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Abstract

A nontrivial renormalization of impurity problems shown by anisotropic and pseu-
dochiral (PC) interactions as dissipative perturbations. Using renormalization group (RG)
analysis, Fock-space diagonalization, and relaxation-time calculations, we explore how
nonlinear dispersion and potential scattering terms lead to exceptional points (EPs) and
Hermiticity breaking in weak to intermediate interaction regimes. Inspired by Shnirman
et al.Phys. Rev. A 50, 3453, showed that cubic nonlinearity induces non-Hermiticity(NH),
and more recently Nakai et al.Phys. Rev. A 109, 144203 show sensitivity to perturbation
in non-Hermitian(NH) problems using condition number analysis and Fike Bauer Theo-
rem. Here we derive an effective Kondo model with emergent anisotropic Dzyaloshinskii-
Moriya (DM) interactions leading to the breaking of Hermiticity under perturbative RG.
The RG analysis identifies new dissipative fixed points with a scaling collapse in spin re-
laxation time. The model exhibits an extended Lie group structure due to PC-symmetric
degrees of freedom, which reveal dissipative fixed points without renormalizing the invari-
ant. Extending to a two-impurity Kondo model, we confirm that anisotropy is necessary for
PC symmetry, and the RG equations show a "Sign Reversion" (SR) regime for anisotropic-
Hermitian problems at critical nonlinear coupling Jk3 . Additionally, local Hamiltonians in
Fock space display topological features at these dissipative fixed points.

1 Introduction

Non-Hermitian (NH) models have been extensively studied in open quantum systems [1,2], yet
their role in closed condensed matter systems remains less explored. A particularly intriguing
question is how interactions can induce NH degeneracies, such as exceptional points (EPs),
within otherwise closed systems. While connections between EPs and Lindbladian dynamics
have been established [3], the emergence of EPs due to many-body interactions remains an
open challenge. In this work, we explore how anisotropic interactions in impurity models can
lead to NH effects and EPs under perturbative renormalization.

Several mechanisms can introduce NH terms in condensed matter systems, including sym-
metry constraints and Lindbladian descriptions [4, 5]. Here, we focus on an alternative ap-
proach: nonlinear corrections to dispersion and impurity-bath interactions, which give rise to
emergent anisotropic terms. Previous work by Shnirman et al. [6] demonstrated that non-
linear dispersion in the group velocity can introduce NH behavior via Bethe Ansatz solutions.
More recently, Nakai et al. [7] used condition number analysis to study perturbation sensitivity
in NH systems. Inspired by these results, we consider an impurity coupled to a chiral bath with
nonlinear dispersion, leading to emergent NH effects.

Anisotropy plays a crucial role in NH impurity models, particularly in the context of poten-
tial scattering and dissipative interactions. Recent studies indicate that boundary conditions
alone can induce openness in impurity models [8–10], much like the role of potential scatter-
ing in impurity-bath interactions. Additionally, inelastic scattering becomes significant when
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nonlinear perturbations are introduced into the bath. Experimentally, non-Hermitian transi-
tions have been observed in condensed matter systems via spectroscopic measurements [11],
and nonlinearity has been shown to control NH topological phase transitions [12]. In Kondo
models, sign reversals in RG flows have been observed in NH contexts [4,13,14], with recent
work highlighting causality violations in interacting and non-interacting NH systems [15,16].

We further draw inspiration from anisotropic quantum Hall systems with C4 symmetry [17–
19], where strong interactions induce anisotropic features and non-equilibrium steady states.
Extending these ideas, we examine impurity scattering in a bath with C3 symmetry, leading
to NH effects driven by anisotropy. Prior work has established that interaction-induced NH
effects manifest in bound states, edge states, and flat bands [20]. Higher-order EPs have been
observed in PC-symmetric systems [21], with non-linear eigenvalue problems that produce
auxiliary eigenvalues for small non-linear interactions [22]. Furthermore,EPs have been ex-
perimentally confirmed in real materials and synthetic systems [23,24].

In this paper, we demonstrate that specific NH scattering processes become relevant in the
weak-to-intermediate interaction regime of an anisotropic DM Kondo model. Using pertur-
bative Poorman scaling with potential scattering, Fock-space diagonalization, and transport
calculations, we identify novel dissipative fixed points.

We begin with a general model [25–27] describing a topological bath with nonlinear dis-
persion coupled to an interacting impurity. Projecting onto the singly occupied subspace of
the impurity leads to an effective Hamiltonian with anisotropic interactions. Our analysis re-
veals that anisotropy and additional degrees of freedom give rise to emergent pseudo-chiral
symmetry. Near the critical points of the RG flow, the system exhibits topological features
in its spectrum, including EPs. Incorporating PC-symmetric scattering terms leads to a Lie
algebra structure connected to the conformal field theory (CFT) results of Pereira et al. [5],
emphasizing the model’s topological properties.

We then extend the model to a two-impurity Kondo (TIK) system. Our perturbative RG
calculations reveal novel fixed points, supported by both analytical and numerical solutions
of the RG equations. We explore the scaling behavior of impurity spin relaxation time and its
relation to RG invariants.

The key result of this paper is that anisotropy, originating from nonlinear dispersion in the
bath, leads to the breakdown of Hermiticity in the impurity-relevant regime under renormaliza-
tion.

2 Model and Formalism

We begin with a bath model considered in the context of topological insulators [25], and the
Hamiltonian reads as:

Ĥ = αk2
∥I+ βk3

∥ cos(3θ )σz + iλẑ · (k⃗× σ⃗), (1)

where k⃗ = kx î + ky ĵ + k∥k̂ and σ⃗ = σx î +σy ĵ +σz k̂, with σx ,y,z being Pauli matrices. The
parameters α, β , and λ correspond to quadratic, cubic, and linear couplings in the topological
system, respectively. The second quantized form of the Hamiltonian for spinful fermions is
H =
∑

kψ
†
kĤψk. Where the basis vector is ψ†

k =
�

c†
k↑ c†

k↓

�

. Introducing an impurity with
on-site interaction generally regarded as the single impurity Anderson model (SIAM) and hy-
bridization with the edge states leads to the Hamiltonian:

HSIAM =ψ
†Ĥψ+Hd +
∑

kσ

Vk(c
†
kσdσ + h.c.), (2)
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where Hd is defined as Hd =
∑

σ εd d†
σdσ + Und↑nd↓.To simplify the bath Hamiltonian,

we use the parametrization kx ± iky = k∥e
±iθ and apply a k-dependent unitary operation on

the bath operators, preserving canonical relations. This results in a nonlinear k-dependent
coefficient as shown below,

U = 1
p
N

�

ei θ2αk1 −iei θ2αk2

e−i θ2αk2 ie−i θ2αk1

�

(3)

In above equation 3 coefficients αk1 =
p

∆+ βk3 cos 3θ and αk2 =
p

∆− βk3 cos3θ .And the
normalization constant isN = |αk1|2+|αk2|2 =∆, where∆=

p

β2k6 cos2 3θ +λ2k2 = βk3γ cos3θ ,

with γ=
r

1+ λ2

β2k4 cos2 3θ . In the limit λ→ 0 or β →∞, the γwill tend to unity. In equation 3

choice for αk2 can be
p

βk3 cos3θ −∆ or i
p

∆− βk3 cos3θ . Both forms diagonalize the bath
Hamiltonian having two chiral bands with the eigenenergies εkζ = αk2+ζ∆ and it’s eigenval-
ues are shown in figure 1.This non-interacting spectrum is similar to Rashba study [?] except
from nonlinear term which serves as additional parameter to tune band touching to gapped
phase in the bath.This unitary transformation rotates the bath operators as ψ̃k = Ukψk. Such
k-dependent operations are used in the case of Weyl multiplicity [28, 29] having different

nonlinear dispersion as (kx ± iky)3.Basis after rotation ψ̃=

�

ck+
ck−

�

= Uψ can be shown as,

ck+ =
1
p

βγk3 cos3θ

�

e−i θ2αk1ck↑ + ei θ2αk2ck↓

�

, ck− =
1
p

βγk3 cos 3θ

�

iei θ2αk2ck↑ − iei θ2αk1ck↓

�

(4)

