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Abstract

The A-theory takes U-duality symmetry as a guiding principle, with the SL(5) U-duality symmetry
being described as the world-volume theory of a 5-brane. Furthermore, by unifying the 6-dimensional
world-volume Lorentz symmetry with the SL(5) spacetime symmetry, it extends to SL(6) U-duality
symmetry. The SL(5) spacetime vielbein fields and the 5-brane world-volume vielbein fields are mixed
under the SL(6) U-duality transformation. We demonstrate that consistent sectionings of the SL(6) .A5-
brane world-volume Lagrangian yield Lagrangians of the T-string with O(D,D) T-duality symmetry, the
conventional string, the M5-brane with GL(4) duality symmetry, and the non-perturbative M2-brane in
supergravity theory. The GL(4) covariant Lagrangian of the M5-brane derived in this manner is a new,

perturbatively quantizable theory.
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1 Introduction

1.1 An overview of A-theory formalism

Superstring theory is regarded as a strong candidate for a unified theory that encompasses all four
fundamental interactions. However, rather than a single theory, it currently exists in the form of six
distinct theories: five superstring theories and M-theory. These six theories are intricately connected
via S-duality and T-duality, forming a hexagonal network of dualities. Each of these six theories is
defined on its own characteristic brane, and together they provide complementary descriptions of the
broader structure of superstring theory. A key open question is what kind of theoretical framework
can provide a unified formulation of these six theories.

S-duality and T-duality are unified as U-duality, whose structure reflects the group-theoretic
inclusiveness of these dualities. The symmetry group of a theory with manifest S-duality is given
by GL(D+1) which extends the spacetime diffeomorphism group GL(D) by incorporating the S-
duality group SL(2) as a subgroup. GL(D+1) and the T-duality symmetry O(D,D) are embedded
within the exceptional group Ep;; which serves as the symmetry group of U-duality. U-duality
is therefore expected to relate all six superstring theories in a coherent manner. A theory that
explicitly manifests this U-duality symmetry is referred to as ”.A-theory,” and major objective is
to construct a perturbative formulation of this theory that facilitates a systematic analysis of its
quantum aspects (see [1] for review).

In 1995, Witten proposed M-theory as a strong coupling limit of the type ITA superstring theory
via S-duality [2]. The low-energy effective theory of M-theory is 11-dimensional supergravity, whose
diffeomorphism symmetry is GL(11), combining the 10-dimensional diffeomorphism and the SL(2)
S-duality symmetry. We refer to a world-volume theories that exhibit manifest GL(D+1) symmetry
as M-theory. In 1996, Vafa proposed F-theory as a framework related to the type IIB superstring
theory via S-duality [3]. For further discussion, see, for example [4].

In 1993, Siegel proposed a string theory guided by the T-duality symmetry O(D,D) [5-7]. This
framework employs the idea of doubling spacetime coordinates, where the 2D-dimensional spacetime
coordinates are treated as vectors in the O(D,D) representation[8]. The geometry generated by the
O(D,D) covariant current algebra is the stringy gravity theory with B-field, where gauge fields are
parameters of the coset O(D,D) over the doubled Lorentz group. We refer to this as T-theory and
the T-duality covariant string as 7-string. Later Hull, Zwiebach, and Hohm proposed a theory
of O(D,D) covariant background fields, known as Double Field Theory (DFT) [9, 10]. This theory
serves as the low-energy effective gravitational description of 7-string theory. In order to consistently
reduce the doubled 2D-dimensional spacetime to the physical D-dimensional spacetime, the section
condition was employed, which corresponds to the zero-mode of the Virasoro constraint S=0. For
detailed reviews, see [11, 12]. The T- theory was extended to incorporate N' = 2 supersymmetry
including Ramond-Ramond gauge fields based on the doubled non-degenerate super-Poincaré group
[13-17]. All bosonic component fields represent supersymmetrized O(D,D) while fermions represent
only O(D-1,1)2. Incorporating S-duality requires extending the symmetry to the exceptional U-
duality group. Consequently, the exceptional group Ep4 1 is expected to be related to a subgroup of

the doubled non-degenerate super-Poincaré group.



Siegel, Linch and Polacek subsequently proposed brane theories guided by the U-duality symme-
try ( Epy1 ) [13, 18, 19]. Since the representation of exceptional groups varies with dimension, the
theory is labeled by the spacetime dimension D when reduced to string theory. This is called D= D
A-theory. According to the classification of Lie algebras, removing a specific node in the Dynkin
diagram of Ep4q reduces it to the GL(D+1) Dynkin diagram. This corresponds to reducing the
spacetime dimensions of 4-theory using the Virasoro constraint, recovering the aforementioned M-
theory. Conversely, removing another node in the Ep,; Dynkin diagram reduces it to the O(D,D)
Dynkin diagram. This corresponds to reducing the world-volume dimensions of A-theory using the
Gauss law constraint /=0, recovering the aforementioned T-theory. As a consequence of these dual
reductions, A-theory is consistently described by branes covariant under the exceptional group. Both
the spacetime coordinates and world-volume coordinates of the branes are representations of the ex-
ceptional group, ensuring that the brane current algebra is covariant under the exceptional group.
Moreover, a perturbative Lagrangian describing these branes on their world-volume has been con-
structed. In the previous papers [18-31] we refer these models as “F-theory”, but we have renamed
our formulation from ”F-theory” to A-theory in our most recent work [1], in order to present it as a
general framework that includes all spacetime dimensions and accommodates all duality symmetries.

Exceptional Field Theory (EFT) applies DFT concepts to exceptional groups [32-44]. The
symmetry of exceptional groups was initially discovered as a partial dimensional symmetry of back-
ground fields in 11-dimensional supergravity [45, 46]. The generalized diffeomorphism in EFT is
characterized by the " Y-tensor”, which reflects the structure of the exceptional group. This Y-tensor,
yMN PQ, is related to the group invariant metric in .A-theory, denoted by nMNm™ through the relation
YMN po = MMy b6, where M, N, - - are the spacetime indices and m is the world-volume index.
These indices correspond to different representations of the exceptional group. The origin of the
Y-tensor lies in the Schwinger term of the current algebra, {>ys(0), Pn(0')} = Ny nm0™ (o —o'),
where the world-volume derivative 0" is defined through the commutator with the Virasoro con-
straint, S™ = %nMNm Dy Bn. The section condition given by the Y-tensor, YMNanMaN =0, is
related to the zero-mode of the Virasoro constraint in A-theory. Specifically, the zero-mode com-
ponent of the constraint S™ takes the form S™|o.modes = 7™M N0y On = 0, establishing a direct
connection between the section condition in EFT and the Virasoro structure of A-theory. Active
research continues on expressing exceptional groups through brane current algebra [47-54].

This paper focuses on the 5-brane that describes D=3 A-theory with SL(5) U-duality symmetry.
In the case of D=3, the theory provides a nontrivial yet tractable example that includes various types
of branes and permits explicit computations. The Virasoro algebra, when extended to incorporate
brane degrees of freedom, involves Gauss law—type constraints that are intrinsic to the brane. These
constraints facilitate the dimensional reduction of the brane world-volume. Such an extended Vira-
soro algebra serves as a useful prototype for generalization to higher dimensions. Furthermore, the
construction of the Lagrangian in this framework constitutes a significant milestone toward extend-
ing the formulation to higher-dimensional cases. We clarify how the usual string, and 7 -string and
membrane of 11-dimensional supergravity (M2) emerge. Specifically, we derive the Lagrangians for
the conventional non-perturbative M2-brane, the O(D,D)-covariant T-string, and the conventional

string from the A-theory 5-brane (A5) Lagrangian.



1.2 Summary

In this paper, we focus on the SL(5) U-duality symmetry and clarify the relation between the .A4-
theory five-brane (A5-brane) and conventional branes. The A5-brane is a 5-brane that exhibits
manifest SL(5) U-duality symmetry, and it is described by a perturbative Lagrangian described
using the SL(5) rank-two antisymmetric tensor coordinate [1, 18, 30]. The A5-brane theory is re-
duced, through the duality reduction procedure, to the 7-string with O(3,3) T-duality symmetry,
the Mb5-brane with GL(4) duality symmetry, and the String with GL(3) symmetry. The interrela-
tion among these theories forms a diamond-shaped diagram. In this paper, we present the sectioning
procedure along this diamond contour. Additionally, we detail reduction procedures from the 7-
string Lagrangian to the conventional string Lagrangian, and from the Mb5-brane Lagrangian to
the conventional non-perturbative M2-brane Lagrangian [55]. We further generalize the dimensional
reduction of S-duality, as applied to 11-dimensional supergravity and its relation to type ITA super-
gravity [2], to the case of T-duality, as discussed in subsection 1.3. For S-duality, Astring > 1/Astring,
the dimensional reduction is realized by taking the limit Agtring < 1 in the metric. For T-duality,
characterized by R/ Vol & Vol /R with string length lsing = V!, the dimensional reduction is
achieved by taking the large-radius limit R > v/, such that the O(D,D) spacetime for the T-string
reduces to the conventional D-dimensional spacetime. Finally, we propose a perturbative M5-brane
Lagrangian in a supergravity background derived from the .45-brane, as given in equation (6.20).

In section 2 the relationships among the A5-brane, M5-brane, T-string, and String theories are
elucidated through diamond diagrams based on duality symmetries. The diamond diagram repre-
sents a contour in the U-duality plane, which is parametrized by two quantities: the string coupling
and a scale defined by the string length. The branes are described in terms of field strengths, where
the spacetime coordinates possess the gauge symmetry generated by the Gaufl law constraint. These
field strengths and their associated gauge parameters, along with the world-volume and spacetime
coordinates, transform as representations under the relevant duality symmetries. The world-volume
diffeomorphism is generated by the Virasoro constraints S = 0. Dimensions to reduce are determined
by solving the Virasoro constraints & = 0 for spacetime and by solving the Gauf} law constraints
U = 0 for world-volume.

