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Abstract

Smeared null energy has been shown to be bounded from below for free minimally cou-
pled quantum field theories. This is not the case for conformally coupled free bosonic
theories where states of unbounded null energy can be constructed by increasing the
particle number. Little is known for interacting conformal field theories (CFTs) in di-
mensions larger than two. In this work we consider states that are superpositions of
scalar primary operators or the stress-energy tensor itself in large N CFTs. Within the
large N approximation we present arguments that the negative smeared null energy of
such states scales at worst as the central charge of theory, Cr. This provides evidence

for a general bound for CFTs in d-dimensions proportional to the central charge.
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1 Introduction

Energy conditions play an important role in classical gravity: lower bounds on the pointwise
energy density form the basis of geometric theorems constraining classical spacetimes. From
the mid 1960’s it was known that quantum field theory (QFT) is in general incompatible with
non-negativity of pointwise energy density and related quantities [1]. Thus pointwise energy
conditions do not generically hold for quantum fields in semiclassical gravity.

An important example of this distinction, and the focus of this work, is the null energy
condition (NEC) which states that the stress energy tensor contracted with two null vectors
is everywhere non-negative, T__ > 0. While this energy condition holds for most classical
fields it is violated in QFT. One generalization of the NEC is the average null energy condition
(ANECQ), that requires the null energy to be nonnegative when averaged over a complete null
geodesic. The ANEC can be used as input for geometric theorems in closed universes [2] and
is sufficient to prove topological censorship [3,4]. There are numerous proofs of ANEC for
free quantum scalar fields, for flat spacetimes [5,6] and curved spacetimes [7]. The proof of
Wald and Flanagan [8] takes into account backreaction up to second order in perturbation
theory. There are also proofs of ANEC from the generalized second law of black hole ther-
modynamics [9] and proofs generic interacting QFTs [10, 11]. While ANEC is known to fail
for chronal geodesics (that is when there exists two points on the geodesic with one in the
future of another) the achronal ANEC [12] has no known counterexamples in the context of
self-consistent semiclassical gravity.

Despite the success of ANEC, there are several situations where it cannot be applied. Con-
sidering the energy conditions as statements about what kinds of spacetimes are allowed, the
natural place to examine their applications is classical relativistic theorems and the construc-
tion and sustaining of ‘exotic spacetimes’. The ANEC cannot be applied to geodesics initiating
from a Cauchy surface, such as in the singularity theorems of Penrose [ 13] and Hawking [14].
Additionally, as mentioned above, the ANEC integrated over a chronal null geodesic has several
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counterexamples. Thus ANEC itself does not rule out exotic spacetimes such as long worm-
holes, for example the one described in Ref. [15]. While the anchronal ANEC has no known
counterexamples, there is the further issue that a spacetime may not possess complete globally
achronal null geodesics [16]. More generally, ANEC is a restrictive condition in its applications
as it doesn’t give any sense of the local negative energy allowed in QFT.

As an alternative, one may attempt to establish quantum energy inequalities (QEIs) bound-
ing the renormalized expectation value of the stress-energy tensor over a segment of a geodesic
or a spacetime volume. QEIs have applications in singularity theorems [17, 18] as well as in
restricting long wormholes [19].

While QEIs have been derived for free scalar and fermionic fields to date there is no derived
QEI for any interacting QFTs in dimensions larger than two. The focus of this work is estab-
lishing bounds of the integrated null energy in a class of interacting conformal field theories
(CFTs) in greater than two dimensions.

In previous work, we examined the null energy for free scalar fields. The natural extension
of the NEC would be the null energy integrated over a null geodesic. However, it was shown
[5], that contractions of the stress-tensor over finite null geodesic segments are not bounded
from below. So instead, a lower bound of the null energy was derived averaged over two null
directions, the double smeared null energy condition (DSNEC) [20]. Schematically

}'
_(5+)d/2—1(5—)d/2+1 )

J d?x* g(x®)? (T__) > (1)
where g(x)? is a smearing function!, 6* are its smearing lengths in the x* directions, d is
the spacetime dimension and F is a dimensionless parameter depending on the details of how
the operator is smeared. For massless fields, F is simply proportional to the number of fields.
The lower bound here is derived for free, minimally coupled scalars and it is state independent.
These kinds of bounds can be used for deriving singularity theorems. Of course, singularity
theorems require an integral over a single null geodesic. However, by viewing 6* as a small
and constant regulator, we can take the DSNEC as a regulated lower bound on along a null
geodesic segment. Then one can derive a different bound the smeared null energy condition
(SNEC) [20, 21] which can be used to prove the Penrose singularity theorem [18].

When considering fields with non-minimal coupling to gravity though, the situation is
different. Those theories include a term in the Lagrangian of the form

§L=ERP?, (3)

where £ is the dimensionless coupling constant. Importantly, these theories include the free
bosonic CFT with traceless stress-tensor where & is equal to the conformal coupling (§ =1/6
for four dimensions). Even classically, the NEC is violated in this theory and this violation
persists in the limit of vanishing Ricci scalar. Additionally, if one tries to derive a bound for
non-minimal coupling to gravity the lower bound is always state dependent. For example, in
the flat space limit, the DSNEC becomes

F #|E| P2
_(5+)d/2—1(5—)d/2+1_ (562 °

J d?x* g(x*)? (T__)y = )

In this paper a smearing function is a smooth square integrable function with square integrable derivatives up
to a sufficiently high degree. We will by convention normalize g(x) such that

f dixg(x)?*=1. 2
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o1 where 1 is the class of states of bounded field values, and qbﬁm is the maximum value |<¢2>|
92 can obtain within that class. It also means there are states with unbounded negative null en-
o3 ergy simply by increasing the maximum field value by, e.g., increasing the number of particles.
o4 Similar results were found for the energy density [22] and the effective energy density [23].
o5 These two results are not independent. When considering free scalar fields, single-particle
o6 states can only admit negative energies for some test functions if the classical model violates the
o7 energy condition. More formally, consider ¢; the normalized state vector of this one-particle
os state and assume we have

(p1lp ¢1) <O, (5)

9o where p is the null energy, the energy density or a similar quantity. Then the n-particle state
100 Vector ¢, is created by acting with n copies of ¢;. That makes the average energy

<¢n|p ¢n> = T’l((]bﬂp ¢1> . (6)

101 That means two things: one that it is possible to construct states with unlimited negative
102 energy by increasing the number of particles, and two that there is no state independent bound
103 for the corresponding QEI.

104 While state-dependent bounds such as (4) are ostensibly weaker than their state-independent
105 counterparts due to the possibility of triviality, (e.g. the bound is the same as the original quan-
106 tity) they do have utility in the context of effective field theory (EFT). Indeed, semi-classical
107 gravity is at best an EFT. A state-dependent bound then provides a useful diagnosis for the
108 applicability of lower-bounded energy densities in terms of expectation values of simpler op-
100 erators. For the case above, [24] illustrated how large |(¢?2)| values signal breakdowns of
10 effective field theory in both the Einstein and Jordan frame.

111 The above discussions do not readily extend to fermionic fields and interacting fields. The
112 direct study of QEIs in interacting QFTs remains a difficult problem. However, the two di-
113 mensional Ising model provides one example where there exists a one-particle state admitting
114 negative energy density but the corresponding QEI has a state-independent lower bound [25].
115 What lessons we can extrapolate from QEIs of free fields to interacting QFTs, in general, re-
116 Iains an important open question.

117 In this work, we focus on negative null energy in CFTs, which offers a fruitful area of
18 investigation. CFTs generically lie at the end points of an interacting QFT’s renormalization
110 group flow while also providing new structure associated to conformal symmetry. More im-
120 portantly, the problems discussed above remain relevant for CFTs as well: the free theory of
121 non-minimally coupled fields only admits a state-dependent DSNEC bound even for conformal
122 coupling. Whether this is true for interacting CFTs is not straightforward.

123 Two dimensional CFTs offer a guidepost for this question. There are results for integrable
122 models [26] and a general result for two dimensional CFTs [27]. The CFTs covered by this
125 result are all models built from unitary highest-weight representations of the Virasoro algebra.
126 Then the smeared null energy is bounded below by

9 /
de gXT )y > —ﬁ f dA(g'(A))?, 7)

127 where the integral is over a null geodesic parametrized by A and C; is the left-moving central
128 charge of the theory?. Here, g(A) is a smooth, real function, which gives a finite bound when it
120 is of compact support (or falls off sufficiently fast). The result was generalized to all spacetimes
130 globally conformal to Minkowski [21].

2Two-dimensional CFTs can have two independent central charges C and C; and thus two different bounds for
the two independent null components of the stress-tensor.
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Does this result hold for d > 2? As discussed above, the ANEC holds for interacting CFTs
in d > 2. The answer for QEFIs is still uncertain but we give an indication that a general
state-independent bound proportional to the central charge of the theory is possible.

Specifically, the CFTs appearing in this work are large N CFTs: they have a large central
charge (here defined, across all dimensions, as the coefficient of the stress-energy tensor two-
point function)®, C; and a class of simple operators, called single trace, whose correlation
functions factorize, e.g. schematically

(OOO0) = (00)(OO) +1/N>. (8)

Here we will assume there is a single-parameter, N, controlling the factorization of all single-
trace operators of the theory. This is true of familiar large N theories, however, see [29] for
counter-examples. By convention, we relate N to the central charge via

Cr =N2. 9

N also provides a rough count on the number of degrees of freedom; a canonical example to
keep in mind is NV = 4 super-Yang Mills with SU(N) gauge group. Due to factorization, the
single trace primary operators in large N CFTs behave similarly to single-particle operators of
free fields. Moreover, they come part-in-parcel with a class of multi-trace operators which, in
analogy, behave as their corresponding multi-particle operators [30]. Details of this will be
provided below.

Additionally, large N CFTs play a special role in the AdS/CFT correspondence [30-32].
Through the holographic dictionary, single trace operators in the CFT map to elementary fields
in the bulk and the factorization of single-trace CFT correlation functions is commensurate
with the bulk fields being free. The first deviations from full factorization come from tree-
level exchanges of bulk (single-trace) fields and the vertices appearing in such exchanges scale
universally as N~! ~ /Gy *. While many of the results of this paper do not rely on our CFTs
being holographic per se, we will refer to holographic CFTs for intuition at a couple of points.

Thus large N CFTs provide a testing ground for whether the features of free theories that
allow unbounded negative null energy densities imply as much as in interacting theories. In
this work, we argue that the mechanisms allowing unbounded negative smeared null energy in
free CFTs fail in interacting CFTs. To be specific, we investigate smeared negative null energies
in two main classes of states: states prepared with scalar primary operators and states prepared
with the stress-energy tensor.

* We show that states prepared by acting with scalar primary operators with conformal
dimensions A > d have positive null energy density. We give evidence that the same
result holds for states prepared by a pointwise insertion of the stress-energy tensor in
d > 4, a previously unknown result.

* We show that states prepared with light scalar operators A < d, as well as states which
are a superposition of the vacuum and a state created by acting with the stress-energy
tensor, schematically

) =19) + Ty, 12) (10

can admit negative smeared null energies.

* Inlarge N theories, states prepared by multi-trace operators O, with O a light scalar, as
well as those prepared by stress-energy tensors, can have negative null energy densities

3 This is to distinguish it from conformal anomaly coefficients in even dimensions, e.g. (a,c) in d = 4, which
are also called the central charges of the theory. The R? anomaly coefficient, c, is proportional to C; [28].
“Though see [33] for recently constructed counter-examples.
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enhanced by the order p of the multi-trace operator. However, there is a breakdown of
factorization of states prepared by sufficiently heavy multi-trace operators. We show,
within the framework of large N factorization, that the scaling of the negative smeared
null energy is at worst proportional to the central charge of the theory.

* We indicate how to construct states in holographic theories and product CFTs with neg-
ative smeared null energy of order Cr. We provide arguments for similar scaling for
general large N theories.

