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Large deviation theory provides a framework to understand macroscopic fluctuations
and collective phenomena in many-body nonequilibrium systems in terms of microscopic
dynamics. In these lecture notes we discuss the large deviation statistics of the current,
a central observable out of equilibrium, using mostly macroscopic fluctuation theory
(MFT) but also microscopic spectral methods. Special emphasis is put on describing the
optimal path leading to a rare fluctuation, as well as on different dynamical symmetry
breaking phenomena that appear at the fluctuating level. We start with a brief overview
of the statistics of trajectories in driven diffusive systems as described by MFT. We then
discuss the additivity principle, a simplifying conjecture to compute the current distri-
bution in many one-dimensional (1d) nonequilibrium systems, and extend this idea to
generic d-dimensional driven diffusive media. Crucially, we derive a fundamental re-
lation which strongly constrains the architecture of the optimal vector current field in
d dimensions, making manifest the spatiotemporal nonlocality of current fluctuations.
Next we discuss the intriguing phenomenon of dynamical phase transitions (DPTs) in cur-
rent fluctuations, i.e. possibility of dynamical symmetry breaking events in the trajectory
statistics associated to atypical values of the current. We first analyze a discrete particle-
hole symmetry-breaking DPT in the transport fluctuations of open channels, working
out a Landau-like theory for this DPT as well as the joint statistics of the current and an
appropriate order parameter for the transition. Interestingly, Maxwell-like violations of
additivity are observed in the non-convex regimes of the joint large deviation function.
We then move on to discuss time-translation symmetry breaking DPTs in periodic sys-
tems, in which the system of interest self-organizes into a coherent traveling wave that
facilitates the current deviation by gathering particles/energy in a localized condensate.
We also shed light on the microscopic spectral mechanism leading to these and other
symmetry breaking DPTs, which is linked to an emerging degeneracy of the ground state
of the associated microscopic generator, with all symmetry-breaking features encoded in
the subleading eigenvectors of this degenerate subspace. The introduction of an order
parameter space of lower dimensionality allows to confirm quantitatively these spectral
fingerprints of DPTs. Using this spectral view on DPTs, we uncover the signatures of
the recently discovered time-crystal phase of matter in the traveling-wave DPT found
in many periodic diffusive systems. Using Doob’s transform to understand the underly-
ing physics, we propose a packing-field mechanism to build programmable time-crystal
phases in driven diffusive systems. We end up these lecture notes discussing some open
challenges and future applications in this exciting research field.
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Before I came here I was confused about this subject. Having listened to your lecture I am still
confused. But on a higher level. Enrico Fermi

The most exciting phrase to hear in science, the one that heralds the most discoveries, is not
“Eureka!” but “That’s funny...” Isaac Asimov
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1 Introduction

Nonequilibrium phenomena appear ubiquitously in nature. Despite their widespread presence
and significance, a comprehensive bottom-up approach that predicts nonequilibrium macro-
scopic behavior from microscopic physics, similar to what equilibrium statistical mechanics
provides, is still missing. This gap exists because of the inherent complexity in merging statis-
tical methods with dynamical processes, which are always crucial in nonequilibrium scenar-
ios [1-6]. The absence of such a framework significantly limits our ability to manipulate, con-
trol, and engineer many natural and artificial systems which typically operate under nonequi-
librium conditions. It is nowadays recognized that macroscopic fluctuations, along with their
statistics and associated structures, are key to understanding nonequilibrium physics [1,2,6,7].
The theory of large deviations [8] has emerged as the natural framework of this new under-
standing, with large deviation functions (LDFs) measuring the probability of fluctuations and
the optimal paths sustaining these rare events as central objects in the theory. Out of equilib-
rium, LDFs play a role similar to that of thermodynamic potentials in equilibrium systems [1,2],
though these LDFs inherit the intricacies of nonequilibrium behavior in the form of long-range
correlations, non-local behaviors, etc. Thus, the long-sough general theory of nonequilibrium
phenomena is currently envisaged as a theory of macroscopic fluctuations, making the study
and understanding of LDFs and the associated optimal paths a central focus in theoretical
physics. This paradigm has led to a number of groundbreaking results valid arbitrarily far
from equilibrium, many of them in the form of fluctuation theorems [9-14] or nonequilibrium
equalities [15-19], but also Clausius-like inequalities [20, 21], thermodynamic uncertaintly
relations [22-25], etc.

A crucial aspect of this emerging paradigm is identifying the macroscopic observables that
characterize nonequilibrium behavior. The system of interest often conserves locally certain
quantities (such as particle density, energy, momentum, charge, etc.), and the key nonequi-
librium observable is hence the current or flux the system develops in response to an external
driving as e.g. boundary-induced gradients or external fields. In this way, the understanding
of current statistics in terms of microscopic or mesoscopic dynamics has become one of the
central goals of nonequilibrium statistical physics, sparking an extensive research effort that
has led to some remarkable results [1,2,26-58].

The typical problem we will be interested in is that of a channel of length L connecting
two particle reservoirs at different densities (or chemical potentials), see Fig 1 for a sketch of
this setting. Particles might be also driven in some preferential direction by an external field
E. In this situation one expects the appearance of a particle current flowing typically from
the high density reservoir to the low density one [1,2,5]. If we monitor the total current Q.
flowing during a time 7, we expect a behavior as the one depicted in the bottom left panel of
Fig. 1, with the cumulative current increasing approximately linearly in time with unavoidable
random fluctuations due to the stochastic/chaotic nature of the particle dynamics. However
the net current (or total current per unit time), ¢ = Q. /7, will converge as time increases
to a well defined value, lim,_,., ¢ = (q), given by the well known Fick’s law of diffusion, i.e
proportional to the density gradient in the channel and the external driving field, if any [1].
If we perform many realizations of this experiment for a long but finite 7, each of them will
give a different result for the cumulative current Q, due to the aforementioned fluctuations,
see bottom-left panel in Fig. 1, thus leading to a distribution of the time-averaged current g
captured by a probability density function (pdf) P.(q), see bottom-right panel in Fig. 1. In
most cases of interest, this probability can be shown to obey a large-deviation principle for long
times T and large system sizes L [1,2,44], i.e. P.(q) scales in this limit as

P.(q) < e"™e@, (1)



SciPost Physics Lecture Notes Submission

High density Low density
Current
o0
O o %0 0 4 ® o O
o % O
®9 o
P.(q) ~ etTLG(9)
=
= @
o~ '
N .
- ()

rare events

Figure 1: An interesting problem. Top panel: A channel of length L connects two
reservoirs at different densities. Particles might be also driven in some preferential
direction by an external field E. Due to the density gradient, a particle current ensues.
Bottom left panel: Different realizations of the experiment for long but finite time 7
lead to different values of the cumulative current Q. and hence to a distribution of
the time-averaged current ¢ = Q. /7, as captured by the probability density function
(pdf) P.(q). Bottom right panel: P_.(q) obeys a large-deviation principle, scaling
exponentially with time and the system size, and the current LDF G(q) captures the
probability of both typical and rare current fluctuations.

where the symbol "<" represents asymptotic logarithmic equality; i.e.

Jim ~InP.(a) = G(a). @

The function G(q) < 0 defines the current large deviation function (LDF), and its typical shape
is shown in the bottom-right panel in Fig. 1. This LDF is a measure of the (exponential) rate
at which the probability of observing an empirical current q —appreciably different from its
steady-state value (q)-— decays as both 7 and L increase, and captures the concentration of
the probability measure P.(q) around (q) as both 7, — oco. Note that this implies that
G({(g)) = 0. Most realizations of our long (but finite) time experiment will yield values of g
around the average value (q), i.e. close to the peak of P .(q). However, if we perform many
measurements, few times we may find surprising results, as e.g. realizations where after a
long time 7 the cumulative current is negative, i.e. where a net flow of particles from the low
density reservoir to the high density one has been maintained during a long time. These rare
events populate the tails of the distribution P_(q), and despite the popular belief, they do not
violate any fundamental physical principle (as e.g. the second law of thermodynamics). They
are simply very, very unlikely, the more the longer the observation time 7 is (and/or the larger
the system size L is).

These rare events codify interesting physics, important to understand nonequilibrium be-
havior. A particularly interesting observable is the typical or dominant path in phase space
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responsible of a given current fluctuation. For instance, these optimal paths reflect and in-
herit the symmetries of microscopic physics at the mesoscopic level, the main example being
microscopic time-reversibility, which implies the invariance of optimal paths against current
inversions q <= —q. These (and other) symmetry properties of optimal paths can be then used
to derive general fluctuation theorems [9-13,46,59-65].

Other times, when large enough fluctuations come about, the associated optimal path
or trajectory may change drastically, in a singular manner, reflecting an underlying dynamic
phase transition (DPT) at the fluctuating level [ 14,29,43,44,52,53,66-71]. Interestingly, some
dynamical phases may display emergent order and collective rearrangements in their trajecto-
ries, including symmetry-breaking phenomena [14,29,43,44], while the LDFs controlling the
statistics of these fluctuations exhibit nonanalyticities and Lee-Yang singularities [72-79] at
the DPT reminiscent of standard critical behavior. In addition to their conceptual importance,
DPTs play also a key role in understanding the physics of different systems, from glass for-
mers [69,80-86] to superconducting transistors and micromasers [87,88]. There have been
also recent applications of DPTs to design quantum thermal switches [89-91], i.e. quantum
devices where the heat current flowing between hot and cold reservoirs can be completely
blocked, modulated or turned on at will. Remarkably, rare events can be made typical using
Doob’s h-transform [92-95] or external fields with optimal dissipation [2]. This can be then
used to exploit existing DPTs to engineer and control complex systems with a desired statistics
on demand [96], for instance to build time crystal phases in nonequilibrium matter [97-103].

These research efforts have been aided by the emergence of powerful tools capable of
delving into the steady-state and fluctuating behavior of many-body nonequilibrium systems.
These tools, which include advanced rare-event simulation techniques [31, 104, 105], spec-
tral methods for microscopic dynamical analysis [8, 80, 81,90,93,101,102,106,107], and a
compelling macroscopic fluctuation theory [1,2,26,28,32], among others, are opening new av-
enues of research into nonequilibrium physics. The combined use of these tools allow, among
other things, to estimate with precision the probability of both typical and rare current fluctu-
ations, offering also a complete picture of the optimal (or most likely) path that the system of
interest follows in order to maintain one of these current fluctuations, including the possible
emergence of DPTs, and the path symmetries that follow from microscopic dynamics. These
lecture notes focus on understanding the properties and spatiotemporal structure of these op-
timal paths.

In order to achieve this general objective, we will first provide a brief overview of the
statistical physics of trajectories and macroscopic fluctuation theory [2]. We will next de-
scribe a simplifying conjecture to compute the current LDF and the associated optimal paths
in one-dimensional (1d) nonequilibrium systems, known as the additivity principle [27,36].
We will then explain in detail how to generalize this conjecture to higher-dimensional sys-
tems [50,53]. In particular, we will show how the system of interest uses the extra degrees
of freedom at hand to optimize the probability of a rare event, in particular by developing a
nontrivial structure in its hydrodynamic fields. We will then move on to study spontaneous
symmetry-breaking at the fluctuating level [108]. We will do so first in open nonequilibrium
systems connected to boundary reservoirs, possibly at different densities. We will show how,
under certain symmetry conditions, a dynamical phase transition appears in the current statis-
tics of some open systems [52,71,102,109], accompanied by a discrete Z,-symmetry breaking
phenomenon. Next we will discuss DPTs in periodic structures [14,43,102,110], where trav-
eling density waves appear as optimal paths for large enough current fluctuations, breaking
continuous time-translation symmetry. The previous results will be discussed at the hydrody-
namic level, using macroscopic fluctuation theory and local stability analysis as main tools.
We will provide a microscopic, spectral point of view on these symmetry-breaking DPTs in the
next section, where we will describe the general spectral mechanism giving rise to continuous
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DPTs in many body Markov systems, showing in detail how the different dynamical phases
emerge from the specific structure of the leading eigenvectors of a deformed generator. This
microscopic, spectral description provides a picture complementary to the field-theoretic MFT
scenario. Finally, and as a proof of concept, we will combine these microscopic, spectral meth-
ods with hydrodynamic and MFT tools to show how to build continuous time crystal phases
in many-body systems from existing DPTs in their current statistics.

The material covered in these lecture notes is mostly published in different papers else-
where, both by the author and collaborators as well as main scientist working in the field. In
this sense, the main references we will be inspired by are [1,2,14,27,36,38,43,44,50,52,53,
61,71,101-103,109,110] However, these lecture notes will make a special effort to convey all
main ideas and methods in a self-contained, pedagogic manner, skipping as fewer details as
possible without boring the reader, and trying to connect in a comprehensive way the different
results to obtain a broader picture of this fascinating corner of knowledge.

2 Statistics of trajectories and macroscopic fluctuation theory

In this section we will review the statistical physics of an ensemble of trajectories conditioned
to a given total current Q. flowing through the system of interest over a long time 7, as
described in the typical example of previous section. In order not to clutter our notation and
explain the approach in full detail, we particularize our discussion to one-dimensional (1d)
systems, though extensions to arbitrary dimension and vector currents are straightforward and
will be discussed later on.

At the mesoscopic level, most of the systems whose dynamical fluctuations we are inter-
ested in can be described by a locally-conserved density field p(x, t), representing a density of
particles, energy, etc., which evolves in time according to a fluctuating hydrodynamic equation.
This can be seen as a continuity equation

op+0,j=0, (3)

coupling the time variation of the local density field p(x, t) with the gradient of a fluctuating
local current j(x,t). Space and time variables has been already scaled diffusively, i.e. x =
%/L € [0,1] and t = /L%, where % and  are the microscopic space and time variables,
respectively, and L is the system size. This current field typically obeys Fick’s (or Fourier’s)
law [1,2,5],

j(x,t)==D(p)dp(x,t) + o(p)E+&(x, 1), 4

where D(p) and o(p) are the diffusivity and mobility transport coefficients, respectively, and
E is a possible external field applied on the system of interest. These transport coefficients,
which are typically nonlinear functions of the local density field depending on the microscopic
details of the model at hand, can be calculated in many cases using simplifying approximations
such as the local equilibrium hypothesis [111-113]. They are related via a local Einstein
relation D(p) = f,'(p)o(p), with fy(p) the equilibrium free energy of the system at hand.
The stochastic field £(x, t) in Eq. (4) is a Gaussian white noise, with zero average () = 0 and
delta-correlated in space and time,

(e, 060, 00 = P~ x5~ 1), 5)
This noise term captures all the fast degrees of freedom which have been integrated out in the
coarse-graining procedure going from microscopic physics to the mesoscopic hydrodynamic

description of Egs. (3)-(4). The system size L is typically a large parameter, L > 1, so the noise
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term will be weak, causing the selection of an optimal path among all possible trajectories
compatible with a given fluctuation (see below). To end the description, these mesoscopic
evolution equations must be supplemented by appropriate boundary conditions, which can be
either periodic or open, depending on the particular problem of interest. For the time being,
and having in mind the typical problem described in the introduction for the sake of clarity,
we will consider open boundary conditions as corresponding to a system coupled to boundary
reservoirs, so p(0,t) = py and p(1,t) = p; Vt € [0,7]. Later on we will consider other
geometries.

At this mesoscopic level, a system trajectory is specified by the values of the density and
current fields at all points of space during a given period of time [0, 7], i.e. {p(x,t),j(x, t)}].
The probability P({p, j};) of any trajectory can be computed using a path integral formalism
[1,2,44], and scales in the large-size limit as

P({p,j}5) = et =P, (6)
where Z [ p, j] is the well-known macroscopic fluctuation theory (MFT) action [2]
1% i 2
, T (J+D(p)8xp—0(p)E)
Zlp,jl=—1 dt dx . (7
o Jo 20(p)

The probability measure (6)-(7) represents the ensemble of space-time trajectories at this
mesoscopic level of description, and it is nothing but the Gaussian cost of the white noise
field responsible of the excess current fluctuation, £(x, t) = j(x,t) + D(p)o,p(x,t) —o(p)E,
see Eq. (4). The asterisk * in the MFT action (7) means that the fields p(x,t) and j(x,t)
are of course not independent, as they are coupled via the continuity equation constraint,
dp+0,j=0, see Eq. (3), so Z [ p, j] = —oo for trajectories for which this constraint is not
satisfied. We will drop off this * eventually and assume the continuity constraint implicitly (or
impose it explicitly).

Interestingly, for each fixed trajectory {p(x,t),j(x,t)};, we can compute an associated
empirical space&time-averaged current

1 T 1
qz—f dtf dx j(x,t). (8)
T Jo 0

The probability of a given current q can be now obtained by summing over all trajectories
compatible with the prescribed current and the known constraints. This follows from the path
integral

T 1
P.(q)= J Dp Dj P({p, j};) 6 (8ip +,j) 6 [q—f_lj dtf dx j(x, t)] C)

(+D( )ax o( )E)?
= JDpD]eLfodtf N O 6(8tp+8x])5[q T fdtf dx j(x, t)]

where the Dirac delta-functionals impose explicitly the different constraints. As stated above,
for long T and large L this probability obeys a large-deviation principle of the form

P.(q) =< e™L0@, (10)

The current LDF G(q) can be thus obtained from the MFT action in a saddle-point calculation
for large L and 7, i.e. by minimizing the action functional (7) over all trajectories sustaining
such current,

2

J +D(p)oyxp —U(p)E)

G(q@) =— lim — min® dt| dx , (1D
7200 T {p,j}§ J J 20(p)

7
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where the * means again that the minimization procedure must be compatible with the pre-
scribed constraints, i.e. the continuity equation d,0 + d,j = 0 ¥x € [0,1] and Vt € [0, 7],

the empirical current g = 77! f OT dt fol j(x, t), boundary conditions, etc. The optimal trajec-
tory {pq(x, t), jq(x, t)}; solution of this variational problem defines the optimal path that the
system of interest follows in mesoscopic phase space to sustain a current fluctuation q.

This MFT calculation leads to a hard variational problem whose general solution remains
challenging in most cases. Therefore a main research path has been to explore different solu-
tion schemes and simplifying hypotheses. This is the case for instance of the additivity prin-
ciple, to be described in next subsection, which can be justified under certain conditions and
used within MFT to obtain explicit predictions for the current LDF and the associated optimal
path. As usual in physics, it is as important to formulate a reasonable conjecture as to know its
range of validity. As we will see, the additivity principle may be eventually violated for large
enough fluctuations, but quite remarkably this additivity breakdown, which is well character-
ized within MFT, proceeds via a dynamical phase transition at the fluctuating level involving
a symmetry breaking event. More on this issue below.

2.1 An additivity principle for current fluctuations in 1d

The additivity principle is a conjecture, first proposed by T. Bodineau and B. Derrida [27], that
enables the explicit calculation of the current statistics in 1d diffusive systems in contact with
two boundary reservoirs at arbitrary densities/temperatures. Its name refers to an additivity
property of current fluctuations in 1d systems when slicing the system into different small
subsystems [27,38,114]: the probability of a current fluctuation factorizes, once maximized
over the contact density between slices, and this implies a variational additivity property for
the current LDF [27,38].

Within the context of MFT [2,44], the additivity principle can be better understood as a
special feature of the optimal path to a current fluctuation, well supported on physical grounds.
Indeed, in many cases, the optimal path to a current fluctuation turns out to be (mostly) time-
independent, except for some short initial and final transients. This time-independence con-
jecture can be shown to be mathematically equivalent to the additivity principle of Bodineau
and Derrida [27]. In this way, under this assumption the optimal fields may have at most
only spatial structure, i.e. pq(x) and j,(x). Now, because the continuity equation constraint,
0;pq + 9:jg = 0, it is immediate to show that under this time-independence hypothesis the
optimal current field j,(x) is just a constant across the whole 1d system. And due to the con-

straint on the space&time-averaged current, g = f 01 Jq(x) dx, this constant is just the empirical
current,
Jg(x)=q. (12)

Note that this is just a property of 1d systems. As soon as we move to d > 1, the time-
independence of optimal profiles together with the continuity constraint will lead to divergence-
free (but not necessarily constant) optimal current fields. We will show how d-dimensional
many-body systems use this extra freedom to maximize the probability of a rare fluctuation.

The physical picture associated to the additivity principle is that of a many-body system
that, after a short transient time at the beginning of the large deviation event (negligible for
the probability measure of the long-time path), settles into a time-independent state with a
structured density field, which can be different from the stationary one, and a spatially uniform
current field equal to g. This particular solution is expected to minimize the cost of a current
fluctuation at least for small and moderate deviations from the average behavior. Under this
assumption, the variational problem for the current LDF G(q) in Eq. (11) reduces to

f 1 [0+ D(P)2:p — o (p)ET
X
0 20(p)

G(q) = —min

, (13)
p(x)
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or equivalently G(q) = —min, () F4(p), where F (p) is the integral in the right-hand side
(rhs) of the previous equation. To derive a differential equation for the optimal density profile
pgq(x) that solves the above variational problem, we need to perform the functional derivative
of the above expression and solve for 6F;(p)/6p = 0. For that we perturb the density field,
p — p + 6p, and write the resulting functional as

6 Fq(p)
6p

1
]:q(p+5p)m]:q(p)+J ( )6p(x)dx. (14)
0
We leave this functional derivative as an excercise to the interested (and/or unfamiliarized)
reader, just note that (i) it is typically easier to perform the functional derivative after expand-
ing the [...]? in Eq. (13), and (ii) integration by parts is needed for the terms with 8, 5p to
reach an expression with the structure of Eq. (14). After some simplifications, the differential
equation for the optimal density profile p,(x) is

D(p)z) 2 (D(P)z)/ 2 2 1 /_E_z 10y —
(U(p) %P H | 2g(py ) (BPY 1 (2U(p)) 50 (P)=0, (15)

where A'(p) means derivative with respect to the argument, and we are abusing language
somewhat when identifying d,p = dp(x)/dx = p’(x). Multiplying all terms in the previous
equation by d, p, we have

D> p*Y 1Y E2
(—)(axp)(afp) - (—) @pF-¢*(55 ) G —goap=0.  ae)
o 20 20 2

The first two terms in the lhs just correspond to 8,([%(3,(;))2]. Noting also that (%)’ op =
EX(%) and 0’9, p = 3,0(p), we arrive at

DZ qz E2
O | =—=(8p)?—2=——=0|=0 1

which can be integrated once to obtain

dp(x)
dx

2
p2(p) (L) =+ 20(0) K(g%, B + B20%(p), as)
where K(q?, E?) is an integration constant which is fixed by one of the boundary conditions
for the density field, p(0) = py or p(1) = p;, the other one being used as boundary condition
for the first-order ODE (18). In what follows we assume p, > p; without loss of generality. In
this way, the solution to Eq. (18) is the optimal (time-independent) density profile p,(x) that
the system adopts to sustain a current fluctuation q under the additivity conjecture [27].

