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Abstract

The study of ecological systems is gaining momentum in modern scientific research,
driven by an abundance of empirical data and advancements in bioengineering tech-
niques. However, a full understanding of their dynamical and thermodynamical proper-
ties, also in light of the ongoing biodiversity crisis, remains a formidable endeavor. From
a theoretical standpoint, modeling the interactions within these complex systems — such
as bacteria in microbial communities, plant-pollinator networks in forests, or starling
murmurations — presents a significant challenge. Given the characteristic high dimen-
sionality of the datasets, alternative elegant approaches employ random matrix formal-
ism and techniques from disordered systems. In these lectures, we will explore two
cornerstone models in theoretical ecology: the MacArthur/Resource-Consumer model,
and the Generalized Lotka-Volterra model, with a special focus on systems composed of
a large number of interacting species. In the second part, we will highlight timely direc-
tions, particularly to bridge the gap with empirical observations and detect macroeco-
logical patterns.
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1 Introduction

In recent years, the study of ecological communities has attracted growing interest from both
theoretical physics and quantitative biology. Despite significant advances, several foundational
questions remain unresolved. Among these is the long-standing diversity-stability debate [1,2],
which seeks to clarify the role of ecological diversity in maintaining ecosystem resilience, once
appropriate diversity metrics are defined. Another critical challenge lies in understanding how
ecosystems respond to external perturbations, whether from sudden shocks or gradual envi-
ronmental changes. Ecosystems exhibiting abrupt responses to gradual environmental changes
are particularly concerning. Prominent examples include desertification in arid regions, coral
reef bleaching, and the collapse of tropical forests into treeless landscapes. These shifts are
frequently linked to the emergence of multiple stable states under specific conditions [3-5].
Minor perturbations can induce transitions between these states, triggering severe declines
in biodiversity and ecosystem functionality. This raises a central theoretical question: Is the
number of feasible equilibria in such ecosystems exponential or sub-exponential relative to
system size?! Local multistability refers to the coexistence of numerous stable states, some of
which may require an extended time to equilibrate. Whether the number of such stable and
uninvadable states grows exponentially with the number of species — a behavior that could
be observed in simulations or tailored laboratory experiments — or on a much smaller scale
remains an open question.

Moreover, identifying key drivers of ecosystem fragmentation and segregation, as well
as developing quantitative precursor indicators, could be essential for predicting ecological
collapses. For instance, dispersal in spatially structured communities can rescue fragmented
ecosystems from extinction. Depending on demographic fluctuations, the transition from a
self-sustained state to ecosystem collapse may be continuous or abrupt, with the latter often
associated with tipping points, metastability, and hysteresis — concepts widely recognized not
only in ecology but also in environmental science, and condensed matter physics.

In these lecture notes, we aim at bridging the gap between statistical physics approaches

In disordered systems literature, two main reference classes are commonly distinguished: i) spin-glass land-
scapes, characterized by a sub-exponential number of free-energy minima in the system size, with free-energy
barriers expected to be sub-extensive; ii) simple structural-glass landscapes, where the number of free-energy min-
ima grows exponentially with the system size, and the barriers separating these minima are extensive. This kind
of question might also be rephrased and adapted to ecological systems.
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and the empirical analysis of large, heterogeneous ecosystems. Statistical physics offers effi-
cient tools for investigating complex dynamics of species-rich ecosystems and eventually ad-
dressing still open questions in this booming field. Notably, we shall discuss three reference
models: neutral models, the Generalized Lokta-Volterra model, and the Consumer-Resource
(or MacArthur) model.

* Neutral Models. Neutral models, exemplified by Hubbell’s unified neutral theory of bio-
diversity and biogeography [6], assume that all individuals are ecologically equivalent,
regardless of species identity. They share identical per-capita birth and death rates, as
well as equal migration and speciation probabilities. While this assumption implies that
species are statistically indistinguishable, demographic stochasticity creates variability:
species with larger populations are more likely to persist, while smaller populations
face a higher risk of extinction due to random fluctuations. These dynamics are often
modeled using stochastic birth-death processes, and in some cases, their stationary dis-
tributions can be exactly obtained. As such, neutral models capture fluctuations that are
driven purely by demographic stochasticity. Neutral theories have since been extended
to incorporate additional factors and have successfully reproduced several macroecologi-
cal patterns [ 7-9]. However, the assumption of functional equivalence among species has
been widely criticized for oversimplifying biological systems. In fact, species often ex-
hibit significant differences in their environmental adaptations, and their interactions
actively shape the environment they inhabit.

* Niche models. Conversely, models that explicitly account for species differences are
collectively referred to as niche models. Each niche is occupied by a single species ac-
cording to the competitive exclusion principle. In other words, two species competing
for the same limited resource cannot coexist: the fittest one will dominate in the long
term, thus leading either to extinction or an evolutionary shift towards another niche.
Among this class of models, Lotka-Volterra equations deserve a special place [10-12].
They were introduced in the early 20th century — in terms of a pair of first-order nonlin-
ear differential equations — postulating that the demographic rates of a species depend
not only on its abundance but also on the abundance of other species in the commu-
nity. This departure from neutrality enables niche models to explore how inter-specific
interactions drive coexistence, competition, and overall stability of a given ecological
community.

However, one of the main shortcomings of the niche framework is its limited predictive
ability. While it provides a way to explain the coexistence of two species by compar-
ing their ecological requirements and preferences, it offers little insight into determin-
ing the number of niches in a given environment without directly counting the species
that occupy them. MacArthur attempted to address this issue by proposing a famous
consumer-resource model. Accordingly, a stable equilibrium can only be achieved if the
number of competing species does not exceed the total available resources. However,
this upper bound is frequently violated in natural ecosystems, particularly in planktonic
communities, giving rise to the so-called paradox of the plankton [13].

By focusing on two of these benchmark models, we aim at achieving a better understand-
ing of the intricate dynamics of large ecosystems, thus offering analytical insights into their
resilience to external perturbations, species coexistence, and biodiversity maintenance.
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2 MacArthur’s consumer-resource (CR) model:
a simple instance for niche theory

The foundational concepts of competition and selection shaping communities can be traced
back to the pioneering works of R. Levine and R. MacArthur in the sixties [14,15].

Let us consider S species, characterized by their abundances N; (i = 1,2, ...S) and compet-
ing for M resources with abundances R, (a = 1,2..., M). Their dynamics are defined by:

dN;
L — N.o¢.(R
dt lgl( ) 5 (1)
dR
4 =F®) —ZNiciaRa =F,(R)+ ZNiQia(R) :

where ¢;, is a S x M matrix accounting for the metabolic strategies or consumer preferences
in terms of the a resource, whereas g;(R) = >, ¢;aWoR, — x; is the growth rate with qual-
ity factor w,. In the spirit of MacArthur’s seminal work, each species has its own minimum
requirement y;. The function F,(R) is also called resource supply, which typically satisfies a lo-
gistic form with F,(R,) = R,(K,—R,), K, being the carrying capacity associated with resource
a . The formulation of such Consumer-Resource (CR) equations relies on the assumption that
interactions between species are mediated by the consumption of external resources. In other
words, the growth function and the impact vector for each species q;,(R) do not depend on
the population size.
Given this system of S x M coupled equations, one can define three different conditions:

* steady state population, by imposing % =0;
* non-invasibility if g;(R) < 0;

* feasible equilibria provided N; > 0.