Our results support the expectations of d = 4 CFTs [34] and provide evidence that smeared
null energy is better behaved in interacting CFTs than in free theories. This evidence leads us
to a bold conjecture on the smeared null energy in (generic) interacting CFTs:

Strong conjecture: All interacting CFTs obey a state-independent bound on the smeared null
energy of the form

f d®x g(x)* (T_(x))y = —C Colg] an

for all states of the theory. Above, Cy[g(x)] is a state-independent functional of the smearing
function g(x) and C is a constant that scales linearly with the central charges of the theory (see
footnote 3). Our current results point towards C being proportional to the stress-energy tensor
two-point coefficient, Cr, however we allow that this may be a feature of large N theories
governed by one parameter of factorization instead of a general feature.

If the strong conjecture were true it would be a powerful statement about CFTs consistently
coupled to coupled to gravity, as (11) could provide useful input to singluarity theorems be-
yond the applicability of the ANEC. There is one obvious way the above conjecture could fail.
As described above, the free conformally coupled scalar does not satisfy a state-independent
bound. This theory does not violate the conjecture because it is free. If it is possible to turn on
interactions while preserving conformal invariance, one might expect that the resulting theory
will still not satisfy our state-independent bound proposed above. A weaker form of this con-
jecture which is also allowed by our results is that the true lower bound in interacting CFTs is
indeed state-dependent but these state dependent divergences are also controlled in the class
of states we consider. An alternative conjecture suggested by our results is then:

Weak conjecture: All CFTs obey a spectrum-dependent lower bound on the smeared null
energy where the state dependence is linear and takes the form of the expectation values of a
bounded number of operators in the spectrum, i.e.

Jddx g(x)? (T__(x))y = —C Colg]+ Z Calgl(On)y (12)

A<A,

for some maximum A,.

It is natural to suppose that A, = d as the higher dimension operators will be less singular
than the stress-energy tensor itself. Even if the weak form of the conjecture is true, this is still
a useful lower-bound as it would set clear diagnostics on the effective field theories for which
energy densities are bounded below in terms of a handful of operator expectation values, a
la [24].

The paper is organized as follows: In Section 2 we discuss the occurrence of negative null
energy in states prepared with scalar operators. We repeat the process in Section 3 for stress-
energy tensor states by calculating explicitly the eigenvalues of the stress-tensor three-point
function. In Section 4 we examine the null energy for multi-trace scalar states and continue
in Section 5 with examples where the negative null energy is beyond the square root of the

6
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central charge. In Section 6 we construct multi stress-tensor states and derive lower bounds
of their null energy. We conclude in Section 7 with a summary and discussion of future work.

Notation

All the results in this work are on d-dimensional Minkowski spacetime unless otherwise spec-
ified. As the primary focus of this paper is on the null-energy we will discuss the expectation
values of the stress-energy tensor in Lorentzian signature. However we will use the formal-
ism of Euclidean CFT correlators for state preparation; the Lorentzian correlators will then be
given by analytic continuation in complex Euclidean time [11,35]. To this end we delineate
notation for Lorentzian and Euclidean signature in what follows. Lorentzian spacetime indices
will be indexed by Greek letters, e.g. x* with u =0,1,...,d —1, which can be split into a tem-
poral and spatial components as x* = (t,X). Spatial positions will be indexed by mid-range
Latin letters, e.g. x!, with i = 1,...,d — 1. Without loss of generality, we will designate null
coordinates

x*=tExt, (13)

and denote J'c”L for the remaining coordinates (with i now ranging i = 2,...,d —1). The
Minkowski metric is given by the ‘mostly-plus’ signature 7, = (—1,1,...,1) so that

d—1 d—2
ds? = 1,,dx"dx” =—dt?+ > dx'dx! = —dx*dx"+ ) dxidx} . 14)
i=1 i=2

Euclidean signature is obtained by taking t — —it and we will denote Euclidean spacetime
indices by starting-range Latin letters, e.g. x? = (7,X'). Null coordinates then rotate to
x* — —it + x! which we will denote with complex coordinates®

(—it+xt,—it—x)=(2,—=2). (15)

The Euclidean distance is then given by

d—1 d—2
ds? = 5,pdxdx? =d7? + Y dx'dx' = dzdz+ ) dx|dx| . (16)
i=1 i=2

Because it features so prominently in this work we will make special note of the null stress-
energy tensor which in Lorentzian signature is given by T__ = (" £¥T,, with null-vector
¢* =(1,-1,0,). Explicitly,

T__=Too—2To; + Ty - (17)

In Euclidean signature this rotates to

Tzz == _TT’L’ —2iTT1 + Tll . (18)

2 Scalar primary states

To discuss the possibility of negative null energy in CFTs we consider unitary CFTs with dimen-
sion d > 2. We will pay special attention to primary operators, the lowest dimension operators
in a given irreducible representation of the conformal algebra. To begin with an illustrative
example we first investigate the null-energy density in states prepared by the insertion of a
scalar primary operator. We first show how much negative energy is allowed in this state and
then find the specific operator that allows for negative null energy.

®Despite this notational suggestion, it will be important in Euclidean correlators to maintain that z and Z are
independent variables in order to reproduce correct Lorentzian correlators under continuation.
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2.1 Neighborhoods of negative null energy

Let O, be a primary scalar operator, where A is the conformal dimension, prepared in the
lower Euclidean half-plane, H_ = {(T, J‘E)lr < 0}, by a smooth function of compact support,
h:

ha) =NJ d?xha(x) Oa()IQ) (19
H_

where A normalizes the state and € is the conformal vacuum.

Our observable of interest is the null energy defined as the stress-energy tensor contracted
on one null direction. If one of the null directions is x~ and the other x*, we will compute the
expectation value of T__ in the state (19). To estimate whether the null-energy smeared over
a connected neighborhood is positive or negative (and to what degree) it will be sufficient to
look at its pointwise expectation value at the origin:

in d%x; d%xy ha(x1) ha(32)(O (1) T__(0)OA(x2))

, (20)
fH_ ddxy ddxy ha(x1)*ha(x2){Oa(x1)T OA(x2))

(T__(0))p, =

We have been careful with the placement of the dagger in taking Hermitian conjugation. To
be more specific, we regard

OA(X)T — (e—if?a x4 OA(O)eif’a xﬂ)a , (21)
where P, is the Euclidean generator of translations. This is contrasted with
0L (x) = e Fex* O] (0) ", (22)

This difference would be immaterial in Lorentzian signature (due to reality of x* and Her-
miticity of Isu). However, because O, has been prepared in Euclidean signature, Hermitian
conjugation then acts by reflecting the operator position about a codimension-one Euclidean
plane. We will take this plane to be at Euclidean time 7 = 0 and so, e.g.

Ox(7, %) = O} (=7, %) (23)

where the 1 on the inside acts on the internal details of the operator (e.g. if it is a complex

operator or possesses Euclidean spacetime indices). If we denote (7,X) = x we denote its

Euclidean reflection as (—7, ¥) = x&.

Following an argument by Ref. [22,24], suppose there exists a scalar operator O, and
preparation function h (x) such that the null energy density at the origin, (20), is negative

(T_—(0))n, = —po 24)

for a fixed py = 0. Then by continuity of the expectation value, for any a > 0 there exists a
spacetime neighborhood U/ containing the origin such that

—apg < (T__(x))p, < —atpg, Vxel. (25)

This implies that T__(x) integrated over a positive, normalized smearing function, g(x)?, with
compact support in U/ is strictly negative and bounded by

—apg < f d%x g(x)* (T__(x))p, <—a 'py - (26)

Due to the simple action of scaling on conformal primary operators

AP OA)A™ =22 Op(Ax) 27)

8
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(where D is the dilatation generator) and the scale invariance of the vacuum, it is easy to show
that

(T (A ) = A AP T__(OIA™ Y ) = AT (00 pd-ah, () 5 (28)

by commuting A*P through the O ,’s and changing integration variables. Thus by choosing a

new preparation function h’A (x) = 2972h s (Ax) we can push the smeared null-energy arbitrar-
ily low, however only for smearing functions with support in smaller spacetime neighborhoods:

—2dap, < J d¥xg(x)? (T, < —Alalpg, suppg(x)?>cAtu. (29

This is fitting with our normal expectations: although the integrated null-energy density can
be negative its magnitude is inversely proportional to the size of the spacetime region it is
integrated against.

2.2 Types of scalar operators

Let us now discuss what types of scalar operators can allow negative smeared null energy.
Taking O, to be a real scalar, evaluating the expectation value (20) is straight-forward: the
two-point and three-point functions of primary operators are completely fixed by conformal
representation theory [28]:

1 . 1 . 2
- C xX;+17T X, —1T
(0801 T(0)04 (x5)) = —————=22 M_M( - 2) ED)
1 [770 x| °|x§—x2{ ’ X X2

and
1 1

28 e
|xf—x2{ (71 + 1202+ (X — X2)?)

(ONERUONENE (31)

Above, Ay = ‘12;2 is the lowest scalar conformal dimension allowed by unitarity and Cype is
a three-point coefficient. In our conventions it is negative definite®:

d A

Croo =——— ,
TOO i—19,,

(32)

where Q4_; = F(zd—"/zz) is the area of the unit (d — 1)-sphere [28]. The denominator of (20)

ha(x1)" ha(xs)

RN

f ddxlddxzhA(xl)*hA(xz)(OA(xl)TOA(xZ»=J ddxlddx2
H_

H

is both sign-definite and positive by virtue of being the norm of a state when A is greater than
the unitarity bound A,. However for later purposes it will be useful for us to prove positivity
directly from the integral (33) which we do in Appendix A. We now focus on the numerator
of (20) and make the change of coordinates

yi=— (34)

in which the numerator takes the form

The sign of Cr o is correlated with the sign of the averaged null energy condition (ANEC) in primary states
[36], which has proven to be non-negative in relativistic QFTs. [10,11]
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J ddxlddxz hA(xl)*hA(XZXOA(Xl)J,.T——(O)OA(XZD
H_

> 2 (2, —2y,)°
= CTOOJ d%y, d%ysha (1)  ha(ys) R - 2(Z_AO) (35)
H- |71 =]
202 where f A(yY) = hlAy('Z(—z/,ij) Assuming that h, does not have support at T = 0 (which would

203 present problems for the norm of state) we can write this as

J ddxlddxz ha(xq )*hA(xzon(Xl)TT——(O)OA(xz))
H_

(&, ha0) 8, ha(y2)
2(A—Ap—2)

=- Croo f dly;d?y, (36)
—=2) Ju_

(A— Do —1)(A— Ay R

— Y2 |
204 This integral is now of the form obtained from the norm of a state prepared by a hypothetical
205 scalar primary operator of dimension A — Ay — 2 and smeared with the function 85f1 A- This
206 integral is then positive when this hypothetical operator is heavier than the unitarity bound
207 set by Ay, i.e. when

A>d. (37)

208 While this is an intuitive criteria for the sign-definiteness of (36), we directly prove positivity
200 of integrals of this form in Appendix A without the assumption of them arising from operator
300 NOrms.
301 What this exercise indicates is that states prepared by sufficiently heavy (i.e. marginal
302 or irrelevant) scalar operators have positive null energy densities that cannot be changed by
303 picking a creative smearing function h(x). We can contrast this with relevant operators for
304 which it may be possible to engineer states of negative null energy.
305 A salient example of this is given in the free scalar theory with a null stress-energy tensor
306 given by

d—2
4(d — 1) -
307 where normal-ordering is with respect to the creation-annihilation operators of the free theory.
308 The scalar primary saturates the unitarity bound, Ay = A, < d, and so can possibly evade
300 our argument for positivity. This is indeed the case. In [24] it was shown that single-particle
s10 states of the form

T__(x) =:0_¢(x)_p(x) : — 2 p(x)?: (38)

f d%x hp, () (0IQ) (39)
su1 with preparation function
dd ZkJ_ (2 —k_ ) k_
[k —k_/a_—lky|/
ag0) = f (2m)d2© k- R B I (40)
a

312 can generate negative null-energy densities for all values of real parameters (a_,a | ).

313 Finally we point out that because the operator product with the stress-energy tensor does

314 not mix conformal modules of scalar primaries, three point functions of the form (O, (x1)T__(0)O4, (x2))
315 vanish unless A; = A, for scalar operators [37]. Thus we cannot engineer large negative null-

316 energies from superpositions of the form

1Y) =711lha) +7121ha,) s (41)
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which simply have additive null-energy:

<T (0)) . |Y1|2(T__(O)>hA1 + |Y2|2<T__(0))hA2
—_— Y |Y1|2 + |'}’2|2 .

