XXZ spin-1/2 chain, tuning the anisotropy
parameter can lead to a transition from a gapped phase
to a gapless Luttinger liquid phase [6–8].

A gapless-gapless phase transition refers to a transi-
tion between two different gapless phases in a quantum
system. In these transitions, the system remains gapless
before and after the transition, but the nature of the gap-
less excitations changes. In spin-1/2 chain systems the
three-spin interaction (TSI) can induce a gapless-gapless
quantum phase transition. This is a type of cluster in-
teraction, where a group of spins interact collectively. In
particular, TSI is when three spins are coupled by a term
that depends on the product of their spin components.
TSI can cause frustration, entanglement, and quantum
phase transitions in spin systems. Two different type of
TSI are well known. The Hamiltonian of the first model
is given by

H = J
′
N∑
n=1

[
(
SxnS

x
n+2 + SynS

y
n+2

)
Szn+1], (1)

where Sn is the spin operator at the n-th site and J
′

de-
notes the strength of the TSI. The impact of this type
of TSI on the spin-1/2 Heisenberg chain model has been
extensively studied [9–27]. Notably, when this interac-
tion is added to the spin-1/2 XX chain model, it induces
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a gapless-gapless quantum phase transition [10].
The Hamiltonian of the second model is expressed as

H = J
′
N∑
n=1

(
SxnS

y
n+2 − SynSxn+2

)
Szn+1. (2)

The effects of this type of TSI on the spin-1/2 Heisenberg
chain model are also well-documented [28–35]. Specifi-
cally, when this interaction is introduced to the spin-1/2
XX chain model, a gapless-gapless quantum phase tran-
sition is observed [29].

Studying gapless-gapless quantum phase transitions in
spin-1/2 chain systems is crucial for both condensed mat-
ter physics and quantum information science. In con-
densed matter physics, these transitions provide deep in-
sights into quantum criticality, where systems undergo
continuous phase transitions at absolute zero tempera-
ture. This understanding helps in exploring the behavior
of materials at critical points and the nature of quantum
fluctuations. Additionally, these studies can reveal exotic
phases of matter, such as spin liquids, which do not fit
into conventional classifications and offer new perspec-
tives on the properties of quantum materials.

From the viewpoint of quantum information and tech-
nology, gapless systems exhibit unique entanglement
properties that are essential for quantum information
processing, leading to advancements in quantum algo-
rithms and error correction methods. Moreover, some
gapless phases are related to topological phases, which
are robust against local perturbations, making them ideal
for fault-tolerant quantum computation. Understanding
these transitions also aids in the design of new materials
with specific quantum properties, crucial for developing
advanced quantum technologies like quantum sensors and
communication devices. Spin-1/2 chains serve as versa-
tile platforms for simulating other quantum systems, thus
playing a significant role in the development and testing
of new quantum technologies.

Recently, there has been significant interest in studying
the effects induced by anisotropic three-spin interactions
(ATSI). Specially studies are focussed on the anisotropic
form of the first model which is defined as

H = J ′
N∑
n=1

[
(SxnS

x
n+2 + βSynS

y
n+2) Szn+1

]
, (3)

where β is the anisotropy parameter. Recent studies have
highlighted that this kind of ATSI can induce non-trivial
gapped topological phases in the ground state phase di-
agrams of spin-1/2 XY and XX chain models [18, 36–
40]. Researchers have explored the topological charac-
terization of extended quantum Ising models, showing
that these models can be represented as loops in a two-
dimensional auxiliary space, with the winding number
serving as a topological quantum number for the quan-
tum phases [18]. Additionally, investigations into pair-
wise entanglement and quantum discord in the XY spin
model with ATSI have demonstrated how the anisotropic
parameter affects quantum correlations at both zero and

finite temperatures [36]. Further research has examined
the decoherence and relaxation dynamics of topological
states in extended quantum Ising models, using the Lind-
blad equation to analyze dephasing rates between differ-
ent degenerate ground states in the topological phase at
low temperatures [37]. It has also been proposed that the
behaviors of long-range, two-site quantum resources can
diagnose quantum phases in an XX spin chain, reveal-
ing that quantum coherence and quantum discord be-
haviors can signify topological quantum phases and po-
tentially have applications in quantum information pro-
cessing [38].

In this study, we investigate the ground state of the
spin-1/2 XX chain model with the second type of ATSI,
described by the Hamiltonian:

H = J ′
N∑
n=1

[
(SxnS

y
n+2 + βSynS

x
n+2)Szn+1

]
. (4)

Our goal is to provide a comprehensive depiction of the
ground state phase diagram using tools from both con-
densed matter physics, quantum information science and
quantum measurements. Using the fermionization tech-
nique, the exact ground state is obtained. Initially, by
analyzing the dispersion relation, ground state energy,
fidelity susceptibility, and cluster order parameters, two
gapless phases separated by a second-order critical line
are identified: a composite phase with chiral and spin-
nematic-I long-range orderings, and a phase with spin-
nematic-II long-range ordering. Next, by examining the
concurrence and quantum discord (QD) between nearest-
neighbor spins, the ground state phase diagram is stud-
ied, revealing that these functions are maximized on the
critical line and an entangled region is observed. Fi-
nally, the ground state phase diagram is analyzed using
the spin squeezing parameter and entanglement entropy
(EE). Results show that the ground state is squeezed
throughout and becomes extremely squeezed at the crit-
ical line. Surprisingly, in the gapless spin-nematic-II
phase, the Heisenberg limit is achieved. Dividing the
system into two equal parts reveals high entanglement in
the gapless composite phase. The central charge is calcu-
lated, showing that the gapless spin-nematic-II phase is
critical based on EE scaling, and EE follows volume-law
scaling in the gapless composite phase.

