MITP/24-086

Electroweak double-box integrals for Mgller scattering
Niklas Schwanemann and Stefan Weinzierl

PRISMA Cluster of Excellence, Institut fiir Physik,
Johannes Gutenberg-Universitit Mainz,

D - 55099 Mainz, Germany

Abstract

We present for Mgller scattering planar and non-planar two-loop double-box integrals where
three electroweak gauge bosons are exchanged between the fermion lines, among which at
least one is a photon. These integrals are relevant for the NNLO electroweak corrections to
Mgller scattering.



1 Introduction

Mgller scattering (e” e~ — e~ e ) can be used to measure the weak mixing angle at low energies
[1]. In order to match the anticipated experimental precision reliable calculations on the theory
side are required. As higher precision on the theory side is reached by including higher-order
perturbative corrections, electroweak two-loop corrections come into focus [2—-10]. The most
complicated Feynman integrals at the two-loop level relevant to this process are the planar and
the non-planar double-box integrals. These integrals are the topic of this article.

We further note that the scattering amplitudes for Bhabha scattering (e" e~ — eTe™) and
Mgller scattering are related by crossing symmetry, and the Feynman integrals computed in this
paper are useful for both processes. Bhabha scattering is typically used to monitor the luminosity
at an e e~ -collider [11]. The integrals are also relevant to electroweak two-loop corrections to
the Drell-Yan process and to quark-pair production in electron-positron annihilation.

In this paper we present planar and non-planar two-loop double-box integrals where three
electroweak gauge bosons are exchanged between the fermion lines, with the additional require-
ment that at least one exchanged gauge-boson is a photon.

Throughout this paper we treat electrons (and neutrinos) as massless. The non-zero kine-
matic variables are the two Mandelstam variables s and ¢ (the third Mandelstam variable is given
by u = —s —t) and the mass m of the heavy gauge boson (either a Z-boson or a W-boson).
Diagrams with two massive gauge bosons will necessarily have either two Z-bosons or two W -
bosons. The mixed case is excluded by the assumed initial and final states. For each diagram we
distinguish the mass configuration: We consider the cases with zero, one or two internal massive
gauge bosons. For one and two internal massive gauge bosons we have for each topology two
inequivalent possibilities to assign the masses, leading to five different mass configurations for
each topology. The complexity of the calculation increases with the number of internal massive
gauge bosons: The simplest case are the Feynman integrals with three internal photons. These
have been computed long time ago [12, 13]. This case is included here only for completeness.
On the other side, the non-planar integrals with two internal massive gauge bosons involve el-
liptic curves and require state-of-the-art techniques. This paper is an example, how techniques
developed for elliptic Feynman integrals [14-79] are applied to phenomenologically relevant
processes.

In total we present ten families of Feynman integrals, which differ by the topology (planar or
non-planar) and the mass configuration. We label the planar families A, B, C, D and E, where A
denotes the most complicated one and E the simplest one. The non-planar families are labelled
in a similar way by A, B, C, D and E. The planar double-box diagrams and the non-planar
double-box diagrams are shown in fig. 1.

We do not include in this paper the exchange of three massive gauge bosons between the
fermion lines. There are two reasons for this: On the one hand we expect the contributions from
these integrals to Mgller scattering to be suppressed by a (negative) power of the heavy gauge
boson mass. On the other hand (and this is the main reason), this case goes beyond the current
state-of-the-art: it is known that the non-planar double-box integral with three internal massive
gauge bosons is related to a curve of genus two [80]. We will report on these integrals in a future
publication.



We note that for the calculation of scattering amplitudes at the two-loop order one will need
additional master integrals. Worth mentioning is for example a further double-box graph, where
two W-bosons are exchanged between the fermion lines and a photon or a Z-boson is exchanged
between the W-bosons. We expect that the photon-exchange graph can be calculated along the
lines of this article. The Z-boson exchange graph will be more complicated. The purpose of this
article is to show that some of the most complicated integrals can be computed systematically,
and to lay the ground for the computation of the calculation of the double-box graphs with the
exchange of three massive gauge bosons between the fermion lines.

To compute the Feynman integrals we follow to a large extent the setup and the notation
used in [81], where the (simpler) box integrals with self-energy insertion have been computed for
Mgller scattering. In particular, the original kinematic variables are defined in the same way. The
actual calculation proceeds along the following steps: Using integration-by-parts identities [82,
83] we first derive a differential equation [84—87] for a pre-canonical basis of master integrals.
This differential equation is in general not in an €-factorised form. This first step only uses
standard techniques. The essential (second) step of our work is to construct a new basis, such
that the differential equation is transformed to an €-factorised form [88]. This is the new result
of our work. As some Feynman integrals are related to elliptic integrals, we profit from the
techniques developed in [47,48, 89]. In a third step we determine for all integrals the boundary
values. This again is standard, and so is the final fourth step, where we solve the e-factorised
differential equation order-by-order in €. We express the results for the simpler topologies in
terms of multiple polylogarithms, the results for the more complicated topologies in terms of
iterated integrals. For all integrals we provide numerical evaluation routines. As an additional
side-result we can look at potentially numerically large contributions, which arise from large
logarithms. The large logarithms are easily obtained from our full result.

This paper is organised as follows: In the next section we introduce our notation. In section 3
we discuss the master integrals, which put the differential equation into an g-factorised form. In
section 4 we discuss the integration of the e-factorised differential equation. Numerical results for
a benchmark point are provided in section 5. In section 6 we discuss large logarithms. Finally,
section 7 contains our conclusions. The article includes three appendices: In appendix A we
show for all master integrals the corresponding diagrams. In appendix B we list all master
integrals, which put the differential equation into an €-factorised form. In appendix C we describe
the content of the supplementary electronic file attached to the arxiv version of this article.