Using ψ= U−1ψ̃ to express the original spin basis in terms of these new chiral basis,

ck↑ =
1
p

βγk3 cos3θ

�

ei θ2αk1ck+ − iei θ2αk2ck−

�

, ck↓ =
1
p

βγk3 cos3θ

�

e−i θ2αk2ck+ + ie−i θ2αk1ck−

�

(5)

In new basis the hybridization transforms as follows:

H̃+hy b =
∑

kθ

Ṽ θk

�

e−i θ2αk1c†
k+d↑ + h.c.
�

+
∑

kθ

Ṽ θk

�

ei θ2αk2c†
k+d↓ + h.c.
�

H̃−hy b =
∑

kθ

Ṽ θk

�

ie−i θ2αk2c†
k−d↑ + h.c.
�

+
∑

kθ

Ṽ θk

�

− iei θ2αk1c†
k−d↓ + h.c.
� (6)

In above equation 6 Ṽ θk =
Vkp

βγk3 cos3θ
has k,θ dependence. A square root momentum depen-

dent hybridization found in Rashba coupling studies [30–33].After the unitary rotation, we
obtain the renormalized SIAM as follows:

H̃ =
∑

kζ

εkζc
†
kζckζ +Hd + H̃+hy b + H̃−hy b (7)

The above equation 7 satisfies the pseudo-chirality, as ηH̃η−1 = −H̃†, when the couplings are
complex-valued. This symmetry for Hermitian problem can be written as {H̃,η} = 0 the η is
constructed as σx ⊗σx for U = 0 in matrix form we can also construct in operator form [?]
as ψ†ηψ where ψ† =

�

c†
+ c†

− d†
↑ d†

↓

�

.Generally the PT - symmetry is associated with the
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Figure 1: The eigenvalues of the diagonalized model in equation 1 around the low
k points represent the emergent chiral bands. In this case, we set β = 0.3, λ = 1.0,
and θ = π

3 . We observed that larger β values flatten the bands.

NH transitions but in presence of topology and NH lead to additional symmetry classes [34]
as follows,

ηHη−1 = H† for PT symmetry

ηHη−1 = −H† for PC symmetry
(8)

These above symmetries parity-time(PT ) and PC will be written as [H,η] = 0 and {H,η}= 0,
when H = H†. These observations will guide us on how the formation of exceptional points
occurs when couplings are complex-valued without altering the symmetry.

3 Effective Model Derivation And Poorman Scaling

To project this model in equation 7 onto the impurity subspace, we use projection operator
method [35]. The projection operators are defined as P0 = (1−n↑)(1−n↓), P1 = n↑(1−n↓)+n↓(1−n↑),
andP2 = n↑n↓ for unoccupied, singly occupied, and doubly occupied states, respectively. Using
these projections, we derive the components of the effective model as Hηη′ = PηHPη′ which is
detailed in Appendix A.The emergent quantum numbers ζ = ± represent chiral bands in the
effective model.

Hηe f f = Hηη +
∑

η′ ̸=η=0,1,2
ζ,ζ′=±

Hζ
ηη′

1
E −Hη′η′

Hζ
′

η′η (9)

The singly occupied subspace Hamiltonian is the low-energy effective model for the Kondo
regime. We show here for such a topological bath one gets an effective model which has
emergent anisotropic DM interactions.We adopt a specific convention for representing cou-
plings. We utilize vector notation to denote couplings, while pseudo-spin of bath operators
are represented using bold symbols. This notation allows us to distinguish between different
types of operators.

H1
e f f = H0 +
∑

kk′
J0s · Skk′ + i
∑

kk′
J⃗k3 · (s× Skk′) + i

∑

kk′
J⃗k · (s× Skk′) (10)
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In equation 10,H0 =
∑

kζ εkζc
†
kζckζ and the operator Skk′ represents the Abrikosov pseudo-spin

for conduction electrons, while s corresponds to the impurity spin.The couplings are denoted as
J0 = (αk1αk′1+αk2αk′2)M

θ ,θ ′

kk′ζ , J⃗k3 = (αk1αk′1−αk2αk′2)M
θ ,θ ′

kk′ζ ẑ and J⃗k = αk1αk′2Mθ ,θ ′

kk′ζ( x̂+ ŷ).

Here, Mθθ ′

kk′ζ = Ṽ θk Ṽ θ
′

k′

�

1
εk′ζ−εd

+ 1
εd+U−εkζ

�

and Ṽ θ
′

k′ =
Vk′p

βγ(k′)3 cos 3θ ′
.The matrix elements in

this problem in general depend on polar angles and momenta are derived in Appendix A.
The nonlinear dispersion introduces cross-product terms in z component and linear term will
introduce x,y components of DM.Poorman RG will yield following equations,

dJ0

dl
= J2

0 + Jk3 Jk + J2
k3 + J2

k ,
dJk3

dl
= J2

k + J0Jk3 ,
dJk

dl
= J0Jk (11)

The appendix B contains a detailed derivation and the complete solution to the RG equa-
tions 11. One of the solutions, obtained by eliminating J0 in dJk

dl and
dJk3

dl equations, is given
by the equation J2

k − Jk = mJk3 , where m can be a positive or negative value. The roots of
this solution are expressed as Jk =

1
2 ±

1
2

p

1+ 4mJk3 . In the low-energy effective model, it
plays a significant role in causing exceptional points, which will be discussed in detail in the
subsequent section, along with the diagonalization.

4 Emergence Of Complex Solution

We performed poorman RG on Hamiltonian as in the equation 11 and found the invariants J̃0,
J̃k as shown in Appendix C.Here we analyse the local Hamiltonian symmetry properties and
its eigenvalue spectrum using the RG invariants for couplings and varying the Jk3 .

H̃ =
∑

kk′
J̃0s · Skk′ + i
∑

kk′

⃗̃Jk3 · (s× Skk′) + i
∑

kk′

⃗̃Jk · (s× Skk′) (12)

In order to show the effective model above exhibits pseudo-chiral symmetry, we can write the
local Hamiltonian at k = 0 as follows:

ˆ̃H = J̃0(σz ⊗σz +σ
+ ⊗σ− +σ− ⊗σ+) + iJ̃k3(σx ⊗σ y −σ y ⊗σx)

+ iJ̃k(σy ⊗σz −σz ⊗σy) + iJ̃k(σx ⊗σz −σz ⊗σx)
(13)

We can construct the ket vector for the above Hamiltonian as (| ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉). For
such a state, we can show the metric operator as the following:

η=







0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0






(14)

In the above equation 13 the block symbol is for the bath spin and rest are impurity spin op-
erators to distinguish between the two.The chiral symmetry operator can be generalized to
n-dimensional matrices [36], is η = σx ⊗ σx . This metric satisfies ηH̃η−1 = −H̃†, indicat-
ing pseudo-chiral symmetry [34] this inherent property become very crucial after adding the
potential scattering terms which is eloborated in section V. For Hermitian matrix this symme-
try will be {Ĥ,η} = 0. This symmetry also exists when J0 → 0 and even if all couplings are
real-valued. Each of the states can be represented as follows:
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〈↑↑ |=
�

1 0 1 0
�

, 〈↑↓ |=
�

1 0 0 1
�

, 〈↓↑ |=
�

0 1 1 0
�

, 〈↓↓ |=
�

0 1 0 1
�

(15)

So it can be readily seen the operations as η| ↑↑〉 → | ↓↓〉, η| ↑↓〉 → | ↓↑〉, η| ↑↓〉 → | ↓↑〉
and η| ↓↓〉 → | ↑↑〉.

