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Abstract

Stochastic dynamics on sparse graphs and disordered systems often lead to
complex behaviors characterized by heterogeneity in time and spatial scales,
slow relaxation, localization, and aging phenomena. The mathematical tools
and approximation techniques required to analyze these complex systems are
still under development, posing significant technical challenges and resulting
in a reliance on numerical simulations. We introduce a novel computational
framework for investigating the dynamics of sparse disordered systems with
continuous degrees of freedom. Starting with a graphical model representation
of the dynamic partition function for a system of linearly-coupled stochastic
differential equations, we use dynamic cavity equations on locally tree-like fac-
tor graphs to approximate the stochastic measure. Here, cavity marginals are
identified with local functionals of single-site trajectories. Our primary ap-
proximation involves a second-order truncation of a small-coupling expansion,
leading to a Gaussian form for the cavity marginals. For linear dynamics with
additive noise, this method yields a closed set of causal integro-differential
equations for cavity versions of one-time and two-time averages. These equa-
tions provide an exact dynamical description within the local tree-like approx-
imation, retrieving classical results for the spectral density of sparse random
matrices. Global constraints, non-linear forces, and state-dependent noise
terms can be addressed using a self-consistent perturbative closure technique.
The resulting equations resemble those of dynamical mean-field theory in the
mode-coupling approximation used for fully-connected models. However, due
to their cavity formulation, the present method can also be applied to ensem-
bles of sparse random graphs and employed as a message-passing algorithm on
specific graph instances.
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1 Introduction

Complex systems across various fields can be mathematically described as collections of
random variables interacting through disordered network structures. These networks fea-
ture intricate local geometries and a variable number of interactions per degree of free-
dom, which can also change over time [1]. Despite the lack of finite-dimensional spa-
tial embedding, which makes both equilibrium and non-equilibrium phenomena in these
systems essentially mean-field in nature [2, 3], they exhibit several unique properties, in-
cluding anomalous critical exponents [4], spatial localization [5,6], and multiple relaxation
scales [7-9]. In addition to numerical simulations, mean-field methods and moment closure
techniques, in which local approximations of probability marginals are obtained assuming
some level of decorrelation between variables, have been massively applied to investigate
the dynamic properties of these systems [10-16].

For a wide range of stochastic processes with discrete degrees of freedom, the dynamic
cavity method [17,18] provides a very accurate description of the dynamics on locally tree-
like graphs. However, this method typically involves significant computational complexity,
which is reduced only for specific classes of non-recurrent or monotone processes, such
as threshold models [19,20] and epidemic processes [21,22]. To address this limitation,
further approximations of the dynamic cavity method have been introduced, resulting in
more efficient algorithms for specific problems [23-27].

In contrast, there has been less progress in the study of stochastic dynamics with
continuous degrees of freedom, despite their relevance in various fields such as epidemic
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diffusion in metapopulations, chemical reactions, and ecological networks. Typically, these
cases involve analyzing potentially large systems of coupled (non-linear) stochastic differ-
ential equations (SDEs). Common approximation techniques for these systems include
linear noise approximation [28,29], and dimensional reduction techniques [30-33]. How-
ever, a long-standing tradition exists in statistical physics for addressing coupled SDEs,
in the limit of fully-connected interaction graphs, using path integral mean-field meth-
ods [34]. These methods, unified under the general concept of Dynamical Mean Field
Theory (DMFT), allow for the derivation of an effective process for a single representative
degree of freedom. The representative process is described by a single stochastic differential
equation containing memory terms and a colored noise, generated by the interaction of the
representative degree of freedom with a self-consistently defined stochastic bath character-
ized by the very same statistical properties. DMFT has been successfully applied to study
the dynamics of spherical p-spin models for aging and glassy dynamics in disordered sys-
tems [35-37], and more recently to characterize dynamical phases in neural networks [38],
ecological communities [39,40] and gradient-based high-dimensional learning [41]. To our
knowledge, a few works generalize path-integral and DMFT-like approaches beyond fully-
connected graphs, most notably using dynamical replica approach [42], large-connectivity
approximations [43,44] and perturbative expansions [45].

In all these applications, DMFT is typically developed to study an effective process ob-
tained after averaging over the disorder induced by the interaction structure. Algorithmic
versions of DMFT were also introduced, like in the case of the Extended Plefka Expan-
sion [46,47], where two-time response/correlation functions are microscopically defined for
every site of the system. The resulting equations are a kind of dynamic version of the
TAP equations used for studying equilibrium properties of mean-field disordered systems.
They provide an exact description of systems of linear SDEs with additive noise in the
fully-connected limit, but they can be used also as an approximate algorithm for studying
stochastic dynamics on generic graphs. Recent efforts have aimed at extending DMFT
to properly account for sparsity. In particular, [48] proposed an algorithmic formulation
of DMFT for sparse directed networks, employing a population dynamics approach to
systematically average over disordered couplings.

The present work generalizes these results to the study of linearly-coupled SDEs on
sparse undirected graphs introducing a message passing algorithm for local cavity mo-
ments, such as one-time averages, and two-time response functions and correlation func-
tions. This is done first applying the dynamic cavity method to a graphical model represen-
tation obtained from the path-integral formulation of coupled SDEs (Martin-Siggia-Rose-
Janssen-DeDominicis formalism [49-51]) and then employing a second-order expansion in
the interaction strength to the obtained action, in the spirit of [27]. Notably, our expansion
aligns with a Gaussian ansatz for the cavity messages, which is exact for linear systems
of SDEs with additive noise and in the presence of global constraints, like in the case
of spherical 2-spin models. This formulation also highlights a deep relationship with the
use of cavity method in random matrix theory [52,53]. Furthermore, we introduce a per-
turbative closure scheme to address the presence of non-linear terms, with applications to
relaxation in a cubic force and to noise-driven phase transitions. Gaussian approximations
for local cavity actions, parametrized in terms of one-time and two-time cavity averages,
have been previously proposed. These approximations were derived from supersymmet-
ric formulations of stochastic dynamics [54] and within the framework of Bosonic-DMFT
for quantum many-body systems using an imaginary-time formulation [55-57]. However,
these earlier works did not develop the specific algorithmic formulation introduced in this
study.

The manuscript is organized as follows: section 2 presents the method and its deriva-
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tion. Section 2.3 illustrates the development of the small-coupling expansion of the dy-
namic cavity equations for linearly coupled SDEs with linear drift and additive noise. It
also demonstrates the close relationship of the method with the theory of sparse random
matrices. In section 2.4, we propose the perturbative closure technique to account for
non-linearities. Results are presented in section 3, which include both linear dynamics
with additive noise on Random Regular Graphs (RRGs), as discussed in section 3.1, and
a linear model with additive noise and cubic perturbation (section 3.2), the noise-driven
phase transition in the Bouchaud-Mézard model of wealth distribution (section 3.3) and
the spherical 2-spin model (section 3.4) on sparse graphs.

1.1 Notation

We summarise here the specific notation used throughout the paper. We consider graph
instances G = (V, E), where V = {1, ..., N} is the set of N nodes, while E C V x V is the
set of edges. The discrete indices corresponding to the nodes of the graph are indicated
by letters i, j, k and [. Complex variables are denoted by z, and their real and imaginary
part as x = Re z and y = Im z respectively, such that z = x + iy. The complex conjugate
is z* = x — iy, where i is the imaginary unit. We denote the Dirac distribution over the
complex plane as §(z) = §(x)d(y) and we use the complex derivatives 0, = (0, —10,)/2 and
Oz« = (0z +1i0,)/2. The measure over the complex plane is defined as d*z = dxdy. We use

boldface letters & = (2!,...,2") T for temporal column vectors, whose indices are denoted
by the letters n and m and correspond to discretized times, and letters with an arrow
on top & = (z1,...,2xx) " to denote large column vectors of size O(N), whose indices are

denoted by letters i, j,and k and whose elements can be themselves time vectors (in that
case we will use ). We defined the transpose operation as ...". Boldface capital letters
A are used to denote large matrices of size O(NN), sans serif bold letters A to denote 2 x 2
square matrices whose elements can be themselves square matrices, and capital letters A
to denote time matrices in which indices correspond to discretized times.

2 Methods

2.1 Dynamic cavity approach for linearly-coupled stochastic dynamics

We consider a complex dynamical system modeled by N continuous degrees of freedom

x;(t),i=1,..., N, which undergo a stochastic dynamics described by a system of coupled
SDEs J
%xi(t) = fi(zi(t)) + a Z aijJijzi(t) + mi(t), (1)
J#i

where A = {aij}i, J=1,..N denotes the symmetric adjacency matrix of the underlying in-
teraction graph G, and J;; is the interaction strength on the directed edge j — i. The
variable n;(t) is the i-th component of a Gaussian noise with mean zero and covariance
mi(t)n () = 2gi(xi(t))0;00(t —1'), 4,4/ = 1,..., N, where we have introduced the average
over the noise distribution as (- - -) and the Dirac delta function as d(x). f;(x) represents a
generic deterministic drift term, while g;(z) can be any generic, sufficiently smooth, func-
tion of x. A rescaling factor « is introduced in front of the interaction term to set a scale
for the interaction terms. It will be used to perform a formal systematic series expansion
around the non-interacting case, in a way reminiscent of Plefka’s or other small-coupling
expansions [46,58].

It is more convenient to adopt a discrete-time formulation of the stochastic process
by first discretizing the SDE according to the Euler-Maruyama scheme, where time is

4
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discretized as t = nA, with A a small time step approaching zero. The trajectory z;(t) of
node i becomes a time vector a; whose n-th component is defined as z}' = z;(t = nA). By
adopting the Ito convention [59] the noise term 7;(t) becomes Amn; with n-th component

defined as Anl* = fégﬂm dtn;(t). We let T'= T /A be the dimension of the time vector
trajectories, where 7 is the time horizon of the dynamics. The discretized version of the

SDEs become

Pt =af + | fia]) + o Z aijJigz | A+ Ang, (2)
J#1
with Amn; being a Gaussian random variable with zero mean and covariance matrix ele-
ments giir nn/ = <A77§LA77Z75/) = 2¢;(x})A bi/ 0y, where we have introduced the Kronecker
symbol as d;;.

Classical path-integral representations of stochastic differential equations (SDEs), such
as the Martin-Siggia-Rose-Janssen-De Dominicis (MSRJD) functional integral formalism
[49-51], are constructed by interpreting the discretized version of the SDEs as a set of
dynamical constraints on the degrees of freedom. The dynamical partition function is
then defined as the sum over all possible trajectories, averaged over realizations of the
noise. This can be expressed as

Z = </D£Hpo () H5 it 2 — fi(a™)A — aA Zaz‘sz‘j%? — Anl > (3a)

JFi
- </ D&Da Hpo (JJ?) H e—ii?(zlﬁ“_x?—fi(a:?)A—aA it aijJij$;-L—A77;'n)> , (3b)
i n

where we have defined the path-integral measures as [ D% = [[; [ Dz; = [];,, [ dz} and

[ D& =TI, [ D& = [],,, [ d&". The degrees of freedom are assumed to be independent
and identically distributed at time ¢t = 0 according to po(x). The second line follows
from the integral representation of the Dirac delta function, d(x) o ffooo die ¥ which
introduces auxiliary fields &; to enforce the dynamical constraints at each time step. The
average over the Gaussian noise can be performed applying the identity

2T AT 12T 5 1 g n’
<em:TAn> _ 6—§ngm — e 3 Z“-/,Tm/ T 9550 ! B ] (4)
A

It is convenient to factorize the dynamical partition function as follows
Z / D&EDF [ po (a) [ e (=5 —ot = a) ) -aa) @2
% n

« H H eaA(aij Jiji:f)?l‘?"rajijjiii?'x?)j (5)

i<j n

and use this form to build a corresponding graphical model. The graphical model as-
sociated with the partition function is represented in Fig. 1, left panel. By reordering
the variables, it becomes clear that, by grouping together for each node i the trajectories
x; and &; into a single variable node, the factor graph reproduces a tree-like structure
when the underlying interaction graph is also a tree (right panel in Fig. 1). This is a
consequence of the linear coupling between variables on neighboring nodes, which makes
straightforward to disentangle the locally-loopy structure of the factor graph associated

with the space-time problem !.