2 Notation and setup

2.1 Kinematics

We consider two-loop electroweak corrections to Mgller scattering

e (=p1) +e (=p2) — e (p3) +e (pa). (1)



It will be convenient to take all momenta as outgoing, hence the momenta of the two incoming
particles have a minus sign. Momentum conservation reads

pit+p2+p3+ps = 0. (2)
We assume the electrons to be massless. This implies that the external momenta satisfy
pi =ps=pi=p;=0. (3)
The Mandelstam variables are defined by

s = (pi+p)?, 1= (p+p3), u= (pi+p) 4)

Among the most complicated loop diagrams contributing to the electroweak NNLO corrections
are the planar and non-planar double-box diagrams, shown in fig. 1. The wavy lines are either
photons or heavy gauge bosons (i.e. either Z-bosons or W-bosons). The case where three heavy
gauge bosons are exchanged is expected to be numerically suppressed by |¢|/ m? [4], where m
denotes the mass of a heavy gauge boson. In addition it is from a computational point of view
significantly more involved. For these reasons we focus here on the cases, where there is a least
one photon exchanged. In this case there will be at most two massive gauge bosons. If there are
two massive gauge bosons, they will have the same mass m.
We are interested in the case where
-t <5 < mh. (5)

~Y

2.2 The families of Feynman integrals

We consider the integrals

D D 9

V1VaV3V4V5VgV7VgVo H in% iﬁ% I I1 (PX>vja
J= ;
J

X €{A,B,C,D,E,A,B,C,D,E}, (6)

where D = 4 —2¢ denotes the number of space-time dimensions, Yg denotes the Euler-Mascheroni
constant, i is an arbitrary scale introduced to render the Feynman integral dimensionless, and the
quantity v is defined by

9
vV = ZV]'. (7
=1

We will further use the notation p;; = p; + pj, pijx = pi +pj+ px. The labels {A,B,C,D,E}

propagators for the planar topologies are given by
2
Pl =—(ki—p1)*+ (m])", Pf = — (ki —p1n)’, Py = -k,

4
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Figure 1: The planar double-box diagrams (left) and the non-planar double-box diagrams (right).
The solid lines are electrons, the black wavy lines are photons and the red wavy lines are heavy
gauge bosons.
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Figure 2: The auxiliary graph for the planar topologies. The coloured legs carry the masses m?,

mff and m%‘ , respectively, which can either be the mass of a heavy gauge boson or zero. All other
lines are massless.

Topology | Masses # MIs | Square roots
A (mf,mf,m3) = (0,m,m) | 35 |ri,r,r,m
B (mlig?mf?m?) = <m707m) 26 ry, ra
C (m§,m§,m§) = (0,m,0) | 19 | —
D (mP,mP m?) = (m,0,0) | 21 |-
E | (mb.mbmb)—(0,0,0) | 8 |-

Table 1: The planar topologies and the corresponding mass configurations, number of master
integrals and occurring square roots.

PY == (ki +hk)? + (m)”, ps
P = —(kp+ p123)* + (m ), Py =—(ki—pi3)°, P =—(ka+p3)°. (8

The auxiliary graph for the planar topologies is shown in fig. 2. The planar topologies {A,B,C, D,

E} differ by the assignment of the masses (m,m,m5 ). The cases which we consider in this

paper are summarised in table 1. The first graph polynomial [90] for the auxiliary graph shown
in fig. (2) reads

UX (ay,a2,a3,a4,as,a¢,a7,ds,ag) =
(a1+ax+a3+ag) (as+ag+ar+ag) +as (a1 +ax+az+as +aeg+a7+as +ao) .
X € {A,B,C,D,E}. )

Pffz—(kl—pl)z-l‘(m)f)za Pf=—(ki—-pn)?, P{=-k,
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Figure 3: The auxiliary graph for the non-planar topologies. The coloured legs carry the masses
m)f , mff and m%‘ , respectively, which can either be the mass of a heavy gauge boson or zero. All
other lines are massless.

Topology | Masses # MIs | Square roots Elliptic curves
A (m‘i‘,m;?,m‘?) = (0,m,m) 48 r, 12, 3, I's, E(b),E(C)
B (m?,mf,mg) = (m,0,m) 64 ri, 3, r4, 7, I'g E(a)
C (mf,mf,mg) = (0,m,0) 41 | rs —
D (m?,m?,ml?) =(m,0,0) | 23 | — -
E (mE mE mE)=(0,0,0) | 12 |- -

Table 2: The non-planar topologies and the corresponding mass configurations, number of master

integrals and occurring square roots.

“(h k)’ (), P =
pgf:

— (kin+p3)*,
2
—p13)°,

(ka+ p123)* + (m5 )2, P = — (ki

Note that the momentum assignment differs between the planar topologies and the non-planar
topologies only for PX The auxiliary graph for the non-planar topologies is shown in fig. 3. The
non-planar topologles {A,B,C,D,E} differ again by the assignment of the masses (mf,m ,m%).

The cases which we consider in this paper are summarised in table 2. The first graph polynomial

for the auxiliary graph shown in fig. (3) reads

U* (a1,a2,a3,a4,as,a6,a7,as,a9) =
(a1 +ax+a3 +ag+a7 +ag +ag) (as + as) + (a1 + a2 +a3) (ag + a7 + av)

+ (ag +a7 +ag) ag, A,B,C,D (11)



For each integral Igﬂvsz vsvevovgve We define its sector id (or topology id) by
9 .
id = Y 27'0(v)). (12)
j=1

Here, ®(x) denotes the Heaviside step function, defined by ®(x) = 1 for x > 0 and ®(x) =0
otherwise.

2.3 The method of calculation

Integration-by-parts identities allow us to express any integral from a family of Feynman inte-
grals as a linear combination of master integrals [82, 83]. We use the program Kira [91,92] for
the integration-by-parts reduction. The set of master integrals is finite [93]. Therefore, we only
need to compute the master integrals. We use the method of differential equations [84—87] to
compute the latter: By differentiating under the integral sign and by using integration-by-parts
identities we obtain a system of differential equations for the master integrals /(x,€) with respect
to the kinematic variables x

dl (x,e) = A(x,e)I(x,g). (13)

Here, the symbol d is the differential with respect to all kinematic variables x, the variable €
denotes the dimensional regularisation parameter, and A is a square matrix with dimensions
equal to the number of master integrals. The entries of the matrix A are differential one-forms,
rational in x and €. The essential step in computing Feynman integrals is to find a basis of master
integrals J(x, €)

J(xe) = Ul(xe)l(xe), (14)
such that system of differential equations is in an e-factorised form [88]
dJ(x,e) = €A(x)J(x,¢€). (15)

The essential point is that the entries of A are now differential one-forms, depending on the
kinematic variables, but independent of the dimensional regularisation parameter €. A differential
equation in e-factorised form can be solved systematically order-by-order in € in terms of iterated
integrals [94].

We introduce an operator i+, which raises the power of the propagator i by one and multiplies
by v;, e.g.
+1X _ X
1 IV1V2V3V4V5V6V7V3V9 = Vi 'I(v1+1)VZV3V4v5v6v7ng@' (16)
The notation with an extra prefactor v; follows ref. [95]. In addition we define the operator D™,
which lowers the dimension of space-time by two units through

Dil\)/(lV2V3V4V5V6V7VgV9 (D) = I\)/(IVZV3V4V5V6V7V3V9 (D - 2) . (17)



The dimensional shift relations read [96,97]
D71€V2V3V4V5V6V7V8V9 (D) = ﬂX (1+72+73+74+7 5+76+77+7 8+79+) I\))(IV2V3V4V5V6V7V3V9 (D) ) (18)
where X denotes the first graph polynomial, defined in eq. (9) and eq. (11) for the planar and

non-planar topologies, respectively.

