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We provide a generalization of the Symmetry Topological Field Theory (SymTFT) framework to
characterize phase transitions and gapless phases with categorical symmetries. The central tool is
the club sandwich, which extends the SymTFT setup to include an interface between two topologi-
cal orders: there is a symmetry boundary, which is gapped, and a physical boundary that may be
gapless, but in addition, there is also a gapped interface in the middle. The club sandwich gener-
alizes so-called Kennedy-Tasaki (KT) transformations. Building on the results in [1, 2] on gapped
phases with categorical symmetries, we construct gapless theories describing phase transitions with
non-invertible symmetries by applying suitable KT transformations on known phase transitions
provided by the critical Ising model and the 3-state Potts model. We also describe in detail the
order parameters in these gapless theories characterizing the phase transitions, which are generally
mixtures of conventional and string-type order parameters mixed together by the action of categor-
ical symmetries. Additionally, removing the physical boundary from the club sandwiches results in
club quiches, which characterize all possible gapped boundary phases with (possibly non-invertible)
symmetries that can arise on the boundary of a bulk gapped phase. We also provide a mathemat-
ical characterization of gapped boundary phases with symmetries as pivotal tensor functors whose
targets are pivotal multi-fusion categories.
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I. INTRODUCTION AND SUMMARY

One of the important questions in validating the recent
flurry of activities on non-invertible or categorical sym-
metries – for some of the papers both in high energy and
condensed matter physics, see [1–95], and reviews [96–
101] – is to find concrete physical implications tied to
the presence of these symmetries. Such “smoking gun”
applications will not only substantiate the importance
of these symmetries, but take their relevance from mere
curiosities to genuinely fundamental concepts underly-
ing the inner workings of quantum field theories (QFTs).
The goal of this paper is to find such applications in the
realm of phase transitions in the presence of categorical
symmetries, and provide a characterization of the pos-
sible gapless phases at these critical points. This has
applications in both high-energy physics and condensed
matter alike, and should provide a unified framework to
characterize phases in the presence of categorical sym-
metries in any dimension.

Characterizing phase transitions for standard group-
like symmetries is of course well-understood and relies
on a simple organizing principle: that of spontaneous
symmetry breaking, going back to Landau’s work. Many
short-comings of this principle are known by now, but
most pertinently it fails when the symmetry of the system
is non-invertible or more generally categorical.

In this paper we build on the earlier works [1, 2], where
we proposed a framework to characterize gapped phases
with non-invertible symmetries, and study phase transi-
tions between such gapped phases and provide a char-
acterization of the gapless phases at the critical points.
The classification of gapped phases is most succinctly
formulated using the so-called Symmetry Topological
Field Theory (SymTFT) or Symmetry Topological Or-
der [102–105], often referred to as the “sandwich”: a
d + 1 dimensional TQFT sandwiched between two d-
dimensional boundaries. We will provide a brief sum-
mary of the construction shortly. The SymTFT allows es-
sentially the separation of symmetries and QFTs/phases,
and most importantly contains the information about
the generalized charges under non-invertible symme-
tries [65]. Gapped phases are characterized by insert-
ing gapped boundary conditions both for the symmetry
boundary and the physical boundary – the latter en-
sures that the resulting d-dimensional theory is topolog-
ical, the former realizes the categorical symmetry. The
generalized charges, encoded as topological operators of
the SymTFT, become order parameters for the gapped
phases [1, 2], see also [3, 4, 6, 9, 42] and in 2d [106–116].

To characterize phase transitions between gapped
phases with categorical symmetries, we will need to ex-
tend this picture to include another layer to the sand-
wich, i.e. we will promote it to a club-sandwich [117]:
two topological orders in d+ 1 dimensions, separated by
a d-dimensional interface, and book-ended on either side
with d-dimensional boundary conditions.
The topological orders can for instance be SymTFTs

Zd+1(S) and Zd+1(S ′) for two symmetries S and S ′, in
which case we call Zd+1(S ′) a reduced topological order

Zd+1(S) Zd+1(S ′)

Bsym
S Id Bphys

d

=

Td
S

(I.1)

Here Bsym
S is the symmetry boundary of the SymTFT

for S and Id the interface. The physical boundary

Bphys
d is a not-necessarily gapped boundary condition

of the SymTFT for S ′, and thus in the standard sand-
wich construction would describe an S ′-symmetric the-
ory after interval compactification. The key point here
is that the collapse of the club sandwich yields a the-
ory that is S-symmetric. This map from S ′-symmetric
theories to S-symmetric theories may be thought of as
non-invertible duality transformations [50, 118] general-
izing the so-called Kennedy-Tasaki (KT) transformation
[119, 120].
However, the topological orders do not necessarily have

to be thought of as SymTFTs and this framework can be
viewed more generally as a way to study S-symmetric
boundary conditions of a topological order Z′ (now not
viewed as the SymTFT for another symmetry S ′).
We will be interested in phase transitions between