The structure of the paper is as follows: In the next sec-
tion, we introduce the model and determine the ground
state using the fermionization technique. Section III
presents the results. Finally, Section IV concludes with
our findings.
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II. THE MODEL

The Hamiltonian of the 1D spin-1/2 XX model with
ATSI is denoted as

H = J

N∑
n=1

[
SxnS

x
n+1 + SynS

y
n+1

]
+ J ′

N∑
n=1

[
(SxnS

y
n+2 + βSynS

x
n+2) Szn+1

]
, (5)

where symbol J > 0 represents the antiferromagnetic
exchange coupling. The variableN denotes the size of the
system, which corresponds to the number of spins. We
are assuming the periodic boundary condition, denoted
as Sµn+N = Sµn , where µ might take the directions of x,

y, or z. Assuming α = J′

J is considered valid and does
not affect the generality of the situation.

A. Symmetry Arguments

Consider a unitary transformation defined as Uz =∏N
n=1 e

iπnSz
n , which results in the following transforma-

tions:

Sx,yn −→ (−1)nSx,yn ,

Szn −→ Szn. (6)

When N is even, the Hamiltonian satisfies the symmetry
relation:

UzH(J, J ′, β)U†z = H(−J, J ′, β), (7)

indicating that the system’s features for J < 0 can be
reconstructed using this transformation. Additionally,
by time reversal transformation, τ , we obtain:

τH(J, J ′, β)τ † = H(J,−J ′, β), (8)

allowing the properties of the system for J ′ < 0 to be
derived from the ground state phase diagram for J ′ > 0.
Finally, under the combined symmetry operator W =
τ Uz, the Hamiltonian transforms as:

WH(J, J ′, β)W † = −H(J, J ′, β), (9)

which implies that the energy spectrum of the Hamil-
tonian exhibits inversion symmetry around zero energy,
reflecting a particle-hole-like symmetry. This further
suggests that zero-energy states must appear in pairs if
present in the spectrum.

Therefore the ATSI disrupts several symmetries in the
pure 1D spin-1/2 XX model, specifically:

* The U(1) symmetry,

* Time reversal symmetry,

* The parity symmetry.

In the rest of this paper we show that the breaking
of U(1) symmetry, time reversal symmetry, and parity
symmetry in the spin-1/2 XX chain model with ATSI
significantly influences the ground state properties and
phase behaviors. The U(1) symmetry breaking leads to
the emergence of chiral and spin-nematic-I long-range
orderings, enhancing quantum correlations such as con-
currence and quantum discord. Time reversal symmetry
breaking is directly related to the presence of chiral order
and influences the critical behavior, enhancing quantum
correlations at the critical line. Parity symmetry break-
ing contributes to the unique long-range ordering in the
spin-nematic-II phase and affects entanglement proper-
ties and spin squeezing, leading to enhanced quantum
correlations and squeezing.

Overall, the interplay between these symmetry break-
ings and the anisotropic three-spin interaction results in
a rich tapestry of ground state properties, including dis-
tinct gapless phases, critical lines, and regions of en-
hanced quantum correlations. These findings provide
valuable insights into quantum phase transitions and the
role of multi-spin interactions in low-dimensional quan-
tum systems, with potential implications for the devel-
opment of quantum technologies.

B. Diagonalization

The Hamiltonian (Eq. (5)) can be exactly diagonal-
ized using the fermionization approach. By applying the
Jordan-Wigner transformation as follows:

S+
n = a†ne

iπ(
∑

l<n a
†
l al),

Szn = a†nan −
1

2
, (10)

where a†n and an are the fermionic operators, the fermion-
ized noninteracting form of the Hamiltonian is obtained
as:

H =
J

2

N∑
n=1

(a†nan+1 + a†n+1an)

+
i

8
α(β − 1)

N∑
n=1

(a†nan+2 − a†n+2an)

+
i

8
α(β + 1)

N∑
n=1

(a†na
†
n+2 − an+2an). (11)

By performing a Fourier transformation as an =
1√
N

∑
k e
−iknak, and also a Bogoliubov transformation:

ak = cos(θk)γk − sin(θk)γ†−k, (12)

the diagonalized Hamiltonian is obtained as:

H =

π∑
k=−π

ε(k)(γ†kγk −
1

2
). (13)
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The single-particle dispersion relation or the energy spec-
trum is given by:

ε(k) =
√
A2
k + C2

k + Bk, (14)

with:

Ak = J cos(k),

Bk =
1

4
α(β − 1) sin(2k),

Ck =
1

4
α(β + 1) sin(2k),

tan(2θk) =
Ck
Ak

. (15)

In the thermodynamic limit, N → ∞, the ground state
of the system corresponds to the configuration where all
the states with ε(k) ≤ 0 are filled and those with ε(k) > 0
are empty.