2.1 Low-dimensional criterion for feasibility and stability vs ZNGIs

Pioneering works in theoretical ecology have relied on models composed of a few species and
few resources. In these cases, stability properties could be deduced by simple geometrical
arguments [16, 17]. By denoting with c¢;,R, = —q;,(R) the impact vector of species i, one
can deduce fixed-point properties. For the sake of simplicity, let us consider a 2-dimensional
model. There exist three geometric conditions that allow us to determine stable coexistence
of two competing species:

* The Zero Net Growth Isoclines (ZNGI), defined by the conditions g;(R) = 0, must in-
tersect. This criterion is valid in any dimension and leverages the Competitive Exclusion
Principle according to which at most M consumer species can safely coexist.

* The supply vector F,(R) evaluated at the fixed point must lie within the cone spanned

by the negative impact vector. This second condition guarantees the existence of a set of

positive population sizes, with N; > 0. It corresponds to imposing d(i“ = 0, which leads

t0 Fo(Ry) = D Ni(—q;o(R)), still holding regardless of the dimensionality of the system.

* The impact of each species is biased toward the resource that significantly influences its
growth rate, which is particularly challenging to identify in higher dimensions. Based
on Tilman’s geometrical framework, the orientation of the impact vector should be com-
pared to that of the ZNGIs.
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2.2 Rephrasing the CR model in high dimensions: statistical physics lens

The aforementioned geometrical criteria offer an intuitive starting point for ecological inter-
pretation, especially in the context of low-dimensional systems. However, in recent years,
there has been a growing focus on systems composed of an enormous number of interacting
components, i.e. by considering S,M — o0 at fixed ratio y = M /S [18-20]. Such a pic-
ture leads to the neglect of individual details and zooms out on the typical behaviors of large
communities. In other words, since measuring how single-species parameters scale with the
system size is particularly hard, one can therefore resort to a coarse-grained description by
averaging over a large number of (functionally equivalent) microscopic degrees of freedom.
Effective models thus retain only a few fundamental features of the real system, using them to
capture general properties, such as macroscopic observables or collective dynamics.

The difficulty of inferring the interactions in diverse ecosystems, such as for microbial
communities, stems from several factors: the high dimensionality of microbiome datasets, the
shortage of long time-series experiments, the time-dependent nature of microbial interactions,
and environmental filtering effects due to abiotic factors such as resources, temperature, and
pH. Another challenge involves disentangling noisy fluctuations from true ecological signals
in empirical data.

An alternative and elegant way out was originally pioneered by Robert May leveraging
Random Matrix Theory to model species interaction networks: each entry of the adjacency
matrix is drawn from a given probability distribution. This approach drastically reduces the
number of model parameters to be estimated, from S? to just a few [21]. Within a statistical
physics scenario, one typically splits the consumer preference matrix into a deterministic part
and a fluctuating contribution, that is:

) =H (e (e = 25 @
M M

() =2, (=N =07 3)

(Ko) =K, ((Kq—(K4))) = 0% 4)

This description is consistent with a generalist picture, meaning that all species tend to grab
a large number of resources. This is also consistent with the scaling of the metabolic strategy
coefficients c;,: the outflow associated with each resource decreases with the amount of re-
sources itself. This precise rescaling of the random coefficients will appear much clearer from
a formal point of view in the following derivations. In other words, the scaling with M of the
first two moments guarantees a proper thermodynamic limit.

2.3 Steady-state solutions

To derive the mean-field self-consistent equations, we ask what happens if we add an additional
species and resource to the pre-existing pool of S species and M resources. Intuitively, this is
equivalent to exploring whether a new species can invade the ecosystem.

Formally, by denoting with N, the new species and R, the new resource, we aim to study
correlations between resource and species entangled dynamics. However, because we always
leverage a high-dimensional formalism in which S, M > 1, considering a system with S + 1
species and M + 1 resources does not sensitively affect the resulting thermodynamic picture.
This addition will result in a slight perturbation of the original system, to be studied in terms
of two local susceptibilities:

1 <« R 1 ONF 1 dN;
= — = — _— . 5
G T S ©

dxi

5
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The first expression (left) encodes the change of the mean resource abundance if we slightly
perturb the supply of all external resources, by summing over a. Conversely, on the right,
the other susceptibility quantifies the change of the mean species abundance upon decreasing
their fitness cost (or increasing the growth rate). The so-called susceptibilities y and v can be
advantageously measured in experiments, for instance investigating growth and community
structure by the addition of a given molecule, i.e. glucose.

In the following, in Sec. 2.5, we will see how to explicitly derive the steady-state abun-
dances for a simpler model, by using the so-called cavity method. For the sake of compactness,
we show here the resulting expressions for Nj and Ry, to be obtained by means of the Gaussian

5,6
nature of the ¢;4, i.€. ¢;y = 47 + T Mg Where (n;4) =0, (n;qn;p) = —572
g+ 0,2
Nj = max [0, —zgo]
Yoox 6)
R* = max| 0. Keff ¥ Tketifo
0 T 1—ylo2y

where we have denoted as z(, 2, two Gaussian variables with zero mean and unit variance.
Eq. (6) will thus represent two truncated Gaussian distributions for the typical species and
resource variables. K.g(N) = K, — ) ; N;c;, denotes instead an effective resource capacity.

The above expressions give rise to a straightforward interpretation: by integrating out
the quenched disorder formally encoded in the matrix c¢;, and K,, we obtain an effective
description where both the growth rates and the carrying capacities are normally distributed.
Depending on the sign of the invasion growth rate, g + 0,2, two options are possible:

* If such a quantity is strictly positive, the species will survive with an abundance propor-
tional to the invasion growth rate;

* otherwise, it will not be able to invade, thus going extinct in a finite time.

An analogous reasoning can be applied to Keg: if the overall quantity Ko + 0k 2 turns out
to be negative, the new resource will be depleted; otherwise, it will be proportional to the
carrying capacity itself.

In the previous expressions, we have assumed that the depletion and growth rates share
the same matrix structure. However, we can also consider a slightly different variant:

dN;
dtl =N; [Z CisWsRs — Xi:|

5}

dR r 7
=== K—zRa(Ka —R,)— z}: d;gNiR, .