The upshot of this section is that the nature of negative null energy densities in a CFT is
spectrum dependent. States prepared by irrelevant and marginal scalar operators (A > d)
have positive null energy densities. For relevant scalar operators, positivity is not guaranteed
and it may be possible to generate negative null energy by a suitable preparation function,
ha. Regardless, this negative null energy is controlled: due to the scaling properties of pri-
mary operators largely negative smeared null energy can only be realized on sufficiently small
spacetime neighborhoods.

(42)

3 Stress-energy tensor states

The spectrum of a CFT is not universal, however there is one operator guaranteed to exist in
every local CFT: the stress-energy tensor itself. Thus we will investigate its utility in generating
negative null energy states.

3.1 Preparation of states

Here we consider states prepared by the Euclidean integration of
) = J d?x h® () Tp(2)192) . (43)
H_

where h%?(x) is a polarization tensor with smooth compactly supported components. Further-
more, since the two-point function (T,,T__) is generically non-vanishing, it is also possible
for us consider superpositions with the CFT vacuum of the form

) =N(IQ> +f ddxh“”(x)Tab(x)lm) , (44)
H

where N is the normalization factor. Such superpositions will play an important role in what
follows. Now, we consider the null energy by smearing with a smooth compactly supported
test function g in the state v

f dxg(x)*(T__(x))y - (45)

To evaluate the negativity or positivity of fg2<T__)¢, it suffices to analyze the pointwise
expectation value at the origin

(T__(0)y = WP( [, dxh® () (Top () T__(0)) + [, dx B (x)(T__(0) T (x))

+ [ d%xddy h (Y he (y )(Top () T__(0) Toa () (46)
with (T__(t))q = 0. The normalization factor is given by
. f dxdy h ()R (y) (Typ () Teg (1)) (47)
VI H

The two-point and three-point functions in (46) can be evaluated using the conformal sym-
metry of the theory and the conservation of the stress-energy tensor; see Appendix B. The

11
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342 two-point function is fully determined up a positive constant Cy, the central charge of the
343 theory

(TapCT.a(0)) = Ty ca(0), (48)

3as where 7, .4(x) is the inversion tensor; see (B.1). We are making an assumption of no contact
sa5  terms, however for all practical purposes in what follows, stress-energy tensor two and three
346 point functions will be at separated points and do not change our analyses. For d > 3, the
347 three-point function of the stress-energy tensor evaluated at any three spacetime points is
sas  fully fixed up to three independent parameters (two independent parameters for d = 3) which
320 depend on the CFT under consideration [28]:

z-ab,a’b’ (xIB)ch,c’d’ (x23 ) ta’b’c’d’ef (X)

(Tap(x1)Teq(x2) Tep(x3)) = (49)

350 where x;; = x; —xj, X = (x133)2 — (X )2 and tgpcq.¢(X) is an homogeneous tensor of degree

351 zero in X, symmetric and traceless on each pair of indices ab, cd and ef ; see (B.9). Using this
352 expression, the pointwise null energy (46) is

T (0 ab " ab
( ( ))”(p :CTf ddxh|xT;) I(;b ( R)_i_CTJ< dd hl |(2')§) ab__( )
H_ H_

V]2
hab(x )*hcd(x ) xR—Xz X
+| di dd 2 xR —x)T__ (X0t 1 = 4= 50
JH 1 | R|d|x1 —x2|d|x2|d abpq( 1 2) ,lm( 2) pqlmced (x}lg_xz)z Xz ( )
353 Where Iab —(x)=-— ab e (X)+Z, ab, 11(x)—2iZ, b, z1(x) andITb TT(XR) = Iab (X)), I;b 7‘_1(XR) = cd,rl(xR)
354 and I;b l](xR) Zyp,ij(x). The first line integrals in (50) can be negative due to the flexibil-

ss5 ity in choosing h®®. The sign of the second integral is significantly challenging to determine
356 analytically due to the complex combination of the components of t,4;/mcq-

357 To address the sign of the second integral, in the next section, we focus on the analysis of
3ss  this integral for states prepared by T,; localized at a point. By doing a conformal transforma-
350 tion, we can evaluate this contribution in a collinear frame, where the calculation considerably
30 simplifies. Under these conditions, we find that the (T T T) contribution to the null energy is
361 Non-negative.

2 3.2 Eigenvalues of three-point function in the collinear frame

363 Consider a state created by acting with some components of the stress-energy tensor at a point
364 in Euclidean spacetime, a localized version of the states in (43)

|®) = N R T (7, %) Q) , (51)

365 where N is a normalization. We would like to know whether the expectation value of the null
366 energy is positive semidefinite in these states. We can use translation invariance to place the
367 null energy operator at the origin, so we want to evaluate

(@| T__|®) = (h** YR QI T], (—7, %) T__(0)T.4(7, %) 1) . (52)

ses The three-point function simplifies considerably when the three points are collinear. We would
360 like to show that the general three-point function above can be mapped, using the global
370 conformal group, to a collinear three-point function.

371 The key point we will demonstrate briefly is that the conformal mapping can be chosen so
372 that it does not scramble the indices of the null stress-energy tensor, T__(0). Therefore the
373 general expectation value (52) is equal to the expectation value in collinear frame,

(MY hed (T, (=7, ¥)T__(0)T.q(7, %)) = (R®) R (T], (—%,0)T__(0)T.4(%,0)),  (53)
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for suitably redefined h®®. The transformation is given by the special conformal transforma-
tion,

x®— b%x?
X4 = . (54)
1—2b,x%+ b2x2
Our points of interest are (7, X). Choose
> X
b* =0, b=—. 55
T2+ X2 (53)
This transformation maps
2, 22
R T°+ -
(£7,%) > (i—x,O) , (56)
T

and leaves the origin invariant.
Finally, we want to check how the indices transform in T__(0). Expanding the special
conformal transformation near the origin gives

x'% = x4+ O(x?). (57)

Using the tensor transformation law shows that the O(x?) terms do not contribute, so our
transformation leaves T__(0) invariant.

Therefore, within the class of states created by acting with a local insertion of the stress-
energy tensor in Euclidean spacetime, without loss of generality we can focus on states defined
along a line passing by the origin. In this collinear frame, the expression for the three-point
function is considerably simplified [28]

1
1—Tol7y _73|d|72_73|d

<Tab(x1)Tcd(x2)Tef(x3)> = |T -Aabcdef ) (58)

where x7, 3 = (7123, 0), Aabeder = Acdabes = Aefabed> and Agpedes is symmetric and traceless
on each pair of indices, see (B.13). As in the general frame, the tensor Agpq.f is defined up
to three parameters that characterize the CFT we are working with.

Therefore, the null energy (53) is

(T__(O))q, B hab*hcd
|N|2 - 2d|T|3d ab——cd »

where 7 is a negative Euclidean time and the matrix B, 4.5 is related to Agpcqer (58) by

(59)

Bee—ca = Ave—cd>
Beica = —Avi—cd>
Bij——cqag = Ajj—ca- (60)
The sign of the null energy is governed by the eigenvalues of the matrix B,;__.4. The ma-

trix below shows B,;__.4 where the indices ab and cd correspond to the rows and columns,
respectively,

00 11 22 . 01 02 . 12 13 - 23 24
00 —oatf —pB+56+2€ 5—p | —2iy 0 L0 0 100 7
11| —p+6+2¢ —62e+r+6s+8t —6+r+2s - :—2i(p+2'r) 0 ! 0 0 ! 0 0
22 56— —O0+r+2s —02etr+2s -1 —2ip 0 0 0 0 0
| | |
o o L R A ISR
01 2iy 2i(p+27) 2ip lrp—2T 0 10 0 1o 0
02 0 0 0 B 0 Yo -1 2T 0 -1 0 0
| | |
N [ R N B
12 0 0 0 : 0 —2iT :—€+S+2t 0 : 0 0
13 0 0 0 B 0 0 -1 0 —et+s+H2t 0 0
| | |
) I | [
23 0 0 0 "0 0 T 0 et 0
24 0 0 0 <l 0 0 -1 0 0 0 —ets
| | |
L . . . ‘ . . L . ‘ . ]
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The coefficients in this matrix are fully fixed up to three independent parameters; see Appendix
B.2.2.
The normalization factor for this class of localized states (51) is

1

. C .
[V = KRNI () Toa(0)) = gk T (). (61)

- (2T)2d ab,cd

Since our spacetime points in this frame have only time component, IZb <4 1s @ constant matrix
with degenerate eigenvalues 0 and 1 and |A|? > 0 since Cy > 0.

3.3 Constraints on the eigenvalues of the three-point functions

For general dimensions d, we have CFTs defined by free scalars and free fermions. In even
dimensions, d = 2n, Abelian (n — 1)-form potentials yield another free conformally invari-
ant theory. For d odd, there are potentially additional parity-odd structures allowed in the
stress-tensor three-point function; for the purposes of this paper we will assume the theories
in question preserve parity. In Appendix B.3.1, we summarize the expression for the the pa-
rameters that characterize these theories [28,38]. Now we can use the free theories of bosons,
fermions, and tensor fields as a basis to express the (T TT) of a general interacting theory in
even dimensions. We have [34,39]

(TTT)=n(TTT),+ny(TTT); +n(TTT),, (62)

where (TTT);, (TTT); and (T T T), are the three-point functions for the theories of free scalar,
fermion and tensor fields, respectively, and ny, n; and n, are now arbitrary real coefficients.
In addition, Hofman-Maldacena bounds [40] derived from the positivity of the averaged null
energy condition (ANEC) in any unitary CFT [11,35,39], lead to the following constraints (see
Appendix B)

(d*—4)d?

T g—3 =0

1
Sd+ 2)d*n; >0

_(a*—4)d®
2a—r " =0 (63)

For d > 3, constraints (B.27) imply that (n,, n¢, n,) are positive or zero. The scalar and fermion
structures exist for all dimensions, however for d = 3, n, = 0. For general odd dimensions
there is a third independent parameter. We will still write the three independent parameters
as (ny, n,,n,) via the relations in Appendix B though n, might not correspond to a free field
structure. From here we focus the analysis of (59) for the free bosonic structure across different
dimensions d.

d = 3 dimensions

The eigenvalues of the matrix ,,__.4 for d = 3 bosonic and fermionic free theories are shown
in Table 1. The bosonic theory has a negative eigenvalue, suggesting that it is possible to
construct states based on the stress-energy tensor where the three-point function contribution
to the pointwise null energy is negative. This case is particularly noteworthy, as it is the only
theory we have found with a negative eigenvalue in the collinear frame, as we will show later.
Similarly, Ref. [41] also found negative values for the three-point function of the stress-energy
tensor in this theory. We should note however that even in this case the ANEC is satisfied,
which we numerically verified.
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Bosons | 21.6348 | 8.0581 | 3.9685 | 0.0982 | -0.0095 [0 [0 [0 | O
Fermions | 60.5821 | 24.5062 | 6.2395 | 4.1316 0 0|]0|0]|O

Table 1: Eigenvalues of B,,__.4 for bosonic and fermionic free theories in d = 3
normalized by Q4_1/n; ¢.

d > 4 dimensions

Figure 1 presents the eigenvalues of B,;__.4 for a free bosonic field in dimensions 4 < d < 20.
Zeros and degenerate eigenvalues are not included. Unlike the d = 3 case, all of the eigen-
values are non-negative. We have found the same non-negativity for the eigenvalues of free
fermionic and tensor theories. Although this is not a proof, it indicates that we can expect
non-negativity of the (T T T) contribution to (59) for dimensions d > 4 for localized states.

[ e © °]
10%
1000 ¢ o9 S—E

: ¢ ]

i . ]
100 & PR NI

. ® ]

101 g 8. ° °

L@ J

: o R

E [ J 1

L T * J

1 . : $3 !

b ‘ L4 4

0.1¢®
5 10 15 20

Figure 1: Eigenvalues of the B,,__.4 as a function of the dimension in logarithmic
scale.