ˆ̃H =









J0 −Jke−i π4 Jke−i π4 0
−Jkei π4 −J0 2iJk3 + J0 −Jke−i π4

Jkei π4 −2iJk3 + J0 −J0 Jke−i π4

0 −Jkei π4 Jke−i π4 J0









(16)

The above matrix has some specific properties due to the anisotropic DM interaction,

ησz⊗σz
Ĥη−1

σz⊗σz
= H for Jk→−Jk

ησy⊗σy
Ĥη−1

σy⊗σy
= H for Jk3 → 0

(17)

In our analysis, we examine the eigenvalues of the spin Hamiltonian defined in equation 16
within the (1,1) occupancy sector. This is represented in figures 2 and 3. We observe the
emergence of complex eigenvalues and the formation of exceptional points due to perturbative
RG. This phenomenon is also evident in the one-loop and Poorman equations in non-Hermitian
scenarios [4,5]. Here, we present numerical evidence of the spectral properties at these fixed
points.

Using Fock-space diagonalization with J̃k =
1
2 ±

1
2

p

1+ 4mJk3 in the single occupancy sec-
tor(SS), we find that for Jk3 < |0.5|, the eigenvalues follow hyperbolic trajectories typical of
the conventional Kondo regime. However, for values greater than the critical value, topo-
logical transitions occur in the spectrum. In the resonant level scenario depicted in figure 3,
exceptional points emerge for large m values.

As J0 increases, the disappearance of the Dirac cone indicates the emergence of a spec-
tral gap. This observation underscores the role of the RG invariant Jk =

1
2 ±

1
2

p

1+ 4mJk3

in shaping the impurity spectrum. This invariant is crucial for the appearance of coalescing
points in the spectrum, revealing the complex interplay between coupling parameters and their
renormalization under RG flow. These coalescing points vanish as J0→∞.

4.1 Condition Number In Fock Space

The condition number [37] κ(A) of matrix A is defined as κ(A) = |λmax |
|λmin|

, where λmax and λmin
correspond to the highest and lowest eigenvalues. This number is associated with error in
measurement, sensitivity, and the singular spectrum of real and complex-valued matrices. We
illustrate this number in plots 4 and 5 for one and two impurities for local Hamiltonian in spin
Fock space. The sensitivity of the models with Jk3 versus K type of DM interactions is also
depicted. The defectiveness in diagonalization is attributed to eigenvector becoming parallel
and loss of orthogonality indicating exceptional points. However, the conclusion made here is
based on the local Hamiltonian in sector one fock space, hence this is relevant to the dissipation
in this subsystem and does not translate to full many-body systems. Note that dissipation in
large N systems generally shown to be relevant for local system, since larger systems always
tend to equilibrate. Recently the perturbation sensitivity to NH systems [7] has been shown
using condition number analysis.
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Figure 2: The eigenvalues of the model (equation 16) with J0 = −2.0 (above) and
J0 = 1.0 (below), along with the RG invariant m = ±0.01. For small values of m
and two roots denoted as J0 < 0, J0 > 0, the eigenvalues are denoted from E1 to E4
for corresponding RG root. Topological transitions occur at Jk3 = ±0.5 and around
Jk3 = 0.75. At smaller values of m, there will be small imaginary weights in the
eigenvalues, but no exceptional points. These topological points remain at higher
values of m, but the spectrum will be gapped due to higher J0 values.
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Figure 3: Eigenvalues of the equation 16 for resonant level cases(small J0).For
J0 = ±0.1 and the RG invariant m = ±4.0. The labels E1 to E4 denote four dif-
ferent eigenvalues for positive and negative RG invariants, respectively. A Dirac cone
appears in the impurity spectrum due to the topological properties of the local Hamil-
tonian. Larger values of m are required to observe exceptional points, and the gap
in the spectrum widens with increasing J0.
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Figure 4: Variation of the condition number with anisotropic DM coupling Jk3 in
the model in equation 13, using Fock-space diagonalization in the SS of the one-
impurity problem. Diverging cusp-like points indicate high condition numbers de-
noted in graph implies defects in diagonalization found figure2.

5 Renormalization With Potential Scattering

We analyze the coefficients of effective model and construct the regular hexagonal boundaries
of the bath as shown in figure 6.The spin-spin interaction model resembles the structure in
work [5] after including potential scattering terms. Our goal is to examine whether the invari-
ant responsible for coalescence (Exceptional Point, EP) undergoes renormalization or remains
unrenormalized with the inclusion of non-Hermitian terms, particularly at third-order RG cor-
rections. Complex-valued potential scattering is essential for obtaining fixed points in the flow,
corresponding to ground state topological transitions in the eigenvalue spectrum of the model.
The effective model with scattering terms can be expressed as follows:

H ′e f f = H0 +
∑

kk′
J0s ·ψ†(Σ)ψ+ i

∑

kk′
J⃗0,0

k3 · (s×ψ†(Σ)ψ) + i
∑

kk′
J⃗ (0,0)

k · (s×ψ†(Σ)ψ) +Hpot

(18)

Where we add the PC-symmetric potential scattering terms as shown in the figure 6 and rep-
resented as Hpot can be written as following,

Hpot =
∑

kk′

�

J⃗
2π
3 ,−π3

k3 + J⃗
2π
3 ,−π3

k

�

· (s×ψ†(Γ)ψ)−
∑

kk′

�

J⃗
± 2π

3 ,±π3
k3 + J⃗

± 2π
3 ,±π3

k

�

· (s×ψ†(Ω)ψ) (19)

Essentially, added degrees of freedom areψ† =
�

c†
k 2π

3 +
, c†

k π3−
, c†
−k− 2π

3 +
, c†
−k−π3−

�

needed to
achieve the generalized Pauli matrices or the block structure of the Kondo problem and it is de-
tailed in Appendix B3 we have shown by expanding the above model in detail to derive the RG
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Figure 5: Variation of condition numbers in Fock space of the two-impurity model
given in equation 23,and they show that the model is well conditioned for most
values of K, except when K is 0. However, high condition numbers occur when the
anisotropic coupling is non-zero, indicating that the model is not defective when Jk3

and Jk couplings are absent.

equations and those are plotted in the figure 7. We used the simplified notations for the cou-

plings as
�

J0, J0,0
k3 , J

± 2π
3 ,±π3

k3 , J
2π
3 ,−π3

k3 , J (0,0)
k , J

± 2π
3 ,±π3

k , J
2π
3 ,−π3

k

�

into
�

J0, Jk3 , g1k3 , g2k3 , Jk, g1k, g2k

�

.

6 Generalization to Two Impurities

We extend our model to a two-impurity Kondo system, incorporating direct spin-spin coupling
and an isotropic DM interaction between impurities. Similar interactions have been studied
in double quantum dots with spin-orbit coupling [38], where the DM term is restricted to
the Y-component for baths with linear dispersion. Here, we analyze the renormalization of
anisotropic versus isotropic interactions.

6.1 Effective Hamiltonian and Renormalization Group Equations

The effective spin Hamiltonian takes the form:

Heff = H0 +
∑

kk′
J0sα · Skk′ + i
∑

kk′ζ

J⃗k3 · (sα × Skk′) + i
∑

kk′ζ

J⃗k · (sα × Skk′) + JY s1 · s2 + iK⃗ · (s1 × s2),

(20)

where H0 =
∑

kζ εkζc
†
kζckζ is the kinetic energy term, JY represents the direct coupling be-

tween impurities, and K denotes the impurity DM interaction. The bold symbols denote
spinor vectors, as previously defined.

9
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Figure 6: Left schematic representing two Anderson impurities in the edge states of
the bath. Right one is regular hexagonal cell of bath to incorporate PC symmetric
potential scattering terms. The left and right scatterers are depicted with green and

blue arrows, respectively. Here, k∥ → k,
q

k2
x + k2

y → k and θ → tan−1 ky

kx
. For

derivations, see equations from 3 to 5. Electron and hole scatterings for (k,θ ) to
(−k,θ ′) are represented around the Dirac cone.Note that k is modulus of the vector
and only its direction will decide the sign of momenta of hole or electron.

Since the generalized problem introduces multiple couplings, we restrict our analysis to
the one-loop RG equations:

dJ0

dl
= J2

0 + Jk3 Jk + J2
k3 + J2

k + JY J0 + KJ0,

dJk3

dl
= J2

k + J0Jk3 + JY Jk3 + JY Jk + KJk3 ,

dJk

dl
= J0Jk + JY Jk3 + JY Jk + KJk,

dJY

dl
= J2

Y + K2 + J2
0 + Jk3 Jk + J2

k + J2
k3 ,

dK
dl
= K2 + KJY + Jk3 Jk.