A first observation is that this optimal profile is independent of the sign of the current
and/or the external field, i.e. p,(x) is invariant under the changes ¢ —» —q and E — —E. This
is a rather counter-intuitive result at first, which is ultimately a reflection of the time reversibil-
ity of microscopic dynamics at the mesoscopic, fluctuating level. Indeed, for each microscopic
forward path compatible with a fluctuation q, there exists a backward path, directly related
to the forward path by time reversibility, leading to a current —q. Note however that, al-
though p,(x) = p_4(x), the probability of these two different current fluctuations is typically
(exponentially) different, P.(q) # P.(—q), see Egs. (10) and (13), though they are directly re-
lated. In fact, we can now use the invariance of the optimal path under changes in the current
(and/or external field) signs to formulate a generalized fluctuation theorem [9-13, 59-61].
Extending our previous notation to write the current LDF under an external field E as Gz(q)

9
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and the optimal density profile responsible of this fluctuation, solution of Eq. (18), as pg z(x),
we can write

! +D 3 = EV
GE(q):—J dx [q (pq,E) qu,E G(pq,E) :| ) (19)
0

20(pq,E)

see Eq. (13). Introducing now two indices a, 3 = %1, and using the optimal profile invariance,
Pq,e(x) = ppq,qar(X), it is easy to show from Eq. (19) that

Ge(qQ) —Gap(Bg) =(1—a)yE—(1—Bleq+ (1 —ap)Eq, (20)
where we have defined two constants
P1 P1
D
YZJ D(p)dp, e=f %dp- (21)
Po Po op
In particular, for @ = +1 and 8 = —1 we recover the standard Gallavotti-Cohen fluctuation

theorem Gg(q) — Gg(—q) = 2(E — €)q, relating the probability of a current fluctuation q and
the reversed event —q [9-12,59].

Equation (19), together with (18), completely determines the current distribution, which
is in general non-Gaussian except for small current fluctuations around the average (q), as
dictated by the central limit theorem. We can now analyze the structure of the optimal path by
looking at its governing differential equation (18). In the simplest case, when the integration
constant K = K(q?, E?) is large enough for the rhs of Eq. (18) not to vanish (something that
happens for currents close enough to the average), the optimal profile p,(x) will be strictly
monotone, with a negative slope Vx € [0, 1] (since we are assuming p, > p1), SO

dp(x)__ 1
dx ~ D(p)

\/q2+2Ko(p)+E202(p). 22)

We can integrate this equation to obtain an implicit equation for the constat K in this regime.
Indeed, writing (22) as a differential form

—-D
dx = ) o, (23)
V@ +2Ko(p) + E202(p)
and integrating this expresion in the whole interval x € [0, 1] we find
Po
D
1= J (p) dp, (24)
p V@2 +2Ko(p) +E202(p)

which just gives K in terms of g2 and E? in this monotone regime. Using the differential form
(23) to change variables from x to p in the integral (19) for the current LDE, and using Eq. (22)
to write explicitly d, py p in this regime, we find the following expression for the current LDF
in the regime of monotonous optimal profiles

Po 2 2 20 v
GE(q)=f M[(q_m_q +Ko(p)+E*0%(p) EqO(p)]ahO (25)

o, 9(p) V@2 +2Ko(p) +E202(p)

On the other hand, for K < 0 the optimal density profile may exhibit some extrema, i.e. the
rhs of Eq. (18) may vanish at some points x* where J,p|,« =0, i.e.

q*+2Ko(p*) +E*0?(p*) =0, (26)

where p* = p(x*). To further advance and analyze the shape of the non-monotonous optimal
density profiles, the number of extrema, etc. we would need to specify the particular form
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of the diffusivity and mobility transport coefficients which characterize the particular model
at hand. This endeavor lies outside the scope of the present lecture notes, as it is model-
dependent, but we refer the interested reader to more specialized literature, as e.g. Refs.
[1,2,27,36,38,40,44,115-118] and references therein, for detailed discussions of this issue
in particular models. In all cases, the predictions based on the additivity principle have been
confirmed (within its range of validity) against detailed simulations of current statistics in
these 1d microscopic transport models.

As a final remark, note that the current LDF obtained from these calculations in different
models of transport typically exhibits linear tails for large enough |g|, i.e. Gz(q) o< —|q| for |g—
{(q)] > 1. This happens e.g. for the Kipnis-Marchioro-Presutti (KMP) model of heat transport
[38,114,119], the weakly-asymmetric simple exclusion process (WASEP) [43,120-122], etc.
These linear tails mean that large current fluctuations are far more probable than anticipated
from the central limit theorem prediction. Indeed, the system adapts its density profile to
maximize the probability of these rare events.

3 What about d > 1? Vector current statistics and a weak additiv-
ity principle

One-dimensional systems constitute the ideal ground where to start exploring complex ques-
tions in many-body physics, but eventually the interest shifts back to more realistic high di-
mensional systems, d > 1, where the interplay between many-body cooperative phenomena
and the higher dimensionality can lead to intricate phenomenology.

This is the case of the problem of interest in these lecture notes, i.e. the understanding of
current statistics in driven diffusive systems. In particular, we want to generalize the Aditivity
Principle of the previous section to d > 1. For that, we consider a broad class of d-dimensional
driven diffusive systems characterized by a density field p(r,t), with r € A = [0,1]¢ and
t € [0, t], which evolves in time according to the fluctuating hydrodynamics equation [1,2,44]

op(r,t)+V- (—D(p)Vp(r, t)+o(p)E+&(x, t)) =0. 27)

The vector field j(r,t) = —D(p)Vp(r,t) + o(p)E+ &(r, t) is a fluctuating current, with E an
external driving field, so Eq. (27) is just a d-dimensional continuity equation equivalent to
Eq. (3) in 1d. The deterministic part of this current field j(r, t) is given by the d-dimensional
version of Fick’s law under external driving. As before, the stochastic vector field &(r, t) is a
Gaussian white noise term with zero average, (§(r,t)) = 0, and variance

(€, 08 (¢, 1) = T2

Oqp0(r—r No(t—t)),
with L the system size in natural units, and a, 8 € [1,d]. Before continuing, let us mention that
the our treatment here can be generalized to anisotropic driven diffusive systems by promoting
the diffusivity and mobility transport coefficients from scalars to matrices, i.e. D(p) =D(p)A
and 6(p) = o(p)A, with A a diagonal anisotropy matrix with components Aa[j a0 qps
a,p € [1,d]. However, in order to keep our discussion simple, we will stick to isotropic
systems for which the diffusivity and mobility are just simple scalar functions of the local
density, and refer the interested reader to Refs. [50,53] for a more technical discussion on the
role of anisotropy (see also [56]).

The probability of observing a particular trajectory {p(r, t),j(r, t)}] of duration 7 for the
density and current fields can we written starting from the Fokker-Planck description of the
Langevin equation (27). This probability scales [1,2,44] in a large deviation form P({p, j}) <
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exp(+L?I. [p,j]), with a MFT action equivalent to that of 1d systems, see Eq. (7),

T * [j +D(p)Vp —G(p)E]2
If[p,j]=—f dtJ dr : (28)
0 A 20(p)

Here J(r,t) = j(r,t) + D(p)Vp(r,t) — c(p)E is just the excess current, i.e. the departure of
the current vector field j(r, t) from its constitutive form —D(p)Vp + o(p)E. As before, the
asterisk * in the MFT action (28) represents the unavoidable constraints, i.e. that the fields
p(r,t) and j(r, t) must be coupled via the continuity equation at every point of space and time,
0;p +V-j=0, as well as the appropriate boundary conditions. Indeed, for trajectories {p,j}
not obeying these constraints .. [p,j] — —o0.

The probability P.(q) of observing a space&time-averaged empirical vector current

=1J dtf drj(r, t), (29)
TJo A

is obtained by summing up the probability of all trajectories {p, j}; compatible with a fixed q,

ie.
Pf(q)=JDijP({p,j}f,)M@tp +V-j)5(q—f‘1J dtJ drj), (30)
0 A

The Dirac 6-functionals guaranteeing the contraints can be implemented explicitly via their
Fourier-Laplace representation [53], namely

(q o f dt f d”) N f dAe L Mlra[o de [y drio] (31)

§(B,p+V-j) = fDwe—LddeffAdr¢<r,r)(afp+V~j),

where (r, t) and A act as auxiliary fields that allow to implement the constraints (as e.g.
Lagrange multipliers). In this way the vector current statistics can be written as an extended
path integral

P.(q) = J Dp DjDy dA exp (+LZ. [p,j, ), 2]) (32)

where the modified MFT action reads

T [J’ +D(p)Vp —cr(p)E]2
0 A 20(p)

(33)
For long times and large system sizes, the probability density function P.(q) obeys a large de-
viation principle P_(q) = exp[+7L¢G(q)]. A steepest descent (or weak noise, Laplace method,
etc.) calculation then leads to the following variational problem for the current LDE

1
G(@) = lim — omax, Ic <Lp.3: %, 4] (34)

3.1 Structure of the optimal pathind > 1

The set (pq, i ¥ lq) of optimal fields which solve the variational problem (34) define the
most probable path leading to a vector current fluctuation q. Equations for these optimal fields
can be derived now by functional differentiating the modified action (33) with respect to the
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different fields. For instance, by varying over the density field, p(r,t) — p(r,t) + dp(xr,t),
and expanding the resulting functional as in Eq. (14) above, we arrive at the following partial
differential equation (note that, as in 1d, integration by parts is needed to get rid of the terms
with Vo p(r, t))

D2y D2 D o’ o’
_ q 2 q 2 q . q .2 q.2
M“"(ﬂ) (ea) ‘(O_)V pq‘(a—)v"q‘z?z]q*ﬂ . B9
q

q q q

where we have defined Dy = D(pq) and 0q = 0(pg). Functional differentiating Eq. (33) with
respect to the current field, i.e. perturbing j(r, t) — j(r, t) + 6j(r, t), leads to

jqtDqVpq—0qE=0q(Aq+ Vi) (36)

where the lhs is just the optimal excess current J 4 defined above. Finally, variations over the
auxiliary field ¥ (r,t) — Y (r, t) + 61 (r, t) impose the continuity constraint J,pq + V - jq =0,
while variations ove A lead to the constraint on the empirical currentq = 7! f OT dt f A drjg(r,t).

The above equations can be interpreted in simple terms to understand the physical meaning
of the optimal auxiliary fields A4 and 14 solution of this variational problem. Indeed, we
can use the local Einstein formula D(p) = o(p)f,'(p), relating the diffusivity and mobility
transport coefficients via the system equilibrium free-energy density f,(p), to write Fick’s law
under external driving for the optimal fields as

oFo

—DyVpq+0.E=0q [E—V(g)}, (37)
q

where Fy(p) = f/\ dr fy(p) is the equilibrium free energy functional of the system of interest.
Using this in Eq. (36) we thus obtain that the optimal current field can be written as

mfaao(2 )] -
Pq
In this way, comparing this expression with Eq. (37), it becomes clear that 44 and v 4(r, t) can
be interpreted respectively as the additional constant field (added to E) and structured driving
(supplementing —5.F,/0pq) necessary to obtain the current field j4(r, t) within Fick’s consti-
tutive law. Alternatively, 1), can be seen as the (optimal) Legendre multiplier field selecting
those noise realizations compatible with Fick’s law and the local conservation law represented
by the continuity equation. This can be better seen in the Hamiltonian formulation of the
problem [52,123] where ) plays the role of the conjugate moment to the density.
Interestingly Eq. (36), or equivalently Eq. (38), sets strong conditions on the structure
of the optimal current vector field. In particular, defining now the reduced (optimal) excess

current .
_ jq(r,t) + DgVpq(r,t) —o(E

Zq(r,0) = , (39)
Oq

we have from Eq. (36) that z4(r, t) = Aq+ V4, with A4 a constant vector. Hence taking now
the Jacobian matrix V x,, with components (Vxq)qs = 9,¥q,p, We have that Vy, = VV1,,
or equivalently

OaXqp = 0a0pYq- (40)

In words, this means that the Jacobian matrix of the reduced (optimal) excess vector current
Xq corresponds to the Hessian of the optimal driving field ¢4 associated to the continuity
equation. This apparently innocent observation leads however to a strong result. Indeed, if
the optimal response function 1 : A? x [0,7] — R is sufficiently smooth, i.e. it is twice
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continuously differentiable in its spatial domain (a C?-class function of spatial coordinates),
then by virtue of Schwarz’s theorem [124] its Hessian matrix VV1)4 is symmetric, so

3a3/3’l/1q = aﬁaawq: (41)

with Va, 8 € [1,d]. This immediately implies, via Eq. (40), that the Jacobian of the reduced
(optimal) excess current is itself a symmetric matrix, i.e. 9,¥qp = 9p Xq,o- From this symmetry,
and using the definition of x4 in Eq. (39), and the symmetry relation

aD“a—a D“a—D“/aa (42)
“\ 5g ) Pa= %\ 5, J%Pa=5, ) FPadsPa;

we immediately arrive at the following fundamental property for the optimal current field
responsible of a given current fluctuation,

ja,q(T, € i6,q(T> )
3 Jagr: ) =3, bttt . V(rt)eAdx[o,]. (43)
b o o
q q
In the presence of anisotropy, this relation is modified to dg[j, q/(aq0q)] = G,ljp q/(apoy)],

where a,, are the (constant) components of the anisotropy matrix A defined above [53]. Note
that the C2-differentiability of the response function 4 is a natural requirement for most
physical solutions to the variational problem (34), though we cannot discard the possible
existence of singular, non-differentiable solutions for 4 which would violate (43) at singular
points. Note also that a weaker condition for vy 4 which nevertheless suffices to ensure the
symmetry of its Hessian matrix is that all partial derivatives are themselves differentiable.

To better understand the tight constraints that Eq. (43) imposes on the optimal current
vector field jq(r, t) in d > 1, we note that the dominant paths responsible of a current fluctua-
tion q in most high-dimensional problems of interest typically exhibit structure (if any) along
a principal direction, that we denote as x| [41,44,49-51,53]. In particular this means that

pq(r: t) = pq(X”a t) 5 jq(r3 t) = jq(XH, t) 5 (44)

where we have decomposed space as r = (x|,x ) along the parallel x| and all orthogonal x;
directions. Examples of problems with a well-defined principal direction include open systems
subject to a boundary gradient along the x-direction [50], see e.g. Fig. 1 above, or closed
diffusive systems with periodic boundary conditions driven by a constant external field E, for
which different dynamic phase transitions appear to current regimes characterized by traveling
waves with structure along one of the principal axes of the system of interest [56]. In all these
cases, condition (43) simplifies to

all(Jﬁq) 0 VA
q

since 9 (jip,q/0q) = 9p(Jj,q/ Tq) and jj q(x|, t) depends exclusively on x| and not on all orthog-
onal coordinates 8 #||. This immediately implies that jg (x|, t) = kgo[pq(x), t)] VB #l, with
kg a direction-dependent constant which follows from the constraint on the empirical current

q=1"" fOT dt f A driq(x), t). Imposing this constraint we arrive at

,t
Jp.alx), 1) = Loyl 1) VBl (45)

f dSJ dy o[pq(¥,s)]
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where qg is the f-coordinate of the empirical current vector q, orthogonal ( #||) to the
principal direction. In this way the relation between the Jacobian matrix for x4 and the Hessian
matrix of the driving field 1), together with a natural analyticity condition for the latter, force
the optimal current vector field j, to exhibit a non-trivial structure along the dominant direction
|| in all its orthogonal components 5 #||. Moreover, this structure is coupled to the optimal
density field p, via the mobility transport coefficient o(pg).

Interestingly, this result makes explicit the spatiotemporal nonlocality of the current LDF
(34) and the associated optimal trajectories. Indeed, the optimal current vector field jq(r, t) at
a given point of space and time depends explicitly on the space&time integral of the mobility
of the optimal density field, see the denominator in Eq. (45). Note also that for 1d systems
conditions (43) and (45) become empty, so structureless optimal current fields are still possi-
ble, as in the 1d additivity principle of section §2.1 [27,36,38]. This evidences the richness
of the fluctuation landscape for d > 1 driven diffusive systems when compared with their 1d
counterparts.

3.2 Time-independent optimal path and weak additivity principle

The main result in the previous section, Eq. (43), is very general since it assumes only a natural
analiticity condition for the optimal driving field vy 4 in generic d-dimensional systems. When
supplemented with the additional observation that optimal paths typically exhibit structure
along a single principal direction, this results leads to a more detailed, but still very general
condition (45). In both cases we have not assumed anything on the temporal structure of
the optimal path leading to a current fluctuation. In this section we explore the implications
of these results whenever the optimal path is time-independent. This discussion will thus
allow us to find the natural generalization of the additivity principle of section §2 to general
d > 1 driven diffusive media, a conjecture called weak additivity principle (wWAP) [50, 53]
to distinguish it from a strong version of the additivity principle in d dimensions that will be
discussed below.

We will mostly consider here the case of open systems under an external gradient along
an arbitrary direction x;. Hence we fix the boundary densities to p(r, t)| xy=0,1 = Po,1, Which
drive the system out of equilibrium as soon as p, # p;, setting periodic boundary conditions
for all other directions of space, see Fig. 1. Current fluctuations in this class of systems have
been broadly studied during the last years, both in 1d [27,36,38,40,44] and d > 1 [41,
49-51,53,125]. Assuming now that the most probable trajectory to a current fluctuation (i)
exhibits structure only along the principal direction x|, and (ii) is time-independent (apart
from some initial and final transients of negligible weight for the current LDF), we thus have
that pq = pq(x)) and jq = jq(x). In this case, the continuity constraint d;pq+V+jq = 0 implies
a divergence-free optimal current vector field, V - jq(x)) = 9 jj o(x) = 0. These observations,
together with our general condition (45) and the constraint on the empirical current q, lead to
an optimal current vector field jq(x) = (qy,j 1 q(x)))) which is constant (q;) along the principal
direction, and structured (j; 4(x))) along all orthogonal directions, with

olpglx))]

1
f dy olpq(¥)]
0

jLqxpP=qa1 , (46)

and where we have decomposed q = (q|,q,) along the gradient (||) and all other, (d —1)
directions (L) [50,53]. Our general theorem (43) allows now to understand this structure as
a direct consequence of the symmetry of the Jacobian matrix associated to the reduced excess
vector current field.
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The equation for the optimal density profile pq(x)) now follows from the partial differential
equation (35) assuming time-independent solutions with structure only along the principal
direction x. In particular, since 3,94 =0 =V - j; under these assumptions, we have

2 1 / 2 O-:l EZ / DZ / D2
g (27(1) —q N 2t 59~ 20, (@pq)" — 3|| Pq=0, (47)
2(f dyo[pq(y)])
0

where we have used that — qq = (F)/ and _]q(X“) = q|| + qicrczl/(fo1 dy a[pq(y)])z, see
Eq. (46). Multipling this equation by 8||pq, and noting that

D; D? D2
(oo e e RCINCIRELICTNE ]
q
we find
2 2 )
q o 2
T 9,94 P
20 1 2t 504 (P
@ 2(f, dy olpg]) a

so the expression in brackets is just a constant K = K (qﬁ, qi, E?) which depends exclusively on

qﬁ, q7 and E*. Therefore the final differential equation for the optimal density profile under
the weak additivity principle hypotheses is

o(pg)
[ dy alpg()]

where we have recovered the original notation D(pq) = Dgq and o(pq) = 0. This equation for
the optimal density profile responsible of a vector current fluctuation q should be compared
with Eq. (18) for 1d systems under the standard additivity principle to better grasp the effect
of dimensionality on current statistics.

The current large deviation function (34) under the wAP conjecture, denoted here as
Gap(q), can be thus written as

2
D(pg)*(8)pg)* = 4} —a} ( ) +2Ko(pq) +E20(pg)?, (48)

G =—| dxy— + D p" Y —o E ) + 0?2 —E ,
wap(Q) fo 120, (a1 +DgBip} oF) +0? [Tay olps™ O] 1

(49)
where we have decomposed E = (E||, E | ), jo(x|) = (q,j1,q(x))) withj; ¢(x)) given in Eq. (46),
and with p qAP (x) the solution to Eq. (48) above with boundary conditions pWAP (0) = pp and

qAP(l) = p;. In this way, the current LDF can be written as Gxp(q) = WAp(pWAP

Fuap is the functional of Eq. (49).

;q), where

3.3 A strong version of the additivity principle?

The results for the current LDF and the optimal path in the previous subsection should be com-
pared with the straightforward extension of the 1d additivity principle to d > 1, dubbed here
strong additivity principle or sAP in short [50]. This amounts to assume (i) a time-independent
optimal path to a current fluctuation, (ii) structure only along a principal direction, and cru-
cially (iii) a structureless optimal current vector field, so jq(x”) = q due to the constraint on
the empirical current. This last assumption is the key difference with the weak version of the
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additivity principle (WAP) discussed above. This strong additivity conjecture thus leads to a
different (and simpler) expression for the current LDE

1
1 2 2
Gsap(qQ) = —J dX||g [(CIH + annpflAP - UqEn) +(qL—0oq4EL) ] = ]:sAp(PflAP; q), (50)
0 q

where now Dy = D[pflAP(x”)] and g = o[pflAP(x”)], with pflAP(x”) the solution to the follow-
ing differential equation

D(pg)*(81pq)* = a* + 2K (pg) + 0 (pg)*E?, (51)

with K = K(q?, E?) another integration constant, fixed by imposing one of the boundary con-
ditions for the optimal density profile. Note that, for q fixed, we expect G.p(q) # Gwap(q) and
pflAP(x”) # p;"AP(x”) in general, and we could question which hypothesis (WAP or sAP) yields
a maximal current LDE, see Eq. (34). Intuition suggests that the wAP should offer a better solu-
tion as it disposes of additional degrees of freedom (a possibly structured but divergence-free
optimal current field) that the system of interest can employ to improve its rate function. This
argument can be confirmed rigorously by noting first that p;"AP (x) is the maximizer of the wAP

action ]:wAP(PZIVAP§ q), and therefore ]:wAP(pgAP; Q) = Fuar(p; @) Volx)) # P(VIVAP(XH)- We can
now compare both functionals, F,,sp and F,ap, applied to the same density profile pZAP at fixed

current q. For that we define the excess observable AF, = ]—“wAp(pf]AP ;q) — .FsAP(pflAP ;q) and
find
2 1
q; 1 1
ar=L ( | dx”—)_ 1 @
2 o oledCadl ) [y dxy olpg(ap)]
Notice that, due to the reverse Holder’s inequality [126]
1
1 1
dx > , (53)
fo Volpg®(ap] = (! AP
dxjolpg™ (x))]
0

and therefore AFy > 0 and hence Gyp(q) = Gap(q) Vq € RY. This proves that, when com-
pared to the strong AP the weak AP always yields a better minimizer of the MFT action for
currents, see Eq. (34). This result therefore singles out the wAP as the relevant simplifying hy-
pothesis to study current statistics in general d-dimensional systems. Interestingly, the excess
action AF is proportional to qzl, so both the sAP and wAP yield the same results for current
fluctuations parallel to the gradient direction, q = (q,q, = 0). This observation helps in
making sense of previous, seemingly contradictory results regarding the validity of the strong
additivity conjecture in d-dimensional driven diffusive systems [41,49,51,125]. Note also that
the sAP and wAP also yield the same results for all vector currents q in the case of constant
mobility transport coefficient, o(p) = 0.