In section 3 both the SL(5) and the SL(6) covariant Lagrangians of the .A5-brane are given,
where the SL(6) manifests the 5-brane world-volume Lorentz symmetry.  Duff and Lu [56, 57]
showed that the membrane theory exhibits the SL(5) duality symmetry by the Gaillard-Zumino ap-
proach. In general, the symmetry of Lagrangian formulation is larger than that of the corresponding
Hamiltonian formulation. In A-theory, the U-duality symmetry in the Hamiltonian formulation,
G-symmetry, is enhanced to a novel duality symmetry in the Lagrangian formulation, A-symmetry.
This symmetry enhancement in higher-dimensional cases (D < 6) is summarized on page 6 of [22]
and page 14 of [1]. It was shown that the brane world-volume metric is also transformed confor-
mally under the SL(5) duality transformation as well as the spacetime background fields in [56, 57].
This mixing between spacetime and world-volume is a manifestation of the extended SL(6) duality
symmetry transformation. The SL(6) vielbein includes both the SL(5) spacetime vielbein and the

6-dimensional world-volume vielbein, so the spacetime and world-volume are mixed under the new



duality symmetry SL(6). The SL(6) formulation is useful to reduce to other branes: Since the string
world-sheet directions and the spacetime directions are direct sum, the SL(6) vielbein is in a block
diagonal form as shown in subsection 5.1. On the other hand, the brane world-volume directions
share the spacetime directions unlike the string as shown in subsection 6.1.

In section 4, we begin with the O(D,D) string Hamiltonian and apply the double zweibein method
[58, 59] to derive the T-string Lagrangian. We then present the reduction procedure from the O(D,D)
T-string Lagrangian to the conventional string Lagrangian in D dimensions, following an approach
analogous to that in subsection 1.3. It is shown that the Wess—Zumino term can be obtained by
adding a total derivative term.

In section 5, we start from the A5-brane Lagrangian and present the reduction procedure leading
to the T-string Lagrangian. The O(D,D) background gauge field is reformulated using SI.(4) tensor
indices in such a way that it couples naturally to the SL(4) tensor coordinates of the T-string.
Subsequently, by applying the procedure described in section 4, we derive the conventional string
Lagrangian.

In section 6 we begin with the SL(6) covariant A5-brane Lagrangian which leads to a new
perturbative M5-brane Lagrangian. We further reduce it to the conventional M2-brane Lagrangian.
The “perturbative” M5-brane Lagrangian is formulated as a bilinear expression in terms of currents,
while the “non-perturbative” M2-brane Lagrangian comprises the sum of the Nambu-Goto and
Wess—Zumino terms, each exhibiting multilinear dependence on the spacetime coordinates. The
dimensional reduction from the M5-brane to the M2-brane is implemented via the “non-perturbative
projection” 0™ = €79;2™0;, in (6.25) and the gauge fixing of the world-volume metric in (6.31).
The Nambu-Goto Lagrangian is obtained by the gauge choice of the world-volume vielbein, while

the Wess-Zumino term is obtained by adding the total derivative term.

1.3 Dimensional reduction procedure

In [2], it was pointed out that under an S-duality transformation between the 10-dimensional type
ITA theory and the 11-dimensional supergravity theory, the structure of the supersymmetry algebra
remains invariant, although the interpretation of the central charge changes. The global superal-
gebra, involving supercharges @ and @’ of the same chirality, 10-dimensional momenta P, and a
central charge W, is given by {Q,Q} ~ P ~ {Q',Q'}, {Qa, Q’ﬁ} ~ 6,3W. The central charge W' is
interpreted as the Ramond-Ramond (RR) DO-brane charge in 10 dimensions, and as the momentum
in the 11th dimension in 11-dimensional supergravity. The 11-dimensional spacetime reduces into
the 10-dimensional spacetime in the weak coupling limit e2? < 1,

ds?, = glldzmda™ + 2 (dy — A,,dz™)? M ds?y = gM%dzmdz™ (1.1)

reduction

with the 11-th dimensional coordinate y and the string coupling Astring = €3#/2. The 11-dimensional
momentum W is maintained as the DO-brane charge in the 10-dimeniosnal ITA theory after the
dimensional reduction.

This framework is generalized to incorporate T-duality. We compare the superalgebra of the



2D-dimensional T-string theory, which exhibits manifest T-duality, with the type II superalge-
bra of conventional string theory in D dimensions. The global type II superalgebra involves two
supercharges, @ and @', and the D-dimensional momentum P, and is expressed as {Q,Q} ~
(P + ]5), {Q,Q'} ~ (P — ]3), where P is a central charge. In D dimensions, P is interpreted
as an NS-NS charge, while in 2D dimensions, it corresponds to the additional momenta associated
with the extended spacetime. By restoring the o’ dependence in the O(D, D) momentum—winding
vector, (pm, =70:™) = (Pm, =7p™), the canonical conjugate coordinates become (™, 'yy,). At
small compactification scales (R < Va'), the winding modes become light and are readily excited,
whereas at large scales (R > Va! ), they become heavy and only the momentum modes remain
dynamically relevant. Manifest T-duality is broken by choosing a specific background such that the

2D-dimensional spacetime effectively reduces to the D-dimensional one in the limit R > va/:

dsiy = gmndz™dz™ + o2 (dy, — dz! Bin) g™ (dy,, — dx* By,,)
dimemifmal ds} = gmpdx™dz™ . (1.2)
reduction
Here, y,, denotes the additional D-dimensional coordinates, and B,,, is the NS-NS gauge field.
The additional momenta in the extended dimensions are preserved as NS—NS charges after the
dimensional reduction.

This dimensional reduction procedure corresponds to the gauge fixing of the dimensional re-
duction constraint which is the first class constraint in Hamiltonian formulation. The dimensional
reduction constraint and the gauge fixing to reduce the conventional string are discussed in [60] for
a flat space case. The dimensional reduction constraint is the y component of the symmetry gener-
ator, l~>y = 0. The gauge fixing condition 9,y = 0 reduces the set of conventional string operators,
the physical momentum P, # 0 and left/right covariant derivatives > = P, + d,z. In Lagrangian
formulation the momentum is replaced by Px = 0L/ 0X. Tt is generalized to the brane case, and
then the dimensional reduction constraint turns out to be the Virasoro constraint in which one of the
momenta is replaced by the 0-mode [19], i.e. for zero-mode momenta p,, p, and momenta including
both the 0-mode and the non-0-modes P, P, , the dimensional reduction constraint §y =0 is also
written as py - Py +pg - Py =0 — P, =0.

Although the equation of motion derived from the doubled Lagrangian, when combined with the
self-duality condition, coincides with that obtained from the original Lagrangian, the self-duality
condition causes the doubled Lagrangian to vanish [61]. In particular, the self-duality condition
O0ux = €,,0"y reduces the Lagrangian of the O(D, D) T-string in flat space to zero, as follows

selfduality
e

L = (552 2?4 —y’2) 0

DN =

It is also mentioned that the naive section y = 0 the 7T-string Lagrangian in curved background does



not reduce to the expected string Lagrangian in curved background as

1 m Imn — BmlglkBk:n _Bmlgln 6_.Tn
L = 5(0+2™ O1ym) i -
g B, g ﬁ,yn

=0 1
ﬂ> §a+‘rm(gmn - BmlglkBkn)afxn

The following points are also noteworthy. Integrating out the (dy + ---)? term is possible in the
case of a constant background. However, for a general non-constant background, the path integral
over dy in exp [~ [(dy +---) g (dy +---)] yields a Jacobian factor /g in the path integral measure,
which in turn generates an additional term in the effective action. Using the equation of motion
is again valid in the constant background case, but it does not reproduce the conventional string
Lagrangian when the background fields ¢g(z,y) and B(x,y) are non-constant. Furthermore, imposing
both conditions 0,y — 02 B =0 and O0_y — 0_x B = 0 is inconsistent, since the integrability
condition is violated in curved backgrounds where [04,0_]y # 0. Several studies have been devoted
to refining the reduction to the conventional string Lagrangian, resulting in a variety of interesting
approaches [43, 50, 61-64].

Instead we propose the reduction procedure from 7-string Lagrangian to the conventional string
Lagrangian: (1) adding the total derivative term —0,,(e/”2™0,yn,) to derive the Wess-Zumino term,

then (2) the dimensional reduction (1.2) as

1 9mn — BmlglkBkn *Bmlgln o_z™
L = —(0yx™ 0 -0, (e"2x™0,
2 ( + +ym) ( gmlBln gmn a_yn M( ym)
dimensional 8+-'L'm(gmn +an>87$n ) (13)

reduction (1.2)

This is the expected string Lagrangian up to the normalization factor two which can be absorbed
by the Lagrange multiplier. The section conditions of spacetime fields ®(z,y) are consistent with
the Lagrangian where the section y = 0 can be chosen as ®(x).

This procedure is similar to the usual dimensional reduction where the reduction is done in the
local flat Lorentz coordinate. i.e. Suppose that we have a line element dz? = de™MEp 4. We
decompose the doubled coordinate dz# into dz® and dy, in the local Lorenz frame, and then discard
(dy,)?. Since the metric (f-tensor) in local flat spacetime is already diagonal, in practice we can

just apply this reduction by deleting certain blocks of 7j-tensor similar to (1.2).

The main purpose of this paper is to carry out the above reduction procedure in several specific

cases. In general, however, the procedure can be schematically summarized as follows.

1. We start with the current algebra defined on an extended space of coordinates, where both mo-
mentum and winding modes have their corresponding conjugate coordinates. The Hamiltonian
is written as a sum of self-dual and anti-self-dual constraints: H = gH + gﬁz + 8, S™ + §m<§m +
Y™U,,, where H,H are the 7 component of the Virasoro constraints and its dual counterpart,

8™, 8™ are the o™ components of the Virasoro constraints and its dual counterpart. U, is



2

the Gaufl law constraint specific to branes.