'In some discrete-state stochastic dynamical processes, it has been shown that a correct cavity approach
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Time

Figure 1: Graphical model associated with the dynamical partition func-
tion. Left panel: graphical model associated with the dynamical partition func-
tion of Eq. (5), where each node corresponds to a variable and each edge corre-
sponds to a factor in the associated factor graph. The time direction is indicated
by the arrow on the far right. The factor graph of the model exhibits numerous
short loops, rendering a direct cavity approach infeasible. Right panel: graphical
model associated with the dynamical partition function when grouping together,
for each node i, the trajectories x; and &;. The factor graph maintains the same
structure as the underlying interaction graph.

According to this graphical model construction, we propose a dynamic cavity ansatz
to approximate marginals distributions of linearly coupled stochastic dynamics on sparse
networks. This yields a set of fixed-point equations for the cavity messages

Po() 5, {—iap ot —ar—f,e) Al g 0TI AGT)?)
Zi\j

% H DayDiyep; (p, #1) OO X, (Jpildpal +Jpid}af) (6)
keai\j

cinj (xi, &) =

where 07\ j is the set of neighboring indices of i except for j. The cavity equations should
be interpreted as a message-passing procedure, where messages are iteratively exchanged
between nodes until convergence to a fixed point. Importantly, the normalization of the
messages at each step is not critical and can be adjusted after convergence. However, we

(Belief Propagation) requires to consider factor graphs with variable nodes containing pairs of trajectories
on neighboring sites of the underlying interaction graph [20,23,60]. As an alternative, depending on the
structure of the dynamics, one can consider a pair of trajectories formed by the physical variable on a node
and an auxiliary local field acting on that node and representing the collective effects of the neighboring
variables [27]. In the present case, similar to the application of the cavity approach (Belief Propagation) to
the equilibrium Ising model [60], in which the spin variables are linearly coupled with neighboring ones in
the energy term, only single-site trajectories are necessary. On the other hand, the conjugate variable &;
is directly coupled to the neighboring nodes and plays a role similar to the local auxiliary field in discrete
models [27].
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choose to properly normalize the messages by defining the cavity normalization factor as
Zinj = / Da; D po(ad)eZnl 27 [ —a} — (@) A —ai(@]) AG])? }

X H Dz D&ycp; (h, &) €2 S (il + ity ag) (7)
kedi\j

This ensures that the cavity messages are properly normalized quasi-probability distribu-
tions and allows for the definition of averages over them.
Finally, completing the cavity and computing the total marginal over ¢ gives
0 san(,.n n n n y
s (@, i) = POTL) 0, {miap o7 o= ueD) A7) AET)?)

1

" H /Dkaﬂf?ka\i (wk’ik)eaAZn(Jkii:%Zx?JrJikii"?xg)’ ®)
kedi

where the normalization factor is defined as

Zi — /DwZDC%Z p0<1‘?)ezn{7li’?[x;.n_‘—l7‘(E?7fl(m:l)A]7gl(m:l)A(‘%:l)2}

<1 /Dkaika\i (@, o) €D S (el usia o) (9)
kedi

The cavity messages c;\ j[x;, ;] are quasi-distributions defined on pairs of real-valued
discrete-time trajectories, which become functionals in the limit of continuous time. We
notice that when taking the limit A — 0, the time sums A ZI:O become time integrals

fOT dt. For example, the cavity marginals become functionals of the trajectory z;(t), &;(t)

oy (0 8) = Po(@i(0)) Tt {—ia ()] s (1) fulai ()] —gi(a: () (1))
Zin
X H Dw;ﬂ):ﬁkck\i (g, k) * S dt(Jinides ()2 (8) + Tuaidey, (8)ai (1)) (10)
kedi\j

where the integrals have to be understood as path integrals over the trajectories of the
neighbors x(t), Zx(t). For the sake of simplicity, we will only use in what follows the
discretized notation unless specified.

Without any specific information on the parametric form of the cavity marginals, the
dynamic cavity equations in Eq. (6) are of very limited utility in case of general linearly-
coupled stochastic dynamics, because their algorithmic implementation is computationally
demanding. In what follows, we discuss a small coupling expansion of the dynamic cavity
equations that leads to a more useful set of equations for physically measurable quantities.

2.2 Small-coupling expansion

We exploit the presence of the “small” parameter a to perform an expansion of the expo-
nential term containing the coupling between variables on neighboring sites. The expan-
sion, reminiscent of the Plefka approach [58], can thus be interpreted as a small-coupling
expansion around the non-interacting case or, equivalently, as a large-connectivity expan-
sion.

By introducing a local statistical average over cavity marginals

<O(ack, ik»k\z = /kaDaA:ka\i (:ck, ik) (’)(wk, @k), (11)

7
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where O(xy, 1) is any generic function of the trajectories xy, &), we can define the cavity
averages

v (8) = (mi(t))an 5 (12)
fin; (t) = (Zi(t))a\ 5 (13)
the connected (local) two-time cavity correlation function
Ciny(t, 1) = (zi(t)zi(t')) oy — (2i(t))aj (@a(t))a (14a)
= Cid\cj (t, ) — paj () a5 (1), (14b)
the (local) cavity response function
Ryj(t,t') = (@i(t)izi(t')ay;, (15)
and the two-time correlation of conjugate variables
By (t,t") = (i (t)izi(t))a ;- (16)

In principle, all these terms should be retained. However, it is expected that fi; ;(t) and
B;\;(t, ") vanish for any ¢ and ¢’ because the dynamics is causal [46,51,61]. In addition, it
can be demonstrated that, since R;\ ;(t,t') is the response function of z;(t) to a perturbing
field?, it vanishes for any t' > t. Defining the discretized averages as u;‘\j = pypj(t = nA),
C”ijn = Cy\;(t = nA,t" = n'A) and R} = R, ;(t = nA,t" = n'A), the cavity marginal

7 i\j
can be expanded at second order in «, obtaining

civj (mi, &) o< o (12T (2 el = fi(a?)A) = Agi (] )(3])% ) oA Eyeonj X Jikid]
AV )

’ / -’
1. 2A2 PR oMY iZ} Ry}
% ¢2° AZY keoiny 2onn! (Jiklx;'lck\i 12 +2 i Sl By @ ) (17)

Having already discussed some possible justifications for performing the expansion, we will
henceforth set o = 1.

2.3 Gaussian Expansion Cavity Method for linear dynamics with addi-
tive noise

We consider the simplest dynamical scenario of a system of linearly interacting Ornstein-
Uhlenbeck processes [62,63], which are described by a system of linearly coupled SDEs with
additive thermal noise. Such systems arise in various domains: in physics, they model the
velocities of Brownian particles subject to friction and hydrodynamic fluctuations [62]; in
finance, they describe correlated interest rates and systemic risk in interbank networks [64,
65]; in evolutionary biology, they model phenotypic evolution under stabilizing selection
and genetic drift [66,67]. Such a system is exactly solvable by direct diagonalization,
so that its long-term dynamical properties can be fully determined by examining the
spectral properties of the underlying interaction matrix. In this context, the second-
order truncation of the small-coupling expansion yields Gaussian cavity messages. These
messages are parametrized by one-time and two-time averages of the variables x; and &;,
from which a closed set of dynamical equations can be derived. We will demonstrate that
solving these equations provides sufficient information to reconstruct (within the cavity
approximation) the spectral density of the underlying random interaction matrix. This
reveals a close relationship between our method and some well-established applications of
the cavity method in random matrix theory.

2Adding a small external field h;(t) to the SDE Eq. (1) a term i#7h? appears in the exponent of the

cavity measure, from which R\ ;(t,t') = 6(zi(t))i;/6hi(t')], _,-

8
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2.3.1 Gaussian cavity ansatz

The Gaussian structure of the cavity marginals in the space of pairs of trajectories x;
and &; becomes apparent once we substitute f;(z;(t)) = —XNx;(t) and g;(x;(t)) = D,
i =1,...,N, into the expression in Eq. (17), where we have introduced the relaxation
rates \; and the thermal noise coefficient D. For shortness of notation one can define

1
Zi\j

g (@i, ) = —e ), (18)

where S9 i (x;, ;) is the Gaussian cavity action

SO (@i @) = S [i8] (a7 — o + NafA) + ADED?] — A ST Tudapup,
" kedi\j m
- —Az S S (e el + 20w didl B 2 ) (19)
kedi\j n,n’

Taking the limit A — 0, the action becomes a quadratic functional of the pair of trajec-
tories x; and x;

S0, (s i) = / it [mz()(aatxi(t)—i-)\ixi(t)) } 3 / dt Ty (D) (1)

kedi\j

- Z dtdt’ (J5id:(8)Cri(t, ¢)idi(t') + 2T Jiidi (6) Ry (¢, )i () -
keﬁz\]
(20)

Motivated by this result, it is convenient to consider again the discretized Euler-Maruyama
version of the stochastic dynamics and put forward a Gaussian parametric ansatz for the
corresponding dynamic cavity marginal,

iy (i, ) = e 306Mis) 65 (6 Ma) (21)
Zi\j
with normalization factor
—-1/2
Zoj = (@m0 det Gy ) (22)

where X = (x;,i%;) is a 2(T+1) dimensional vector. According to the previous derivation,
MZ\J (p,z\], if1;\;) is a 2(T'+ 1) dimensional vector and the elements of G;\; are (T'+1) x

(T'+ 1) time matrices
(5 82) »
J 'L

where CI = (P )y — (@) a2l by BN = (@lia)ny and BYY = (i87id) ), ; —

(A7)0 <i:i";’/>i\j. Again, due to the causality of the dynamics, fi;; and B ; are assumed

to be zero for all times. The validity of this assumption can be verified self-consistently.
In matrix form, the cavity expression in Eq. (6) becomes

1
l\j (w“wl) x e éx;rGOz H DX e 2 Xk Mk\l) Gk\z(xk Mk\l) 7X?Jikxk, (24)
kedi\j
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in which we introduced a matrix notation for the interaction terms,

_ 0 Ji Al
and the matrix operator
o 0 E-1 — T+ NAI
Goi = ( EH I+ MAI —2ADI ) (26)

where I is the (T + 1) x (T + 1) identity matrix and E*! are shift operators represented
by (T'+ 1) x (T'+ 1) square matrices

.00 0 .10 0

_ 1 00 0 0 01 0

L 0 10 0 . BT = 0 00 1 (27)
0 0 1 ° 0 00 °

The integral in Eq. (24) has to be intended as [ DX; = [ Dx;D#;. Computing the

multivariate Gaussian integrals, and using XlTJik = (JiTkX,-) , the cavity marginal can be
written as follows

