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Abstract

An exact mechanism is written down to guarantee extensive residual ground state en-
tropy and spin liquidity in spin-1/2 lattice models with bond-dependent couplings. It
is based on the presence of extensively large and mutually non-commuting (“«anticom-
muting»”) sets of local conserved quantities with a gauge-like character. This mutual
algebra is like the algebra of quantum spin-1/2 degrees of freedom however arising in
the structure of local conserved charges whose support is not restricted to a single lattice
site. The general theorem is first pedagogically illustrated through a variant of the famil-
iar one-dimensional quantum Ising model featuring such an «anticommuting» structure.
This leads to classical spin liquidity co-existing with quantum Ising order. The major-
ity of the paper is then devoted to applications in higher dimensions with more general
«anticommuting» structures which voids spin or magnetic ordering altogether. Proofs
of the resultant quantum spin liquidity are given through an analysis of static and dy-
namic n-point spin correlators relying solely on the «anticommuting» algebraic structure
of the constructed models. It is not evident if they admit exact solutions using known
techniques. The precise nature of these quantum spin liquids is thus an open question
including the existence of a quasiparticle description for these models. We compare and
contrast them with other well-known quantum spin liquids.
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1 Introduction19

Exact statements are of immense value in quantum many-body physics. They include exactly20

solvable models of course, but also go beyond them. Well-known examples of the second kind21

are the Peierls argument for classical Ising models (1; 2) and Elitzur’s theorem in the context22

of lattice gauge theories that forbids local orders (3) with implications for the spontaneous23

symmetry breaking in superconductors (4). Other semi-rigorous to rigorous examples are the24

Ginzburg criterion on the validity of mean-field theories (5), and Harris and Imry-Ma criteria25

on the effect of disorder on clean systems (6; 7; 8; 9).26

In this work, we will make an exact statement of this second kind and illustrate it through27

various models including solvable ones. The statement concerns a theoretical mechanism that28

forces an extensive residual ground state entropy on a system along with quantum spin liquid-29

ity as the provable physical consequences as we shall see. Systems with extensive ground state30

entropy are often interesting with extremely correlated physics down to the lowest tempera-31

tures. Well-known examples are classical spin ices (10) and the SYK model (11). This may32

seem pathological and in violation of the third law of thermodynamics (12) to a novice in the33

field of strongly correlated matter. This is rather understood to be the physical state of affairs34

for generic temperature scales (13) similar to classical spin ices for example. In a “realistic”35

situation, other (even smaller) couplings will then select the “true” ground state to accord with36

the third law of thermodynamics often at inaccessible temperatures from a practical point of37

view. A well-known example of such an inaccessible physics is the prediction of a crystalline38

state by Wigner (14) in a jellium model of interacting electrons, though there have been other39

physical situations where this prediction has been realized (15). Here we are not going to40

concern ourselves with this issue, and are broadly going to focus on the regime of extensive41

ground state entropy.42

1.1 Illustrative models in one dimension43

With the above motivation, we present the basic ingredients of the theorem in a pedagogical44

fashion through a variant of the familiar one-dimensional quantum Ising model. Throughout45

the paper, we will consider ferromagnetic signs for the bond-dependent couplings. Consider46

the Hamiltonian47

H = Jx

∑

〈i, j〉

σx
i σ

x
j + Jz

∑

i

σz
iσ

z
∂ i (1)

where ∂ i stands for the auxiliary partner of site i on the spin chain. It is as if we are “ap-48

plying” the transverse field — of the standard transverse field quantum Ising model (TFQIM)49

J
∑

〈i, j〉σ
x
i σ

x
j +h
∑

i σ
z
i — but now via a transverse Ising coupling of the spins to partner aux-50

iliary spins. Several examples are seen in Fig. 1. We will stick to ferromagnetic couplings51

throughout in this article without loss of generality.52
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(a)

(b) (c)

(d) (e)

Figure 1: Examples of quantum Ising chains with different configurations for the
auxiliary spins.

Case (a) corresponds to when all sites on the chain obey the unique auxiliary partner53

condition mentioned in the abstract. Case (b-e) corresponds to when not all sites on the chain54

obey the unique auxiliary partner condition. Case (d-e) corresponds to when all sites on the55

chain violate the unique auxiliary partner condition.56

In all cases, we have the standard global Z2 symmetry of the TFQIM. It may be implemented57

as a 180◦ rotation around the z-axis, i.e.58

U Z2 =
∏

i

⊗Rπ,z
i (2)

with59

Rπ,z
i = eiπσz

i /2. (3)

Under this60

σz
i → U Z2σz

i U
Z2

† =Rπ,z
i σz

i R
−π,z
i = σz

i (4)

σx
i →−σ

x
i (5)

and H → H (6)

The consequence of this is the conservation of the parity of total chain magnetization in the61

z-direction M z =
∑

i σ
z
i . Clearly, [H, M z] ̸= 0 but62

[H, M z mod 2] =
∑

〈i, j〉

[σx
i σ

x
j , M z mod 2] = 0 (7)

This conservation is also equivalent to fermion parity conservation after the Jordan-Wigner63

transformation (16) which maps the Ising termσx
i σ

x
j to a sum of hopping and superconducting64

terms in the fermion language. Also in all cases, σz
∂ i is conserved for all i, i.e.65

[H,σz
∂ i] = 0 (8)

as can be verified easily. Thus this degree of freedom becomes effectively classical. This in66

fact facilitates the computation of the exact eigenspectrum via the Jordan-Wigner transforma-67

tion (17; 18).68

Let us start with case (a) in Fig. 1 which satisfies the unique auxiliary partner condition69

for all sites of the chain. For this case, we have the following:70
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• The degeneracy of the spectrum is 2N∂ i where N∂ i is the number of the auxiliary spins.71

• Additionally, the eigenspectrum remains the same as that of the quantum Ising model72

with h
J =

Jz
Jx

.73

We can interpret the above as:74

• The auxiliary spins remain paramagnetic down to zero temperature co-existing with75

Ising order/disorder on the chain (17).76

• The presence of an extensive residual entropy or finite residual entropy density.77

• One may call this ground state as a co-existence state of Ising order/disorder with a78

“classical” spin liquid. We will prove this liquidity aspect in Sec. 2.2.79

To prove the above we use the following lemma: Let there be two conserved quantities A80

and B, i.e. [H, A] = [H, B] = 0, that are mutually anticommuting {A, B}= 0. For an eigenstate81

in the A-basis, i.e. H|ψ〉 = E|ψ〉 and A|ψ〉 = a|ψ〉, there exists another state |Bψ〉 ≡ B|ψ〉82

which is also an eigenstate with H|Bψ〉 = E|Bψ〉 and A|Bψ〉 = −a|Bψ〉. If A has no zero83

eigenvalues, then |Bψ〉 is distinct than |ψ〉.84

The proof goes as follows: There are additional conserved quantities which are absent in85

the TFQIM. These are σx
i σ

x
∂ i , i.e.86

[σx
i σ

x
∂ i , H] = 0 (9)

for all i as can be verified easily. Furthermore these conserved quantities anticommute with87

σz
i , i.e.88

{σx
i σ

x
∂ i ,σ

z
∂ i}= 0 (10)

for all i as can be verified easily.89

As nomenclature, we will call sets of local conserved quantities with support over O(1)90

sites which anticommute when they have site(s) in common (and commute when no sites in91

common) as “«anticommuting»” sets of local conserved quantitites. We will also sometimes92

refer to them as an «anticommuting» structure, an «anticommuting» mechanism, or an «an-93

ticommuting» algebra of local conserved quantities. The above conserved sets {σx
i σ

x
∂ i} and94

{σz
∂ i} form the first example of this structure in this paper.95

Also both sets of conserved quantities square to non-zero values and thus have no zero96

eigenvalues97

�

σz
i

�2
= 1 (11)

�

σx
i σ

x
∂ i

�2
= 1 (12)