Imposing djt“ = 0 leads to a stability criterion, i.e. R, = K, — pizj djuN;, where p,

denotes the ratio between the growth rate and the carrying capacity. The condition on R, is
associated with two distinct scenarios: i) if the term in parenthesis is negative, d(i“ < 0 for
all positive R,, and therefore R, = 0 will be the stable solution. Conversely, if the term in
parenthesis is positive, R, = 0 becomes unstable and even a small perturbation will result
in a positive growth rate. Despite its simplicity, the consumer-resource model can display a
plethora of appealing dynamical behaviors. Provided a feasible fixed point, it turns out to be
stable if the two matrices are equal. In other words, by looking at the species abundance as a
function of time, it will converge to a unique fixed point. More complex scenarios, like limit
cycles and persistent fluctuations, can, however, emerge when the growth and depletion rates

are not identical, as qualitatively depicted in Figure 1.

6



215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

SciPost Physics Lecture Notes Submission

growth = depletion growth = depletion
Cia:l1=dm:l1 Cia:l.l Zd;M :
Alternative stable states Limit cycle
Stable abundances NW\ RMURNTAVMRNT AN (\‘

Time 1 —

Various possible dynamics

Figure 1: Distinct consumption and growth probabilities can lead to instabilities and
subsequently richer dynamics. Complex and out-of-equilibrium behavior, including
both limit cycles and chaotic dynamics, can occur upon changing the correlation
between consumption and growth rates. Figure adapted from [22] (courtesy of Y.
Liu).

2.3.1 Interpretation of the CR model as a Constraint Satisfaction Problem

In the limit of a large number of species and resources S,M — oo, the MacArthur model
has recently been reformulated as a constraint satisfaction problem, displaying the typical fea-
tures of a perceptron model [18,20]. Originally introduced in the theory of neural networks
and machine learning as a binary classifier, the perceptron makes predictions by applying a
weighted sum to the input features and using a threshold to assign a class label. A key quan-
tity is represented by the fractional volume of the solution space occupied by the interacting
patterns, which corresponds to the maximum storage capacity of the network. In its convex
regime — meaning that the configurational landscape is characterized by a unique fixed point
— the critical transition occurs at zero interaction heterogeneity and fixed ratio between the
number of patterns and the total degrees of freedom (i.e., the number of bits), equal to two.
This transition separates a SAT region, where all constraints are simultaneously satisfied, from
an UNSAT region, where no solution can fulfill all clauses.
Rephrased in an ecological context, the former of Egs. (7) can be recast as a function of a
resource surplus, A;:
dN;
dt

where again i = 1,...,S. This novel framework, introduced by Tikhonov and Monasson [18],
focuses exclusively on equilibrium configurations, leading to two possible scenarios: (i) N; > 0
and A; =0, or (ii) N; = 0 and A; < 0 (extinction). Conversely, the opposite case, for A; > 0,
is prohibited by the model definition. Then, the total demand T5 = )., N;c;5 — where the
index 6 = 1,..., M denotes the number of available resources — is a function of the species
abundances themselves, hence resulting in a feedback loop mechanism.

This model was initially devised to provide a clear geometric interpretation: metabolic
strategies are represented as S vectors in the M-dimensional space of resource availability.
The equality ) 5 c;sWsR5 = y; defines a hyperplane, which divides the configuration space of
abundances into two regions: an unsustainable region, where the scalar product is smaller than
the effective requirement y;, and a sustainable region, above this hyperplane, where a positive
resource surplus enables species to self-sustain and multiply. The single species requirement
can also be recast in terms of a random cost, such that y; = >.5c;5 + €x;, € denoting an
infinitesimally small parameter and x; a unit-variance Gaussian variable. Accordingly, one
can establish the full phase diagram of the model and investigate its stability as a function

o< N; A, (8



SciPost Physics Lecture Notes Submission

25 of a restricted number of control parameters: the ratio between the species in the pool and
246 the number of available resources a = % ; the width of the cost distribution €; the average
247 and variance of the metabolic strategy distribution; and, if an additional layer of complexity
28 is introduced, the variance of the resource supply. To characterize the system’s dynamics, a
240 Lyapunov function can be defined for each trajectory:

FUN}) =) Ry log (ZNicm) -2 N )

250 One key advantage of defining a convex and bounded Lyapunov function is that it allows for
251 the analysis of system stability in each phase by considering the harmonic fluctuations of such
252 a function with respect to the species-abundance order parameter. In this system, it has been
253 shown that a globally stable equilibrium state always exists, which, under certain conditions,
254 may approach a marginally stable configuration [20].

255 The asymptotic behavior of the system can then be evaluated in the large-f limit, which
256 corresponds to the zero-temperature regime of a statistical physics problem, where § = 1/T
257 is the inverse equilibrium temperature. As € — 0 limit, the model exhibits a phase transition
253 between two distinct regimes [18]: a shielded phase, where a collective and self-sustained
250 behavior arises, basically unaffected by external conditions; and a vulnerable phase, where
260 species cannot sustain themselves and turn out to be highly sensitive to environmental changes
261 and improvements. This kind of transition reminds the aforementioned SAT/UNSAT transition
262 occurring in the perceptron, interpreted as a linear signal classifier.

263 Moreover, in the low-temperature regime, the logarithmic term in the effective free energy
264 becomes the dominant contribution. This behavior is associated with vanishing A; for a subset
265 Of selected species. Then, by analyzing the harmonic fluctuations of the Lyapunov function
266 around its minimum, one can extract the spectral density in both phases, revealing a critical
267 Marchenko-Pastur distribution [23]. This signals the onset of a marginal stability condition,
268 reminiscent of the glassy phenomenology observed in critical jammed systems, such as infinite-
260 dimensional hard spheres and other continuous constraint satisfaction problems belonging to
270 the same universality class [20, 24].

211 2.4 How to recover the Generalized Lotka-Volterra (GLV) model from a CR model?

272 Different dynamical frameworks can be applied depending on the type of interaction being
273 modeled—whether with the environment or among species. In the CR model, interactions
274 primarily occur with the environment, whereas in the IV model, the environment serves as
275 a mediator for inter-species interactions, akin to a thermal bath in physics. For the sake of
276 simplicity, let us consider the scenario in which both depletion and growth rates are encoded
277 in the same matrix, ¢;,.

N
== Z CisRs — Xi
4
o0 (10)

Ry 14 T
—=—(K,—R,)— c. .N;
e o -n)- Tl

278 Each row of the matrix is an M-dimensional vector, the uptake profile of the species i. If we
279 allow resource dynamics to be much faster than those of the competing species, we can apply
280 an adiabatic approximation and set the latter equations to zero:

ma(Ka_Ra)_chij =0, (11)
J

8
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where m, denotes the ratio between the growth rate and the carrying capacity for each a.
Equation (11) implies a closed-form expression for the resources as a function of species’ abun-
dances

1
Ra:Ka—m—ZCjaNj . (12)
a5

j
As a consequence, the former dynamic turns out to be:

% - Z Cis | Ko = mL(SZCﬁNJ —Xi= (Z%Ka—Xi)—zﬁl(mié)z%cgjlvj . (13)

t o 9

It can be rephrased in a more compact form:

N:
]vl‘ == Z/{i _AiiNi — ZAUN (14)
i i

by slightly shaping the interaction matrix

Ajj = Zciﬁcg,j . (15)
5

Note that we have made use of two assumptions: i) we have assumed ms = m = 1, namely
species-independent parameters and constant over time; ii) we have split the sum over j in Eq.
(13) into a diagonal and off-diagonal contribution, and eventually swapped the summation
over resources and species. In this rephrasing, the interactions are written as a scalar product
between uptake profiles, which allows us to recover the Generalized Lotka-Volterra equations
with symmetric interactions A;; = A;; . A detailed derivation can be found in the SI of [25].