. The Lagrangian is obtained via a Legendre transformation of the Hamiltonian H. This has

been performed in previous works for various theories [1]. Schematically, the Lagrangian takes
the form L = ®Jsp -7 - Jgg + A - Jg5 - ) - Jg5 + -+, where J;D/@ are the selfdual and anti-
selfdual currents. They are coupled with vielbein, and thus they have flat indices. ® and A
are Lagrange multipliers which are functions of g, s™, g, §™. One can gauge fix A = 0 by the

suitable choice of original parameters.

. Separate coordinates and currents into the physical part and the auxiliary part as X —

™, y*, and JA — J, J where 2™ represents the physical coordinates for the target string or
brane theory, and y* denotes auxiliary coordinates. Dimensional reduction is then performed

according to equation (1.2).

. The reduced Lagrangian L' = J%spfjapJ b@ can be shown to reproduce the desired string or

brane action, up to the absence of the Wess—Zumino (WZ) term. We find that adding a total

derivative term to the Lagrangian restores the WZ term
L + Total derivative = J“spﬁabe@ + ngﬁagjﬁ@ + Lwz.

Here, the current J* is modified by the addition of the total derivative term and is subsequently
eliminated through the dimensional reduction (1.2). This procedure yields the correct WZ

term.

Theories with manifest duality symmetries and sectionings

2.1 Diamond diagrams

The duality web of the G-symmetry in A-theory is represented by the diamond diagram shown in

equation (2.1), as studied in [19]. The G-symmetry, associated with the coset group G/H, plays

the role of a duality symmetry. The coset parameter serves as the gauge field of the duality-

covariant geometry, incorporating the spacetime vielbein as well as the NS-NS and R-R gauge fields

of superstring theory.

The relationships among these duality groups are illustrated using Dynkin diagrams, as discussed

in [1]. Removing a single node from the Dynkin diagram of Ep 1) reduces it to that of either

GL(D+1) or O(D,D), depending on which node is removed. Further removing one more node from
the Dynkin diagram of GL(D+1) or O(D,D) leads to that of GL(D).



A-theory

Epi1p41)/Hp
bispinor
Ve N\
M-theory T-theory
GL(D +1)/SO(D) 0(D,D)/SO(D)?
D+1 2D
hY v
S-theory
GL(D)/SO(D)
D

(2.1)

Figure 1 : G-symmetries of D = D theories and spacetime dimensions

In this paper we focus on D=3 case where the G-symmetry is SL(5) and the diamond diagram
becomes Fig.2 in (2.2). This SL(5) duality symmetry is enlarged to SL(6) for the (5+1)-dimensional
world-volume covariance in Lagrangian [1]. We named this enlarged symmetry “A-symmetry”.
This A-theory unifies the spacetime and the world-volume, in a sense that the coset parameter of
A/L=SL(6)/GL(4) includes not only the spacetime vielbein field but also the world-volume vielbein
field.

In this paper, we focus on the D=3 case, where the G-symmetry is SL(5) and the diamond
diagram corresponds to Fig. 2 in equation (2.2). This SL(5) duality symmetry is further enhanced
to SL(6) in order to accommodate the (5 + 1)-dimensional world-volume covariance in the La-
grangian formulation [1]. We refer to this enlarged symmetry as the “A-symmetry”. The resulting
A-theory unifies the spacetime and world-volume structures, in the sense that the coset parameter of
A/L =SL(6)/GL(4) includes not only the spacetime vielbein field but also the world-volume vielbein
field.

10



A-theory
A/L = SL(6)/GL(4)

15
G/H = SL(5)/S0O(5)
10
v N\
M-theory T-theory
G/H = GL(4)/S0O(4) G/H = 0(3,3)/S0(3)?
4 343
N\ e
S-theory
G/H = GL(3)/S0O(3)
3

(2.2)

Figure 2 : A- and G-symmetries of D = 3 theories and spacetime dimensions

We note that H = SO(D) is used instead of SO(D-1,1) for simplicity. Consequently, a Wick rotation

is required to properly account for the time component in this section and elsewhere.

2.2 Representations

In duality covariant theories, spacetime and world-volume coordinates transform as representations
of the duality symmetry (A-symmetry or G-symmetry), which determines the world-volume di-
mension. The Gauss law constraint generates gauge symmetry of the duality covariant spacetime
coordinate, making the brane current correspond to a field strength.

The D=3 M, T, S-theories are obtained from the D=3 A-theory [18, 30]. We list representations
of duality groups as below; the world-volume derivative 9™, the gauge parameter \™, the spacetime
coordinate X and the field strength (the current) Fiy = nanm0™ XY ( JMM = QMXM, 0=

(1,0)). NvNm is the G-symmetry invariant tensor which enters the current algebra, where the

11



SL(5) invariant metric iS MarNT = Mmymaninal = €mymaninal-

Theories World-volumes Gauges Spacetimes Field strengths
Groups 0 A X F
A-theory 6 6 15 20
SL(6) O™, 0. 5 AT Xmh Frivip
A-theory 15 1®5 105 10 10/
SL(5) %,0™, et 5 A0 Am xmn ym E.m Fomn
M-theory 14 4(5) 1®4 401 4@6
GL(4) 0,0™ et s A0 \m ™Y F Fomn
T-theory 11 0 303 30303 0¥
0(3,3) 0%, m=1,23 ™,y T Jmn; Je™, Jom,s
S-theory 1®1 0 3 3®3
GL(3) °,0%, =123 ™ I e

(2.3)

The world-volume dimension of M-theory is still 1 & 5 where four dimensions are embedded in the

4 spacetime 2 and one dimension is embedded in the internal space, so we denote as 1 @ 4(5).

The field strengths and currents together with the gauge transformations are given concretely as

follows.

1. Ab5-brane field strengths

(a) World-volume covariant 45-brane field strength

The SL(6) A-symmetry covariant A-theory is described by a 5-brane with the manifest

SL(6) new duality symmetry which manifests 6-dimensional world-volume Lorentz sym-

metry, namely world-volume covariant A5-brane.

Frinp = 1l x i)

(b) A5-brane field strength
The SL(5) G-symmetry covariant A-theory is described by a 5-brane with manifest SL(5)

12

SA XM = gl \7]

m=0,1,---.,5

(2.4)



U-duality symmetry, namely .45-brane.

Fymn — fomn_ glomyn)
5 X — gl ]

Fyomimy = %€m1~~~m567n3Xm4m5 , (2.5)
S\Y™ = Am — gm0

m=1,---,5

2. Mb-brane field strength
The GL(4) M-theory is described by a 5-brane with the manifest GL(4) duality symmetry,

namely M5-brane. We focus only on 4-dimensional subspace of the 5-dimensional world-
volume which is embedded in the 4-dimensional spacetime.  This M5-brane extends over
both the main space (i.e., the duality-covariant space) and the internal space. Four of its
world-volume directions lie in the main space while the remaining directions lie in the internal
space, specifically one world-volume direction in the Hamiltonian formalism, or two in the
Lagrangian formalism. Considering the critical string action in the full spacetime structure is
an interesting subject, although it lies beyond the scope of the present discussion. The rela-
tionship between the main space and the internal space is schematically illustrated in Figure
2 the “slug diagram” (see page 27 in [20] or page 14 in [1]). In the case of D = 3 the main
space coordinate is represented by a bispinor X*?, and the world-volume coordinate by an
antisymmetric bispinor ¢/*?! with o = 1,...,4. The internal space coordinate is given by
a bispinor y[o/ﬁ/]’ where o = 1,...,8. The total number of supersymmetries is 32, which
corresponds to the product of the dimensions of the spinor indices 32 = 4 x 8. It is noted that
the assignment of the duality symmetric space in A-theory differs from that in conventional
formulations. In A-theory, the duality-symmetric space is assigned to the main ”spacetime”
rather than the internal space, such that all tensor gauge fields are automatically incorporated

into the coset parameter of Ep,1/H.

Physical currents are as follows.

(5)\1'm =90\
Fa'm m, — " €m,--m oM gy (26)
USRI My -y .
6hY =-X

m:17...’4
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The following currents are auxiliary written by auxiliary coordinates y™2, Y,

Syymn = glm \nl
Fymn — gmn _ plmyn]
Foim, = %Gml“‘m48m2ym3ﬂ4

AL = 91X

These currents constitute the SL(5) A-symmetry together with (2.6), and they are used to

lead the non-perturbative M2-brane Lagrangian.

3. T-string currents

The O(3,3) T-theory is described by a string with the manifest O(3,3) T-duality symmetry,
namely 7 -string.

J M Mme — Xﬂlﬂz
(2.8)
_1
Jdmlmz = §6m1...m4ang3m4
; ; ; m _ 1 il
It is convenient to represent in terms of ™ and Yy = 5€5,,79™
JTTFL — x'ﬁz
Jﬁmlmz _Eﬁllﬁlgﬁlgaaxmg
JTmlmz — yﬁnﬁlz (2 9)
1 T2 1T
Jaml = §€m1m2mgaoym2m3
m=1,2,3

4. S-tring currents

The GL(3) S-theory is described by a string with the manifest GL(3) spacetime diffeomorphism

symmetry, namely a 3-dimensional string.

J mo__ jj’ﬁl
=
(2.10)
Jo"ﬁll’ﬁlg = _emlmzﬁlgao'xms
Some minus signs come from the mere notation €934 = 1 = —e4123. It is denoted that these currents

[e] o
are flat currents, and in later sections flat current symbols F' or J will be used to distinguish from
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curved background currents.