(21)

Solutions to these equations, in various limiting cases, are detailed in the Appendix. The
vanishing of the beta functions for Kondo destruction is analyzed within the odd-even coupling
framework [39,40]. Given our focus on nonlinear couplings Jk, Jk3 , we investigate anomalous
contributions to spin relaxation time and the fixed points governing these couplings.

6.2 Eigenspectrum and Fixed Points

To further understand the connection between RG fixed points and the eigenspectrum, we
construct the three-spin Fock space representation for the two-impurity system. The effective
Hamiltonian in this basis is:

H̃2imp =
∑

kk′
J̃0sα · Skk′ + i
∑

kk′α

˜⃗Jk3 · (sα × Skk′) + i
∑

kk′α

˜⃗Jk · (sα × Skk′) + J̃Y s1 · s2 + i ˜⃗K · (s1 × s2).

(22)

Here, α indexes the two impurities. The Fock space representation in the symmetric sector
(SS) is given by:

ψ† = (| ↑↑↑〉, | ↑↑↓〉, | ↑↓↑〉, | ↓↑↑〉, | ↑↓↓〉, | ↓↓↑〉, | ↓↑↓〉, | ↓↓↓〉)

10



SciPost Physics Submission

-2 -1 0 1 2

-2

-1

0

1

2

g
2 k

3

g
2
k

-2 -1 0 1 2

-2

-1

0

1

2

g
1 k

3

g
1
k

-2 -1 0 1 2

-2

-1

0

1

2

J0

J
k
3

-2 -1 0 1 2

-2

-1

0

1

2

J0

J
k
3

-2 -1 0 1 2

-2

-1

0

1

J0

J
k
3

-2 -1 0 1 2

-2

-1

0

1

2

J0

J
k
3

Figure 7: In these figures, we show the RG flow using the fixed values g1k = g1k3 = 1,
which is invariant derived in the appendix B. Throughout our calculations, we use
J1k =

1
2 ±

1
2

p

1+ 4mJ1k3 alongside setting m = −4. The top row of the plots repre-
sents potential scattering, and the second row shows the real and imaginary parts of
(J1k) in both RG equations in x and y axes, where the notation (R+, R+) and (R+ I+)
denotes the real and imaginary parts on the x and y axes, respectively. Similarly,
the third row is (I−, R−) and (I−, I−). We observe at least two fixed points (FP) and
two spiral points(SP) in the second row, while the third row shows one SP and one
marginal point. The dotted lines in the second plot of the first row represent a fam-
ily of FPs.The EP signatures figure 3 in RG flow can be observed here as parallel
arrows at small J0 and Jk3 values, representing unstable solutions.At these SP we
found topological transitions in figures2 and high condition numbers in figure 4 for
Jk3 = 0.5.
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The Hamiltonian is then expressed as:

ˆ̃H2imp = 〈ψ|H̃2imp|ψ〉. (23)

Expanding in matrix form, we analyze the symmetry properties of ˆ̃H2imp. Constructing the
metric operator η̂= σx ⊗σx ⊗σx as in Ref. [36], we verify its PC symmetry, expressed as:

η̂Ĥη̂† = −Ĥ†.

We demonstrate that anisotropic DM-interaction is necessary to satisfy this condition,
specifically requiring Jk3 ̸= 0. The Hamiltonian lacks PC symmetry when Jk3 = 0.

The full Hamiltonian matrix is given by:

ˆ̃H =



























2J0 + JY −ei π4 JKp 0 0 ei π4 JKp 0 0 0
−e−i π4 JKp −JY 4J0p −2ei π4 Jk 4JY p ei π4 JKm 0 0

0 4J0m −2J0 + JY ei π4 JKm 4J0p 0 −ei π4 JKm 0
0 −2e−i π4 Jk e−i π4 JKm −Jy 0 4J0p 4JY p −ei π4 JKp

e−i π4 JKp 4JY m 4J0m 0 −Jy −ei π4 JKm −2ei π4 Jk 0
0 e−i π4 JKm 0 4J0m −e−i π4 JKm −2J0 + Jy 4J0p 0
0 0 −e−i π4 JKm 4JY m −2e−i π4 Jk 4J0m −Jy ei π4 JKp

0 0 0 −e−i π4 JKp 0 0 e−i π4 JKp 2J0 + Jy



























where we define the reduced notations JKp = Jk+K , JKm = Jk−K , and analogous expressions
for J0 and JY .

7 Solutions for RG ODE

We calculated numerical solutions for the set of equations 21 and plotted them around the
fixed points as initial conditions for the RG ODE. The results are shown in Figure 8. These
solutions are restricted to real values, and we observe the renormalization of Jk3 and Jk in
agreement with our analytical findings. In the next section, we analyze the general solutions
around the dissipative fixed points.

7.1 RG Equations: Zeros and Poles Analysis

We analyze the RG ODEs by extending the solutions into the complex plane, treating them as
RG beta functions [14]. These beta functions typically exhibit a single-peak structure at fixed
points. Previous studies [4, 5, 14] indicate that complex fixed points exhibit unique features,
including RG reversion.

Extending this concept, we observe that the peak structure in the imaginary part of the
beta function undergoes a sign reversal. This behavior is illustrated in Figure 9, where spiral
fixed points (SPs) can be identified through these features, which are characteristic of this type
of dissipation.

Other features in the RG beta functions, such as zero crossings or the absence of a single-
peak structure, are associated with unstable points. A more detailed quantitative analysis is
required to classify the different types of fixed points. The analysis presented here remains
robust across different methodological approaches.

Consistent results from both conformal field theory (CFT) and the renormalization group
(RG) equations suggest that both approaches capture the essential physics of the problem and
provide complementary insights.
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Figure 8: Numerical solutions of the RG equations (21) at the fixed points in the
flow diagrams. The x-axis represents the flow parameter, and each plot is labeled
with the initial conditions for the RG ODE evolution. Diverging solutions indicate
strong coupling regimes, while abrupt sign-changing cusp-like features correspond
to dissipative regimes. The inset graph corresponds to a large negative RKKY, whereas
the remaining plots use small initial values for RKKY. The results illustrate that renor-
malizing RKKY requires contributions from all other bath-induced couplings, leading
them to flow to zero.
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Figure 9: Dotted and thick lines correspond to real and imaginary coupling values, re-
spectively. Sign reversion occurs in all couplings for imaginary weights at Jk3 = −2.0
in the bottom plot. The middle panel shows two initial conditions in one plot, with
conditions labeled inside the figure. Between two sign-reversing phases (top to bot-
tom), various two-pole and three-pole regimes emerge. We verified that sign rever-
sion (SR) in imaginary weights occurs at these dissipative (spiral) fixed points for
both one- and two-impurity cases.
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Figure 10: Sign reversion at the fixed points, particularly at the red points in Figure
7 (second row), compared to the unstable black point in the bottom row. The initial
conditions for other couplings are set to very small values to ensure the one-impurity
regime in equations 21.

8 Impurity Transport Calculation

We compute the anomalous contributions to the relaxation time in the presence of a non-
linear dispersive bath using the Tkk′ formalism [35], with detailed calculations provided in
Appendix E. The expression for the relaxation time is given by:

1
τ
∝ (1− 2J g̃α − 2Jk3 g̃αk3 − 2Jk g̃αk), (24)

where the couplings J0, Jk, Jk3 correspond to the bare model parameters, while the integrals
g̃α, g̃αk3 , and g̃αk arise from second-order perturbation theory (see Appendix E).

We further investigate the criticality associated with dissipative fixed points obtained from
perturbative RG. Our analysis reveals two distinct scaling collapse regimes, as discussed in the
next section, and an emergent invariant structure that persists in the RG flow.