2.5 Cavity method for the GLV model: zero-noise picture

One possibility for investigating how a system reacts to external perturbations is to apply linear
stability analysis, linearizing the dynamical equations around their fixed point. This approach
reflects May’s original intuition.

However, to account for more complex scenarios, especially those featuring multiple equi-
libria or persistent fluctuations, one can use the cavity method, a powerful technique in the
analysis of disordered systems. Therefore, we consider the multi-species dynamics for the
species abundances N;, without any demographic or environmental noise:

dN;
dt

=1;N;| Ki —N; _ZAiij - (16)
Jj#

As in previous frameworks, the index i = 1,2,...,S runs over the total number of species
in the pool. Positive interaction coefficients A;; > 0 denote competition, whereas negative
coefficients stand for mutualism. For simplicity, we shall set the growth rates r; = r = 1
and the carrying capacities K; = K (upon rescaling the other parameters). The analysis can
nevertheless be extended in the case of random carrying capacities [26], providing only a
quantitative change in terms of the resulting phase diagram.

Our goal is to characterize the steady-state solution, defined by % = 0, where the coeffi-
cients A;; are extracted from a suitably defined random matrix. Let us consider then:

N[ K=N;= > A;N; | =0 (17)
j#i

9
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where, similarly to the MacArthur model, {(A;;) = u/S and (A?j)c = 02/S. Such scaling is

essential to ensure a well-defined thermodynamic limit, that is the quantity ». AN ].* must be
independent of the system size. Therefore, we assume that the elements scale as

where the first and the second moments of the Gaussian variable a;; read

1 P
<aij> =0, (aijakl> = §5ik5ﬂ + §5i15jk . (19)

However, writing down a closed-form set of equations does not require the interactions to be
Gaussian. The only condition is that the first two moments are finite, and the distribution does
not exhibit long tails.

In the cavity formalism, a new species is added to the ecosystem with mutual interac-
tions Ay; and A;, with the rest of the community. By construction, the different trajectories
{N;(t)} evolving according to the dynamics (21) are independent of such interaction coeffi-
cients, which allow us to use central-limit arguments. The dynamics of the former S species
can be written as

N, (K —N;— D AN, —Al-ONO) =0, (20)
j

whereas for the new one, we have:

N, (K—NO—ZAOij) =0. (21)

j
For compactness, we have dropped the asterisk in the steady-state solution. As we have seen
for the consumer-resource model, adding a new species is equivalent to slightly perturbing the
carrying capacity by an amount 8K;. Let us consider the local susceptibilities y;; = g—gj, and
apply the linear response theory to rewrite the stationary solution in perturbation theory:

N; =Ni\o—ZXijAjoNo : (22)
J
The term N;( represents the abundance in the absence of the 0-th species, which gives rise to

the cavity designation. Since Ay; ~ O (%), the term A;,N, can be treated as a small perturba-
tion. Plugging the expression above into Eq. (21) for the O-th species, we end up with

No | K —No— Y Ay (Nj\o -> ;(ﬁAl-ONO) =0. (23)
j i

Solving the equation for N, and excluding the trivial vanishing solution, we obtain to the
leading order:
K —33;0a0jNjo — u(N)
NO = 5 .
l-o Zij Xij0jdio0

According to the central limit theorem, one can claim that the contribution Y. ag; xi:aio

will converge to its expectation value. We can therefore rewrite the term at the denominator
1 . .

as ps 2,; xj; = px yielding

(24)

K —3%3;0a0iNj\o — u(N)
1—o?py

N, = max| 0, (25)
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which is required to be non-negative, otherwise the solution does not exist. Then, one need
to evaluate the scaling of the typical fluctuations: the non-diagonal term is associated to cor-
rections O(S™1/2), which become subleading in the thermodynamic limit.

As a next fundamental hypothesis to close the equations on N, we need to ask for self-
averaging property in the thermodynamic limit, that implies:

s
<Z GaoJ'Nj\o> =80 (agp;){(N)=0,
=1

s 2
<(Z UanNj\O) > = UzZ(aoj‘aok)Nj\oNk\o =o?(N?)
=

Jk

(26)

where we have introduced %Z] Nj\o = (No) = (N), %Z] N].z\0 = (N3) = (N?). By gathering all
ingredients together and introducing a standard normal variable z, we obtain the distribution
of the solutions for Ny:

27
e 27)
which reflects the typical shape of a Gaussian distribution with mean (K —u(N))/(1—0c?py)
and variance 02(N?)/(1 — o2py)?. To the leading order in 1/S, the resulting distribution
of the typical species abundance is a truncated (positive-definite) Gaussian law. It inherently
implies the resolution of the following set of self-consistent equations:

Ny = max[o, K—u(N)+ 02(N2)2:|

1 1
(N)=< D Nnos (N2 =2 DN, 28)
L JeNg\ ¢ 1
x_<8€o>_1—02px’ qb_SZi:G(NO)' @)

where the susceptibility essentially accounts for the single-species response function to a slight
perturbation, for instance in the carrying capacity or the growth rate. It can be recast in terms
of the fraction of surviving species ¢ and y itself. The symbol 6(-) denotes the Heaviside step
function. See also [17] for an alternative derivation in a few benchmark models.

3 High-dimensional random GLV equations with stochasticity

We consider the following dynamical equations for the evolution of the species abundance N;
at time t, where the index i runs over the total number of speciesi =1, ...,S:

(K; —N;) — Z AN; | +ni(0)+ A =
J,(G#1)
- (30)
=N; [ =V, Vi(N;) — Z AiiNj [ +mi(0) + 44,
J,G#1)

N;(t) is interpreted as a relative species abundance of species i at time t, meaning that the
population is actually normalized by the total number of individuals populating the ecosystem
in the absence of interactions (deterministic scenario, i.e. A; ;=0).

To account for demographic fluctuations, we introduce the variable 7n;(t), a white Gaussian
noise with zero mean and variance (ni(t)nj(t’)) = 2TNi(t)5l-j5(t—t/), where T represents the

11
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noise amplitude. The amplitude T turns out to be inversely proportional to the total number
of individuals in the pool: hence, the larger the system size, the smaller the demographic noise
strength. We specifically follow It6’s convention for the stochastic part: the multiplicative na-
ture of the equations ensures that for zero immigration (A; = 0) — if the absorbing state N; = 0
is reached — the population goes extinct and remains there at all later times. Alternatively,
to properly study the interplay with an intrinsic source of fluctuations, one can introduce a
species-independent immigration parameter A, therefore preventing overall extinctions in a
finite time.