. _IxTGolx, —1(X=Mps) TG (X =My ) +XT e X
civj (Ti, &i) x e 2% Co X H DXye 2 (X =Mi) - G, (X =M ) +XT i X (28a)
kedi\j
-1
o eféxz‘TGo,iXiJr% Zke@i\j XiTJika\iJiTkXiJereai\j XiTJikMk\i_ (28b)

Comparing it with Eq. (21) we obtain an identity for the exponents. Since the identity
must be verified for any configuration X;, we can equate separately the terms appearing
with different powers of X;, that results in two matrix relations

-1

Gy = | Goi — D JuGralin | (29)
ke€di\j
Gi_\;Mi\j: Z JitMpyi- (30)
kedi\j

Substituting Eq. (29) into Eq. (30), after some algebra, we obtain two sets of local equa-
tions for the cavity propagator (or cavity Green’s function) G;; and for the cavity means

MZ\jJ that is
GoiGay =1+ Z JikGryidinGavj» (31)
kedi\j
G My = Z JikMpyi + Z JikGridiMa (32)
kei\j kedi\j

where | stays for the identity matrix

10
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Performing the matrix product in Eq. (31) explicitly results in a set of dynamical
equations for the cavity response functions and the cavity correlation functions,

RoiRig =1+ A% Y JdiiRiiRag, (34)
kedi\j
Ry}Cn; =2DAR; + A% Y JCw Ry + A% D JidkiRiniCay, (35)
kedi\j kedi\j

where the “non-interacting” response function Ry, satisfying the relation R 1 =Et! —
I+ XAl was also introduced. From Eq. (32) we obtain instead a dynamical equatlon for
the cavity mean p ;,

R()_,illu’i\j:A Z Jikl«llk\i-i-Az Z JZkale:\zH'z\j (36)
keoi\j k€di\j

Equations (31) and (32) also demonstrate that the assumption that the quantities fi;\;
and B ; vanish is self-consistently verified. In the Supplemental Material [68], a more
general version of the equations, in which f; ; and B; ; are not zero, is reported.

In the continuous-time limit A — 0, the non-interacting response takes the form
Ryi/A — 5(t —t') (0 + \i), and the previous matrix equations can be replaced by a
(clbsed) set of integro-differential equations,

d
&/‘i\j(t) Azﬂz\g + Z Jzk,uk\z + Z /dthRk\z(t t)‘]kl/’l’l\]( )a (37)
ke€di\j keoi\j
%Rl\j(t,t’) = —A\iRy\;(t,t") + Z / dt" Jig Ry i (8, ") T Ry (87, 8) + 0(t — '), (38)
keoi\jy
%Ci\j(t,t’) = —XiCi(t, 1) + / dt" Jig Ry i (8, 1) T Cp (17, 1) + 2D Ry (2, 1)
keoi\j
+ ) / dt" Ry (' ") J5Cha(t, ). (39)

keoi\j

which is the main result of the Gaussian Ezpansion Cavity Method (GECaM) in the case
of linear dynamics with additive noise.

A set of self-consistent equations for the full averages (in terms of the cavity ones) can
be similarly obtained,

d
%:ui(t) - )\zﬂz + Z Jzklu'k\z + Z / dt Jszk\z(t t )Jklul( ), (40)
keoi keoi
QR( ') = —NiR;(t, 1) + Z/ dt" Ty Ry i (6,8 T R (1) + 6t — ), (41)
ot
k€O
Qci(t,t’) —NCi(t, ) + Z/ dt" Jig Ry (¢, ") Jri G (1", ') + 2D R;(t', t)
ot
keoi
+y / dt" Ri(t',¢") J3,Ch (£, 1), (42)
kedi

where we have defined the full (local) mean p;(t) = (x;(t));, the full (local) response func-
tion R;(t,t") = (x;(t)iz;(t')); and the full (local) two-times correlation function C;(t,t") =

11
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(i (t)zi(t"))i — (xi(t))i{x;(t'));. Here the average has to be intended over the full marginal

These GECaM equations are an intuitive cavity generalization of the dynamical TAP
equations derived in [46] by means of the Extended Plefka Expansion, and reduce to them
for sufficiently dense interaction graphs (in particular for fully-connected ones).

In the long time limit ¢, — oo, assuming that the system reaches a steady state
with no memory of the initial conditions, the response functions and correlation functions
become time translational invariant (TTI). In this limit, response/correlation functions
depend only on time differences, that is R(t,t') = R(t —t' = 7) = R(r) and C(¢,t') =
C(t—t' =71) = C(7). The TTI response functions obey the equations

0
ERz’\j( T)=-NRy;(T)+ > / ds Jig Rp\i (T — 8) Jpi R\ 5 (8) + 0(7). (44)
keoi\j
Introducing the (one-sided) Laplace transform R (z =/, oo dTR ) e~*7, and moving to

the Laplace domain, we get an algebraic equation for the response functlon, whose solution
is
~ 1
2+ X = Dpeon s Jik kiR (2)

Similarly, the TTI equations for correlation functions read

0
ECM( ) -\ Cz\] Z / ds Jszk\l(T — S)J;ﬂCz\J( ) + QDRl\J( )
kedi\j
+ Z / ds R’L\J Jszk\z( ) (46)

kedi\j

Introducing the two-sided Laplace transform C (z) = S22 SEC (1) e™*7, the algebraic
equation for the correlation function is solved by

Cinj(2) = Ryyj(—2)Ra(2) 2D + Z J5Cri(2) | - (47)
keoi\j

Equivalently, the full response functions and correlation functions obey the following equa-
tions in the Laplace space
~ 1

RZ(Z) - ~ ’ (48)
z 4 Xi = Yopeai JikIwiBini(2)

Ci(2) = Ri(=2)Ri(2) [2D + > J5.Cpi(2)
kedi

2.3.2 Relation with random matrix theory

In the previous derivation, we have considered single instances of the sparse coupling
matrix J, with elements a;;J;;, 7,7 = 1,..., N. However, when considering disordered
systems [69], at least one between the underlying interaction graph G and the couplings
is usually assumed to be drawn from a probability distribution. Within this setting the

12
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coupling matrix J becomes a sparse random matrix [70,71], sampled from an ensemble of
random matrices with distribution pgis(J).

It is convenient to use a vectorial form to write a general linear system of SDEs with
additive thermal noise,

%a?(t) = CAT(t) + JE(E) +7i(t) + (), (50)

where we introduced the diagonal relaxation rates matrix A, with elements \;;0;;, i, =
1,..., N, and a vanishing linear term h needed to compute responses. Given an initial
condition Z(0) = Zp the solution can be formally written as follows

-

t
F(t) = e~ M + / dt’ =) [ﬁ(t’) + h(t’)] . (51)
0

In the long time limit, assuming that all the relaxation rates \; are positive, the term
depending on the initial condition vanishes. The response matrix is obtained as

R(t,t") = ——(Z(t))| =0t —t)e V), (52)

which has manifestly a TTI form. Its one-sided Laplace transform can be written
R(z) = / dr e NTe2 T = [z - (J - N)] 7!, (53)
0

can be interpreted as the resolvent of the random matrix J = J — . Its diagonal elements,
which correspond in our case to the Laplace transformed response functions R;(z), allow
us to directly compute the average spectral distribution of the random matrix J. If J is
symmetric the spectral distributions will have support on the real axis, which corresponds
to the cuts of the resolvent R(z). We can therefore safely substitute z with his real
part © = Re(z). The spectral distribution of J is then recovered as the inverse Stieltjes
transform of the trace of the resolvent [70,72,73],

1 & . 1 N
pj(x) :Nz;5<x—l/i(.])) = mali%+lm ‘ lRi(m—iE), (54)
1= 1=
where I/Z‘(j ) is the eigenvalue of J associated to its eigenvector v;, i.e. J v, = I/i(j Wi.
The empirical spectral distribution of the random matrix J is easily obtained through a
change of variable of the Dirac delta function in Eq. (54)

N N
pJ(x):;[Zé(x—)\i—l/i(J)) = %EE%LIIH Ri(z — \; —ieg). (55)

=1 i=1
When dealing with disordered systems, one is typically interested in the spectral dis-
tribution of the entire ensemble of random matrices. This means that instead of analyzing
the spectral properties of a single realization of J, we consider the statistical properties of
the spectrum across many different samples drawn from the disorder distribution pgis(J).

The spectral distribution of the ensemble can be obtained as

(@) = py(@) = LN tim TS Rl — A — i), (56)
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where we have introduced the average over the random matrices ensemble ~~-.

If J is non-hermitian we need to resort to hermitianisation methods [53,74]. We show
in Supplemental Material [68] how this can be adapted to our setting.

The relation between the GECaM approach and random matrix theory is double sided.
One can compute the response/correlation functions of the system knowing the spectral
distribution of the interaction matrix. In the case of a system of linear SDEs with additive
thermal noise, the dynamics is diffusive and depends on the spectrum of the matrix J.
Knowing the spectral density is therefore sufficient to compute the response and correlation
functions of the linear system.

Let p(x) be the average spectral density of the random matrix ensemble from which
J was sampled, towards which the empirical spectral distribution py(z) converges in the
thermodynamic limit. We consider here only symmetric real random matrices. The re-
sponse matrix of the system can be formally written as Eq. (52). An analogous equation
can be found for the correlation matrix (also known as the correlator of the matrix)

cie(t, 1) = (7t / dt: / dty 9N (71, )7(1)) T D) (57a)
min(¢,t") - ,
_9p / dty TN (TN 1), (57b)
0

whose diagonal elements correspond to the local (disconnected) correlation function C{¢(¢, ¢).
If the coupling matrix J is symmetric, the correlator is symmetric as well. Moreover, in
the long time limit, it becomes explicitly TTI, i.e.

oo
C¥(r)=D | dwed N (58)

I7|
where we have defined w = t + ¢/ — 2t;. In this case, the fluctuation-dissipation theorem
(FDT) is expected to hold, because the system satisfies detailed balance. Hence, we have

0
—_ 2 gde 59
—Cie(y), (59)
which can be easily checked comparing Eq. (52) with Eq. (58).
The disorder averaged response and correlation functions of the system can be com-

puted from the spectral density as

- ]irZRl(T) = /d:z;p (m ’\)T, (60)
CH(r) =+ Y2 CF(r) = T OO(r) = / drp@)D [~ w6

i 7|

DR(t) =

where we have assumed for simplicity A\; = A for each site 3.

2.4 Perturbative closure technique in the presence of non-gaussian terms

When terms higher than quadratic (or bilinear) in @x; and @&; appear in the local effec-
tive action at the exponent of the cavity messages c;\; (z;, &;), the corresponding cavity
probability is not Gaussian. This can be due to the presence of non-linear drift terms or
multiplicative noise terms in the original SDEs. In such cases, we introduce a perturba-
tive parameter € to systematically control the expansion of the cavity measure around its
Gaussian form. The cavity probability can then be written as

g0 e QNG (p. 5.
i@ 1) oc 7 PRI ), (62)

14



SciPost Physics Submission

where S?\j(azi, &) =1 (X; — Mi\j)—r G;\; (Xi — M,y ;) is the usual Gaussian action in Eq. (20),
while S’Kﬁ(ml,:ﬁl) is the non Gaussian part of the action, coming from non-linear drift
terms or non-additive noise terms in the system of SDEs.