2.3 Constraints and sectionings

The theories in Hamiltonian formulation are constructed by the current algebra with manifest duality
symmetries [18]. The Spacetime translation is generated by the covariant derivative >ps(o). The

p-brane current algebra with G-symmetry covariance is given by

(Do), Dn(a)] = 2ifun™Dr(0)d(c —o') + 2 nmd™ 6P (0 — ') . (2.11)
Branes are governed by the brane Virasoro constraints S™ = %DMT]MN m>y = 0 and H =
LDuMN Dy = 0 together with the GauBl law constraints U,, = 0 which is required by the closure

of the Virasoro algebra. 7 is the H-invariant metric. Theories are related by sectionings; The
Virasoro constraint ™ = 0 gives the section conditions to reduce the spacetime dimensions, and

the GauB} law constraint U, = 0 is used to reduce the world-volume dimension as Fig.3 in (2.12).

A5-brane

10-dim. spacetime

S NoU
Mb5-brane T-string
4-dim. spacetime 3 + 3-dim. spacetime
U N )
String

3-dim. spacetime
(2.12)

Figure 3 : Diamond diagram of Sectionings of branes of D = 3 theories

The spacetime covariant derivatives, constraints and section conditions are given [18, 30] in Fig.3
(2.12) concretely as follows.
1. A5-brane in 10-dimensional spacetime

The 10-dimensional spacetime is described by the rank-two anti-symmetric tensor covariant

derivative D>, ., as

1
Dimims = Pryms + €m0 X0 (2.13)

where P,,, is canonical conjugate of X™" with [P,,,(c), X'¥(¢')] = %5%5,’3]5(5)(0 — o') with

15



m=1,---,5.

The SL(5) covariant current algebra of A5-brane is given by

[Dm1m2 (@), Prngma (UI)] = 2i€m1~--m58m55(5) (0 — 0/)

(2.14)

The 5-dimensional world-volume diffeomorphism is generated by the Virasoro constraints S™ =

0 while the world-volume time diffeomorphism is generated by H = 0. The Gauf} law constraint

U, = 0 generates the gauge symmetry of the spacetime coordinate. These constraints are given

by [1] as:

smo=

7—[:

Z/lm =

16
1
16 l>m1 mo

o D’rrm =0

6m1 [n1 6n2]m2 D

1 _
Dnzlmg Emml ma [>m3m4 - O

ning - O

(2.15)

The SL(5) covariant constraints S™ = 0 and U, = 0 are background independent. These con-

straints are used as the dimensional reduction and section condition by replacing the spacetime

momentum Py, (o) with the derivative of the 0-mode of the spacetime coordinate XJ/.

Virasoro : 8™ Gaull law : U,,
0 0
mimaq =My P P
dimensional reduction | ¢ mims (0) axrem mn () ooy,
mmy s O 0 0 0
section condition X M2 9x e 0oy, OX"

These operators act on fields ®(X) and ¥(X) as

0 0
aXY aXY
o 0
B0y OX

B(Xy) = 0 =

_0
ox M

P(0,X(0)) = 0 = i<I>(U,

ooy,

®(Xo)

0

V(X
aXé\/ ( 0)

X(0) g V(o X(0))

where fields may be functions on o as ®(o, X(0)) and ¥(c, X(0)).

2. Mb-brane in 4-dimensional spacetime

(2.16)

(2.17)

The dimensional reduction of the spacetime is obtained by solving the Virasoro constraint in
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(2.16) as

Pun(0) =0 m=1e 4= G s Pngma (0) =0 (218)
This condition makes X™122 = ¢™1™M2 to be non-dynamical and reduced dimensionally. The

remaining spacetime is 4 dimensions Psy,, = pm 7# 0.

The 4-dimensional spacetime is described by the covariant derivative I>,,. The 6-dimensional

covariant derivative [>,,, is maintained to construct SL(5) current algebra

P = Pm
(2.19)
Prim, = —€m...m,0"3xTa
RLLNRILD) —1 =4
with X5 = 2™ and Ps,, = p,, which is not confused with the 0-mode momentum.
The SL(5) current algebra of M5-brane is
[Din(0), Pu(o”)] = 0
(D, (0), Paym, (07)] = 2iem, o, 024060 (0 —0') (2:20)
[DmlmQ(U)v Dm3m (0/)} =0
where the last algebra forces to 8° = 0.
The Virasoro operators of Mb5-brane are
S = fem,m, (0T a™2)(0™a g ™)
(2.21)
H = %pmﬁm n + %(a[ml xMQ])ﬁﬂ1 [ﬂ] ﬁﬂz]ﬂz (a[ﬂl IQZ])
L{5 = 8ﬂpﬂ
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These constraints lead to the following dimensional reductions and section conditions.

Virasoro : S | Gauf} law : U,,

dimensional reduction %pm(o)(a[mxﬂ]) D (0) 0™ (222)
. . 9
section condition none o™ —
Oz,

3. T-string in 6-dimensional spacetime

The dimensional reduction condition of the world-volume is obtained by solving the Gauf} law

constraint in (2.16) as
02=0, Pulc)=0 = 0"Py,(0c)=0 . (2.23)

These conditions make 9° = 8@0 # 0 and X™ to be non-dynamical (constant). The remaining

spacetime is 6 dimensional P, = Pmn 7# 0.

The 6-dimensional spacetime is described by the covariant derivative [>,,,. The 4-dimensional

covariant derivative vanishes >, =0
1 5 ma.m
Piym, = Pmym, + §€m1~~~m4a T (2.24)

with X2 = pmni,

The O(3,3) current algebra of T-string is
[Dmlmz (o), >m3m4(‘7/)} = 2i5m1“‘m4855(0 —a')

The Virasoro operators of T-string are

S5 = 1p €My >
16 ©~ mymy msm,
(2.25)
H = %Dmlmzﬁmﬂﬂlﬁﬂz]mg [>ﬂ1ﬂ2

with ST =0 = U,,.

The Virasoro constraint S® = 0 lead to the following dimensional reduction and the section
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condition.

Virasoro : &™ GauB} law : U,
. . . 2.26
dimensional reduction | py, m, (o)™ s none (2:26)
Zo
. s 0 . O
section condition — o€ Y none
Oxy 2 Oxy >

4. String in 3-dimensional spacetime

(a)

From 7T -string to String

The dimensional reduction of the spacetime is obtained by solving the Virasoro constraint
in (2.26) as

0
P*ﬁ(O’):O 5 ’ﬁl:1,2,3 = Pm mQ(O’)Eml“.m‘lW:O . (227)
RALS LT ax0—3—4
This condition makes X™1™2 = y™™2 {5 he non-dynamical (constant). The remaining
spacetime is 3 dimensions Py = pm # 0.

From M5-brane to String

The dimensional reduction condition of the world-volume is obtained by solving the Gauf3

law constraint in (2.22) as
0" =0, Pyo)=0 = P,02=0 . (2.28)

In the 4-dimensional spacetime 0° is considered to be 0. These conditions make 0% =
8% = 9, # 0 and X%* to be non-dynamical (constant). The remaining spacetime is 3

dimensions Py; = pm # 0.

The 3-dimensional spacetime is described by the covariant derivative D>4,7. The 3-dimensional

covariant derivative vanishes D>, m,

D>in = DPm
(2.29)

[>777.11’7sz = €m1m2m60$

with X4™ = 2™ and ¢® = ¢ via T-string and X°™ = 2™ and ¢* = o via M5-brane.
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The GL(3) current algebra becomes
[Dml (U)a szﬁzg (0/)] = i6m1m2m3805(0 - UI) : (230)

This is equivalent to the O(D,D) current algebra which is given by D>y = (D, D) with

DM = Lemmimz > 0 and the O(D,D) invariant metric nayn = €y mam, 88

[Da(0), Pa(o)] = inundsd(c —0a') . (2.31)

The Virasoro operators become

S = pmagl'm = % |>M7]1V[N [>N (2 32)

H o= 1pad™"pn 4 20,8 Nmalpa™ = LDyAMN Dy

with the double Lorentz invariant metric 7%~ . There are no further conditions of the Virasoro

and the Gaufl law constraints; S™ = 0 = U,y,.

3 A5-brane Lagrangians

3.1 A5-brane Lagrangian with SL(5) U-duality symmetry

The SL(5) U-duality symmetry is manifestly realized by the A5-brane. The spacetime background
is described by the vielbein which is a SL(5)/SO(5) coset element E,,,* satisfying

By Emy® Emg® Em, " Emg*® €a1a503a005 = €mimamamams (3.1)
with m,a = 1,--- ;5. The background metrices with tensor indices are
Gmn - EmaﬁabEnb
Gmlmz;nlnz = Em1alEWQGQf}al[blﬁbﬂazEnlbl En2b2 : (3'2)

The selfdual and anti-selfdual currents in a flat background FO’SD /@m" and in a curved back-

ground Fgp /@"’b in terms of (2.5) are given as

]
1 ~ «
Fgp™ ™2 = FIm™2 — g€ s Foimgms + 90" " 02" Foinin,
(3.3)
]
1 ~ «
FsiDmﬂnz = F‘;nlmz - §6m1 m53m3Fa;m4m5 - gnmlnlnm2n2Fa;n1n2
o
__Giaz2 __ ___mimaz aq as
Fyp/sp = Fsp/5p B B, (3.4)
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where 77" becomes G™" in a curved background. g and s,, are 5-brane world-volume vielbein fields
which are introduced as Lagrange multipliers of Virasoro constraints.

The Lagrangian of the A5-brane Lgy,s) is given [1] as

ISL(B) = /d7d50' LSL(5)
1 ab 1 ab\2
Lsiiy = §¢FSD Fsga, + §¢(FsT) )
1 . 1
+5 b Fsp” Fesbe — Caras A P Fgp ™
_ PR mamag Bmame y BB _mimagy B _mamy
— Z SD mimeo;mamad SO + g SD mimaz;mamaL SD
1 o o 1 o o o
+§ mn/F@thllle@nlz + géml...ms /\mlFﬁQOgF@m4m5 (35)

with symmetric traceless tensors A\s,5’s.