2.4 Square roots

In defining master integrals of uniform transcendental weight we will encounter eight square
roots. These are given by

rio= y/—t(4m?—1),

rp = y/s(dm?+s),

S e |

reo= /st [Am (m? 4 5) —st),

rs = \f-im (s (s 1) —1m?),

ro =yt (s [ (02 —s—1) +1 (s + 1)),

r; = \/—t[4m2(s+t)2—t(m2+s+t)2],

— \/s[—4zm4+s<s+t>2] (19)

We have chosen the arguments of the eight square roots such that in the region of interest (s > 0,
t <0,u<0,m>>s,(—t)) the arguments of all eight roots are positive. In this region we chose
the sign of the square roots such that all eight roots are positive.

2.5 Elliptic curves

The non-planar topologies A and B involve elliptic curves. In more detail, there are two elliptic
curves related to topology A and one elliptic curve related to topology B. In this section we
discuss these elliptic curves. The defining equations for the elliptic curves are obtained from the
maximal cut in the loop-by-loop Baikov representation [98].

In this section we denote by (u,v) coordinates in a plane
defined by a quartic polynomial Py (u):

. We encounter elliptic curves

1
E : #—?m@)za (20)

I'The variable u in this section is not related to the Mandelstam variable u defined in eq. (4).

9



The factor of 1/s* normalises the coefficient of u* in P4(u) and is chosen such that we have

E vV —(u—u)(u—u)(u—u3)(u—uy) =0, (21)
where uy,...,uy are the roots of the polynomial P;(u). We set
Ui = (u3 —up)(ug —uy), U= (up—ur)(us—u3), U= (u3—ur)(us—u2), (22)

and we define the modulus k and the complementary modulus k of the elliptic curve by
= B=1-k=_" (23)

We define the periods y; and y; of the elliptic curve as

4PK (k) 4i® K (k)
_ v — .

yi = (24)

Y

1 1
2 2
U3 U3

For topology B we encounter in sector 123 the elliptic curve E(@ defined by the quartic polyno-
mial
Pi“) = [s (u+ mz) +m? (25 + 1)] 2 +m? (s+1) [2s (2m2 —1) (u+ 3m2) u
+2m?t (2m* — 25 —t)u+m* ((4m* —4m*t +1%) (s +1) — 8m?st)].  (25)

For topology A we encounter two elliptic curves E (%) and E(©): The elliptic curve E (b) occurs in
sector 123 and is defined by the quartic polynomial

PAE = s%u® (u+m2)2 +1(s+1)m? [mz (2u+2m2 —1) (2u+2m2 —s—1)—2s (u-i—mz)z} . (26)
The elliptic curve E () oceurs in sectors 126 and 127 and is defined by the quartic polynomial
PAEC) = sPu(u—s) [4m* (u+m*—s) +u(u—s)]. (27)

The elliptic curve E(©) does not vary with ¢.

The roots of the polynomials PZEX) (with X € {a,b,c}) are in general algebraic functions of
the kinematic variables. For concreteness, we list how we label them. Together with eq. (24) this
defines the periods. The elliptic curves E (@) and E®) are defined by irreducible polynomials of

degree 4. The roots of Pia) are

a a)+ a a)—
(@) —2m2s(3s+t)+\/Dg )—\/Dg) uga) _ —2m2s(3s+t)—\/D§ )—\/Dg)

o= 452 452
(@) —2m*s(3s+1) — \/Dga) + \/Dga)_ (@) —2m?s (3s+1) + \/Dga) + \/Dga)Jr

Uy = , Uy = , (28)
3 452 4 452

10



4.2

D\ = %B(“) —§s2R<“>+ 83"; . [16s2z2 (512 + (s— 1) m* — 8st (s —12) (2s+z)m2},
4.5

DYE = B(a)_Dg“)imms—t(s"'t), (29)

BY = 4m’s (4st(s-|—t)+m2 (s—t)2>,
RY = gmb (64 (s+1)> %3 +24 (557 + 25t +262) (s +1)> ms>
—12(s+t)(2s+t)(s—t)3m4st+(s—t)6m6),

Rg“) = 768m'"s°t* (s+1)° (16 (s+1)2s% —(s—1)°m* — (s+1) (s2 —20st — 8t2) m2s> :

The roots of Pib) are

b b)+ b b)—
() _ —2m’s’+ \/Dg - \/Dé ) () —2mst— \/Dg - \/Dg )
ul - 4S2 ) u2 - 452 I
b b)— b b)+
w  —2mist—y/D /D w  —2mis /D /DY “
with
42
b _ l(b)_%z(b) 8m’™s 2.2 2 4 4
Dy’ = 3B 7S R\ + 3RO [16st (s+1) "+ (s+2t)"'m
—8ts(s+21) (25 +1) (s+1)m*],
44 2
ng)i _ g0 _ng):t64m stt(s+1)(s+t—m )7 a1

D"
1
b R
RO — (Rg)-l—lZ\/Ré)) :
B — 4m2s2(4st(s+t)+(52—851—812)’"2)7
RY = 8m® (64 (54057 — 1215 (s+1) 25+ 1) (s + 20 mi* 4 (s +20)°
1241257 (557 + 8t +51%) (s+t)2m2> :

RY = 768m"s3* (s +1)° (16 (s+0)2 % + (s+20 m* — (s+1) (P + 225t + 137%) m25> .

11



The roots of the elliptic curve E(¢) are simpler:

ugc) = % [s—4m2—|— 52+8m2s} , ugc) =0, ugc) =, ué(f) = ! [5—47712 - \/m} .