two S-symmetric gapped phases, which are character-
ized in terms of two gapped boundary conditions of Z(S).
This in turn corresponds mathematically to so-called La-
grangian algebras in the center Z(S). The interfaces Id
of interest are characterized by non-maximal (and thus
non-Lagrangian) condensable algebras in Z(S). In the
process we can also charaterize all the order parameters,
which are manifestly encoded in the SymTFT and the
club sandwich generalization.
Recent works that use SymTFT techniques to ex-

tend the study of gapless phases and phase-transitions
– though applied to group-like symmetries – are [89–
91, 121]. The setup in [121] is precisely the case of
the club-sandwich, when the topological orders are both
SymTFTs and the interface is the intersection of two La-
grangian algebras, applied in the context of group sym-
metries VecG in (1+1)d. More precisely: a phase tran-
sition between two gapped phases, which are defined by
the Lagrangian algebras L1 and L2 respectively, is char-
acterized by A1,2 = L1 ∩ L2, which simply means the
set of topological lines that are both in L1 and L2, pro-
vided this maximal common subalgebra is condensable.
Higher order phase transitions can occur when three or
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more such gapped phases meet. As A1,2 is not maximal,
it will lead to a reduced topological order, as described in
the club quiche. As we will see not all condensable (non-

Lagrangian) algebras are however of this type and the
framework presented here should account for the most
general, not necessarily group-like setup.

S S ′ Club Quiche Club Sandwich Phase Transition S-symmetric CFT TS
C

Z4 Z2 IVB1 VB VIC Ising0 ⊕ Ising1 Z2Z2

Z4

Z4

Z4 Z2 IVB2 VC VID Ising Z4

Z4 Z2
ω IVB3 VD - SU(2)1 Z4

S3 Z3 IVC1 VE VIE 3-Potts0 ⊕ 3-Potts1 Z−1
3Z3

Z2

S3 Z2 IVC2 VF VIF

Ising0 ⊕ Ising1 ⊕ Ising2

Z3

Z2 Z2

S3 Z2 IVC3 VG VIG Ising S3

Rep(S3) Z2 IVD1 VH VIH Ising Rep(S3)

Rep(S3) Z3 IVD2 V I VI I 3-Potts Rep(S3)

Rep(S3) Z2 IVD3 VJ VI J Isinge ⊕ (Isingm)√2
1−E

E

Ising Z2 IVE VK VIK Isinge ⊕ Isingm PP

S

TY(Z4) Z2 IVF 1 VL VIL

Isinge0 ⊕ (Isingm1 )√2 ⊕ (Isingm2 )√2

S

A A
Z2 IVF 2 - - -
Z2

ω IVF 3 - - -

TABLE I. List (and links to subsections) of symmetries S and S ′, associated club quiches, club sandwiches (i.e. KT transfor-
mations from S ′ to S) and phase transitions. The last column indicates the schematic form of the phase transition, and the
action of the S symmetry on it. For Rep(S3) the symmetry generators 1− and E are the sign and 2d irreducible representations.
For the Ising category P is the Z2 line and S the Kramers-Wannier duality defect. Finally for TY(Z4), A generates Z4 and S
is the non-invertible duality defect with S2 = ⊕Ai. Zω

2 denotes an anomalous Z2 symmetry.

A. Summary of Setup

Standard SymTFT Construction. We begin with a
theory T in d spacetime dimensions, with a fusion (d−1)-

category symmetry S. The first concept that we can as-
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sociate to this is the SymTFT Z(S), which gauges the
symmetry S in d + 1 dimensions. The topological de-
fects of this SymTFT form the so-called Drinfeld center
Z(S) of S. The symmetry itself is realized as topologi-
cal defects localized along a gapped boundary condition
Bsym

S of the SymTFT. The S symmetric theory T is then
recovered as the interval compactification of Z(S) upon

selecting another boundary condition Bphys
Td

on the right.
This is the so-called “sandwich” construction, which we
schematically depict as

S(Bsym
S ,Z(S),Bphys

Td
) :=

Zd+1(S)

Bsym
S Bphys

Td

=

Td
S

(I.2)
It is useful to also consider the “quiche”[122] associ-
ated to the symmetry S, namely the combination of the
SymTFT Z(S) and the gapped boundary condition Bsym

S
(but without the physical boundary condition), which we
display as

Qd = (Bsym
S ,Z(S)) = Zd+1(S)

Bsym
S

(I.3)

If Bphys
T is also a gapped boundary condition of Z(S),

then the interval compactification leads to a gapped S-
symmetric phase [1, 2]. Such S-symmetric gapped phases
will be denoted by

TS
d = S(Bsym

S ,Z(S),Btop) , (I.4)

where Btop is another topological boundary condition of
Z(S). Gapped boundary conditions of Z(S) are classified
by Lagrangian algebras in Z(S). In (1+1)d these can be
systematically classified given a SymTFT (see appendix
B).

Note also that two symmetries S and S̃ related by
(possibly generalized) gaugings have the same SymTFT,
but correspond to different symmetry boundaries of that
SymTFT.