Thus by the application of the lemma above, for each eigenstate |ψ〉 of H, one arrives at N∂ i98

degenerate eigenstates as
�

σx
i σ

x
∂ i

�

|ψ〉. In fact there are many more degenerate eigenstates99

arrived at by the operation of the product of
�

σx
i σ

x
∂ i

�

over any subset of the auxiliary partner100

sites. One can convince oneself that the total degeneracy is thus 2N∂ i .101

The eigenspectrum is same as that of TFQIM with h
J =

Jz
Jx

can be intuitively seen by choosing102

that sector of the Hamiltonian which corresponds to all the conserved σz
∂ i being all up or103

all down, i.e.
∏

∂ i ⊗| ↑
z
∂ i〉 or
∏

∂ i ⊗| ↓
z
∂ i〉. We formalize this as follows: Let us look at a104

particular sector or block of the Hamiltonian organized in the basis of conserved quantities105

{σx
i σ

x
∂ i}, say corresponding to 〈σx

i σ
x
∂ i〉 = 1 for all i. For each given 〈σx

i σ
x
∂ i〉, there are106

two compatible states on the bond (i,∂ i). For 〈σx
i σ

x
∂ i〉 = 1, we have the states | ±x

i ±
x
∂ i〉107

on (i,∂ i) bond. For 〈σx
i σ

x
∂ i〉 = −1, we have the states | ±x

i ∓
x
∂ i〉. σ

z
iσ

z
∂ i flips between the108

two compatible states on (i,∂ i) bond. (σz
iσ

z
∂ i| ±

x
i ±

x
∂ i〉 = | ∓

x
i ∓

x
∂ i〉 for 〈σx

i σ
x
∂ i〉 = 1, and109
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σz
iσ

z
∂ i| ±

x
i ∓

x
∂ i〉 = | ∓

x
i ±

x
∂ i〉 for 〈σx

i σ
x
∂ i〉 = −1 respectively.) Thus σz

iσ
z
∂ i terms leads to off-110

diagonal matrix elements for this form of Hamiltonian blocks. If the Hamiltonian blocks were111

to be organized using the other conserved set {σz
∂ i}, thenσz

iσ
z
∂ i would be a diagonal operator.112

In our organization of the Hamiltonian blocks using the conserved set {σx
i σ

x
∂ i}, the operator113

σx
i σ

x
j on the nearest neighbour bonds (i, j) along the chain now measures the parity of theσx -114

state on these bonds by definition and is thus a diagonal operator. (σx
i σ

x
j |±

x
i ±

x
j 〉= +|±

x
i ±

x
j 〉115

and σx
i σ

x
j |±

x
i ∓

x
j 〉= −|±

x
i ∓

x
j 〉 respectively.) Thus Eq. 1 reduces to an effective (dual) TFQIM116

once the value of 〈σx
i σ

x
∂ i〉 is chosen on all (i,∂ i) bonds. We may write it as follows117

H = Jeff
∑

〈i, j〉

τz
iτ

z
j + heff
∑

i

τx
i (13)

where the τ operators operate on the two states consistent with 〈σx
i σ

x
∂ i〉, and Jeff = Jx ,118

heff = Jz . As an aside, the parenthetical “dual" refers to the interchanging of the diagonal119

and off-diagonal operations when organizing the Hamiltonian blocks using the conserved set120

{σz
∂ i} versus the conserved set {σx

i σ
x
∂ i}, while choosing z-axis to be the spin-1

2 quantization121

axis as is commonly done.122

Now let us consider the case (b) in Fig. 1. Here again we have the conservation of σx
i σ

x
∂ i123

for all i with unique partners. For the two sites which share a partner, the conserved quantity124

is now σx
i σ

x
∂ (i,i+1)σ

x
i+1. This also anticommutes with σz

∂ (i,i+1). Thus we can make similar125

arguments as above. In case (c), the conserved quantity is σx
i σ

x
∂ (i,i+1)σ

x
i+1σ

x
∂ (i+1,i+2)σ

x
i+2 with126

similar physics since in all the above cases (a-c) there are an extensive number of additional127

conserved quantities. In case (d), the unique partner condition is lost for the full spin chain.128

Thus in this case we do not have an extensive number of additional conserved quantities.129

There is only one such quantity, i.e.
∏

i,∂ (i,i+1)⊗σ
x
i ⊗σ

x
∂ (i,i+1). This will lead to a degeneracy130

of 2 of the spectrum. The configuration of the auxiliary spins which corresponds to the ground131

state sector also needs determination (17). Case (e) is another such example to show why the132

physics present in cases (a-c) is absent in the TFQIM. The operator in this case is σx
∂
⊗
∏

i ⊗σ
x
i133

which is reminiscent of the string operator
∏

i ⊗σ
z
i that measures the conserved parity of the134

magnetization in TFQIM.135

Before proceeding further, we note that the above result in the context of quantum Ising136

models is essentially a restatement of the result obtained in Ref. (18) where the spectral equiv-137

alence was rather shown in a converse fashion – modulo minor details – using the set of138

conserved quantities {σz
∂ i} for the Hamiltonian block organization. The context of Ref. (18)139

was that of quantum compass models with the motivation coming from the physics of orbital140

degrees of freedom in transition metal systems. The more general structure of “bond alge-141

bras” underlying this work is further elaborated in Refs. (19), including resultant dualities in142

Refs. (20; 21) an example of which we saw as Eq. 13 in the analysis of Eq. 1 above. Fur-143

thermore the lemma above and its variants have been used previously in other contexts (22),144

including the context of ground state degeneracy and topological orders. See in particular145

Ref. (23) which gives a good overview of the existing results in the literature. The attention146

in these works has been on sub-extensive degeneracies and, generally speaking, topological147

(or non-topological) quantum orders that have ground state manifolds with zero ground state148

entropy density which is not the focus of this work. The model Hamiltonians that form the149

main subject of this paper (Sec. 2) are also Nussinov-Ortiz bond algebras (18; 19). However,150

the ingredient of the «anticommuting» algebraic structure of extensively many local conserved151

quantities leads to the new physics reported in this paper, i.e. finite ground state entropy den-152

sity and quantum spin liquidity. We will compare and contrast this with the physics of other153

known quantum spin liquids in Sec. 2.3.154

The various lattice geometries considered above in Fig. 1 have been found in real material155

systems. In particular, the example of Fig. 1(a),(d) are referred to as the comb or branched156
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chains and sawtooth chains respectively. See Ref. (24) and references therein for sawtooth157

chain examples. For recent examples relating to comb lattices, see e.g. Ref. (25) from a quan-158

tum criticality perspective, and Ref. (26) for a very different perspective concerning qubit regu-159

larization for the quantum simulation of quantum field theories (27). These examples though160

focus on SU(2)-symmetric situations generally speaking, or perhaps easy-plane or easy-axis161

X X Z anisotropies but in a bond-independent way that are distinct from the bond-dependent162

coupling Hamiltonians that have been considered in this work. One may legitimately ask if163

an analog of the Jackeli-Khaliullin’s mechanism (28) exists that would lead to the particular164

bond dependence considered in Eq. 1 or later in Sec. 2 from a quantum chemical perspective.165

This is not known to the author and is left for the future.166

1.1.1 Further discussion167

Let us consider case (a) for this discussion. It is natural to block diagonalize the Hamiltonian168

H in terms of the conserved spin configurations of the auxiliary partner spins
∏

∂ i ⊗|σ
z
∂ i〉.169

However, the conservation of σx
i σ

x
∂ i begs the following question: How to understand the170

physics if we were to organize the Hamiltonian blocks in terms of the conserved σx
i σ

x
∂ i for all171

i ? Firstly, fixing the configuration of the auxiliary spins as
∏

∂ i ⊗|σ
z
∂ i〉 implies no fluctuation172

in them. But fixing the eigenvalues (of ±1) of the conserved σx
i σ

x
∂ i for all i does not imply173

any such thing. In this way of block diagonalization, both the spins of the spin chain and174

the auxiliary spins keep fluctuating. This suggests that the (local) conservation of σx
i σ

x
∂ i has175

a gauge-like character. From this point of view, for a given eigenstate |ψ〉, we can obtain176

degenerate eigenstates as σz
∂ i|ψ〉 or
∏

{∂ j}⊆{∂ i}σ
z
∂ j|ψ〉 for any subset of auxiliary spins. This177

again gives a degeneracy of 2N∂ i as expected. Due to this extensive degeneracy, the gauge178

charges or eigenvalues of the conserved σx
i σ

x
∂ i can also keep fluctuating. This is because179

we can linearly combine the eigenstates from different gauge charge sectors to obtain a new180

eigenstate. Under time evolution, this linear combination will stay put, i.e. both the gauge181

charges and the auxiliary spin states keep fluctuating for all times.182

Another perspective is to look at the same physics after the Jordan-Wigner transformation.183