(32)
In the differential equation for the Feynman integrals it is advisable to avoid algebraic extensions
as far as possible. In particular, we don’t want to use the explicit expressions for the roots of
the polynomial PAEX) . This can be done as follows: For each elliptic curve we may express the
derivatives of lpl(X) (for X € {a,b,c} and i € {1,2}) with respect to the kinematic variables as
a linear combination of %(X) EX)
method is explained in section 5.1 of ref. [48]. The relevant formulae for the elliptic curve E (a)
are

and a% with coefficients, which are rational functions. The

9 (a) B (9 tm?s +m?s® + 415> +2m*t* + 4st2) (a)
st T s(s+1)(3m?s—3tm?>+ 45t +45%) Vi
m* (4st? +4157 +mPs* + 12tm*s +5m*1*) 9 ()

s(s+1)(3m2s —3tm2 +4st+452) a2 Vi

Jd (@ (4 m2s2 +9tm?s —m2t2 + 453 + 12152 + 85t2) (a)
ali T ((o+1)(3mPs—3im? +dsi+4s2) Vi
m? (2 m2s2 + 6tm%s +m?t2 + 253 + 615> + 4st2) 0 (a)
t(s+1)(3m?s —3tm? +4st +452) a2 Vi
2 (a)
9V @ N @
om? ' (3m2s —3tm? +4st+4s2)mAQa) !
(a)
N, J ()
L @) 33
m? (3m?2s — 3tm? + 4 st +452) Q@) a2 Vi (33)
with
Nl(a) — 4857 tm? +28ms*t + 152m% 25t — 28 m 523 + 6m 135S + 144 mP3s> + 2mst?

+44m? st + 12mOst® — 18 m®%s? + 12mB1s® — 3mOs* — 3m®t* — 8m*s® — 4m?s°
+165° +485°1% +485' + 16 5%,
NS = 36mOts® — 54mSe2s + 48 mPs2* + 128551 + 384552 4 384 513 + 128 5314 + 36 mSst®
+152m*s*t + 54m* 125> — 152m*s°t3 — 32m*st* + 264 $°tm® + 612 m*1%s*
+384m* s> —9mOs* —9mOr* —22m*s — 12m?s®,
Q(“) = m*s® —3m*s?t + 3mtst? —m*? — 165°° — 32532 — 165t + mPs* — 19m>s3t
—28m?t%s* — §m?st. (34)
For the elliptic curve E(®) we have
d ) _ m* (s —41) ()
3V T ot0) (—dst—452 1 3ms 1 6rm2) Vi

12



m2(4st2+4t52+m252—10tm2s—6m2z2) 3 )
R i e A
9 (4m>s® +5tm’s +6m** —45° — 815> —4st%) )
EWZ. - t(s+1)(—4st —4s2+3m?s+6tm?) v,
m’s (4m’s —tm® —4st —4s") 9 )
—l(S+t)(—4st—4s2+3m2s+6tm2>amzwi
<i)2w@ - N e
om? ) ™ m* (—4st —4s2+3m2s+6tm?) Q)
N Ny e
m? (—dst — 452 +3m2s+6tm?) Q) om? ' 7

b

(35)

Nl(b) = —3mOs* —am3s® +8m*s® — 72mO1%s% — 24mOts® — 16m2s%t* + 76 m*st* — 96 mOst3
+485°1> + 485 + 1651 + 165 — 48 mOr* + 68 m*s*t — 148 m*t%s* + 186 m*t%s°
—7255tm?* +202m*s?t> — 96 m?r’s,

NP = 216m02s? —T2m0ts® + 128 53 % + 384 5% 4 384 5% + 12850 — 252 m>s%"
—816m?1s® — 888 m’1%s* — 336 52 tm?® + 284 m*st* + 818 m*s*t> + 774 m*1%s>
+262m™*s*t — 288 mPst3 — 12m?s® +22m*s® — 144 mSt* — 9mBs*,

0 = 165 +325°12 + 165t +m™*s® + 6m*s*t + 12m*st* + 8 m*t> — m?s*

—23m?s°t — 35m*t%s> — 13m°st>. (36)

Finally, for the elliptic curve E©) we have

o0 () _ L@ _m 0
st T TV s a2 Vi GD
Jd_(c
v =0
a2 ) Vi T TRt =)V 2 8mE ts) (m? —s) omE i

The Wronskian Wrg) (for X € {a,b,c}) is defined by

X) 2 ()9 & & 9 X
W,,(iz = Hu (‘I’l W‘I’z L)) W‘Iﬁ ) : (38)
The Wronskian is also a rational function in the kinematic variables. Explicitly we have

2mipSs? [3m? (s —t) +4s(s +1)]
m* [m“(s —1)3 =162 (s +1)% +m>s(s +1) (s> — 20st — 8t2)]

13



W(l;) _ 2mipOs? [4s(s+1) — 3m?(s +21)] '
m mA 1682 (s+1)2 +m*(s+21)3 — m2s(s +1) (s> 4 22st + 132)]

we _ _ 12miu® .
m? m?(m? —5)(8m? + )

All three elliptic curves degenerate for generic values of s and ¢ in the limit m? — oo to a genus
zero curve. More concretely, the curve E (a) degenerates for s —¢ # 0 in the limit m*> — o to a
genus zero curve, the curve E(?) degenerates for s + 27 # 0 in the limit m? — oo to a genus zero
curve. There are no restrictions for curve E(©),

The expansion of ng) for X € {a,b,c} around m? = oo reads

ORI _l___2s2t(sﬁ-t)(2sﬁ-t)_£___6S3t2(s—Ft)2(652%—8st%—t2) | ]

(s —1)m? (s—o)t  mt (s—1) mb
+O(m_8),
[ 1 2t (s41) (2s41) 1 32 (s+1)* (652 +4st —12) 1
wgb) = 2mi’ o —2+ZS (s 0 i+ )—4+6S (50" (65 5 ’ )—6
| (s+26)m (s+21) m (s+21) m
+0(m™%),
r 2
) _ 2| L s 38 -8
V= M | s — e — e+ 0(m ). (39)

For these expansions we have to choose the signs of several square roots. We adopted the con-
vention, that all square roots are continuous under Feynman’s id-prescription. For the kinematic
region of interest the periods are continuous under the substitution s — s+ id with & > 0.

3 Master integrals

The essential step in the computation of the Feynman integrals is to find a basis of master inte-
grals J(x,€) (see eq. (14))

J(x,e) = Ul(x,e)l(xe), (40)
such that system of differential equations is in an e-factorised form (see eq. (15))
dJ (x,e) = eA(x)J(x,€). 41)

Currently it is an open question, if such a basis exists for any family of Feynman integrals. Given
a pre-canonical basis I(x, €) with differential equation as in eq. (13)

dl (x,e) = A(x,e)I(x,g). (42)
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and a second basis J(x,€) related to I(x,€) as in eq. (40), it is easy to check if the differential
equation for J(x,€) is e-factorised: One simply computes

U(x,e)A(x,e)U " (x,€) —U (x,€)dU ! (x,€) (43)

and checks if € factors out. Thus a heuristic method to guess J(x,€) will work, as one can
always check easily that a given guess will factor the variable € out. In practice, we make an
educated guess based on the information available to us. This includes analysing the maximal
cut in the loop-by-loop Baikov representation [98], as well as information from simpler or similar
Feynman integrals, where an e-factorised form is known. With this heuristic method we were
able to construct a basis J(x,€) for all topologies. The list of master integrals is rather lengthy
and given in appendix B. We note that this list of master integrals will be a valuable input to
construct a basis of master integrals for more complicated Feynman integrals (in particular the
Feynman integrals with the exchange of three massive gauge bosons).