8.1 Scaling Collapse in 1
τ

In the previous sections, we identified emergent coalescing points, which arise when the inte-
grand vanishes in Eq. (58) or when q→ 0. These points are given by the condition

(k2 −µ)2 −λ2k2 = 0, (25)

yielding momentum roots
k
λ
=

1
2
±

1
2

s

1+ 4
µ

λ2
. (26)

We compare this to the RG-invariant relation,

Jk =
1
2
±

1
2

p

1+ 4mJk3 , (27)

noting that in the small β limit, the relations Jk∝
k
λ and Jk3∝ 1

λ2 hold, with µ corresponding
to the invariant m. This analysis is reminiscent of the laser-induced Kondo effect studied
in [41].
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Exceptional points exist only when the chemical potential µ ̸= 0, marking a critical regime
where null momentum points emerge. Beyond a critical value of µ, the system transitions
to complex momentum values, signaling a complex gauge choice for momentum. These null
momentum points also manifest in the diagonalization of the effective spin-spin Hamiltonian.

To illustrate these results, we plot the computed functions in Fig. 11, fixing µ = −1.0 and
λ = 1.0 while varying ε. We then rescale the functions and their arguments with the band-
width, following the momentum roots prescription discussed earlier, to demonstrate scaling
collapse. The scaling analysis can be extended to strong dissipation with complex-valued cou-
plings, which is beyond the scope of this work. Here, we focus on establishing the emergence
of an invariant structure induced by bath perturbations.

In the anisotropic model, scattering terms with PC symmetry give rise to a non-Hermitian
Kondo problem. Under renormalization, special points (SPs) emerge, potentially exhibiting
complex critical behavior. A deeper understanding of these effects may require specialized
methods tailored to the specific nature of dissipation. Note that additional scattering terms
were not included in our transport calculations; their impact on transport can be addressed in
a separate study.
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Figure 11: (a) Relaxation time τ for different values of the nonlinear parame-
ter β , where τ−1 is proportional to resistivity. (b) The first point of each curve
is scaled, showing a kink in τ. (c), (d) Scaling collapse is demonstrated, with
the kink disappearing when scaling is applied from two different roots, given by
τ−1
±r = τ

−1 × (1±
p

4Deff + 1) and D±r
eff = Deff × (1±

p

4Deff + 1).
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9 Results and Discussion

The nontrivial renormalization of the impurity problem is demonstrated through the identifi-
cation of dissipative fixed points in the model, revealed via perturbative renormalization group
(RG) analysis incorporating PC-symmetric potential scattering. In contrast to the well-known
irrelevance of these terms under particle-hole symmetry, we find that PC interactions play a
crucial role in the weak-to-intermediate interaction regime. Despite the presence of PC terms,
a common invariant structure emerges in both RG analysis and relaxation-time calculations,
governing the behavior of dissipative fixed points. Furthermore, we show that the local effec-
tive Hamiltonian for a single impurity undergoes a topological transition at the fixed points
observed in the RG flow, reinforcing the importance of PC-symmetric interactions in the prob-
lem. Additionally, we demonstrate that the high condition number of the local Hamiltonian in
Fock space for real-valued couplings signals defectiveness, driven by anisotropy.

We analyze RG equations for single- and two-impurity problems in a homogeneous bath.
Our results indicate that anisotropic DM interactions act as Hermiticity-breaking terms with
PC symmetry, leading to the emergence of coalescing points in Kondo models. A distinctive
transport signature arises due to residue contributions from a specific bath when q ̸= 0. Nu-
merical analysis of the RG flow diagrams reveals sign-reversion regimes at the fixed points,
with potential scattering playing a crucial role in introducing openness to the system. As a
result, these fixed points are specific to the type of dissipation considered. Furthermore, non-
linear perturbations contribute to the renormalization flow, with exceptional points appearing
in the elliptic function solutions.

This study opens new avenues for experimentally realizing higher-order exceptional points
and their associated topology in anisotropic vacancy-spin systems [21]. Exceptional points
could also be realized in systems such as cavity-bath interactions and vacancy centers in di-
amond by controlling cubic perturbations. Our findings further motivate advanced Numeri-
cal Renormalization Group (NRG) calculations incorporating complex-valued and anisotropic
DM interactions to investigate critical phenomena in dissipative quantum impurity models.

We also note that in our follow-up work using Keldysh mean-field Green functions, we
observed similar fixed points and an intriguing hybridization evolution in non-equilibrium
scenarios, particularly at exceptional points.
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10 appendix

10.1 Projection details for deriving effective sd model

The projection operator method is a versatile technique used in single-particle quantum me-
chanics [42] and many-body physics [35], particularly in the study of Kondo problems. It
allows for the description of many-body wavefunctions in distinct sectors based on the occu-
pancy of the impurity subspace, such as unoccupied (ψ0), singly occupied (ψ1), and doubly
occupied (ψ2) sectors. The method provides a formalism for projecting the total many-body
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wavefunction onto these sectors, facilitating a systematic analysis of the Kondo problem.

� 2
∑

i=0

|ψi〉〈ψi|
�

H
� 2
∑

i=0

|ψi〉〈ψi|
�� 2
∑

i=0

|ψi〉〈ψi|
�

ψ= E
� 2
∑

i=0

|ψi〉〈ψi|
�

ψ (28)

The identity operators can be represented as projectors onto the (0,1, 2) subspaces, corre-
sponding to unoccupied, singly occupied, and doubly occupied states. These projectors are
orthogonal.





H00 H01 H02
H10 H11 H12
H20 H21 H22









ψ0
ψ1
ψ2



= E





ψ0
ψ1
ψ2





where PηPη′ = δηη′Pη=η′ and P I = P, I ∈ Z+

Hη,η′=0,1,2 = PηHPη′

(29)

We can define the projection operators using impurity number operators satisfying the complet-
ness relation
∑

η Pη = I as P0 = (1− n↓)(1− n↑),P1 = n↓(1− n↑) + n↑(1− n↓), and P2 = n↑n↓.
The effective Hamiltonian for different subspaces can be obtained by eliminating the corre-
sponding wave function in favor of the others.

Hηe f f = Hηη +
∑

η′ ̸=η=0,1,2
ζ,ζ′=±

Hζ
ηη′

1
E −Hη′η′

Hζ
′

η′η (30)

In the equation 30, the index η and η′ = 0, 1,2 corresponds to the unoccupied, singly occu-
pied, and doubly occupied states, respectively.Computing the P1HP2 we get the following,

H̃+12 =
∑

kθ

Ṽ θk αk1e−i θ2 c†
k+n↓d↑ +
∑

kθ

ei θ2 Ṽ θk αk2c†
k+n↑d↓

H̃−12 =
∑

kθ

iṼ θk αk2e−i θ2 c†
k−n↓d↑ −
∑

kθ

iei θ2 Ṽ θk αk1c†
k−n↑d↓

=⇒ (H+21 +H−21) = (H
+
12 +H−12)

†

(31)

Similarly for the P0HP1 again only hybridization terms contribute can be shown as the
following,

H̃+10 =
∑

kθ

Ṽ θk αk1e−i θ2 c†
k+(1− n↓)d↑ +
∑

kθ

ei θ2 Ṽ θk αk2c†
k+(1− n↑)d↓

H̃−10 =
∑

kθ

iṼ θk αk2e−i θ2 c†
k−(1− n↓)d↑ −
∑

kθ

iei θ2 Ṽ θk αk1c†
k−(1− n↑)d↓

=⇒ (H+01 +H−01) = (H
+
10 +H−10)

†

(32)

The components H02 and H20 will vanish since P0 commutes and also using the orthogonality
P0P2 = 0. The remaining components can be computed as follows:

H00 =
∑

kζ

εkζc
†
kζckζP0 +
∑

σ

εd nσP0,

H11 =
∑

kζ

εkζc
†
kζckζP1 +
∑

σ

εd nσP1,

H22 =
∑

kζ

εkζc
†
kζckζP2 +
∑

σ

εd nσP2 + Un↑n↓P2.