Then we arrive at184

H = Jx

∑

〈i, j〉

�

c†
i c j + c†

i c†
j + h.c.
�

+ Jz

∑

i

(2ni − 1)(2n∂ i − 1) (14)

The global fermion parity is again conserved due to global Z2 symmetry, but we also have local185

Z2 symmetries in terms of local 180◦ rotations around the x-axis for site i and ∂ i which keep186

the Hamiltonian unchanged. This implies the conservation of σx
i σ

x
∂ i on (i,∂ i) bonds. Upon187

Jordan-Wigner transformation, we get188

[H, (−1)Jordan-Wigner phases
�

c†
i c∂ i + c†

i c†
∂ i + h.c.
�

] = 0. (15)

However, there are no kinetic hopping or superconducting terms∝
�

c†
i c∂ i + c†

i c†
∂ i + h.c.
�

cor-189

responding to the local Z2 charges on (i,∂ i) bonds. Thus all gauge sectors are degenerate.190

Also the mutual anticommutation of191

{c†
i c∂ i + c†

i c†
∂ i + h.c., n∂ i}= 0 (16)

implies that local Z2 charges can fluctuate along with n∂ i .192

1.2 Some Extensions193

Let us continue with case (a). Since σx
i σ

x
∂ i is conserved, the following Hamiltonian194

H = Jx

∑

〈i, j〉

σx
i σ

x
j + Jz

∑

i

σz
iσ

z
∂ i + J ′x
∑

i

σx
i σ

x
∂ i (17)
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Figure 2: Ladder geometry with bond-dependent couplings as discussed in the text.

also is solvable. However σz
∂ i is not conserved anymore. Thus the extensive degeneracy will195

be lost. The spectrum now will depend on the conserved value of σx
i σ

x
∂ i on all (i,∂ i) bonds.196

E.g. the ground state will correspond to 〈σx
i σ

x
∂ i〉 = 1 for ferromagnetic J ′x < 0. Following197

same arguments on spectral equivalence of Eq. 1 and the TFQIM as before in Sec. 1.1 (see the198

discussion around Eq. 13), the above Hamiltonian also reduces to an effective (dual) TFQIM199

once the value of 〈σx
i σ

x
∂ i〉 is chosen on all (i,∂ i) bonds. We may write it as follows200

H = Jeff
∑

〈i, j〉

τz
iτ

z
j + heff
∑

i

τx
i + J ′x
∑

i

〈σx
i σ

x
∂ i〉 (18)

where the τ operators operate on the two states consistent with 〈σx
i σ

x
∂ i〉 as befpre, and201

Jeff ∝ Jx , heff ∝ Jz . One will again obtain the TFQIM spectrum in any conserved sector.202

The loss of extensive degeneracy corresponding to J ′x = 0 is seen through the third term above203

J ′x
∑

i〈σ
x
i σ

x
∂ i〉. One sees that there are still degenerate excited sectors given by different con-204

figurations of 〈σx
i σ

x
∂ i〉 which keep the sum

∑

i〈σ
x
i σ

x
∂ i〉 fixed. The degeneracies are basically205

Ni choose N〈σx
i σ

x
∂ i〉=1. These degeneracies will likely be further broken down in presence of206

additional solvability breaking terms. By a similar token, for the following Hamiltonian207

H = Jx

∑

〈i, j〉

σx
i σ

x
j + J ′z
∑

〈i, j〉

σz
iσ

z
j + Jz

∑

i

σz
iσ

z
∂ i (19)

σx
i σ

x
∂ i is not conserved anymore, but σz

∂ i stays conserved. Thus the extensive degeneracy will208

again be lost. However, solving for the spectrum using the Jordan-Wigner transformation is209

not that straightforward.210

Also may be noted that the following related ladder Hamiltonian211

H = Jx

∑

〈i, j〉

σx
i σ

x
j + J∂ x

∑

〈i, j〉

σx
∂ iσ

x
∂ j + Jz

∑

i

σz
iσ

z
∂ i + J ′x
∑

i

σx
i σ

x
∂ i (20)

as shown in Fig. 2 is effectively equivalent to212

H =
∑

〈i, j〉

Jeff
i j τ

z
iτ

z
j + heff
∑

i

τx
i + J ′x
∑

i

〈σx
i σ

x
∂ i〉 (21)

with heff ∝ Jz . The case of Jeff
i j requires more attention. For the (ground state) sector cor-213

responding to 〈σx
i σ

x
∂ i〉 = 1 on all (i,∂ i) bonds, Jeff

i j ∝ (Jx + J∂ x) independent of the bond214

location. The same would be true for the sector corresponding to 〈σx
i σ

x
∂ i〉 = −1 on all (i,∂ i)215

bonds. Recall we are considering ferromagnetic couplings in this article throughout. For other216

sectors where 〈σx
i σ

x
∂ i〉 is not uniformly the same sign, the bond location becomes important.217

For a bond (i, j) such that 〈σx
i σ

x
∂ i〉 = 〈σ

x
j σ

x
∂ j〉, Jeff

i j ∝ (Jx + J∂ x). For a bond (i, j) such that218

〈σx
i σ

x
∂ i〉 ̸= 〈σ

x
j σ

x
∂ j〉, Jeff

i j itself fluctuates between∝ (Jx − J∂ x) and∝−(Jx − J∂ x) depending219

on the state of the spins on the (i,∂ i) and ( j,∂ j) bonds. Obtaining the spectrum in these220

excited sectors is therefore more involved. For Jx = J∂ x (29) which would be the case in pres-221

ence of mirror symmetry between the two legs of the ladder, there occurs a simplification and222

7
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Jeff
i j = 0 on those bonds where 〈σx

i σ
x
∂ i〉 ̸= 〈σ

x
j σ

x
∂ j〉. This leads to disconnected TFQIM seg-223

ments which can again be solved for the excited eigenspectrum. The resultant physics has been224

more generally termed as Hilbert space fragmentation (30). The above ladder Hamiltonian225

can be looked at as a solvable local spinless fermionic model for J ′x = 0,226

H = −t x

∑

〈i, j〉

(c†
i c j + c†

i c†
j + h.c.)− t∂ x

∑

〈i, j〉

(c†
∂ ic∂ j + c†

∂ ic
†
∂ j + h.c.) + V
∑

i

nin∂ i (22)

The physical situation is that of two p-wave superconducting wires coupled through a short-227

ranged Couloumb interaction. Analogous physics will carry through in this context. We may228

conjecture that the physics extends to situation when the hopping and pairing amplitudes are229

not exactly equal. A stronger conjecture would be the stability of the ground state in presence230

of hopping and/or superconducting amplitudes between the two wires. The ground state of231

the fermionic system will be two locked superconducting ground states independent of V .232

The solvable case of J ′x ̸= 0 leads to non-local terms in the fermionic situation and may be233

ignored. We end this section with the note that the quasi-one-dimensional ladder geometry234

considered in this section is perhaps more well-known than the comb or sawtooth geometries235

seen previously. Lattice models with ladder geometry are quite relevant for experiments and236

a great variety of them have been studied in both spin and fermionic contexts with various237

perspectives and motivations (31; 32).238

2 Constructions in two dimensions239

Till now the discussion has been limited to one dimensional systems. Let us now construct240

two-dimensional spin models with extensive ground state entropy guaranteed through the241

mechanism underlying the theorem, i.e. existence of extensively large mutually «anticom-242

muting» sets of conserved quantities. To repeat the nomenclature introduced in Sec. 1.1, by243