The non-quadratic terms can be addressed by employing a perturbative expansion
and a self-consistent calculation of the response and correlation functions, similar to the
methodology used in the mode-coupling theory of disordered systems [34,75]. Without
loss of generality, we will assume in what follows that M; ; = 0 for every edge (i, j) of the
interaction graph G, since one can always perform the change of variable @; — @; — py
to shift the mean to zero. For every edge (i,j) we proceed as follow:

1. The incoming cavity messages are assumed to be Gaussian, parametrized by response
functions Ryy;(t,t') and correlation functions Cj\,(t,"), which are collected in the
matrix G, i.e.

IyTe—1
IXTGLXe

cini(Th, B) x e 2 (63)

Q\j is computed using the GECaM equations

7

2. The cavity Gaussian propagator G

-1

Gy = | Goi — D JuGradin | (64)
kedi\j

3. At this point, G?\j is known as function of the incoming cavity correlators {G k\i

}keai\j
but it is not in a closed form. Performing a perturbative expansion of the cavity

measure ¢;\;, which is not Gaussian, and closing it self-consistently, the following
Dyson equation is obtained

_ 1
(Gay) ' = (G?\j) -7, (65)

ZA4F

where i is the sum of all the 1PI contributions to the self energy X, ., giving

IAVE!
a so-called mean-field or Hartree-Fock approximation [34,76]. The self-energy ZZM\j F

is also expressed in terms of G?\j, which in turn depends on {Gk\i defining a

}keai\j
fixed-point message passing set of equations.

The procedure is repeated at every cavity message update, until convergence. Two appli-
cations of this self-consistent perturbative algorithm are discussed in sections 3.2-3.3.

3 Results

In this Section, we present analytical and numerical results on four straightforward appli-
cations of the GECaM approach. For analytical convenience, here we perform calculations
only in the ensemble of Random Regular Graphs (RRG) [77]. First, we employ this method
to study the (exactly solvable) case of a system of linear SDEs on a RRG with degree K
and homogeneous couplings, directly showing its tight connection with well-known results
from random matrix theory. Then, the additional effect of a local cubic force term is
considered. This model exhibits a phase transition between two different stationary states
upon varying a control parameter. The self-consistent perturbative closure method of
Sect. 2.4 can be used to study the location of the critical point as function of K. Simi-
larly, the self-consistent perturbative closure technique is employed to locate the critical
point of a non-equilibrium phase transition driven by multiplicative noise. Finally, we
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demonstrate that the GECaM approach provides the exact solution for the relaxation dy-
namics of the spherical 2-spin model on a random regular graph. This holds true in the
thermodynamic limit, where the tree-like approximation is valid.

3.1 Linear dynamics with thermal noise on Random Regular Graphs

Although the cavity equations for response and correlation function can be written on any
instance of the underlying graph, to obtain analytical results it is convenient to work in
the thermodynamic limit (or at the ensemble level) and assume homogeneity of all other
parameters, i.e. J;; = Jj; = J for every 4,5 = 1,...,N, \; = X for every i = 1,..., N.
Because of the equivalence between different nodes in this limit, we can forget about
cavity indices and indicate with R. and C, the disorder averaged cavity responses and
correlations and with R and C the full ones. Within this simplified setting, it is possible
to analytically compute the responses and correlations in Laplace space, at least for a
linear dynamics with additive noise. In this case, the cavity functions should satisfy the
simplified version of self-consistent equations Eqs. (45) and (47), i.e.
. 1

B = Tk ) rRG) (66)

Cu(2) = Ro(—2)Re(2) [2D + () — 1)J2@C(z)] , (67)

where we have defined R, := R;; and C. := C; for any edge (i,7) due to the homogeneity
of the graph structure and interaction couplings. Solving Eq. (66), we obtain the explicit
expression of the cavity correlation in the Laplace space,

z+AE(z+ A2 —4(K - 1)J2
2(K —1).J2 '

RC(Z) = (68)

The full response function R := R, for any i = 1, ..., N can be straightforwardly computed
from a label-free version of Eq. (48), that is
- 1
R(z) = = (69a)
24+ A — KJ?R.(2)
LK =2)(z4+ ) £ K\/(z+ M2 - 4(K — 1)J2

) K2J% — (24 \)? ' (69b)

Depending on the choice of the branch of the square root we obtain two different ex-
pressions R, (z) and R_(z), respectively. The TTI response function in the long time
limit R(t — ¢') must tend to one as t — ' — 0. Therefore R(z) has to decay as 1/z for
z — 00. The correct behavior is exhibited by the R_(z) branch. Henceforth, we will set
Re(2) = R._(z) and R(z) = R_(2) in what follows.

Moreover, solving Eq. (67) for C.(z), we get

Culz) = — (70)

and using the expression of R.(z) in Eq. (68), we obtain an explicit expression for the
correlation function in the Laplace space,

Gulz) = = _D1)J2 V(2 +A)?2 ;24(17( -1)J2 /(- ))? ;24(1( -1)J? T
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Finally, the full correlation C(z) := Cj(z) can be computed using Eq. (49), i.e.
C(2) = R(z)R(—2) [2D + KJ2C~’C(z)] . (72)

It is instructive to show how the corresponding spectral distribution, namely the
Kesten-McKay distribution, can be recovered from the GECaM response and vice-versa.

The average spectral density p(z) of A, where A is the adjacency matrix of the RRG,
was originally computed by Kesten and McKay starting from general theorems [78,79].
For an RRG with degree K, the spectral density converges in the thermodynamic limit
N — 00 to the Kesten-McKay distribution

KAK —1)— a2

p(x) = (KT %) |z| <2V K — 1. (73)

Starting from Eq. (55), and inserting the expression for the GECaM response computed
in Eq. (69b), we obtain

p(x) = J lim Im R(Jz — \ — ie)

T e—0t
1/4

_|E@ a0 E

2J (22 — K2) g arg (@® = 4(K = 1)) |, (74)

from which we recover the Kesten-McKay distribution for |z| < 2/ K — 1.

Proceeding in the opposite direction, the response function can be computed from
the knowledge of the Kesten-McKay distribution. The exact expression of the response
function in the Laplace space, indeed, can be obtained from Eq. (53),

R(z) = (Tr R(z)) = / dz p(z) [z — (Jz — N)] 7 . (75)

Inserting the Kesten-McKay distribution yields (see Supplemental Material for details
[68]),

) VETT g AR =T =22
R(z) = /_ g VK Z )~ (76a)

oV/K=1 27 (K2 — x2)
1(K=2)(z+ X)) —K+\/(z+)N?2—-4(K —-1)J?
= 2( e )[(2J2 {((Zj— /\))2 ( ) : (76b)

which is identical to expression obtained with the GECaM approach.

3.2 Gaussian perturbative closure technique for a cubic perturbation

We consider a system of linearly coupled Ornstein-Uhlenbeck processes with the addition
of local cubic forces, described by the system of SDEs

d

G Li(t) = —dizi(t) — ur(t) + > Jijag;(t) + ni(t), (77)
J#i

which is equivalent to Eq. (1) with a non-linear drift term f;(x;(t)) = —Nz;(t) — vz} (t)

and additive noise term g;(x;(t)) = D. This type of system can model thermally diffusing

particles constrained in a symmetric double well potential. For clarity, we will consider

the underlying interaction graph to be a RRG with homogeneous parameters, i.e. J;; =
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Jji = J for every edge (i,7), A\; = A for every node i. While this simplifies our discussion,
extending the results to non-homogeneous cases is straightforward. The cavity probability
can be written as in Eq. (62) with non Gaussian action

-
SKjG(mi?ii)_/o dsid;(s)x3(s). (78)

The perturbative parameter ¢ is substituted by u. The unperturbed system has a steady
state fluctuating around zero when stable, i.e. when A > K.J. We can therefore assume
M;; = 0 for any edge (i,j) without any loss of generality. When the perturbation is
switched on, the system exhibits a phase transition between two steady states. For A >
Ac(u), the stationary mean values (z;); vanish for all i = 1,..., N, with stable noise-driven
fluctuations around zero, whereas these values become finite for A < A.(u).

Using a perturbative expansion, valid for sufficiently small u, we obtain a Dyson equa-
tion Eq. (65) with a mean-field self energy

i = sl (79)

where C’Z.O\’? is the perturbed cavity correlation function at times 0 and o is the generalized

Pauli matrix
0 I
o — < 0 ) . (30)

_ —1

1, N (o 7100 o V1) '

(Bay) ™ oy (B2) ") = (BY,) b, ((BY) ) - (82)
In the long time limit, the system becomes TTI and Laplace transform can be conveniently
applied. Because of the homogeneity assumption, we can neglect node and edge labels

and, after inserting the expressions for the cavity response and correlation functions from

Egs. (66) and (67), we obtain
R:Y2) =2+ A+ 3uC:(r =0) — (K —1)J°R;1(2) (83)

C

Cu(2) = Re(2) [2D + (K — 1)J2C’c(z)] Re(—2), (84)

The Dyson equation reads

where C.(7 = 0) should be computed solving self-consistently the equation for C.(7) in
the time domain. The perturbation then acts as a renormalization of the parameter A
and the problem can be reduced to solving a self-consistent equation for the renormalised
parameter A such that

)\R:)\—i—?)uCc,)\R(T:O). (85)

and

_ 4 Ar — /(2 4 Ar)? — (K — 1)
Repn(2) = 2K —1).J2

Inverting the Laplace transform of the correlation to find C; 5, (7 = 0) is challenging.
However, one can alternatively compute the spectral density of the cavity graph and use
this information to determine the equal-time correlation. Inserting Eq. (86) into Eq. (55)
we obtain the “cavity” spectral density

(86)

. J .. ~ .
p($) = ; Eli%l_F Iqu)\R (Jl' — ARp — 18) (87a)
O VAK - 1) — 22
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Figure 2: Phase transition for a cubic perturbation on a RRG. Estimates
of the stationary average value (z) obtained from numerical simulations of the
dynamical model Eq. (77) on a RRG with N = 200 nodes, K = 3 (left panel)
and K = 10 (right panel) neighbors, J = 1 and u = 0.01 at different values of
the product Du and A. The stationary value was taken at ¢ = 1000, setting the
same initial condition z;(0) = 1 for all the nodes. The numerical estimates are
compared with the theoretical transition line Eq. (92), represented by the solid
white line, demonstrating that our method gives a good prediction of the position
of the phase transition.

where € [-2vK —1,2y/K —1]. This quantity is similar to the Wigner semicircle
law [70,72] with a dependence on K. Inserting the result into Eq. (61) we obtain

/4 _1 — 2
Cepg (T D/ v / dweTTARW (88a)

_ DA J2(K 1)
- 3% _?)J [1 - \/1 - 47)\% ‘ . (88b)

Plugging this expression into Eq. (85), an equation for Ag is obtained, which is a function
of the parameters of the unperturbed problem,

DA J2K -1
)\R—3u7R)J2 !1—\/1—4()]:)\ (89)

2(K —1

with solution

3 Du (K —1)J% — 3Du
=A|1+5 1—4/1-4 .
A=A S &K 12— 3Du ( \/ \2 )] (0)

For Ap > K J, the system has a stable stationary phase, where the order parameter

. .1
() = lim lim — ;m(t)) (91)

vanishes. The order parameter is non-zero for Agp < K.J. From the critical condition for
AR, we can therefore compute the perturbative expression of the critical value
Du

Ae(u) = KJ — 3m. (92)
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The analytical transition line in Eq. (92) was compared with numerical simulations
of the model on a Random Regular Graph (RRG) with N = 200 nodes, considering
both K = 3 and K = 10 neighbors. Numerical simulations were performed using the
Euler-Maruyama algorithm, starting with an initial condition of x;(0) = 1 for each degree
of freedom, and waiting for the system to reach the stationary state (in practice at time
t = 1000). Some parameters were kept fixed (J = 1 and v = 0.01), while the stationary
average value (x) was computed varying D and \. Figure 2 reports a density plot of the
stationary average values obtained from simulations alongside the theoretical transition
line, demonstrating that the theoretical predictions are consistent with the numerical
results.