3.1 [Ito’s versus Stratonovich prescription

Equation (30) is meaningless without selecting a proper discretization for the noise. If one
adopts Ito’s prescription, the time derivative of a generic observable O can be expressed as

80 dN, 220
v T

L

d
a(o({Nj}» = i N;), (31

where (-) stands for the average over the probability distribution P({N;},t), i.e. over the
thermal noise.

Then, in the symmetric interaction case (for A;; = Aj;), one can show that the multi-species
dynamics admit an invariant equilibrium-like probability distribution [26,27]. By plugging the
dynamical equation (30) in the above expression, we obtain:

d 20 220

E(O({Nj})> = <Z 3N, —N; V. Vi(N;) — N; ZAUNJ +2 >+ T(Z 8_I\IizNi> . (32)
The three terms in parenthesis can be collected together and denoted as F({N ;1) allowing us
to rewrite the time evolution of the average operator as

d 20 - 920
(o 1) = J ﬂ dN.PIN;}, 1) [Z an FaNb+ TZ B—N?Ni] SNEE)

from which the resulting equation for (O({N;})) can easily be obtained by integration by parts.
In the same spirit, the dynamical equation for the probability distribution reads:

-3

from which, by imposing the R.H.S. to be zero, we obtain the stationary probability distribu-

tion. Therefore, we ask the invariant probability distribution to scale as P o< exp(—fH), with
H an effective energy function, and inverse temperature 3 = 1/T. This implies 113 g ]5 = —%g—ﬁi

from which, by integrating over N;, we can deduce the associated energy function valid in the
symmetric interaction case:

32
O]+ T e — [PUN;}, DN, ]] (34)

1

3P({N }t)

H= ZV(N)+ZAUNN +(T— A)ZlnN (35)

i<j

A complete derivation can be found for other instances of conservative dynamics, for instance
in the case of a non-logistic self-regulation contribution (see [28]).

In other words, the original dynamical process in Eq. (30) describes the time evolution
of an interacting ecosystem whose thermodynamics is defined by Eq. (35). Note that — at
variance with the simplest scenario corresponding to the analysis in the limit T — 0 and

12
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A — 01 —introducing a small but finite immigration results in a qualitative behavioral change.
The immigration parameter ensures that no species will go extinct thus replacing the concept
of indefinite extinction with the concept everything is everywhere [29].

Conversely, Stratonovich discretization has the advantage of preserving invariance under
time reversal. However, due to the multiplicative nature of the noise, the two discretization
schemes are not formally equivalent and necessitate the introduction of an additional drift

term:
1/——>7)1/———£\/2T n«/ﬁ—%. (36)

2275

3.2 Disordered free energy: replica method

The disorder average of the free energy can be computed through the replica method [30], a
powerful technique originally introduced for dealing with spin-glass problems. It relies on the
identity

n

—pF =TnZ = lim In 37)
n—

n
where one first computes the replicated partition function for integer values of n, and only at
the final stage considers the analytical continuation n — 0. Despite being thermodynamically
independent, replicas turn out to be correlated because they are taken over the same realiza-
tion of the disorder. Therefore, integrating over the disorder introduces an effective coupling
between them.

Let us thus proceed with the computation of Z":

2
ﬁzf“dAU exp( Z U;j‘/:) )J l_”_[dNia exp {—ﬁ ZH({N{‘})} (38)

i<j a=1 i

By performing a Gaussian integration over the random variables A;; with finite mean and
variance, we obtain:

L 2
ﬁ:fl_!ndNianp{ZZ_;(ﬂZNiaN]g) i
a=t ot <] a
‘/52[2 [Vi(Ny) + (T — A)ln(N)]+“ZNaNa]}

i<j

(39)

To decouple the first term, we thus introduce the following quantities corresponding respec-
tively to the overlap matrix between two replicas a, b of the reference system and the mean
abundance:

s s
1 1
Quy =3 2 N'NP. Hy=3 D N} (40)
i=1 i=1

The replicated partition function can eventually be rewritten in terms of the new order param-
eters:

7n = f ]_[anb]_[dH exp {SA({Qup, Ha})} (41)

a<b

where the free-energy action A reads:

A({Qup, Ques Ho}) = 506 (ZQ Zajqu) + B 2H+ %Zijlnzi({aab,Ha}) .

a<b
(42)
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Alternatively, one can recognize a Hubbard-Stratonovich transformation structure, which in
the case of a multivariate Gaussian integral reads:

o0 T A1
A
):f exp [_y y +b’ -y] dy, (43)
oo 2

which we apply to y =Q,; (and H, in turn).
The last piece in Eq. (42), i.e. the effective partition function for the one-species abun-
dances in different replicas, reads:

(2m)N ( b’ Ab
—exp| —
detA

Zi = f l_[dNia €xp [_ﬁHeff({Nia}: {Qab:Ha}):l (44)
a
whose associated effective Hamiltonian is

Hy=—po> (Z NENPQgy + %Z(N;‘)ZQM) +> (uHaNia+V(Ni“)+(T—)L) lan) . (45)

a<b

3.3 Saddle-point evaluation of the free energy

In the S — oo limit only the values of Q,; and H, that extremize the action will contribute?:

InZn
T = AUQ HD (46)

Therefore, based on the stationarity condition, one obtains:

1
=0 Q=5 2L (NINY)
a4 — ) (47)
=

where the brackets indicate the thermal average over the resulting Hamiltonian H.g. It de-
pends on Q,;, and H, requiring the explicit integration or, in a more straightforward way, the
resolution of a set of self-consistency equations. As it is for spin-glass models, Q,; represents
the overlap matrix between two replicated configurations, in the presence of an external field,
denoted by H,,.

3.4 The replica symmetric solution

Solving these high-dimensional equations without guessing a specific form for the overlap
matrix Q,; and the mean abundance H, seems impractical. To address this challenging task,
one can initiate the analysis by assuming a replica-symmetric (RS) ansatz. Since the action is
symmetric under the exchange of replica indices, we can first claim that the solution respects
this symmetry. Therefore, all fields must be equal and the overlap can only take two values:
q, for the overlap between different replicas, and q; > q, for the self-overlap (see Fig. 2).

Qab =do a 7é b
Qaa =44 a=b (48)
H,=h Ya
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Figure 2: Replica-Symmetric (RS) ansatz for the overlap matrix Qg,p, which is
parametrized by two values only, the diagonal term (self-overlap) and the off-
diagonal contribution (inter-state overlap).