«anticommuting» sets, we mean the anticommutation of two conserved operators coming from244

different sets when they have a common site between them as in the previous Sec. 1.1 and245

throughout the paper. The condition of a single common site is however not strict, even though246

respected in all the models discussed in this paper. One can easily construct variants where one247

may have the «anticommuting» mechanism operational even when local conserved quantities248

coming from different sets have more than one site in common. Conserved quantities without249

common sites of course keep commuting in the context of spin models. We continue to take250

ferromagnetic signs for the bond-dependent couplings.251

2.1 Generic degeneracy counting252

Consider the bond-dependent Hamiltonian253

H = Jx

∑

x







∑

〈i, j〉∈ x

σx
i σ

x
j






+ Jz

∑

z







∑

〈i, j〉∈ z

σz
iσ

z
j






(23)

sketched in Fig. 3. The system is composed of square plaquettes with either σx
i σ

x
j or σz

iσ
z
j254

couplings exclusively arranged in a checkerboard pattern. x and z denote the plaquettes255

with σx
i σ

x
j and σz

iσ
z
j respectively. Let us look at the conserved quantities. They are256

1. σz
iσ

z
jσ

z
kσ

z
l on the x plaquettes.257

2. σx
i σ

x
j σ

x
kσ

x
l on the z plaquettes.258
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Figure 3: A two-dimensional spin model with extensive ground state entropy.

The conserved nature of these quantities may be verified easily. All the above quantities form259

extensively large sets due to their local nature. The two sets «anticommute» with each other.260

Eigenspectrum solvability of this model is not apparent, but by the application of the261

lemma, we can conclude that this system will host an extensive ground state entropy. In262

fact, the full eigenspectrum will be massively degenerate in this sense. The counting can be263

ascertained by first spanning the system with one of the conserved sets from the above that can264

serve as the basis for block-diagonalization of the Hamiltonian, and then counting the other265

set that «anticommutes» with the chosen set. Thus the ground state entropy is ln 2 per unit266

cell. A related Hamiltonian with the same degeneracy counting could be constructed using267

the above conserved operators directly,268

H = Jx

∑

x







∏

i∈ x

⊗σx
i






+ Jz

∑

z







∑

i∈ z

⊗σz
i






(24)

This would be in the spirit of Kitaev toric code (33) whose Hamiltonian is also the sum of the269

conserved quantities which however mutually commute. We will stick to models with two-spin270

terms without any loss of generality.271

An alternative Hamiltonian with this anticommuting mechanism in operation is shown in272

Fig. 4. The system is now composed of crisscrossing Ising chains with couplings in perpendic-273

ular directions in spin space. It is a square lattice variant of the Kitaev honeycomb model (34)274

and in fact belongs to the class of “compass” models (35; 36). Its ground state properties have275

been discussed in the literature (37; 38; 39). It can be written as276

H =
∑

r

Jxσ
x
r σ

x
r+ex
+ Jzσ

z
rσ

z
r+ez

(25)

The degeneracy counting in this model has also been done through the lens of the anticom-277

muting mechanism, however the it only leads to a double degeneracy independent of system278

size (37). This is because the conserved Z2 parities for each Ising chain are non-local string279

operators as in TFQIM:
∏

ry
σx
(rx ,ry )

for a given rx and
∏

rx
σz
(rx ,ry )

for a given ry . Note the280

number of these non-local conserved quantities is sub-extensive and not extensive in contrast281

to the other models. Due to the geometry of the string operators – each string operator in a282

given direction intersects all string operators in the perpendicular direction – the application283

9
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Figure 4: The 90◦ compass model with only a double degeneracy via the anticom-
muting mechanism. The low-energy manifold is only sub-extensive in size, which
leads to a zero low-energy entropy density in contrast to the other cases studied in
this paper.

of the lemma only gives a double degeneracy. An interesting counterpoint in the context of284

this paper is the following: even though the degeneracy is O(1) by the anticommuting mech-285

anism, it has been stated by Dorier et al that, “When Jx ̸= Jz , we show that, on clusters of286

dimension L× L, the low-energy spectrum consists of 2L states which collapse onto each other287

exponentially fast with L, a conclusion that remains true arbitrarily close to Jx = Jz . At that288

point, we show that an even larger number of states collapse exponentially fast with L onto289

the ground state, and we present numerical evidence that this number is precisely 2×2L .” (38)290

It is as if the system “would prefer” a (sub-extensively) large degeneracy, however there are291

no symmetries to guarantee it exactly. In all the other constructions discussed in this paper,292

we can guarantee rather an extensive degeneracy because of the local nature of the conserved293

quantities, i.e. they have support on O(1) lattice sites. Furthermore, additional degeneracies294

at “fine-tuned” coupling values might be present even in these models, but we are not concern-295

ing ourselves with such effects in this paper. The generic extensive entropy case afforded by296

the anticommuting mechanism of this paper can already be used to prove spin liquid nature of297

these models as will be discussed in the next Sec. 2.2. Another example is a one-dimensional298

version of the compass model (40) where, by virtue of the reduced dimensionality, the con-299

served quantities become local and the theorem then guarantees an extensive degeneracy even300

for finite chains (41). It can also be reduced to an effective TFQIM and follows the spirit of301

the one-dimensional cases discussed earlier.302

Consider finally the Hamiltonian in Fig. 5 which has a more intricate structure compared to303

the previous models. This case is of interest because of the technical differences in its ground304

state entropy counting compared to earlier which might be worth pointing out. The system305

is now composed of a) square plaquettes with either σx
i σ

x
j or σz

iσ
z
j couplings exclusively de-306

noted as x and z respectively, b) crosses (×) composed of both σx
i σ

x
j and σz

iσ
z
j segments307

crisscrossing each other, and c) hexagonal plaquettes with alternating σx
i σ

x
j and σz

iσ
z
j cou-308
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Figure 5: A more intricate two-dimensional spin model with extensive ground state
entropy.

plings as a result of a) and b). It can formally be written as309

H = Jx

∑

x

∑

〈i, j〉∈ x

σx
i σ

x
j + Jz

∑

z

∑

〈i, j〉∈ z

σz
iσ

z
j + J ′x
∑

×

∑

〈i, j〉x∈ ×

σx
i σ

x
j + J ′z
∑

×

∑

〈i, j〉z∈ ×

σz
iσ

z
j

(26)

The conserved quantities are310

1. σz
iσ

z
jσ

z
kσ

z
l on the x -plaquettes.311

2. σx
i σ

x
j σ

x
kσ

x
l on the z -plaquettes.312

3. σz
iσ

z
jσ

z
k on the bonds 〈i, j〉x ∈ ×.313

4. σx
i σ

x
j σ

x
k on the bonds 〈i, j〉z ∈ ×.314

The conserved nature of these quantities may be verified easily. There does not seem to be any315

obvious conserved quantity associated with the hexagonal plaquettes. All the above quantities316

form extensively large sets. The first and second sets of conserved quantities commute with317

each other. The third and fourths sets «anticommute» with each other. Similarly, the first and318

fourth sets anticommute with each other and the second and third sets «anticommute» with319

each other. The first and third sets commute with each other, and the second and fourth sets320

commute with each other.321

Similar to Eq. 23, eigenspectrum solvability of the model in Eq. 26, Fig. 5 is not apparent322

and there will be a massive degeneracy of its eigenspectrum. The counting can be ascertained323

by first spanning the system with mutually conserved sets from the above, and then counting324

the remaining sets that «anticommute» with the spanning sets. The maximum of all possible325

ways of doing this will give the entropy due to this mechanism. In this model, if we use326

the first and third sets as the spanning sets, then the remaining sets contribute an entropy of327

3 ln2 kB per unit cell. Similarly, if we use second and fourth sets as the spanning sets, then328

the remaining sets again contribute an entropy of 3 ln2 kB per unit cell. Instead, if we use the329

first and second sets as the spanning sets, then the remaining sets contribute an entropy of330