For β > 0, there are only two Fermi points located at

KF = ±π,

and the ground state is the vacuum state. In the region
where β < 0, if −β ≤ 1

α2 , two additional Fermi points
emerge at

K+
F = arcsin

(
1

α
√
β

)
,

K−F = −π + arcsin

(
1

α
√
β

)
. (16)

In this case, the ground state is characterized by all states
being filled for −π < K < K−F and K+

F < K < π.
Consequently, a quantum phase transition occurs at

βc = − 1

α2
. (17)

This transition is between two gapless phases: one with
two Fermi points and the other with four Fermi points.

III. RESULTS

A. Phase transition in the ground state

We begin our study by examining the dispersion re-
lation, a crucial tool for investigating the microscopic
properties of quantum systems and understanding quan-
tum phase transitions. The dispersion relation describes
how the energy of quasi-particles varies with their mo-
mentum, essentially mapping the distribution of energy
levels as a function of the wave vector. It offers insights
into the nature of elementary excitations within the sys-
tem. For instance, in a gapped phase, the dispersion
relation reveals a minimum energy gap, whereas in a gap-
less phase, it reaches zero energy at certain points. Near
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FIG. 1. (color online) (a) The spectra for various values of
β and α = 1.0 are shown for a chain system with N = 1000
particles. (b) The ground state energy density as a function
of β at α = 1.0 is presented, with the second derivative of
the ground state energy density plotted in the inset. (c) The
fidelity susceptibility as a function of β for α = 1.0 is depicted.

quantum phase transitions, the dispersion relation often
exhibits critical behavior, such as the appearance of new
low-energy excitations or alterations in the spectrum, sig-
naling a transition from one phase to another.

In Fig. 1 (a), we have plotted ε(k) as a function of
k for a chain system of size N = 1000. We consider
α = 1.0 with two different values of β = ±2. The critical
point in this case is βc = −1. It is evident that there
are two Fermi points when β = 2 > βc and four Fermi
points when β = −2 < βc. Additionally, both regions are
gapless. Since there is no momentum region with ε < 0
for β = 2 > βc, the ground state is a vacuum.

The ground-state energy density of the system is ex-
pressed as:

EG =
1

2N

∑
k∈Λ

ε(k)− 1

2N

∑
k/∈Λ

ε(k), (18)

where Λ represents the region where ε(k) < 0. In Fig. 1
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(b), we have plotted the ground-state energy density of
the system as a function of β for α = 1.0. The inset
shows the second derivative of the ground-state energy
density as a function of β. It is evident that there is
a discontinuity in the second derivative of the ground-
state energy density, ∂2EG/∂β

2, precisely at the critical
point βc = −1, indicating a second-order quantum phase
transition.

Fidelity susceptibility is a measure in quantum me-
chanics that quantifies the sensitivity of a quantum state
to small changes in a parameter of the system’s Hamilto-
nian. It essentially captures how much the ground state
of a quantum system changes when a parameter in the
Hamiltonian is varied slightly. Fidelity susceptibility is
particularly useful for identifying quantum critical points
because it exhibits a peak or divergence at these points.
This behavior occurs because the ground state of the sys-
tem changes most rapidly at the critical point, indicating
a phase transition. Fidelity susceptibility is defined as
[41–43]

χF =
2[1− F (β, β + δβ)]

(δβ)2

=
1

2

∑
k

(
∂

∂β
(2θk))2, (19)

where F (β, β + δβ) is the ground-state fidelity, quan-
tifying the overlap amplitude between the ground-state
wave function at β and β + δβ. We have calculated the
fidelity susceptibility, and the results are presented in
Fig. 1 (c) for a chain with N = 1000 particles. Specifi-
cally, we observe a distinct peak in fidelity susceptibility
at βc = −1.0. This observation suggests the presence of
a phase transition between two distinct gapless phases.

In the realm of quantum many-body systems, response
functions and specially order parameters are crucial in-
dicators that delineate distinct ground state domains by
manifesting specific types of order. These parameters are
zero in disordered phases, reflecting symmetry, and be-
come finite in ordered phases, indicating broken symme-
try. The significance of order parameters extends beyond
mere classification; they are instrumental in understand-
ing the nature of quantum phase transitions. Order pa-
rameters provide valuable insights into the character and
classification of these transitions, which can either un-
fold gradually as continuous (second-order) transitions
or occur abruptly as discontinuous (first-order) transi-
tions. By analyzing order parameters, we gain a deeper
understanding of the fundamental mechanisms governing
the behavior of quantum many-body systems and the in-
tricate nature of their phase transitions.

It is important to note that this model does not in-
duce any magnetization. Therefore, to thoroughly un-
derstand the nature of the various gapless phases within
our model, we have calculated the cluster order parame-
ters as defined.
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FIG. 2. (color online) The cluster order parameters (a) Cl−

and (b) Cl+ as functions of β at α = 1.0 for a chain system
with N = 1000 particles. In the inset of (b), results for the
first derivative of Cl+ with respect to β are shown. (c) The
ground state phase diagram in the β-α plane.