The predictions for current statistics obtained within the weak additivity principle scenario
have been tested in detail against both numerical simulations of rare events and microscopic
exact calculations of various paradigmatic models of diffusive transport in d = 2 [50]. These
include the widely-studied Zero Range Process (ZRP) [127,128], a model of interacting parti-
cles amenable to exact computations due to a factorization property of its stationary measure,
and characterized at the hydrodynamic level (for constant particle hopping rates) by a diffu-
sivity D(p) = 1/[2(1 + p)?] and a mobility o(p) = p/(1 + p) [50]. Another model where
the predictions of the wAP conjecture have been confirmed with high precission is the Kipnis-
Marchioro-Presutti model of heat transport [119], a diffusive lattice process including random
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energy exchanges between nearest neighbors, and described at the macroscopic level by a
fluctuating hydrodynamic equation (27) obeying Fourier’s law with a constant conductivity
D(p) = 1/2 and a mobility o(p) = p?. Finally, another model tested against the wAP predic-
tions is a fluid of random walkers in 2d, characterized macroscopically by a constant diffusivity
D(p) = 1/2 and a linear mobility o(p) = p. In all cases the results clearly demonstrate that
the weak additivity principle yields the correct predictions for the current statistics of a broad
class of d-dimensional interacting particle systems.

4 Dynamical symmetry breaking in the current fluctuations of open
systems

Driven diffusive systems may undergo intriguing transitions to sustain rare fluctuations of a
trajectory-dependent observable. These so-called dynamical phase transitions (DPTs) have
gained attention in the last two decades [28, 29, 108, 109, 129-132], and can lead in some
cases to symmetry-broken spatiotemporal trajectories which enhance the probability of rare
fluctuations. These drastic changes in the structure of the optimal trajectories responsible for a
fluctuation, triggered at DPTs, are accompanied by non-analyticities and Lee-Yang singularities
in the associated large deviation functions, which play the role of thermodynamic potentials
for nonequilibrium settings [8]. This is very much reminiscent of standard critical phenomena
in condensed matter, but at the trajectory (rather than configurational) level.

Investigating the physics of DPTs is a fruitful endeavor. On one hand, the mere existence
of DPTs and spontaneous symmetry-breaking phenomena at the fluctuation level draws the
attention of any curious physicist. On the other hand, the appearance of DPTs make some
rare events far more likely than anticipated, due to the emergence of self-organized structures
in the optimal paths responsible of these fluctuations. Thus studying DPTs may help in un-
derstanding why some naturally-occurring rare events (as e.g. rogue waves [133]) appear
with higher probability than expected. Finally, DPTs can be engineered to build interesting
phases in nonequilibrium matter, as e.g. time crystals [101]. We will explore this possibility
later on in these lecture notes. This interest has led to the discovery of multiple emergent
phenomena associated with DPTs, including symmetry-breaking density profiles [52,71,109],
localization effects [134], condensation transitions [57] or traveling waves [14, 43, 56] dis-
playing time-crystalline order [101]. Interestingly, DPTs have been shown to play a key role in
understanding the physics of different systems, as e.g. glass formers [69, 80-86]. Moreovet,
DPTs have been also predicted and observed in active media [135-145], where constituent
particles can consume free-energy to produce directed motion, as well as in many different
open quantum systems [77,87,88,146-151], leading e.g. to applications such as DPT-based
quantum thermal switches [89-91].

From a macroscopic perspective, the existence of DPTs in driven diffusive media is gov-
erned by the MFT action functional (7), and depends on the particular form of the transport
coefficients characterizing the system, namely the diffusivity and the mobility [28,29,52,129].
A different, complementary path to investigate the physics of DPTs consists in analyzing them
in terms of the microscopic dynamics, governed by the corresponding stochastic generator
[107,147]. We will initially focus here on a macroscopic perspective, to explore later on the
microscopic view using spectral theory [102].

In this section we will review a family of DPTs in the current statistics of some open systems,
i.e. systems in contact with boundary reservoirs (possibly at different densities) [52,71,109].
In order to simplify the discussion and focus on the main mechanism behind these DPTs, we
now go back to one-dimensional (1d) systems, though many of the results and techniques
here discussed can be extended to high-dimensional systems, taking into account some of
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the caveats already discussed in the previous section. Our theoretical framework is again
macroscopic fluctuation theory for 1d driven diffusive media described by a fluctuating hy-
drodynamic equation J,p + d,j = 0 for a density field p(x,t), with a fluctuating current
j(x,t) =—D(p)o,p(x,t) + c(p)E + E(x, t), see Egs. (3)-(5) above [2]. The probability of a
trajectory {p, j} of duration 7 scales for large system sizes L as P({p, j}3) < exp(+LZ.[p, j]),
see Eq. (6), with the MFT action [2]

v (14D —o(eE)
If[p,J]=—J dtf dx 5 , (54
0 0 o(p)

see Eq. (7), where the * means that the integral is restricted to fields p and j obeying the conti-
nuity constraint (otherwise Z.[p, j] — —00). As discussed in section §2, the probability of an
empirical current fluctuation ¢ = 77} fOT dt f 01 j(x, t) scales according to the large deviation
principle P.(q) < exp[+7TLG(q)]. The current large deviation function G(q) can be obtained
from a variational problem involving the MFT action (54), see Eq. (11) above. Under the
additivity principle [27], which amounts to assume that the optimal trajectory solution of the
variational problem (11) is time-independent (except maybe for some short, negligible initial
and final transients), the current LDF can be thus written as

[q + D(p)d.p —o(p)ET
20(p)

1
G(g) = —minJ dx , (55)
0

p(x)
see also Eq. (13) above and the associated discussion. The optimal density profile responsi-
ble of a given current fluctuation now follows from the following ordinary differential equa-
tion (18), i.e.

2 [ dp()
D (P)(W

where K(q?, E?) is an integration constant which is fixed by one of the boundary conditions
for the density field, p(0) = pg or p(1) = p1, the other one being used as boundary condition
for this first-order ODE, see also Eq. (18).

Obtaining general predictions for the optimal profile and the current LDF is typically dif-
ficult. To make further progress, we consider now open diffusive systems with a discrete
particle-hole (PH) symmetry. A system has a particle-hole symmetry when its dynamics is in-
variant under the transformation

2
) =q*+2Ka(p)+E*a*(p), (56)

i.e. after exchanging particles and holes and reflecting space. By looking at the fluctuating
hydrodynamics equation governing the system evolution, 8,0+, [—D(p)d,p + c(p)E+&] =
0, and noting that the PH transformation (57) implies that d, — —d, as well as 6,p — —3J,p
and d,p — +0;p, it is clear that the PH-symmetry holds at the dynamical level only if the
diffusivity and mobility transport coefficients remain invariant under the transformation, i.e.

D(p)=D(1—p), o(p)=oc(l—p). (58)

Moreover, in order for the dynamics to be fully invariant under the PH transformation, we
need the boundary conditions for the density field to obey the relation

P0:1_P1’ (59)

so that pop = p(X¥ =0) =1—p(x =1) =1—p; = pg and similarly p; = p;. If these two
conditions (58)-(59) hold, the system will be PH-symmetric and its dynamics remains invariant
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Figure 2: Dynamical symmetry breaking in open systems. (a) Mobility o(p) =
p(1 — p) for the WASEP model of particle diffusion under exclusion interactions.
Note the particle-hole symmetry o(p) = o(1 — p) of this transport coefficient. For
equal boundary densities, py = % = p;, the optimal density profile p,(x) for mild
current fluctuations around the average current (q) is just homogeneous, p,(x) = %,
see panel (b), and is symmetric under the PH transformation (57). The current field
is proportional to the mobility, and for p = % this current can decrease by either
increasing or decreasing the density, see red arrows in panel (a). In this way, for
currents below a critical threshold q., see panel (c), two different but equally likely
optimal profiles pqi(x) emerge, with an excess mass =6m when compared to the
flat profile, breaking the PH symmetry of the governing action. These two different
optimal profiles map onto each other under the PH transformation (57).

under the PH transformation (57). Moreover, it is easy to show that the MFT action (54)
for a path {p, j}{ also remains invariant under Ehe PH transformation whenever these two
conditions (58)-(59) hold, so Z.[p,j] = Z.[p,j] under the PH transformation (57) (with
j = j due to the current symmetry).

The optimal trajectory responsible of a given current fluctuation, {p4(x, t), jo(x, t)}; in
general or {p,(x),q}; under the additivity principle, will typically inherit the PH symmetry of
the governing MFT action, mapping onto itself under the PH transformation. For the additivity
case

Xx=1-x . ,.
pq(x)mpq(x):pq(x)' (60)

However, there exists the possibility that the optimal profile p,(x) (which plays here the role of
a ground state) exhibits fewer symmetries than the governing action, very much like in in many
other spontaneous symmetry-breaking phenomena and phase transitions. This spontaneous
symmetry breaking phenomenon at the fluctuation level is the focus of this section.

To understand phenomenologically the mechanism behind this symmetry-breaking phe-
nomenon, we now focus on a particular example taken from the works of Y. Baek, Y. Kafri
and V. Lecomte [52,71]: current fluctuations in the 1d open weakly asymmetric simple ex-
clusion process (WASEP) [109]. The WASEP is a model of particle diffusion under exclusion
interactions, characterized at the hydrodynamic level by a constant diffusivity D(p) = 1/2
and a quadratic mobility o(p) = p(1 — p), see Fig. 2.a. In this way the WASEP transport
coefficients fulfill condition (58), and for appropriate boundary conditions, see Eq. (59), this
model hence exhibits a PH symmetry as defined above. For simplicity, we consider now equal
density boundary reservoirs, py = 1/2 = p;, for which condition (59) holds trivially, though
boundary density gradients fulfilling this condition also fit in the same picture, see below. In
this particular case the stationary density profile is just homogeneous, (p(x)) =1/2 = p, and
the average current is simply (q) = c(p)E = p(1—p)E. To understand the optimal way to sus-

. . . _ 1,
tain a fluctuation of the empirical current ¢ = 7! f OT dt fo j(x, t) we now look at the current
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field j(x,t) = —D(p)d,p + o(p)E + & in the fluctuating hydrodynamic equation governing
the system evolution. The diffusion term —D(p)d, p favors the flattening of any density field
modulation, and cancels out for the homogeneous stationary profile. We thus expect that for
small current fluctuations around the average flux, |g — (q)| < 1, the optimal density profile
will still be the homogeneous, stationary one, and the current statistics will be thus Gaussian,
see Fig. 2.b. For quasi-homogeneous density profiles the local current field is dominated by the
mobility o(p), so obtaining low enough currents q is easier if o(p) is small. For p = %, this
can be achieved by either increasing or decreasing the density, see red arrows in Fig. 2.a. In
this way, for low enough currents q (indeed for currents below a critical threshold q.), two dif-
ferent but equally likely optimal profiles pj(x) may emerge, with an excess mass =6m when

compared to the flat profile,
1
+6m = U py(x) dx) —p, (61)
0

breaking the PH symmetry of the governing action. These two different optimal profiles map
onto each other under the PH transformation (57),

PE(x) 51— pF(1—x), (62)
q p—1—p q

restoring the symmetry of the original action. This sort of dynamical PH-symmetry breaking
makes indeed physical sense, since in order to sustain a low-current fluctuation the system
can react by either crowding with particles hence hindering motion, or rather emptying the
lattice to minimize particle flow. Both tendencies break the PH symmetry of the MFT action,
eventually triggering a DPT.

4.1 Computing the critical current g.: A local stability analysis

In this section we will compute the critical threshold g, to observe the above spontaneous sym-
metry breaking phenomenon in the current statistics of PH-symmetric open diffusive media.
To simplify the calculation and get an overview of the mechanism, we will assume the simplest
case of equal and PH-symmetric boundary densities, p, = 1/2 = p; in a generic system with
diffusivity D(p) and mobility o(p) obeying the PH symmetry condition (58). In this case the
system steady stateis homogeneous, with (p(x)) = 1/2 = p and average current (q) = o(p)E.
The current LDF G(q) now follows from the variational problem defined in Eq. (55) under the
additivity conjecture, and the optimal profile py(x) is just the solution of the ordinary differ-
ential equation (56), or its mother equation (17). Clearly the flat profile p,(x) = p is always
a solution of Eq. (17). As argued above, for small current fluctuations around the average,
|g —(q)] < 1, the optimal density profile will still be homogeneous, and the current LDF will
be quadratic (corresponding to Gaussian current statistics in this regime), i.e.

_(a—0(p)EY
20(5)

see Eq. (55). The flat profile p,(x) = p remains obviously invariant under the PH transforma-
tion (57), thus having the same symmetries that the MFT path action (54).

We now consider the stability of the flat optimal density profile against small perturbations.
In particular, we assume

G(q) = = Gpa(q), (63)

Pe(x)=p + p(x) (64)

with |p(x)| < 1 a spatially-structured perturbation with ¢(0) = 0 = (1) to comply with
boundary conditions. Our aim is to study the effect of this perturbation on the current LDF (55)
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to determine whether it improves the flat density profile prediction (63), i.e. whether the
perturbed profile yields a larger G(q) > Gg,:(q). We hence write

1 — — 2

+D(p + )0, —(p + @)E

G(q)=— f dx L4+ D0 ;;(p"’wj(p ?)E] %, Grul@)+ AG),  (65)
0

and we will conclude that the flat profile becomes unstable (i.e. not the optimal solution)
whenever AG(q) = 0 as defined above. In order to proceed, we expand the transport coeffi-
cients

_ _ D// _ D//
D(p+¢) =~ D+D'o(x)+—¢*(x)=D+—p*(x), (66)
lpl<1 2 2
= // = //

a(B+9) N GG e(x) + 9P =G+ (), (67)
lel<1 2 2

where we have defined D = D(p) and & = o(p) (similarly for the derivatives), and we have

used the symmetry of D(p) and o(p) around p = 1/2, see Eq. (58), to cancel the first-order

terms in the expansions. Indeed all odd derivatives of the transport coefficients obeying con-

dition (58) are zero around p = 1, i.e. D@"(5) =0 = @ D(5) ¥n > 0, due to the

PH symmetry. Using these expansions in the integral kernel in Eq. (65) and expanding the

resulting functional to the lowest order we find

—_ N/’ =/ 2
o) Jld [q+(D+%wZ(X))axso—(6+%¢2(X))E] )
N - X =7
1 lol<1 0 2(6+%<p2(x))
1 N2 =1 )
D 2 O 2 202\ 2, D -
~ G —| dx |—(2 — —G°E +—(g—GE)o )
ﬂat(q) J;) X |:26'( x(p) 452 (q o )(10 6(61 o ) x P

We next expand ¢(x) in Fourier series, compatible with the boundary conditions,

p(x)= Y psin(nmx), (69)

n>1

with ¢,, some (small) amplitudes, so that d, ¢ = ”anl ny, cos(nmx) and

03(x) = Zcpisinz(nnx)—k Z Pn@m sin(nmx)sin(mmx),
n>1 n,m=>1

n#m

(0,9)? = n? ancpﬁ cos?(nmx) + Z nme, o, cos(nmx) cos(mmx)
n>1 n,m=>1
n#m
In this way, the integrals appearing in the perturbative term AG(q) defined by the second
line of Eq. (68) can be trivially solved, in particular f 01 dx sin(nmx)sin(mmnx) = %5,1,,1 =

1 .
fo dx cos(nmx)cos(mmx), so we arrive at

2
_ P [-me 2 =272 272 =2
AG(q)—Z@[U (q —O'E)—ZTL’DO‘TI]. (70)
n>1
The terms in brackets in the previous expression define some n- and g-dependent coefficients
A, (q) = 6" (q*—62E?)—2n2D?6n?. It turns out that A, (q) —A,41(q) = 2n2D?5(2n+1) > 0
because the mobility (and the diffusivity) are always positive, so these coefficients decrease
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with increasing n, i.e. A,(q) = A,.+1(q) Yn = 1. Therefore, if A;(q) <0 thenA,(¢g) <0V¥n=>1
and AG(q) < 0, meaning that the flat density profile remains the optimal one while A;(q) < 0.
The first amplitude that can become positive, triggering the instability of the flat profile, is
hence A;(q), and the condition defining the critical current g, for this instability to happen is
thus A;(q.) = 0, which yields a critical threshold

D25
g = ﬂ:\J G2E2 +2m2— . (71)
g

At this critical current a dynamical phase transition to a PH-symmetry-broken regime appears,
as we will see below, which dominates as far as A;(q) > 0.

For systems with a mobility transport coefficient with positive curvature G” > 0 at density
p (or equivalently with o(p) upward concave at p), the amplitude A;(q) = 0 for currents
beyond the critical current (71), i.e. |q| = |q.| or equivalently in the current interval q €
(—o0,—q.]U[g,,+00). This means that the PH-symmetry-broken dynamical phase dominates
the for current fluctuations |q| > |q.|, while the flat optimal profile prevails for |q| < |g.|.
Moreover, for & > 0 the terms inside the square-root sign in Eq. (71) are all positive so there
exists a critical current for all possible external fields E (including the undriven case E = 0).

On the other hand, for systems with a mobility with negative curvature " < 0 at density
p (or equivalently with o(p) upward convex at p), the amplitude A;(q) is positive for currents
below the critical threshold (71), i.e. for |q| < |g.|, so the PH-symmetry-broken regime now
appears for q € [—q,,q.]. In addition, since 6" < 0, there exist the possibility that the radicand
within the square-root defining the critical current g, in Eq. (71) becomes negative, leading
to a unphysical q.. This results in a critical external field E. such that for |E| < E, no PH-
symmetry-breaking dynamical phase transition is possible. The critical external field can be
evaluated from the radicand zeros, leading to

2m2D2
E =122 for " < 0. (72)
O-|O-//|

An example of this case is the WASEP model of particle diffusion under exclusion interactions,
where D(p) = % and o(p) = p(1 —p) so that o”’(p) = —2 < 0, leading to a critical field
E, = 7 such that no symmetry-breaking DPT can appear for any current ¢ when |E| < E..

In both cases, 7’ > 0 or ¢” < 0, as soon as we cross the critical current q. and enter
infinitesimally into the symmetry-broken regime, the density profile

pg(X)=p +|p1]sin(mx) (73)

yields a better minimizer of the current LDF action (55) than just the flat profile. This optimal
density field has an associated total mass

1
2
m:{:f p;(x) dx=p+ |<P1|' (74)
0 i

Since AG(q) just depends on the squared amplitude @%, see Eq. (70), it is then clear that

pg (x) = p —l¢1|sin(mx) (75)

is also a minimizer of the current LDF action, leading to the same current LDF G(q) that
p;r(x), but with a different total mass m, = fol pg (x) dx = p—(2lg;|/m) < m:{. This is a
clear signature of a spontaneous Z,-symmetry breaking transition in the current fluctuations
of open driven diffusive media.
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In this way, while in the homogeneous density regime the optimal density profile p,(x) = p
trivially inherits the PH symmetry of the original action, mapping onto itself under the PH
transformation (57), for currents beyond a critical threshold (i.e. |q| > |q.| for systems with
" > 0 or rather |q| < |q.| and |E| > E. for systems with " < 0), two different (but equally
likely) optimal profiles p;t(x) appear mapping onto each other under the PH transformation,

i.e. such that

Py () = 1=pF(1—x), (76)

and giving rise to a second-order singularity in the current LDF G(q). This spontaneous PH
symmetry breaking phenomenon admits a simple interpretation [52,71]. Think for instance
in systems with " < 0: in order to sustain a low-current fluctuation, the system can react by
either crowding with particles (resulting in a larger total mass mj{) hence hindering motion,
or rather emptying the lattice (resulting in a smaller total mass mq_) to minimize particle flow.
Both tendencies break the PH-symmetry of the MFT action, eventually triggering a DPT.

4.2 A Landau-like theory for the dynamical phase transition

The previous stability analysis has allowed us to locate the critical current q. beyond which the
instability is triggered. To analyze the structure of the current LDF G(q) near the instability,
we need to extend this perturbative treatment to include higher-order corrections, inspired
by Landau’s seminal analysis of symmetry-breaking phase transitions [152]. In particular,
nearby g. the optimal density profile will be perturbatively close to the homogeneous one
(p) [52,71,109], admitting a series expansion

4
pq(x) ~ ;3+Z5mlcpl(x)+(’)(5m5), (77)
q~q. =

in terms of the excess mass 6m = m, — p, which plays the role of order parameter for the
transition as it measures the distance to the homogeneous density phase. We truncate the
expansion at order 4 as all higher orders turn out to be irrelevant near the critical point (see
below). We will work close to the transition point, in the limit [6m| < 1, so the modulations
over the homogeneous profile solution are small, |p,(x) —p| < 1. The functions ¢;(x) must
obey the boundary conditions ¢;(0) = 0 = ¢;(1) VI € [1,4], and will be determined below.
Proceeding as in Eq. (65) above, the current LDF can be expanded as G(q) ~ Gg,(q) + AG(q),
with Gg,(q) = —(q—0(p)E)?/[20(p)]. The function AG(q) is obtained from the least action
principle (55) and the expansion (77) for the optimal profile, and can be written as

AG(q) = —min G(émlq), (78)

where G(6m|q) is a function of the order parameter 6m and the current ¢ whose shape near g,
we want to analyze next. In order to do so, we need to determine the functions ;(x) in (77)
by analyzing perturbatively the ODE (56) for the saddle-point profile

D*(p)p’(x)* = ¢* + 2Ko(p) + E*0*(p). (79)

If F(p) is a general function of the local density, symmetric around p so that all odd derivatives
around p are zero (in particular F/(p) = F®)(5) = 0), we can expand

F"p1(x)*6m* + F" ¢ (x)pa(x)5m?