4 ln2 kB per unit cell. The ground state entropy is therefore 4 ln 2 kB per unit cell through this331

anticommuting mechanism.332

There is an unresolved puzzle with respect to the above degeneracy counting even though333

it is exact and non-perturbative. If we were to think of Eq. 26 through a perturbative lens,334
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then there are two natural ways of going about it. If we take all the terms with σx
i σ

x
j Ising335

couplings as the dominant terms and the terms with σz
iσ

z
j Ising couplings as the perturbation336

or vice versa, one arrives at an entropy of 3 ln2 per unit cell. On the other hand, if we337

take all the terms involving the boxed plaquettes x and z as the dominant terms with338

the rest being the perturbation, then we arrive at an entropy of 4 ln2 per unit cell. Since 4339

ln 2 is the non-perturbative count, the additional ln2 contribution is not accounted for when340

setting up the perturbation theory in the first manner. It is a puzzle as to how this additional341

degeneracy would be accounted for at all orders in perturbation theory when doing it in this342

manner. Note that additional degeneracies can arises at special points as pointed out by Dorier343

et al (38), however here it must happen without any such fine-tuning, i.e. for any value of the344

perturbation.345

On a related note, for the model of Eq. 23, in the limit of Jx = 0 or Jz = 0 the degeneracy346

corresponding to ln2 entropy per unit cell is obvious. How this degeneracy survives to all347

orders in perturbation theory when going away from these limits is another related question.348

The answer must be of the form that no perturbation at any order can connect two degenerate349

states to split the degeneracy. For an example of such an effect, see e.g. Ref. (42). This is350

a different question from the earlier puzzle. In the earlier puzzle, we are asking how extra351

degeneracies are generated at all orders in perturbation theory set up in a particular way. In352

the above question, we are asking how the already present degeneracies are preserved to all353

orders in perturbation theory.354

2.2 Quantum spin liquidity355

We will now prove ground state spin liquidity in the extensively degenerate models using just356

the anticommuation structure. For example for the model of Fig. 5 or Eq. 26, there are three357

kinds of sites: sites at the centre of the crosses (i×), those on the x -plaquettes (ix) and those358

on the x -plaquettes (iz). The proof can be understood by taking one representative example,359

say the ground state expectation 〈σµi×σ
ν
j×
〉 on two different faraway sites. This ground state360

expectation value is to be understood as a thermal mixture over the ground state manifold as361

T → 0, i.e.362

〈O〉(T → 0) =
∑

|ψ〉∈{|ψgs〉}

〈ψ|O|ψ〉 (27)

where {|ψgs〉} is the ground state manifold.363

Working in the basis of the first and third commuting sets (“z”-basis), we can subdivide the364

ground state manifold into distinct sets or “equivalence classes” containing 16 ground states365

each given the two unit cells to which the sites i× and j× belong. If a generic set A is indexed366

by a representative ground state |ψA
gs〉, then we can generate the other 15 ground states by the367

application of σx
i σ

x
j σ

x
kσ

x
l and the two different σx

i σ
x
j σ

x
k belonging to the two unit cells on368

|gsA〉. (16=1+3+3+(3×3).) If we sum 〈σµi×σ
ν
j×
〉 over all these sixteen states, one finds that369

the sum is zero for all cases of µ,ν except for 〈σx
i×
σx

j×
〉. To show that the sum is zero even in370

this case, one can rework the above starting from “x”-basis involving the second and fourth371

sets. Thus this will be true for the overall ground state manifold sum.372

We will present a simpler argument below by only involving the conserved operators that373

include the sites i× and j× which would lead to a set of 4 ground states. The division into the374

set of 16 related ground states organized by unit cells is somewhat more natural. Working in375

the “z”-basis, let the representative state |ψA
gs〉 correspond to the value of +1 for the conserved376

quantities σz
∂1 i×
σz

i×
σz
∂2 i×

and σz
∂1 j×
σz

j×
σz
∂2 j×

connected to the two sites i× and j×. The set A377

can be indexed by the values of all the other conserved quantities in the “z”-basis given the378

previous statement. We arrive at Table 1 after generating the set of 4 states. The table shows379

that this grouping of the ground state manifold is unique. This is because the three states380
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Table 1: A generic set A of 4 ground states that form an equivalence class given two
sites i× and j× for the model of Eq. 26 and Fig. 5.

|ψ〉 〈ψ|σz
∂1 i×
σz

i×
σz
∂2 i×
|ψ〉 〈ψ|σz

∂1 j×
σz

j×
σz
∂2 j×
|ψ〉 〈ψ|σµi×σ

ν
j×
|ψ〉

|ψA
gs〉 +1 +1 〈ψA

gs|σ
µ
i×
σνj×
|ψA

gs〉
σx
∂3 i×
σx

i×
σx
∂4 i×
|ψA

gs〉 -1 +1
�

2δµx − 1
�

〈ψA
gs|σ

µ
i×
σνj×
|ψA

gs〉
σx
∂3 j×
σx

j×
σx
∂4 j×
|ψA

gs〉 +1 -1 (2δνx − 1) 〈ψA
gs|σ

µ
i×
σνj×
|ψA

gs〉
σx
∂3 i×
σx

i×
σx
∂4 i×
σx
∂3 j×
σx

j×
σx
∂4 j×
|ψA

gs〉 -1 -1
�

2δµx − 1
�

(2δνx − 1) 〈ψA
gs|σ

µ
i×
σνj×
|ψA

gs〉

generated from |ψA
gs〉 can not correspond by construction to a different representative state381

since the value of σz
∂1 i×
σz

i×
σz
∂2 i×

and σz
∂1 j×
σz

j×
σz
∂2 j×

are not +1 for these three states. Clearly382

the sum over these 4 states is zero whenever µ ̸= x or ν ̸= x . For 〈σx
i×
σx

j×
〉, we start in the383

“x”-basis and redo the above as mentioned before. The associated table would be the same as384

Table 1 with the interchanging of x and z everywhere.385

One can similarly argue for the vanishing of “2-point” spin order when ix or iz type of386

sites are involved. Also, one can see from these arguments that the “faraway” requirement387

of the two sites is not very strict. This is analogous to the Kitaev model (43; 44) however388

guaranteed through the anticommuting mechanism. In fact, as we see, we did not need any389

other representation (fermionic or otherwise) to prove this which highlights the reach of the390

anticommuting structure. Furthermore, one can extend these arguments to “n-point” spin391

orders involving different unit cells. A similar argument goes through for the model in Eq. 23392

and Fig. 3 which is composed of only one kind of lattice site.393

Multi-spin order parameter correlations such as bond energies, plaquette spin products,394

etc. can survive the above cancellations. Let us restrict ourselves to the situation of faraway395

unit cells and the model of Eq. 23 for simplicity. We will state the result without giving the396

proof. The proof logic follows from the above sort of arguments. For a 2-spin operator σµi σ
ν
j397

on a bond 〈i, j〉, its 2-bond correlators 〈
�

σ
µ
i σ

ν
j

�

�

σ
γ

kσ
δ
l

�

〉 are non-zero only when {µ,ν,γ,δ}398

correspond to the spin space indices that appear in the Hamiltonian on their corresponding399

sites {i, j, k, l}. E.g., for bonds 〈i, j〉 and 〈k, l〉 which host σx
i σ

x
j and σx

kσ
x
l , the only non-zero400

correlator is 〈
�

σx
i σ

x
j

�

�

σx
kσ

x
l

�

〉 while all other correlators are zero through the above kind of401

cancellation arguments. Similarly for bonds 〈i, j〉 and 〈k, l〉 which host σx
i σ

x
j and σz

kσ
z
l , the402

only non-zero correlator is 〈
�

σx
i σ

x
j

�

�

σz
kσ

z
l

�

〉 and so on.403

For a 3-spin and higher-spin operators, one has to pay a little more care. The 3-spin404

case exposes the general structure of these multi-spin correlations. For σµi σ
ν
jσ
γ

k on 3 con-405

tiguous sites 〈i, j, k〉, its 2-bond correlators 〈
�

σ
µ
i σ

ν
jσ
γ

k

��

σδl σ
α
mσ

β
n

�

〉 are non-zero only when406

{µ,ν,γ,δ,α,β} correspond to the spin space indices that “appear” in the Hamiltonian on the407