Cl− =
1

N

N∑
n=1

〈(SxnS
y
n+2 − SynSxn+2) Szn+1〉,

= − 1

2N

∑
k∈Λ

sin(2k),

Cl+ =
1

N

N∑
n=1

〈(SxnS
y
n+2 + SynS

x
n+2) Szn+1〉,

=
1

4N

∑
k∈Λ

sin(2k) sin(2θk)

− 1

4N

∑
k/∈Λ

sin(2k) sin(2θk). (20)

The cluster order parameter Cl− is also referred to as
the scalar chirality parameter [44]. A non-zero value of
Cl− indicates the presence of chiral ordering. The chiral
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order parameter serves as a measure of the helical spin
alignment along a chain. In spin-1/2 chain models, chi-
ral order can originate from various sources, including
competing interactions. These chiral fluctuations play a
crucial role in inducing quantum phase transitions be-
tween different chiral states or between chiral and non-
chiral states. Importantly, a chiral phase is marked by
the breaking of time-reversal and parity symmetries with-
out the emergence of magnetic order.

The cluster order parameter Cl+ is likely associated
with spin nematicity [45–48]. The quantum spin-nematic
phase is a unique state of matter characterized by spins
in a chain aligning in two distinct directions, diverging
from the typical single direction. It quantifies the extent
of spin quadrupolar order within a system, where spins
are oriented along two perpendicular axes instead of a
singular axis.

The results for the cluster order parameters are de-
picted in Fig. 2 (a) and (b) for a chain size of N = 1000
and α = 1.0. As shown in Fig. 2 (a), Cl− acts as an or-
der parameter. In the region where β < βc = −1.0, the
ground state exhibits chiral phase characteristics with a
non-zero chirality value. Conversely, as the system tran-
sitions to the region where β > βc = −1.0, the chirality
vanishes. Thus, chiral ordering is present in the region
β < βc, and the spectrum remains gapless.

On the other hand, Fig. 2 (b) shows that Cl+ only
vanishes at β = βc = −1.0, indicating no spin-nematicity
at the quantum critical point. In the gapless region
β < βc = −1.0, Cl+ has a small domain and changes
very smoothly with varying β. However, in the next gap-
less region, β > βc = −1.0, its value changes significantly
with β. Additionally, as observed in the inset, the first
derivative of Cl+ signals the quantum critical point at
β = βc = −1.0. This signal at the critical point indi-
cates a change in the slope of the order parameter Cl+,
reflecting a change in the nature of the ground state.
Therefore, we can conclude that the cluster order param-
eter Cl+ behaves differently in the two regions, and that
a second-order quantum phase transition occurs between
two types of spin-nematic ordering, namely spin-nematic-
I and spin-nematic-II.

Finally, we have plotted the ground state phase dia-
gram in Fig. 2 (c). There is a second-order quantum
critical line that separates two gapless regions. In the
region where β < βc, a composite phase exists with long-
range chiral ordering and spin-nematic-I ordering. Con-
versely, in the region where β > βc, there is only a single
gapless phase characterized by long-range spin-nematic-
II ordering.

B. Concurrence and Quantum Discord

Quantum correlations are the non-classical correlations
that arise between parts of a quantum system due to the
principles of quantum mechanics [49–54]. These correla-
tions are fundamentally different from classical correla-
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FIG. 3. (color online) (a) The concurrence as a function of β
at α = 1.0 for a chain system with N = 1000 particles. The
inset shows the first derivative of concurrence with respect to
β. (b) The density plot of concurrence in the β-α plane. (c)
The QD as a function of β at α = 1.0 for a chain system with
N = 1000 particles. The inset shows the first derivative of
QD with respect to β. (d) The density plot of QD in the β-α
plane.

tions and can exhibit unique properties such as entangle-
ment and quantum discord (QD).

When particles become entangled, their quantum
states are interdependent, meaning the state of one parti-
cle cannot be described independently of the state of the
other. This leads to strong correlations between the par-
ticles, even when they are separated by large distances.

A widely used method to quantify entanglement is con-
currence, applicable to both pure and mixed states of two
qubits [55]. Concurrence ranges from zero for separable
states to one for maximally entangled states. For two
arbitrary spins at positions i and j, the two-site reduced
density matrix typically takes the form,

ρij =
1

4
+
∑
µ

(〈Sµi 〉S
µ
i + 〈Sµj 〉S

µ
j ) (21)

+
∑
µ,ν

〈Sµi S
ν
j 〉S

µ
i S

ν
j ,

where µ, ν = x, y, z. The concurrence between two spin-
1/2 particles at sites i and j can be derived from the
corresponding reduced density matrix ρij . The reduced
density matrix in the standard basis (| ↑↑〉, | ↑↓〉, | ↓↑
〉, | ↓↓〉) is expressed as

ρij =


〈p↑i p

↑
j 〉 〈p↑iS

−
j 〉 〈S

−
i p
↑
j 〉 〈S

−
i S
−
j 〉

〈p↑iS
+
j 〉 〈p↑i p

↓
j 〉 〈S

−
i S

+
j 〉 〈S

−
i p
↓
j 〉

〈S+
i p
↑
j 〉 〈S

+
i S
−
j 〉 〈p

↓
i p
↑
j 〉 〈p↓iS

−
j 〉

〈S+
i S

+
j 〉 〈S

+
i p
↓
j 〉 〈p

↓
iS

+
j 〉 〈p↓i p

↓
j 〉

 , (22)
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where the brackets denote the physical state average,
and p↑ = 1

2 + Sz, p↓ = 1
2 − Sz, S± = Sx ± iSy.