Club Sandwich and Quiche. In this paper we extend
this set-up to allow for gapless phases with S symmetry.
The first step is to generalize the construction of S-

symmetric gapped phases to one for S-symmetric gapped
boundaries. This requires the introduction of what we
call a “club-quiche” (i.e. an open club sandwich). Con-
cretly, this is realized by coupling a (d + 1)-dimensional
TQFT Z′

d+1 via a topological interface Id to the SymTFT
Z(S) with topological boundary condition Bsym

S . This

club quiche will be depicted by

QC(Bsym
S ,Z(S), I,Z′) :=

Zd+1(S) Z′
d+1

Bsym
S Id

= Z′
d+1

B′
d

S

(I.5)
and realizes an S-symmetric boundary B′

d of Z′
d+1 upon

collapsing the interval between Bsym
S and Id.

In practice, in the cases of interest, the interface Id is
specified by a condensable algebra A (generically non-
Lagrangian) in Zd+1(S), and therefore we can express
Z′
d+1 as a reduced topological order for a symmetry S ′

Z′
d+1 = Zd+1(S)/A = Zd+1(S ′) . (I.6)

The symmetry S ′ is generically smaller than (or equal
to, in the case of trivial A) S. See appendix B for neces-
sary conditions to determine condensable algebras. We
note that our approach examines only necessary, but not
sufficient, conditions for an algebra to be condensable.
Specifically, our treatment is at the level of objects, fol-
lowing, for instance [121], without explicitly verifying the
possible multiplication structures of the algebras. This
presents a limitation, as a given algebra may admit multi-
ple multiplication structures, potentially leading to more
club-quiches than the ones we consider. Nevertheless, we
believe that the algebras we study are fully consistent,
as they yield a well-defined reduced topological order.
Furthermore, in a forthcoming work [123] a subset of the
authors compute the algebra multiplication for all group-
theoretical cases and confirm that no additional algebras
arise.
We can complete the club quiche to a club sandwich

by slotting in a physical boundary condition onto the
right hand side of Z′. This results in a theory Td with
symmetry S

Zd+1(S) Z′
d+1

Bsym
S Id Bphys

d

=

Td
S

(I.7)

One may ask now how this is different from the construc-
tion of the standard SymTFT (I.2).
Phase Transitions. One central application is that of
phase transitions and construction of gapless phases with
S symmetry. Say we start with a phase transition for a
symmetry S ′, e.g. Z2 which in 2d is modeled by the
Ising CFT. We can then consruct using the KT transfor-
mations (realized as club quiches) from S ′ to the larger
symmetry S a phase transition that is S-symmetric, i.e.
a gapless phase that is S-symmetric.
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B. Overview of Results

In sections II and III we summarize the construction
of the SymTFT quiches and sandwiches, respectively.
We then extend this to the club-quiches in section IV,
where we provide the general d-dimensional construction,
and give explicit examples for d = 2 (i.e. 3d topologi-
cal orders separated by the topological interface I2), for
abelian and non-abelian groups, non-invertible symme-
tries such as Rep(S3), Ising and more general Tambara-
Yamagami TY(Z4) fusion categories. The club-quiches
are completed to club-sandwiches in section IV – these
are labeled by two symmetry categories S and S ′, and
the club sandwich provies a KT transformation between
these symmetries. Finally in section VI we explain how
this can be applied to construct phase transitions with
categorical symmetries S. We then provide examples us-
ing input phase transitions for Z2 (Ising) and Z3 (3-state
Potts model) to construct new phase transitions. In ap-
pendix A we provide a mathematical perspective on the
club sandwich construction.

We summarized all the examples and the relevant sec-
tions where they are discussed in table I.

II. SYMTFT QUICHE

As defined in [105], a quiche Q is a pair

Qd = (Bd,Zd+1) (II.1)

of a (d+ 1)-dimensional [124] (oriented, unitary) TQFT
Zd+1 and a d-dimensional topological boundary condi-
tion Bd of Zd+1. We will sometimes call such a quiche as
a d-dimensional quiche for convenience, though it should
be kept in mind that a d-dimensional quiche has a d-
dimensional component, and a (d+ 1)-dimensional com-
ponent. We display a quiche as

Zd+1

Bd

(II.2)

Our focus will mainly be on d = 2 in this work. An
irreducible d-dimensional quiche is a quiche that cannot
be expressed as a sum of other d-dimensional quiches.
Practically, this means that the space of topological lo-
cal operators of Zd+1 is one-dimensional (comprising of
scalar multiples of the identity operator in the bulk), and
the space of topological local operators of Bd is also one-
dimensional (comprising of scalar multiples of the iden-
tity operator on the boundary).

A. Gapped Boundary Phases

Physically, quiches are important objects to study for
understanding gapped boundary phases, which we now

define.
First we review the definition of gapped (bulk) phases.