3.2 World-volume covariant A5-brane Lagrangian with SL(6) duality sym-

metry

The G=SL(5) U-duality symmetry is enlarged to A=SL(6) by cooperating with the 6-dimensional
world-volume Lorentz covariance. The SL(6)/SO(6) coset parameter includes not only the target
space vielbein SL(5)/SO(5) but also 6 components of the world-volume vielbein. The background
vielbein E;,% € SL(6)/SO(6) satisfies

as as as L as ag —
E’ﬁll Eﬁ@g Emg Eﬁu Eﬁ’bs) oEﬁle €41G2G3G4G506 — Emimamgamsig (36)

with 7,8 = 0,1, --- , 5.
This SL(6) covariant vielbein (3.6) includes the 5-brane world-volume vielbein fields g and s, as

N 1
A EOO an _
Byt = = 9 (3.7)

Emf) Ema _sﬂ Ema

with 1 = (0,m), @ = (0,a) and m,a = 1---,5. Tt is denoted that the F,,* component of SL(6)
vielbein (3.6) is different from the SL(5) vielbein E,,* in (3.7) up to the determinant factor. The
number of degrees of freedom of the SL(6) vielbein is sum of the spacetime vielbein and the world-

volume vielbein as

(621)6;(5<(521)5X4>+6 : (3.8)

21



This is generalized for a p-brane of A-theory symmetry with A/L coset as

dim % = dim % +(+1) . (3.9)

The SL(6) covariant field strengths are given by a simple form; the one in a flat background

frial ( the same as (2.4) ) and the one in a curved background Fabe a5
O . .~ 1 N e PN o . .7 " 2 .
anl _ 5a[m)(nl] , Fabc — anlEmaEﬁbE[C ) (310)

The selfdual and the anti-selfdual field strength (3.3) and (3.4) are written in terms of the SL(6)
current (3.10) with 90 = 9, and 012345 — 1 a5

~ 1 ~
FSD/@M(U = g (FOalaz + 6€Oa1a2a3a4a5Fa3a4a5) ) (311)

Then the A5-brane Lagrangian (3.5) is rewritten in terms of the SL(6) covariant field strength (3.10).

The world-volume covariant A5-brane Lagrangian Lgy,) is given [1] as

Isney = /d60 Lsr,6)
1 G182a3 1 aé1 8z b 1 A a1 1rdodsas pasash
Lsue) = —5@F Fajazas + §A&5F F’ee, + Eeal,..@GAI; F F
1 oL L . 0 s - 1o o .5 PR
_ _Eq)Fmﬂngmd Gmlm2m3;m4m5m6 [hamstig =+ éAmﬁfvmlllg G[Iiz;isf4 Fnl3l4
1 i Prgigrg Sisteh
+E€m1,,.m6/\ﬁ F F

(3.12)

where ®, A ; are Lagrange multipliers with symmetric traceless tensors A,;’s. The background

metrices with tensor indices are

P — Qi G2 o b bo
Gmlmg;nlng — Em1 E’mz ndl[blnb2]@2En1 Eng

Gmlﬁlzﬁls;ﬁlfmﬁs = Eml&IEﬁLQazEmsd?’ﬁdl[51ﬁ52|d2|ﬁ33]f13Eﬁ1b1Eﬁ2b2Eﬁ3b3 . (313)

4 Lagrangian of D-dimensional String from O(D,D) 7-string

In this section we derive the O(D,D) T-string Lagrangian from the O(D,D) Hamiltonian by the dou-
ble zweibein method [58, 59]. Then the reduction procedure from the O(D,D) T -string Lagrangian

to the conventional string Lagrangian is presented.
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4.1 O(D,D) T-string

We begin with the sigma model string Lagrangian

I = / d*c L

L = —%@Lxm(\/—ihh’“’gmn + " Bpn) 0z
with ¢ = (7, o). In the conformal gauge the Lagrangian becomes

L = i(mmgmnlﬂ - :E/mgmnx/n) - xmanl_/n

- = (xm T m)
2 an Imn 0 -1 x/n
1

= §a+xm(gmn + an)a—xn ’

with 2 = 0,2, 2’ = O,z and dyz = ¢ + 2.

(4.2)

The Hamiltonian is given by the Legendre transformation where the canonical momentum of =™

is given by p,,, = OL/0z™,
H = p,z™—-1L
_ l(p ZE/m) gmn gmlBln Pn
2 " _Bmlgln 9mn — BmlglkBkn '

1
= 5{(pm — .’E/lBlm)gmn(pn + Bnkx/k) + xlnzgmnmm} )

(4.3)

The background field is the O(D,D) matrix GM¥ written in terms of the vielbein Eo™ as E4 —

ha® EgNgyM, h €SO(D—1,1) and g € O(D,D)

EaMnunEsY =nap

GMN

The background metric in the string Hamiltonian (4.3) is given as

GMN
Bmlgln Imn — BmlglkBkn

EAM _ ( e ealBlm ) 7
0 em”

while its inverse is given by

lk In
Gmn — Bmig"Brn  —Bmig R
G = < " gmln;;l ' g::in = EuxiapEn®
n
EMA _ enLa _B7rLl eal
0 e,
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This O(D,D) background metric is utilized in the Lagrangian with manifest O(D,D) T-duality sym-
metry.
The O(D,D) covariant space is constructed in such a way that the O(D,D) covariant derivative

D> (o) algebra satisfies the same algebra of D>y = (pm, ™) up to the normalization
67’L
[Dm(0), Pa(o)] = 2inun0,0(c —0') , nun = sm " : (4.7)

The covariant derivative >, is realized in terms of the doubled coordinate XM and Py; with
[Py (o), XN (0)] = —iédid(o — ') as

§M = Py +80XN77NM s (48)
which is left moving current in the doubled space. The right moving current is also introduced as
[~>M = PM - a,XN’/]NM (49)

which satisfies the same current algebra (4.7) with opposite sign. The number of canonical variables
of the doubled space are 4D, while the physical one is 2D. The 2D equations D> = 0 is the usual
selfduality condition to suppress 2D unphysical degrees of freedom, so we call >y, “anti-selfdual
current”. Another current Ig o 1s selfdual current.

There are two sets of Virasoro operatros written in terms of the selfdual current and the anti-

selfdual current

H = iSMﬁ]V[NlﬁN 7:[ = i&MﬁMN|~>N (4 10)
S = %[;M’I’]MN [§N 7 S~ = %[~>M77MN NDN .
‘H and S satisfy the Virasoro algebra
[S(0),S(0")}] = i{S(0) +S(0')}0s6(0 — ')
[S(0),H(o")}] = i{H(o) +H(0")}00(0 — ') (4.11)
[H(o), H(o)}] = i{S(o) +S(0")}0s0(0 — ')

while # and S satisfy the same Virasoro algebra with opposite signs on the right hand side.

As seen in the Hamiltonian in curved background (4.3) currents [>j; coupled to the vielbein as
Dy=EMBy , Ba=EMBy . (4.12)

In curved background the Virasoro constraints become

@ ®
A%
W W
Il

H o= 1DagABDg = 15,GMV Dy H

e I
YARY%
hS
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The O(D,D) covariant Hamiltonian is given by the sum of all these Virasoro constraints with

Lagrange multipliers which are doubled zweibeins [58]

H = gH+sS+gH+3S
1
= 3 [PAMAP Pg + 2PAN*“ncpX'P + X' 4 nacM“PyppX'P] (4.14)

with P4y = PyEa™ and X4 = X'ME,;4. We used the fact that the covariant derivatives are
rewritten as >4 = P4 + X'Bnpa and Dy = Py — X'Bnpa by the orthogonal condition (4.4).

Matrices MAB and N4P are given as

+4q. s+ 8§

A — 9 gnAB + nAB
2 2
—q. s— 38§

NAB _ Y . gnAB+ 5 A8 (4.15)

with the inverse of MAE as
_ 2 o ~
MY, = E EEICEEE {(g+§)Nap — (s+ 8)nap} . (4.16)

The Legendre transformation of the Hamiltonian (4.14) with (4.15) leads to the following La-

grangian

. 1
L = PuXM_pmg = 5J+AM*1ABJ_B
J+A _ XA + (gﬁAB + gnAB)nBCX/C i1
J_A _ XA o (gﬁAB + SUAB)UBCX/C ( : 7)

with X4 = XMEMA.
The Lagrangian in (4.17) can be written in terms of the selfdual current and the anti-selfdual

current which is equal to J_ in (4.17). The selfdual and anti-selfdual currents are given by

(4.18)

JSDA — (XA _ SX/A) + gﬁABnBCX/C
Jpt = (XA =X — g PypeX'C

The selfdual and anti-selfdual currents in the flat background, Jgr, /@M = Jgp /@AE 4M | are written

as

JSDM (XM _ SX'M) +977MN77NLX/L

. . (4.19)
Jp™ = (XM —sX'M) — gnMNyy X'E

It is denoted that 7" becomes GM¥ in a curved background. The resultant O(D,D) covariant
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Lagrangian for a 7T-string is given [58] as

I = /deO‘L

L = ¢Jspiaptsy® + dJs5 aptss” + dJsp nanJsnt

= ¢JspMGunIss” + oJs5M Gundss” + 55 nunIss - (4.20)

The first term is the kinetic term, while the rest are constraints that are squares of the anti-selfdual

currents. The Lagrange multipliers ¢, ¢ and ¢~> are related to the doubled zweibeins as

1
¢ = 2% 1
v = 29[(9 + 9)? — (s + 5)?] {(s+8°+9° -3} (4.21)
¢~5 _ s+s
(9+39)*—(s+3)?