The upshot of the above analyses is that in d > 4 states defined by pointwise insertions of
the stress-energy tensor seem to have positive null-energy densities. Thus superpositions of
the form (44) are needed to created negative smeared null energy.

4 Negative null energy in multi-trace states at large N

We now indicate how to utilize the properties of large N CFTs to generate large amounts of
smeared null energy. The key property that we will rely on is the large N factorization of
correlation functions. To warm up we return to our example of primary scalar operators. As
we will soon explain, this factorization implies the existence of a particular class of multi-trace
primary operators whose properties mimic and generalize the notion of normal ordered multi-
particle composite operators of free QFTs. More specifically we will review how the consistency
of large N factorization with the operator product expansion (OPE) of a primary operator, O,
with itself implies the existence of primary operators with OPE coefficients that lead at large N
and whose conformal dimension A deviates from the sum 2A, by an anomalous dimension
y that vanishes at large N.
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4.1 Large N approximations

Large N factorization is the statement that there is a class of primary operators, called single-
trace operators, whose correlation functions factorize to leading order in N. See [30] for useful
review. By convention we can always normalize the coefficient of two-point functions. In this
normalization

(0102) ~1 5 ((910203) ~ N_1 5 <01020304>C0nn ~ N_2 5 (64)
where
(010,0504) conn = (0102030,4)—(0102)(030,4)—(0103)(030,4)—(0104){(O,03) . (65)

Above we have dropped all functional dependence of these correlators, focusing instead on
their overall N-scaling. We have made the assumption that the three-point functions of single-
trace operators are all suppressed universally as N~'. This is true of familiar examples of
large N CFTs however not necessarily so [29, 33]. This assumption ensures that all single-
trace operators appearing in an OPE exchange contribute equally to the connected four-point
function as the stress-energy tensor itself.

Equation (64) indicates two important facts (i) that at large N the leading contribution to
the single-trace four-point functions comes from the disconnected contribution of two-point
functions and (ii) the three-point function is disproportionately suppressed (having no O(N°)
contribution). These two facts, (i) the dominance of disconnected lower-point functions and
(ii) the relative suppression of odd-point functions, continue to apply to higher-point functions.

The structure of the OPE can be written as [37,42]

O4 ()08 (0)= (04 (x)OB () 1+ ) Ann,a, Pl (x;8)05 (0),  (66)
Ag

where the sum is over all non-identity primary operators (labeled by A3) and (A, B, C) schemat-
ically index possible SO(d) representations of the operators. The coefficients A are related to
three-point function coefficients and are data specifying the CFT. The function P sums the
contributions of descendent operators within the same module as (923 and is completely fixed
by conformal invariance, e.g. through comparing the universal forms of the two-point and
three-point functions primary operators:

(O4 ()08 (000K, (1)) = An,a,8,PRER o, (1:00)OR (O (). (67)

From this point we will focus on the OPE chanels of identical scalar primaries. To see the
necessary existence of the multi-trace primaries consider the four-point function in the 1 — 2
and 3 — 4 OPE channel. Schematically this takes the form

(Oa(x1)OA(x3)Oa(x3)OA(x4)) =(Oa(x1)Oa(x2)) (O (x3)Oa(x4))
+ Z AZAAA’ PAA/APBA/A «92/ Oi/> : (68)

Comparing to the leading disconnected contribution to the four-point function in (64) and
(65), we see that the cross-contractions, (O;03)(0,0,) and (O,0,){0,05) are accounted
for by the sum over non-identity primaries. The OPE coefficient is related to the three-point
function, and so from (64) we see that the single-trace operators in this sum are suppressed to
O(N72). The leading terms, with coefficients A ~ O(N?), are then a new class of double-trace
operators, [O3 ;. with conformal dimension and spin s

AR =on+2k+1+vE),  s=1. (69)
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where k,l € Z3, and vy is called the anomalous dimension. When k = [ = 0 we will denote
this simply by [(’)i] and drop the subscripts from the conformal/anomalous dimensions as
well. Double-trace operators be regarded as a generalization of normal-ordering of large N
single-trace operators,

[0t ~: Oa@*)0™...3M0, 1, (70)

because they arise from subtracting off self-contractions. We can easily determine their OPE
coefficients as well as argue for the vanishing of the anomalous dimensions at large N by
looking at three-point functions. For instance, focussing on the lowest-twist (the twist being
A —5), lowest-spin double trace operator [(’)i]:

<0A(XI)OA(XZ)[Oi](X3)> :AAAA(Z)Pﬁz)(Xl — X2; 32)<[Oi](xz)[0i](xs)>
=2(Oa(x1)O7(x3))(Oa(x2)O(x3)) + O(N7?). (71)

Where in the first line we performed the 1 — 2 OPE and in the second we evaluated the
contribution of [(0?] to the four-point function to leading order in N. Comparing the leading

terms’ as x; — X:

2
+...)=—2A+O(N_2), (73)
|y — x3]

1 X1 —
JLAAA(z)—M(l-l-Y(z)log 3
|y — X3 |y — x3]

we see that Aaane = 2 and y® = O(N™2). The same exercise can be repeated for the
remaining double-trace operators at higher twist and spin.
We can similarly argue for the existence of an entire class of multi-trace primaries

[OZ]N:OAOA"'OA: (74)
p

formed by the successive OPE with the single-trace O, . For the simplicity of our argument we
will focus on the lowest twist and lowest spin multi-trace operators from this point. Assuming
the existence of a multi-trace primary [(’)i] with A®) = pA + y®) with y®) ~ O(N72) and
whose correlation functions with other primary operators are given by factorization, e.g.

(Oa(x1) ... OA(IORI(Y)) = PH{OA(X)DOA)) - .- {Oa(xp)OA(¥)) + O(1/N),  (75)

then in the OPE of O and [O‘Z] there exists a multi-trace primary operator of lowest twist and
spin, [O‘Zﬂ], with dimensions A®*D = (p + 1)A + yP*D with y?*D ~ O(N~2) and obeying
the same factorization properties:

(p+1)

Oa()LOR1(x5) D Ap ) a0 PEngy (1 — %23 3)[OL V() . (76)

By evaluating the three-point function ([OA](p)(xl)OA(xz)[(D(ApH)](xg)) both through the
OPE and through large N factorization in the 1 — 2 limit, we learn that

AAnGIaGe) =P+ 1, APHD = (p 4+ 1)A 4+ yP+D | Y@+ = o(N72), (77)

similar to before.

"The expansion of 77213 A, (X, 0) begins with

1

PifAz(X’a)ZMAI‘*’—AZ_As(1+...) . (72)
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4.2 States with large negative null energy density

As indicated in Section 2.2, when a scalar operator, O,, is sufficiently light (A < d) it is
possible to prepare a state through smearing O, in Euclidean time with an appropriately
chosen smearing function:

|Oy) =Jddth(X)(9AIQ) ) (78)

such that the smeared null energy density is negative on some neighborhood, i/:
J d%x gC)XT__(X))o, =—p , (79)

for some 5 > 0 and supp g(x)? C U. Let us now assume that O, is single-trace in the large N
sense. Then for any p we define the state

|0F) = N (Op)P|92) (80)

prepared by the following integrated multi-trace operator:

d P i+1
(Op)P = f (l_[ ddxihA(xi)) (l_[ A'AA(I')A““)'Pﬁ(Al(i))(Xi-H —X;; 31')) [Oi](h) (81)
i=1

i=1

and where N is a normalization. The operator, (81), is arrived at by taking the subsequent
OPEs of hp O and projecting onto the lowest-twist scalar multi-trace module of the OPE, (76),
at each iteration.

Relying on the fact that T, is, itself, a single-trace operator, (a fact that we will go into
more detail on in the following section), the evaluation of the null stress-tensor in this state is
easily facilitated by large N factorization:

p2(p— DHOIT__(x)0y) (OO Y™
p! ({00
—p(T__(x))o, +O(1/N) . (82)

(TG oy = +0(1/N)

Thus for any g(x)? with support of the original neighborhood I/, this state has a negative
smeared null energy of

f d%x g {T__(x))o,p = —p p +O(1/N) . (83)

4.3 How negative can it be?

The result (83) indicates that given an integrated single-trace state with small amount of nega-
tive null energy density, it is possible to amplify this null energy density by piling on single-trace
operators in the OPE. This is exactly the situation as in free-field theory [24]: given a one-
particle state of negative null energy density, the corresponding multi-particle state propor-
tionally amplifies that null energy density. In the free theory this amplification is unbounded:
barring other constraints imposed on effective field theory, the particle number can be made
arbitrarily large and the null energy density is unbounded below even if smeared.

In our large N theory, however, we cannot simply pile single-trace operators ad-infinitum
and expect to obtain the same results. This is because for p large enough, various assumptions
leading to the calculation of (83) breakdown. There are multiple possible avenues for this
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breakdown, the most pertinent being mixing of multi-trace operators with a large number of
single-trace primaries or large corrections to their anomalous dimensions. In this paper we will
take the simplest diagnostic and ask when is the leading factorization into two-point functions
challenged by the combinatorics of pulling out connected higher-point functions. For instance
consider the norm of the state IOﬁ ). Aside from factorizing into two-point functions, the next-
to-leading order in factorization could pull out a single connected-four point function:

2
(O (O)F) =p!<<92;0h>"+( 2 ) (P —2)H(OR)* (Or) ) conn (O] Op)P 2 + ..
~pl+p(p—1)pIN2+..., 84)

where in the second line we have only indicated the N scaling.
We could also ask about the combinatorics of pulling out two three-point functions, e.g.

(0" (OR)) 2 ( 5 )p ( Pl ) (p —2)(p = UOLON (O OO, On)P
~p(p—1)(p—2)p!N2, (85)

which has the same scaling in N as the connected four-point function. However, because
(On)? is defined as an (integrated) primary operator, it has no overlap with 0. Because the
leading factorization only defines [(’)ZA] through the O,O, OPE to leading order in N, this
requirement fixes an order N~! mixing with the single-trace operator (. From here on we
will assume that we have fixed all connected odd-point functions to vanish in the computation
of the (0,)P two-point functions.

Dominance of the two-point functions in (84) then indicates that the maximum scaling of
p that allows the computation leading to (83) is

Pmax ~ N, (86)

and leading to a maximum scaling of the negative null energy density of

f d%x g()HT__()) o yme = =N p = —C}*p, (87)

where we have alternatively stated this in terms of the central charge of the CFT.

5 Beyond 4/C; negative null energy

We do not expect that a bound scaling as /Cy is fundamental; instead it represents a limitation
on the regime of validity of large N factorization. In this section let us demonstrate some
possible mechanisms by which the smeared null energy can be more negative. In all cases
though it doesn’t scale more than linearly with the central charge.

5.1 Contributions from connected correlators

Above, we have restricted the order of multi-trace operators building our states by looking
for the first deviation in large N factorization. This first deviation appears when a connected
four-point function becomes combinatorically favorable to two two-point functions.