NIE

F[p' + 5mlapl(x)]wﬁ+%

1
+ I:F//(z(Pl(X)SOS(X)'F902(3()2)4'%F(4)S01(x)4:|5m4+0(5m5); (80)

N[
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with F = F(/) and similar definitions for the different derivatives. Using this expansion for
both the diffusivity and mobility transport coefficients, we can write the lhs of Eq. (79) as

D*(p)p’(x)*> ~ D?¢i(x)*6m* +2D%¢! (x)ps(x)5m°
+ [l_)z (Lpé(x)z + 2Lp1(x)apé(x)) + DD”Lpl(x)zgoi(x)z] sm*. (81)

The perturbative expansion (77) for the optimal density profile is valid only in a small interval
of currents fluctuations around q,. Hence we assume now q = q, + g,6m? + q,6m*, with
only even powers of the excess mass due to symmetry reasons, see section §4.1. Similarly, the
constant K = K(q?, E2) admits a series expansion K = K, +K,5m? +K,6m*. Using these series
expansions in Eq. (79), and gathering terms of the same order in 6m together, we obtain an
equation of the form

Ag +Ay(x)5m? +Ag(x)6m® + A, (x)6m* =0, (82)

with A;(x) certain amplitudes depending on the different expansion coefficients. As this equa-
tion must hold for arbitrary (but small) values of 6m, each order must be zero independently.
Thus, at order §m°, Eq. (79) implies

2 =212 =
+0“E D?r?
> +6(2Ky+GE*) =0 = Koz_qc—_:_ GE:+ —— |, (83)
¢ 20 ol

where we have used that qc2 =62E*+ 27r2[§—,f_’, see Eq. (71). On the other hand, at order §m?,
we have
D¢ (x)*— 6" (Ko + GE*)1(x)* = 2(qaq, + K25). (84)

The rhs of this equation is just a constant, while the lhs depends in principle on x via the
unknown function ¢q(x) and its derivative ¢7(x). Taking into account the value of K, in
Eq. (83), we have that —5"/(Ky+G E*) = D*n? so that Eq. (84) reduces to ¢} (x)*+m2¢;(x)* =
2(q2q. + K,5)/D?. A solution to this equation is clearly

p1(x) = sin(mx), (85)

where we have trivially chosen the amplitude to be just one (otherwise this amplitude would
renormalize the values of both constants g, and K5). This first correction was of course ex-
pected from the perturbative analysis of previous section. The equation relating the coefficients
q, and K, is thus 2(q»q, + K»,&) = D?>n%, and hence

D*n?—2
Ky = 1 —d20c (86)

20

At order §m?, Eq. (79) implies D?¢1(x)p5(x) = 6" (Ko + GE)¢;(x)p,(x), which using
Egs. (83) and (85) for K, and ¢ (x), respectively, reduces to

cos(7x) o (x) + msin(mx)p,(x) = 0. (87)

The only solution for this equation compatible with the boundary conditions ¢,(0) = 0 =
po(1) is just
p2(x) =0, (88)

Vx €[0,1]. This was again anticipated as the excess optimal density p,(x)— p is expected to
change sign under the transformation §m — —&m due to the underlying PH-symmetry, so all
even powers §m?" in the expansion (77) should vanish.
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Next we proceed to analyze order 5m*. Eq. (79) implies at this order the following equa-
tion for the unknown function ¢5(x)

2D%n [cos(ﬂ:x)cp;(x) + sin(nx)pg(x) ] = 3 + 2449, + 26K, + K,6" sin®(mx)

- - 1 D2 2
—DD" 2 sin?(mx) cos?(mx) + 3 [36”2E2 — _—76(4)] sin*(mx), (89)
1o}

where we have already used that ¢, (x) = sin(7x) and ¢,(x) = 0, together with (K, + G E?) =
—D?n%/&". Postulating a solution of the form ¢3(x) = Bsin(37x) and using the following
trigonometric identities

sin®(nx) = %[1—c08(2ﬂ:X)],

sin*(nx) = %[3—4cos(2nx)+cos(4nx)],
sin(rx)sin(3mx) = %[cos(an) — cos(4mx)],
cos(rx) cos(3mx) = %[cos(an)+cos(47TX)], (90)

we obtain an equation of the form
Co(q2,q4,K4) + Co(ga, B) cos(27x) + C4(B) cos(4mx) = 0, oD

where Cy(q2,94,K4), C5(qo, B) and C4(B) are certain constants. In order to fulfill this equation,
each of these constants must be zero. Setting Cy(qs,q4,K4) = 0 yields a relation between
constants K, and q, in terms of g,, which is not relevant for our discussion here as K, and g,
do not appear in the first two terms of the LDF G(&6m|q), see Eq. (78) and below. On the other
hand, the constants C,(q,,B) and C,(B) turn out to be

Cy(q2,B) = —4(96m*BD*66" —12q,q,6"* — n*D*66™ + 6n?D?6" + 3E266"7)
C4B) = —6(192n*BD*6” —12nDD" 5" + n*D?*6™ —3E2577).

Setting now C,(q,, B) = 0 = C4(B) yields two linear equations for g, and B which can be easily
solved to obtain

412D&D" 5" + n?D? (46" — 56™W) + 3E255"°

= s 92
a2 Blq.15" ©2)

1 (12D” 3E%6"* &W
= _— = + = I (93)

192 D m2D2 lo il

so that the last unknown function is
1 (12D” 3E%¢"? &W

xX)=— — + — — sin(37x). 94
p3(x) 192( 5 2h2 57 (37x) (%94)

In this way, using the expansion (77) in the variational problem (55) for the current LDE
see also (78), together with the explicit expressions obtained for the functions ¢;(x) above to
perform the resulting integrals, we obtain

=/

(o)
G(omlq)=—c—;

27N 202 =1/ 2172 5(4) 2 =112
9 9 5 | m*DD n“D*& n“D*& 3E“0 4
—qg%)ém* + + - + om™, (95
(" =42 [ 166 = 1602  6460" = 646 )

or equivalently G(6m|q) = —g,(q)6m? + g,6m* [71]. Hence, for a system with 6" > 0 and
g4 > 0, we recover the typical double-well, Landau-like shape for the function G(6m|q) for
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(a) 3" >0, g4>0 (b) " <0, g4 >0
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Figure 3: Landau-like theory for the DPT in open systems. Typical shape of the
function G(6m|q) of Eq. (95) as a function of the excess mass 6m and the current
q for the case (a) when 6” > 0 and g, > 0 and (b) when " < 0 and g, > 0. In
case (a) two equivalent minima appear in G(6m|q) at excess masses =6m, # 0 for
lq| > q., see Eq. (96), while in (b) these two equivalent minima appear for |q| < q..

q® > g (SSB phase), while in the regime q* < ¢? the function G(6m|q) exhibits a single
minimum as a function of §m for 6m = 0 (flat phase). Conversely, for systems with " < 0
and g, > 0, the typical double-well structure appears for g2 < qc2 (SSB phase), as in the WASEP
example mentioned before, while the flat phase appears in this case for g > q?. We refer the
interested reader to [52, 71] for a complete classification of possible dynamical symmetry-
breaking scenarios in open systems. Whenever the double-well structure emerges (depending
on the sign of " and g, for the model at hand), the excess mass & m, solving the variational
problem (78), obtained by solving the equation 85,,G(6m|q) = [4g,6m? —2g,(q)]16m =0, is

5m, =4[ 529 _ 4 4ol —gc] (96)
; 284 [4n2DD"56" + n2D? (4672 — 564 + 3E2663 ]
and therefore the current LDF reads
—GE)?
—(qz—?) (flat phase)
o

G(q) = Gpa(q) —min G(omlq) = , , 97)

C (?E) + 82(q) (SSB phase)

20 4g4

Fig. 3.a shows a sketch of the function G(6m|q) for the case G” > 0 and g4 > 0, while Fig. 3.b
displays a typical G(6m|q) when 6" < 0 and g4 > 0.

4.3 Order parameter fluctuations across the dynamical phase transition

The perturbative analysis of previous section suggests to investigate the full range of joint
fluctuations of the current and the order parameter for the transition, which is the total mass
m or equivalently the excess mass 6m = m — p. Indeed, as explained in the previous section,
m exhibits a behavior with g strongly reminiscent of a standard Z, phase transition, capturing
the dynamical breaking of the PH symmetry at the DPT.
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We are hence interested here in the joint statistics of the space&time-averaged current q

and mass m
1 T 1 1 T 1
q:—f dtf dx j(x,t), mz—J dtJ dx p(x,t). (98)
T Jo 0 T Jo 0

The probability P.(m, q) of observing a given g and m can now be written as a path integral over
all possible trajectories {p, j};, weighted by its probability measure P({j, p};), and restricted
to those trajectories compatible with the values of g and m in Eq. (98), the continuity equation
9,p + 9,j = 0 at every point of space and time, and the fixed boundary conditions for the
density field. This path integral is similar to that in Eq. (9) but with the additional constraint
on the mass. For long times and large system sizes, this sum over trajectories is dominated
by the saddle point and scales as P.(m,q) ~ exp[+7LG(m,q)], where G(m,q) is the mass-
current large deviation function (LDF), with G(m,q) =lim,_, %max’{kp,j}g Z.(p,j) and the *
representing all the mentioned constraints, such that G(q) = max,, G(m,q) = G(my,q). Under
the additivity principle, assuming a (mostly) time-independent optimal trajectory [27,40,44],
we can write a variational expression for the mass-current LDF G(m, q) similar to Eq. (55) but

subject to the additional constraint m = fol Prm,q(x)dx, as well as to fixed boundary conditions.
Indeed, writing P.(m, q) as a functional integral over density fields (assuming additivity)

1 _ 2 1
P.(m,q) = J Dp exp (—TLf dx L+ D(p)ocp — o (p)E] ) o (m—f p(x) dx) (99)
0 0

20(p)

and using now an integral representation of the Dirac &-function similar to Eq. (31)

1 1
5 (m—J o(x) dx) = f dx eﬂm[m_f0 p(x) dx] , (100)
0

we have that

1
D(p)o,p — EJ?
Pr(m:Q):fDPdleXp[—TL(f dx[q+ (p)oyp —0o(p)E] —)\(m—p)) xe+TLG(m’q),
0

20(p)
(101)
where we have now
1 _ 2
Glm.q) = — minJ dx[(q+D(p)3xp o(p)E) _k(m_p)] (102)
P J, 20(p)

with A playing the role of a Lagrange multiplier, fixed a posteriori to enforce the mass con-
straint. This is a variational problem similar to the standard additivity principle problem (55)
but with an additional linear term in the density field. Proceeding as in section §2.1 we obtain
the ordinary differential equation (ODE) for the optimal density profile p, ,(x)

dp(x)

2
T ) =q*+20(p)[K +Ap]+E*c?(p), (103)

p%(p)
where we have integrated once the equation solving the variational problem (102), resulting
in an integration constant K = K(q2, E?). Note that the only difference with the ODE for the
optimal profile p,(x) for current fluctuations, Eq. (56), is the term 20(p)Ap. The value of
the Lagrange multiplier A(m, g) can be now fixed by imposing that the total mass associated to
the solution p, ,(x) of the above differential equation is just m, i.e. m = fol P q(x)dx. Using
these results, it is now possible to study analytically the dynamical phase transition described
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Figure 4: Joint mass-current fluctuations for the 1d open WASEP (a) Total mass
LDF conditioned on a given current, G(m|q) = G(q) — G(m, q), as a function of the
mass m for different currents g, for equal and PH-symmetric boundary densities,
Po = 0.5 = p;, and external field E = 4 > E.. The line projected in the m —q
plane corresponds to the local minima of the LDF G(m|q), which define the mass
m, associated to a current fluctuation q. In the symmetry-broken regime [q| < q.
this defines the low- and high-mass branches m;. The top panels show the optimal
density profiles p,, ,(x) obtained for ¢ = 0 (left) and g = 0.8 (right). The thick lines
are the optimal profiles associated to the local minima mj of G(m|q), which is also
shown for completeness. Panel (b) displays the mass m, of the optimal trajectory
responsible for a current fluctuation q for different boundary drivings, with py, =
0.8, p; €[0,0.4], and external field E = 4. The inset shows the measured optimal
density profiles for the case p; = 0.2 and the ¢’s signaled in the main plot with color
points. Panel (c) shows an information equivalent to that of panel (a) but for a PH-
symmetric boundary driving p, = 0.8 and p; = 0.2. Image reproduced from [109]
with permission from the American Physical Society.

in sections §4.1 and §4.2 for arbitrary boundary gradients (symmetric or asymmetric), well
beyond the perturbative nonequilibrium linear regime.

To gain some further insight, we now discuss briefly the results obtained by solving the joint
mass-current variational problem (102)-(103) for the 1d open WASEB the model of particle
diffusion under exclusion interactions commented previously for which the diffusivity and
mobility are simply D(p) = 1/2 and o(p) = p(1 — p), respectively. Note that this model
exhibits PH symmetry for appropriate boundary conditions. Moreover, since o”/(p) =—2 <0
for WASEB we expect a dynamical phase transition in this model for currents |q| < g, and
external field E > E_, see sections §4.1 and §4.2 and Fig. 3.b. We refer the interested reader to
Ref. [109] for details on the analytical and/or numerical solution of this variational problem
for this particular model.

We studied the conditional mass-current LDF G(m|q), defined as G(m|q) = G(q)—G(m,q),
which captures the large deviations scaling of the conditional probability for observing a given
total mass m in the system given a fixed current q. For equal and PH-symmetric boundary
densities, py = 0.5 = p;, G(m|q) exhibits a peculiar change of behavior at a critical current
|g.|, see main panel in Fig. 4.a, as anticipated by the perturbative Landau-like expansion of
section §4.2. In particular, G(m|q) displays a single minimum at my, = 1/2 for |q| > |q.|,
with an associated PH-symmetric optimal profile (see example in the top-right panel in Fig.
4.a). However, for currents |q| < |g.| two equivalent minima mj appear in G(m|q), each
one associated with a PH-symmetry-broken optimal profile p;t(x), see top-left panel in Fig.
4.a, such that pqi(x) - 1- p;F(l — x) under the PH transformation. The emergence of this
non-convex regime is the fingerprint of a second-order DPT to a dynamical phase with broken
PH-symmetry. A similar symmetry-breaking scenario is observed in the presence of boundary
gradients (with py # p;), provided that condition (59) holds, i.e. py = 1—p;, see Fig. 4.c for
Po = 0.8 and p; = 0.2. In particular, G(m|q) also crosses over from unimodal for |q| > |q.| to
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bimodal for |q| < |g.|, with two equivalent minima in this regime characterized by two different
PH-symmetry-broken optimal profiles p;t(x), see top-left panel in Fig. 4.c. On the other hand,
for PH-asymmetric boundaries, p, # 1—p1, the action (54) governing the system fluctuations is
no longer PH-symmetric: the asymmetry favors one of the mass branches and G(m|q) exhibits
a single global minimum Yq and an unique optimal density profile. Still, G(m|q) may become
non-convex for low enough currents [109], and for weak gradient asymmetry the LDF G(m|q)
may develop metastable-like local minima, signaling the emergence of a sort of metastable
dynamical coexistence. Indeed, the typical mass m, during a current fluctuation, where the
(local or global) minima of G(m|q) appear for a fixed g and which can be simply evaluated
by demanding J,,G(m|q) = 0, exhibits a behavior strongly reminiscent of a standard Z, phase
transition, see Fig. 4.b, defining the phase diagram for this DPT.

4.4 Instantons, Maxwell-like construction and violation of additivity principle

A natural question is whether time-dependent optimal trajectories exist which improve the ad-
ditivity principle minimizers of the MFT action (54). The emergence of a non-convex regime in
G(m|q) —or equivalently in G(m, q)- for |q| < |q.| described in the previous sections suggests a
Maxwell-like solution in this region [71,153]. In this section we conjecture a time-dependent,
instanton-like solution for the optimal density and current fields responsible of a joint fluc-
tuation of the empirical current and mass, showing that it improves the additivity principle
prediction in the regime where G(m, q) becomes non-convex. This corresponds to a dynamical
coexistence of the different symmetry-broken phases for |q| < |q.|.

We start from the most general variational expression for the joint mass-current LDF G(m, q)
in terms of the trajectory-level MFT action (54), i.e. G(m,q) = lim,_, %max’{kp’j}8 Z.1p,jl
The asterisk * in this expression represents as usual all the necessary constraints, including the
continuity equation coupling the fields p(x, t) and j(x,t) at every point of space and time,
o,p + 9,j =0, the constraints (98) on the empirical current ¢ and mass m, and the boundary
conditions for the density field, p(0,t) = py and p(1,t) = p; Vt. For the time being, let us
denote as Gpp(m,q) the mass-current LDF obtained from the additivity principle (AP) [27],
see Eq. (102). Similarly, we denote as pf,’q(x) the optimal density profile responsible of a
joint mass and current fluctuation under the additivity hypothesis. To search for violations
of the additivity principle, we focus now our attention in systems driven by a PH-symmetric
density gradient (py = 1 — p;), including the equal boundary density case, in the regime of
current fluctuations beyond the critical threshold where the joint LDF G(m, q) exhibits a non-
convex region (i.e. |q| = |q.| for systems with G” > 0 or |q| < |q.| and |E| > E, for systems
with 6”7 < 0). In this regime we conjecture a solution for the optimal trajectory responsi-
ble of a given mass-current fluctuation which is time-dependent for masses where G(m, q) is
non-convex. In particular, our ansatz in this current regime is

AP . — "
pm,q(x) 1fm<mq orm>m,
pm,q(xa t)= AP AP L +
P g () (=) +pmq,,q(x)|:1 —¢(t—tpg)] ifmy<m<m!
(104)

where m;: are the local minima of G(m, q) as a function of m in this regime, see Figs. 3 and 4,
and correspond to the masses of the optimal density profiles pqi(x) = pffi’ . (x) associated to a
current fluctuation in the PH-symmetry broken regime along the high-m;ss (+) and low-mass
(—) branches. The time-dependent function ¢ (t) is a sufficiently smooth localized crossover
function such that ¢(t) =0Vt < —% and ¢p(t) =1Vt > %, with 6t a fixed (small) crossover
timescale, such that 6t/7 — 0 in the long-time limit. The crossover time t,,, , < T in Eq (104)
can be determined now by imposing the constraint on the empirical mass m, see Eq. (98). In
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particular

1 T 1
m = —J dtf dX P q(x,t)
TJo 0
5t
2

ot ot tmat+ 1
tma— 5 T—(tme+ %) 1 [
= 2 N[ 27 gty = dt dxpn, q(x, t)
T q T T T ), s 0 ’
2

m,q

tmq tmq 1 tm’q+% !
= _’mq—+(1_—’)m:{+— —ot+ dt | dxpmgq(x,t)] . (105)
v T tmg— 3 0

m,q

The third term in the last line of the previous equation is of order ~ O(6t/7), so in the long-
time limit (7 — o0) and for a fixed crosscover time &t this term tends to zero, and hence we
find t,, , = p 7 with the definition

m:;—m
p=—%—, (0<p<1). (106)
mg —my

As mentioned above, the time-dependent optimal density field p,, ,(x, t) must obey at all
points of space and time a continuity equation 0,0, 4(x, t) + Oy jim q(x, t) = 0. To obtain the
optimal current field j,, 4(x, t) for m, <ms< m“;, we first note that in this case

|

0 if ¢ ¢ [tg— % tmg + 51

BePrm g, 1) = ) .. ao
I:pﬁg—’q(x) —Pf,\qg,q(x)} d)/(t - tm,q) ifte [tm,q - Tt: tm,q + Tt]

where ¢’(t) is the time derivative of the crossover function. Therefore the continuity con-
straint in the non-convex mass regime m,<m< m;r leads to the following optimal current
field
q if ¢ & [tg— 2 tmg + 3]
jm,q(x: t)= (108)

2() @' (t—tpg) iftelty,—% tmg+ %]

where we have already taken into account the constraint on the empirical current g, see
Eq. (98). The function y(x) is such that y'(x) = pﬁg,q(x) — p’;llqi,q(x), and we note that
the transient regime where ji, ,(x, t) is different from q does not contribute to the final value
of the empirical current, see Eq. (98), as this transient is negligible against the long-time limit
for 7.

Using this ansatz for the optimal trajectory {p,, 4(x,t), jmq(x, t)}; responsible of a mass
and current fluctuation, we obtain for the associated joint LDF

T 1 . X, )+ D 3 . t)—Eo ,
G(m,q) = - lim 1[ dtJ dx[Jm,q( )+ D(Pm,g)0xPmq(x, t) (Pmg)]
o Jo 20(Ping)
ot st
tmg— 72 T—(tmet 5
- Tlim [(Lz) GAP(mq_;q)‘*'(M) GAp(m;r,CI)-i-lIst] )

with the definition

me,q+7 Jl 1 maC6 0+ D g)cpmg (6 0 —E0(pmg)l?
t 0 20(Pm,q) '
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Noting that Z5, ~ O(6t) and using the same arguments as above, we find in the long-time
limit T — oo that

G(m,Q) =p GAP(mq_,Q)+(1_P)GAP(m;,Q): (109)

which corresponds to the Maxwell construction (convex envelope) obtained from Gp(m,q) in
the mass regime m_> <m < mj{ where this joint LDF is non-convex. Note that an equivalent ar-
gument can be formulated for the conditional mass-current LDF G(m|q) = G(q)—G(m, q). This
instanton solution corresponds to the dynamical coexistence of the different PH symmetry-
broken phases which appear for currents beyond the critical threshold (|q| > q. or |q| < q.
depending on the sign of G”). The previous time-dependent solution can be also generalized
to PH-asymmetric boundaries in regimes where G(m, q) is non-convex. Finally, we would like
to mention that some subtleties of the instanton solution appear for |q| ~ g, related to the
order of the L — oo and 7 — oo limits, see Ref. [71] for a discussion of this issue.

5 Time-translation symmetry breaking and traveling waves in pe-
riodic system

The previous sections have demonstrated the validity of the additivity principle [27] (and its
weak variant [50, 53]) as a powerful conjecture to understand the current statistics in dif-
ferent nonequilibrium diffusive systems, both in 1d and in higher dimensions. The physical
picture behind this hypothesis corresponds to a system that, in order to sustain a rare current
fluctuation, and maybe after a short time transient (microscopic in the diffusive timescale),
settles into a time-independent state with a structured density field (possibly different from
the stationary one) and a current field constant and equal to g in 1d or structured in d > 1.

Interestingly, this additivity conjecture has helped us in understanding intriguing dynamic
phase transitions in some open diffusive media, involving a discrete Z, symmetry breaking
phenomenon [52,71,109]. However, we have also witnessed how the additivity principle can
be violated in cases where the (joint mass-current) LDF becomes non-convex, see §4.4. In this
section we explore a different scenario for additivity violations. In particular, we will show
how in some cases the additivity picture eventually breaks down for large current fluctuations
via a novel type of dynamical phase transition at the fluctuating level, where time-dependent
optimal trajectories in the form of traveling waves emerge as dominant solution to the MFT
variational problem [2, 14, 29, 43, 44, 56, 108]. Remarkably, this DPT involves the sponta-
neous breaking of a continuous symmetry, the time-translation invariance. This will allow us
to connect later on in these lecture notes the emerging traveling-wave phases at the fluctuating
level with the concept of time crystals [97-99,101,103,154-156], a compelling new phase of
nonequilibrium matter.

In order to settle ideas and simplify the discussion, we focus on 1d diffusive systems in
the unit line, described at the mesoscopic level by a density p(x,t) and current j(x, t) fields
obeying a Fick-type fluctuating hydrodynamic equation (3)-(4), and subject to an external
driving field E and, most crucially, to periodic boundary conditions, so that p(0,t) = p(1,t)
and j(0,t) = j(1,t) Vt. Periodic boundary conditions, together with the local conservation
law associated to diffusive dynamics, imply that the total mass in the system is a globally
conserved magnitude,

1
f plx,t)dx=p Vt. (110)
0

Due to the system periodicity, the system’s stationary density profile is just homogeneous and
uniformly equal to p, so {(p(x)) = p, and the average current is hence (q) = GE. According
to MFT, and as done previously in these lecture notes, the LDF for the space&time-averaged
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current q = 7! fOT dt fo dxj(x, t) is given by a variational problem over trajectories for the

*
{p,j}5
constraints on g, the continuity equation &, p +d, j = 0, and the boundary conditions, periodic

in this case.

Finding the optimal trajectory solution of the above spatiotemporal variational problem
is in general a complex task whose solution remains challenging in most cases. This problem
becomes much simpler however in different limiting cases, as e.g. for small current fluctuations
around the average, q &~ (q), which we expect to arise from the random superposition of weakly
correlated local fluctuations of the microscopic dynamics. In this case it is plausible to assume
the optimal density field to be just the homogeneous, steady-state one, so p,(x,t) = p in this
regime and hence j,(x, t) = g, resulting in a simple quadratic form for the current LDF

MFT action functional, i.e. G(q) =lim,_, %max Z.[p,j], with * representing the usual

(q—GE)?

——, forq~(q). (111)
20

G(q) = Gpar(q) = —
This results in Gaussian statistics for small (or typical) current fluctuations, as expected from
the Central Limit Theorem [44]. This argument may break down for moderately strong current
deviations where correlations may play a significant role, as we will show next.