4.2  String from O(D,D) T-string

We break the O(D,D) T-duality symmetry of 7-string into the GL(D) symmetry of the usual string.
The background gauge field of T-string is O(D,D)/O(D—1,1)? coset parameter which includes the D-
dimensional metric g, and By, field, while the background gauge field of a string is GL(D)/SO(D-
1,1) coset parameter which includes only g,,,. In this subsection we use the coordinate X =
(2™, ym) with off-diagonal nysn to describe T-string, while the left/right moving coordinate with
diagonal nany = (1,—1) was used in the reference [58]. The Weyl/Lorentz gauge of the zweibein

T g 1 _
ok = < ey’ &4 ) _ < g—3=5 ) _ (4.22)
e €_° 1 —g-—s

The left/right moving modes with the zweibein is e+ X = €4#0,X. The selfdual and anti-selfdual

[58] is given as

currents (4.19) are expressed as

Jspsp™ = AT = s g™y, = era™ £ g™ eoyn (4.23)
o .
JSD/@?m = Ym — Sy;n + gﬁmnxln = &rYm £ gNmnEot”

with

T 7'(7 1 -
e X =¢,"0,X eu”:<§T §0>:<0 1S> (4.24)

The condition of vanishing the anti-selfdual current in s = 0 and g = 1 gauge leads to the

selfduality constraint in flat space as 9,y = €,,0"x with 07 = —0;. In the gauge ¢ = 2—19 and

$ =0 = ¢, corresponding to g = j and s+ 3 = 0, the O(D,D) covariant Lagrangian (4.20) is written
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as

1 .
— Jsp?Naptss”

29
= ;g (X = sX)ian(X = sX)7 = SX Onepi® iasi ™ npe X'
_ 219 (X = sX) M By itap B (X = sX)N = EX Mg BEa" P Ep  niey X'
= % e XM Gy e XN
= % e XMEy® fap EnPe XN (4.25)

The orthogonality condition is used in the second equality, nMLGLK ngkN = Gun, S0 EMAnA B =

nunEgY, is used in the last equality. In terms of 2™, y,, coordinates it is given by

1 A B
2% Jsp“ NapJsy

1 _ B lkB i -B In c_x”
- = (6+$m €+ym) 9mn lmlg kn mlg x (426)
29 g™ Bin, g E-Yn

_ i (e o™ &1 ym) em® —Bmied Nay 0O en? 0 e_x"
29 " om 0 eam 0 77ab _Bnkebk ebn €-Un

1
% [€+xmgmn5,x” + (e4Ym — 8+:ElBlm)g"m(5,yn + Bnks,x’“)]

We break the O(D,D) symmetry into the GL(D) symmetry by the dimensional reduction (1.2). The

resultant Lagrangian is the kinetic term of the usual string with the zweibein field;

1
Ly = % exx™ Gmn e_x" (4.27)

In order to obtain the Wess-Zumino term we add the total derivative term

1
O (e x™Byym) = a2y — 2’y = —%(&rm € Yy—c ye_x) (4.28)
to the O(D,D) Lagrangian L (4.26)
JSDAﬁABjﬁB — 811(6"”a:mayym) (4.29)

29
1 m n
- % {esa™gmne"

’mn(

+(e4Ym — e42' Bin — €42 i) 9" (e Y + Brre—a" + gnpe_a*)

+er 2™ gmne_a" + 2642 Bppe_a"}

By the dimensional reduction (1.2) the Lagrangian with the total derivative term reduces into the

string Lagrangian in curved background with the Wess-Zumino term as the curved world-sheet
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version of (4.2),
1 m n
Lo+ Lwyz = 5 e+ (gmn + Bmn)e—z™ . (4.30)

The zweibeins in (4.30) and (4.1) are related as

2 hOl
9= =m0 T TR (4.31)

5 Lagrangians of String via 7-string from A5-brane

In this section, we derive the 7-string Lagrangian from the .45-brane Lagrangian. The resulting
T-string Lagrangian is formulated in terms of an SL(4) rank-two antisymmetric tensor coordinate,
which is coupled to the string background. We then present the reduction procedure from the

T-string Lagrangian to the conventional string Lagrangian.

5.1 7T-string from A5-brane

The O(3,3) T-string from A5-brane is described by the SL(4) rank-two anti-symmetric tensor co-
ordinate X™2 = (z™, y™") with m = 1,---,4 and m = 1,2,3 as listed in (2.3). The SL(6)
rank-two tensor coordinate is decomposed as SL(6) — SL(5) — SL(4) as X™" = (X0 = yn  X™n)
— XMn = (XPn = ym  xmn) _, xmn — (X4Mm = gpm o X0 — gm0 with o= 0,1,---,5 and
m = 1,---,5. The 6-dimensional world-volume derivative is reduced into the string world-sheet
derivatives as 0™ = (0 = 9,, 0° = 0,, 0™ = 0). The SL(6) field strength for the T-string has the
following components

, FOm o g = pmnl (5.1)

fomn _ g xymn | fomn _ g xmn

)

The SL(6) vielbein for the T-string has a block diagonal form as

- . 1
EY E,° Ey -0 0
g
E;* = E50 ESS Es2 = _3s 1 0 (5.2)
g
Emf) Emg Emg 0 0 gl /4 Emg

The selfdual and the anti-selfdual currents are the following combinations of the SL(6) field strengths
n (5.1) with (3.10) as

~ 1 ~ o
JSD/ﬁgng = g <F0a1a2 + 5 6021 ay Sasa, F5Q324 ) . (5 3)
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The zweibein fields g and s are part of the SL(6) vielbein (5.2) in the new SL(6) duality symmetry
formulation in (3.10), contrast to that the world-volume vielbein fields are separated from the SL(4)
spacetime vielbein E,,¢ in the SL(5) formulation in (3.3) and (3.4) as

o
Jspsp ™ = Jspgp 2 Em, M B,
o 1. N
Fop/eptims = e XIila g gmigmans( e, )e, Xt (5.4)
with (4.22). The minus sign in the last equation is caused from €, mymsT™ = —€mymoding X 2.

The O(3,3) invariant metric nasn becomes SL(4) invariant metric €5, ....n,. The current in (5.4) is
written in terms of 2™ and y™" as

ST

o

417 _ 117 1 _m 11T _ 7 1 7 L1
Jspsp = 2" — s E g3€Ma,n, Y = £, & S€M R, pyE0Y
o _

(5.5)

JSD/@mlmz — yﬁllﬁlg _Sy/ﬁllﬁlg :tgemlﬁ”ﬁx’ﬁ — ETyﬁLl’ﬁLg ieﬁnﬁlgﬁgaxﬁ
which is related to the O(D,D) vector currents (4.23) with y™" = ¢mnly..

In order to obtain the usual 3-dimensional string Lagrangian we express the spacetime vielbein
En% € SL(4)/SO(4) in terms of the 3-dimensional metric gmn and the Bgy field. The O(3,3)
vector index contraction and the SL(4) tensor index contraction are assumed to be equal up to the

normalization as

_ _ _ 1. 1
AXMEyA = da™En? + dyn BT = dX T By + 5(1)(7'L“fz,ﬁ,# = 5GZXMEMA
(5.6)
We rewrite the O(D,D) vielbein in (4.6) in terms of tensor indices for D=3 case as

" _B_ e leaiand

Ex? = | € R (5.7)
0 €m1m2megm€a1a2
E m4a E malaz

= C 4 . 4 o — CEm m.— ay — CE[m Q1Em ]22
Eﬁl1ﬁl24a E’I”T’Ll’ﬁ‘bzalaz B o .

with a normalization factor c. The vielbein with the tensor indices can be written as the product of

the one with the vector indices

4 a R
E’mQ = E4 E4 _ = 971/4 L =B ?ﬁ
- Em4 Eﬁla 0 ema

N R _
B™ = §em"le- , e=det ez”

(5.8)

Ql
N—————
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The background gauge field in the tensor index is now

1
— _ b, b
GA/[N - Gﬂ1m2?ﬂlﬂz - Emlmz 77‘11 b nb2]a2Eﬂ1ﬂ27172

— Gﬁm I’)’LTL]TLQ
Gm1m2;‘ m1m2,n1n2
e_l ( 9mn — B Im[pYn)G 7BY m[nlgng]lB ) (59)
_B gp[mlgmg]n gml[nlgng]mg

where metric of the stability group is denoted as 7y, to distinguish from nasn.

The T-string Lagrangian is obtained from the world-volume covariant A5-Lagrangian (3.12)

I = /dQO'L

~ 1 N ~
L= 5( (F°“1“2>2+(F59192)2)+§A05F02122F5@1g2

1 q 1 5
+§A@FQO£FQGE + §A@F25§F25£

+60592.@4 (A06F5g1g2F6g3§4 + A56F5g1g2 F5g3g4
— Ay S R0, plase, _ 5 pha,a, F59394) (5.10)
with 7760 = —1 and 7755 = 1. Although currents are written as field strengths, there is no gauge

symmetry of the coordinate 6 X™%. The T-string Lagrangian in the SL(4) tensor coordinate is given
by

1 R R -1 . R
L = 53750 % o, o, Moylay T + 657 T55" “la, o, MoyJay Tsp

-1

+¢27J8Da12 €a,-a, 550
1 2 'ITL m n n 2 nn

= ¢*JSD* #2Gm myim, VLQJSD +¢ Ji 2 G myingn, J5p

~1 o

+o53 Jep™ M2 ey | Jopem (5.11)

with the background metric Gy m,in,n, 0 (5.9).

The T-string Lagrangian in the gauge ® = g%e and A_; =0 = Ay as

L = 92‘3 ((FO%%) —(F59192)2) . (5.12)
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The SL(4) covariant Lagrangian (5.11) in the gauge ¢ = = and ¢ = 0 = ¢ is given as

29
1 A B
L = 2 Jsp“NapJsn

1

= E E+Xm1m2 Gm1ﬂ2§ﬂ1ﬂz E,Xﬂlﬂ2
- . e )

_ L (e1a™ e gy™1™2) Imn t?pgm[ﬁgﬁ]qu Il I i B 5_;:«:;

29 —Bpgp[mlgmz]ﬁ iy [y Inin]imeo g_ymms

(5.13)

5.2 String from 7 -string

We break SL(4) symmetry of T-string into GL(3) for the usual string, where the reduction of the
spacetime coordinate is performed as X™% = (X4m X™M7) = (p™ oM7) — ™ We repeat the same

procedure of subsection 4.2. The SL(4) Lagrangian (5.13) is rewritten analogously to (4.25)

1 R
— Jsp*Naptss’

29
= —e 2" gmne_a"
29
1 o L o ~ _
+@(€+ymlm2 — e al™ B™)) g, 17y Gralms (£ -y 2 + BIMe_z™) (5.14)

By the dimensional reduction (1.2) the Lagrangian (5.13) reduces to the kinetic term of the string
(4.27).