By permitting ourselves to calculate connected correlators, we will be able to relax the re-
striction on the order of the multi-trace operators preparing our states and potentially increase
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the magnitude of the negative null-energy. We can illustrate this first by looking at the leading
terms in the inclusion of connected four-point function to

P2 {OIT__ ()OO (0P (0P )

o = (@ (O] (89
The sum of all connected four-point and two-point correlators is
' ' 5] | 2t 2
(@@, =pHojon X B, = “O*;)(O(ggz)wm e
and overall the expectation value is given by
(T_—())o,p =P(T—(x))o, xR(x,p),  R(x,p)= (90)

[ | ’
o "
see Appendix C for details. Since x ~ O(N~2), every term in numerator and denominator sums
appearing in R would be suppressed if p scales with N with any power less than one. However
suppose that p ~ N* with % > a > 1 (we will shortly derive this upper bound on a). Then
the combinatoric terms can quickly dominate the suppression from the connected correlator
itself. For example, for the m ~ O(1) terms in the sum

p! m 2m,,m 2m(a—1)
———— X"~ p“X™ ~ N , 91
m!(p —2m)! p O
which grows quickly with increasing m. Finding the maximal term in either the numerator
or the denominator is difficult, furthermore we cannot strictly bound R without knowing if
x is positive or negative. Instead we argue in Appendix C that R — 1 as p grows large with
p ~ N¢ for the current range of a. This is indicated in Fig. 2. This indicates to us that given a

-13/8
— |x|=p
x <0 |x|=p‘7/4
-2
= [x|=p
><'\ I mm m m e e e m R RN NN MM N MmN EE=-.E=--.
N—
o =
x>0
O 1 1 1
0 200 400
p

Figure 2: Numerical plots of R(x,p) for large p. Since x ~ N~2 each plot corresponds

top~N*withl <a< % (specifically a = 1, g, %, from bottom to top in the legend,
respectively). When x > 0 the R approaches 1 from below while when x < 0, it approaches
1 from above.

smearing function, g(x)? and preparation function h, such that (79) is true, then even with
the inclusion of connected four-point functions we have

J ddxg(x)z(T__(x))(oh)pmaX ~—N*35 ~ —Cﬁ/‘q’p . (92)
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We have taken p,,., ~ N% at the upper bound of a. This upper bound is set by favoring two-
point and connected four-point correlators over connected six-point correlators. The number
of ways to pull out a single connected six-point correlator is

p! o ((Oh)ST(OhP)conn
e-3"% T oo oD

(OWPT(OLP) > (pUO} Op)P)

Since x3 ~ N~ this competes with the leading two-point function factorization when
Pmax ~ N#/3 . (94)

We can speculate on how far this can be pushed. If we are willing to keep connected (2a)-point
correlators up to some a,,,, then a leading contribution to our multi-trace state takes the form

(T__()) o,y =P(T—(x)) 0, * R, Xl )+, (95)
where
p_l (p_l)' Amax &
Z{ma} (p—>.2max am,—1)! [na:z ma!]
Ramax({xa}’ p)= s (96)
P P—' [l_[amax Xa ]
{m,} (p—zzi“;" am,)! a=2 m,!
where me ) is shorthand for summing over a collection of m, natural numbers such that

a
o amy, < p, and

X, = ((Oh)a](o_'h)ahonn ~ NZ—Za. (97)
(220, Oy)2
See Appendix C for details. As argued in that appendix, R, _ approaches 1 for large p ~ N*.
Similar to above, the range of validity for a can be determined by allowing connected (2a,,.)-
point functions but requiring connected (2a,,, +2)-point functions to remain subleading. This
happens for

23amax

Pmax ~ N 2maxtl (98)
So for at least the term of focus in (95) we get
S soay
f d¥x g(x)? (T__(x))(o,p ~ —Nwmatp +...~—Cy o+, (99)

which gets closer to —Cy as a,, gets larger. Of course this is only schematic since we have
ignored terms where T__ itself appears in a higher-point connected correlator. But this is
strong indication that by allowing more access to the microscopic CFT data (in this case, in the
form of connected high-point correlators) one can build states with close to order C; negative
smeared null energy.

5.2 Product CFTs.

Consider a theory obtained from the tensor product of M identical ‘seed’ CFT’s:

(CFT) a1 = (CFT)om; - (100)

seed

The stress-energy tensor of the product theory is the sum of the stress-energy tensors. Given a
state of the seed theory with negative null energy, we can put each of the copies in an identical
state, |) o = |4) M. This will yield a total null energy density of

(T} = M (1) (101)
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Additionally, C; of the product theory scales linearly with M as well,

Clot = pcseed (102)

since the stress-energy tensors of the seed theories do not interact with each other.
First, this gives a construction of a family of states where the null energy scales linearly
with the central charge,

J d¥x g(x)* (T (x)) ~ —#CP" . (103)

We can also ask whether these product states saturate the lower bound, i.e. could there be
non-product states that scale with a larger power of M and hence of C;? This is impossible.
The stress-energy tensor is a sum of the seed stress-energy tensors, so the eigenstates of the
smeared total stress-energy tensors are product states. Therefore, the lower bound of the
smeared total stress-energy tensor is a product state.

Taken together, we conclude that for product CFT’s,

f d¥x g(x)* (T (x)) > —C*C[g] (104)

where C[g] is a Cr-independent constant that depends on the smearing function g. Free
theories can be roughly thought of as a special case of product CFT’s.

5.3 Holographic Theories.

Another special case is holographic theories. As mentioned in the introduction, Section 1, in
the context of AdS/CFT, single-trace CFT operators are related through the holographic dic-
tionary to bulk free fields with perturbative tree-level interactions providing the first deviation
in N™! to factorized correlators. The Witten diagrams of these tree-level exchanges provide a
useful graphical organization of the combinatorics of higher-point connected correlators. Be-
cause these are tree-level exchanges, from the bulk point of view, the connected correlators
in Section 5.1 are not such a drastic extension: the bulk physics can still remain classical®.
Here we use this fact to extend the regime of validity of our multi-trace states beyond full
factorization to the regime of a weakly interacting bulk theory.

We consider states of the same form used above, defined in equation (80). As above, we
assume that we have a scalar operator, O,, in the theory with low enough dimension, A < d,
to allow for negative energy. When O, is single-trace in the large N sense, this corresponds,
from the bulk point of view, to a weakly interacting, BF-allowed, tachyon. Additionally, its cor-
responding multi-trace operator, [(’)i], has the bulk interpretation of a multi-particle operator
formed from p tachyons [30]. We now want to estimate the null energy in such a state. We
have, schematically

_(orr_[ov)
= orory (109

To make the energy as negative as possible, we want to make p large while maintaining com-
putational control.

Full large N factorization would require that the above correlators are approximated by the
free theory in the bulk, with just one external graviton line and one interaction vertex. From
the bulk point of view, we are inserting p light particles. Assume that the smearing functions
are chosen such that the wavelength of these particles is of order the AdS radius, £.

8However one still needs to specify the form of the bulk interactions. The corresponding CFT statement is
specifying which single-trace operators can appear in single-trace OPEs.
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Let us compare the energy scale, E.., of p freely propagating particles of wavelength £ to
the energy scale of gravitational interactions, E,,. The free computation gives

p

Efree = Z (106)
while an estimate for the energy in gravitational interactions is
2, b3 _ Gnp?
Egray = GM* /177> ~ —— (107)

¢D-1

where D =d + 1 is the bulk AdS spacetime dimension.
Combining these formulas tells us that the gravitational interactions are a small correction
as long as

Gy
P< 755 ~Cr. (108)

This tells us that we can compute perturbatively in the bulk as long as the number of insertions
p is small compared to the central charge; it is allowed that p scales as a small number times
the central charge

p=¢eCr. (109)

Note that this is a weaker requirement than full large N factorization. Full factorization would
require that no gravitons are exchanged. We can estimate the number of gravitons exchanged
from the gravitational interaction energy if we assume that the gravitons have wavelength ¢,
giving

GNP2
Ngrav ~ (D—2 ° (110)
Therefore, the thresholds are
Free: p< 4/Cr, Weak interactions : p < Cr . (111)

In the regime of weak interactions, the number of gravitons is much smaller than the number

p of light scalars,

N,
LLPY ci <1. (112)
p T

Therefore, a typical light scalar does not attach to any graviton. As a result, we have

([OPI[OP]) ~ p (OO) ([OP1[OP1]) . (113)

This formula can be justified as follows: since most of the light scalars do not interact, the
first O will, with high probability, connect to one of the O in the ket. There are p choices for
which one to attach to, and when this happens the amplitude takes the factorized form written
above. Note that this result is implied by full large N factorization, but it is weaker, because
we can be in the regime where the number of gravitons exchanged is large, so that ([OP ][OP])
does not fully factorize into 2-point functions.

We need a similar result to evaluate the numerator. There, we make a similar argument:
the external graviton corresponding to the stress-energy tensor attaches to one O from the bra
and one from the ket with a cubic vertex. It has p? choices in which particles to attach to. By
the same argument, this scalar line probably does not attach to any other gravitons, so in the
weak interaction regime

([OPIT__[OP]) ~ p* (OT__O)([0"'][O"7]) . (114)
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Again, this result is implied when full large N factorization is valid but extends throughout the
weak interaction regime p < Cr.
Combining the above formulas gives

_(for1r_[or))  p*(OT__O){[0PM][0P])
T—or = “ronqiony) ™ p(00) (Or T T0r 1Y) (15)

The final result is
(T__)op ~p(T__)pp forp<Cy. (116)

This indicates that the negative null energy can scale as at least a small constant times the
central charge.

6 Negative null energy in multi-stress tensor states

We now turn our attention to states prepared by stress-energy tensors. Firstly, as mentioned
before, since the stress-energy tensor exists as an operator in every CFT this discussion lends
some universality to its arguments. Secondly, as we will soon see, the ability to superpose
stress-tensor states as in Section 3 will allow us to find negative null-energies with scaling
greater than C%/ 2,

In large N theories, the stress-energy tensor is a single-trace operator, however we will be
careful to note its special scaling conventions. By definition, the stress-energy tensor two-point
function is proportional to the central charge of the CFT which sets the scaling of the two-point

function to N2. This also sets the scaling of the three-point and connected four-point functions
(TT) ~N?, (TTT) ~N?, (TTTT) oy ~N?, (117)

where we have dropped indices and function dependence instead focussing on the overall
N-scaling and again the connected four-point function is given by

(T1TyT5T4) conn = (T1 To T3 T4) — (T1 To) (T3 Ty) — (T1 T3) (T Ty) — (T1 T4) (T2 T3) (118)

This scaling continues to apply to all connected higher-point functions which implies that
n-point functions are dominated by their disconnected constituents. As in the multi-trace
operators formed from the subsequent OPE of single-trace scalar operators, it is easy to see
how factorization implies the existence of a double-trace operators appearing in the of T,
with itself. We will focus on the lowest twist spin-4 double-trace operator, which we will call
the double-stress tensor. This can be thought of as a normal-ordered product of T,:

[Tz]al,bl;az,bz ~ 3 Talbl Tazbz L. (119)
This operator has conformal dimension A(Tz) = 2d+y(T2) where we can argue that Y(TZ) =O0(N72).
While the operator product of generic components of the stress-energy tensor in a typical con-
figuration is certainly more involved due to the compounding of tensor factors, the arguments
given for scalar operators in the previous subsection apply straightforwardly to stress-energy
tensor OPEs of T, arranged collinearly in Euclidean time.

In a similar fashion to the previous subsection, this construction can be iterated to build a
series of multi-trace operators through the successive OPE with T,;. In this paper we will call
the particular multi-trace primary appearing in the p™ OPE of T,;, with lowest twist and spin
2p the p™ multi-stress tensor, [TP]{q, b,y where {a;, b;} = a1, by;ay, by;...,ap, b, is shorthand
for a multi-index that is symmetric and traceless on any pair (q;, b;) and symmetric under the
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interchange (a;, b;) < (a;, b;). Much like the muti-trace operators utilized in the Section 4,
this definition does not specify [ T?] uniquely, say due to mixing with single-trace operators,
but only at leading order in N°. For our present purposes this is enough, although below we
will discuss when 1/N corrections become important.