We remark that the basis of master integrals J(x, €) is valid for any crossing we might want to
consider. Thus this basis can be used in particular for Mgller scattering, Bhabha scattering, Drell-
Yan and quark-pair production in electron-positron annihilation. The elliptic master integrals

(X)

depend on a choice of a period y; "~ of the elliptic curve. To obtain the e-factorised differential
equation we only need to require that ng) satisfies the differential equations given in eq. (33),

eq. (35) and eq. (37) for X € {a,b,c}, respectively. As these linear differential equations are
satisfied by WEX) with i € {1,2} we may replace WEX) by

!/
(v) =t ayl, (44)

obtained from a modular transformation

(‘Cl Z) € SLy(Z). (45)

This freedom can be used to ensure that the differential one-forms appearing in the differential
equation have at most a simple pole at a chosen boundary point.

4 Integration of the differential equation

In this section we provide details on the integration of the differential equation. Starting from
section 4.2 we will specialise to the kinematic region for Mgller scattering. We discuss the
alphabets for the various topologies, i.e. the set of differential one-forms appearing in the dif-
ferential equation. We express the results for the topologies B,C,D,E,C,D and E in terms of
multiple polylogarithms. This requires the rationalisation of square roots, where the methods
of refs. [99, 100] are used. The more complicated topologies A,A and B are expressed in terms
of iterated integrals. We choose a common boundary point for all topologies. Furthermore we
discuss the path of integration for the various topologies.
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4.1 The alphabet

We may write the matrix A appearing in eq. (15) as
N
A = Z M jOj, (46)
j=1

where the M’s are (N x Nr)-matrices with constant entries and the ®;’s differential one-forms.
We may divide the latter into dlog-forms with rational arguments, dlog-forms with algebraic
(and non-rational) arguments and one-forms related to elliptic curves. For the dlog-forms with
rational arguments we write

®; = dlne;. 47)
The rational letters are
—S —t —s—1
el = —, €2 — Th, €3 - 9
u? u? u
m? m? +s m> —t
€4=—, 5 = 9 €6 = —>5
u? u? u?
m* —s m?(s+1) — st 4m? + s
e7 = ; eg=——71"— €9 = ——>—
> it 12
Am? —t 4m?s? — (m2 s) t 4m? (m2 + s) — st
€10 = ‘uz ) €11 = ,U6 , €12 = ‘U4 )
m?+ s+t m*—s—t m*s —t(s+1)
€3 =—">5 ey =—>5 e;s=—">5
H H u
4s(s+1) +m?t m’t —s(s+1) dm?(s+1)> —t(m> +s+1)?
el6=—""5 —» eIT=—>5 e|g = 5 ;
u H H
4m*(—t) +s(s+1)? dm?(m?> —s—1t) +t(s+1)
el = 5 y €20 = 5 .
u H
For the dlog-forms with algebraic arguments we write
®; = dlno;. (48)

The algebraic letters involve the square roots r-rg and read

2m? —t—r 2m*+s—r
021:2m2—t—|—r1’ 022:2m2—|—s—|—r2’

2m?(t — ) + st —riry (m? —s)t —r3
023 = 2m2(t —s)+st+riry’ 0% = (m? —s)t+r3’

(m? +s)t —r3 st> —m?t(4s+1) —rir3
025 = (m2+s)t+r3’ 02 = 2 —m2t(4s+1)+rir3’
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027 =

029 =

031 =

033 =

035 =

037 =

039 =

041 =

s(2m? —t) —ry s (2m* 4+ 2s5+1) —r4

s(2m?2—1t)+ry’ 08 = s(2m2+2s+1)+ry’

t [Zm2 (m2 + 2s) —st] —riry st [s (4m2 — t) +m? (2m2 -i—t)] —r3ry
t[2m% (m? +2s) —st| +riry’ 70 =y [s(4m2 —1) +m? (2m? +1)] +r3ry
m>t +2st — rs m’t —2t(s+1) —rs

m2t +2st +rs’ 032:m2t—2t(s—l—t)+r5’

2m? (m? —s—1) +1(s+1)—ire (t—2m?) (s+1) —irg

2m? (m? —s—1t)+1t(s+1)+ire’ 034 = (t—2m2) (s+1)+irg’

t(4m* —1) (s+1) —2m*t —irirg —t (m*+s+1) —ry

t(4m? —1t)(s+1t)—2mdt +irire’ 036 = —t(m?+s+1t)+ry’
—t(mz—s—t)—m —t [—s(4m2—t)—t(3m2—t)} —riry
2 —s—1)+r OB s (@m— 1) — 1 (3 —1)] +rirr
s(s+1)—rsg —s (2m* —s—1) —rg

s(s+1t)+rg’ o0 = —s(2m?—s—t)+rg’
—s(2m2—|—s—|—t)—rg

—s(2m?+s+1)+rg

We denote the set of differential one-forms related to the two elliptic curves of topology A by
H{ , the corresponding set of differential one-forms related to the elliptic curve of topology B by
HB. The explicit expressions for the one-forms related to elliptic curves are rather lengthy and
we list them in the supplementary electronic file attached to the arxiv version of this article, see
appendix C.

Not every differential one-form occurs in every topology. We call the set of differential

one-forms

occurring in the differential equation for a particular topology the alphabet for this

topology. The alphabets for the various topologies are

{01, 02,03, 4,05, 0, ®7,09, W10, W11, V12, W21, W22, W23, W24, 5, W6, 27, M8,
29,30},

{or1, 02,03, 04,05, 06, ®10, ®12, W21, W27, W28, W29},

{01, 02,03, 4,05, 0, 07,08},

{0)1,0)2,0)3,0)4,0)5,0)6},

{031,032,0)3},

{01, 02,03, 04,05, 06, ®7,09, W10, W11, D14, W20, W21, W22, 23, W4, 5, W6,
33, 034, 035} UHA,

{01, 02,03, 04,05, 0, ®7, 010,011, 012,013, D14, 017, D18, V19, W21, W24, W25, W,
w27,w28,w29,®30,®36,0337,0338,0339,0340,0341}UHB,

{01, 02,03, 04,05, 06, ®7,08, W14, W16, O31, 32},

{('017('027('0370)47('057('0670)1370)15}7
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aF = {o,w,m3}. (49)

4.2 Boundary values and integration path

We now specialise to the kinematic region relevant for Mgller scattering. We choose a boundary
point and an integration path for this region which avoids analytic continuation. Of course, with
proper analytic continuation according to Feynman’s id-prescription, our results will be valid
anywhere. However, working out the required analytic continuation can be tedious and it is
usually more efficient to repeat the procedure given below for any other kinematic region one is
interested in.