(33)
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We will derive the components of the Hamiltonian to obtain the effective Hamiltonian can
be expressed as:

H1
e f f = H11 +
∑

ζ,ζ′=±

�

Hζ12
1

E −H22
Hζ
′

21 +Hζ10
1

E −H00
Hζ
′

01

�

The derivation proceeds as follows:

∑

ζ,ζ′=±

Hζ12
1

E −H22
Hζ
′

21

= H+12
1

E −H22
H+21 +H+12

1
E −H22

H−21 +H−12
1

E −H22
H+21 +H−12

1
E −H22

H−21

=
∑

kk′θθ ′
Ṽ θk Ṽ ∗θ

′

k′

�

αk1e−i θ2 c†
k+n↓d↑ + ei θ2αk2c†

k+n↑d↓

�

M̂22

�

αk′1e−i θ
′

2 c†
k′+n↓d↑ + ei θ

′
2 αk′2c†

k′+n↑d↓

�†

+
∑

kk′θθ ′
Ṽ θk Ṽ ∗θ

′

k′

�

αk1e−i θ2 c†
k+n↓d↑ + ei θ2αk2c†

k+n↑d↓

�

M̂22

�

iαk′2e−i θ
′

2 c†
k′−n↓d↑ − iei θ2αk′1c†

k′−n↑d↓

�†

+
∑

kk′θθ ′
Ṽ θk Ṽ ∗θ

′

k′

�

iαk2e−i θ2 c†
k−n↓d↑ − iei θ2αk1c†

k−n↑d↓

�

M̂22

�

αk′1e−i θ
′

2 c†
k′+n↓d↑ + ei θ

′
2 αk′2c†

k′+n↑d↓

�†

+
∑

kk′θθ ′
Ṽ θk Ṽ ∗θ

′

k′

�

iαk2e−i θ2 c†
k−n↓d↑ − iei θ2αk1c†

k−n↑d↓

�

M̂22

�

iαk′2e−i θ
′

2 c†
k′−n↓d↑ − iei θ

′
2 αk′1c†

k′−n↑d↓

�†

(34)

In equation 34 M̂22 =
1

E−H22
, we simplify using commutation algebra for operators of the

form 1
E−O1

O2, where [O1, O2] = cO2. This allows us to rewrite the expression as a power series
and show explicit calculations for a specific component in He f f .

∑

ζ,ζ′=±

Hζ10
1

E −H00
Hζ
′

01

= H+10
1

E −H00
H+01 +H+10

1
E −H00

H−01 +H−10
1

E −H00
H+01 +H−10

1
E −H00

H−01

=
∑

kk′θθ ′
Ṽ θk Ṽ ∗θ

′

k′

�

αk1e−i θ2 c†
k+n̄↓d↑ + ei θ2αk2c†

k+n̄↑d↓

�

M̂00

�

αk′1e−i θ
′

2 c†
k′+n̄↓d↑ + ei θ

′
2 αk′2c†

k′+n̄↑d↓

�†

+
∑

kk′θθ ′
Ṽ θk Ṽ ∗θ

′

k′

�

αk1e−i θ2 c†
k+n̄↓d↑ + ei θ2αk2c†

k+n̄↑d↓

�

M̂00

�

iαk′2e−i θ
′

2 c†
k′−n̄↓d↑ − iei θ2αk′1c†

k′−n̄↑d↓

�†

+
∑

kk′θθ ′
Ṽ θk Ṽ ∗θ

′

k′

�

iαk2e−i θ2 c†
k−n̄↓d↑ − iei θ2αk1c†

k−n̄↑d↓

�

M̂00

�

αk′1e−i θ
′

2 c†
k′+n̄↓d↑ + ei θ

′
2 αk′2c†

k′+n̄↑d↓

�†

+
∑

kk′θθ ′
Ṽ θk Ṽ ∗θ

′

k′

�

iαk2e−i θ2 c†
k−n̄↓d↑ − iei θ2αk1c†

k−n̄↑d↓

�

M̂00

�

iαk′2e−i θ
′

2 c†
k′−n̄↓d↑ − iei θ

′
2 αk′1c†

k′−n̄↑d↓

�†

(35)

We consider θ = θ ′ k = k′ for now, potential scattering will be included later. From equations
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34 and 35, we derive the following component of the effective Hamiltonian.

He f f = H11 +
θθ ′
∑

kk′ζ

Mθθ ′

kk′ζ

�

eiδαk1αk′1c†
k+d↑d

†
↑ ck′+ + e−iδαk2αk′2c†

k+d↓d
†
↓ ck′+ + eiφαk2αk′1c†

k+d↓d
†
↑ ck′+

+ e−iφαk1αk2c†
k+d↑d

†
↓ ck′+

�

+ i
θθ ′
∑

kk′ζ

Mθθ ′

kk′ζ

�

αk1αk′1e−iφc†
k+d↑d

†
↓ ck′− − e−iδαk2αk′1c†

k+d↑d
†
↑ ck′−

+eiδαk2αk′1c†
k+d↓d

†
↓ ck′− −αk2αk′2eiφc†

k+d↓d
†
↑ ck′−

�

− i
θθ ′
∑

kk′ζ

Mθθ ′

kk′ζ

�

αk1αk′1eiφc†
k−d↓d

†
↑ ck′+

−eiδαk2αk′1c†
k−d↑d

†
↑ ck′+ + e−iδαk1αk′2c†

k−d↓d
†
↓ ck′+ − e−iφαk2αk′2c†

k−d↑d
†
↓ ck′+

�

+
θθ ′
∑

kk′ζ

Mθθ ′

kk′ζ

�

eiδαk1αk′1c†
k−d↓d

†
↓ ck′− − e−iφαk2αk′1c†

k−d↑d
†
↓ ck′− − eiφαk1αk2c†

k−d↓d
†
↑ ck′−

+e−iδαk2αk′2c†
k−d↑d

†
↑ ck′−

�

(36)

where in above δ = θ
2−

θ ′

2 andφ = θ
2+

θ ′

2 . It can be seen in above equation 36 He f f = H†
e f f

since the k, k′ summations interchangeable.In equation 36 the elements Mθθ ′

kk′ζ =
Ṽ θk Ṽ θ

′
k′

−εd+εkζ
+

Ṽ θk Ṽ θ
′

k′
U+εd−εkζ

and Ṽ θk =
Vkp

βγk3 cos3θ
.we demonstrate how anisotropy arises in a Hermitian problem and its

associated symmetry, leading to exceptional points. It’s important to note that not all per-
turbative methods lead to exceptional points unless there are symmetries present even in the
original model. In the current scenario, we have two crucial tuning parameters, denoted as
k and θ , which significantly influence the local Hamiltonian properties. Additionally, the β
parameter term plays a role similar to a magnetic field coupled system, such as B∗Sz , except it
is associated with dispersion in this particular problem.Note that the edge contribution, which
solely emerges in the cross-terms, particularly s⃗×S⃗kk′ , does not contribute to szSz

kk′ . That is why the
spin Hamiltonian in equation 16 show topological properties.We simplify the above and use the
Abrikosov representation [43] for spin for impurity as s = ψ†

dσψd and Sk = ψ
†
kσψk for bath

operators. In this representation, σ is the Pauli matrix, ψ†
d =
�

d†
↑ d†

↓

�

and ψ†
k =
�

c†
k↑ c†

k′↓

�

.
Collecting all terms in equation 36,

H1
e f f = H11 +
∑

kk′ζ

Mθθ ′

kk′ζ

�

(αk1αk′1eiδ + e−iδαk2αk′2)szSz
kk′

+ (αk1αk′1 +αk2αk′2)
�

eiφs−S+kk′ + e−iφS−kk′s+

�

+αk1αk′2

�

eiφs−Sz
kk′ + e−iφSz

kk′s+
�

+ i(αk1αk′1 −αk2αk′2)
�

eiφs−S+kk′ − e−iφS−kk′s+

�

+αk1αk′2

�

− ieiδszS−kk′ + ie−iδS+kk′sz

��

(37)

A simplification in doubly underlined terms leads to anisotropic DM-interaction. For symme-
try properties, refer to the section III in the main article.Substituting αk1 =

p

∆+ βk3 cos 3θ ,
αk′2 =
p

∆− β(k′)3 cos3θ ′ and in limit k → k′ we get simplifications as α2
k1 + α

2
2 = ∆,

where the ∆ =
p

β2k6 cos2 3θ +λ2k2, α2
1 − α

2
2 = βk3 cos 3θ and α1α2 = kλ.This model is

then rewritten in the form of anisotropic DM interaction model as equation 10.Analyzing the
prefactors of Mθθ ′

kk′ , which scale as Vkp
βγk3 cos3θ

Vk′p
βγ(k′)3 cos3θ ′

, we can consider the scatterings

by constructing a regular hexagon, as the cos3θ takes maximum values at the points of this
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hexagonal cell. For any given k point at band edges, these scatterings will be high-energy states
and need to be integrated out. As we discussed in the main article, we proceed by constructing

the new spinor asψ† =
�

c†
k 2π

3 +
c†

k π3−
c†

k− 2π
3 +

c†
k−π3−

�

; in this basis, the Hamiltonian may be
written in a more general form discussed in the next section.