A d-dimensional gapped phase is defined as an equiva-
lence class of d-dimensional gapped systems, in which two
gapped systems are regarded to be equivalent if one of
the systems can be deformed into the other without clos-
ing the gap (even at infinite volume). One can identify
a bosonic gapped d-dimensional phase [Zd] as a deforma-
tion class of d-dimensional TQFTs [125]. An irreducible
gapped phase is defined to be a gapped phase that can-
not be expressed as a sum of other gapped phases. In
other words, an irreducible gapped phase has a single
vacuum (at infinite volume) [126]. Practically, the space
of topological local operators of a TQFT Zd lying in an
irreducible gapped phase [Zd] is one-dimensional (com-
prising of scalar multiples of the identity operator), or in
other words such a TQFT Zd is an irreducible TQFT.
Consider now gapped systems that are comprised of a

(d+ 1)-dimensional bulk and a d-dimensional boundary.
A priori, a gapped bulk may have a gapless boundary, but
we require here the boundary to be gapped as well. We
define a d-dimensional gapped boundary phase [Qd] to be
an equivalence class of gapped bulk+boundary systems,
in which two systems are regarded to be equivalent if and
only if one of them can be deformed into the other with-
out closing the gap in the bulk or on the boundary (even
when both bulk and boundary have infinite volume). A
couple of comments are in order:

• Note that a d-dimensional gapped boundary phase
[Qd] comes associated to a (d + 1)-dimensional
gapped bulk phase [Zd+1], which is the gapped
phase the bulk system is in, away from the bound-
ary. We will denote this by

[Qd] 7→ [Zd+1] . (II.3)

However, there may be multiple different d-
dimensional gapped boundary phases [Qd]i, for
which the (d+1)-dimensional gapped bulk phase is
the same as [Zd+1]

[Qd]i 7→ [Zd+1], ∀ i . (II.4)

Thus, the presence of a boundary may add addi-
tional components to the phase diagram.

• Gapped d-dimensional boundary phases [Qd] whose
associated gapped (d + 1)-dimensional bulk phase
[Zd+1] is trivial are the same as gapped d-
dimensional phases discussed at the beginning of
this subsection.

One can identify a gapped d-dimensional boundary phase
[Qd] as a deformation class of d-dimensional quiches

[Qd] = [(Bd,Zd+1)] . (II.5)

An irreducible gapped d-dimensional boundary phase is
one that cannot expressed as a sum of other gapped
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d-dimensional boundary phases. Practically, any d-
dimensional quiche Qd lying in an irreducible gapped d-
dimensional boundary phase [Qd] is an irreducible quiche,
as defined above.

Let us restrict to d = 2 from this point on. In this
case, an irreducible gapped boundary phase comprises of
a pair

[Q] = ([B],Z) (II.6)

where Z is an irreducible 3d TQFT and [B] is a deforma-
tion class of irreducible topological boundary conditions
of Z. Such a 3d TQFT Z is described by the data of
its topological line operators (also referred to as anyons),
which form a (unitary) modular tensor category (MTC)
Z. This cannot be an arbitrary MTC as it must admit
a topological boundary condition, which becomes the re-
quirement that it must be possible to express the MTC Z
as the Drinfeld center Z(C) of a (unitary) fusion category
C.

We can characterize a deformation class of irreducible
topological boundary conditions of Z by a Lagrangian al-
gebra in the MTC Z. We refer to the deformation class
corresponding to a Lagrangian algebra L as [B](L). The
deformation class comprises of a (real) one-parameter
family of irreducible topological boundary conditions

Bλ(L), λ ∈ R . (II.7)

These boundaries are related as

Bλ(L) = Tλ ⊠B0(L) (II.8)

i.e. the boundary Bλ(L) can be obtained from the
boundary B0(L) by stacking it with an invertible 2d
TQFT Tλ, known as the Euler term [127]. More gen-
erally, we have

Bλ2
(L) = Tλ2−λ1

⊠Bλ1
(L) . (II.9)

The Lagrangian algebra L can be expressed as

L =
⊕
a

naQa (II.10)

where the sum is over the simple bulk anyons Qa in Z.
Physically, the presence of a term naQa in L means that
there is an na-dimensional vector space of topological lo-
cal operators along any corresponding topological bound-
ary Bλ(L) at which the line Qa can end

Z

Bλ(L)

Qa

na dimensional (II.11)

As an example, let the gapped bulk phase Z be the
Toric Code, which is described by the well-known mod-
ular tensor category

Z = {1, e,m, f} (II.12)

where e and m are electric and magnetic bosonic lines,
and f is a dyonic fermionic line. There are two (1+1)d
gapped boundary phases with associated (2+1)d gapped
bulk phase being the toric code. One of them corresponds
to the Lagrangian algebra

Le = 1⊕ e (II.13)

in which the electric line (anyon) can end along the
boundary, and the other is described by Lagrangian al-
gebra

Lm = 1⊕m (II.14)

in which the magnetic line (anyon) can end along the
boundary.