5.1 Local stability of the flat profile against spatiotemporal perturbations

To analyze how far we can extend the Gaussian current statistics ansatz discussed in the previos
paragraph, we will now study the local stability of the homogeneous density profile against
small but otherwise arbitrary spatiotemporal perturbations, in the sense of checking whether
the perturbed density and current profiles yield an improved minimizer of the MFT action for
the current LDF G(q). We follow in this section the calculation first performed in [29]. If
{pq(x,1),jq(x, t)}; is the (unknown) optimal trajectory responsible of a given current fluctu-
ation q, the current LDF can be written in general as

2
T ' {Jg+D(pg)dipg—0(pg)E
G(q):—f dtf dx(]q pu)dcbs — o (po)E) . (112)
0 0 20(pq)

To study the stability of the homogeneous (or flat) solution against small perturbations, we
now assume an optimal current field of the form

JaGe, t) = q+e[j1(x) cos(vt) + jo(x) sin(ve)], (113)

where ¢ < 1 is a small parameter, j;(x) and j,(x) are some periodic functions of space with
unit period, and v is some temporal frequency. Due to the continuity constraint, J,p4(x, t) +
Oy Jq(x,t) =0, the associated optimal density profile is

Py, )=+ % [, (x)sin(vt) + ji(x) cos(vt)] . (114)

The question is thus whether G(q) increases with respect to Gg,(q) upon adding this small
spatiotemporal perturbation to the optimal flat trajectory. Expanding the current LDF G(q)
in Eq. (112) to second order in ¢ (and noting that now the odd derivatives of the transport
coefficients D(p) and o(p) do not vanish in general at the average density p), we find

2 1 L oo, o D? 2 2y, 49
~ (1 s I 04 /7 Y
Gl@) =~ Gnal@)te fo dX[ 25Ut t )= =G + ) + 5 =5 Gy = o)
N (j/2 +]'/2 q26_// B Ezé_// B q26./2 (115)
1772789262 8v2 49253 )|
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Next we would perform a Fourier series expansion of the currents fields j; 5(x) taking advan-
tage of the system’s periodic boundary conditions. Interestingly, since the dependence on the
current fields j; ,(x) in Eq. (115) is quadratic, the different Fourier modes are decoupled, thus
simplifying the problem. As in section §4.1, it turns out that the first spatial Fourier mode
is the first to become unstable, triggering the dynamical phase transition. Hence, to simplify
the calculation the calculation of the critical current, we assume now just a simple first-mode
Fourier expression for j; 5(x)

j1(x) = acos(2mx) + bsin(2mx), jo(x) =ccos(2mx) + dsin(2mx), (116)
resulting in the following perturbed expresison for the current LDF after spatial integration

G(q) ~, Graeld) + e?[(a®+b% +c* +d*) A,(») + (ad — bc) B,(»)], (117)

where we have defined the amplitudes

1 2rn*D? n267%¢> E2?n%6"” n?6"q?
a0 = (—+=Z2 i S
85 V25 29253 4y2 4v252
—~/
qo'm
B,(v) = s
q() Vg2

The perturbation in Eq. (117) is a quadratic form of (a, b,c,d). Therefore the flat density
profile will be stable against the conjectured perturbation (113)-(114), i.e. we will have that
G(q) < Ggae(q), whenever A, (v) > [B;(v)|/2, or equivalently

qo’n

1 2n*D? n267¢*> E2?n%6" n26"q?
(86 V2o 29253 4y2 49252 )

252

Multiplying this expression by ¥? > 0 we obtain a second-order polynomial condition Py(v) =

a2 — ’ q;gf ‘ v+C, > 0. This polynomial has a minimum at a frequency v, such that P, (v,) =
0, leading to
2nqa’
vy = T2 (118)
o)
The flat density profile can become unstable if at least for one frequency the inequality P(v) > 0
is not satisfied, and this will happen first for the frequency of the minimum v,. Hence the
condition to deduce the critical current q, is Py (v, ) =0, or equivalently
272 = 22 2\ =11
8n°D°G +(E°6°—q )" =0, (119)
leading to a critical current
872D26
g = :I:\J o0 4 522, (120)
o

The current regime where the flat density profile is unstable is defined by the condition P;(v,) <
0, or equivalently 8n2D%5 + (E262 — q?)6” < 0. Hence we conclude that for systems with
6" > 0 the flat profile will be unstable for currents |q| > |q.|, i.e. for large enough currents.
This is the case e.g. for the KMP model of heat conduction [14,44,119], where o(p) = p2. On
the other hand, for systems with G” < 0 the flat profile will be unstable for currents |q| < |q./,
i.e. for low currents in a (symmetric) neighborhood of ¢ = 0. An example of this type of
behavior is the WASEP model of particle diffusion under exclusion interactions described in
previous sections [43, 56,120-122], where o(p) = p(1 — p). Moreover, when ¢ < 0, the
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instability can only exist if the strength of the driving field |E| is large enough to guarantee a
positive discriminant in Eq. (120) for q., namely, |E| > E. with

_ 2D2
ﬂ} , (121)

E.=Re [ 557
Imposing now that the perturbation over the flat current LDF in Eq. (117) has to be non-
negative, i.e. G(q) — Gg,(q) = 0, we arrive at the relations a = £d and b = Fc between
the coefficients (a, b, c,d) in Eq. (113). Using these relations we obtain that right beyond the
instability, whenever the flat density and current profiles become unstable, and according to
Eq. (113), the optimal current field takes the general form

=/

Jq(x,t) =q+ Dcos [27t (x—xo—q; t)] , (122)

which is nothing but a traveling wave with an arbitrary amplitude D and phase shift x, to be
determined [29]. As mentioned at the beginning, a similar calculation can be performed to
analyze the stability of the flat profile against higher-order Fourier modes (of the form 27nx,
with n > 1). This calculation would allow us to conclude that the n = 1 mode is the first mode
to become unstable, very much in the spirit of the local stability calculation of section §4.1.

The previous instability can be interpreted as a dynamical phase transition at the fluctu-
ation level, and involves the spontaneous breaking of continuous time-translation symmetry.
In fact, the formation of a traveling wave corresponds to the emergence of a macroscopic con-
densate which favors/hinders the transport of local density (depending on the sign of ") to
facilitate a current fluctuation beyond q..

5.2 Current fluctuations in the traveling-wave phase

Interestingly, the previous results show that the dominant perturbation immediately after the
instability kicks in takes the form of a traveling wave. This corresponds to a collective re-
arrangement of the density and current fields, which breaks the system continuous (spatio-
Jtemporal translation symmetry by localizing the density field in a traveling condensate to
facilitate current fluctuations beyond the instability threshold.
This perturbative solution can be now extended to all currents beyond the critical line.
In particular, we assume now that the optimal density and current fields well beyond the
instability conserve a traveling-wave structure moving at some constant velocity v, i.e. we
conjecture
Pq(x,t) = wy(x —vt), (123)

with w,(z) some unknown function to be determined below from the variational problem for
the current LDE This ansatz implies, via the continuity equation (and the different constraints),
an optimal current field

Jo(x, ) =q—vp + v (x —vt). (124)

The particular shape of the traveling-wave function wg(z) for q’s beyond the critical current
can be now obtained as the solution to the variational problem for the current LDF (112), or
more generally Eq. (11), i.e.

1
I _dx oy 2
G(g) = f&l}vj() 2oTol] (q—vp +vo(x) +Dlw(x)]w' (x) —ow(x)]E)", (125)

where the minimum is now taken over the traveling wave profile w(x) and its velocity v. Note
that we have dropped the time dependence in the previous expression due to the periodic
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boundary conditions, using that f OT dt f 01 F(x—vt)dx =1 f 01 F(x)dx for any periodic function
F(x) in the unit line; this can be shown using the Fourier series expansion for F(x). Expanding
now the square in Eq. (125), we notice that the terms linear in w’ give a null contribution
when integrated due again to the system periodicity. Taking also into account the constraint

fol wy(x)dx = p, we obtain

1

G(q) =qE — r?1§1 J dx [Xv(w) + Y(w)w’(x)z] , (126)
w(x)y J,

where we have partially borrowed the notation of Ref. [29], see also [43], to define
[q—v(p —w)] | E*0(w) _ D(w)?

20(w) 2 20(w)
In order to obtain the differential equation for the optimal traveling wave profile, we per-

form now the functional derivative of the functional H,(w) = fol dx [Xv(a)) +Y(w)w’ (x)z]
in Eq. (126). Perturbing w(x) — w(x)+ 6 w(x), we have

X, (w)= (127)

1

1
H(w+6w) = Hv(co)+J dx8w(x) [ X! (w)+ Y (w)w (x)*] + J dx6 e’ (x)2Y (w)w'(x)
0 0

1
= Hv(w)+f dx8w(x) [ X! (w)—Y'(w)w'(x)* —2Y (w)w”(x)], (128)
0

where we have integrated by parts the integral with & w’(x) in the first equality to obtain the
second line (using that the boundary term is zero due to periodicity), and where we have de-
fined X! (w) = 6X,(w)/6w and Y'(w) = 6Y (w)/&w. Imposing that the variation in Eq. (128)
has to be zero for any (periodic) perturbation 6w(x) leads to the differential equation

X/ () =Y ()’ (x)* —2Y (w)w"(x) = Cy, (129)

where C, is an arbitrary constant (not necessarily 0), since f 01 dxCy6w(x) = 0 for any periodic
S w(x) with zero average. Finally, multiplying the previous equation by w’(x) and noting that
Y/ () (x)?+2Y (w)w'(x)w”(x) = 8,[Y (w)w(x)?], we arrive at 3, [X,(w)—Y (w)w'(x)*—
Cyw(x)] =0, or equivalently

X(w) =Y (w)w'(x)? = C; + Cyew(x), (130)

with C; an additional arbitrary constant. Using Eq. (127) we thus have the following ODE for
the optimal traveling wave profile wy(x),

2
D(w)? (dcs_fcx)) =[q—vp +vw(x)]?+ o (w)*E?>—20(w)[C; + Cyew(x)] . (131)

H (a)) f dX,(w) _
0

The equation for the optimal velocity follows now from imposing —+-— -5 =0,

and using that

dX,(w) __(__w)[q—V(P_—w)] _v(P_—C‘))Z _ (p—w)
dv P o(w) T o(w) 9 o(w) ’

see Eq. (127), we hence obtain

dep wy(x)]
[wq(x)]

[p— wq(X)]
J = PN ESTH

(132)
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with w,(x) the solution to Eq. (131). It is worth emphasizing that the optimal velocity is
proportional to q. This implies that the optimal wave profile depends exclusively on g2 and
not on the current sign, see Eq. (131)), reflecting the Gallavotti-Cohen time-reversal symmetry
[9-12,59]. This invariance of the optimal wave profile under the transformation q «» —q can
now be used in Eq. (126) to show explicitly the fluctuation theorem G(q) — G(—q) = 2Eq for
the symmetry-broken traveling wave phase.

Equation (131) for the optimal wave is also invariant under reflection transformations
x — 1—x, and hence it generically yields a symmetric profile wq(x) = wq(1— x). The wave
extrema w; = wg(x;) are obtained by setting w;(xi) = 01in Eq. (131). Periodicity then implies
that wave extrema, if any, come in pairs (maximum and minimum). For many of the trans-
port models studied in literature, as e.g. the WASEP model of particle diffusion or the KMP
model of heat conduction, for which the mobility o(p) is quadratic in the density field, the
wave profile turns out to have a single pair of extrema, i.e. a single minimum wy = wq(xq)
and a corresponding single maximum w; = wy(x;). This, together with the wave reflection
symmetry, implies that the distance between extrema is just half of the system, |xy—x;| = 1/2.
The constants C; and C, can be expressed in terms of these extrema, i.e.

X(w;)=Cy+Cow;  fori=0,1, (133)

see Eq. (130). Moreover, the extrema locations are fixed by the constraints on the distance be-
1_ (X _ (%1 / . L _ (X1 _
tween them, 5 = % dx = fwo dw,/w i’ and the total density of the system, 5 = fxO wq(x)dx =

w1q / .
o dwg wg/w 2 OF equivalently

[©F} Y w - w1q sz(w)
lzf (@q) de,, Bzf g " 1 dog,, (134)
2 X(COq)_Cl_Cz(Oq 2 X(wq)_cl_CZO)q

wWo wo

where we have used the differential equation (131) to substitute w;(x). In this way, for fixed
values of the current q and the density o, we can use Egs. (133)-(134) to determine the
four constants wq, wg, Cq, C, which can be used in turn to obtain the shape of the optimal
density profile wy(x) and its velocity from Eqgs. (131)-(132) in an iterative manner [14,43,44,
53]. Notice that the unknown variables w(, w; appear as the integration limits in Eq. (134),
making this problem remarkably difficult to solve numerically. This challenge can be overcome
however by a suitable change of variables, and we refer the interested reader to Refs. [14,43,
44,53] for details on this issue.

Compelling evidences of this continuous time-translation symmetry breaking phenomenon
at the fluctuating level have been found in the current fluctuations of different models of trans-
port [14,29,43,44,47,56,108,157]. This is the case for instance of the 1d KMP model of heat
conduction on a ring [14, 44, 119], see Fig. 5.a, for which the relevant transport coefficients
are D(p) =1/2 and o(p) = p?. In particular, small energy current fluctuations in this model
result from the sum of weakly-correlated local random events in the energy density field, thus
giving rise to Gaussian current statistics in this regime as dictated by the central limit theo-
rem, and supported by a flat, structureless optimal energy field in average. Since o”/(p) > 0 in
this model, this Gaussian homogeneous regime is expected for currents |q| < q.. The top-left
panel in Fig. 5.a depicts a typical spatiotemporal trajectory of the energy field in this model
for a current fluctuation |q| < q., showing no relevant structures whatsoever. However for
large enough currents, |q| > q., the KMP system self-organizes into a coherent traveling wave
which facilitates this rare fluctuation by packing energy in a localized condensate, see top-right
panel in Fig. 5.a. The bottom panel in Fig. 5.a shows the shape of the energy traveling conden-
sate predicted by MFT [14]. For the WASEP particle diffusion model the picture is somewhat
similar, see Fig. 5.b, but with a different physical interpretation. In this case the transport
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lgl < lgcl
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Figure 5: Time-translation symmetry breaking in 1d periodic systems. Typical
evolution of microscopic configurations for current fluctuations g above and below
the critical threshold, and shape of the optimal density field as a function of q, for two
different transport models on 1d periodic lattices, namely (a) the Kipnis-Marchioro-
Presutti (KMP) model of heat conduction [44,119], and (b) the weakly-asymmetric
simple exclusion process (WASEP), a model of particle diffusion under exclusion in-
teractions [44,120-122]. Top-left panels in (a) and (b) correspond to typical trajecto-
ries for current fluctuations in the homogeneous phase, while top-right panels display
typical trajectories in the time-translation symmetry-broken phase, where traveling
waves of energy (a) or particles (b) emerge. This happens for |g| > g. in the KMP
model and for |q| < g. in WASER depending on the sign of /. Bottom panels in
(a) and (b) show the MFT prediction for the optimal density profile w,(x) as a func-
tion of x for different g’s. Density profiles are flat up to the critical current, beyond
which a nonlinear wave pattern develops, moving at constant velocity. For the KMP
panel (a) we take E = 0 and p = 1 [14], while for the WASEP panel (b) we have
E=10>E_ and p = 0.3 [43]. Image adapted from [108].

coefficients are D(p) = 1/2 and o(p) = p(1 — p), such that o”’(p) < 0. For small current
fluctuations around the average (q) = GE the typical density profile is flat, while for |q| < q.
(since o”/(p) < 0) a traveling wave dominates the typical trajectory, see top-right panel in
Fig. 5.b, corresponding to the emergence of a macroscopic jammed state which hinders trans-
port of particles to facilitate a current fluctuation well below the average. The predicted shape
of this jammed condensate also reflects the particles’ exclusion interaction, see bottom panel
in Fig. 5.b.

The vector current statistics of periodic d-dimensional anisotropic driven diffusive sys-
tems under a driving field E has been also recently studied [56], using techniques similar to
those described here. In this case the complex interplay among vector currents, the external
field and anisotropy in high dimension leads to rich dynamical phase diagrams. A detailed
local stability analysis of the resulting MFT equations for this broad family of systems [56],
similar to the one developed in section §5.1, demonstrates the existence of a 2"-order dy-
namic phase transition (DPT) at a critical current separating a homogeneous fluctuation phase
with Gaussian current statistics and constant, structureless optimal fields, p4(r,t) = o and
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jq(r,t) = q, and a symmetry-broken non-Gaussian phase characterized by the emergence of
coherent traveling waves with structure along a dominant direction, pq(r,t) = wq(x) —vt)
and jy(r, t) = jq(x) — vt), with v some velocity [56]. Interestingly, for mild or no anisotropy,
different traveling-wave phases appear depending on the current separated by lines of 15
order DPTs, a degeneracy which disappears beyond a critical anisotropy. This richness of the
fluctuation phase diagram stems, as in section §3.1 above on the weak additivity principle,
from the relevance of structured current fields at the fluctuating level in dimension d > 1. In
particular, the continuity equation J,pq+V-jq = 0 applied to 1d-like traveling-wave structures
implies that Jj[jj q(2) —vw(z))] = 0, where we have defined z| = x — vt, and this together
with the constraint on the empirical vector current leads to j 4(2) = q — v[p — wq(z))]. On
the other hand, all orthogonal current components follow directly from our theorem above as
iLq(®) = qiolwg(z))]/ fol dy o[wq(¥)]. This result, which is markedly different from the
traveling-wave structure found in 1d models [14, 29, 43] described above, is a direct conse-
quence of the general condition (45). Remarkably, these predictions and the resulting complex
dynamical phase diagram have been corroborated in massive rare event simulations of the 2d
WASEP model [56].

6 Spectral signatures of dynamical criticality at the fluctuation
level

We have discussed in previous sections how to understand the current statistics of many
nonequilibrium driven diffusive systems at the hydrodynamic level, using macroscopic fluc-
tuation theory, the additivity principle conjecture (together with its weak version) and local
stability analysis as main tools, and paying special attention to the typical or dominant path
in mesoscopic phase space responsible of a given current fluctuation. We have shown at this
mesoscopic level that, in some cases, when large enough current fluctuations come about, the
associated optimal trajectory may change drastically, in a singular manner, reflecting an under-
lying dynamic phase transition at the fluctuating level [14,29,43,44,52,53,66-71]. The differ-
ent dynamical phases in these DPTs correspond to different types of trajectories adopted by the
system to sustain atypical values of the current. Interestingly, some of these dynamical phases
may display emergent order and collective rearrangements in their trajectories, including
symmetry-breaking phenomena and violations of the additivity hypothesis [14,29,43,44,108],
while the LDFs controlling the statistics of these fluctuations exhibit non-analyticities at the
DPT [72-79] reminiscent of standard critical behavior. At this mesoscopic level the existence of
DPTs is governed by the MFT action functional (7) and its symmetries [28,29,52,129], which
can be spontaneously broken at the DPT, in the sense that the optimal trajectory responsible
of a given fluctuation may or may not inherit the MFT action symmetries.

A different, complementary path to investigate current statistics and the physics of DPTs
consists in analyzing these phenomena in terms of microscopic dynamics, as described by the
corresponding stochastic generator of the model of interest [107,147]. We explore now this
microscopic view on current fluctuations using spectral methods as a central tool [102]. In
particular, we want to understand how the optimal path to a current fluctuation emerges from
this microscopic dynamical perspective, providing at the same time a spectral point of view
on the phenomenon of symmetry-breaking DPTs. In particular, we will describe in this section
the generic spectral mechanism giving rise to symmetry-breaking DPTs in many body Markov
systems, unveiling how the different dynamical phases emerge from the specific structure of
the leading eigenvectors of the generator. This microscopic, spectral description provides a
picture complementary to the field-theoretic MFT scenario introduced in previous sections. It
also allows us to address a central problem in the theory of fluctuations, i.e. how to make rare
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events typical with the use of Doob’s transform to deduce the necessary external driving field
[93,94,102,158,159]. This can be then used to exploit existing DPTs to engineer and control
many-body systems with desired statistics on demand [96], for instance to build programmable
time-crystal phases in nonequilibrium matter [97-103]. We will devote the final part of these
lecture notes to this intriguing question. This section (including subsections 6.1 to 6.7) is
adapted from Ref. [102] with permission from the American Physical Society.

6.1 Statistics of trajectories at the microscopic level and Doob dynamics

We thus start with the microscopic characterization of many-body interacting particle systems,
described here as discrete-state stochastic jump processes on a lattice and evolving in contin-
uous time. Using the quantum Hamiltonian formalism for the master equation [106], system
states or configurations can be represented as vectors |C) of an orthonormal basis in a Hilbert
space H satisfying (C|C’) = 6. This allows us to write the state of the system at time t as
a probability vector |P,) = .. P(C, t)|C) whose real entries P(C, t) correspond to the proba-
bility of finding the system in configuration C at time t, such that 0 < P(C,t) < 1. The time
evolution of this probability vector |P,) € # is controlled by a master equation J,|P,) = W|P,),
where W is the Markov generator of the dynamics [160],

W= > WealC)Cl-D Relc)cl, (135)

C,C'#C Cc

where W¢_,¢/ is the transition rate from configuration C to C’, and R = Y., 2cWeoer s
the escape rate from configuration C. Since this generator is stochastic (i.e., it conserves
probability), we have that (—|W = 0, where (—| is the “flat” state defined as (—| = >, (C|. This
ensures that the probability vector remains normalized at all times, i.e., (—|P;) = >, P(C,t) =
1Vt.

We are interested in the statistics of the time-averaged current in the ensemble of all pos-
specified by the sequence of configurations visited by the system, {C;};= 1, m, and the times
at which the jumps between them occur, {t;};— _, with m being the number of transitions
throughout the trajectory,

t t
Wi Co=C 5 Cy () Cp,s (136)

with ty = O the time origin. The probability distribution of a trajectory (which is continuous
on the transition times {t;};,—; _,, and discrete on the visited configurations {C;};—; ., and
the number of transitions m) is then given by

Plw.]= e~ (T=tm)Rc,, We e oo e~ (t2—t1)Rc, We o, e tiRey P(C,,0). (137)
The total current integrated along a given trajectory can be written as Q(w.) = Z;n:_ol dc,—Cpys
where q¢,_,c,,, is the elementary current in the transition C; — C;,;. Thus, the probability of
having a given value of ¢ = Q/7 after a time 7 is simply P.(q) = Z% Plw.16[7q—Q(w,)],

+76(0) where G(q) is

and obeys a large deviation principle for long times [1,2,44], P.(q) <e
the current LDE

To obtain a microscopic expression for the current LDF (or rather for its Legendre trans-
form, see below), we now define the probability P.(C; Q) of being in configuration C having
a time-integrated current Q up to time 7. This probability evolves in time according to the

following master equation

8.P(C;Q) = D WerncP(C',Q—qoinc) —RcP:(C3Q). (138)
C'#C
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Note that in general P.(q) = >, P.(C; 7q). Eq. (138) yields a complex hierarchy of equations
for the configurational statistics for the different currents. It turns out now to be more conve-
nient to work with the Laplace transform of P_(C;Q), i.e. Z,(C; 1) = ZQ e’IQPT(C ;Q), whose
time evolution is given, by virtue of Eq. (138), by

0,2.(C;2) = > Wl _Z.(C;A)—RcZ.(C; 2), (139)
C'#C
where Wc’l,_)C = eMc-c Wei_c stands for the biased or tilted transition rates [1, 44,102,107,

108, 147]. We may write this biased generator in operational form as

Wh= D eMecWe_eolC)(Cl— D RelC)(C]. (140)
C,C'#C Cc

Summing now Z_(C; A) over every configuration C we obtain Z_ (1) = Zc Z.(C; ), which
is the so-called dynamical partition function, or equivalently the moment generating function
for the current distribution, Z (1) = ZQ e*QP_(Q). For long times this dynamical partition
function follows a large deviation principle [8,44,107],

Z.(A) =< e (141)

with 6(1) the scaled cumulant generating function, 8(1) = lim,_., 7 'InZ.(1), whose
derivatives provide the cumulants of the time-averaged current in the biased ensemble. It
is then easy to see using the Laplace-transform relation Z_ (1) = ZQ eAQPT(Q) and the large
deviation scaling of P.(Q) that (1), also known as the dynamical free energy, corresponds to
Legendre-Fenchel transform [8] of the current LDE i.e.