The stability of the solution will be eventually checked by computing the Hessian of the free
energy, and notably its leading eigenvalue, the so-called replicon eigenvalue [30-32]. If there
were multiple equilibria, two distinct replicas would have a different overlap according to
whether they were in the same state or not. Since here distinct replicas always have overlap
o, this ansatz corresponds to assuming that there is a unique equilibrium state. The "size" of
this state is characterized by the overlap between different replicas qq: if it is large (qy S q4)
the configurations in the same state are very similar, so that the state is very localized in phase
space, if it is small (gy < q4) the state is very wide. We can insert it in the action and in the
effective Hamiltonian:

A(qd: o, h) = (49)

2/5 (Mq2+ qd) ﬂ“nh2+ Zan(qd,qo,h)

2 2
Hepp = —ﬂ% (% (Z Ni“) +(qq— qo)Z(Nﬁ)z) + > (uhNg + V(NS + (T — A)InNy)

(50)
To decouple the different replicas we introduce a Gaussian integration over an auxiliary vari-
able z;, thus obtaining:

dz "
H = —ﬂoZ@Nfﬂuh—z\/q_oo)Ni+V(Ni)+(T—A)1nNi (52)

One of these terms is proportional to a fluctuating field z, which accounts for the ran-
domness of the interactions. Considering the stationary condition, performing the analytic
continuation for n — 0 and taking into account that after the integration over the fluctuating

2H, would actually need to be integrated over the imaginary axis; deforming the integration contour and using
the method of steepest descent would then yield the stated result.
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field z all species are equivalent, the self-consistent equations (47) become:

[ foo AN e PHSE @000 o
h= Dg 0 - _ _ (
fo dN e PHe(d0.da:h.2)

fooo dNe_ﬁHgé(qqu:h’z)Nz
= | Dz _TND
o foo dNe_ﬁHffo(qO’qd,h:Z) {N2) (53)

e
~

e

r‘ f dNe /jH f(qO’qd’h Z)N
Qo= | Dz =(N)?
fo dNe_ﬁHeff(qO)qd:h:z)

e

where we used the calligraphic notation for the Gaussian integral in z: f Dz = f _ ‘/Z_e_zz/ 2,
The brackets indicate the average over the Boltzmann distribution under the effectlve Hamil-
tonian, while the overbar denotes the average over the disorder, represented by the Gaussian
unit-variance variable z. The two averages coincide with a single species abundance’s thermal
and disorder average, respectively. Given the resulting values of the above set of equations,
one can eventually compute the disordered free energy as:

_ F _ . an” . A(h’q0>qd)
f= S r111—>0 nps }zl—{r(l) pBn ' G4

Solving these equations analytically at finite § is impractical. It is thus necessary to employ
a numerical scheme that, given an initial guess, allows us to solve them iteratively.

Algorithmic protocol

* Initialize the mean abundance h, and the two overlaps qy4, g, at the initial time;

* Solve Egs. (53) iteratively upon progressively increasing § = 1/T. The introduc-
tion of a damping parameter — for instance a = 0.1 — can be beneficial to facilitate
the convergence.

Therefore, by looking at the first equation, one should consider:
f AN PHRs(as gt LhtLa)

—a)ht! .
<—aszf P T P T +(1—a)h

* The algorithm is expected to converge if the error between the (t — 1)-value and
t-value < €, a given arbitrary precision e, for each of the three order parameters.

3.5 Numerical interpretation of the order parameters

To validate the replica symmetric ansatz, one can simulate the dynamical system defined in
Eq. (30). To generate a single ecosystem realization:

* First, one needs to sample the S x S interaction matrix with rescaled parameters (i, 52);

* One sets up the initial conditions N;(t = 0), by assuming for instance a uniform distri-
bution in [0, 1];

* Then, demographic fluctuations are sampled from a white-noise distribution with am-
plitude T.
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The dynamical equations can then be integrated deterministically up to a given t,,, which
denotes the maximal extent of the simulation. Also, to analyze variability, it is beneficial to
perform the simulation for Ng,mpes independent realizations, each obtained by varying the
sources of randomness. This process produces a dataset {Nip(t)}t=0,---,tmax;i=1,..4,S;p=1,u-,Nsample'
Eventually averaging over all these different contributions, one can have access to the dynam-
ical correlator:

S N, sample

EIN(ON()] = =—— > ST NP(ON(t), (55)

S Nsample i=1 p=1

which, for sufficiently large samples (N ~ 50 —60), shows a convergence in law. Moreover, at
sufficiently large times, the correlator appears to satisfy the time translational invariance (TTI)
property being a function only of the time difference: E[N(¢t)N(t")] = C(t—t"), Vt = t' > tyair-
The waiting time depends on the parameters’ choice, notably (o, T); however, in the single
equilibrium phase, we are guaranteed that the dynamics converge to the TTI state and t,,;
turns out to be typically 102

The (left) Figure shows the numerical compari-

o
0

m — /M | son for two characteristic one-time observables:
% 0.4 ev?y | the self-overlap g4 and the mean abundance h in
> 9a the single-equilibrium (RS) regime. The dashed
(] . . o L.
003 line corresponds to the theoretical prediction; the
802 full line results from the integration of Dynami-
.g ' cal Mean-Field Theory equations. For more details
oy, see [27,33].
o

1071 10° 10! 102 103

time

We eventually find:
h=EIN()], qa=C(0)=[N()’], go= lim C(7)~E[N(N(tmad)],  (56)

where the L.H.S. is computed through the replica method and the R.H.S. provides the numer-
ical comparison.

3.6 Stability analysis: Single equilibrium versus multiple equilibria

In the symmetric interaction case, for A;; = Aj;, the RS solution becomes unstable at o, = —
In the asymmetric case, the instability bound is slightly modified to take the correlation be-
tween asymmetric coefficients into account [34]. Without correlation, the transition from the
unique equilibrium to multiple attractors turns out to be independent of u and lies on the line
o = +/2. For a generic asymmetry p, on the other hand, o, = v/2/(1 + p). Increasing the
symmetry shifts the two transitions towards lower variance and stronger interactions. In this
light, predation-prey relationships may contribute to stabilizing the community.

To investigate the stability of the different phases, we introduce the Hessian matrix of
the free energy, which allows us to study the harmonic fluctuations in terms of the matrix
0Qqp- Thanks to the symmetry group properties of the replica space, the diagonalization of
the Hessian matrix can be expressed as a function of three different contributions. Following
[31,35], we define three sectors: the longitudinal, A;, the anomalous, A,, and the replicon,
AR-

An instability leading to the breaking of replica symmetry is signaled by the Hessian ma-
trix, projected on the so-called replicon sector, no longer being strictly positive definite. If its
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smallest eigenvalue reaches zero, this signals the onset of an instability, analogous to the de
Almeida-Thouless line, as originally identified in the Sherrington-Kirkpatrick model for spin
glasses [36].

Conversely, a zero longitudinal mode provides insights into spinodal points describing how
a state opens up along an unstable direction. This phenomenon is particularly relevant for un-
derstanding the emergence of tipping points and catastrophic collapses, which typically occur
through first-order phase transitions. To be more detailed, we consider the matrix of the sec-
ond derivatives of the action, as in Eq. (42), differentiated with respect to the overlap matrix:

d%A T T
Mpeqd = T30.,00 ’p?o? [5(ab),(cd) - (ﬁzngz)(NaNb,NcNd>c] . (57)

The subscript (-). denotes the connected part of the correlation function.