For the Moller experiment we are interested in the region (see eq. (50))

-t <5 < mh. (50)

~Y

We choose the boundary point and the integration path such that branch cut crossings are avoided
and such that the master integrals have convergent series expansions. This will optimise the CPU
time required to evaluate the master integrals in this specific region. As boundary point we
choose

t =0, m? = . (51

Without loss of generality we set y? = s. The Feynman integrals depend then only on dimension-
less kinematic variables, which we may take initially as

—1 1 )
Xt = 5 X2 = 2 (52)

Our chosen boundary point corresponds to

(xt,x;;> — (0,0). (53)

At this boundary point the boundary constants are of uniform weight and spanned as a vector
space in the lowest weights by

weight 0 : 1,

weight 1 : im,

weight 2 : {p,

weight 3 C3, iTCCz,

weight4 : {4,inls. (54)

The non-zero boundary constants of the simpler master integrals are easily calculated. The fol-
lowing two constraints provide an efficient way to determine the boundary constants of the more
complicated master integrals: First of all, some of the master integrals must vanish on the hyper-
surface m? = oo due to power counting in the variable m?. Secondly, we also note that topologies
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A, B, D, B and D do not depend on the hypersurface m? = « on the Mandelstam variable ¢.

This can also be used to determine some boundary constants. In addition we used for some
master integrals (of intermediate complexity) the PSLQ algorithm [101-104] to determine the
boundary values from high-precision numerical results, assuming that the boundary values are
linear combinations of the constants in eq. (54) with rational coefficients. As there only very few
constants in eq. (54) numerical evaluations with about 50 digits are sufficient. The methods men-
tioned above were sufficient to obtain all boundary values. The explicit values of the boundary
constants for all topologies are given in the supplementary electronic file attached to the arxiv
version of this article.

Topologies E and £ depend only on x; and we simply integrate the differential equation in
the variable x;. The result is expressed in terms of harmonic polylogarithms [105, 106].

Topologies C, D and D depend on both variables x; and )%21 They do not involve any square

roots nor any elliptic curves. We first integrate in x; at xr;zl =0, followed by an integration in xr;zl

at x, = const. The result is expressed in terms of multiple polylogarithms [107, 108].
Topology C involves the square root rs. The square root rs is rationalised by

2 — 52
mzz_s(s"'t)(l-tZ) , r5:s(s+t)(17AZ)- (53)

1 Z Z

The inverse transformation is given by

25 (s+1)+m’t+rs

25 (5+1) (56)

The boundary point (xt,x;lzl) = (0,0) corresponds to (x;,%) = (0,0). We first integrate in x; at
Z =0, followed by an integration in Z at x; = const. The result is again expressed in terms of
multiple polylogarithms.

Topology B involves the square root r; and r4. These square roots occurred in ref. [81] and
we may use the same rationalisation. The square root r; is rationalised by

) ~ ~
7 _
t=— Y ~m2, r = umz. 57)
1—-y 11—y
The inverse transformation is given by
- t+r
= ) 58
y o (58)
The square root r4 is rationalised by
1-27) (2—7)? 1-2)(1-28)5(2—7)°
2 QZ)( L) Z)(~3 ) ¥ ( y)2 2 (59)
472 (1—-7) 4z (1—7)
The inverse transformation is given by
(4m2 — t) s r4
7 = ———* | —5-— . 60
¢ 4m? (m2 mzrl) (60)
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The boundary point (xt,x};zl) = (0,0) corresponds to (Z,¥) = (0,0). We first integrate in 7 at
y = 0, followed by an integration in y at Z = const. The result is again expressed in terms of
multiple polylogarithms.

Topology A involves the four square roots ry, r2, r3 and r4. An efficient way to treat this case
is to introduce the variables

wr = /%, w;zl = x;lzl (61)

The boundary point (x,,x%zl) = (0,0) corresponds to (wt,w;zl) = (0,0). We first integrate in w;
at w;lzl = 0, the result of this integration is expressed in terms of multiple polylogarithms. We
then integrate in w;zl at w; = const. In the result of this integration we first isolate all logarithms
ln(w;g), the remainder is a regular function at w;zl = 0, which we evaluate as a Taylor series.

Topologies A and B involve elliptic curves. From a numerical point of view it is again most
efficient to evaluate them in a similar way as topology A. In particular we use the same integration

path as for topology A. At m? = co (corresponding to x;zl = w;zl = 0) the master integrals of

topology B are independent of x;, leaving just the integration in the variable w;zl For topology

A we first integrate in x; at w;zl = 0, followed by an integration in the variable w;zl at fixed x;.
The result of the integration in x; is expressed in terms of harmonic polylogarithms [106], for
the integration in w;zl we expand all differential one-forms in the variable Wn_121 Whereas in the
case of topology A, the expansion of the differential one-forms can be done on the fly to any
desired order, this approach is computationally more expensive for topologies A and B due to the
differential one-forms depending on the elliptic curves. It is more efficient to pre-compute the

expansions once and for all to a fixed order in the variable W;Zl In the numerical program we
use an expansion up to order (Wn_ﬂl ).