3.3 Noise-driven phase transition with multiplicative noise

Stochastic differential equations with state-dependent (“multiplicative”) noise terms are
very common in the description of physical, biological, and social systems as they natu-
rally emerge when dealing with intrinsic, as well as environmental, fluctuations [80, 81].
Multiplicative noise interacts with the state variables, leading to more complex and often
counterintuitive effects, such as non-equilibrium phase transitions driven by the presence
of the noise that alters the stability properties of the dynamics. As a prototype of this
behavior, we consider the Bouchaud-Mézard (BM) model [82], although similar stochastic
dynamics can be found in various fields of application, from surface growth to ecology. It is
known that the wealth distribution in a real economy exhibits a power-law behavior called
Pareto’s law [83]. The BM model describes the evolution of the wealth in a population
of agents, which was originally assumed to form a fully-connected graph, by the following
system of SDEs

Sailt) = Y auy (a5(0) — 0) + owilt)(o), (93)
J#

where x;(t) is the wealth of agent i at time ¢, .J is the coupling between agents, o2 is
the variance of noise and 7;(t) is the i-th component of a Gaussian white noise with zero
average and correlations (1;(t)n; (t')) = 6 0(t—t'), 4,4’ = 1,..., N. Defining \; := J 3, a;;
the model corresponds to Eq. (1) with a linear drift term f;(z;(t)) = —X\x;(t) and a
multiplicative noise with g;(x;(t)) = o222(t)/2. The SDEs defining the model are invariant
under the scaling transformation x; — ax; for any positive constant «.. Therefore, without
loss of generality, we can set (z;(t)); = 1 for every node i in the theoretical analysis. In
numerical studies, we will focus on the statistical properties of the normalized quantity
x; /%, where T is the average over all agents.

In their original paper, Bouchaud and Mézard showed using the mean-field theory
that the stationary distribution of normalized wealth x;/Z exhibits the expected power-
law behavior in a fully connected model. They also found out that the model exhibits a
phase transition at J < J. = o2, where the variance of 2/Z diverges. The phenomenon
is called wealth condensation, since the divergence of the variance implies that wealth
condenses to a few rich agents. If instead J > J. the variance remains finite and most
of the agents have a wealth close to the average. Alternatively, by keeping fixed the
coupling constant J and varying the amplitude o2 of the noise, the wealth condensation
phenomenon can be also interpreted as a realization of a transition from weak-noise to
strong-noise regimes [81]. In [84], the wealth condensation phenomenon is studied on
sparse random graphs using a combination of adiabatic and independence assumptions.
The first one allows the use of self-consistent conditional mean-field closure methods [85,
86], while the independence assumption enables treating neighbors as independent and
applying the central limit theorem. This approximation method provides an improved
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prediction for the location of the phase transition on sparse graphs, such as Random
Regular Graphs.

Here we propose an alternative solution employing the perturbative closure technique
described in Sect.2.4. Equation (93) can be seen as a linear model with a vanishing additive
noise (D — 0 limit) and a multiplicative noise that will be treated using perturbation
theory. We can therefore apply our perturbative closure technique expanding in powers of
the perturbative parameter o2. In this case, the non Gaussian term of the cavity action is

!
S @) = = [ dsad(s) Gai)?. (94)

Before proceeding to apply perturbation theory, it is necessary to perform a change of
variable in order to eliminate the constant part from z;(¢) [87]. Since (z;(t)); = 1, we
introduce the variable ¢;(t) defined by z;(t) = 1 + ¢;(t) and its conjugate ¢; = iz;. The
Gaussian part of the cavity action is unchanged, and since (¢;) = 0, we can safely assume
the average vector to be zero. The interaction term becomes

1 4 2 72
SNC(eb) = =5 [ ds (1400 300 (950)
T . T R T )
——5 | a5 [ dsaite - [ aseioite.

In the limit D — 0, i.e., in the absence of additive noise, the Gaussian correlation function
vanishes identically, C?, i (t, ) = (gi(t) i (t’ ))?\j = 0, while the Gaussian response function

Rl\J( ') = (¢ (t) s (¥ ))l\ ; satisfies the Laplace space equation

1
RY;(2) = = : (96)
Z\J z + )\1 — Zk‘eal\j J2Rk\i(2)
which has been already solved for RRGs.
The response function remains unperturbed due to causality restrictions, while the
correlation function renormalizes due to the loop corrections coming from the first term
in the interaction part of the action. At first order, the contribution is

Cpj(t,t") = o / dsRy ;(t, s)R)\ 5 (¢, s). (97)

All the remaining non—vanishing terms can be absorbed in the renormalization of the
coupling constant o2 (the others are zero because either RO\ (s,s) =0 or (¢t )>?\j =0).
In matrix form

Ri\] RZ\] (98)

.
2 50 (O
Cij = oi\j,r B\ (Ri\j> : (99)

The renormalization of the coupling constant follows from the perturbative renormal-
ization of the third term in S (@, qbl) which is easy to express as a geometric series
of one-loop corrections (see Supplemental Material [68]). The re-summation of the series
gives

2 o
i = T AT (100)
where the term I; ; is given by the integral
* dw -
7'\] R’L\]( )Rz\]( ) (101)
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Figure 3: Tail exponent o of the BM model on a RRG. Estimates of the
tail exponent « obtained by simulation for K = 3 (dot, solid lines), K = 10 (star,
dotted lines) and K = 500 (cross, dashed lines) at different values of 0 around
the phase transition. Numerical simulations of the BM model on a RRG were
carried out for N = 5000 nodes and repeated 100 times. Markers correspond
to the average value of «, while ribbons represent the 95% confidence interval.
Vertical lines correspond to the theoretical critical values as predicted by our
method o7 ; (red) and by [84] 07 ; (green). The horizontal black line corresponds
to the critical value a.=2: a tall exponent below this critical line indicates that
the system undergoes wealth condensation.

with ﬁ? (w) = R?\j(z = iw) being the Gaussian response expressed in the Fourier space.

For a RRG with homogeneous parameters, where A\; = KJ for every node, the integral
I == I;; for every edge (i,j) can be reduced to a simpler one in real space. The final form
of the integral is

[
oo 2T

iw+ KJ—/(iw+ KJ)2—4(K —1)J2
2(K —1)J2

—iw —/(—iw 2— —1)J?
+K.J ¢<2 - + 1f)<j> 4K -1)J ] (102a)
e [ — (1020)

Ay ()

A detailed derivation of this expression is reported in the Supplemental Material [68].
The fully-connected (FC) limit is easily recovered setting K = N — 1, rescaling J to
J/K and taking the limit K — oo,

2 \/1 —u2 1
~ 2K / — > (103)

The renormalized noise parameter diverges at the critical value o, = I~', indicating a
phase transition to the condensed phase. In the FC limit, we recover the value af ¢ =2J,
in agreement with the mean-field result [82].

To assess the accuracy of our method, we compared it with numerical simulations.
We rescaled J to J/K to facilitate comparison of results across different connectivities
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K. Numerical simulations of the BM model on a RRG were carried out for N = 5000
nodes and repeated 100 times using the Milstein algorithm [88] with an initial condition
z;(0) = 1 for each parameter value and J = 1. The distribution at t = 1500 was taken
as the stationary distribution. The stationary distribution of z/Z is expected to have a
heavy Pareto tail

T\ z/T—00 1

(*) T (@/z)ett (104)
where « is the tail index. The variance of normalized wealth diverges when o < 2. To
estimate the tail exponent we have run a simple Rank-1/2 Ordinary Least Squares (OLS)
log-log rank-size regression [89] with a bias reduction term. Figure 3 shows the estimates
of a for K =3, K = 10 and K = 500 at different values of o2 around the phase transition,
together with the prediction o2 o1 of [84] and our prediction o2 cc = 17" Our method
provides a better approximation for sparse graphs, while the two methods converge to the
same mean-field value when K approaches N. Interestingly, the self-consistent method
proposed in [84] can be obtained within the GECaM approach when further approximating
the cavity quantities by the corresponding full quantities taken at zero time differences
(see Supplemental Material [68] for details).

T

3.4 Relaxation dynamics of the spherical 2-spin model

The spherical p-spin model, with p > 3, has been extensively studied as a prototypical
model for the behavior of disordered systems, exhibiting a glassy free-energy landscape as
well as complex dynamical phenomena such as slow relaxation and aging [35]. The p = 2
case is structurally much simpler, it does not present a glassy equilibrium free-energy
landscape, but a more standard continuous transition into a disguised ferromagnetic phase
[90]. The effect of disorder is however enough to ensure non-trivial dynamical properties.
In fact, under nearly all initial conditions, the system fails to reach equilibrium, with its
relaxation dynamics heavily influenced by the duration of time the system has already
spent in the low-temperature phase, indicative of aging behavior. Due to its simplicity,
this model can be exactly solved through the diagonalization of the system, provided the
spectral properties of the underlying interaction graph are known [7,91,92]. Here, we will
show how our method enables the study of this non-trivial relaxation dynamics without
the explicit diagonalization of the system or the knowledge of the spectral properties of
the underlying interaction graph.
The model is defined by the Hamiltonian

. 1
H (ﬂ?) = —5 Z aijjij$ixj7 (105)
7]
where x; (t), i = 1,..., N are continuous spins with spherical constraint Zf\; (T2 (t) =

N, a;; are the elements of the adjacency matrix of a RRG with K neighbours and the
couplings are independent and identically distributed (iid) symmetric random variables
with binomial distribution

P (Jij) =5 (6(Jij = J)+ 0 (Jij +J)). (106)

| =

A notable choice for the coupling strength is J o< 1/v/ K that ensures to recover known
results in the fully-connected limit (K — o00). The relaxation dynamics satisfies the
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Langevin equation

G 0= ~SLE A0 0+ 1) (107
=D aijdiga; (8) = A () @i (8) +: (1), (107Db)
J#

where A(t) is a Lagrange multiplier enforcing the spherical constraint and the thermal noise
term 7; (t) is Gaussian with zero mean and correlations (n; (t) ny (t')) = 2Dd;d (t —t')
(here D plays the role of temperature 7" in the usual formulations of the p-spin model).