bonds that correspond to the pair of 3-site objects {i, j, k} and {l, m, n}. To make explicit what408

we mean by “appear”, take the case of σµi σ
ν
jσ
γ

k. If the bonds {〈i, j〉, 〈 j, k〉} host {σx
i σ

x
j ,σz

jσ
z
k},409

then σµi σ
ν
jσ
γ

k must equal σx
i σ

x
j σ

z
jσ

x
k = −iσx

i σ
y
j σ

x
k for any correlator involving this 3-site op-410

erator to be non-zero. If the bonds {〈i, j〉, 〈 j, k〉} host {σx
i σ

x
j ,σx

j σ
x
k }, thenσµi σ

ν
jσ
γ

k must equal411

σx
i σ

x
j σ

x
j σ

x
k = σ

x
i σ

0
jσ

x
k = σ

x
i σ

x
k which is actually a 2-spin operator for any correlator involv-412

ing this “3-site” operator to be non-zero. And so on. A similar multiplication rule can be413

followed to arrive at higher-spin operators with non-zero correlations. The above structure is414

intuitive as well since it accords with the short-range correlations that the Hamiltonian terms415

are trying to favor in the system. E.g. for the 2-spin operators, it is precisely the bond energies416

which have non-zero correlations, etc.417

All of the above proofs can be extended to dynamical correlators as well. In the dynam-418
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Table 2: A generic set A of 4 ground states that form an equivalence class given two
sites ∂ i and ∂ j using the conserved {σz

∂ k} basis for the model of Eq. 1 and Fig. 1b.

|ψ〉 〈ψ|σz
∂ i|ψ〉 〈ψ|σ

z
∂ j|ψ〉 〈ψ|σµ

∂ iσ
ν
∂ j|ψ〉

|ψA
gs〉 +1 +1 〈ψA

gs|σ
µ

∂ iσ
ν
∂ j|ψ

A
gs〉

σx
i σ

x
∂ i|ψ

A
gs〉 -1 +1

�

2δµx − 1
�

〈ψA
gs|σ

µ

∂ iσ
ν
∂ j|ψ

A
gs〉

σx
j σ

x
∂ j|ψ

A
gs〉 +1 -1 (2δνx − 1) 〈ψA

gs|σ
µ

∂ iσ
ν
∂ j|ψ

A
gs〉

σx
i σ

x
∂ iσ

x
j σ

x
∂ j|ψ

A
gs〉 -1 -1

�

2δµx − 1
�

(2δνx − 1) 〈ψA
gs|σ

µ

∂ iσ
ν
∂ j|ψ

A
gs〉

Table 3: A generic set A of 4 ground states that form an equivalence class given two
sites ∂ i and ∂ j using the conserved {σx

∂ kσ
x
∂ k} basis for the model of Eq. 1 and Fig. 1b.

|ψ〉 〈ψ|σx
i σ

x
∂ i|ψ〉 〈ψ|σ

x
j σ

x
∂ j|ψ〉 〈ψ|σµ

∂ iσ
ν
∂ j|ψ〉

|ψA
gs〉 +1 +1 〈ψA

gs|σ
µ

∂ iσ
ν
∂ j|ψ

A
gs〉

σz
∂ i|ψ

A
gs〉 -1 +1

�

2δµz − 1
�

〈ψA
gs|σ

µ

∂ iσ
ν
∂ j|ψ

A
gs〉

σz
∂ j|ψ

A
gs〉 +1 -1 (2δνz − 1) 〈ψA

gs|σ
µ

∂ iσ
ν
∂ j|ψ

A
gs〉

σz
∂ iσ

z
∂ j|ψ

A
gs〉 -1 -1

�

2δµz − 1
�

(2δνz − 1) 〈ψA
gs|σ

µ

∂ iσ
ν
∂ j|ψ

A
gs〉

ical case, e.g. for 2-point correlators which is sufficient to illustrate the main point, we have419

〈σµi (t)σ
ν
j (0)〉 = 〈e

−iH tσ
µ
i eiH tσνj 〉. We recall here that the ground state expectation value is420

again an equal mixture over the ground state manifold (Eq. 27). Since 1) the subdivision of421

the ground state manifold into disjoint sets is based on the conserved quantities of the Hamil-422

tonian, and 2) the conserved quantities will commute across the e−iH t and eiH t factors by423

definition, the cancellation argument will also apply to the dynamical case as well. Table 1424

will essentially be reproduced for finite t after replacing “σµi×σ
ν
i×

” with “σµi×(t)σ
ν
i×
(0)” every-425

where. Thus the sum over the ground state manifold in each disjoint set contributing towards426

σ
µ
i×
(t)σνi×(0) will again cancel out to zero. Similarly, all the arguments in the paper for static427

multi-spin correlators extend to corresponding dynamical multi-spin correlators as well.428

Finally, we end this section by considering how the above arguments apply to the one-429

dimensional models of Sec. 1.1 with the representative example of Eq. 1. Even though there is430

an extensive degeneracy in this case, the conserved quantities σx
i σ

x
∂ i can not make the ground431

state expectation 〈σx
i σ

x
j 〉 vanish. All other ground state expectation 〈σµi σ

ν
j 〉 with µ ̸= x or432

ν ̸= x do vanish by the above kind of arguments. We can however use the above kind of433

arguments to prove the (classical) spin liquidity on the auxiliary partner sites. Working in the434

conserved {σz
∂ i}-basis, we arrive at Table 2, while working in the conserved {σx

i σ
x
∂ i}-basis, we435

arrive at Table 3. Combing both of them, 〈σµ
∂ iσ

ν
∂ j〉 = 0 for any µ, ν as was already indicated436

in our interpretation in Sec. 1.1.437

2.3 Comparison and contrast with known quantum spin liquids438

Since the only non-zero mean-fields are those that correspond to the short-range correlations439

induced by the Hamiltonian, this suggests the absence of other kinds of non-magnetic spon-440

taneous symmetry breaking as well. Long-range magnetic correlations are not present as we441

have seen earlier with 2-point correlation arguments for 1-spin operators. This is emblematic442

of a quantum spin liquid. The exact nature of the spin liquids represented by the models of443

Eq. 23 and Eq. 26 is not clear due to a lack of an exact solution. Certainly a Kitaev or Jordan-444
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Wigner like free-fermionization is not operative here. We can also already say that they are445

different than Kitaev spin liquids due to the extensive entropy and the anticommutation struc-446

ture.447

It remains to be seen whether this spin liquid is gapped or gapless modulo the exten-448

sive zero modes, even though the above already implies that spin correlations are extremely449

short-ranged, since there can be fractionalized excitations in this model analogous to Kitaev450

honeycomb model. The absence of other symmetry breaking orders further suggests fraction-451

alization. This is an open question. We conjecture that the spectrum of Eq. 23 and Eq. 26 is452

gapless when all couplings are equal (Jx = Jz) and gapped otherwise modulo the extensive453

zero modes. A solvable one-dimensional example in the form of the chain limit of the models454

discussed above is given in Sec. 3.3 to support this conjecture.455

The degeneracies of these models violate the bound on degeneracy of homogeneous topo-456

logical order (45) possibly signaling an interpretation of the ground state manifold in terms of457

fractionalized zero modes and, more generally, gapless fractionalized excitations (46). Could458

it be that these models entirely evade a quasiparticle description to accord with the extensive459

ground state entropy similar to the fermionic SYK model (11)? Here it may be remarked that460

in Kitaev honeycomb model which admits a Majorana quasiparticle description, 1-spin correla-461

tions (2-point correlators) have the hyperlocal property as a consequence of fractionalization462

of the spins into Majorana and Z2-gauge degrees of freedom (43), long-distance 2-spin cor-463

relations (4-point correlators) are non-zero, decaying exponentially in the gapped phase and464

algebraically in the gapless phase. The hyperlocal nature of 2-point correlators is also true465

for models with the «anticommuting» structure as proved in the previous section (Sec. 2.2).466

The higher multi-spin correlators that survive the cancellations from the the «anticommut-467

ing» mechanism may have similar long distance properties as the Kitaev honecomb model.468

There may be O(1) degeneracies (47) that we did not touch upon in the previous Sec 2.1.469