It should be noted that the limit n — 0 implies a negative multiplicity for Qs, thus entailing
a change in the convexity of the free energy at the stationary point. Therefore, one should
evaluate the corrections to the saddle point and select only those solutions with a positive-
defined second derivative of the action.

Within the replica formalism, Eq. (57) can eventually be recast as a function of three
different correlators, depending on the choice of the replica indices:

0gcO0pc + 0440 Oge+0pg+0,4+0
acYbc > ad bc)+Mab,ac( ac bd4 ad bc

In the specific case of the replicon sector, the associated eigenvalue reads:

Mabcd = Mab,ab ( ) + Mab,cd . (58)

AR = (ﬁpO‘)zl:l - (ﬁpo-)z(Mab,ab - 2Mab,ac + Mab,cd):| (59)

where each of these contributions can be rewritten as a function of the species abundance
correlators as follows

Mab,ab - 2Mab,ac + Mab,cd = [((Na)z(Nb)2> - 2<(Na)2NbNC> + <NaNbNCNd>:| . (60)

As usual, the average (:) is performed over the effective Hamiltonian, while the disordered
one is denoted by -. In the presence of a single equilibrium — namely in the replica-symmetric
approximation — this leads to the following replicon eigenvalue:

I = (Bpo)? [ 1= (Bpo)((N2) - (N)2)7] . (61

The averaged difference in the parenthesis accounts for fluctuations between the first and
second moment of the species abundances within one state, namely between the diagonal
value g4 and the off-diagonal contribution g of the overlap matrix. Such a difference can also
be interpreted as the response function of the single species to an infinitesimal perturbation.
The identification of a vanishing replicon eigenvalue is intricately linked to the emergence
of marginal states and diverging susceptibilities.This aspect is also pertinent in the context of
out-of-equilibrium aging dynamics. This stability analysis procedure can be repeated as many
times as needed, ranging from the 1RSB ansatz to the full-RSB solution. In the 1RSB scenario,
a key difference lies in the distinction between the intra-state average, computed within a
single replica state, and the inter-state average, computed over a block of replicas of size m.
In a similar manner, the replicon eigenvalue reads:

AL = (Bpo)? [1 —(Bpo)*(((N?)1,— (N>§r)2>m-r] , (62)

The point at which the 1RSB replicon mode vanishes marks a critical phase transition to a
more structured phase.
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\/

Figure 3: Pictorial representation of a replica-symmetric landscape for the General-
ized Lotka-Volterra model, depicted by a single fixed point (left); fractal landscape
structure in the low-demographic noise phase, formally captured by a full-RSB solu-
tion (right).

4 Derivation of the phase diagram at finite noise

Different regimes associated with increasing complexity can be pointed out by varying the
demographic noise amplitude, T, and the heterogeneity of the interactions, o2 as pertinent
control parameters of the model. Below the blue line in Fig. (4), which reflects the vanishing
behavior of RS replicon eigenvalue, the landscape structure is no longer identified by a single
equilibrium. It would be depicted, instead, by a more complex, two-level structure, which
turns out to be associated with an additional order parameter as well.

Remarkably, upon further decreasing the demographic noise and increasing the variance
of the interaction matrix o2, the system undergoes a Gardner transition to a marginally stable,
amorphous phase, terminology borrowed from glassy physics. In this regime, each state —
also referred to as a basin — fragments into a fractal hierarchy of sub-basins (metabasins), as
illustrated in Fig. (3), right panel. As a result, the internal structure of the emerging sub-
basins is formally described by the full replica symmetry breaking (full-RSB) solution of the
partition function (below the orange line, Fig. (4)). This regime is characterized by an infinite
hierarchy of broken symmetries in the order parameter [30]. In other words, the original
piecewise function parametrizing the overlap matrix will converge to a continuous function
q(x), with x €[0,1].

Analytical calculations in high-dimensional hard-sphere systems and continuous constraint
satisfaction problems have allowed for the prediction of this type of transition, supporting the
emergence of a fractal hierarchy [37]. Hence, the infinite-dimensional theory corroborates the
hypothesis that an equilibrium glass state undergoes a structural change, transitioning from a
normal glass to a marginal one in the low-temperature regime. Remarkably, for the first time
in an ecological context, an analogy between low-temperature glassy systems and complex en-
ergy landscapes in the Generalized Lotka-Volterra model has been highlighted in [27], building
on prior studies in this direction [20,26,34]. However, what a replica symmetry-breaking sce-
nario precisely yields for biological and ecological communities — whether linked to a finite or
a hierarchical sequence of slower and slower timescales in the dynamics — represents still an
open and intriguing question.

4.1 Zero-temperature limit of the RS solution

At T — 0, the two order parameters tend to become degenerate, i.e. gy, — q4. It is therefore
useful to define an auxiliary quantity Aq = Bp(qq — qo) that remains finite. In this limit,
the integrals are exactly solvable given the vanishing trend of the logarithmic term in the
Hamiltonian (35) and their consequent Gaussian nature.
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Figure 4: Phase diagram of the GIV model in the presence of finite demographic
fluctuations and random symmetric interactions, i.e. a;; = a;;. At sufficiently high
demographic noise, the landscape is described by a single fixed point (above the
blue line). At low-noise and high-heterogeneity values, the dynamics get trapped in
different multiple-equilibria phases, which are captured either by a 1-RSB scenario
or a full-RSB one. Figure adapted from [27].

The self-consistent equations for the order parameters turn out to be then:

h=N*(z),
go =N*(2)?,
_ 6 (®)
Hp (N*(2))

(63)

where the 6(-) function in the last expression accounts only for the positive-definite species
abundances. The saddle-point approximation eventually yields for the typical value:

K—,uh+zo1/%}

64
1—Aqo? (64)

N*(z) = max [O,

Equations (63) are explicitly written in the symmetric case, for p = 1, where the replica
method safely applies. They immediately recall those obtained by the cavity method, also
implying:

(65)

K —u(N) +20¢qo]
1—po2y ’
where p stands for the generic correlation between the interaction matrix couplings.

N*(z) = max |:O,

4.2 Conclusions and Perspectives

We shall now discuss a few exciting research directions that could pave the way not only
for a better theoretical understanding of large ecosystems — interpreted through the lens of
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disordered systems — but also for a more immediate detection of empirical macroecological
patterns and quantitative contributions to biomedical research.

4.2.1 Dynamical Mean-Field Theory approach: asymmetric interactions and spatial de-
pendence

Non-reciprocal interactions break detailed balance. When the dynamics are no longer gov-
erned by conservative forces, defining a free energy and minimizing its Hessian on a proper
subsector becomes unfeasible. However, asymmetric interactions can give rise to fascinating
phenomena, including an exponential number of attractors, limit cycles, and chaotic behavior.