The total derivative term which is added to obtain the Wess-Zumino term (4.28) becomes

1 _
—%(Ewmls,y

1 ) -
= - iau (" 2™ 0y €y myms )

momsg __

1
= 2—28M(6“”Xm1m2 O, X™staen, m ) (5.15)
Adding this term to the SL(4) Lagrangian (5.13)

1 1
%JSDAﬁABJS—DB + g O X P20, X o ey ) (5.16)

1 _ _
= —{e;2"gmne_a"
29

m1m m1 Rm l. lymy lom
+o5(epy™™ — 5+='E[ 1™l +eraenng g 2)gvh1[ﬁlgﬁ2]m2

x(e_y™™ 4 Ble_gnel — ghkighehagg o pe aho)

3

et gmne—x" + 2642 Brpe_a"}
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After the dimensional reduction (1.2), the Lagrangian with the total derivative term reduces into

the usual string Lagrangian with the Wess-Zumino term (4.30),

1 _
Lo+ Lwz = 5 & (gmn + Bmn)e—z"

6 Lagrangians of M2-brane via M5-brane from A5-brane

6.1 M5-brane from A5-brane

The GL(4) Mb-brane from A5-brane is described by the GL(4) vector coordinate X7 = z™ [18]
as listed in (2.3). The SL(6) rank-two tensor coordinate is decomposed as SL(6) — SL(5) — GL(4)
as XM = (XOn = yn_ Xmn) o Xmn = (X0 = gm Xmn — gmn) and ym = (Y5 = Y, Ym).
The 6-dimensional world-volume derivative is reduced into the 5-brane world-sheet derivatives as
oM = (Y = 9,, 95 =0, 0™ = 9,™). The SL(6) field strength for the Mb5-brane has the following

components

Bom _ gym 4 omy

Fomn _ _glmgn]

o (6.1)
Fomn Oy ymn — glmynl

f‘m — %a[myﬂ]

where the auxiliary coordinates y™* and Y™ are preserved to begin with the SL(5) A-symmetric
M-theory Lagrangian [30].
The SL(6) vielbein for the M5-brane with SL(5) A-symmetry is given by

A 1
. E)Y  Ey® — 0
Bt = = g (6.2)
Emﬁ Ema 7877” gl/SEma

g
It is stressed that the world-volume vielbein fields g, s,, and the spacetime vielbein F,,* cannot be
in block diagonal form unlike T-string case (5.2). The selfdual and anti-selfdual currents in curved
background given by (3.4) based on (3.3) are the following combination of the SL(6) field strengths
in (6.1) with (3.10) as
~ 1 ~
FSD/SiDaUIZ = g <F0a1a2 + gEOtnaz asasas Fa3a4a5> ) (63)

The GL(4) covariant selfdual and anti-selfdual currents in flat space are derived from the ones of
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SL(5) (3.3) given in [1] as

o
_ 1 N
FSD/SiDm = e 2 mnlﬂzﬂBS"ng NpNg + gnmnFa;ﬂ
= e o™ £ g (egY)n (6.4)
° .
1 o o
FSD/SD7172 = F7m1m2 4+ e 74SM3FUQM4 — §€m1 %85F0;m3m4 = gnmlﬁlnm2E2F0;ﬂlﬂz

= gyl + gpil izl (5Ux)£122

where 7™ becomes G™" in a curved background. The brane world-volume derivatives are given as

a generalization of the world-sheet zweibein dependence in (4.22) as

5'r‘rm = F‘rm - % Mlﬂ2ﬂasana Moy
= ™4 9mY + sﬂa[mx
eyl = F MMy 4 €m1mm4$ﬂ3Fo;@1
gy — glmyyms] %5%3[@1 2 s] 4 g Gl g mo]
(Eo¥)m = Fom
1

= 2€mn n,n 0M1Y"2"s (6.5)
(Eo®)mm, = Fommm,

= —€p,.m, 03T

The 11-dimensional supergravity background includes the gravitational metric g,,,,, and the three
form gauge field C,, ;. We focus on the 4-dimensional subspace of the 11-dimensional space, where
the background fields are g, and Ci,,; whose number of degrees of freedom is 10 + 4 = 14. The
dimension of the coset SL(5)/SO(5) is also 24 — 10 = 14. The vector vielbein FE,,* € SL(5)/SO(5)
with GL(4) indices where m = (5,m) and m = 1,--- ,4 is given by [65]

u Es® Es° e3/5 e 2/5Cne, 0
En* = = o
E.’ Ep° 0 e %,2
~ 1
O™ = el iy, € = detien,® (6.6)

with det £, =1 = €™ """ E, “E,, 2 E,, % Ep, “ Epn,* = €*%. The tensor vielbein is the

product of the vector vielbein (6.6) as

aipaz — ai a2
Em1m2 - E[m1 Em2]

Esm5e By, 2192 el/%e,, ¢ —e Y/ 5C~'ﬂem[ﬂl en22]
- 5a aa - —4/5 [a a,]
B, m, B, m, 442 0 e e, ey,
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The background gauge field in tensor index is now

1
22

— (;ﬂlﬂ/ (yﬂluilllz
(351111E2;11 (;Zzlllﬂq;lllllz

— e 8/5 ( €% gmn — ngm[ﬂgﬂ]gcg Cigl[ﬂlgﬂz]m )

b1ba

_ _ ajaz ~
GMN = Gmlmz;nlnz = Em1m2 ! 277a1[b177b2]a2En1n2

gﬂ[ﬂlgﬂﬂﬂcg Im, [n, In,Im,
_Cp g O
— 25 ( Imn 0 ) 1 e 8/5 ( C*gm[ggﬂ]gg:* C*ifn, Iny)m > ' (6.8)
0 0 9pim, Im,1nC%  Gm, I, Inylm,

Inverse of these background gauge fields are given by [65]

E:5 E-m -3/5 -3/5/m

E,m = o . e e (6.9)
E.)> E,~ 0 e¥oe,m

Egya,™™ = -E[alﬂﬁbleag]m2
Es,m  Fs,mams et —(Clmig, [mo]
— 5a s 5a = = = (6.10)
E9122 - EﬂlﬁQM1m2 0 eeﬁ1 [y eﬂ2m2]
. 1
GMN  _  gmimznine 272Ea1(1/2m1m277a1[blﬁb2]a2Eb1b2nln2

Gmn Gin, 1,
B GImain (g myin, n,

_ 82/5 gmn gm[ﬂl C’ﬂz]
—Clmy gmaln g2 gm [y gnalm, | Glmy gmolln, Cm,]

0 0 mn i, i)
— 8/5 —2/5 g g
= e ( 0 gm1 [ny gﬂz]mg ) +e ( _éml gmz]ﬁ C’[ﬂ] gmg] o, éﬂz] > (611)

The M5-brane Lagrangian is given by the SL(5) covariant Lagrangian (3.5) with replacing GL(4)

indices as

1 a 1 ab 1 a\2 1 ab\2

L = 5(]5 FSDstiDQ"_ iFSDiFsiDaib + §¢ (FST) + §(FSD )
1 c ac 1 a b ac b
+5 s Fpe + AaFsp*“Fspe + 5w (Fsp™Fsp” + Fsp™ Fsp e
1 1

—€a,--a, <8)\5FSD‘11“2FSD%“4 — 2)\“1FSDG2G3FSDQ4) . (6.12)

The Lagrangian in terms of the curved currents FS“II’) /D is simpler than the one in terms of the

flat currents ﬁ’SD /S5 The concrete expression of the Lagrangian of the Mb5-brane in a curved
background (6.12) is given as follows. We begin by the SL(5) covariant Lagrangian (3.5) in the
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gauge ¢ = == and ¢ =0 = \'s

2g
L sp*HapFss”
29 SD
1 O o
- % F‘SDmﬂnZ67'17117712;7“712}PsiDnln2
1 mima ning g mimainine
= %ETX Gmlmz;nanETX - gFamlsz ’ Fanlnz
1 m m,m 2/5 9mn 0
= — (g,2™ e y™™2) |e me
% ( yr2) [ 0 0
Le8/5 _ngm[ggﬂ]gcg Clgl[mgﬂz]m erat
Iplm, Im,]nC"  Gm, [, In,lm, Erytite
9 /5 0 0
2 ((Egy)m (50$>m1m2) © <0 gml[mgﬂz]mz
Y g gl Ol (Eo¥)n
,C’[ﬂl gﬂz]ﬂ C‘[ml gm2] [, 022] (5Ux)ﬂlﬂ2
= Lo+1L, (6.13)
with
e?/? ge8/5 n,lm
Ly = % Er T gmner ™ — 3 ((s,,gv)mlngml[ﬁlg#]f2 (€o)n,n, (6.14)
L — e_8/5 (5 mmy; _ ¢ ;L‘MICVQZ]) (5 UANL) +C~'[ﬂ15 xﬂz])
y = 89 Y T gml[ﬂlgﬂz]m2 TY T
-2/5
ge

B ((an)m + (50x)ﬂléi) gt ((5ay)ﬂ - C'L(Eax)m)