The concurrence between two spins is given by C =
max(0, λ1−λ2−λ3−λ4), where λi is the square root of the
eigenvalue of R = ρij ρ̃ij and ρ̃ij = (σyi ⊗σ

y
j )ρ?ij(σ

y
i ⊗σ

y
j ).

Due to the symmetry of the Hamiltonian, most off-
diagonal elements of the reduced density matrix ρij will
be zero. First, translation invariance requires that the
density matrix satisfies ρij = ρi,i+r for any position
i. Additionally, our model is invariant under π-rotation
around the z direction. Following these symmetry prop-
erties, the density matrix must be symmetrical, and only
certain elements of the reduced density matrix become
non-zero,

ρij =


X+
i,j 0 0 F ∗i,j
0 Y +

i,j Z∗i,j 0

0 Zi,j Y −i,j 0

Fi,j 0 0 X−i,j

 . (23)

Finally, the concurrence is given by

C = max{0, C1, C2}, 〉,

C1 = 2(|Zi,j | −
√
X+
i,jX

−
i,j),

C2 = 2(|Fi,j | −
√
Y +
i,jY

−
i,j). (24)

It is important to note that the elements of the reduced
density matrix for nearest-neighbor spin pairs are ob-
tained as

X+
n,n+1 = f2

0 − |f1|2 + |f2|2,
X−n,n+1 = 1− 2f0 +X+

n,n+1,

Y +
n,n+1 = Y −n,n+1 = f0 −X+

n,n+1,

Zn,n+1 = f1,

Fn,n+1 = f2, (25)

where

f0 =
1

N

∑
k∈Λ

cos2(θk), ε(k) < 0

=
1

N

∑
k/∈Λ

sin2(θk), ε(k) > 0

f1 =
1

N

∑
k∈Λ

[cos(k) cos2(θk)− i sin(k)], ε(k) < 0

=
1

N

∑
k/∈Λ

cos(k) sin2(θk), ε(k) > 0

f2 = − i

2N

∑
k∈Λ

sin(2θk) sin(k), ε(k) < 0

=
i

2N

∑
k/∈Λ

sin(2θk) sin(k), ε(k) > 0.

(26)

QD is a measure of non-classical correlations between
two subsystems of a quantum system [56]. Unlike entan-
glement, which only captures a specific type of quantum
correlation, QD includes all types of quantum correla-
tions, even those present in separable (non-entangled)
states. QD is defined as the difference between two ex-
pressions of mutual information in a quantum system.
In classical information theory, mutual information is a
measure of the total correlations between two systems.
However, in the quantum realm, there are two different
ways to generalize this concept, leading to the definition
of QD.

Mathematically, for a two particles the QD is given by:

QD = I(ρij)− J(i|j), (27)

where, I(ρij) is the total mutual information, defined as:

I(ρij) = S(ρi) + S(ρj)− S(ρij). (28)

Here, S(ρ) denotes the von Neumann entropy of the state
ρ. J(i|j) represents the classical correlations, defined as:

J(i|j) = S(ρi)−min
Πj

m

∑
m

pmS(ρi|Πj
m

), (29)

where Πj
m is a set of projective measurements on subsys-

tem j, and pm is the probability of outcome m.
We have calculated the concurrence and QD between

nearest neighbor spin pairs, with the results presented in
Fig. 3 (a) and (c). A chain size of N = 1000 and α = 1
were considered. At the quantum critical point, βc = −1,
both concurrence and QD reach their maximum values.
Additionally, as shown in the insets of Fig. 3 (a) and (c),
the first derivatives of these quantities with respect to
β exhibit a jump at the quantum critical point. This
jump indicates a significant change in the system’s quan-
tum correlation properties and can signal a second-order
quantum phase transition. In such transitions, the first
derivative of the order parameter (such as concurrence)
with respect to the control parameter is continuous, while
the second derivative is discontinuous. The observed fluc-
tuations in the region where β < βc are due to the size
effect on the first derivatives.

Interestingly, Fig. 3 (a) reveals two entangled points
in two gapless phases, which we denote as β±E . In the
gapless composite phase with chiral and spin-nematic-I
orderings, nearest-neighbor spin pairs are not entangled
as β −→ −∞. As β increases, these spin pairs remain un-
entangled until the entangled anisotropy β−E is reached.
Beyond this point, as anisotropy increases further, the
nearest-neighbor spin pairs become entangled, and con-
currence rapidly grows until the quantum critical point,
βc. Conversely, in the gapless spin-nematic-II phase, no
entanglement is observed between nearest-neighbor spin
pairs for β > β+

E . However, as soon as the anisotropy de-

creases from β+
E , entanglement is created between these

spin pairs. This entanglement increases gradually with
decreasing β, reaching its maximum at the quantum crit-
ical point.
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FIG. 4. (color online) (a) The behavior of the SSP as a func-
tion of β at α = 2.0 for a chain system with N = 1000 parti-
cles. (b) The SSP as a function of the chain size N at α = 2.0
and β = 2.0 > βc.