We now revisit the dynamical equations for the Generalized Lotka-Volterra model with
arbitrary correlation p between the interaction coefficients A;;:

dN;

dt J.G#i)

In the large system size limit, for S — o0, this many-body problem can be conveniently rewrit-
ten in terms of a single-variable self-consistent stochastic process, also referred to as Dynamical
Mean-Field Theory (DMFT):

t

dN(t)
dt

= N(t) [1 —N(t)—uh(t)—ol(t) +pO'2J dt’R(t,t')N(t) +Hext(f)] (67)

0

where h(t) = E[N(t)] represents the mean abundance evolving in time, C(t,t") = E[N(t)N(t')]

5N(t)
OHex:(t')

puted w.r.t an external field H,,,. The notation E[-] denotes the average on all different sources
of randomness: random couplings, initial conditions, and demographic noise. The derivation
is similar to that to obtain the Langevin equation from Newtonian dynamics. However, an
additional layer of complexity arises here because the statistical properties of the effective
thermal bath — accounting for the interactions with the rest of the system — must be deter-
mined self-consistently.

This DMFT formalism has been widely applied to a variety of interdisciplinary contexts,
starting from strongly correlated electrons, to the analysis of rheological properties of amor-
phous systems under shear deformations, up to active matter. Moreover, this approach allows
us to go beyond a purely well-mixed approximation and model a multi-species metacommunity
in the presence of external noise and random interactions [38]. In the simultaneous limits of
an infinite number of species and spatial patches, the phase diagram can be determined an-
alytically. For sufficiently large demographic fluctuations, the transition between an active
phase — where most species persist — and an inactive phase is continuous, falling within the
universality class of Directed Percolation. However, at lower values of demographic noise, the
scenario changes dramatically. In this regime, the transition becomes discontinuous, unveiling
novel features as well as the pivotal role of random interactions.

The effect of migration between distinct patches in the strong heterogeneity regime was
also investigated in the presence of non-symmetric interactions and zero noise [39,40]. In the
latter, chaotic behaviors associated with long-lived persistent fluctuations can take place.

the correlation function, and R(t,t’) = IE[ ] the response function, thus com-
Hey=0

4.2.2 Heavy-tailed distributions

The RS solution discussed thus far predicts a truncated Gaussian distribution for the typical
species abundances, which is known to be not the kind of distribution observed in Nature [41].
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Nearly all the continuous statistical distributions (normal, exponential, gamma) have light
tails. However, when talking about ecological collapses and external perturbations, such as the
distribution of the largest fires within a limited region [42], the rate of population spread [43]
or even hurricanes [44], heavy-tailed distributions seem to be the right answer.

Moreover, one might wonder whether the phase transitions obtained in high-dimensional
phase diagrams (multiple equilibria, Gardner, etc.) remain true beyond the mean-field approx-
imation, although there is by now remarkable experimental evidence of multiple alternative
stable states. In light of this, scaling and crossover theory might account for the long-range
fluctuations that the mean-field approximation ignores.

Within the framework of disordered systems, accurately representing more realistic distri-
butions requires incorporating two additional key ingredients: asymmetric interactions and
multiple fixed-point scenarios. Indeed, asymmetric interactions between species can result in
chaotic dynamics, in which a sharp timescale separation between many rare species — respon-
sible for power-law trends — and a few abundant ones, associated with sudden turnovers can
be detected [45-47]. It is quite acknowledged that such heavy tails arise as an emergent prop-
erties of large ecological communities, the result of the interplay between interactions and
stochasticity [48]. How a large number of species can coexist in those complex communities
and what is the mechanism according to which they are mostly dominated by rare species is
still not completely understood. Over the years several efforts have been done to recover such
distributions from simple statistical or mechanistic models:

* Heavy-tailed distributions can be obtained within an individual-based model (IBM) with
a maximum number of individuals [49], thus counterbalancing immigration of new
species with the interactions between species. In other words, the IBM are stochastic
cellular automatons in which immigration, growth rates, and extinction events can hap-
pen at every time step with the rates. All individuals of a species are assumed to be
equivalent (same growth rates, same self-interaction strengths, same immigration pa-
rameters). Then, species abundances evolve stochastically. [49, 50] showed separately
that depending on the immigration rate, both power law and lognormal abundance dis-
tributions can be observed. By using experimental data of plankton and microbial com-
munities, it has been found out that a log-normal distribution, rather than a power law,
fits best the distribution of abundances of the most abundant species.

* Alternatively, [48] proposes a stochastic GLV model with a global maximal capacity —
meaning that communities are limited by finite resources and limited space — taking
both the immigration and the degree of connectivity into account as relevant control
parameters. At high connectivity, the abundance distribution allows for the emergence
of non-trivial power-law behaviors.

The abundance distribution of microbial communities is typically a lognormal. In IBMs,
broad distributions are the result of the system being self-organized at the edge of sta-
bility [49]. Immigration increases the number of species, whereas interactions between
species cause individual extinction. Both the IBM and simplistic models with maximal
capacity give rise, in different ways, to heavy-tailed rank abundance distributions. No-
tably, in the presence of logistic equations, a uniform distribution of the self-interaction
leads to a power-law abundance distribution. In contrast, lognormal distributions of the
growth rate and the self-interaction term give rise to lognormal trends.

4.2.3 Data-driven approaches

The growing availability of observational datasets, particularly for microbial communities,
allows increasingly detailed characterizations of local communities. Recent studies indicate
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that samples of the same community type, collected from various spatial or temporal locations,
hosts, etc. frequently exhibit shared statistical properties [29,51,52]. These findings support
the application of ensemble averages as representative markers of distinct community states,
a concept fundamental to statistical physics methodologies [53].

However, comparing model predictions with empirical abundance distributions as a crite-
rion for model selection may lead to several challenges. Three notable approaches are usually
employed in this regard. First, longitudinal datasets reveal temporal changes in community
composition, enabling more precise comparisons with theoretical models. Although determin-
istic and stochastic models may predict similar species abundance distributions, they differ in
the timescales of fluctuations and resulting abundance trajectories. A key challenge requires
distinguishing measurement errors, noise, and chaotic dynamics. New non-parametric time-
series analysis methods are addressing these limitations [54]. Moreover, time-series proper-
ties like critical slowdown can signal approaching tipping points, potentially leading to catas-
trophic shifts in ecosystem states [55]. Detecting such transitions is crucial for ecological
forecasting and decision-making, where statistical physics methods can play a fundamental
role.

Second, incorporating ecological functions — such as productivity, metabolic activity, or
trophic structures — into community descriptions can enhance the theoretical accuracy. The
definition of functional groups, accounting for the biological knowledge of how species with a
similar role contributes to ecosystem functions, often reduces variability [56,57]. This multi-
layer approach enables better model selection and motivates new theoretical directions.

Third, some microbial communities exhibit ergodicity breaking, thus resulting in multiple
attractor states [58-60]. In light of this, since multistability reflects distinct community prop-
erties [61,62], there is hope that the inferred information from data could improve predictions
on species compositions and emerging patterns, also for classifying specific ecosystem services
and distinct diseases in microbial dynamics [25,63].
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