6.1 States with negative null energy

Just as in the previous section we can construct a multi-stress tensor state by aggregating
integrated stress-energy tensors in their OPE. That is, given a Euclidean polarization function
h?(x) we can consider the state

ITY) =N (TP |9) , (120)

with

p p—1
(Ty) = J (]_[ d’x; h“f”f(xi))( AATA(Ti)A¥+1)) (PP PYEE [TPY 0y () (121)
i=1 1

1=

where

{Ci>di}
(P.P""'P){ai,bi}

i’di —
P (s 00 )P (g U PR (60;8%) (122)

ap,b, Apq a,by ay,

and A; is a multi-index running over the irreducible SO(d) representations appering in the i
tensor product of the traceless-symmetric spin-two representation. This cumbersome notation
only formalizes a very simple statement: correlation functions of (T,)P factorize, at leading
order in N, into two-point functions of f d?xh®®T,,. The arguments of the previous subsection
apply here and the null energy density in this state is given, to leading order in N, by

J dxg()(T) T__(x)Ty)
(T, Tn)

The sign of this expectation value is then set by the sign of the integrated stress-energy tensor
three-point function. Whether or not this three-point function can be made negative or not,
generically, is still open. In Section 3 we have presented evidence that in d > 4 dimensions the
pointwise expectation values are positive. While this obviously does not imply the positivity of
an integrated three-point function, we have, as of yet, been unable to construct one. Ind =3
dimensions we have found a negative pointwise expectation value in a colinear configuration
for a particular polarization. In this case, by taking h?® to be aligned with this polarization and
strongly localized to a colinear configuration, it seems possible that the integrated expectation
value could be negative. Regardless, at least for p ~ O(N°) operators then this negative energy
density also remains order N°

However, we can try a different strategy for generating negative null energy densities,
regardless of the sign of the three-point function. We do this by considering superpositions:

J dxg (X (T__(x))r =p +0(1/N) . (123)

la,) == N, (|T£)+ap|T£+1)) ) (124)

where NV, normalizes the state. For brevity of notation, let us denote the following

T(g]l:= f ddxg(x)zT__(x) . (125)

“We thank Nat Levine for discussions on this point.
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To leading order in N the smeared null energy is given by

(T[g])a, » N p?(p — DT, TLITH )T T}~ + 2(p + 1)p!Re (a, (T[g1Ty) ) (T, Ty)?
+(p + 12!, | (T TIGITR (T, TP } (126)

with .
N2 m A pUT TP + (p + Dl [ (T TP} (127)

at leading order in N. The benefit of this superposition is that we are free to choose the sign
of a, and we can use this freedom to make this expectation value negative. Let us choose the
phase of a, such that

a,(T[g1Ty) = —|a,|(T[]1Ty) (128)

and minimize over |ap~. The minimizer, @,, is easy to find and given by

p)

) _(TJT[g]Th)+\/((TJT[g]Th))2+4(p+1)<T2Th)|<T[g]Th>|2 (129)
a = .
p 2(p +1)(T, Ty,)

and the minimum is given by

+

(TyTLg]Ty) V(T TL1T)) + 4G + DT T T 1T,
2(T 1;,) 2(T, 1;,)

(Tlgha, =(2p+1) (130)

It is clear that this expectation value can be negative. For instance, for p ~ O(N°) this expec-
tation value scales as
1/2
(T[g))a, ~—N ~—C;/%. (131)

6.2 How negative can it be?

In the previous subsection, we illustrated how the possibility of generating negative smeared
null energy in multi-stress tensor states. We illustrated this both in states prepared by inte-
grated operators as well as in superposition states. In either case, the smeared null energy
could be made more negative by increasing the order, p, of the multi-stress tensor operators
involved. This might suggest that the smeared null energy is unbounded below. This would
possibly be the case if we could evaluate n-point functions utilizing exact Wick contractions,
as in free-field theory. However, since we rely on large N factorization, there is only a limited
range in p for which our estimations apply.

In particular, it is easy to generalize the arguments of subsection 4.3 to multi-stress tensor
operators to see that two-point functions dominate over three-point functions and connected
four-point functions in the computation of ([T?][T?]) when p scales with N at most like

DPmax ~ N . (132)

In this maximal scaling the smeared null energy in integrated multi-stress tensor states could
possibly scale as

f dx g ()T () pomer ~ =N ~—C;/* (133)

while remaining in the regime where large N factorization remains valid. In our superposition
states, this negative null energy is slightly more drastic, scaling as

J d9x g(x)2<T——(x)>dpm ~—N3?2~ —C;M . (134)
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6.3 Beyond Ci/ N

As in the discussion above, we expect that the null energy can be more negative in general. We
can repeat our analysis above to go beyond order Ci/ 4 negative smeared null energy. Including
contributions from connected correlators is more involved in this case, and we do not carry
out the analysis explicitly, but we expect the results would be similar. On the other hand, the
arguments for product CFT’s go through exactly as in the scalar case.

We will do the analysis more explicitly in holographic theories. Consider states of the form
) = TP |2) + aT?*|Q) (135)

where TP is taken to be normal ordered, as above. We now want to estimate the null energy
in such a state. We have

(TPT__TP) +a* (TPHIT__TP) + c.c. +|al? (TPHT__TPH)

Ty = (TPTP) + |a|2 (TP+1TP+1) ' (156)

We want to diagnose how large p can be before large N
Look first at the norm of the state. We want to impose something milder than full large N
factorization. We want simply that

(TPHITPT) = f(p)(TT)(TPTP) . (137)

Consider all of the bulk diagrams connecting p + 1 gravitons in the initial state to the same
number of gravitons in the final state. We will use the same logic as in the scalar case above,
so will be briefer in the explanations.

Suppose that a typical graviton in the initial state does not interact. In this case, we can
calculate (TP TP) by first factoring out the first T. Since typical gravitons do not interact, this
first T will not interact, and has a choice of p final T’s to connect to. Therefore, in this regime,

(TPTP) =(TT)(TP'TP7") . (138)

The regime of validity of this approximation can be estimated in the same way as in the scalar
case, and requires

p<LCr. (139)
Similarly, we have
(TPT__TP) ~p*(TT__T)(TP'TP7!) . (140)
We also need to evaluate
<Tpr+1> =0 (141)

due to the normal ordering prescription, which guarantees that TP and TP*! are distinct op-
erators with different scaling dimension. Finally, we need

(TPT__TP*) ~ (p+1)(T__T) (TPTP) (142)

which follows from similar logic: the T__ contracts with one of the p + 1 T operators in the
ket.
With these results in hand, we can estimate
(TT__T) (p2(TP TP 1) + |af*(p + 1)? (TPTP) )+2(p + 1)Re| a(T__T) (TPT?) |
(TPTP)+lal?(p+1)(TT)(TPTP) '

<T——>¢ ~
(143)
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Since p is large we will not distinguish between p and p + 1 in the numerical prefactors.
Simplifying the above expression gives

p(TT__T)/(TT)+pRela (T__T)]+|a|>p*(TT__T)
1+ |al?2p(TT)

(T__)~ . (144)

We can find the optimal value of a, as above, but here we content ourselves with determining
the scaling with central charge. We use the normalization that connected multi-point correla-
tors of the stress-energy tensor are proportional to Cr. We then have

p+Re[alpCr +|al?p*Cr
1+ |al?*pCr

(T__) (145)

The optimization is more transparent if we define ay/pCr = —y. With this sign convention it
is clear we want y real and positive to minimize:

¢ 2
_p=rVpCrHy’p  1ory iy

T _
) 1+7y2 1+y2

(146)

To remain in the weak interaction regime, 4/ %T must be large. In this regime this is the only
term that matters in the numerator, and the optimal value of vy is y = 1, with

(T__> ~—4/D CT . (147)

As before, we require only that p < C; for our approximation to work, so we can construct
states the negative energy that scales linearly in C;.

A nice aspect of the states constructed here is that some holographic theories may not have
sufficiently light scalars in the spectrum for the construction in the previous section, but all
holographic theories have gravity.

7 Discussion

In this paper we have investigated integrated null energy densities in large N interacting CFTs.
We showed, firstly, that scalar operators of sufficiently heavy conformal dimension, A > d,
prepare states with positive null energy densities. However, if the theory has light scalar op-
erators with A < d, then one can prepare states with negative smeared null energy. Secondly,
we showed that states prepared by the multi-trace operators appearing in the OPE of light
scalar operators can lead to smeared null energies scaling with the order of the multi-trace
operator. Unlike free field theory, however, this does not imply that the smeared null energy is
unbounded: namely, insisting upon a strict factorization of correlation functions sets an upper
limit on the order of the multi-trace operators used in preparing states. Within this class of
states, we showed that the smeared null energy can scale at worst as 4/Cy. We gave addi-
tional arguments for states in which this scaling could be pushed to ~ C;. The result from
two-dimensions, (7), and our arguments from product CFTs in Section 5 lead us to suspect
this is the maximal scaling of the smeared null energy, however we have not proved so in this
paper.

While the above results rely on the existence of a sufficiently light single-trace operator,
we illustrated that many of the same conclusions can be reached in states prepared by in-
tegrated stress-energy tensors (which exist in every CFT). Namely, by taking superpositions
of multi-stress tensor operators appearing in the OPE of multiple T,;, we showed that one
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can build states with negative smeared null energy scaling as C?/ * while preserving factor-
ization of correlation functions. Along the way, we presented arguments for the positivity of
stress-tensor three-point functions in dimensions d > 4, which may be a result of independent
interest. Lastly, we gave further arguments towards pushing the maximal scaling of the nega-
tive smeared null energy to ~ Cr. Again, we leave the question of whether this scaling can be
pushed past Cr to further work (although again we suspect not).

Our work suggests that some of the pathologies found in free field theory (unbounded
negative null energy densities in particular) are corrected by the role of interactions. In our
introduction, Section 1, we formalized and extended this suggestion in the form of two conjec-
tures. The strong form of our conjecture is that all interacting CFTs have smeared null energies
lower bounded by a state-independent functional which is linear in the central charge(s) of
the theory. In its weak form, our conjecture allows a potential lower bound to have a linear
state-dependence through the expectation value of a bounded number of light primary opera-
tors. These expectation values would provide the parameters defining an effective field theory
of states with lower bounded null energy densities.

In addition to proving one of our the above conjectures for generic interacting CFTs, there
are additional open directions that are naturally implied by our work. Let us briefly discuss
them below.

Connections to QNEC

Following up on the above discussion, one lower bound on null energy densities that has
been proven for both free [43] and interacting CFTs [44] is the quantum null energy condition
(QNEC) [45]. The QNEC lower bounds the pointwise expectation value of the null energy
by the second null variation of a state’s entanglement entropy with respect to its entangling
surface. Moreover, under mild assumptions, the QNEC is saturated for generic interacting
theories [46,47]. Despite this, the QNEC faces some shortcomings: both sides of inequality can
diverge leaving the bound (and its saturation) indeterminate. Additionally, the entanglement
entropy is a highly non-linear function of the state. This makes it difficult to compute and to
utilize in semi-classical singularity theorems (although see [48,49] for progress).

Deriving a lower bound on the smeared null energy density with a milder (linear) state
dependence directly from the QNEC would be incredibly interesting.'® It seems unlikely that
directly integrating the QNEC will provide any leverage towards this end, however there is
promise in modifying the proof of QNEC through the OPE of displacement operators [47]
to yield a lower bound on the smeared stress-energy tensor. Connecting QNEC (and its sat-
uration) to a general lower bound on smeared null energy is an important future research
direction.

Further connections to holography

While we have not relied explicitly on AdS/CFT for many of the results of this paper, we have
used holographic intuition to argue for the existence of states with negative smeared null
energy proportional to Cr. In Sections 5.3 and 6.3 we argued such states are prepared by
multi-trace operators of order p ~ C; ~ N? while remaining in a regime of a classical, weakly
interacting, bulk physics. Quantum bulk physics becomes important (i.e. loops appearing in
Witten diagrams become combinatorically favourable) only when computing correlators of
order p 2 N2. The reader might be surprised that we can construct CFT states with neg-
ative smeared null energy scaling close to C; while the bulk physics remains classical and,
importantly, NEC obeying. There is no strict contradiction here, per se, because, under the

1We thank Andrew Rolph for discussions along these lines.
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holographic dictionary, the CFT stress-energy tensor is related to the boundary metric fluctua-
tion as opposed to the bulk energy operator. These are, of course, related via the bulk Einstein
equation when the bulk remains classical. It is intriguing to speculate on connections between
bulk classical energy conditions and CFT QEIs. One such connection is the proof of the smeared
null energy condition [18,21] for holographic CFTs coupled to dynamical gravity induced on a
brane in AdS/CFT, by utilizing the classical “no bulk shortcut” principle [50]. More generally,
a more direct connection between bulk energy conditions (either classical or quantum) and
CFT QEIs would be a useful data point for the existence of QEIs in generic CFTs.