The entangled region is significant for several reasons.
In quantum information science, entanglement is a cru-
cial resource for quantum computing, allowing quantum
bits (qubits) to perform complex computations more ef-
ficiently than classical bits. Entangled states are also
utilized in quantum communication protocols, such as
quantum key distribution, which provides secure commu-
nication channels that are theoretically immune to eaves-
dropping. Additionally, entanglement enhances the pre-
cision of measurements in quantum sensing and imaging
technologies, leading to applications in high-resolution
medical imaging. Understanding entanglement in con-
densed matter systems can also pave the way for devel-
oping new materials with unique properties, such as high-
temperature superconductors.

Fig. 3 (b) and (d) present the density plots of concur-
rence and QD as functions of α and β for a chain size
of N = 1000. In both plots, the critical line defined by
β = −1/α2 is clearly observed, indicating the bound-
ary between different quantum phases. Additionally, it
is evident that as α increases, the width of the entan-
gled region decreases. This suggests that the range of
β values over which nearest-neighbor spin pairs remain
entangled becomes narrower with increasing α. This be-
havior highlights the sensitivity of the entangled region
to changes in the system’s parameters, providing deeper
insights into the interplay between α and β in determin-
ing the entanglement properties of the system.

C. The spin squeezing and entanglement entropy

Spin squeezing is a quantum phenomenon that reduces
the variance of one component of angular momentum in
a collection of spin particles [57–60]. This reduction cre-
ates spin-squeezed states, which are highly valuable in
quantum metrology and quantum information science.
These states can improve measurement precision beyond
the standard quantum limit, making them particularly
useful for tasks like estimating rotation angles more accu-
rately than classical interferometers. Additionally, spin
squeezing plays a crucial role in quantum phase transi-
tions [61–73].

To quantify spin squeezing, we use the spin squeezing
parameter (SSP), which provides a measure of the degree
of squeezing in the system. The SSP, denoted as ξ2

s and
is defined as [57 and 73]

ξ2
s =

2

N

[ 〈
J2
x + J2

y

〉
−
√〈

J2
x − J2

y

〉2
+ 〈JxJy + JyJx〉2

]
,

(30)

where Jν =
∑N
n=1 S

ν
n for ν = x, y, z are total spin opera-

tors. A state is considered spin-squeezed if ξ2
s < 1. This

condition indicates that the variance in one component
of the angular momentum is reduced below the standard
quantum limit, signifying the presence of quantum en-
tanglement among the particles. Additionally, ξ2

s = 1
corresponds to a coherent state, which represents a min-
imal uncertainty state, exhibiting maximum coherence
and classical behavior.

In Fig. 4, we present our findings for the SSP. In Fig. 4
(a), the SSP is plotted against the anisotropy parameter
β for a chain size of N = 1000 and α = 2. It is evident
that the ground state of the system exhibits squeezing
across the entire range of the ground state phase dia-
gram. Notably, at the critical point βc = 0.25, the ground
state becomes extremely squeezed, and a distinct signal
is observed. This indicates a significant change in the
quantum correlations at the critical point.

Furthermore, in the gapless spin-nematic-II phase,
where β > βc, the ground state shows even more pro-
nounced squeezing compared to the composite phase re-
gion where β < βc. This increased squeezing in the gap-
less phase suggests stronger quantum correlations and en-
tanglement in this region. The behavior of the SSP across
different phases provides valuable insights into the nature
of quantum correlations and the entanglement structure
in the system, highlighting the critical role of anisotropy
in determining the ground state properties. These find-
ings contribute to a deeper understanding of the quantum
phase transitions and the entanglement characteristics in
spin-1/2 chains.

In the following section, we explore how the SSP
changes with variations in system size. Investigating the
scaling behavior of SSP is essential for several reasons.
By analyzing the scaling behavior of SSP, we can gain a
deeper understanding of quantum phase transitions and
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the associated critical phenomena. Additionally, exam-
ining SSP’s scaling behavior can enhance quantum sen-
sors and measurement devices, achieving higher precision
close to the Heisenberg limit.

In the field of quantum metrology and quantum sens-
ing, the precision of quantum measurements in spin sys-
tems is determined by two fundamental limits: the stan-
dard limit and the Heisenberg limit. The standard limit,
also known as the shot-noise limit or standard quantum
limit, defines the precision achievable with uncorrelated
or coherent spin states [74 and 75]. This limit scales as

ζs ∝ 1/
√
N , where N represents the number of spins.

Essentially, as the number of spins increases, the preci-
sion improves, but only up to a certain point dictated by
this limit.

In contrast, the Heisenberg limit, also referred to as
the ultimate limit or quantum Cramér-Rao bound, repre-
sents the precision attainable with entangled or squeezed
spin states. This limit scales as ζs ∝ 1/N [76–78], indi-
cating a much higher precision compared to the standard
limit. The Heisenberg limit sets the highest possible pre-
cision achievable by any quantum state, surpassing the
standard limit by a factor of 1/

√
N . This means that for

a large number of spins, the precision at the Heisenberg
limit is significantly better than at the standard limit.