11 Including the potential scattering

In the main article we discussed about the incorporated potential scattering terms, Here we
expand model and detail how we can use the lie matrices algebra to compute RG equations.
We can expand the above equation by expressing it in terms of magnitudes and operators in
vector form, where the spin operator components are denoted with a hat symbol.

H1
e f f = H0 +
∑

kk′
J0

�

Sx Σ̂x + SyΣ̂y + SzΣ̂z

�

+ i
∑

kk′
|J⃗k3 |(Sx Σ̂y − Σ̂xSy)−

∑

kk′
| g⃗1k3 |(Sx Ω̂y − Ω̂xSy)

+
∑

kk′
| g⃗2k3 |(Sx Γ̂y − Γ̂xSy) + i

∑

kk′
|J⃗k|
�

(SyΣ̂z − Σ̂ySz) + (Sx Σ̂z − Σ̂xSz)
�

−
∑

kk′
| g⃗1k|
�

(SyΩ̂z − Ω̂ySz) + (Sx Ω̂z − Ω̂xSz)
�

+ i
∑

kk′
| g⃗2k|
�

(Sy Γ̂z − Γ̂ySz) + (Sx Γ̂z − Γ̂xSz)
�

(38)

We use the diagrams [44–47] with all permutations of vertices using the following algebra for
third order perturbation theory,

[Σa,Σb] = 4i εabc Σc ,

[ΣaΣb,Σc] = 8i εabc I − 8δabΣc + 8δac Σb,

[Γa, Γb] = 4i εabc Γc ,

[ΓaΓb, Γc] = 8i εabc I − 8δab Γc + 8δac Γb,

[Ωa,Ωb] = 4i εabc Ωc ,

[ΩaΩb,Ωc] = 8i εabc I − 8δabΩc + 8δac Ωb,

[Ωa,Σb] = 0,

[ΩaΣb,Σc] = 4i εbcd

�

σaσd σaσd
−σaσd −σaσd

�

,

[ΣaΩb, Γc] = 0.

(39)

Where in above equation 39 Σi =

�

σi σi
σi σi

�

, Ωi =

�

σi 0
0 −σi

�

, Γi =

�

σi 0
0 σi

�

and

Υ =

�

I2×2 0
0 I2×2

�

these conventions used earlier [5]. The subscript i refers a,b and c which

are Pauli matrices.Using the algebra we derive RG equations as follows,
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dJ0

dl
= J2

0 + J2
k3 + J2

k + Jk3 Jk + J2
k J0 + J2

k3 J0 + J3
0 − Jk3 g2k − Jk3 g2k3 − Jk g2k + g2

2kJk3 + g2
2k3 Jk − J2

k g2k3

dJk3

dl
= J2

k + J0Jk3 + J2
k Jk3 + J2

0 Jk3 + J3
k3 ,

dJk

dl
= J0Jk + J2

0 Jk + JkJ2
k3 + J3

k

d g1k3

dl
= g3

1k3 − g2
1k g1k3 ,

d g1k

dl
= g3

1k − g2
1k2 g1k

d g2k3

dl
= −g3

2k3 + g2
1k3 g2k3 ,

d g2k

dl
= −g3

2k + g2
1k g2k

(40)

From above, we identify various RG invariants as
g1k3

g1k
= m1, and we can notice that af-

ter adding the potential scattering terms, we still have the invariant J2
k + Jk = mJk3 and

g2
2k(g2k+

p
m2)

(g2k−
p

m2)
=

g2
2k3 (g2k3+

p
m2/m1)

(g2k3−
p

m2/m1)

11.1 Analytic Solution of RG Equations

A straightforward simplification of the equations 11 for Jk3 and Jk by eliminating J0 yields the
following expressions:

dJk3

dl
− J2

k =
Jk3

Jk

dJk

dl
,

1
Jk3

dJk3

dl
−

J2
k

Jk3
=

1
Jk

dJk

dl
(41)

By performing a substitution
J2

k
Jk3
= x , which results in d x

dl = 2 Jk
Jk3

dJk
dl −

J2
k

J2
k3

dJk3

dl , and subsequently

rearranging the equation, we obtain the solution Jk =
1
2 ±

1
2

p

1+ 4mJk3 .We can derive the
complete solution by variable separation as follows:

J0
dJ0

dl
− J3

0 = n,
� J2

k + Jk

m
+ Jk

(Jk + 1)2

m2
+ Jk

�

dJk

dl
= n (42)

The resulting solution will be in terms of two invariants, n and m. When we allow for complex

solutions, we find that J∗k →
p

3ei π3

2 , J∗k3 →
9ei π3

16 , and m = ei π3 , with J∗0 having a tan−1 quantity
that vanishes for J∗0 = ±1 in both ferromagnetic and antiferromagnetic cases as n→ 1. Please
see equations in 43. Additionally, the logarithmic contribution to the scale vanishes when
J∗0 = −2. These fixed points(complex) are obtained by incorporating the potential scattering
terms.

log
�

[m2 +m(Jk − 1) + (Jk − 1)2]3γ

J2γ
k

�

+
(m− 2)

p
3(m2 −m+ 1)

tan−1
�

m+ 2Jk − 2
p

3m

�

= n log De f f

(43)

Solving first equation in 42 for J0 as following,

log
�

n2/3 + 3pn(−J0) + J2
0

�

− 2 log
�

3pn+ J0

�

6 3pn

−2
p

3 tan−1

�

1− 2J0
3pnp
3

�

6 3pn
= log De f f

(44)

In above equation γ = −m
6∗(m2−m+1) and gamma diverges when m = e±i π3 .As a result we expect

complex fixed points and as exponent γ diverge.
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A noteworthy similarity exists between the RG equations for a single impurity in edge states
and that of two impurities having DM interactions. To explore this connection, we address
the two-impurity problem by simplifying the RG equations. We consider setting all couplings
to zero, except for J0 ̸= JY ̸= K ̸= 0.

dJ0

dl
= J2

0 + JY J0 + KJ0,
dJY

dl
= J2

Y + J2
0 + K2,

dK
dl
= K2 + KJY . (45)

By solving the equations for J0 and K , we obtain the solution J0 =
RK

K−1 , where R is a
constant or an invariant under renormalization. Using this solution, we proceed to solve for
JY and K as follows:

JY
dJY

dl
− J3

Y = R1,
dK
dl
− K2 =

R1
R2K
(1−K)2 + K

(46)

Solution to the JY equation can be written as follows:

3
p

R1 (−JY ) + J2
Y + R2/3

1

(JY +
3
p

R1)2
e

2
p

3 tan−1





2JY
3pR1

−1

p
3





= D
6R

1
3
1

e f f
(47)

For K-equation has higher order nonlinearity so we have solutions in two limits,

�

3
p

R1 (−K) + K2 + R2/3
1

�

�

K + 3
p

R1

�2 e
+2
p

3 tan−1





2K
3pR1

−1

p
3





= D
6 3pR1

e f f , for K →∞

− R2

K−1 + R2 log(K − 1) + 1
2(K − 1)2 + K

R1
= log De f f , for K → 0

(48)

In a similar fashion, we will work on solving the J0 equation with JY in order to separate
the solutions. For R= R1 = 1.0, we will illustrate the RG flow in figure 12. We anticipate fixed
points in different quadrants based on the sign chosen for these constants.