()= mqax[G(q) +Aq] . (142)

Using the biased generator (140) one can show now that the dynamical partition function can
be expressed in operational form as [107]

Z.(2) = (—1e"™|py), (143)

where |P,) € H is an arbitrary initial state. This operational expression hence allows us to
relate the dynamical free energy 6(A) with the spectrum of the (generally non-symmetric)
tilted generator W”. In particular, let IR?) and (Lj.‘l be the j-th right and left eigenvectors of

W4, such that
WARY) = 0}RY), (LW =601, (144)

with 9].7L € C the corresponding eigenvalue, ordered in decreasing value of their real part. In
most models of interest, the set of left and right eigenvectors form a complete biorthogonal
basis of the Hilbert space, such that (L?|R]%) = 6;;. In this way, using now the spectral decom-

position WA = Z Q’IIRA LAI, it is straightforward to show from Egs. (143) and (141) that

for long times 7 the dynamlcal free energy is given by the eigenvalue of W* with the largest
real part, O(A) = 93.

Before continuing our discussion, we note that this formalism can be extended to general
trajectory-dependent observables, including e.g. configurational observables such as the en-
ergy, magnetization, etc., or jump-like observables (similar to the current) such as the dynamic
activity; see e.g. [102] for a general discussion. We also want to highlight that a genetic-
algorithm interpretation of the tilted or biased generator W* in Eq. (140) is the basis of the
successfull cloning Monte Carlo method to sample rare events in simulations of many-body
systems [31,44,104,105,108,161,162].
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Notice that, except for A = 0 where the original (unbiased) dynamics is recovered, W*
does not conserve probability, i.e., (—|W* # 0, and therefore it is not a proper stochastic
generator. This implies that it is not possible to directly retrieve from the tilted generator the
physical trajectories leading to the current fluctuation q(A), since W does not represent an
actual physical dynamics. To overcome this issue and obtain the physical dynamics making
this rare event typical for each A, we introduce an auxiliary or driven process built from W*,
known as the Doob transformed generator [93,94,102,158,159]

Wi = LAWAENH ™ — 671, (145)

where ié“ is a diagonal matrix built with the components of the leading left eigenvector,
(ﬁé)ij = ((L(’}l)iiiij, and 1 is the identity matrix. The spectra of both generators, W* and
Wg, are related by a shift in their eigenvalues, 6 ]%D =0 ].7‘ — 961, and a simple transformation of
their left and right eigenvectors, (L;.EDl = (L].Al(f,f})_1 and |R;.1’D) = f,glR;.l). As a consequence,
the leading eigenvalue of W% becomes zero and its associated leading right eigenvector, given
by IRQ’D) = ﬁgIRé), becomes the Doob stationary state. In addition, the leading left eigenvec-

tor is just the flat vector, (LéDl = (Lél(l:é)_l = (—|, confirming that the Doob generator does

conserve probability, <—|Wg = 0. In this way, the Doob generator(145) provides the physi-
cal trajectories distributed according to the A-ensemble [95], revealing how particular current
fluctuations are created in time. The left and right eigenvectors of the Doob generator also
form a complete biorthogonal basis of the Hilbert space, and they are further normalized such
that max, |(LJ}.L’D|C)| =1and (LéD |R;1,D) = 6;; [163]. Note that this normalization specifies the
eigenvectors with j > O up to an arbitrary complex phase. In addition, due to conservation of
probability, (—|Wg = 0, we have that (—|Rj‘,D) =0 for all j # 0.

In the following subsections we want to analyze the general structure of the Doob eigen-
vectors across a generic dynamical phase transition, with the aim of unveiling how the differ-
ent dynamical phases emerge from the microscopic dynamics when an underlying symmetry
is broken. In many cases, DPTs involve the emergence of distinct Z, symmetry-broken pat-
terns [52,71,109,134], which might be time dependent [14,43,56,57,101] as in the traveling-
wave cases mentioned above, facilitating the corresponding fluctuation. In order to continue,
we hence need first to specify what a Z, symmetry is in this context.

6.2 7, symmetry

Our interest on symmetry-breaking DPTs hence calls for some general remarks about symmetry
aspects of stochastic processes [164]. In particular, we are interested in symmetry properties
under state space transformations of the original stochastic process, as defined by the generator
W, and how these properties are inherited by the Doob auxiliary process Wg associated with
the fluctuations of the time-averaged current. The set of transformations that leave a stochastic
process invariant (as defined below) form a symmetry group. For discrete state space, any such
symmetries correspond to permutations in configuration space [164] and hence are described
by the Z, group, a cyclic group of order n. Its elements can be thus built from the repeated
application of a single operator § € Z,, which satisfies $" = 1. This operator is then unitary,
probability-conserving so (—|S = (—|, invertible, and characterized by real and non-negative
matrix elements. Moreover, being a symmetry, it commutes with the generator of the stochastic
dynamics, [W, $] = 0, or equivalently W = SWS8~1. The action of § on configurations produces
a bijective transformation of state space, such that $|C) = |Cg) € . This transformation
induces a corresponding mapping S in trajectory space

t ty tm S t 5} m
w;:Cp—C—...—(Cy —_— Sw;:Cs0— Cg1—...— Cqpy» (146)
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transforming the configurations visited along the path, but leaving unchanged the transition
times {t;};—; _,, between them. For the symmetry to be inherited by the Doob auxiliary process
Wg, it is clearly necessary that the trajectory-dependent current observable remains invariant
under any trajectory transformation, i.e. Q(Sw.) = Q(w.) Vw,. This condition, together
with the invariance of the original dynamics under $, i.e. [W,8] = 0, crucially implies that
both the tilted and the Doob generators are also invariant under § [102], W* = SW*§~! and
Wg = §W%§_1. As a consequence, both Wg and $ share a common eigenbasis and can be
diagonalized together, so |R?’D) and (LiDl are also eigenvectors of S with eigenvalues ¢;,

§|Ri ) |RAD> (LiDlg = ¢j (L?,Dl .

Due to the unitarity and cyclic character of $, the eigenvalues ¢ ; simply correspond to the n
roots of unity, i.e. ¢; = et27k;/m with k;=0,1,..,n—1.

6.3 Dynamical phase transitions and spectrum degeneracy

The steady state corresponding to the Doob stochastic generator Wg characterizes the trajec-
tory statistics during a large deviation event parameterized by A. The formal solution to the
Doob master equation at any time t, starting from an initial probability vector |P,), is given by
IPZ“PO) = exp(+tW?7)|P,). By introducing a spectral decomposition of this formal solution, we
obtain N
o’
P ) = RE o)+ > e o |RE V(L |Py), (147)
j>0
where we have already used that the Doob generator is stochastic and hence 9(%13 = 0. Ad-
ditionally, since (—|R’1 )= (L ADlR)L ) = 50]-, the entire probability of |P3PO) is concentrated
in |R7L ), meaning that (—IP ) = (—| ) = 1. Consequently, each term with j > 0 on the
right- hand side of Eq. (147) represents a spec1ﬁc redistribution of the probab111ty Furthermore,
since the symmetry operator S preserves probability, we obtain 1 = (— |S|R o) = {— |¢0|R )

which indicates that ¢, = 1 for the symmetry eigenvalue of the leading e1genvector ThlS
result shows that IR%’D) remains unchanged under the action of the symmetry operator.

To analyze the steady state of the Doob dynamics, defined as |PS’§’PO) = lim;, o0 |P2PO),
we introduce the spectral gaps A? = Re(%1 — 9].7‘) = —Re(QJ%D) > 0, which determine the
exponential decay of the corresponding eigenvectors, see Eq. (147). Note that the ordering of
eigenvalues by their real part implies 0 < Ai‘ < A% <... When A% (commonly referred to as
the spectral gap) is strictly positive, A% > 0, the spectrum is gapped and the contribution of all
subleading eigenvectors in Eq. (147) decays exponentially on timescales t > 1/A%, resulting
in a unique Doob steady state

IP%p) = IR D) (148)

This steady state preserves the symmetry of the Doob generator, $|P? mean-

ss,Py ) l ss,Py >
ing that symmetry-breaking cannot occur at the fluctuating level when the spectrum of Wg
is gapped. This is the spectral scenario prior to any dynamical phase transition. Conversely,
any symmetry-breaking DPT will require an emergent degeneracy in the leading eigenvectors
of the corresponding Doob generator. This corresponds to the spectral signatures typically
associated with symmetry-breaking phase transitions in stochastic systems [163-167]. Since
the Doob auxiliary generator Wg is inherently stochastic, these spectral signatures [163] also
characterize DPTs at the level of fluctuations. Specifically, for a many-body stochastic system
undergoing a Z, symmetry-breaking DPT, we anticipate that the difference between the real
part of the first eigenvalue and those of the next n — 1 eigenvalues 0 ]7‘ vanishes in the ther-
modynamic limit as the DPT sets in. In such a scenario, the stationary probability vector of the
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Doob process is determined by the first n eigenvectors, which form the degenerate eigenspace.
However, according to the Perron-Frobenius theorem, the steady state remains non-degenerate
for any finite system size, underscoring the importance of considering also the thermodynamic
limit.

In general, the eigenvalues associated with these gap-closing eigenvectors may have non-
zero imaginary parts, Im(6 ]?"D) # 0, resulting in a time-dependent Doob stationary probability
vector in the thermodynamic limit

n—1
1 o*
P2, )(6) =R o) + > e MR V(LA |Po) (149)
j=1

Furthermore, if these imaginary parts exhibit a band structure, the resulting Doob stationary
state will display robust and stable periodic motion, a hallmark of time-crystalline phases [97-
103]. This can be used in turn to build time crystals from the rare event statistics of some
many-body systems, as we will see below [101]. However, in many scenarios, the gap-closing
eigenvalues of the Doob eigenvectors within the degenerate subspace are purely real, meaning
Im(6 ]%D) = 0. In this case, the resulting Doob steady state is genuinely stationary

n—1
P2 o) =R ) + D IRINLAIPy). (150)
j=1

The number n of vectors contributing to the Doob steady state corresponds to the number of
distinct phases that emerge when the Z,, symmetry is broken. Specifically, an n-fold degeneracy
of the leading eigenspace results in the appearance of n distinct, linearly independent station-
ary distributions [164, 165], as we will demonstrate below. As in the general time-dependent
solution (147), all the probability remains concentrated in the first eigenvector |R(7)"D), which
preserves the symmetry, §|R61,D) = |R%’D). The remaining eigenvectors in the degenerate sub-

space capture the redistribution of this probability based on their projection (L?’DIPO) onto the
initial state, j > 0, thereby encoding all the information about the symmetry-breaking process.
It is important to note that even when the first n eigenvalues are fully degenerate, |R61’D)
can still be distinguished as the only eigenvector with eigenvalue ¢, = 1 under $. The other
gap-closing eigenvectors can be shown to have different eigenvalues under $ [102]. Conse-
quently, the steady state described by Eq.(150) does not generally preserve the symmetry of
the generator, §|PSAS’PO) # |PS7SL’PO), indicating that the symmetry is broken in the degenerate
phase. The same applies to the time-dependent asymptotic Doob state given in Eq.(149).

6.4 Phase probability vectors

Our next goal is to identify the n distinct and linearly independent stationary distributions
|Hl7‘) € H,withl =0,1,...,n—1, that arise at the DPT when degeneracy occurs [163-167].
Each of these phase probability vectors IH%) is uniquely associated with a specific symmetry-
broken phase | € [0..n—1], and the set spanned by these vectors and their left duals forms a
new basis for the degenerate subspace. Thus, any phase probability vector |1'IZA) can always be
expressed as a linear combination of the Doob eigenvectors within the degenerate subspace,

n—1

I}y = > ¢ jlRA), (151)
=0

where the coefficients C; ; are complex numbers in general, C; ; € C. These phase probability
vectors must satisfy two key conditions. First, they must be normalized, such that (—IHIA) =1
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foralll € [0..n—1]. Second, and most importantly, they must be connected through the
symmetry operator,

it ) =38|mt), (152)

which leads to the relationship IHZA) =35 IHS) so that the coefficients C; ; = Cg j(¢ ]-)Z, where
¢; are the eigenvalues of the symmetry operator. Requiring now that any steady state can
be expressed as a statistical mixture (or convex combination) of the various phase probability
vectors, it can be demonstrated that Cy; = 1 for all j € [0 .. n—1]. Consequently, the
coefficients become C; ; = (¢ j)l, and the probability vectors associated with the symmetry-
broken phases are given by

n—1 n—1
07 = > (@) IR} p) = RE L) + D (b)) IRY ). (153)
j=0 j=1

It is important to note that the symmetry group broken during the DPT may extend beyond
Z,. However, as long as it includes this cyclic symmetry, the above decomposition remains
valid.

It is now helpful to define the left duals (TEZA| of the phase probability vectors, which are
row vectors that satisfy the biorthogonality condition (nl,IHA) = Op;. These left duals can
be expressed as linear combinations of the left eigenvectors corresponding to the degenerate
subspace, (an = Z;:é (L;L,D|Dl,j) where the coefficients D; ; are complex numbers, D, ; € C.
By enforcing biorthogonality, applying the spectral expansion (151), and noting that the first
n eigenvalues ¢; are precisely the nth roots of unity [102], we obtain that D; ; = %(qb j)_l,
leading to

n—1 1
(=D, — (@) Ll (154)
T

Using these left duals, we can express now the right eigenvectors IRjL ) within the degen-
erate subspace, Vj € [0..n—1], in terms of the phase probability vectors as follows

IR} ) = Z ) (m Z(qb] i), (155)

where we have used the relation (anR? ) = %(qﬁ j)_l. Substituting this decomposition into
Eq. (149), we can reconstruct the (degenerate) Doob steady state as a weighted sum of the
phase probability vectors |HZA), each corresponding to one of the n symmetry-broken phases,

n—1
| ss,Py (t):ZWl(t)“_IlA); (156)
=0
where the generically time-dependent weights w;(t) = (n |p* 55,y )(t) are given by
1 1 < A
_ +itTm(67,) i
)==+- D ()7L IP) - 157
wi(t) =~ n;e (6L Po) (157)

In many practical cases, the relevant eigenvalues are purely real, so that Im(@ ») =0 and the
weights w; are time-independent. In such scenarios, the steady state becomes

n—1
1 1
= ) ithw; ==+ — Y ULA P, . 158
P2,) = Zwu with w; = njzzl(qu) (L25IPo) (158)
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This demonstrates that the Doob steady state can be interpreted as a statistical mixture of the
. . . .1s A
different symmetry-broken phases, represented by their unique phase probability vectors [TT7").

The weights w; satisfy Z?:_ol w;=1land0<w; <1foralll €[0..n—1]. These weights are
determined by the projection of the initial state onto the different phases, which depends in
turn on the overlaps (L?’D|P0) of the degenerate left eigenvectors with the initial state as well
as their associated symmetry eigenvalues.

Equation (158) outlines how to prepare the initial state |P,) to isolate a specific symmetry-
broken phase |H{1,) in the long-time limit. By comparing Egs. (150) and (153), it becomes clear
that setting |P,) such that (L;I’DlPO) =(¢ j)l/ forall j €[1..n—1] results in a pure steady state
|Ps75"PO) = |Hﬁ), meaning w; = &; ;. This approach provides a straightforward mechanism for
phase selection through initial state preparation, resembling strategies previously discussed
for open quantum systems with strong symmetries [89-91].

It is important to emphasize again that, in general, degeneracy of the leading eigenspace of
a given stochastic generator can only occur in the thermodynamic limit. For finite-size systems,

small but non-zero spectral gaps A?, j €[1..n—1], are always present, meaning that the

long-time Doob steady state is |PS7; Po> = |R3D), as given in Eq. (148). This steady state, which

can be expressed as IRS,D) = % Z;:Ol |l'[l7“), preserves the symmetry of the generator, preventing
any symmetry-breaking DPT for finite systems. However, for large but finite system sizes, one
can expect an emerging quasi-degeneracy [163,166] in the parameter regime where the DPT
would occur, characterized by A? / Aﬁ < 1forall je[1..n—1]. Under such conditions, and

on timescales t < 1/ A;}_l but t > 1/ Aﬁ, a sort of metastable form of symmetry breaking
may be observed, described by the physical phase probability vectors |H{L), with punctuated
jumps between different symmetry sectors during this metastable regime. In the long-time
limit the original symmetry is effectively restored, however, as the finite system size prevents
true symmetry breaking.

6.5 Structure of the degenerate manifold

A significant observation is that, once a symmetry-breaking phase transition occurs —whether
configurational (i.e., standard) or dynamical- the associated typical (or most likely) configu-
rations naturally fall into distinct symmetry classes. In other words, the symmetry is broken
even at the level of individual configurations. For example, consider now the well-known 2d
Ising model and its (standard) Z, symmetry-breaking phase transition at the Onsager tem-
perature T.. This transition separates a disordered paramagnetic phase for T > T, from an
ordered, symmetry-broken ferromagnetic phase for T < T, [152]. At temperatures well below
the critical point, the stationary probability of random (symmetry-preserving) spin configu-
rations is vanishingly small, whereas high-probability configurations exhibit a net non-zero
magnetization, characteristic of symmetry breaking. This indicates that statistically significant
configurations belong to a specific symmetry phase, meaning that they can be associated with
the basin of attraction of a particular symmetry sector [166].

A similar scenario unfolds in Z, symmetry-breaking DPTs. Specifically, once the DPT oc-
curs and the symmetry is broken, statistically-relevant configurations |C) —those for which
(C|PS};’PO) = P;;’PO(C) is significantly different from zero- belong to distinct symmetry classes
labeled by an index £, € [0..n—1]. In terms of phase probability vectors, this implies

(c|m)
(cimy )

~0, VI#l. (159)

In other words, the statistically-relevant configurations in the symmetry-broken Doob steady
state can be grouped into disjoint symmetry classes. This simple yet fundamental observa-
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tion reveals a hidden spectral structure within the degenerate subspace, associated with these
configurations. For a configuration |C) belonging to symmetry sector £, Eq. (155) leads to

(CIRY), Z(qb] (cla}) ~1(¢j)‘EC<CIH§C>. (160)

n
In particular, for j = 0, we find that (CleD) A %(CIH?C) since ¢y = 1, and thus
(CIR} ) ~ (¢;)*¢(CIRG ) » (161)

for j € [1..n—1]. This shows that the components (ClR?D) of the subleading eigenvectors
in the degenerate subspace associated with statistically-relevant configurations are approxi-
mately equal to those of the leading eigenvector |Rf)L p)» but with a complex argument given by

(¢ j)_lc. This reveals how the Z, symmetry-breaking process imposes a specific structure on
the degenerate eigenvectors involved in a continuous DPT. This result relies on the assump-
tion that statistically-relevant configurations can be partitioned into disjoint symmetry classes.
This hypothesis is well-supported empirically in different models, see e.g. [102].

6.6 Order parameter space

Analyzing the eigenvectors of many-body stochastic systems is often impractical, as the size
of configuration Hilbert space H grows exponentially with system size, and configurations
are not naturally categorized by symmetry. To address this problem, we can partition H into
equivalence classes based on a suitable order parameter for the DPT, grouping similar configu-
rations by their symmetry properties. This reduces the effective dimensionality of the problem
while introducing a natural parameter for analyzing spectral properties. We define the order
parameter u for the DPT as a map u : H — C that assigns each configuration |C) € H a com-
plex number u(C). The modulus of u(C) measures the degree of order (how deep the system
is in the symmetry-broken regime), while its argument identifies the phase. For Z,, symmetry-
breaking DPTs, a single complex-valued order parameter suffices [102]. Using u, we introduce
a reduced Hilbert space H,, = {||v))} representing the possible values of the order parameter
as vectors ||v)) of a biorthogonal basis satisfying ({(+'||v)) = &,,,. The dimension of #,, is
typically much smaller than 7, as the values of u often scale linearly with system size.

To map probability vectors from the original Hilbert space H to the reduced space H,,

we define a surjective map 7 : H — H,, that assigns all configurations |C) € H with the

same order parameter v to a single vector ||v)) € H,,. Crucially, 7 must conserve probability,
meaning the total probability of all configurations with a given order parameter in 7 must
equal the probability of the corresponding vector in #,,. For a probability vector |P) € H and

its reduced counterpart ||P)) = 7 |P), this condition reads

PO =((vIP)= > (CIP), V. (162)
|CYeH:
u(C)=»

This probability-conservation condition constrains the form of T . For any vector |Y) € H, its
reduced version |[1))) € H,, is thus defined as

1)) =D (1)) 119)) =Z[ > <C|w>]||v>>. (163)

v v L|C)eH: u(C)=v»

A good order parameter y must effectively distinguish the different symmetry-broken phases
and how the symmetry operator § relates these phases. Specifically, for each equivalence class
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{IC)}, = {IC) € H : u(C) = v}, applying S to all configurations in {|C)}, spans a new set
S({/C)},) which should correspond to the entire equivalence class {|C)},, associated with the
order parameter vector ||v')) € H,, for u to be a good order parameter. In addition, we require
that u can distinguish any symmetry-broken configuration from its symmetry-transformed
counterpart. This introduces a reduced symmetry operator §M acting on H,, defining a bi-
jective mapping §“||v)) = ||v')) between equivalence classes. Mathematically, this mapping
can be defined from the relation 7$|C) = §M7'|C) Y|C) € H.

Consider for instance the 2d Ising spin model undergoing the paramagnetic-ferromagnetic
phase transition mentioned earlier [152]. Below the critical temperature, the system sponta-
neously breaks the Z, symmetry between spin-up and spin-down configurations. This phase
transition is naturally characterized by the total magnetization m, which serves as an effective
order parameter. The symmetry operation in this case flips the sign of all spins in a config-
uration, inducing a bijective mapping between configurations with opposite magnetizations.
An alternative choice for order parameter could be m?. While m? can distinguish between the
ordered phase (m? # 0) and the disordered one (m? ~ 0), it cannot differentiate between the
two symmetry-broken phases, making it unsuitable as an order parameter according to the
criteria defined above.

Interestingly, the reduced eigenvectors IIR?’D)) = %IR;E p) obtained from the spectrum of the
Doob generator in the original configuration space can be readily analyzed, and they encode
key information on the underlying DPT, since most of the results obtained in the previous
subsections also apply in the reduced order parameter space. In particular, before the DPT
happens, the reduced Doob steady state is unique, ||P* S.Py ) = ||R61,D)), see Eq. (148), while
once the DPT kicks in and the symmetry is broken, degeneracy develops and

1P} 5,)) = 1IRG +Z|IR (LplPo), (164)

see Eq. (150) for purely real eigenvalues, while something similar happens for eigenvalues
with non-zero imaginary parts, see Eq. (149). Note that the brackets (L;.‘D|PO) do not change

under 7 as they are just scalar coefficients. Reduced phase probability vectors can be defined
in terms of the reduced eigenvectors in the degenerate subspace, see Eq. (153),

n—1
1)) = 1IRG ) + > (@) IRYp)) (165)
j=1
and the reduced Doob steady state can be written as ||P* s, P Zl -0 Wl||1'I7L see Eq. (158).