B. Symmetry TFT

Let S be a symmetry that can arise in d-dimensional
systems. The class of symmetries that we are inter-
ested in are described by (spherical) fusion (d − 1)-
categories. This includes as special cases finite symme-
try groups with/without ’t Hooft anomalies and finite
higher-form and higher-group symmetries with/without
’t Hooft anomalies. However, there are also more gen-
eral fusion (d − 1)-categories that are not of this type.
Such categorical symmetries are also referred to as non-
invertible symmetries, as they typically include symme-
try elements that do not admit an inverse.
Given such a symmetry S, we can associate to it a

(d+ 1)-dimensional TQFT Zd+1(S), known as the Sym-
metry TFT (or SymTFT). The symmetry TFT has the
property that it admits at least one (but usually mul-
tiple) irreducible topological boundary condition Bsym

S
such that the topological defects living on Bsym

S form the
(d− 1)-category S. Thus, the setup of SymTFT involves
quiches of the form

Qd = (Bsym
S ,Zd+1(S)) (II.15)

which we display as

Zd+1(S)

Bsym
S

(II.16)

Such a boundaryBsym
S is known as a symmetry boundary

of the SymTFT Zd+1(S).
Conversely, any irreducible quiche Qd = (Bd,Zd+1)

provides an example of a SymTFT setup, with the sym-
metry being

S(Qd) = CBd
(II.17)

where CBd
is the fusion (d− 1)-category formed by topo-

logical defects living on the boundary Bd.
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For d = 2, the MTC associated to the 3d SymTFT
Z(S) can be identified with the Drinfeld center Z(S) asso-
ciated to the fusion (d−1)-category S. There is a canon-
ical Lagrangian algebra Lsym

S in Z(S) that describes a
symmetry boundary Bsym

S

Lsym
S =

⊕
a

nsym
a Qa, nsym

a ∈ Z≥0 (II.18)

where Qa are simple bulk anyons and na is the dimension
of morphism space HomS(F (Qa), 1) in S between the
object F (Qa) ∈ S obtained by applying the forgetful
functor F : Z(S) → S and the identity object 1 ∈ S.

III. SYMTFT SANDWICH

A sandwich Sd is obtained by supplying a quiche Qd =
(Bd,Zd+1) with a (possibly non-topological) boundary

condition Bphys
d , known as the physical boundary, on the

right

Sd = (Bd,Zd+1,B
phys
d ) . (III.1)

In the context of SymTFT, we express the sandwich as

Sd =
(
Bsym

S ,Zd+1(S),Bphys
Td

)
(III.2)

which can be depicted as

Zd+1(S)

Bsym
S Bphys

Td

=

Td
S

(III.3)

whose interval compactification produces a d-dimensional
QFT Td with symmetry S. Conversely, any d-
dimensional QFT Td with symmetry S can be expressed
as such a sandwich. We have a one-to-one correspon-
dence

{S-symmetric QFTs}

{Physical boundaries of the SymTFT Zd+1(S)}

(III.4)

A. Generalized Charges

As discussed in detail in [65], the topological (q + 1)-
dimensional operators of the SymTFT Zd+1(S) capture
the charges of q-dimensional operators appearing in an
S-symmetric d-dimensional QFT.
Let us briefly review how this comes about. Any (pos-

sibly non-topological) q-dimensional operator Oq in a d-
dimensional S-symmetric QFT Td is charged under the

symmetry only if it somehow interacts with the symmetry
boundary. This is possible only if the sandwich construc-
tion of Oq involves a bulk topological (q+1)-dimensional

operator Qq+1 ending on the physical boundary Bphys
Td

along a (possibly non-topological) q-dimensional opera-
tor Mq as shown below

Zd+1(S)

Bsym
S Bphys

Td

=

Td
S

Qq+1

OqMqEq
(III.5)

The end Eq of Qq+1 is a topological q-dimensional oper-
ator along the symmetry boundary Bsym

S , which may be
attached to topological operators living on the boundary
Bsym

S (in which case Oq is also attached to topological
operators in Td generating the symmetry S and hence
lives in twisted sector for the symmetry). The action of
the symmetry S on Oq is captured in how the bulk oper-
ator Qq+1 interacts with the symmetry boundary Bsym

S
(via the end Eq), and hence Qq+1 captures the charge of
Oq under S. Note that if there is no end Mq of a bulk

topological operator Qq+1 on a physical boundary Bphys
Td

,
then there is no q-dimensional operator in the theory Td

carrying the generalized charge Qq+1.

B. Gapped Phases with Non-Invertible Symmetries

Consider a categorical symmetry S. One can define an
S-symmetric d-dimensional gapped phase as an equiv-
alence class of S-symmetric d-dimensional gapped sys-
tems, in which two such systems are regarded to be equiv-
alent if one of the systems can be deformed into the other
without closing the gap (even at infinite volume) and
without losing S-symmetry at any point along the defor-
mation path. Note that an S-symmetric gapped phase[
ZS
d

]
has an underlying (non-symmetric) gapped phase

[Zd] [
ZS
d

]
7→ [Zd] , (III.6)

where [Zd] is the gapped phase occupied by any S-
symmetric system Zd lying in the S-symmetric gapped
phase

[
ZS
d

]
. Multiple S-symmetric gapped phases

[
ZS
d

]
i

may have the same underlying gapped phase [Zd][
ZS
d

]
i
7→ [Zd], ∀ i . (III.7)