5 Numerical results

In this section we give numerical results for a few selected Feynman integrals at a specific kine-
matic point. As kinematic point we choose

s=0.0112GeV?, 1=-2-103GeV?, m?>=m%=2832-10°GeV>. (62)

The Moller experiment has a beam energy of Epeam = 11 GeV [1], the corresponding value of the
Mandelstam variable s is obtained with the help of

s = 2meEpeam,

where m, is the mass of the electron. For the value of ¢ (or correspondingly the scattering an-
gle) we choose a generic value. The boundary point and the integration path of section 4.2 are
adapted to this region and chosen such that we have convergent series expansions for the iter-
ated integrals. In the supplementary electronic file attached to the arxiv version of this article
we provide C++-programs which provide numerical evaluation routines for all master integrals
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of a given topology. The algorithms for the numerical evaluation of multiple polylogarithms are
based on [109], topologies A, A and B use in addition the class user_defined_kernel from
ref. [60] for the integration in the variable W;ZI For a few selected integrals the numerical results
for the first five terms of the €-expansions evaluated at the point in eq. (62) are listed in table 3.
The numerical results for the first five terms of the €-expansions of all master integrals at the
point in eq. (62) are given in an electronic file attached to the arxiv version of this article. In
addition, we compared our results to the results of the program AMFlow [110-112] and found
perfect agreement. Our numerical evaluation routines are significantly faster than AMFlow and
stable in the limit m? — oo,

0

I

2

7

€ € € &’ €
J510 0 1.5379816¢ — 05 —8.9633670e — 05  0.00018204374
+3.5742116e — 06i +5.5465536e —05i —0.00026141618i
J5 10 0 0 0 8.2058873¢ — 06
+1.4933021e — 10i
JS 1 —9.6153835¢ —-07 —21.384104 —5.6098211 91.727546
+6.2831853i +2.4166048¢ —06i —51.676989i —35.246805i
JR 1025 —2.4038459¢—07 —4.5235499 4.6078066 15.084724
+1.5707963i +2.7186833¢ —06i —7.7514954i +28.951873i
JE 14 8.613833 —18.738162 —119.78077 —338.51852
+9.424778i +32.473385i +64.835609i +84.701754i
st 0 0 0 0 0.00010223599
—0.00022971381i
Jfl 0 0 0 —1.8714536e — 06  —6.9818556¢ — 06
+2.9941309¢ — 13i  —1.1758654e — 05i
J3C~8 0 0 0.82246838 0.60101121 —15.152188
+5.167717i +3.7764321i
]?1 —1.5 4.3269202¢ — 07 44.413222 49.885353 —317.79722
—9.424778i +2.7186841e —06i +155.03139i +313.43895i
]ﬁ 2 —0.17289727 —17.155723 5.7871067 242.98467
+3.1415927i —4.7942473i —51.677128i +65.13519i
Table 3: Numerical results for a few selected master integrals

for the first five terms of the €-expansion for the kinematic point
specified by eq. (62).

6 Large logarithms

Of particular interest are potentially numerically large contributions from the master integrals.

These arise from large logarithms. In the kinematic region of interest

these are logarithms of the form

—t S s < m

(63)

(64)




At order €/ we can have at most j powers of large logarithms. The leading logarithms are the ones
which occur to power j at order /. We remark that this counting defines at order € constants as
leading logarithms. The leading logarithms are easily obtained from our full result. To this aim
we write the matrix A in eq. (46) in the form

A = Y M, (65)

such that
® = dInL (66)

and all other ®;’s are regular at m? = oo. M; (and all others M ;’s) are (Np x Np)-matrices with
constant entries. Let us denote the boundary values of the master integrals at the boundary point

of eq. (51) by Jyoundary and the eo—part by J, 0)

boundary -

The leading logarithms are then given by

o5}

1 i =i (0
JiL = Zﬁ(gL)jM{Jt(,olndary'
j=0 /"

(67)
We see that the leading logarithms are determined by the matrix M; and the €%-term of the
boundary values. In the supplementary electronic file attached to the arxiv version of this article
we give for all topologies the matrix M and the boundary values.

7 Conclusions

In this paper we computed planar and non-planar two-loop double-box integrals where three elec-
troweak gauge bosons are exchanged between the fermion lines, among which at least one is a
photon. These integrals are relevant for the NNLO electroweak corrections to Mgller scattering.
The planar and non-planar double-box integrals are distinguished by their mass configurations.
We considered the cases with zero, one or two internal massive gauge bosons. The complexity of
the calculation increases with the number of internal massive gauge bosons. While the integrals
with three internal photons have been computed long time ago, the non-planar double-box inte-
grals with two internal massive gauge bosons involve elliptic curves and require state-of-the-art
techniques. We presented for all topologies a basis of master integrals, such that the differential
equation is in an €-factorised form. We expressed the results for the simpler topologies in terms
of multiple polylogarithms, the results for the more complicated topologies in terms of iterated
integrals. For all integrals we provided numerical evaluation routines. Of particular interest are
potentially numerically large contributions, arising from large logarithms. We extracted for all
master integrals the leading logarithms.

The double-box integrals with the exchange of three massive gauge bosons are expected to
give numerically suppressed contributions. But they are of interest from a theoretical perspective,
as the non-planar double-box integral with three internal massive gauge bosons is related to a
curve of genus two [80]. The computation of these integrals is an interesting project for the
future.

22



Acknowledgments

This work has been supported by the Cluster of Excellence Precision Physics, Fundamental
Interactions, and Structure of Matter (PRISMA EXC 2118/1) funded by the German Research
Foundation (DFG) within the German Excellence Strategy (Project ID 390831469).

23



A Feynman diagrams

In this appendix we show the diagrams for all master sectors. Red lines correspond to particles
with mass m and the uncoloured lines indicate massless particles.

A.1 Planar double-box integrals

Sector 72, Topo A Sector 14, Topo A, C

Sector 65, Topo B

Sector 25, Topo A, B, C, D Sector 28, Topo B, D, E
Sector 28, Topo A, C' Sector 49, Topo B, D
Sector 73, Topo E Sector 73, Topo C', D

b ¢

Figure 4: Master sectors for planar double-box integrals (part 1).
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Sector 73, Topo A, B Sector 29, Topo B, D

’

v

Sector 54, Topo A, B, C, D, E Sector 57, Topo E

Sector 57, Topo A, B, C', D Sector 71, Topo B
(e

Sector 75, Topo B Sector 78, Topo D
b< ><D

Sector 78, Topo A Sector 89, Topo A

<D

Figure 5: Master sectors for planar double-box integrals (part 2).

v
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Sector 92, Topo A Sector 120, Topo A

Sector 55, Topo B, D Sector 59, Topo B, D

N

Sector 59, Topo A, C' Sector 62, Topo A, C'

- ./

Sector 79, Topo E Sector 79, Topo D

Sector 79, Topo C Sector 79, Topo B

Figure 6: Master sectors for planar double-box integrals (part 3).
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Sector 79, Topo A Sector 91, Topo C

Sector 91; Topo B ‘ ‘ Sector 91., Topo A ‘
Sector 93, Topo E Sector 93, Topo D
Sector 93, Topo C Sector 93, Topo B
Sector 93, Topo A Sector 94, Topo A

N

Figure 7: Master sectors for planar double-box integrals (part 4).
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Sector 118, Topo A Sector 121, Topo D