Finally, the structural relation between the degenerate Doob eigenvectors, Eq. (161), also
appears in the order-parameter space. In particular, for statistically-relevant values of u

(R ) ~ b “(ulRE),  jell..n—1], (166)

where £, = [0 .. n—1]is an indicator function which connects the different values of the order
parameter u to their corresponding phase index £,,. Remarkably, this implies that if the steady-
state distribution of u follows a large-deviation principle, ((‘uHRé’D)) = e*7F(W) | then the rest
of gap closing reduced eigenvectors obey the following generalized large-deviation principle

((ul |RiD)) = qu_e“e”F (1) for the statistically-relevant values of .

6.7 Dynamical criticality in the open WASEP: A spectral perspective

To end this section, we will briefly illustrate the spectral signatures of dynamical phase transi-
tions described above for the DPT observed in the current fluctuations of the weakly assymetric
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simple exclusion process (WASEP) in contact with boundary reservoirs [52,71,102,109]. In
section §4 we have studied this DPT for generic transport models from a hydrodynamic point
of view using macroscopic fluctuation theory [2].

The WASEP [120,121,168] is a stochastic lattice model of particle diffusion under exclu-
sion interactions. It consists of N particles on a 1d lattice with L sites, which can be either
empty or occupied by at most one particle. The system state C is defined by the occupa-
tion numbers C = {ny}y=1 1, with ny = 0,1. This state is represented as a column vector
IC) = ®£:1(nk, 1—n;)T in a Hilbert space H of dimension 2~. Particles jump stochastically
to adjacent empty sites with asymmetric rates p, = %eiE/ L driven by an external field E (see
Fig. 6.a). The lattice ends are connected to reservoirs which inject and remove particles at
rates a, y (leftmost site) and &, 3 (rightmost site). These rates correspond to reservoir densi-
ties po = a/(a+v)and p; = 6/(6 + pB). Overall, the combined effect of the external field and
the boundary gradient typically drives the system to a nonequilibrium steady state with a net
particle current [1]. Macroscopically, the WASEP is described by a fluctuating hydrodynamic
equation (3)-(5) with a diffusivity D(p) = 1/2 and a mobility o(p) = p(1—p), as mentioned
earlier in these lecture notes. At the microscopic level, dynamics is controlled by a stochastic
generator W which can be written as a 2% x 2! matrix operator acting on , see below.

Considering now the statistics of an ensemble of trajectories conditioned on a given time-
averaged current q during a long time 7, we have already seen at the beginning of this section
that the current statistics is fully characterized by the dynamical free energy 8(A), the Legendre
transform of the current LDF G(q). This dynamical free energy corresponds to the eigenvalue
with largest real part of a biased or tilted generator W*, which for the 1d open WASEP reads

L-1
Wh = > [p(MIV6L, 67 — k(= Agn)) + po(e M EVGF 67, — A (B —Ay) |
k=1
+ al6t—A—n)]l+y[67 —n]+6[67 —(A—A)]+ L6, — L] (167)

Here (3'2: =(63 + iéi )/2 are the creation and annihilation operators, with (3';((’}' the standard
x, y-Pauli matrices, while fi; = 626; and 1, are the occupation and identity operators acting
on site k, respectively. The first row in the rhs of the previous equation describes (biased)
particle jumps to right/left neighboring empty sites with rates p., while the second row cor-
responds to the boundary injection and removal of particles. Note that the original Markov
generator of the dynamics is just W = W*=0, while W*#© does not conserve probability.

Interestingly, when the boundary rates satisfy a = 8 and y = 8, resulting in p; = 1 — py,
the WASEP dynamics is invariant under a particle-hole (PH) transformation, represented by a
unitary operator Spy; which thus commutes with the generator of the dynamics, [Spy, W] =0
[102,109]. This transformation involves flipping the occupation of each site, n, — 1—n;, while
reversing the spatial order, k — L —k + 1; see Ref. [102] for an explicit expresion for the Spy
operator. Invariance againts Spy is a Z, symmetry, since (Sp;;)? = 1. At the microscopic level,
the empirical current Q is defined as the net number of rightward jumps minus leftward jumps
per bond (in the bulk) during a trajectory w, of duration 7. This observable remains invariant
under the PH transformation, Q(SpywT) = Q(w.), because the changes in occupation and
spatial inversion result in a double sign change in the flux, leaving the total current unchanged.
Consequently, the symmetry under Spy; is inherited by the biased generator W* and the Doob
driven process Wg governing the fluctuations of the current, so the results of previous sections
on the spectral fingerprints of spontaneous symmetry breaking apply for the DPT observed in
the open WASEP

We discuss now a particular example with E =4 > E. anda = =y = 6 = 0.5, cor-
responding to equal densities p, = p; = 0.5, though the spectral results shown also apply
for arbitrary strong drivings and (PH-symmetric) boundary gradients. As explained in previ-
ous subsections, in a Z,-symmetry breaking DPT we expect an emergent degeneracy for the
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Figure 6: A spectral view on dynamical criticality for the 1d open WASEP
(a) Sketch of the 1d boundary-driven WASER where N particles in a lattice of L
sites jump randomly to empty neighboring sites with asymmetric rates p,. (b)
Scaled spectral gaps, LZA;.‘, as a function of A for j = 1,2,3 and different L =
12,14,16,18,20,22,24,26. Colors codify different valuea of j, with darker color
meaning larger L. Panels (c) and (d) show LZA? as a function of 1/L for (c)
A =—0.5> A and (d) A = —3.5 < A7. Panels (e)-(g) show the structure of
((,ulIRé’D)) for different A and varying L. Panel (h) compares the structure of the
degenerate reduced Doob eigenvertors ((uIIRj"D)) with j = 0,1, in the symmetry-
broken phase (A = —4, full lines). The structure of the reduced phase probability
vectors ((uIIH%)), [ = 0,1, is also displayed (dotted lines). Panel (i) shows the his-
togram for I' = (C |R;11’D) /{(C |R%’D) obtained for a large set of configurations |C) sam-
pled from the Doob steady-state distribution for A = —4 and increasing L. Image
reproduced from [102] with permission from the American Physical Society.

first two leading eigenvectors of the Doob driven process. We hence analyze the scaled spec-
tral gaps LZA;.L [1,102,109] for j = 1,2,3,... obtained by numerical diagonalization of the
Doob generator Wg for the boundary-driven WASERB see Figs. 6.b-d. We observe that, while
LZAQL 4(L) > 0forall A and L (so their associated eigenvectors do not contribute to the degen-

erate Doob stationary subspace), LZA%(L) vanishes as L increases for A7 < A < /Ij, with Af
some critical A-values directly related to the critical current g, in Eq. (71) [102,109], signal-
ing that a Z,-symmetry breaking DPT has already kicked in this A-regime. These two different
tendencies are more clearly appreciated in Figs. 6.c-d, which display the decay of LZA? asa
function of 1/L for j = 1,2,3 and two different values of A. In this way, outside the critical
region (A > A} or A < A7), the Doob steady state is unique and preserves the PH symmetry of
the original dynamics, IPSAS’PO) = IRé’D). On the other hand, for A7 < A < A, the spectral gap
LZA%(L) vanishes as . — 0o and |R’1\’D) enters the degenerate Doob stationary subspace. In
this way the Doob stationary state in the macroscopic limit is |Ps7;, Po) = |R&D) + |R’11,D) (L%,D|P0),
breaking spontaneously the PH-symmetry of the original dynamics.

To analyze the spectral structure of the Doob steady state, we can turn to the reduced
order parameter space and introduce the mean occupation of the lattice u = L™ Zi:l ny as
order parameter. This allows us to extract the relevant macroscopic information contained
in the leading Doob eigenvectors by grouping together in equivalence classes configurations
with the same total mass. Figs. 6.e-g show the order parameter structure of the leading re-
duced Doob eigenvector ||R(7)“’D)) before (e) and after (g) the DPT, as well as near the criti-

cal point (f), for different system sizes. Interestingly, before the DPT happens ((,uIlRé’D)) is
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unimodal in u, see Fig. 6.e, as there is only a single phase contributing to the Doob steady
state, IIRS’D)) = IIHS)), which hence preserves the Z, symmetry of the original dynamics.

Indeed, ((MHR&D» in this phase is just the steady state probability distribution for u. Near
the critical point A = A (Fig. 6.1) ((,ulIRé’D)) is still unimodal but becomes flat around the
peak, while deep into the symmetry-broken region the distribution ((,u||Ré’D)) becomes bi-
modal, see Fig. 6.g, with two symmetric peaks. Note that ((,ullR%,D)) is still invariant un-
der the symmetry operator, i.e. ((,uIlRé,D)) = ““”‘éu“Ré,D)) so it has a symmetry eigenvalue
¢o = 1, but the degenerate subspace also includes now ||R’11’D)) in the L — oo limit. Fig. 6.h
compares the u-structure of both ((‘U,HR%,D» and ((,ullRiD)), showing that ((,u||R71‘,D)) is an-
tisymmetric as expected, §M|IR’}’D)) = —||R’1\,D)), so ¢; = ™ = —1. Reduced phase proba-
bility vectors now follow from Eq. (165) particularized to this Z,-symmetry breakin DPT, i.e.
||H1A)) = ||R%}D)) + (—1)l||Ri‘,D)), with [ = 0,1, and they define the two degenerate reduced
Doob steady states in each of the symmetry sectors, see dotted lines in Fig. 6.h. These distribu-
tions correspond to each of the symmetry-broken density profiles described in section §4 using
MFT, see also Fig. 2.c. The generic reduced Doob steady state ||Ps75"PO)) in the limit L — oo
will be a weighted superposition of these two degenerate branches,

[

. . 1
o)) = WolllIg) +wilI})) . with weights wy = = [ 1+ (1) (L}, [Po) |

This illustrates the phase selection mechanism via initial state preparation discussed in §6.4.

Finally, we may test in this example the spectral relation (161) between components of the
degenerate-subspace eigenvectors associated with statistically-relevant configurations. For the
WASEP case, this relation is (ClR%D) ~ (—1)_£C(C|R%D), with £ = 0,1 depending whether
configuration |C) belongs to the High-,u or low-u syrﬁmetry basin, respectively. To validate
this prediction, we sampled a large number of statistically-relevant configurations in the Doob
steady state and analyzed the histogram f (T") of the ratio I'(C) = (C IR%,D)/ (C IRé’D), see Fig. 6.1.
As predicted, f (') exhibits sharp peaks around (¢;)° = 1 and ¢; = —1 and becomes increas-
ingly concentrated around these values as L grows. This confirms that the component structure
of |R’11’D) is determined by that of |R3’D), depending on the symmetry basin { of each configu-
ration |C), supporting also a posteriori the assumption that statistically-relevant configurations
can be divided into disjoint symmetry classes.

The general spectral results of sections §6.1-§6.6 have been also corroborated in a number
of distinct DPTs in other paradigmatic many-body systems, as e.g. in the study of energy
fluctuations in n-state Potts models for spin dynamics [169], n = 3,4, where a Z,-symmetry
breaking DPT has been observed and characterized [93,102]. The above spectral results have
been also confirmed with high accuracy in the time-translation symmetry-breaking DPT in
current statistics observed for the 1d periodic WASERE and studied at the macroscopic level with
MFT in section §5. This case is even more compelling, as the broken symmetry is asymptotically
continuous in the thermodynamic limit, with an emergent rotating particle condensate as key
feature. We refer the interested reader to Ref. [102] for more details on this issue. We will
explore in the next section some of the spectral fingerprints of this DPT, but with the aim of
understanding the underlying physical mechanism. This knowledge will allow us to engineer
programmable time-crystal phases of nonequilibrium matter [101,103].

7 The rare event route to programmable time crystals

We have seen repeatedly in these lecture notes that many-body systems may exhibit sponta-
neous symmetry-breaking phenomena in their fluctuation behavior. Sometimes, when rare
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Figure 7: Dynamical phase transition for the 1d periodic WASEP. (a) Sketch of the
WASEP model in a 1d periodic lattice, with stochastic particle jumps to neighboring
empty sites at rates p,. The total number of particles is conserved. (b) Magnitude of
the packing order parameter (|z|), as a function of the bias parameter A. The inset
shows typical spacetime trajectories for current fluctuations above (top) and below
(bottom) the critical point for this DPT, located at A.. Image adapted from [102]
with permission from the American Physical Society.

fluctuations of some time-extensive observable such as the empirical current come about, the
system may exhibit a dynamical phase transition which manifests as a drastic, singular change
in the optimal trajectory responsible of a given fluctuation, including typically changes in its
symmetry properties. A main example of this behavior discussed in previous sections, particu-
larly in §5, is the 1d WASEP model of particle diffusion on a periodic (ring) lattice, see Figs. 7
and 5.b. In order to sustain a fluctuation of the time-integrated current well below the steady-
state average current (q) = GE, this many-body system develops a jammed density wave or
rotating particle condensate that hinders particle motion due to exclusion interactions, thus
facilitating the observed current fluctuation [29,43,101-103]. This happens for flux fluctua-
tions below a critical current. Indeed, as computed in section §5, this DPT occurs for external
fields |E| > E, = t/+/p(1—p) and currents |q| < q. = p(1—p)4/E? — E2, where we have al-
ready used that D(p) =1/2 and o(p) = p(1—p) for WASEP. This current regime corresponds
to bias parameter in the range A, < A < A:, where A:: =—E+,/E2—E2[29,43,44,101,102].
The emergence of a traveling particle condensate at the DPT moving at constant velocity, see
bottom inset in Fig. 7.b, breaks spontaneously the original spatiotemporal translation symme-
try of the 1d periodic WASER This is a key feature of the recently discovered time-crystal phase
of matter [97-99,101,154-156,170].

7.1 A spectral view on time-translation symmetry breaking

We now explore the spectral fingerprints of this second-order DPT and the associated time-
crystal phases at the fluctuating level. Note that the (broken) translation symmetry is captured
by a unitary operator Sy (see [102] for an explicit expression; this section is adapted from
Ref. [102] with permission from the American Physical Society), which generates the cyclic
group Z; and commutes with the stochastic generator of the dynamics. The Legendre trans-
form 6(A) of the current LDF G(q), corresponding to the scaled cumulant generating function
for the empirical current distribution, follows as the eigenvalue with largest real part of the
biased generator W’l, as described in section §6.1. For the 1d WASEP model on a periodic
lattice, this biased generator reads

L

W = Z [ pi(e™r6 ] 6% = fud —fyr)) + p_(e 6167, — A (i - ﬁk))] :
k=1
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Figure 8: Spectral signatures of the time-crystal phase for the 1d periodic WASEP
and packing field. (a)-(d) Structure in the complex plane of the leading scaled spec-
tral gaps LZA;L with p =1/3, E =10 > E_, and lattice sizes L =9,12,15,18,21,24
for (a) the homogeneous phase at A = —1 and (b) the condensate phase at A = —9.
Larger marker size corresponds to larger L, illustrating the spectrum’s evolution as L
increases. Panels (c¢) and (d) analyze the finite-size scaling behavior of the real and
imaginary parts of the leading scaled spectral gaps for the homogeneous (c¢) and con-
densate (d) phases. In the condensate phase, the real parts decay to zero as a power
law of 1/L, while the imaginary parts form a distinct band structure with a constant
frequency spacing &, which is proportional to the condensate velocity [101, 102].
(e) Structure of the reduced leading eigenvector ((leRéD)) in the complex z-plane
for different values of A across the DPT for L = 24 and the same values of p=1/3
and E = 10. Note the change from unimodal ((zIIRé’D)) peaked around |z| ~ 0 for
A > Aj (leftmost panel) to the inverted Mexican-hat structure with a steep ridge
around |z| ~ 0.7 for A7 < A < A7 (rightmost panel). (f) Packing field as a function
of rc = |z¢| and the angular distance from the center-of-mass position, ¢ — ¢, for
p =1/3 and A = —9. Panel (g) shows (LSIC) vs r¢ for a large sample of configura-
tions in the condensate phase (A = —9) and the same parameters, while panel (h)
displays the angular dependence of the Doob’s smart field relative to the center-of-
mass angular location for this sample, along with the sin(¢ — ¢ ) prediction (line).
Image adapted from [101,102] with permission from the American Physical Society.

This should be compared with the tilted generator of the boundary-driven WASER see Eq. (167).
The spectrum of W”, or equivalently the spectrum of the associated Doob generator W2,
see Eq. (145), encodes all the information on this DPT. Figs. 8.a-b shows the complex struc-
ture of the scaled spectral gaps L"“A}1 associated to Wg as obtained numerically for L = 24,
p=N/L=1/3,E=10> E,., and two biasing parameter values: one subcritical (Fig.8.a) and
one within the DPT regime (Fig.8.b). The spectral structure in the complex plane undergoes
a drastic transformation between the two phases. Specifically, the spectrum remains gapped
(.e., Re[LZA;‘] <O0forj>0)forA <A orA> kj. This is hinted at the L-evolution of the
leading eigenvalues in Fig.8.a, and confirmed in their non-decaying evolution as a function of
1/L in Fig.8.c. However, in the condensate phase (A_ < A < Aj), the real part of a macro-
scopic (i.e. proportional to L) fraction of eigenvalues develops a vanishing gap as L — oo, see
Fig.8.b, decaying to zero as a power law with 1/L as confirmed in Fig. 8.d. Additionally, the
imaginary parts of the gap-closing eigenvalues exhibit a distinct band structure with constant
frequency spacing 6, see dashed horizontal lines in Fig. 8.d, which is related with the velocity
v of the moving condensate, & = 27v/L. These are hallmark spectral features of a time-crystal
phase [98,99,155,156,170]. The emergence of an O(L)-fold degeneracy for A7 <A < AT as
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L increases further signals the presence of competing symmetry-broken states, stemming from
the condensate’s invariance under integer lattice translations. Thus, this DPT at the fluctuat-
ing level exhibits clear signatures of a time-crystal phase, offering a pathway to engineer such
nonequilibrium phases of matter in driven diffusive fluids.

Given the above spectral properties for W, we expect a unique Doob steady state in the
gapped regime (4 > AY or A < A7), captured by the leading Doob eigenvector |p?

ss,Py > -
|RO,D>' This steady state is invariant under the symmetry operator . However, in the gapless
regime (A, < A < AC*), the Doob stationary subspace becomes O(L)-fold degenerate, and
the resulting Doob steady state is inherently time-dependent. Taking into account the band
structure observed in the imaginary parts of the gap-closing eigenvalues, see Fig. 8.d, with
constant spacing &, this time-dependent steady state can be shown to be asymptotically [102]

-1 .
| ssp)(t)=IRé,D)+ZZRe[e+”J?§|R )L p1Po) ] Zwl(t)mx (168)

Jjeven

with phase probability vectors |H{1) and time-dependent weights w;(t) given by

) = IR} ) +2 Z re[eiR)], w0 =142 S Rl 112 1y ]
j=2
]even jeven

From this structure it can be then shown that, in the quasi- degenerate condensate phase A, <
A < A7, the time-dependent steady state (168) is such that Ss|P* S.Py )(t) = |P? 5.Py NE + =). ThlS

demonstrates that indeed the $; symmetry is spontaneously broken in the condensate phase,
Sy|P* S.Py )(t) # |P 5Py )(t), but also that spatial translation and time evolution are two sides of
the same coin in this regime, leading to a time-periodic motion of period 27/6 or equivalently
a density wave of velocity v = L& /2.

Following the ideas of section §6.6, a suitable order parameter to characterize this DPT is
the amount of packing of particles in the 1d ring. For a configuration C = {n;},=; _; with

N = Zi:l n particles, the packing order parameter z; € C is defined as

L
1 . .
2= E ny e2mK/L = |z |el%c (169)
k=1

This parameter measures the position of the particles’ center of mass in the two-dimensional
plane embedding the 1d ring. The magnitude |z| is near zero for any homogeneous particle
distribution but increases significantly for condensed configurations, while the phase ¢, €
[0,27) indicates the angular position of the condensate’s center of mass in the ring. Thus,
we expect the average (|z|); to grow from zero when the condensate emerges at the DPT, as
confirmed in Fig. 7.b, which shows the average magnitude of the packing order parameter as
a function of the bias parameter A across the DPT as obtained from MFT [101,102]. Similar
behavior is observed in cloning Monte Carlo simulations [31, 44, 104,105,108, 161, 162] of
this DPT at the microscopic particle level [103].

The Doob stationary subspace is more effectively analyzed in the reduced Hilbert space
associated with the packing order parameter z, see section §6.6. Before the DPT, in the
gapped regime for A > A" or A < A7, the distribution ((z||Ré,D>) of the leading reduced
Doob eigenvector in the complex z-plane is unimodal and peaks around |z| ~ 0, see left panel
in Fig. 8.e, reflecting the absence of order in this symmetry-preserving phase. As A approaches
A7, ((zllR&D)) flattens and spreads over the unit complex circle, as shown in the central panel
of Fig. 8.e. Deep within the condensate regime (A7 < A < AY), the distribution develops
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an inverted Mexican-hat shape, with a steep ridge around |z| ~ 0.7 and a uniform angular
distribution, see right panel in Fig. 8.e, indicating that typical configurations contributing to
|R61D) correspond to symmetry-broken condensate states (|z| # 0), which are localized but

have a homogeneous angular distribution for their center of mass. ||R61’D)) remains invariant
under the (reduced) symmetry operator S,, representing a rotation of 27t/L radians in the
complex z-plane. Moreover, the subleading reduced Doob eigenvectors ||R;1,D)) in the (quasi-
)degenerate subspace (j > 0, not shown; see [102]) exhibit a multipolar structure in the
z-plane, cooperating to break the symmetry by localizing the condensate at a specific position
in the lattice [102]. These results show how symmetry imposes a specific spectral structure
across the DPT, explaining the microscopic origin of the structure of the optimal path to a
current fluctuation.

7.2 The Doob’s smart field and its underlying physics

To understand the physical origin of the observed time-crystal phase in the current fluctuations
of the 1d periodic WASEP model, we now express Doob’s dynamics W% in terms of the original
WASEP dynamics W modified by some smart driving field E?, with the aim of analyzing the
structure of this field. Specifically, in terms of matrix components, we define this smart driving
field from the following identity

D .s
<C1|Wg|Cj) = (Ci|W|Cj)eqCﬁC"(El)”/L , (170)

where dc,-c, = *1 is the direction of the particle jump in the transition C; — C;. Using now
the definition of Wg in Eq. (145), we find

L} C;
(LE] 1)) 171)

Dy, _
(EA)U A+ch_)CiLln(<L§|Cj>
EAD is nothing but the external driving field needed to make typical a rare event of bias pa-
rameter A, and it will be in general a complex, non-local function of the high-dimensional
configurations.