We present our scaling results in Fig. 4 (b). It is
important to note that we observed scaling behavior
only in the gapless region where β > βc. Therefore,
the results in this figure are provided for α = 2.0 and
β = 2.0 > βc = 0.25. As illustrated in Fig. 4 (b), the
SSP scales as ζ2

s = a+ b/N2.
Surprisingly, we found that in the gapless spin-

nematic-II phase, the Heisenberg limit can be achieved.
This is a significant finding as it suggests that the system
exhibits a high degree of quantum correlations, allowing
for precision measurements that approach the ultimate
quantum limit. Achieving the Heisenberg limit in this
phase implies that the system can be used for highly
sensitive quantum sensing and metrology applications,
where the precision of measurements is crucial. This re-
sult highlights the potential of the gapless spin-nematic-
II phase for practical applications in quantum technolo-
gies, making it an exciting area for further research and
exploration.

Spin squeezing and entanglement entropy (EE) [79] are
closely related concepts in quantum mechanics and both
of them are invaluable tools for studying the ground state
phase diagram of quantum systems. EE measures the de-
gree of quantum entanglement between two subsystems
of a composite quantum system. It quantifies the infor-
mation loss or inaccessibility when only one of the sub-
systems is accessible, rather than the entire system.

EE is crucial in studying the ground state phase dia-
gram because it provides deep insights into the quantum
entanglement properties of a system. By measuring the
degree of entanglement between different parts of a sys-
tem, EE helps identify and characterize quantum phase
transitions and critical points. Changes in EE can signal

different quantum phases and their boundaries, offering
a clear picture of the underlying quantum phenomena.
This makes EE a powerful tool for understanding the
complex behavior of quantum systems and mapping out
their ground state phase diagrams.

One common method to define EE involves the density
operator and calculating the von Neumann entropy of a
reduced density matrix for a subsystem [80 and 81]. For
a bipartite system, the EE is defined as the von Neumann
entropy of subsystem A:

SA = −Tr[ρA log2(ρA)], (31)

where ρA is the reduced density matrix of A, obtained
by tracing over the rest of the system, B:

ρA = TrB(ρ). (32)

EE typically scales with the boundary area of subsys-
tem A, rather than its volume. This behavior, known as
the ’area law’ for EE, has been extensively studied. In
noncritical ground states of spin chains with a finite cor-
relation length, the EE remains constant. However, at a
quantum critical point, when subsystem A is a finite in-
terval of length l, the EE deviates slightly from the area
law due to a logarithmic correction:

SA(l) ∼ ceff
3

log(l), (33)

where ceff represents the central charge [82–84].
To gain deeper insights into the various gapless phases

of the system, we calculated the EE in chain systems
with different Hamiltonian parameters. We divided the
system into two equal parts, where NA = NB = N

2 . The
results are presented in Fig. 5 for N = 1000 and α = 1.
As shown in Fig. 5 (a), in the composite gapless phase
where β < βc = −1, the EE is very large and increases
rapidly as we move away from the critical point. In con-
trast, in the other gapless region where β > βc = −1,
the two equal parts are weakly entangled compared to
the composite gapless phase, and the EE remains almost
constant with respect to β. It is important to note that
the EE reaches its minimum value at the critical point
β = βc = −1.

This behavior highlights the distinct entanglement
properties in different gapless phases and underscores the
critical point as a unique feature where the entanglement
entropy is minimized. These findings provide valuable in-
formation about the quantum correlations present in the
system and can help in understanding the nature of the
gapless phases more comprehensively.

In the final step, we examined the scaling behavior of
EE with respect to the system size. This analysis is cru-
cial for several reasons. Firstly, it serves as a powerful
tool to differentiate between various quantum phases. At
critical points, EE often displays unique scaling proper-
ties that are distinct from those in bulk phases. By inves-
tigating how EE scales with system size, researchers can
gain valuable insights into the distribution and strength
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FIG. 5. (color online) (a) The EE as a function of β at α = 1.0
for a chain with N = 1000 particles. (b) A linear fit of the
form Y = mX+b applied to the function 3SA(N/2)/ log(N) =
ceff + m/ log(N) on the critical line βc = −1.0 at α = 1.0.
(c) The EE in the gapless composite phase as a function of
the chain size N .

of quantum correlations in the ground state, which is par-
ticularly important for understanding the entanglement
structure in strongly correlated systems. Additionally,
the scaling of EE has significant implications for the effi-
ciency of classical simulations of quantum systems. Sys-
tems exhibiting area law scaling of EE can often be ef-
ficiently simulated using tensor network methods, such
as matrix product states, whereas systems with volume
law scaling of EE are generally more challenging to sim-
ulate classically. Overall, studying the scaling of EE in
spin-1/2 chain systems provides a deep understanding of
the quantum properties and phase structure of these sys-
tems, making it a vital aspect of modern condensed mat-
ter physics and quantum information science. Results
are presented in Fig. 5 (b) and (c).