Although the GECaM equations could be derived for any given graph and realization
of the coupling constants, we will focus on a simplified setup that enables more straight-
forward analytic calculations. Because of the spatial homogeneity of the random regular
graph, it is reasonable to assume that, in the thermodynamic limit and after averaging over
the iid couplings, the cavity quantities and full quantities do not depend on the site/edge,
that is R; == R, C; = C for every node i and R, ; = R. and C}; = C. for every edge
(7,7). The spherical constraint implies that the equal time correlation must be equal to
1 at any time, i.e. C(t,t) = 1. In this homogeneous case, for a sudden quench from
the high-temperature phase, the corresponding GECaM equations for the cavity response
functions and cavity correlation functions are

t
IR, (t.t)=-A#)Re (t,t') + (K —1)J* [ dt"R. (t,t") R (", ¢') + 0 (t —¢') (108)

ot ;
t
%Cc (t.t)=-A({t)C.(t,¥) + (K — 1) J2/ dt"R. (t,t") C. (t",t') + 2DR. (¢ 1)
0
t/
+ (K —-1) JZ/ dt"R. (¢',t") C. (t.1"), (109)
0

and for the full response and correlation

t
gtR (t.t) ==X R(t,t) + KJ2/ dt"Re (t,t") R (t",t') + 6 (t—t') (110)
t/

0

t
5C (t.t) ==X C (t,t) + KJ2/ dt"R. (t,t") C (t",t') + 2DR (', t)
0

t/
+KJ2/ dt"R (¢ t") C. (t,t") . (111)
0

Here, for random initial conditions, we neglected the corresponding equations for the cavity
means and full means, that would in general explicitly depend on the chosen initial condi-
tions. The spherical constraint C (¢,t) = 1 implies that (9,C (¢,t') + Oy C (¢, )|t y=s =0
from which the expression of the Lagrange multiplier

t t

A(t) = KJQ/ dt"R. (t,t") C (t",t) + KJQ/ dt"R (t,t") C. (t,t") + D, (112)
0 0

which gives now coupled equations for (cavity and full) responses and correlations. When

setting J? o 1/K and taking the K — oo limit, the cavity and full quantities satisfy the

same set of equations and the latter represent a p = 2 version of the Cugliandolo-Kurchan

dynamical mean-field equations for the fully-connected p-spin model [37].
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The GECaM equations can be further simplified by using the following parametric
ansatz,

N f(t/) st Y
R, (t,t') = 20 R (t—t) (113)
Ce(t,t) = f(t)lf(t,)cj (t.t), (114)

which are inspired by the form of the exact solution obtained in [91]. The physical meaning
of RSt —t'), CL(t,#') and f(t) becomes clear when inserting the ansatz in Eqgs. (108)
and (109). In fact, the quantity R* turns out to represent the stationary time-translation
invariant cavity response function of a linear system with additive noise and it must satisfy
the equation

a t
aRit (t—t)=(K-1)J° /t dt"R (t—t" R (" =)+ 6 (t—1). (115)
On the other hand, C’Cl does not represent the TTI correlation; rather, it must satisfy the
following equation

0

t
aCcl (t.,t')=2Df* () R (¢ —t) + (K — 1) JQ/ dt"REt (t —t") CF (", 1))
0

t/
+ (K —1) J2/ dt"Rt (¢ —t") O} (¢, 1"). (116)
0
The scaling function f(t) is given by

I (1) = f (to) e MO (117)

where f (t9) = 1 for the present choice of initial conditions.
An equivalent parametric ansatz can be also assumed for the full response and corre-
lation functions

f ()

R (t,t) = R (t—t 118
1
C(tt) = ——=C* (t,1), 119
where R' is the usual stationary TTI response function
t
;Rst (t—t) =KJ? / AR (t—t") R (¢ 1)+ 6 (t—1), (120)
t/

while C!' must satisfy the equation

t
%Cl (t,t') =2Df* (t) R* (' —t) + KJQ/ dt"RE (t—t") C* (", 1)
0

t/

+KJ* | ARt (¢ —t")CL (¢t (121)
0

With some algebraic manipulation, it can be shown that the system of coupled integro-
differential equations for C(¢,#') and Cy(t,t') admits the following expressions as a solu-
tion

min(¢,t")
Cr(t,t) =R (t+1)+ 2D/ dt1f? (1) RS (¢t + ¢ —2t)) (122)
0

min(¢,t’)
' (tt)=R"(t+1t) + 2D/ dtr f* (1) R (t+¢ —2t1), (123)
0
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Figure 4: Correlation function of the 2-spin model on RRGs. Decay of
C(tw+T,7) against 7 for the spherical 2-spin model on a RGG with fixed coupling
constant J = 1.0 and at temperature D = 0.3. (Top-left panel) Correlation
function decay at fixed K = 10 for increasing values of the waiting time ¢,, (from
bottom to top). (Top-right and bottom panels) Correlation function decay at
fixed waiting time t,, = 30,100,300 for K = 3, 4, 5, 7, 10, 100 (from bottom to
top) together with the fully-connected (FC) case (dashed gray line).

where the scaling function f(t) solves the (linear) Volterra integral equation
t
f2(t) = R (2t) + 2D / dty f2 (t1) R (2t — 2ty) . (124)
0

This is the exact solution first obtained in [91]. In principle, an explicit solution can be
constructed as follows. The TTI equations for RS' and Ry can be solved in the Laplace
space, and used to solve the equation for f(t) in the Laplace space. If an explicit time-
domain expression of f(t) can be computed, then the time behavior of the cavity and full
correlation functions can be obtained. Unfortunately, analytically computing the inverse
Laplace transform of f is cumbersome. A numerical solution of Egs. (108) to (111) with
the spherical constraint Eq. (112) can be obtained by forward-in-time integration. Figure 4
shows the decay of the correlation function C(t,, + 7,t,) for fixed temperature D = 0.3
and coupling constant J = 1.0, where 7 is the time elapsed after a “waiting time” t,,.
The correlation function shows the typical “aging” behaviour, i.e. it has an initial fast
decay for 7 < t,,, after which it decays slowly to zero for 7 > t,,. The sparseness however
decreases the aging effect at fixed waiting time as can be seen from the top-right right
and bottom panels. Further insights on the dynamics of sparse p-spin models (also for
p > 3) using GECaM approximation go beyond the purpose of the present work and will
be discussed elsewhere [93].
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4 Conclusions

This work establishes a flexible and robust framework for studying complex stochastic
(Langevin-type) dynamics on networked systems. This is done introducing a novel ap-
proximation scheme for the dynamic cavity method, which is applicable to systems with
continuous degrees of freedom and bilinear pairwise coupling between them. By deriv-
ing the dynamic cavity equations for a system of linearly-coupled stochastic differential
equations through the MSRJD functional theory, we have obtained a path-integral for-
mulation of the dynamic probability measure. This formulation, once represented as a
graphical model, enables to identify the cavity marginals with local functionals of single-
site trajectories for both the physical variables and their MSRJD conjugate variables. This
approach mirrors the quantum cavity method used for quantum many-body systems in
the imaginary-time representation.

The main approximation of the method involves a small-coupling expansion of the
cavity equations, with a second-order truncation, which corresponds to effectively assum-
ing a Gaussian approximation for the cavity marginals. The resulting integro-differential
GECaM equations, depending on cavity versions of response functions and two-time cor-
relation functions, provide an approximate description of the dynamics. For stochastic
dynamics on fully-connected graphs, this approximation is equivalent to the extended Ple-
fka expansion and results in a dynamical version of the TAP equations [46]. However,
the GECaM equations are also suitable for investigating linearly-coupled SDEs on sparse
graphs, where the cavity formulation offers a more precise approximation. In analogy with
the standard cavity equations, the GECaM equations serve as an algorithm for studying
stochastic dynamics on a specific graph instance. Alternatively, by means of a population
dynamics algorithm, these equations can be used to explore general dynamical properties
of disordered systems at the level of random graph ensembles.

We applied the GECaM equations to various dynamical problems where the quality
of the approximation is controllable. For a linear system of SDEs with additive noise, the
GECaM equations provide an exact description of the dynamics, limited by the validity of
the local tree-like approximation. This is reflected in the relationship between the GECaM
equations for the cavity response functions and those for the resolvent obtained through
the cavity method in random matrix theory. Classical results for the calculation of the
spectral density of hermitian and non-hermitian random matrices are recovered.

The presence of non-linear forces and state-dependent noise terms in the system of
SDEs is addressed using a perturbative closure technique, based on a self-consistent re-
summation of 1-loop contributions reminiscent of the mode-coupling theory for disorders
systems. On RRG, the phase transitions under study have a mean-field nature, but with
a non-trivial dependence of the critical point on graph connectivity. In both cases, the
perturbative closure method applied to GECaM equations provides a very good descrip-
tion of the dependency of the critical point on the degree K of the RRG. Further studies
will be devoted to explore the dependency of the critical behavior on other properties of
the graph ensemble, such as degree heterogeneity, perhaps using a population dynamics
version of these equations. Finally, we applied the GECaM approximation scheme to the
relaxation dynamics of the spherical 2-spin model, where a system of linear SDEs with
additive noise is endowed with a self-consistent non-linearity through a global constraint.
Despite its simplicity, this model showcases non-trivial dynamical properties like slow re-
laxation and aging effects. Remarkably, the corresponding GECaM equations are exact on
RRG, suggesting their potential applicability to similar dynamics on more general graphs
with local tree-like structures.

Although the current GECaM approach has been effective for the problems under

27



SciPost Physics Submission

study, a non-perturbative closure scheme appears indispensable to incorporate the local
effects of non-linearities without further approximations. One possible improvement could
involve using a numerical scheme to sample on-site stochastic trajectories given incom-
ing Gaussian cavity messages, as proposed for random ecosystems [94], and computing
updated versions of cavity response and correlation functions from these samples.

A significant limitation of the method is the linear coupling between neighboring de-
grees of freedom. In many relevant applications, local interactions are not exclusively
represented by a weighted sum of the neighboring variables, because of the existence of
non-linear activation functions (e.g., in neural networks and learning models) and higher-
order interaction patterns (e.g., in ecosystems and reaction networks). Generalizing the
path integral approach to model these more complex interactions would necessitate a more
intricate structure of the graphical model representation and a more complex functional
form for the corresponding cavity messages. This could involve introducing additional aux-
iliary variables, as demonstrated in [27]. In specific cases, such as multilinear interactions
in p-spin models with p > 3, extending the GECaM equation appears straightforward [93].
However, further research is needed to address these limitations and broaden the applica-
bility of the GECaM approach.
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Supplemental Material: Gaussian approximation of dynamic cavity
equations for linearly-coupled stochastic dynamics

S1 General GECaM equations with non-vanishing conjugate variables

We consider the Gaussian ansatz in Eq. (21) without further assuming that the conjugate averages fi; ; and
B;\; vanish due to causality of the dynamics. Writing explicitly the matrix product in Eq. (31), we find the
dynamical equations

R Zle\g =1+ QDABl\J + A? Z Jlkasz\le\] + A2 Z ka\l i\j (S1)
keodi\j keoi\j
Ry}Cp; =2ADRL; + A% > JRCwRL; + A% > JudriRiniCa (S2)
kedi\j keoi\j
T
kedi\j keoi\j

From Eq. (32) we obtain the dynamical equations

Rolpag =0 Y Tt + A% D TudriRiiay + 2DA g + A% D TRCh i (54)
kedi\j k€di\j keoi\j
(&ﬁ)ﬁ%\jzﬁ > Tniifg; + A% Y JiBrumag + A > JikaiRl;r\iiﬂi\j‘ (S5)
kedi\j kedi\j keoi\j

In the limit A — 0, the non-interacting response becomes R, 21 /A — (% + )\i) and the complete set of Gaussian
Expansion Cavity Method (GECaM) equations is

d
%Mi\j(t) =i ( Z Jiktii(t) Z /dt/JikRk\z‘(tat/)JkiMz‘\j(t/)
keoi\j keoi\j
+2Dif 1)+ S / dt' J3.Cpa(t, i (1) (S6)
kedi\j
d..
%lui\j() Ailf 5 () Z it (t) Z /dt/ Jii By (t, ) ()
kedi\j keoi\j
- Z dt' Jip Jpi Ry i (1, )ifiz 5 () (S7)
kedi\j
a / / " " " /
aRi\j(tyt) = =Ny ;(t, 1) + Z /dt Jire Rppi (8,87) Jki Ry (27, 1)
kedi\j
+ > [ dt" T Ch () By (1) + 6(t, ) (S8)
kedi\j
0
aCi\j(ﬂt/) = —XiCy\(t,t) + Z dt" Jig Ry (6, 1") T Co (87, 1) + 2D R\ (', 1)
kedi\j
+ Y[ dRy () T Cha(t, 1) (S9)
keoi\j
;Bi\j(tvt/) = \iB\(t,t') — Z /dt” Jik kiR (8", 8) By (1", )
kedi\j
= > dt" TBy () Ry (1 1) (S10)
kedi\j
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We can ascertain that if fiz\; and By,; vanish, the general GECaM equations reduce to the ones reported
in the main text. In addition to that, fi;; and B; ; vanish consequently, and therefore the assumption is
self-consistently verified.