One can identify an S-symmetric gapped d-
dimensional phase as a deformation class of S-symmetric
d-dimensional TQFTs. An irreducible S-symmetric
gapped phase is one that cannot be expressed as a sum
of other S-symmetric gapped phases. Equivalently,
the only local operators left invariant by S symmetry
in an irreducible S-symmetric phase are multiples of
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the identity operator. It should be noted that the
non-symmetric gapped phase underlying an irreducible
S-symmetric gapped phase may be reducible.
In terms of the SymTFT sandwich, an irreducible

S-symmetric TQFT ZS
d is obtained by supplying an

irreducible topological boundary condition Bphys

ZS
d

of

Zd+1(S) as the physical boundary. Thus, an irreducible
S-symmetric gapped phase is a deformation class of
SymTFT sandwiches[

SS
d

]
=

(
Bsym

S ,Zd+1(S),
[
Bphys

])
, (III.8)

where
[
Bphys

]
is a deformation class of irreducible topo-

logical boundary conditions Bphys of Z(S) that are used
as physical boundary conditions.

For d = 2, as discussed previously, such a deforma-
tion class is described by a Lagrangian algebra Lphys in
the Drinfeld center Z(S). We thus have the one-to-one
correspondence

{(1+1)d irreducible S-symmetric gapped phases}

{Lagrangian algebras Lphys in Z(S)}

(III.9)
As discussed in the previous subsection, the possible

generalized charges appearing in an S-symmetric the-
ory T correspond to the bulk topological operators that

can end along the physical boundary Bphys
T . For an irre-

ducible (1+1)d S-symmetric gapped phase
[
ZS] (Lphys),

these are captured by the corresponding Lagrangian alge-
bra Lphys: the simple anyons Qa appearing in Lphys are
the generalized charges carried by local operators appear-
ing in

[
ZS] (Lphys). In other words, these are the gen-

eralized charges carried by order parameters for the
S-symmetric gapped phase

[
ZS] (Lphys), i.e. the opera-

tors having non-trivial vacuum expectation value (vev)
in the phase

[
ZS] (Lphys).

Mathematically, the classification of S-symmetric
(1+1)d gapped phases is the classification of deforma-
tion classes of certain pivotal 2-functors. See appendix
A for more details.

IV. CLUB QUICHE

A d-dimensional club quiche QC
d is a tuple

QC
d = (Bd,Zd+1, Id,Z′

d+1) , (IV.1)

where Zd+1 and Z′
d+1 are (d + 1)-dimensional TQFTs,

Bd is a topological boundary condition of Zd+1 and Id is
a topological interface from Zd+1 to Z′

d+1. We will often
use it in the context of SymTFT, where the club quiche
takes the form

QC
d =

(
Bsym

S ,Zd+1(S), Id,Z′
d+1

)
(IV.2)

and we depict it as

Zd+1(S) Z′
d+1

Bsym
S Id

= Z′
d+1

B′
d

S

(IV.3)
where compactifying the interval occupied by the
SymTFT Zd+1(S) leads to an S-symmetric quiche

QS
d = (B′

d,Z
′
d+1) (IV.4)

with the S-symmetry being realized on a topological
boundary B′

d of the TQFT Z′
d+1. Conversely, any topo-

logical boundary B′
d with symmetry S of Z′

d+1 can be
expressed as such a club quiche. We have a one-to-one
correspondence

{S-symmetric Topological Boundaries of Z′
d+1}

{Topological Interfaces from SymTFT Zd+1(S) to Z′
d+1}

(IV.5)
Such topological interfaces are the same as topological
boundary conditions of the folded (d + 1)-dimensional

TQFT Zd+1(S) ⊠ Z
′
d+1, where Z

′
d+1 is the (d + 1)-

dimensional TQFT obtained by reflecting Z′
d+1, and the

boxtimes operation ⊠ denotes the stacking of TQFTs.

A. Gapped Boundary Phases with Non-Invertible
Symmetries

Physically, such a club quiche can be understood
as characterizing gapped boundary phases with S-
symmetry, where the symmetry is localized completely
along the boundary. We do not incorporate any symme-
try in the bulk, but will consider situations where both
bulk and boundaries are symmetric in an upcoming work
[128].
An S-symmetric d-dimensional gapped boundary

phase is defined as an equivalence class of S-symmetric
gapped bulk+boundary systems (where the bulk is (d+
1)-dimensional), in which two such systems are regarded
to be equivalent if one of them can be deformed into the
other without closing the gap in the bulk or on the bound-
ary (even when both bulk and boundary have infinite vol-
ume) and without losing S-symmetry at any point along
the deformation path. One can identify an S-symmetric
gapped d-dimensional boundary phase as a deformation
class of S-symmetric d-dimensional quiches, and so we
denote an S-symmetric gapped d-dimensional boundary
phase as [QS

d ].
Note that [QS

d ] has an underlying (non-symmetric)
gapped boundary phase [Qd]

[QS
d ] 7→ [Qd] , (IV.6)



9

where [Qd] is the gapped boundary phase occupied by
any S-symmetric bulk+boundary system lying in the S-
symmetric gapped boundary phase [QS

d ].