Fig. 5 (b) presents the results when the system is at
the quantum critical point β = βc = −1. Our find-
ings reveal that the central charge in this scenario is
ceff = 1.5. We conducted similar calculations for all crit-
ical points along the critical line βc = − 1

α2 and consis-
tently found the same central charge. Different values

of the central charge indicate distinct critical behaviors
and symmetries of the system at these points. For in-
stance, a central charge of 0.5 is often linked to systems
like the transverse field Ising model at criticality, 1.0 is
typical for the isotropic XX spin-1/2 chain, and 1.5 sug-
gests more complex critical behavior, potentially indicat-
ing the presence of multiple degrees of freedom or more
intricate topological features. Additionally, we observed
that when the system is in the gapless spin-nematic-II
phase, β > βc, the logarithmic behavior with a central
charge of ceff = 1.5 indicates that this phase is also criti-
cal.

Interestingly, we have found that the EE in the gap-
less composite phase exhibits a completely different scal-
ing behavior. As shown in Fig. 5 (c), EE in the region
β < βc displays a linear relationship with the system size,
indicating that EE is an extensive parameter and follows
volume-law scaling. This contrasts with area-law scaling,
where EE scales with the surface area of the system and
is often associated with systems that are more challeng-
ing to simulate classically. The linear behavior of EE in
our system suggests that the ground state in the gapless
region β < βc exhibits extensive entanglement, which is
not typical for gapped systems but can occur in critical
systems or those with long-range entanglement [85].

This behavior indicates that the system has a high
degree of quantum correlations spread across its entire
length, rather than being localized near the boundaries.
Such extensive entanglement is characteristic of systems
with volume-law scaling and implies that the quantum
correlations are not confined to a specific region but are
distributed throughout the system. This finding is signif-
icant as it provides insights into the nature of the quan-
tum state in the gapless composite phase, highlighting
the presence of strong, long-range entanglement. Under-
standing this behavior is crucial for developing efficient
simulation methods and for gaining a deeper comprehen-
sion of the entanglement structure in strongly correlated
quantum systems.

Volume-law scaling of EE in a spin-1/2 chain has sev-
eral important applications across various fields. In con-
densed matter physics, it helps in understanding the na-
ture of quantum phases and phase transitions, particu-
larly in systems with high entanglement. This scaling
provides insights into the behavior of strongly correlated
materials and can reveal complex topological features
and multiple degrees of freedom. In quantum informa-
tion science, volume-law scaling is crucial for studying
quantum chaos and integrability. It aids in diagnosing
the entanglement structure of quantum states, which is
essential for developing efficient quantum algorithms and
understanding the limits of quantum computation.

In quantum metrology, volume-law scaling can enhance
the precision of measurements by exploiting the exten-
sive entanglement in quantum systems. This is par-
ticularly useful in achieving better-than-classical preci-
sion in estimating parameters, such as magnetic fields or
gravitational waves, through quantum-enhanced sensing



11

techniques. Additionally, in quantum measurements, the
study of volume-law scaling can lead to a deeper under-
standing of measurement-induced phase transitions. It
helps in identifying the conditions under which a system
transitions from volume-law to area-law entanglement,
which is important for optimizing measurement protocols
and improving the accuracy of quantum state tomog-
raphy. These applications highlight the significance of
volume-law scaling in advancing our understanding and
capabilities in various domains of quantum science and
technology.

IV. CONCLUSION

Our comprehensive analysis of the spin-1/2 XX chain
model with anisotropic three-spin interaction has re-
vealed a rich tapestry of ground state properties and
phase behaviors. By employing the fermionization tech-
nique and exact diagonalization of the Hamiltonian, we
have identified two distinct gapless phases separated by a
second-order critical line. The composite phase is charac-
terized by both chiral and spin-nematic-I long-range or-
derings, while the spin-nematic-II phase exhibits unique
long-range ordering.

In the first part of our study, we analyzed the disper-
sion relation, ground state energy, fidelity susceptibility,
and order parameters. These analyses allowed us to map
out the phase diagram and identify the critical line sep-
arating the two gapless phases. The composite phase,
with its chiral and spin-nematic-I orderings, and the spin-
nematic-II phase, with its distinct ordering, highlight the
complex interplay of interactions in the system.

Next, we focused on the quantum correlations between
nearest-neighbor spins by examining the concurrence and
QD. Our findings indicate that these measures are max-
imized at the critical line, underscoring the enhanced
quantum correlations in this region. Additionally, we
observed an entangled region, further emphasizing the
intricate quantum nature of the ground state.

In the final part of our study, we investigated the
SSP and EE. Our results show that the ground state
is squeezed throughout the phase diagram, with extreme
squeezing occurring at the critical line. Remarkably, in
the gapless spin-nematic-II phase, the Heisenberg limit is
achieved, indicating the potential for high-precision mea-
surements in this phase. By dividing the system into two
equal parts, we found significant entanglement in the gap-
less composite phase, highlighting the strong quantum
correlations present.

The central charge calculation confirms the critical na-
ture of the gapless spin-nematic-II phase, based on the
scaling of the EE. Furthermore, the EE follows volume-
law scaling in the gapless composite phase, indicating
that it is an extensive parameter in this region.

Overall, our findings contribute to the understanding
of quantum phase transitions and the role of multi-spin
interactions in low-dimensional quantum systems. The
identification of distinct gapless phases, critical lines, and
regions of enhanced quantum correlations provides valu-
able insights for future research in quantum information
and condensed matter physics. These results may also
have implications for the development of quantum tech-
nologies, where understanding and harnessing quantum
correlations and entanglement are crucial.
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