S2 Non-Hermitian random matrices

In what follows we will adopt the method proposed in [74] adapting it to our dynamical setting. To maintain
generality, we consider complex-valued coupling matrices J € CVV. From a dynamical point of view, this is
equivalent to duplicating the system introducing an auxiliary degree of freedom y; € C for each node of the
graph. The duplicated system evolves according to the system of SDEs

t) = Z Jijyi(t) — zyi(t) + &(t) (S1)
Z )+ 2%z (t) + Gi(2) (S2)

where z € C is a complex valued parameter, corresponding to the eigenvalue of the coupling matrix. The
variables §; and (; are complex gaussian noise terms with mean and covariance given by

(€i(t)) = (G(t)) =0 (S3)
(& & () = (G ()G (') = 2Ddyrd(t — t'). (S4)

The MSRJD functional integral formalism can now be applied, performing an integration over complex-
valued trajectories using the complex Dirac delta function

6@ () = §(Rex)d(Imz) o / R (S5)
C

where didi* = d(Rex)d(Imz) = dz? and the integral is taken over the whole complex plane. The dynamical
partition function of the system after discretization of time is

7 < / D&’ D DYDY [ exp |- @) [ 2] — 2 = A Ty + Azyf — AE)

%M 7

i | (2" - AZ T A (y)T - (A

- (ﬁln)* n+1 yz +A Z Jj*’L ? - .T;L - ACzn

0| ()T = T+ AY i (2f)" = Az (@) — (A" > : (S6)
J

where we have introduced fD£2D§2Dg2D§2 = Hmf(dx?)2 (d&™)? (dy)? (dj")®. For notational conve-
nience, we set A = 1 below. The average over the complex Gaussian noise can be performed applying the
identity

<€£f&g—&s*£+wc—&d§> ] (S7)

where [g,] = (A" ALY = 2D610un = [gy), 0y = (ACP)* ACY) are the noise covariance matrices.

it mn’
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The dynamical partition function can be factorized as
2 [ p&D&Di# DG [ exo { S [ @y -+ )
i
#a ((h) = @) + 2 @) - 2D }
X Hexp {Z (:13?)* jijy? + yznjji (55?)* B ﬁj?j;.k? (y?) — (% ) JJ*’ Aﬂ }
i<j

xHexp{Z:—@?) (! =y = =)+ () <y?>*—z<x?>*)—2D|@?|ﬂ}

x [Jexp {Z = @) Tl = @ () 5T ()" + @) T } : (S8)

1<j

It turns out that, in order to properly consider a dynamic cavity ansatz, the trajectories x;, &;, y; and y;
have to be grouped together into a single variable WT (zi, i, Yi,Yi). We can write the dynamical partition
function as a quadratic form

Zoc/DWQHe WIGo Wi TT e =W T, (89)

1<j

where we have introduced [ DW? =[], [ DW? = [ D& D&>D4*Dgy? and the matrices

G,; H
Goi = ( O e ) (S10)
0, _Ht Gy
= 0 —Jj al
AR S 11
whose elements are the matrices
T
-1
Gy 0 [RO’Z} ; (S12)
’ Ry, —2DI
0 =zI
A= (%3, -
~ 0 Jyl
= = ) 14
The cavity messages are
. . .
ey W) o WG T [ DWZ e (W) e Wi Wim Wi T, (S15)
kedi\j

We assume once again that the cavity messages have a Gaussian functional form, that is

-wig:! W

cinj Wi) oce 7 (S16)
where the cavity propagator is given by
G Gi(Y
l\J i\j
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and G’Z.A‘\? is the usual propagator between variables A; and B;, with A and B being either X' = (, %) or
YT =(y,9)

AB AB
<a7zbj>l\] <azb >1\] . C'L\J Rl\]
Gl\] Al bl - A\ ‘ (S17)
(@ibl)p; (@ibl)a, (rE) 0
Integrating out the variables W, we obtain
tg—1yy t 7 Wi
g W) oc e 9o Wi II | pwie “WEGR W= WL T Wi W] T Wi (S18a)
kedi\j
x e—WJQ(;}WH-Zkeai\j ngikgk\ijkiwi’ (S18b)
from which we get the extended GECaM matrix equation
Goi =901 — D JuGriThi- (519)

kedi\j

To compute the spectral density, we only need the equations for the response functions. Conveniently
expressed in matrix form and in the Laplace space, these equations are

Rij=z+nl- > iRk (S20)
keodi\j

where we have introduced the matrices,

XY
Roj = < RY\( gv\v ) (S21)

VARV
0 =z
z —< 0 > (S22)
and redefined for convenience the coupling matrix ]ij as follows
~ 0 ay
= W) 523
) _ aji 0 ( )
Equation (S20) is equivalent to Eq. (64) in [53]. We can therefore compute the spectral distribution of J as
ps(z) = lim a RYX(z — \i). (S24)
n—0 TN

S3 Noise-driven phase transition in the Bouchaud-Mézard model

S3.1 Critical point

We consider the integral Eq. (102a) obtained from the Gaussian perturbation closure technique of the BM
model on an homogeneous RRG.

[ dw [iw+ A= (wH A2 — 4K —1)J2 | | —iw+ A — /(—iw + N)2 — 4(K —1)J?
I_/_OOQW 2K —1)J2 ] 2K —1)J2 (Sla)
N AT ! ! . (SIb)
T /=00 )\+iw+\/()\+iw)2—4(K—1)J2)\—iw+\/(A—iw)2—4(K—1)J2

where A\ = KJ. The integral on the second line can be viewed as a complex integral over the imaginary axis
Jm.
2i
I=—— dz F(z), (S2)
0

Jm
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’YE
TR
Figure 5: Contour used for the computation of Eq. (S2). The paths 'y?%' and v,
are circular arcs of radius R — oo, while v, 7= and 4/ are circular arcs of radius
e — 0. It can be showed that all of them vanish in the proper limit.
where we have defined F'(z) = f(2)f(—z) with
f2) = (A4 24 VO T2 4K - 1).72). (S3)
F(z) has two symmetric branch cuts associated with the square root validity intervals, i.e B = [\ — A, —\ + A]

and By = [A— A, A+ A], with A = 2¢/K — 1J. The integral along the imaginary axis can be computed from
a contour integral on the complex plane in which the complex variable z is integrated along a contour C that
goes along the imaginary axis then closes in a semicircle with a detour to avoid the inclusion of the B_ branch
cut. Figure 5 shows that the contour C can be decomposed into elementary paths.

More precisely,

ﬁdw@):(/ﬁ/f/v;/g/%+/%+/Vl+/w+/%+/m)M(z):o, ”

since the contour contains no singularity or branch cuts. Taking the appropriate limits we can therefore write

o (e L) (L Lo L)L L,

It can be shown that the only non-vanishing integrals are those along 71, 2, 73 and 74, however the first
two cancels out due to analiticity. The integrals along ~3 and -4 instead sum up, since the square roots have
opposite signs on the two sides of the branch cut.

dz F(z). (Sh)

- 1 1
/ dzF(z2) = / dx (S6a)
s —A- Atz +i/A2 -~ (A +2)? | [ A—z+ /(A —2)* - A2]
T 1 1
dzF(z) = dx , (S6b)
7 - Atz —iy /A2~ (A +2)?] [ A—z+ /(A —x)® - A2]
where we used the parametrization z = —xe'™ for the first integral and z = —xe™'™ for the second one.
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Gathering all terms,

2i [~AHA 1 1
4 dx

1
TIa=a I o +iyfA2 - +2)? Atz—iy/A2-A+2)?]| [A—z+ /(A —x)? - A2

9i [~MA —2iy /A2 — (A + 2)? 1
=— dz
TS <A+x+i AQ—(1+x)2) (/\+x—i AQ—(A+:1:)2> A=z ty/(A—a)f - A2

I =

(S7a)

(S7b)
e 42—\t )’
AT a-aA A—z+ /(A —1x)® — A2
Changing variable u = (A + x)/A, the integral is simplified as follows
2 ! V1—u?
I:IK:/ du 4 : (S8)
VK —1J J_; K X 2
VE=T Ut <\/K—1 - u) -1
which gives the correct result in the FC limit after rescaling J = J/K and taking the limit K — oo
2 K P oovVi—u2 1
%z/m“:. (S9)
rJVK -1/, 2K 2J

VvVEK-1

S3.2 Adiabatic and independent assumption for GECaM

The approximation method proposed in [84,95,96] is based on the combination of two assumptions: (1) the
“local field” 3, z; acting on ¢ is assumed to change much more slowly than z; (adiabatic assumption); (2)
the neighbouring variables z; for j € 0i are assumed to be independent, so that the local field satisfies the
Central Limit Theorem and converges to a Gaussian distribution (independence assumption). In this Section,
we show that this approximation naturally follows from the GECaM approximation under specific conditions.
To simplify the calculations, we will only consider the case of a RRG with degree K.