-2 -1 0 1 2 3

-2

-1

0

1

2

3

J0

J
Y

-2 -1 0 1 2

-2

-1

0

1

2

K

J
Y

Figure 12: RG flow of two impurity show the FP can be in different quadrants with
R1 = −1 and R= 1.0. We get around the SP((JY = 1.0, J0 = 3.0)) existing SR regime
in couplings.
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11.2 RKKY Interaction

The RKKY interaction in the edge states can be expressed by expanding it in the Fourier series
for the spins.

JY (ri − r j)∝
∑

kk′hh′

Vi j

εkh − εk′h′
eik(ri−r j)V ∗i je

−ik′(ri−r j) =

∫ 2π

0

∫ π

0

∫ k f

0

k2sinθ eikRdkdθdφ
p

k6β2 cos2 3θ +λ2k2

+ (k ̸= k′, h= h′) terms
(49)

We solve the above integral using the same method as in the impurity transport sections. We
find that the leading contribution for JY can be expressed as the sum of special functions, given
by E1(ε)+ E2(ε). With the substitution cosθ = t, we obtain the following expression.We don’t
set εk = εk′ as in the Poorman limit. Instead, we consider a chemical potential so that the
integral does not diverge in this limit.

JY ∝ π

∫

k

eikR

kβ

∮

q d t
q2 − (4t3 − 3t)2

+
∑

kk′

|Vi j|
k2 − (k′)2

eikr e−ik′r ,

where q =

p

(k2 −µ)2 − k2

βk3

(50)

The distinct contribution from the conventional flat band occurs when q ̸= 0. Vanishing points
for momentum or bandwidth occur at two limits: as β →∞ or k

λ →
1
2 ±

1
2

q

1+ 4 µ
λ2 , with

µ= −0.25 as a critical value for RKKY whenλ= 1.0. The second term is a standard component
in various studies and can be expressed using Bessel functions [48] or elliptic functions [49].
The first term can be expressed as a sum of odd and even parts; all the odd terms can be repre-
sented using elliptic functions and the even terms are composed of transcendental functions.

12 Impurity Transport Calculation

We follow the Tkk′ formalism for the effective Kondo model in equation 10 to compute the
relaxation time as follows,

1
τ
∝
�

1− 2J g̃ζ − 2Jk3 g̃ζk3 − 2Jk g̃ζk

�

(51)

Where the ζ correspond to chiral index and takes vales ζ= ± for each bands in effective model
bands.

g̃ζ =

∫ 2π

0

∫ π

0

∫ k f

0

k2sinθdkdθdφ

k2 + ζ
p

k6β2 cos2 3θ +λ2k2 −µ
(52)

where Solving the θ integral first, we get two pieces as follows,

g̃ζ = 2π

∫

k
k2

∮

d t

k2 + ζ
p

k6β2(4t3 − 3t)2 +λ2k2 −µ
(53)

we rationalize the above integral and write as the following by introducing q =
p
(k2−µ)2−λ2k2

βk3 ,

g̃ζ = 2π

∫

k

1
k

∮ q+ ζ̄
r

(4t3 − 3t)2 + λ2

β2k4 d t

q2 − (4t3 − 3t)2
=

∫

k

π

kq

�

∑

res

f (t, q) +
∑

res

f (t,−q)
�

(54)
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For finding these residues, we will use the roots of the cubic equations β(4t3 − 3t)± q = 0.
We collect positive q roots and negative as follows for doing contour integrals,

tζ =



























1
2

�

3
q

p

q2 − 1+ ζq+ 1
3
Çp

q2−1+ζq

�

,

−1
4

�

1− i
p

3
� 3
q

p

q2 − 1+ ζq− 1+i
p

3

4
3
Çp

q2−1+ζq

−1
4

�

1+ i
p

3
� 3
q

p

q2 − 1+ ζq− 1−i
p

3

4
3
Çp

q2−1+ζq

(55)

Where in above we have ζ= ±, Similarly, the other contributions are as follows,

g̃ζk3 = 2πβ

∫

k
k2

∮

((4t3 − 3t)2)(q+ ζ̄r)
q2 − (4t3 − 3t)2

d t, g̃ζk =

∫

k

∮

(q+ ζ̄r)
q2 − (4t3 − 3t)2

d t

where r =

√

√

(4t3 − 3t)2 +
λ2

β2k4

(56)

after summing over the ζ= ± bands we get following simplifications,

g̃ = 2π

∫

k

1
k

∮

qd t
q2 − (4t3 − 3t)2

, g̃k3 = 2πβ

∫

k
k2

∮

(4t3 − 3t)2qd t
q2 − (4t3 − 3t)2

, g̃k =

∫

k

∮

qd t
q2 − (4t3 − 3t)2

(57)

After contour integrals each contributes as
∮ qd t

q2−(4t3−3t)2 = q hence sum of all gζ contribution
as following,

g̃(µ) =

∫

(βqk2 − βq4k+
q
k
− q)dk (58)

We set ε≈ k2 and the density of states in 3D as ρ(ε)≈
p
ε then above integral yields,

g̃(µ) =

∫

�

p

(ε−µ)2 −λ2ε
p
ε

−
((ε−µ)2 −λ2ε)2

β3ε6− 1
2

+

p

(ε−µ)2 −λ2ε

βε2
−
p

(ε−µ)2 −λ2ε

βε
3
2

�

dε

(59)

Where in above µ is the chemical potential can take any values around Fermi energy. We
perform this above integral exactly in terms of special functions to extract contribution to 1

τ ,
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which indeed scales with RG invariant in the elliptic functions.

g̃ε∝
P1(ε) + P3

2
(ε) + T1(ε) + E1(ε) + E2(ε) + log(ε)

β3

P1(ε) = −
3µ4 − 16µ3ε+ 4µ2ε(9ε− 2) + 2ε2

�

2ε
�

β2
p

(µ− ε)2 − ε
�

2
p
ε(β − βε+ 3) + 3

�

− 6
�

+ 3
�

12ε4

P3
2
(ε) =

8µε2
�

2β3ε3/2
p

(µ− ε)2 − ε− 6ε+ 3
�

12ε4

T1(ε) = β
2 tanh−1

�

−2µ+ 2ε− 1

2
p

(µ− ε)2 − ε

�

+
(2µ+ 1)β2 coth−1

�

2µ
p
(µ−ε)2−ε

2µ(µ−ε)−ε

�

2µ

E1(ε) =
iβ2ε

r

−2µ+
p

4µ+1+2ε−1
ε

r

−2µ+
p

4µ+1−2ε+1
ε

�

AE

�

i sinh−1

�Ç

−2µ−
p

4µ+1−1
p

2
p
ε

�

|2µ−
p

4µ+1+1

2µ+
p

4µ+1+1

��

3
p

2
q

−2µ−
p

4µ+ 1− 1
p

(µ− ε)2 − ε

A=
�

2µ+
p

4µ+ 1+ 1
�

(2µβ + β + 6)

E2(ε) = −
B
��p

4µ+ 1+ 2µ
�p

4µ+ 1+ 2
�

+ 1
�

β + 6
p

4µ+ 1
�

F

�

i sinh−1

�Ç

−2µ−
p

4µ+1−1
p

2
p
ε

�

|2µ−
p

4µ+1+1

2µ+
p

4µ+1+1

�

3
p

2
q

−2µ−
p

4µ+ 1− 1
p

(µ− ε)2 − ε

B = iβ2ε

√

√

√−2µ+
p

4µ+ 1+ 2ε− 1

ε

√

√

√

−
2µ+
p

4µ+ 1− 2ε+ 1

ε

(60)

In the above solution, F is an incomplete elliptic function of the first kind, and E is an
elliptic function of the second kind. P and T are polynomial and transcendental functions,
respectively.
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