Sector 121, Topo A Sector 95, Topo A -
Sector 119, Topo B Sector 126, Topo A
Sector 127, Topo E Sector 127, Topo D
Sector 127, Topo C Sector 127, Topo B

Figure 8: Master sectors for planar double-box integrals (part 5).
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Sector 127, Topo A

Figure 9: Master sectors for planar double-box integrals (part 6).
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A.2 Non-planar double-box integrals

Sector 72, Topo A Sector 14, Topo 1217 C
Sector 65, Topo B

o

Sector 41, Topo A, B: é, D Sector 42, Topo B, D, E

¢

Sector 42, Topo A C Sector 49, Topo B, D
Sector 49, Topo A C E Sector 70, Topo B

o

¢

Figure 10: Master sectors for non-planar double-box integrals (part 1).
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Sector 73, Topo E Sector 73, Topo C, D

¢

-

Sector 73, Topo A, B Sector 84, Topo C'
> -
Sector 84, Topo B Sector 43, Topo B, D
Sector 54, Topo A, B, C D Sector 57, Topo A, C
Sector 71, Topo B Sector 75, Topo B

/

Y

O

Figure 11: Master sectors for non-planar double-box integrals (part 2).
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Sector 78, Topo B, C Sector 78, Topo A

A\

Sector 85, Topo B Sector 89, Topo A

W

Sector 92, Topo C Sector 92, Topo A

~J

Sector 113, Topo B Sector 55, Topo B, D

Y

Sector 55, Topo A, C, E Sector 59, Topo E

Figure 12: Master sectors for non-planar double-box integrals (part 3).
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Sector 59, Topo B, D Sector 59, Topo A, C

Sector 61, Topo A, C Sector 62, Topo A, C

S /

Sector 79, Topo E Sector 79, Topo D
Sector 79, Topo C' Sector 79, Topo B
Sector 79, Topo A Sector 91, Topo B

Figure 13: Master sectors for non-planar double-box integrals (part 4).
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Sector 91, Topo A Sector 93, Topo F

Sector 93, Topo D Sector 93, Topo C'
Sector 93, Topo B Sector 93, Topo A
Sector 94, Topo C' Sector 94, Topo B

N . AN .

Sector 94, Topo A Sector 107, Topo C

N\

Figure 14: Master sectors for non-planar double-box integrals (part 5).

34



Sector 107, Topo B Sector 109, Topo C

Sector 109, Topo B Sector 110, Topo C
A

Sector 11'0. Topo B | | Sectorir). Topo B |
/N |

Soctoxﬂ'?. Topo C | | Sector 117, Topo B

Sector 118, Topo B Sector 121, Topo E

N\

Figure 15: Master sectors for non-planar double-box integrals (part 6).
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Sector 121, Topo D Sector 121, Topo C

A

Sector 121, Topo B Sector 121, Topo A

A

Sector 122, Topo B Sector 122, Topo A

A

Sector 124, Topo C Sector 63, Topo A, C

A

Sector 95, Topo A Sector 119, Topo B

Figure 16: Master sectors for non-planar double-box integrals (part 7).
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Sector 123, Topo D Sector 123, Topo C

v
Y

Sector 123, Topo B Sector 123, Topo A

7
N

Sector 125, Topo C Sector 125, Topo B

7
7

Sector 126, Topo Dt E Sector 126, Topo C

Sector 126, Topo B Sector 126, Topo A

= - ==

Figure 17: Master sectors for non-planar double-box integrals (part 8).
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Sector 127, Topo E Sector 127, Topo D

Sector 127, Topo C' Sector 127, Topo B

Sector 127, Topo A

Figure 18: Master sectors for non-planar double-box integrals (part 9).

B List of master integrals

In this appendix we present the master integrals, which lead to an e-factorised differential equa-
tion. We list the master integrals for the planar topologies A, B, C, D and E in section B.1. The
master integrals for the non-planar topologies A, B, C, D and E are listed in section B.2.

B.1 The planar topologies
B.1.1 Topology A

Sector 72: J‘ﬁ = Szléoozoozoo,

—S
Sector 14:  J§ =¢€2 (—2) D™ 1§ 1100000+
u
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Sector 25:

Sector 28:

Sector 73:

Sector 54:

Sector 57:

Sector 78:

Sector 89:

Sector 92:

Sector 120:

Sector 59:

Sector 62:

Sector 79:

Sector 91:

S3
I
o

[\®)

_A
D™ L100110000+

El\) tl\" El\)
N——

S
I
o
[ o)

A
5 )D 1501110000
u
2

A
—2)1) To1110000 + D~ Toor11(- )000]7

ox
I
o
[\®)

|:<:U
A 2 r — A BAT
Jo =¢€ K—z) D™ Fi50100100 + (7) 1100200200} ;
u u
A_ 27T\ A
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C Supplementary material

4

Attached to the arxiv version of this article are for each topology

X € {AB,C,D,E,AB,C.D,E,} (68)

the electronic files
topo_X_symbolic.mpl, topo_X_ numeric.cc, topo_X_numeric.out
and a common file
input_common.mpl

The files topo_X_symbolic.mpl are in Maple syntax and define for each topology X the trans-
formation matrix U appearing in eq. (14), its inverse (UX)~!, the pre-canonical basis I* ap-
pearing in the same equation (as pre-canonical basis /X we choose the Kira basis with inte-
gral ordering 5), the matrix AX appearing in the differential equation (15), the boundary values
JX at the boundary point defined by eq. (51), the alphabets for the various topologies (de-

boundary
noted by alphabet_lst_X), the explicit expressions for the differential one forms (given in
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alphabet_subs_1st_X) and the matrices M{( determining the large logarithms (see section 6).
These quantities are denoted as

U_X, Uinv_X, I_X, A_X, J_boundary_X,
alphabet_lst_X, alphabet_subs_lst_X, Mtilde_1_X.

The pre-canonical master integrals in the vector I_X are for example denoted as
I_1111111mlo0,

which stands for I1111111(—1)0- The zeta value s is denoted by zeta_3. The square roots r;, the
(x)

periods ;" and the functions Fl)]( are denoted for example as
Rl(s,t,m2), Psil_a(s,t,m2), F_Atilde 39 38(s,t,m2),

and similar for the other ones. The file Maple input_common.mpl collects the relevant informa-
tion on these functions. Without loss of generality we have set u = 1 in the Maple files.

The file topo_X_numeric.cc is a C++-program and provides numerical evaluation routines
for all master integrals of a given topology. This C++-program requires the GiNaC-library [113].
The file topo_X_numeric.out gives the output of the corresponding C++-program with the de-
fault parameters. This allows to verify that the compiled programs execute correctly.
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