Employing as usual the Gaussian ansatz in Eq. (21), the local marginal of node i with a perturbation
action SNY(X;) can be written as follows

ci (Xz) o e*%XZTG(;}XifS,LNG(Xi) H /kae_é(Xk_Mk\i)TG;:\li(Xk_Mk\i)eX;rJika' (S].O)
keoi
We also assume that all couplings are the same, i.e. J;; = J, and introduce a local field KH; = > jedi X;. The

previous expression becomes

c; (X;) o e X Go, XimSI0X) H /DXke_%<X’“_M’°\i)TGk\li(X’“_Mk\i)G_XZTJXk /DHi(s KH; — Z Xj

kedi jEDi
(S11a)
_ T _ R A
o e 3% Goi Xi=SN9 (X)) H /kae—;(xk—lvlk\i) Gk\li(xk—Mk\i)e—ijxk/DHiDHie—lHj(KHi—zkemxk)
kedi
(S11b)
N _ . T
Oce;XZTG()jxiS{VG(Xi)/DHiDlﬁlieKiH;rHi H /kae—é(Xk—Mk\i)TGk\li(Xk—Mk\i)—f—(lHi—JTXi) X
kedi
(S1lc)
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Performing the Gaussian integral and introducing M; = > 7, -5, Mp\; and G; = 3, Gy i, We get
¢ (X;) o eéXjGQ}XZ'SfVG(Xi)/DHZ,quie—KiHlTHi—i—(iHi—JTXi)TMi—i—é(iﬂi—JTXi)TGi(iHi—JTXi)' (S12)
The integral in H is also Gaussian and it can be done to obtain
e (%) o /DHie—%X?G&}Xi—KXIJHi—Sf\’G(Xi)e—;(KHi—Mi)TGi_l(KH,-—Mi). (S13)

The local marginal can be written in a conditional form, which reminds of the previously discussed adiabatic
assumption,

ci (X)) = /DHici (Xi[H:) p (H;) (S14)
0K = gy (s15)
p(H) = e 3CHM TG M, ($16)
where the partition functions are
B = [ DB Gt R s (s17)
Zu = (27T det G,~>_1/ g (S18)

In the case of a random regular graph with homogeneous coupling constants, there is no distinction be-
tween nodes in the thermodynamic limit, therefore we drop all the corresponding indices. It follows that the
contributions from the neighbours are the same

Mi= Y Mpi=EMey,  Gi=> Gp;=KGey, (S19)
keoi kedi

therefore HT = (hq, ho) is a local field with Gaussian statistics, with mean (H) = M, and variance (H?) —
(H)?2 = Geay /K.
The first two moments of x can be computed as

(z(t)) = / DXe (X) z(t) (S20a)

- / DHp (H) / szi((t&)e_%m“1X_KXTJH_SNG(X) (S20D)
1 1 )
-~ mmmma ™), 520

and

(22(1)) = / DXe (X) 22(1) (S21a)

Z/DHp(H)/DXZQfE?')eéXTG(JlXKXTJHsNG(x) (s211)
1 1 52
~(KJ)? <ZX(H) 512(0) ZX(H>>H~ (S21c)

S3.2.1 Linear dynamics with additive noise

We now focus on the simplest case of a linear dynamics with additive noise (SN = 0), where A = K.J is the
drift coefficient and D is the noise coefficient. The partition function is easily obtained as a Gaussian integral

Iy (H) = /Dxe_;xTcolx_KxTJH e EUTHTGUTH). (522)
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where G is the free particle propagator

Go(t,t') = < }Cég,tg Rf%’ 2 ) : (S23)

with C¢(t,t') = D/Xexp(—A|t—t'|) being the free particle correlation function and Ry(t,t') = O(t—t) exp(—A(t—
t')) the free particle response function. It follows that the partition function can be written as

Zx (H) o exp{(Kz‘m/dt/dt’ (ha(t)Cr(t,t")ha(t') + 2ha(t) Ry(t, t/)hl(t’))}, (S24)
from which the first and second moments of x follow
1 1 5
(z(t)) = KT <ZX(H)5h2(t)ZX (H)>H (S25a)
=55 [ O Bl )+ 2Re(e ) () (s25b)
_ KJ / 4t (Cr(t, )iftcas (€)1 + Ret, ¢ Yptcan (£) (S250)
—_KJ / At Re(t, ) rean (1) (S25d)
20— L 1 6 N
0= e (™ ™), (5260
2
= C(t,t) ( 4> <[/ dt' (2C(t,t")ho(t') +2Rf(t,t’)h1(t'))} > (S26b)
H

(KJ)2 / " / " / " / " / "
= Ci(t, 1) + 4/dt dt” (4Cx(t,t)Cr(t,t") (ha(t ) ha(t"))n + 4Re (£, ) Re (£, 8" ) (ha (¢ ) ha (87) )
+ 2C¢(t, ") Re (8, ") (ha ()Y (7)) m + 2Re (8, 8)) Ce (8, ") (ha () ha (7)) ) (S26¢)

Ceay(t', ")

= Ci(t,t) + (KJ)2/dt’dt” <Rf(t,t’)Rf(t,t”) =

! !
+Rf<t,t'>cf<t,t'>]%cavg’”>, (s26d)

where Cd¢

ot t") = K(hi(t')h1(t"))n is the cavity disconnected correlation. In summary, in the stationary
state,

—+ (KJ) / dT/ ds <Rf ()C“”(S_ ™)+ R(r)Cy @)W). ($27)

It can be shown that the “adiabatic and independent” approximation of [84] corresponds to approximating the
cavity quantities by the full quantities at zero time differences, i.e Ceay(s — 7) = C(0) = s? and Reay(s — 7) &
R(0) =0, so that we obtain

D s
2 As
==+ 2(K 2
s 3 K( J) / dre™ / dse” (S28a)
D s*[(KJ
_ 2
7 (o ) , (s28)
and, since A\ = KJ, we get the relation
D
2
= S29

which can be obtained using the approximation in [84].
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S3.2.2 Bouchaud-Mézard model

We apply the previous approximation to the BM model, in which case A = KJ and D = 0 in the Gaussian
part of the action. The interacting part of the action is non-gaussian

SVG () = ; / dtz2 (1) (i3 (1))? = —éaQ (XT01X)2, (S30)

and it has to be computed perturbatively. AIn order to properly perturb the system, we have to rescale the
variables as usual, defining X" = (1 + ¢, ¢). The field KH; = de 5; ©; has now a different average. The

site label will be dropped in the rest of the calculation. The field HT = (h1 — 1, h9) is a Gaussian random

variable with mean (H) = M., and variance (H?) — (H)2 = Geay /K, where ML, = (ttcay — 1,0). In summary
the distribution of @ is

/DHC o|H)p(A) (S31)
o (]1) = 1 —leTe lo-KoTJH-sNG (o) (S32)

Zo(H)
p(F) = e (AMea) TKGL (A-Mear). (S33)

Ziy
where the partition functions are
:/D¢e—§¢TGgl¢—K¢TJH—sNG(¢) (S34)
~1/2
9\ 2AT+1)

Zg = ((;) det Geay . (S35)

In terms of the field ®, the interacting part of the action can be written as
2

v / a3 (H).  (536)

536 (@) = —30* [+ o207 = -5 [ai - [ai0en -

The partition function Z¢(|:|) can be computed perturbatively. At first order in o2

Zo(H) ~ / De—3® Gy ®—K®TIH (1 +"22 / dt?(t) + o / dtd? () (t) +"22 / dtq32(t)¢2(t)> (S37a)

Y S /dt SRS S (P LA S A Z$(H)
2 (KJ)2) “on2(t)y  (KJP ) U sho(t)shi(t) 2 (KM T shdtyend(t) [ T°

(S37b)
a? . . o2 ~
= {1 + ?Tl — 0‘2T2 + 2T3} Zg(H), (S37C)
where Ty, T and T are operators acting on the Gaussian single particle partition function
Z¢ /D¢e_¢TG 'o—KoTIH _ ,—5°(H) (S38)
SOH) = — (K J)? / dty / dtaha(t1) Re(t1, t2)h (t2), (S39)

44



SciPost Physics Submission

where we have used Ct(t,t') = 0 for the BM model. The operators act on it as

T1Zy(H) = (KJ)2/dt/dthf(tl,t)Bg(tl)/dthf(tg,t)ng(tg)Zg(I:I)

= T3 ()25 () (540)

Ty 29 (H) = (KJ)3/dt/dthf(tl,t)Bg(tl)/dt2Rf(t2,t)?zz(t2)/dthf(t,ts)ﬁl(ts)Zg(H)
— 1y ()23 (R) (sa1)
1329 (F) = (K.J)* / dt / dt1 Re(t, D)o (t1) / dto Re(ta, t)ho(ts) / dtshi (t3) Re(t, t3) / dtaRe(t, ta)ha (t4) Zg (H)
= T3(H)Zg (H), (S42)

where we have used Ry(t,t) = 0 in the It case. In summary,

Zo(f) ~ 73(F) <1 LT () - P Ta(R) + ng(H)) (343a)
~ 6750(ﬂ)+§ﬂ(H)fUQTQ(HHéTg(FI) (S43b)
— o5(H). (S43c)

It is now possible to compute the first and second moments of the field ¢. We neglect contributions in the
local self-consistent field beyond second order. The mean is

1 1 1) ~
60) =77 (G e 2 ). (St1a)
= —(KJ) (/dt/Rf(t, t/)<}~l1(t/)>}:| —20’2/dthf(t,tl)/dthf(tQ,tl)/dthf(tl,t3)<il2(t2)}~11(t3)>|:|>
(S44b)
= 202(KJ)/dt1Rf(t,t1)/dtzRf(tg,tl)/dt3Rf(t1,t3)RcaV;‘°”t2) =0 (S44c)

due to causality (R¢(t,t') = Reay(t,t') = 0 if ' > t). Computing the second moment is more complicated. We
use that

= (L g ($45)
(KT \ Zo(R)sh3() "~/
1 ) ~ o~ 2 52 o
- (KIy K(éfzg(t)S(H)) >H - <5ﬁg(t)S(H)>J ’ (545b)

where the first average is given by

<<6ﬁj(t)g(|:|)>2>ﬂ = (KJ)4{/dt1/dthf@,tl)Rf(t,h)(hl(tl)ﬁl(@))ﬁ

4202 / dty / dtoRe(t,to) / dt3Rf(t,tg)Rf(tl,t3)<hg(t1)h1(t2)>ﬂ} (S46a)

Ccav (tla t2)
K

— ] [an [ anondn)

+202 / dt, / dtyRe(t, t2) / dthf(t,t?,)Rf(tl,tg)W}, (S46b)
and the second one is
2 ~ ~ ~ ~
<5ig(t)s(H)>H = (KJ)%?/dth?(t,tl) <1+ (KJ)2/dt2/dthf(tl,t2)Rf(t1,t3)<h1(t2)h1(t3)>g)
(S47a)

= (KJ)%c? / dtyR3(t,t1) <1+(KJ)2 / dto / dthf(tl,tg)Rf(tl,tg)W>. (S47h)
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In summary, at stationarity,

57 = (2) = (2)* = (¢?) (S48a)
_ e & o Ccav(s - T)
_02/0 dTR?(T)—i—(KJ)Q/O dTRf(T)/O dst(s)T
) ) 00 00 min (7,s) ) B . Ccav(T - 0)
+ oK J) /0 dr /O ds /O AORAO) R — 0) By(s — 0) “' T =0
+ 202 (K J)? /0 dr R (1) /0 dsR¢(T — 5) /0 deRf(e)W. (S48b)

Making the choice of response and correlation functions that corresponds to the adiabatic and independent
approximation of [84], i.e setting Ceay(s — 7) & C(0) = s? and Reay(s — 7) ~ R(0) = 0, we obtain

2 2 2
2= 2 +<1+ 7 >S (S49)

T OKJ OKJ ) K

This formula leads to a wrong prediction of the critical point 02 = 2K.J(K — 1). This is due to the fact we
neglected relevant higher-order contributions in the loop expansion generated by the noise term. Performing
the resummation of all terms of the geometric series expansion containing enchained 1-loops diagrams only,
the previous relation becomes

2 2\ 2 2
2 _ g o’ SN
s _<1+2KJ+<2KJ> —|—> <1+K> 1 (S50a)

- (1 - 2;;) (1 + 2) —1, (S50b)

from which we get the same prediction 02 = 2J(K — 1) already obtained in [84].
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