An irreducible S-symmetric gapped boundary phase
is one that cannot be expressed as a sum of other S-
symmetric gapped boundary phases. Equivalently, the
only local operators living on the boundary left invariant
by S symmetry in an irreducible S-symmetric bound-
ary phase are multiples of the identity operator. It
should be noted that the non-symmetric gapped bound-
ary phase underlying an irreducible S-symmetric gapped
phase may be reducible.

For d = 2, one can characterize an S-symmetric
gapped boundary phase as

[QS ] = (Bsym
S ,Z(S), [I],Z′) , (IV.7)

where [I] is a deformation class of topological interfaces
from the 3d SymTFT Z(S) to a 3d TQFT Z′. An ir-
reducible S-symmetric gapped boundary phase is then
characterized by a deformation class of irreducible topo-
logical interfaces from Z(S) to an irreducible 3d TQFT
Z′, which by folding is the same as a deformation class
of irreducible topological boundary conditions of the irre-

ducible 3d TQFT Z(S)⊠Z
′
. As we discussed earlier, such

a deformation class of boundary conditions is character-

ized by a Lagrangian algebra in the MTC Z(S) ⊠ Z ′
,

where Z(S) is the Drinfeld center of S and Z ′
is the

MTC formed by topological lines of Z
′
. We are thus led

to one-to-one correspondence

{S-symmetric gapped boundary phases w/ bulk phase Z′}

{
Lagrangian algebras in Z(S)⊠ Z ′}

(IV.8)

Consider a Lagrangian algebra LI of Z(S)⊠ Z ′
char-

acterizing an irreducible S-symmetric gapped boundary
phase

[
QS

I
]
. It can be expressed as

LI =
⊕
a,a′

na,a′

(
Qa,Q

′
a′

)
, (IV.9)

where Qa are simple anyons in Z(S) and Q′
a′ are sim-

ple anyons in Z′. Let I be an irreducible topological
interface in the deformation class [I]. The presence of a

term na,a′

(
Qa,Q

′
a′

)
in LI means that there is an na,a′ -

dimensional vector space of topological local operators
along I acting as line changing operators from the line
Qa to the line (Q′

a′)∗, which is the dual of Q′
a′ in the

MTC Z ′ or in other words the orientation reversed ver-

sion of it

Z(S) Z′

I

Qa (Q′
a′)∗

na,a′ dimensional
(IV.10)

After contracting Z(S), such an operator descends to
a topological local operator along the resulting S-
symmetric boundary B′ of Z′, which is attached to the
bulk anyon Q′

a′ , and carries a generalized charge Qa un-
der the symmetry S acting on B′. This may be regarded
as an order parameter in the Qa-anyon sector for the
resulting S-symmetric (1+1)d gapped boundary phase[
QS

I
]
. Thus, the Lagrangian algebra LI captures the or-

der parameters for the associated S-symmetric gapped
boundary phase.

Using the Lagrangian algebra LI , one can also deduce
the underlying non-symmetric gapped boundary phase

[QI ] = ([B′],Z′) . (IV.11)

A topological boundary condition B′ in the deformation
class [B′] is in general reducible

B′ =
⊕
i

B′
i , (IV.12)

where B′
i are irreducible topological boundary conditions

of Z′. We can characterize [B′] in terms of a ”Lagrangian
algebra” L[B′]

L[B′] :=
⊕
i

L[B′
i]
, (IV.13)

where L[B′
i]
are Lagrangian algebras associated to defor-

mation classes [B′
i] of irreducible topological boundary

conditions B′
i. This is related to LI via

L[B′] =
⊕
a,a′

nsym
a∗ na,a′Q′

a′ , (IV.14)

where na,a′ are the coefficients appearing in the La-
grangian algebra (IV.9) associated to the interface and
nsym
a∗ is the coefficient forQ∗

a appearing in the Lagrangian
algebra (II.18) associated to the symmetry boundary
Bsym

S .
We will further restrict the studies in this paper to S-

symmetric minimal (1+1)d gapped boundary phases,
which are special types of S-symmetric irreducible
(1+1)d gapped boundary phases. In order to define such
phases, note that the Lagrangian algebra LI specifies a
non-Lagrangian condensable algebra AZ(S)(LI) ∈ Z(S)
and a non-Lagrangian condensable algebra AZ′(LI) ∈
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Z ′, which are obtained respectively by restricting LI to
Q′

a′ = 1 or to Qa = 1, i.e.

AZ(S)(LI) =
⊕
a

na,1Qa

AZ′(LI) =
⊕
a′

n1,a′Q′
a′ .