Connections to singularity theorems and wormhole spacetimes

As mentioned in the introduction, the DSNEC with one of the lengths held constant, can be
used to prove the Penrose singularity theorem in semiclassical gravity [18,24]. If one of our
conjectures for CFTs is proven, the results could be applied to derive a singularity theorem for
CFTs. It would be an important generalization of the current work to examine under what
conditions of the CFT a singularity can be formed in the corresponding classical spacetime. A
different research direction would be to use bounds of integrals on more than one spacetime
direction for singularity theorems such as the DNEC. Progress has been made in the timelike
case [51] with a version of Hawking’s singularity theorem with a worldvolume energy bound.
DSNEC can also be applied to long wormholes where the condition can be used on achronal
segments inside the wormhole throat [19] and determine further restrictions to the possibility
of the existence of a long wormhole.
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A Positivity of state norms

In this appendix, we show that certain integrals arising in the main body are positive. These
integrals arose in, for example, equation (33) and are of the form

f ddX]_ ddX2 h(xl)*h(X2)<0A(X1)i’oA(Xz)> :J ddxldd)(éw . (Al)
H_

21
H_ |xf —x2|

The quick argument is that this has the form of the norm of a state, so must be positive for
dimensions satisfying the unitarity bound,

A>—2 (A.2)
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Figure 3: The contour deformation yielding the integral (A.5).

soo However, we want to show this explicitly since not all integrals of this form arise from a norm,
so1 SO we want to be sure there are no hidden assumptions about the state preparation functions
892 h

893 To show this, we begin with a Fourier transform result
1 d"K e 1
—=c ——e ¢ A3
ro an (27-[)11 |K|n—a ( )

soa valid for 0 < a < n. Here ¢, is a positive constant.

895 Note that we need to deal with arbitrarily large powers a in a fixed number of dimensions.
sos To deal with this, we allow the number of dimensions n in the Fourier transform to be larger
so7 than the actual spacetime dimension d. Because our smearing function treats space and Eu-
sos clidean time differently, it will be useful to distinguish these. We will also distinguish between
soo the physical spacetime dimensions (co,?é) and the auxilliary dimensions, which we call p. We

900 have
1 _ Can f Mei(a)fﬂé'f) 1 ) (A.4)
re (2m)" k2 + p2 + w2| 7
901 The physical intuition is that we obtain high powers by embedding the physical dimensions in
902 a higher dimensional space. We can think of the physical plane as sitting at the origin in the
903 extra dimensions.
904 We now want to deform the contour of the w integral, assuming 7 > 0. In the complex w
905 plane, we have branch points at w = +i+/k2 + p2%; we take the branch cuts along the imaginary
906 axis as shown in the figure.

907 After deforming the contour as shown in Figure 3, the integral becomes
1 — d41kdp (% T 1
— =2, sin( m(n a)) f P dwelk*—we —  (A.5)
re 2 (2m)n JEE w2 — (k2 + p2)|"z"

o0s Wwhere the sin arises from the difference in the integrand on the two sides of the branch cut.
909 Note that this formula is useful if the w integral is well-behaved near its lower limit, re-
910 quiring

a>n—2. (A.6)
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In this regime the prefactor is positive. We now want to change the order of limits and do the
integral over the auxilliary p coordinates, obtaining

. oo IR .
— =&, J dd_lkJ dwelkx—e J d"dp — . (A.7)
re Ik| 0 lw2 —k2—p2| =

The p integral converges in the range of alpha of interest (A.6) and, up to the overall positive
constant, can be done by dimensional analysis, yielding

oo
Lo J dd‘lkJ dwe kT (w? — ) (e /2, (A.8)
Ik]

ra

At this point, the auxilliary coordinates have been integrated out. The choice of n does not
matter except to make integrals converge in the intermediate steps, so in fact the overall pos-
itive constant should not depend on n and we have derived a simple result:

1 e
— =Cu f d 1k f dwelkxW7 (w2 — k2)a—D/2 fora>d—2 (A.9)
-
||
where C,, is a positive constant.
When the inequality is saturated, a = d — 2, a similar formula holds,

1 <
—=C4 f d 1k f dwe** T 5(w? —k2). (A.10)
-

0
Presumably these formulas have been derived many times before, but we were not able to find
a useful reference. The result is simply a Fourier-Laplace transform of the power law.

With these formulas in hand, positivity follows quickly. Returning to the integral of interest,
1

I= | dt,d*  x;d1od T xoh* (11, %)R(To, %5) — (A11)
J ! e S (C TR ) RN ¢ BT

where the preparation function h only has support for positive t. Making use of the represen-
tation of the power law derived above gives

I = CAdJdTldd_lxldTde_leJdd_lk

oo
xJ dwh* (T, Zh(T,, Xp)eFCrmx)-wlei+m2) ()2 _g2ya=d/2 (A 12)
[K|

We now rearrange the integrals to obtain

[
I = CAdfdd_lkf dW(Wz_kz)A_d/zfdTldd_lx:lh*(xl’Tl)eik.xl_wq’—l
Ik

xfdfzdd_lxzh(xz,tz)e_ik'x2_mz. (A.13)

This is now the integrand of a perfect square:

oo
I=Cpg J d 'k f dw(w? — k*)~4/2
Ikl

The quantity appearing inside the absolute value is just the Fourier-Laplace transform of the
state preparation function h, and this formula demonstrates that the integral is just a particular
norm of this function.

The result can be extended to the edge case A = (d—2)/2 using similar arguments. There-
fore, we have shown that the integral of interest is non-negative when A satisfies the unitarity
bound, A > (d —2)/2.

2
J dtd®'x h(x, 1) e Fxwt| (A.14)
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B Two and three-point functions in CFTs

This appendix summarises established results used in the main text for two- and three-point
functions of the stress-energy tensor and scalar operators for unitary CFTs in d > 3, along with
constraints on their coefficients derived from ANEC.

B.1 The two-point function

Imposing conformal symmetry and the conservation of the stress-energy tensor, the two-point
function of T,; has the following structure [28,52]

C
(Tap()Tea(0)) = 37 aca (). (B.1)

where C; characterizes the leading singularity of the two-point function and*!

Labed (s)= Iae(s)lbf (S)gef,cd > (B.2)

with I,;,(x) =064 — ZX;)ZC” the inversion operator. £ is given by
1 1
gab,cd = E(Sacgbc + 5ad5bc) - Eéab6cd ) (B?’)

and it is the projection operator onto the space of symmetric traceless tensors. Z represents
the inversion tensor associated to &.

From the positivity of the two-point function in unitary theories, it is necessary that Cy > 0.
In even dimensions, Cy is related to the coefficient of the trace anomaly of the CFT.

B.2 The three-point function
B.2.1 The general frame

The general expression for the three-point function of the stress-energy tensor with two scalar
operators O of conformal dimension A is [28]

Croo
(Tap(x1)O(x)0(x3)) = ——— o tap(X), (B.4)

12%13%23

where Y x 1
x X
tp(X) =52 — =50, X="3-=, (B.5)
X d X2 Xi3

and x;; = x; — x;. The coefficient is given by Crpp = —ddjﬁ where Q;_; = F(ZdL/zz) is the

area of the unit (d — 1)-sphere [28].
Similarly, conformal symmetry leads to a simplified expression for the three-point functions
of the stress-energy tensor at generic points in the spacetime [28]

1
(Tap(x1)Tea(x2) Teg (x3)) = —7—F—7 Zabar (¥13)Lea,crar (Xa3)tarrerdres (X12) (B.6)
X12X13%23
where X1, = % - % and tgpcq.(X12) is an homogeneous of degree zero in X tensor, sym-
13 23

metric and traceless on each pair of indices ab, cd and ef, that satisfies
tabedef X) = tedaper (X)), (B.7)
Iab,a’b’(X)ta’b’cdef(X) = tefabcd(X)- (B.8)

Note that the Einstein summation convention is used here.
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os7 A general expansion for tqpq.f(X) compatible with the previous conditions is [28]

tabedef (X) = ahzbcdef + bhefab dE+ b (R f(X) +hcdabef(X))

+ o chdy ghe s (X) + ¢/ (S, gy (X) + R, hL, (X))
+ehly g (Ohy (X) + €' (2 Ky (X)) + hey, (XD, (X))
+ Fhey(he (R, (X), (B.9)
958  Where
5 s 1 s X
hLX) = Xaxb—gaab, with X, = ;2,
2 5 4 A 4, 4 4
R, X) = X Xp6pg+(aesb,ce>d)— E aXpOcq — EXch(Sab + ﬁaab5cd )
2
hibcd = 5ac5bd + 5ad5bc - E6ab5cd 5
A A A 2 A
hibcdef(X) = . XaXp+(ceod,e ‘_’f)__ thabef(X)
2 8
- déefh bcd(X) cdaefh b(X)
4
hideef - 5ac5be5df + (a —bc—od,e— f) abhcdef
4 4 8
~ 5thabef 7 6€fhabcd d25ab6cd5ef . (B.10)
959 Eq. (B.8) together with the conservation of the stress-energy tensor impose five relations

o0 among the eight coefficients, (a, b, b’, c, ¢/, e, €, f), in (B.9). Therefore, the three-point

961 function of the stress-energy tensor of any CFT is fully characterized by three independent
o62 coefficients. In addition, the Ward identities relate the two- and the three-point functions
963 [28,52]

Cr =494, (d=2)(d +;()§+ 22)b (d+ DC (B.11)
964 Therefore, we can write the three-point functions of the stress-energy tensor in terms of two
965 independent coefficients and Cy.

966 B.2.2 The collinear frame
967 The expression for the three-point functions of the stress-energy tensor simplifies when the
o6s three spacetime points lie on a straight line [28]

1
|74 —Tz|d|T1 —73|d|Tz—T3|d

(Tap(x1)Teq(x2) Tep (x3)) = Adbedes > (B.12)

osso where x, = (7,0), Agpeder = Acdaber = Aefabed> a0d Agpeges is symmetric and traceless on
o70 each pair of indices. With these conditions, we have

Arrrrer = @,
Aijrrm = /55ij:
Aickeee = YOik,
Ajjkice = 0606461 +€(616j+616i),
Aijkzme = P0ii6km + T(0ik6jm +0imOik),
Aijkimn - = 706116mpn +5(6;j(6xmb1n + 65n0im) + 0k1(8im6 jn + 6injm) + 8mn(6i4 61 + 8116 1))

t(5ik5jm5ln + 5jk6im51n + 5il5jm5kn + 5j15im5kn + 6ik5jn5lm + 5jk5in5lm + 5i15jn5km
518:n8km) - (B.13)

+ +
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Tracelessness requirements imply
a+pd-1) = 0
B+(d—1)6+2¢ = 0
y+(d—1p+2t = 0
(d=1Dr+6+4 = 0
(d=—1)s+4t+€¢ = 0. (B.14)
On the other hand, from the conservation of the stress-energy tensor we have
dr+(d+4)s+2t+27 = 0
—dr+(d—2)s+2(d+4)t+2p = 0. (B.15)

These relations leave three independent coefficients for the conserved and traceless symmetric
three-point function, as expected from the analysis in the general frame. Equations relating
the expressions in the general and collinear frames can be found in [28].

B.3 Constraints of the three-point function

This subsection includes details on the constraints on these three parameters for free and
interacting CFTs discussed in Section 3.3.

B.3.1 Free theories

Tables 2 and 3 show the three independent parameters of the three-point functions of the
stress-energy tensor in free boson, fermion, and tensor theories in the general and collinear
frames [28,38]. In these tables, n, is the number of scalar fields, n £ s the number of fermionic
fields and n, is the number of degrees of freedom contributed by the tensor fields (which we
will only consider in even dimensions).

Bosons Fermions Tensors
3 3
nyEEE |~ 2;162;32 | G e
d—1 d—1 d—1
_n 122 1 | _2Pd%ny | (d-2)d® n
58 (-1 i | 803 2(d-3) 3 |

Table 2: Independent parameters of the three-point function of the stress-energy
tensor for free boson, fermion, and tensor field theories in the general frame.

Bosons Fermions Tensors
T | | dhan
d—1 2 2d—l d—1
”S%%# dszszB - 2(:11;) e
T d3 T d—1 d—1 d3 dr_ltl
M58 @17 02 0 O

Table 3: Independent parameters of the three-point function of the stress-energy
tensor for free boson, fermion, and tensor field theories in the collinear frame.