They may come due to the existence of non-local string operators which remain conserved470

akin to the global Z2 parity of the TFQIM (and also Eq. 26). For Eq. 23 or Eq. 25, they may471

be products of the string operator
∏

ry
σ
µ

(rx ,ry )
on one or more vertical column(s) of sites, and472

similarly products of
∏

rx
σν(rx ,ry )

on one or more horizontal row(s) of sites for appropriate473

choices of µ,ν. They may be movable from “row(s)/column(s) to another row(s)/column(s)”474

by the multiplication of appropriate local plaquette conserved quantities without changing475

the conserved value of the non-local string operators. Only two of them will generally be476

mutually commuting to give four global parity “superselection” sectors. As a general ex-477

ample, they could be
�

∏

ry
σ
µ

(rx ,ry )
,
∏

rx
σ
µ

(rx ,ry )

�

for µ ∈ {x , y, z}. Another choice could be478
�

∏

ry
σx
(rx ,ry )

,
∏

r ′y
σz
(rx ,r ′y )

�

where ry may or may not equal r ′y . The particular details will de-479

pend on the Hamiltonian, e.g. the form of the conserved non-local string operators may not be480

same for Eq. 23, 24 and 26. Such a structure is also present in Kitaev honeycomb model (48).481

Within each global parity superselection sector, there will be an extensive entropy due to the482

anticommuting mechanism. Even though this smells like a possible source for topological de-483

generacy (as the thermodynamic limit is approached similar to TFQIM), it is not clear if the484

ground state manifold should be considered topologically ordered in the sense of the Kitaev485

toric code (which obeys Haah’s bound on homogeneous topological order (45)) due to the486

exponentially large ground states in each global superselection sector.487

Another point of contrast with Kitaev toric code is that due to the mutually conserved na-488

ture of the terms in the Kitaev toric code, they can be used to work out the (“e” and “m”)489

excitations (with mutual anyonic phase of π). This allows to explicitly see the non-local oper-490

ations that can be done – creating a pair of excitations and annihilating them after taking one491

of them across a non-trivial loop on the torus – to change the topological sector (33). In our492

case, the nature of the non-local operations needed to change the superselection sector is not493
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clear. Note that the using the local conserved quantities of Eq. 23 do not help in this since they494

also commute with the string operators and do not change their values. Rather they give rise495

to the extensive entropy in each superselection sector through the anticommuting mechanism.496

For Eq. 25 and Fig. 4, we do not have an extensive degeneracy, but rather a double degen-497

eracy. This is to be thought of as being similar to the double degeneracy of TFQIM on the Ising498

ordered side. Thus this model is rather Ising ordered with the order being in x-direction or499

z-direction depending on the relative magnitudes of Jx and Jz which is intuitive as well. Note500

there is a sub-extensive degeneracy at the transition point Jx = Jz (38), which is indicative of501

spin liquidity at this point. Even though free fermionization is not operative for this model, one502

can make a mean-field argument for a Majorana liquid at the quantum phase transition. One503

can do a Jordan-Wigner transformation of Eq. 25 using a snake-like Jordan-Wigner string (17)504

to arrive at505

H = Jx

∑

〈r,r+ex〉

c†
r cr+ex

+ c†
r c†

r+ex
+ h.c. + Jz

∑

〈r,r+ez〉

�

nr −
1
2

��

nr+ez
−

1
2

�

(28)

Performing a mean-field decoupling of the four-fermion term and assuming zero Ising magne-506

tization at the transition, one arrives at507

Hmf = J
∑

r

c†
r cr+ex

+ c†
r c†

r+ex
+ c†

r cr+ez
+ c†

r c†
r+ez
+ h.c. (29)

where J = Jx = Jz . This is a p-wave superconductor of spinless fermions with gapless nodes in508

the two dimensional Brillouin zone with Majorana excitations, very analogous to the TFQIM509

transition in one dimension.510

3 Conclusion511

3.1 Summary of results512

This work describes a construction for spin-1
2 models which results in an extensive residual513

ground state entropy and quantum spin liquidity. For any Hamiltonian, if it hosts an «anticom-514

muting» algebra of local conserved quantities that have extensive cardinality, such behaviour515

would manifest. The discussion around Eq. 23 and Eq. 26 in Sec. 2 gives examples of this516

«anticommuting» structure or mechanism. The extensive entropy property and the concomi-517

tant spin liquidity holds throughout the full eigenspectrum. This construction is natural in518

the presence of bond-dependent couplings and the resultant physics is exposed through the519

examples of the models in Eq. 23/Fig 3 and Eq. 26/Fig 5.520

The basic aspects of extensive entropy was exposed through pedagogical one-dimensional521

examples in Sec. 1.1. The main example of Eq. 1 as a variant of the well-known transverse522

field quantum Ising model had effectively classical conserved (auxiliary) spins which did not523

void quantum (Ising) order. In Sec. 2, we constructed models without any effective classical524

degrees of freedom. This led to provable quantum spin liquidity (Sec. 2.2) apart from the525

extensive residual entropy (Sec. 2.1). The hyperlocal vanishing of the static and dynamical526

spin 2-point correlators is a natural consequence of the local «anticommutation» structure and527

the resulting spectral degeneracies. This is in fact true throughout the spectrum and thus for528

all temperatures. A comparison and contrast of these quantum spin liquids to other known529

quantum spin liquids and models was given in Sec. 2.3.530

Another aspect is the gauge-like nature of the extensively many «anticommuting» local531

conserved quantities in these constuctions.. This may be a novel way in which gauge-like532

physical degrees of freedom emerge in quantum spin-1
2 systems, e.g. when comparing to the533
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Figure 6: A model on the two-dimensional analog of the three-dimensional py-
rochlore lattice with extensive ground state entropy enforced by the anticommuting
mechanism. Analogous results from the previous Sec. 2 will apply to this model as
well.

Levin-Wen model and Kitaev’s toric code, Kitaev’s honeycomb model, Haah’s code and X-cube534

model (33; 49; 50; 51; 52) all of which have only commuting conserved sets. This anticom-535

muting or non-commuting mechanism can in general operate in any number of dimensions.536

A natural construction is similar to the model of Eq. 23 on the three-dimensional pyrochlore537

lattice. A two-dimensional version of this on the “two-dimensional pyrochlore lattice” is shown538

in Fig. 6. Also may be mentioned that the anticommuting mechanism seems natural for spin539

models, in particular spin-1
2 , since bosons do not naturally accommodate anticommutation540

and it does not appear so for fermions as well (53). Higher spin models can accommodate541

more general forms of non-commutation and local versions of non-commutation beyond anti-542

commutation will be interesting to find.543

3.2 Remarks on physical consequences and realization544

The physical consequences originating from the «anticommuting» mechanism in a particular545

two-dimensional model not discussed here and closely related to case (a) in Sec. 1.1 has been546

discussed in Ref. (17). In general, we expect a residual ground state entropy even when the547

excitation spectrum is gapped due to the degeneracy of the ground state manifold. This can548

lead to a two-peak structure in the magnetic component of the specific heat similar to Kitaev549

spin liquids (17). The hyperlocal nature of 2-point spin correlators proved in Sec. 2.2 for550

the higher-dimensional quantum constructions of Sec. 2 implies no magnetic ordering and551

completely featureless spin structure factors at all energies. Spin structure factors of quan-552

tum magnets are commonly probed in inelastic neutron scattering experiments. The presence553

of global superselection sectors discussed in Sec. 2.3 leaves open the intriguing prospect of554

topological order coexisting with quantum spin liquidity.555

In terms of experimental realizations, artificial quantum systems seem to be the best bet556

for observing the physics of these models. One such example is Ref. (54) which proposes a su-557

perconducting qubit based analog simulation of bond-dependent lattice spin model physics. In558

a solid state material context, perhaps some quantum compass type lattice realization (35; 36)559

may accommodate the needed structure of the couplings as an alternative to the Jackeli-560