In order to analyze the physics underlying the Doob’s smart field, we now scrutinize its
dependence on the magnitude of the packing order parameter r = |z.| of the configurations.
Fig. 8.g shows the projections (LélC ) entering the defition (171) of EAD plotted against r. for a
large sample of microscopic configurations |C), as obtained numerically for L =24, p =1/3,
and A = —9 (in the condensate phase). Interestingly, this plot indicates that (LélC) is a sole
function of r- to a high degree of accuracy, i.e. (LSIC) ~ f1(r¢), where f, ;(r) is some
unknown function of the packing parameter that may depend on A and L. This is a huge
simplification, as |C) is a high-dimensional object (2 for WASEP) while r is just a scalar
quantity. This also implies that the Doob’s smart field (EAD)I- j is primarily determined by the
packing parameters of configurations C; and C;. Furthermore, since elementary transitions
C; — C; between configurations involve only a local particle jump, the resulting change in
the packing parameter is perturbatively small for sufficiently large L. Specifically, taking into
account the definition of |z.| in Eq. (169), if C]i is the configuration obtained from C after a
particle jump at site k € [1, L], then

27 .
re,=rc+ [ﬁ dc—c; sin(¢pc — ¢r) =rc +07¢, (172)

with ¢, = 2mk/L. The second term in the rhs is perturbatively small for large system sizes
(6rc ~ L™2), and hence we can Taylor-expand to first order fa, L(rczﬁ) ~ fr(re)+6rc fy (e,
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the prime ’ meaning derivative with respect to the argument. Therefore, using that In(1+6) ~
6 to first order, the Doob’s smart field (171) for this transition is simply

27 .
(E)ci.c 2 A+ 57 8aulre)sin(éc — i), (173)

where we have defined g, ;(r) = fiL(r) /f2,1(r). The function g, ;(r) has been empirically
found to depend linearly as g, ; () & —ALr/10 near the critical point Aj [101], as corrob-
orated in Fig. 8.h which shows 10;3[(E7]f)%c — Al/(2mAre) for a large sample of connected
configurations C — C; as a function of ¢ — ¢y. This excellent agreement thus confirms that
the Doob’s smart field can be written quite generically as

27 .
(E)c.c A+ g5 Arc sinldy—de). (174)

Hence (EE —A) o< Are sin(¢y — ¢ ) functions as a packing field for a given configuration C,
driving forward particles lagging behind the center of mass at ¢, while slowing down those
moving ahead (see Fig. 8.f), with an amplitude that is proportional to both the bias parameter
A and the packing order parameter r. The Doob’s smart field thus induces a nonlinear feed-
back mechanism which enhances naturally-occurring fluctuations in the packing parameter
rc, counteracting the diffusive tendency to smooth particle clumps, and ultimately giving rise
to a time-crystal phase for A~ < A < AT. Note that effective potentials for atypical fluctuations
similar to the packing field here described have been found in other driven systems [159,171].

7.3 The packing field mechanism

Inspired by the results of the previous analysis, we now distill the key features of the Doob’s
smart field and introduce a new model, the time-crystal lattice gas (TCLG), where these ideas
can be better understood. The TCLG is a variant of the 1d WASEP where a particle at site k hops
stochastically under an inhomogeneous and configuration-dependent field E;(C). Note that,
mathematically, the action of the packing term in Doob’s smart field, (EAD —A) o< Are sin(¢y —
¢¢), can be seen as a controlled excitation of the first Fourier mode of the particle configuration
around the instantaneous center of mass position at ¢ [101]. A natural generalization of
this idea then consists in exciting higher, mth-order Fourier modes (with m > 1). We will
show in this and subsequent sections how this excitation mechanism opens the door to fully
programmable continuous time-crystal phases in driven diffusive fluids, characterized by an
arbitrary number m of rotating condensates [103].

In particular, and motivated by the previous discussion, we now choose the configuration-
dependent field to be E;(C) = e +7n S,Em)(C ). Here € is a constant field driving particles in
a homogeneous way along a given direction, and 7 is a coupling constant to a generalized,
mth-order packing field

(175)

EM(C) = 2n(C) sin(¢m(C)— Z”mk) ,

L

with z,,(C) the complex mth-order packing order parameter, similar to the Kuramoto-Daido
parameter used in synchronization literature [172-176],

L
1 . .
z,,(C) = N § nel2mmk/L = |z (C)|elPm(©) (176)
k=1

with magnitude |z,,(C)| and argument ¢,,(C). The constant driving € gives rise to a net
particle current in the desired direction, and controls the velocity of the resulting particle
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Figure 9: Programmable time crystals from higher-order packing fields. (a)-(b)
Coupling a many-body particle system to an mth-order packing field £(™(C) with
strength 1) beyond a critical threshold can trigger an instability to a time-crystal phase
characterized by the formation of m rotating particle condensates. The magnitude
|z,,| of the complex packing order parameter reflects the degree of particle packing
around m emergent localization centers, located at the complex arguments of (}/Z,,);,
with j € [0, m—1], represented by red arrows inside the ring in (a) and (b). Panels (c)
and (d) show the condensates density profiles for two different models and increasing
couplings 1, namely (c) the WASEP model of particle diffusion with order m = 3, and
(d) the KMP model of heat conduction with order m = 2. Panels (e) and (f) display
raster plots of the spatiotemporal evolution of the density field in the WASEP subject
to different time-modulated external fields E, [ o] for o = 1/3, see main text. Note
the emergence of complex time-crystal phases enhanced with higher-order matter
waves. Image adapted from [103].

condensates and the asymmetry of the associated density waves [103]. On the other hand,
the packing field Elgm)(C ) in Eq. (175) drives particles locally towards m emergent localization
centers where particles are most clustered (e.g. the center of mass for m = 1), see Fig. 9.a-b,
with an amplitude proportional to |z,,|(C) and the coupling constant 1. The angular position
of these m emergent localization centers is given by the angles

¢T(T{)(C) — W’ 177

with j € [0,m—1], i.e. the arguments of the m roots of the complex mth-order packing order
parameter, ( 3/Z,); = w/Z,e2™/™ In the same spirit as before, this generalized packing field
mechanism operates by slowing the motion of particles ahead of the nearest localization center,
i.e. at lattice sites k where Elgm)(C ) < 0 (see Eq.(175)), while pushing particles that lag behind

this point, where EIEm)(C ) > 0, as illustrated in Fig. 9.a-b. The strength of this mechanism is
proportional to the coupling constant 1) and the magnitude |z,,| of the packing order parameter,
which quantifies the concentration of particles around the emergent localization centers. The
packing field then creates a nonlinear feedback loop that amplifies the system’s natural packing
fluctuations, ultimately driving a phase transition to a time-crystal phase for sufficiently large
coupling 7). This phase exhibits signatures of spontaneous time-translation symmetry breaking
[101,103].

Interestingly, the packing field (175) can be interpreted as a long-range, all-to-all pairwise
interaction. Indeed, noting that sina = (e*'* — e~i%)/2i to expand Eq. (175) as Slgm)(C ) =
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(2, e 2mmk/L — g% e+i2mmk/Ly /5 and using the definition (176) for z,,, we can easily show
that [101,103]
L
1 2mm(k’ —k)
g(m) C)=— n /sin(—) . 178

The packing field is thus reminiscent of a generalized Kuramoto-like long-range interaction
term, highlighting the mathematical connection between the time crystal lattice gas and the
Kuramoto model of oscillator synchronization [172,173,175,176]. This connection is only
formal, however, since Kuramoto oscillator model lacks both real-space particle transport and
exclusion interactions. Note also that the resulting non-local functional form (178) highlights
the need of long-range interactions for the emergence of these time-crystal phases [177].

7.4 Hydrodynamic theory and time-crystal instability

At the macroscopic level, the packing field mechanism described above and the resulting phase
transition to a time-crystal phase can be understood using hydrodynamic theory, not only for
the TCLG model but also for general driven diffusive systems characterized by a diffusivity
D(p) and a mobility o(p). The starting point is a hydrodynamic evolution equation for the
density field p(x,t) in a 1d periodic diffusive system driven by a (non-local) external field
E.[p][178],

8p == —D(p)Bcp +o(p)E:Lp] ], (179)

with x € [0, 1]. Motivated by the discussion in previous section, the external field now takes
the form E, [p] = € + ng)(cm)[p], where e (constant driving field) and 1 (coupling constant)
have the same interpretation as above, while the packing field £ )(Cm)[ p ] excites the m-th Fourier
mode of the density field [101],

1
Sf(’”)[p]:%f dy p(y, )sin(2nm(y —x)) = |z,[p]Isin(¢n[p]—2mxm),  (180)
0

where p = fol p(x, t)dx is the conserved average density, and we have used the complex
mth-order packing order parameter [101,103],

1
1 : .
zu[p]= EJ dxp(x, )e?™™ = |z, [p]le’nte], (181)
0

to rewrite the packing field in the second equality in Eq. (180).

For values of the coupling constant ) beyond some critical threshold, the hydrodynamic
theory (179)-(180) exhibits an instability to a time-crystal phase characterized by the emer-
gence of m rotating condensates, spontaneously breaking spatiotemporal translation symme-
try. To show this, a first observation is that the homogeneous density profile p(x,t) = p is
a solution of Eq. (179) for any value of 1, so performing a linear stability analysis of this
solution will allow us to determine the critical value ngm) for the instability to happen. We
hence introduce a small perturbation around the flat profile, p(x,t) = p + 6 p(x, t), ensuring

that f 01 dx6p(x,t) =0 to conserve the system’s global density p. Substituting this perturbed
profile into Eq. (179) and linearizing to first order in 6 p(x, t), we obtain

0,6p = —8x[ — Do, 6p+€6'6p +n&|z,[6p]lsin(p,,[6p]—2mxm) ] , (182)

where D = D(p) and & = o(p), and we have used that |z,,| is already first-order in 5p, see
Eq. (181). The system periodicity suggests to expand the density field perturbation in Fourier
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modes,

(o]

Sp(x,0)= D, G0,

j=—o0

where the j-th Fourier coefficient in this expansion is given by C;(t) = f 01 dx&p(x, t)e 2™,
Noticing now that the packing order parameter of the density field perturbation can be written
in terms of the (—m)-th Fourier coefficient, i.e. z,[6p] = C_,,(t)/p, and using the above
Fourier expansion in Eq. (182), we arrive at

oo

> (aci(0)+¢;¢(0)e™ =0, (183)

j==00

where we have defined the coefficients
¢ = (an)ZD+i277:j6"e—n20—p_27cm(5j,m +85 ), (184)

and 0;,, and 6; _,, are Kronecker deltas. As the different complex exponentials in Eq. (183)
are linearly independent, each term in the sum must be zero independently, leading to a
set of simple uncoupled differential equations for the different Fourier coefficients, J,C;(t) +
¢;C;(t) = 0 Vj. The solutions are just exponentials, C;(t) = Cj(O)e_‘:ft, with C;(0) the jth-
coefficients of the initial perturbation 6 p(x,0). The stability of the various Fourier modes is
then governed by the real part of {;, which requires us to examine two separate cases: |j| # m
and [j| = m. For the first case (|j| # m), we have Re({;) = (2mj)*D > 0 Vj, indicating
that these Fourier modes will always decay. Conversely, for |j| = m, the decay rate reflects a
competition between the diffusion term and the packing field, i.e.,

Re({an) = (27m) (D S ﬁ) . (185)

The critical value of 7 is attained when Re({.,,) = 0, and is given by

C

D -
(M) — 4m 2P (186)
o

The homogeneous density solution p(x, t) = p will hence become unstable when Re({..,,) <0
or equivalently n > ngm), resulting in a non-homogeneous density field solution with a more
intricate spatiotemporal structure.

Based on our previous analysis of a similar transition (see section §5), we expect that,
right beyond the instability, the main non-homogeneous contributions to the density profile
will arise from the +mth-order (unstable) Fourier modes. Consequently, we anticipate in this
regime (1 2 ngm)) a traveling-wave profile approximately given by p(x,t) = p +Acos(wt —
2mmx), where A is a small amplitude, and the angular velocity w is determined by the imag-
inary part of Eq. (184), w = 2nmd’e, at least close to the instability. In this way, the ho-
mogeneous density turns beyond the instability into a single (m = 1) or multiple (m > 1)
condensates periodically moving at a constant velocity proportional to ¢’ and e. This insta-
bility hence breaks spontaneously the time-traslation symmetry of the homogeneous solution,
thus giving rise to a continuous time crystal [97-102,154-156]. This time-crystal phase is fully
programmable, in the sense that we can control the number of emerging condensates with the
order m of the packing field applied, as well as their shape and velocity using € [102,103]. On

the other hand, the average current (q) = f 01 dxj(x,t) can be calculated from the local current
in the linearized equation (182), resulting in {q) = (q), +A26" € /4 right beyond the instability,
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where (q), = Ge€ is the mean current in the homogeneous phase. While these equations hold
true only close to the instability, n 2 T)g’”), they highlight the relevance of the model transport
coefficients for its response under a packing field. In particular, the slope and convexity of the
mobility coefficient for each model will determine whether the packing field will enhance or
lower the current and speed of the traveling wave.

Interestingly, the value of the critical coupling ngm) in Eq. (186) grows with m, reflecting
the subtle interplay between diffusion and the packing field. Specifically, the effect of diffusion,
which acts against the m emergent condensates, scales as m? near the instability, see first term
in the rhs of Eq. (185), whereas the influence of the packing field, which favors the formation
of condensates, scales as m. Consequently, a higher coupling 7 is required to destabilize the
flat solution as the integer index m increases.

A remarkable feature of these programmable time-crystal phases is that the mth-order
(m > 1) traveling-wave solution of Eq. (179) in the symmetry-broken regime can be con-
structed by gluing together m copies of the m = 1 solution with appropriately rescaled driving
parameters. Specifically, it can be shown [102] that p,,(w,,t —2mmx) = p;(mw,t —2mwmx),
where p;(w;t —27x) is a traveling-wave solution of Eq. (179) with velocity w; for m =1
under generic driving parameters €; and 1;. Meanwhile, p,,(w,,t — 2tmx) represents the
corresponding solution for m > 1, with velocity w,, = mw; and rescaled driving parameters
€n, = me; and 1, = mn;. This scaling law is valid for generic nonlinear transport coeffi-
cients, and allows to collapse traveling-wave profiles across different orders m and driving
parameters, simplifying the range of possible solutions.

To illustrate these ideas, we particularize our results for two of the paradigmatic transport
models already studied in these lecture notes and which admit a hydrodynamic description of
the form of Eq. (179), but now under the action of a packing field (180). These systems are the
WASEP model mentioned above, characterized by D(p) =1/2and o(p) = p(1—p) [120,168],
and the KMP model of heat transport [119], with D(p) = 1/2 and o(p) = p2. Both models
exhibit programmable time-crystal phases appearing for couplings above the critical threshold
’r)gm), and to study the resulting traveling wave patterns we solved numerically Eq. (179) using
the prescribed D(p) and o(p) in each case [103]. Figs. 9.c,d display the condensate density
profiles obtained for both models with p = 1/3, for different orders m = 2, 3 and multiple
supercritical couplings 1 > ngm). Notably, the condensate strusture in each case reveals the
nonlinear transport features specific to each model. For WASER the emergence of condensates
hinders the overall particle dynamics due to the particle exclusion interactions, leading to a
current suppression compared to the homogeneous phase (note that G” < 0 in this case).
This results in a sharp density accumulation at the condensate’s tail (Fig. 9.c), while the front
exhibits a gradual decay due to the available free space. In contrast, the KMP model shows
the opposite behavior: the excess current is positive (G > 0 now), indicating that dynamics
in the time-crystal phase is faster than in the homogeneous phase. Consequently, condensates
feature now a sharp front and a smoother tail, as shown in Fig 9.d.

These programmable time-crystal phases can be enhanced by incorporating higher-order
matter waves resulting from competing packing fields modulated in time. To illustrate this
idea, consider a generalized external field given by E, ,[p] = e+, , N (OEXM[p]. Figs. 9.e,f
display the spatiotemporal evolution of p(x, t) obtained from the numerical solution of Eq. (179)
under various modulated combinations of external fields. For example, we can alternate be-
tween different numbers of condensates over time (Fig. 9.e), by activating and shutting off
specific orders m via time-dependent modulation of n,,(t), as shown in Fig. 9.e. Additionally,
customized decorated time-crystal phases can be achieved by activating a higher-order 2m
mode in time through n®*™(¢), as illustrated in Fig. 9.f. This occurs against a constant back-
ground matter wave created by setting n™ > ngm). Remarkably, a time-dependent decorated
pattern emerges, oscillating in phase with 7n,,,,(t). This pattern switches between a symmetric
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time-crystal phase with m condensates when 7,,,,(t) &~ 0 and an asymmetric phase with 2m
condensates when 7,,,,(t) > ngzm). These examples, among countless other intriguing possi-
bilities, highlight the versatility of the packing-field approach for engineering and controlling
programmable time-crystal phases in driven diffusive fluids, paving the way for exciting future
research and technological advancements.

Before ending this section, we want to stress that these programmable time-crystal phases
could be engineered in the lab using current technologies. A promising experimental route
consists in confining assemblies of colloidal particles ring-shaped light traps, created for in-
stance with infrared optical tweezers steered through an acousto-optic deflector [179-181];
see also [182,183]. The necessary packing field could be created using a feedback loop from
particle tracking in real time. This would allow to modulate the depth of the individual lattice
traps to bias motion locally in a configuration-dependent way. This opens up a path to exploit
the rare-event route to time crystals in this and other geometries.

8 Discussion and conclusion

In these lecture notes we have explored the statistics of current fluctuations (and their associ-
ated thermodynamics) in diffusive systems driven out of equilibrium by external fields and/or
boundary gradients, paying special attention to the optimal path to a current fluctuation, and
the symmetry properties of this trajectory. We have employed macroscopic fluctuation the-
ory (MFT) as a primary framework [2], complemented by microscopic spectral methods and
symmetry tools.

MFT provides a systematic way to analyze the probability distributions of trajectory depen-
dent observables, as e.g. the empirical current, offering insights into the emergent behavior
of many-body systems under sustained driving forces [2]. The starting point is a mesoscopic
fluctuating hydrodynamic equation that governs the evolution of a density field, whose valid-
ity has been rigorously established for a broad class of stochastic microscopic models [178].
From this equation, and using a path integral formalism, we can derive the probability of rare
events and identify the associated optimal paths in mesoscopic phase space. These paths re-
veal how the system navigates through unlikely states, shedding light on the interplay between
microscopic dynamics and macroscopic fluctuations. The path action can be then used to ob-
tain the large deviation functions of the relevant macroscopic observables through contraction
principles [1,2], and in particular the current LDE

The resulting spatiotemporal variational problem is typically challenging, but we have
shown how a neat and powerful additivity conjecture [27] simplifies the calculation in 1d
driven diffusive systems, enabling explicit predictions for the current LDF and the associated
optimal path. The additivity principle in 1d amounts to assume the time-independence of the
optimal path, and its predictions have been confirmed with high precision in different mod-
els using numerical simulations of rare events [38, 40,44, 114,118]. We have extended the
additivity conjecture to general d-dimensional driven diffusive media, demonstrating that the
existence of a structured optimal current vector field, coupled to the local mobility, is essential
to understand current statistics in d > 1 [50,53]. This stems from a more general, funda-
mental relation which strongly constrains the architecture of optimal paths in d dimensions.
The predictions obtained from the so-called weak additivity principle have been confirmed
against both rare-event simulations and microscopic exact calculations of different paradig-
matic models of diffusive transport in d > 1 [41, 49, 50, 125]. These models are however
somewhat oversimplified for real applications, and the challenge now is to extend the path
integral formulation of MFT to more complex nonequilibrium scenarios, characterized e.g. by
multiple local conservation laws with nonlinear transport in d > 1 [113]. This will allow to
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investigate coupled fluctuations of multiple currents (e.g. energy and particle flows), looking
for organizing principles that generalize the weak additivity conjecture to these more intri-
cate situations. Furthermore, it seems also interesting to explore symmetries associated with
the invariance of optimal paths in the MFT action functional to formulate new fluctuation
theorems [61] for the coupled current statistics.

In this lecture notes we have also learned how rare fluctuations in a many-body system
can be realized sometimes via symmetry-broken trajectories that maximize their probabil-
ity [14, 28, 29,43, 44,52, 71,108,109, 129-132]. These changes appear in the form of dy-
namical phase transitions, accompanied by non-analyticities and Lee-Yang singularities in the
associated large deviation functions. In particular, we have examined transport fluctuations
in open channels coupled to boundary reservoirs, where we found a discrete particle-hole
symmetry-breaking DPT for currents, for which we studied a Landau-like theory as well as the
joint statistics of the current and a suitable order parameter. Interestingly, we also learned
here that the additivity conjecture can be eventually violated in the form of time-dependent
(instantonic) optimal paths associated to the non-convex regimes of the joint large deviation
function [109]. The possibility of time-translation symmetry breaking DPTs in periodic systems
has been also discussed in these lecture notes. In this case the system of interest develops a co-
herent traveling wave to facilitate current fluctuations beyond some critical threshold. In the
same spirit than above, it would be interesting to study similar DPTs for coupled current fluc-
tuations in more realistic systems characterized by several conservation laws, see e.g. [113]
for a two-fields transport problem with particle density and energy. We anticipate that the
competition between particle and energy currents can result in a unexplored types of DPTs
with nontrivial cooperative effects. In addition, it would be desirable to investigate the role
of dimensionality, see e.g. [53], to make contact with the physics of DPTs in hydrodynamic
settings.

We have also studied the microscopic spectral mechanism underlying some of the DPTs
studied in previous sections at the MFT level. Interestingly, the appearance of a DPT is associ-
ated with an emergent degeneracy of the ground state of the microscopic Markov generator,
with all symmetry-breaking properties determined by the subleading eigenvectors of this de-
generate subspace. By introducing a lower-dimensional order-parameter space, we were able
to analyze the spectral signatures of these DPTs and understand the underlying mechanism in
terms of a Doob’s smart field that makes these rare DPTs typical. It would be interesting to
apply this method for the DPT observed in open channels so as to uncover the external field
driving this transition. This method has also proven useful to understand time-translation
symmetry-breaking DPTs to traveling waves in ring geometry as a result of an instability trig-
gered by a non-local packing field. This packing field drives forward particles lagging behind
the instantaneous center of mass while slowing down those moving ahead, opening the door to
engineering programmable time crystal phases in many-body systems. The challenge now is to
tailor complex time-crystalline phases in systems with multiple conservation laws, both in 1d
and d > 1. Moreover, the modern experimental control of trapped colloidal fluids [179-183]
and the availability of feedback-control force protocols to implement the nonlinear packing
field using optical tweezers opens the door to the lab characterization of these time-crystal
phases.

As a final side note, many of the ideas here described can be also explored in the quan-
tum realm, starting from the Lindblad master equation [90, 184,185] describing the coherent
evolution of an open quantum system’s density matrix, punctuated with incoherent quantum
jumps induced by the environment. This has paved the way to the understanding of the ther-
modynamics of quantum-jump trajectories, encompassing the statistics of current and activity
fluctuations in open quantum systems, and uncovering along the way various dynamical phase
transitions similar in spirit to those found in classical systems. Using these tools, the power of
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symmetry as a resource to control quantum transport has been recently demonstrated, leading
to the design of quantum devices with novel transport properties, as e.g. symmetry-controlled
quantum thermal switches [89-91] and quantum engines [186, 187]. These results highlight
the importance of symmetries not only as a fundamental principle in physics but also as a
resource for controlling quantum systems.

We hope that the results described in these lecture notes will inspire young physicists to
work in this field, as they show that the combined use of MFT and its extensions together with
microscopic spectral methods (and rare-event simulation techniques for many-body systems)
offer a robust theoretical framework to advance the frontiers of knowledge in nonequilibrium
physics.
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