For free theories, Cy is [28,38]

d 1 d 1 d?
Ci=n——— Cf =n,—21/2 Cl=n (B.16)
T s 2 T f 2 T t 2
d—1 Qd_1 2 Qd—l Qd—l
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B.3.2 Average null energy condition in CFTs

The averaged null energy condition (ANEC) states that the integral of the expectation value of
the null energy along a complete null worldline is non-negative

oo
J dx (T__(x7))y = 0. (B.17)
—0o0

For CFTs, ANEC was derived for a special class of states in [35]. Refs. [11,53] provided a more
general proof of ANEC using causality arguments. Also, using causality and bootstrap methods,
[39] proved ANEC for any unitary parity-preserving CFT with a unique energy-momentum
tensor.

By assuming ANEC, Hofman and Maldacena [40] derived in d = 4 some constraints on
the anomaly coefficients, known as conformal collider bounds, which lead to bounds on the
parameters that characterize any (T TT). Ref. [38] extended these results to general d. They
considered the integrated energy flux measured per unit angle in the transverse directions at
a large sphere of radius r

(e ]
E() = r1_1)n010 rZJ dx°n Tl.o(t, rit), (B.18)
—00
where n' is a unit vector in R4~ and specifies the point on the $%~2 at infinity where we are
measuring. For states defined by the action of a scalar operator in the vacuum O|0), the ANEC
tells us 010 E@OI0)
o i
) = "ooto0) =
They considered the states O ~ €"”T),, where €,,, is the polarization tensor. Because T"" is
conserved we can choose € to point in spacelike directions €;; [40]. The most general form of
the energy flux at null infinity in the direction indicated by 7 is [38,40]

(0le*. TUE(0)er, TTX|0) e*.eynin! e;inin;|?
() = ij lk __E 1ty| 2 i 1 +t, lejn'n 2 ’
2

(Olegijife?‘lekIO) Q4 e e d—1 e €6 d2—1

(B.19)

(B.20)
where E is the total energy. The structure of this expression is the result of conformal sym-
metries and has two undetermined coefficients in agreement with the results in Appendix B.2
(we found three free coefficients, one determined by the Ward identity). The negative terms
appearing in the two factors multiplied by t, and t4 lead to constraints on the t, and t4. We
can write these coefficients in terms of a, b and ¢ [38]

2(d +1)a(d —1)(d(d +8) +4) + 3bd? —cd(2d + 1)

2 = =7 ddd+1)—6)—cd+1)—2b  °
. (d+1)(d+2)3a(d(1—2d)+1)—2bd*+cd(d + 1) B.21)
+ d a(d(d+1)—6)—c(d+1)—2b '

B.3.3 Constraints on (TTT)

Demanding (£) to be non-negative imposes some constraints on the coefficients t, and t,
[38,40]

-1 -2 ty >0
d—1 a2—1"—"
(1— 1,2 t4)+1t2>0
d—1 dz2—1 2477
(1— ! to— 2 t4)+d_2(t2+t4)>0. (B.22)
d—1 dz2—1 d—1 a
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Using (B.21), these constraints can be written in terms of a, b and c

a(d(d+4)—4)+d(2b—c) <0,
a(d(d+6)—8)+b(3d—2)—2cd >0,
4a+2b—c<0. (B.23)

In addition, the positivity of the central charge C; leads to
(d—2)(d+3)a—2b—(d+1)c>0. (B.24)
For collinear points, (B.23) imply

8y (d(d?+d—10)+4)Q_; —8ady_; — Crd(d((d —1)d(d + 5) — 28) + 20) <0

(d—3)(d—2) ’
2(ad +y(d(d+7)—4))Q24_1 —Crd(d(d +5)—2) -0
d—2 -
d(a+4y)Q4_1 —47Q4-1 —Cy(d —1)d <0
(d—2)(d-1) -
(B.25)

Note that for d = 2 (B.25) are not defined and for d = 3 the first condition is not defined. The
constraints on a/Cyr and y/Cr for d = 4 are plotted in Fig. 4.

0.4F
02|

0.0

o211 X -8

_02l I Ter cr 4
“ j 2 >_10 L +-1L
o cr cr 2

04! T2 s-3 L3
t / cr cro2nm

-0.61
-0.8}

-1.0f
0.00 0.05 0.10 0.15 0.20 0.25 0.30

Cr

Figure 4: Possible values of a/C; and y/C; according to constraints (B.25).

As a check, we apply the constraints to the free scalar theory, where have

(d°+4d*—17d3+36d—16)n; (d*+d>—4d*+4d)n; SR S
a=— , = , = —_—. .
8(d - 1)293—1 8(d - 1)292—1 ! Qﬁ—l d—1

Substitution of these expressions in (B.25) shows that the three constraints are verified.
We go back to the general frame and consider an interacting CFT whose (T TT) is char-
acterized by ng,n £oMg instead of a, b, c. In terms of these parameters, the constraints (B.23)

37



1021

1022

1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

1035

1036

1037

1038

1039

1040

1041

SciPost Physics Submission

are

d? —4)d3
—%”f =0

%(d +2)d*n; >0
_(d*—4d*
2(d—1)3 °

For d > 4, constraints (B.27) imply that (n,,n¢,n,) are non-negative.

(B.27)

C Connected correlators

C.1 Combinatorics

Consider the two-point function ((O},)PT(0})P) of the multi-trace operator defined in (81) and
say we wish to factor this into all possible connected (2a)-point functions of some maximum

~~~~~~

natural numbers satisfying

Z am,=p. (C.1
a=1
Then we write »
(@) = Y HAOFT @Y+ €2)
{m,) a
where Zl{)m ) denotes summing over all sets {m,} satisfying (C.1) and {(O},)PT(O})P) ) is the
a ma

term in the 2p-point function consisting of m; two-point functions, m, four-point functions,
and so on. The ... indicates connected correlators of order greater than (2a,,,)-

Let us first focus on a particular ((O,)PT(O,,)P) ‘ and ask how many ways it can break up
into its connected part. First will pull out all the terms that need to go into 2-point functions,

then from the remainder the terms that go into 4-point functions, then 6-point functions, and
so on. The ways of doing so are

2 2
((Oh)p]"(oh)@’{m } Z( nljl ) <(Oh)m11-(0h)ml>(2)( p2—m11211 ) (O™ (0)*™) 4. ..
Amax a—1 2
— p— = bmb am,T am,
—1:!( ey ) (O™ (O™ )22

Amax O amaTO am, A
=(p!)zl—[(( )21 (OR)2™2) (22 C.3)

a1 (am,)!?

where the subscript on the ((0;)*™7(0})?™2) 4, indicates that we still need to break up this
higher-point correlator entirely into connected (2a)-point functions. Let us do so now.
We build (2a)-point functions from ((Oh)ama'r(Oh)ama)(Za) sequentially. The left-most O,

has a choice of (am, —1 choose a—1) (’)hT’s and (am, choose a) O}’s to form a {(0,)*T(O,)?)
leaving behind a ((Oh)a(ma_l)T(Oh)a(ma_l))(Za). Proceeding along we find

m,—1 N . )
<(Oh)amaT(Oh)ama>(Za) = |: l_[ ( a(maa _T;) 1 )( a(m, —n) )]x((oh)aw(oh)aﬂzﬁln (C4)

a
n=0
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We can simplify by noting that the product of the second terms in the bracket is

my—1
: a(my,—n) | _ (am,)!
L] ( a )_ (at)ym (©5)

n=0

while the product of the first term in the brackets is

rﬁl( a(m,—n)—1 )=(ama)(ama—1)...(ama—a+1)x(ama—a)x(ama—a—l)---

n=0 a—1 ((a—1))ma x (am,)(am, —a)...

_ (am,)!

_m ) (C.6)

Putting this in (C.3) we find the relatively simple expression

Amax M,

<(Oh)P"F(Oh)P> } — (p!)z x [ﬁ <(Oh)a'(oh)a)coanni| — (p!)Z(OZO}Jp x |:l_[ X3 i| (€.

{m, a=1 (a!)zm“ma! a=1 a!

with o .
X, = <(Oh) (Oh) )conn . (C.S)
(@N%(0}0p)2

Note that x; = 1 while generically x, ~ N2722 which is independent of how we normalize the
(OO) two-point function.

To understand this expression we look at the following example. Let’s assume we have
the 8-point function {(O,)*'(0,)*). It can be decomposed in the following collections of even
point functions: {m; =1,my =0, m5 = 1}, {m; =4,my, = mg =0}, {m; =2,m, =1, mg = 0}
and {m; = 0,m, = 2,m3 = 0}. Then for one possible decomposition and using Eq. (C.7) we
have

(OO

{m;=2,m,=1,m3=0}

(41y? ( <(Oh)T(Oh)>2) (((Oh)ZT(OhV))
' 2! (212

= 72((0)"(ON)*{(0OD* (0% . (C.9)

2
This result matches with the direct consideration of possible 4-point functions (;) =36 and

possible two-point functions (f) =2.
The full correlators are then given by

p Amax M,
((ORPT(OR)P) = (PHHOLOW) D | []_[ % ] +. (C.10)

|
{my} La=1 "2’

where again the sum is over all sets {m,} satisfying (C.1). While this expression is compact,
. 5 . . . Amax .

since the m,’s are constrained (and since x; = 1) we can write m; = p — »,-"% am, to write

this only in terms of the corrections that four and higher-point correlators contribute to the

(2p)-point function:

Sp amax m
- l)! )(a a
((ORPT(ORP) = p!1 (O] O)P [ ] +... (C.11)
h - ;m (p— Yo am,)! !:! m,!

< . . . .
P is over all possible {m,},—, _, _satisfying >.-"%m, < p.

{m, }a=2,...,amax ”””

where now the sum )’
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C.2 Asymptotics of R

A quantity of interest in Section 5 is the ratio
Z<p 1 %[l—[amax ﬁ]

() p) = —mebemzomee @S amDi L1 Ta=2
amax p Z<p p—l [l_[amax X;na ]

{mata= 2, amax (P~ Zamax am,)! a=2 m,!

which appears in the ratio of ((O,)P~17(O,)P™!) and ((©0,)PT(O,)P) after breaking up into
connected (2a)-point correlators up to a maximum order a,,,,. We are interested in the large
p, small |x| asymptotics of this object as p ~ N* and x, ~ N2722 in the large N limit. As
discussed in Section 5, we will keep a < Zama" <2.

Let us call a term of fixed {m,} in the numerator or denominator ng, y and dy, }, respec-
tively so that

(C.12)

Sonyn
“im,) Hmak {ma}
R (X)) = =5 (C.13)
iy dim)
We note that for almost all configurations of {m,}
Zamax a m
Ny} = (1 == f_, dim,} - (C.14)

Of course, terms where ), am, = p are explicitly excluded from the numerator sum, however
we can still write (C.14) as such terms would be exactly zero anyways. We then find

(xahp)=1— Zfﬁa}(za;ma)d{ma}
amax a p - < .
Z{nlq)a} d{ma}

It is this second term that is now our focus and we wish to show that it is suppressed by a
negative power of N as p ~ N“. To see that this is, we note that the terms dg,_ , will have
different N-scalings depending on the combinatorics determined by {m,}. There will be some
term(s) of maximal N-scaling that will dominate this sum. However, if those terms occur for
any choice of {m,} such that ), ,am, » p then the numerator is parametrically suppressed
and we are done. The only case we need to check is when ), am, ~ p in N-scaling and verify
that the corresponding d;, } is not maximal.

To that end, let there be a collection {m,} such that >,  am, = p—r where the remainder,
r ~ NP has subleading scaling compared to p: 8 < a. If a,,, ~ O(1), then there must be at
least one (although possibly multiple) term with am, ~ p. For simplicity we will assume that
one term, mj, dominates and satisfies am; = p —r. The case with multiple dominant terms
follows similarly. Implementing Stirling’s approximation, the leading scaling to dy, , is

d ~ P p? ]\[Za(Z—Za)ma ~ Nap—arﬁé—ﬁr-i-za(Z—Za)ma
fma) msr rﬁ;ﬁérr

~ N(a—2)E-1)m; , (C.16)

(C.15)

where in the second line we have dropped all terms in the exponent that are themselves not
leading in N. Since a > 2 and a < 2, this term is doubly-exponentially suppressed and cannot
be maximal.
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