Khaillulin mechanism (28) for Kitaev type bond-dependent couplings. Another possibility is561
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that the basic physics of these models can be made operational in the low energy physics of562

some quantum spin-1
2 ice materials (10) if one arranges for the quantization axes of the quan-563

tum Ising couplings to “stagger" across the lattice in some sensible way. Quantum fluctuations564

in quantum spin ices are usually induced through a transverse field term as opposed to the565

anticommuting mechanism. A Rydberg-atom based artificial implementation of quantum spin566

ices has recently been proposed recently in Ref. (55) which can provide another direction for567

an experimental realization of these models.568

3.3 Outlook and open questions569

1. A detail-oriented issue is if there are there additional “accidental” degeneracies at fine-570

tuned ratios of the couplings apart from the generic exponential degeneracies in the571

spirit of Ref. (38).572

2. A general question is regarding the nature of excitations in these models. Is there a finite573

energy gap above the ground state manifold or not? Are there fractionalized excitations574

in models with the anticommutation structure and concomitant extensive entropies such575

as the ones discussed in this paper? Could they entirely evade a quasiparticle descrip-576

tion?577

One example where we can explicitly work out the nature of the excitations is a one-578

dimensional Kitaev chain model that can be considered a cousin of either the Kitaev579

honeycomb model or the models in Eqs. 23 and 24, i.e.580

H = Jx

∑

—x

∑

〈i, j〉∈—x

σx
i σ

x
j + Jz

∑

—z

∑

〈i, j〉∈—z

σz
iσ

z
j (30)

The above model has received attention in the literature (56; 57) in the context of Kitaev581

spin liquid physics. The «anticommuting » sets of local conserved quantities are582

• σz
iσ

z
j on —x583

• σx
i σ

x
j on —z584

which again guarantees an extensive ground state entropy. The above Hamiltonian can585

also be reduced to a fermionic quadratic form using Majorana operators (58) to yield586

H = Jx

∑

—x

∑

〈i, j〉∈—x

ux
i j γiγ j + Jz

∑

—z

∑

〈i, j〉∈—z

uz
i j γiγ j (31)

where γ† = γ and uµi j are the Z2-conserved quantities in the Kitaev representation587

(∝ γ
µ
i γ
µ
j ), whose spectrum can be explicitly worked out (Eq. 32 of Ref. (34) with588

Jy = 0). It is nothing but an edge of the famous triangle phase diagram of the Kitaev589

honeycomb model (Fig. 5 of Ref. (34)). The excitation spectrum consists of Majorana590

modes that are gapped for Jx ̸= Jz and become gapless at the quantum phase transition591

Jx = Jz . Note the two phases on both sides have the same topological order describable592

by the toric code. Furthermore, each mode is necessarily extensively degenerate even593

when gapped. This is thus a violation of Haah’s bound (45) for gapped topological order.594

Whether this is more than a pathology remains to be seen. However this is certainly nat-595

ural when seen as a one-dimensional limit of Eq. 23. The extensive ground state entropy596

can also be interpreted as “physicalizing" (Z2) gauge artifacts in an infinitely long one597

dimensional chain! (17).598

In light of the above discussion, where we could pinpoint the nature of the excitations599

in the solvable one-dimensional case, one may wonder how can these models evade a600
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quasiparticle description as conjectured before. This may still be the case in terms of the601

dynamical correlations. Even though the spectrum has a Majorana quadratic form in602

each block of Hamiltonian in the above example, time evolution may “instantaneously"603

start mixing the blocks, for generic initial states, which may effectively render a quasi-604

particle description ineffective for dynamical correlations.605

3. In presence of deformations that void the anticommutation structure, what would be606

a generic consequence in models close to the limit where the anticommuting structure607

remains intact? An example of this was seen in Sec. 1.2 where the deformation was608

one of the set of conserved quantities. If the deformation is not one of the conserved609

quantities, does that generically imply the appearance of slow modes made out of the610

degenerate manifold as conjectured in Ref. (17), similar to what happens at the sub-611

extensively degenerate quantum phase transition in the 90◦ compass model (38)612

4. The entanglement structure in the ground state manifold is certainly worth investigat-613

ing. Can there be a way to make progress using the anticommutation structure without614

knowing the exact ground state solutions?615

5. Numerics will be useful to investigate the open questions in the points one to four written616

above.617

6. Could there be other physical interrelations between the ground states more than what618

the anticommutation structure stipulates, or at least a more detailed view of them? A619

classical example of this would be from constrained statistical physics models, e.g. the620

relation between the different classical spin ice ground states as being connected by621

loops where the spin orientations are flipped to connect them. Without the knowledge622

of the exact ground states, this is not obvious.623

7. Of course, all of the above motivates constructing solvable cousins of these models. Con-624

structions which are solvable and have extensive entropy can be written down, but it is625

not evident how to avoid solvable constructions which do not have any effective classi-626

cal variables (conserved σµi for some µ and subset of sites). One such construction has627

been discussed in Ref. (17). Constructions that do not have any such effective classical628

degrees of freedom, host a generically extensive ground state entropy through the «anti-629

commuting» mechanism as the models discussed in this work, and are solvable through630

some means would be very interesting to study and is an open question.631

8. At a framework level, this work suggests a general theory for constructing models with632

extensive ground state entropy in the spirit of what Refs. (59; 60) and related papers (61;633

62; 63; 64; 65; 66) do for spin models with free fermion spectra (67).634

9. Finally it is not fully clear how does the strongly correlated physics described here fit in635

the atlas of strongly correlated physics such as many-body topological orders and/or the636

absence of quasiparticle descriptions.637

3.4 Final remarks638

The gauge-like aspect of these models mentioned before in Sec. 3.1 deserves more exploration639

it seems to the author. For example, the interpretation of the extensive ground state entropy in640

the one dimensional Kitaev chain model as “physicalizing" (Z2) gauge artifacts in an infinitely641

long one dimensional chain alluded to in the second point of Sec. 3.3; does this interpretation642

somehow extend to higher dimensions? A related quasi-one-dimensional example involving643

thin strips in the existing literature is Ref. (68) where the authors discuss the extensive entropy644
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generation to be related to the recent developments under the rubric of “higher-form” sym-645

metries (69). One difference is that non-commuting conserved operators are on system-width646

spanning long strings in the model of Ref. (68), whereas in the constructions discussed here,647

the non-commuting quantities are local throughout in this sense with support over O(1) lattice648

sites. It remains to be seen if there is a higher-form symmetry perspective on the «anticom-649

muting» mechanism that may inform further on this issue.650

Another question is if there exists a field-theoretic formulation of these models in the con-651

tinuum analogous to Chern-Simons field theories for many-body topological orders? A remark652

here would be that Landau levels also have an extensive degeneracy, however proportional to653

the system area and, unlike this paper, not exponentially large. Chern-Simons theories give654

a field-theoretic understanding of the resultant many-body insulating states with topological655

order (70). However time reversal is explicitly broken in these cases due to the presence of a656

magnetic field. In all the models discussed in this work, time reversal is preserved since the657

Hamiltonians are composed of 2-spin terms and σµi →−σ
µ
i under time reversal for spin-1

2 de-658

grees of freedom. Furthermore, from an algebraic point of view, the generation of degeneracy659

in Landau levels is due to large symmetry or quantum number generators which do not appear660

in the Hamiltonian which is different from the anticommuting mechanism. For the SYK model661

which can have an extensive ground state entropy, there exist dynamical (mean-)field theory662

formulations in the continuum (11).663

The final physical point that is perhaps of relevance relates to quantum chaos bounds (71).664

It has been shown that the SYK model saturates this bound (72; 73; 74). Given the extensive665

ground state entropy of the SYK model (75) and the relation of zero modes to the saturation666

of the chaos bound (74; 76), it is tempting to conjecture that the spin models discussed here667

may also approach – perhaps saturate – the quantum chaos bound like the original Sachdev-Ye668

model (77). These models and in particular the two-dimensional ones of Eq. 23/Fig. 5 and669

Eq. 26/Fig. 5 may then provide spin models with local interactions that approach the quantum670

chaos bound with appropriate butterfly velocities (78). In this context, the speculation of the671

absence of a quasiparticle description made earlier in Sec. 2.2 may also be pertinent (79).672
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