In the gauge g = e 3/ Lagrangians take simple form as

e . 1 . .
b = 8 [Py Lptn, g gy, (615)
L — _i }F02122 N N FOQ1Q2 _ } F212283p N N FQ1Q2Q3
y = 2% |2 Na, b, Mbya, 6 Na, b, May by Magbs

with m = (0, m).
The SL(5) U-duality symmetry of the Lagrangian (6.15) is broken to GL(4) symmetry by the
dimensional reduction similarly to (1.2). Then the kinetic term of the new perturbative Lagrangian

for a Mb5-brane in the 4-dimensions is given by

€ s.m m m ~n n n 1 m m n n.
Ly = 3 (F2 + Y + 5,0121) g, (2 + Y + 5,02E) — 16[ 1xf2]gml [ﬂlgﬂz]mza[fl gal |

(6.16)

The total derivative terms to obtain the Wess-Zumino term for the M5-brane are given analo-
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gously to the string case (4.28) with the gauge 0™s5; = 0 as

m 1 m.,m

ETZL'*(&yy)m — i(ggl')mlm2g7.y—1f2 (617)
1

= §6m1-~~m4{3r($m18m2yﬂ3m4)

+O™ (pMegMalla 4 Y GloqMallls — QMo G Y I — D gp T2 YN xm‘l)}
where the s,, dependent terms are cancelled out because of the totally antisymmetricity of 5 indices

€, m, SQ((a[ml ) gmaymamy %(aﬂ; 2 )3[ﬂymzm3])

1
= 6m1~~m4sﬂﬂa[ml ROy — () (6.18)
Adding the total derivative term (6.17) to the Mb5-brane Lagrangian (6.12) in gauge ¢ = i,
g=2e3/% ¢ =0= \s the Lagrangian for the M5-brane becomes
1 A B m 1 m,m
% Fsp nABFsiD - E‘rxi(gay)m + 5(5053)@1@2573/*1*2
=Ly+ Ly + Lwy,
e m n 1 m,[n, n,lm
Ly = 1 ErTTgmnEr T — 1(50$)m1m29*1 A (50117)@1@2
11 m,m [m, Am,] Lim, l,m.
Ly - E 1 (5Ty7172 —&r 1072 + e<5(7x)L1£29717197272) gﬂl[ﬂlgﬂz]mz
X (gTyﬂlﬂz + C’[ﬂl ngﬂz] + egﬂ1E1 gﬂzﬁ2 (501')&1E2>
- ((agy)m + (e0) i Ct + eETnglﬂ) g ((Egy)ﬂ — C¥(eptt)pn + engsTxﬁ)}
Lwz = &:2™C™ (o) m,m, - (6.19)
Dimensional reduction L, — 0 gives the M5-brane Lagrangian with the Wass-Zumino term.
The obtained new M5-brane Lagrangian in the supergravity background (4.1) is
Lms = Lo+ Lwz
Ly = g [(mﬂ + Oy + sﬁmxﬂ)gm(ﬁcﬂ + O™Y + sﬁa[ﬁmm)
1 m m n n
_ ZaLl xfz]gml [, gﬂz]m28[71 xfz]
1
Lywz = (™ +0™Y)Cp m,m,0"22™s + 6(8m1 z2) (0324 S Croymgm,) - (6.20)
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6.2 Non-perturbative M2-brane from M5-brane

A non-perturbative membrane action in the 11-dimensional supergravity theory is given by [55]

I = /d3aL , L=Lo+Lwz,

Ly = -T./—detd,z™0,x"gmn
v ! (6.21)
Lwyz = %ewaﬂxmayxma,,chmlmm
with the spacetime index m = 0,1,--- ,10 and the world-volume index g = 0,1,2. The canonical

coordinates are ™ and p,,, and the spacial world-volume coordinate derivative is 9; with i = 1, 2.

The Hamiltonian is given by [65] where p,, = OL/9z™

H = pp,i™—-1L

= NoH, +\NH;
HT _ % [>a77ab [>b + é [>a1a277a1[b1 77b2]a2 [>b1b2 (622)

Here >4 = (D, D) isrelated to Dy = (D = ppm, D™ = €99;x™ 9;x™2) as Dy = E4M D>y for
the background gauge field E4™. E4M includes gy, and C,pn;. The Virasoro constraint S™ = 0 in
(2.21) is related to the constraint H; = 0 in (6.22) which generates o-diffeomorphism by multiplying
the world-volume embedding operator in (6.25) as 8™ = H;€79;x2™.

We focus on the 4-dimensional subspace where the supergravity background is a representation
of the SL(5) U-duality symmetry, E4™ € SL(5)/SO(5). The currents >,, and >, are 4 and 6
components of SL(4) with m = 1,--- , 4, which are unified into a SL(5) tensor P>y, = (P, Dinn)
with m = 1,--- ;5. The currents for a M2-brane in 4-dimensional space (6.22) obtained from the

membrane Lagrangian (6.21) are written as

D = DPm
- - (6.23)
Dim, = 5€m,-m,€90;ams 0z
Commutators of (6.23) are given as
[Dm(0), Bn(o”)] 0
(D, (0), Puym, (07)] = 2iem, om,€70;240;6P (0 — 0') - (6.24)
[>m1m2 (@) Pmym, (‘7/)] = 0

The p-brane current algebras with the non-perturbative winding modes dz"™* A- - -Adz"™» are obtained
similarly in [66].
Now let us compare the SL(5) current algebra of the non-perturbative M2-brane (6.24) with the
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one of the M5-brane (2.20) . The perturbative M5-brane current algebra in (2.20) reduces into
the non-perturbative M2-brane algebra in (6.24) by reducing the 5-dimensional world-volume of the

Ab5-brane into the 2-dimensional world-volume of the non-perturbative M2-brane as
o™ = €19;2m0; . (6.25)

The operator J;z™ is an embedding of the membrane world-volume to the 5-brane world-volume
(where the 5-th brane coordinate is in the internal space). It has the constant form 0;z™ = 5jm in
the static gauge for the ground state [1].

Now we plug the world-volume projection (6.25) into the M5-brane Lagrangian (6.20). The first
term in the Y = 0 gauge is given by

(2™ + 576 0;50;2L) gy (2 + sﬁei/jlaj/xﬂ )
= (%)% 4 288467 022022 + (s 0;2%0;22)?

= hgo — 2)\ih()i + )\Z)\Jhm (626)
with
hij = 0;2%0jxq = ;™ gmn0;x™ , Oz = ey, *0jz™ (6.27)

and the membrane vielbein \* and the 5-brane vielbein s,

No=5,670;2% | s, = e, ™Sm - (6.28)
The second term is given by
11 mn i l 1,\2 1 ij m ny2
5(56711%6 ijflaixQ) = —5(6 8jmf8i:c7) = — det hij s (629)

where the following relation is used in the last equality of (6.29)
1 i’ 75’ 1 i’ a b i’ 1 ij a b\2
det h,‘j = 56 hijhi/]‘/€ = 56 6143:76]495&614/9578]4/:%6 = 5(6 (9j.13*8i$*) . (630)

We choose the following gauge of the membrane world-volume metric

/_thO ) hOi -1
————  h=dethy, , XN = 2= : (6.31)

¢= TRo0 0 I T q(po0y2

Using with the relation

det hij =h hOO (632)
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the kinetic term Lg in (6.20) becomes
1 i hY"h%
LO = 5{—\/ —h — V —h (hOOhOO + 2h0 hOi + (hOO)Zhij> }
= —Vv—h . (6.33)

This is nothing but the Nambu-Goto Lagrangian for a membrane. The Wess-Zumino term Ly is

obtained by using the world-volume projection (6.25) into (6.20) as

. i 1
Lywz = i™€70;2™20;2™5Cpy ym, = ge’“’pauxml8l,xm28,,xm30mlm2m3 . (6.34)

Together with the Nambu-Goto term (6.33) the non-perturbative M2-brane Lagrangian is obtained

from the perturbative A5-brane as

o = /dgaL, L = Lo+ Lwy
Ly = —\/ —det 0,2™0, %Gy
1
Lwy = gewpauxmlayx%apxms(}ml%mg . (6.35)

This is the expected M2-brane Lagrangian (6.21) where we set T = 1.

7 Discussion

In this paper we have shown how the conventional strings and membrane are obtained from A-theory
five-brane with the SL(5) U-duality symmetry.

The following topics are interesting for future problems.

1. From A5-brane to D-branes: The A-theory background vielbein field includes the R-R gauge
fields which couple to D-branes. The Nambu-Goto Lagrangian will be obtained analogously
to the non-perturbative M2-brane Lagrangian as in subsection 6.2 with special care of the
B-field. The Wess-Zumino term will be obtained by adding total derivative term with the
B-field cloud, in such a way that the gauge transformation rule of the R-R gauge field involves
the B-field.

2. From A-theory branes to the non-perturbative M5- and NS5-branes: The superstring theories
admit the NS5-brane solutions which couple to the B-field magnetically. M-theory features
the M5-brane whose U-duality symmetry is realized by the current algebra [67], while type
I1B superstring theory contains both the NS5-brane and D5-brane related by S-duality. These
5-brane Lagrangians are expected to be derived from 45-brane and all such 5-branes should be
connected via duality transformations. It is interesting to clarify the structure of the 5-brane

WEB including A5-brane for Lagrangians analogous to the one for current algebras [68].

3. From open A-theory branes to heterotic strings and type I string: The Lagrangians of open
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A-theory branes [26], which involve the SO(32) and E8xES8 gauge groups, as well as other

half-BPS branes, are of particular interest.

Quantization of A- and M-branes: The main motivation for constructing the perturbative A-
brane Lagrangian is to facilitate a simpler quantization procedure. Quantum effects in string
theory, including winding modes of strings and branes, play a crucial role in understanding
Planck-scale physics, such as the resolution of the early-universe singularity. Quantizing .A-
theory may provide valuable insights into a unified description of string spectra and S-matrices
[69-72].

Higher dimensional cases: A-theories in dimensions D>3 possess U-duality symmetry Ep4 [46,
73-75]. In these cases, the spacetime and world-volume dimensions become so large that they
necessitate a new interpretation of the unphysical components of spacetime and world-volume.
The construction of A-theory may offer a new perspective on the fundamental description of

string theory.
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