(IV.15)

These condensable algebras capture the possible ends
along a topological interface I in class [I] of topologi-
cal bulk lines from left and right

Z(S) Z′

I

Qa

na,1 dimensional

Z(S) Z′

I

Q′
a′

n1,a′ dimensional

(IV.16)
Note that, if the algebra AZ′(LI) is non-trivial, then

we have non-identity topological local operators in the
irreducible S-symmetric gapped boundary phase

[
QS

I
]

that are completely uncharged under S. This is because
the S symmetry is captured by topological lines living
on the symmetry boundary Bsym

S while a topological op-
erator of the type appearing on the right hand side of
(IV.16) does not interact with the symmetry boundary.
This means that there is physical information in such a
phase that is disconnected from the symmetry S, e.g.
some of the order parameters for such a phase carry triv-
ial generalized charges under S. We are thus led to de-
fine a minimal irreducible S-symmetric gapped bound-
ary phase

[
QS

I
]
to be a phase specified by a Lagrangian

algebra LI ∈ Z(S) ⊠ Z ′
whose associated condensable

algebra AZ′(LI) ∈ Z ′ is trivial, i.e. AZ′(LI) = 1. Cor-
respondingly we call such a Lagrangian LI as a minimal
Lagrangian.
One can also define minimal club quiches and minimal

S-symmetric gapped phases even in higher spacetime di-
mensions by requiring that no topological line operators
of Z′

d+1 can end on the topological interface I.
The minimal S-symmetric (1+1)d gapped boundary

phases are classified (upto equivalences) by condensable
algebras in Z(S). Pick a condensable algebra A ∈ Z(S),
then the associated gapped bulk phase Z′ is determined
by computing local A-modules in Z(S) [129], which form
a “smaller” modular tensor category Z(S)/A

Z ′ = Z(S)/A . (IV.17)

The deformation class [I] of topological interfaces is then
determined by picking a Lagrangian algebra

LI ∈ Z(S)⊠ Z(S)/A (IV.18)

such that the condensable algebra AZ(S)(LI) ∈ Z(S)
associated to LI is the same as A

AZ(S)(LI) = A . (IV.19)

There may be multiple possibilities for LI satisfying the
above condition, but they are all related by the action of
some 0-form symmetry of Z′, which are auto-equivalences
that do not change the physical properties of the resulting
minimal S-symmetric (1+1)d gapped boundary phase.
There are a couple of special choices for the condens-

able algebra A:

• First of all, we can choose the trivial algebra

A = 1 , (IV.20)

which corresponds to the deformation class con-
taining the identity interface I. The correspond-
ing minimal S-symmetric gapped boundary phase
is simply the phase in which the symmetry bound-
ary Bsym

S lies. The associated gapped bulk phase
is

Z′ = Z(S) . (IV.21)

• We can also choose a Lagrangian algebra

A = L ∈ Z(S) . (IV.22)

In particular, for any S we have at least the choice
A = Lsym

S where Lsym
S is the Lagrangian algebra

for the symmetry boundary Bsym
S . In this case

the minimal S-symmetric (1+1)d gapped boundary
phase is simply an irreducible S-symmetric (1+1)d
gapped phase, i.e. the associated (2+1)d gapped
bulk phase is trivial

Z′ = 1 . (IV.23)

The S-symmetric (1+1)d gapped phase is the one
obtained by performing a sandwich compactifica-
tion of the SymTFT Z(S) with the physical bound-
ary specified by the Lagrangian algebra

Lphys = L . (IV.24)

More details about such phases can be found in [2].

B. Z4 Symmetry

Let us find (1+1)d Z4-symmetric minimal gapped
boundary phases. In this case the symmetry is

S = VecZ4 (IV.25)

with simple objects

{1, P, P 2, P 3} , (IV.26)

and Z(S) is the 3d Z4 Dijkgraaf-Witten gauge theory
without twist (sometimes also called the Z4 toric code).
Let us label the anyons in this theory by

eimj , i, j ∈ {0, 1, 2, 3} . (IV.27)
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The bosons are the electric lines ei, the magnetic lines
mj , and the dyonic line e2m2. We are interested in non-
trivial condensable algebras that are non-Lagrangian.
There are three possibilities

Ae = 1⊕e2, Am = 1⊕m2, Aem = 1⊕e2m2 . (IV.28)

We discuss these three possibilities in turn. The symme-
try boundary is taken to be specified by the Lagrangian
algebra

Lsym
VecZ4

=

3⊕
i=0

ei . (IV.29)

1. Condensable Algebra Ae

In this case, one can compute that the bulk phase Z′

is the toric code

Z ′ = Z(VecZ4
)/Ae = {1, e′,m′, e′m′} = Z(VecZ2

)
(IV.30)

This can be equivalently seen by noting that the La-
grangian algebra

LI =1⊕ e e′ ⊕ e2 ⊕ e3 e′ ⊕m2 m′ ⊕ em2 e′m′

⊕ e2m2 m′ ⊕ e3m2 e′m′ ∈ Z(VecZ4
)⊠ Z ′

,
(IV.31)

is minimal, and its associated condensable algebra in
Z(VecZ4

) matches Ae

AZ(VecZ4 )
(LI) = Ae . (IV.32)

We can also compute the algebra in Z ′ corresponding
to the underlying non-symmetric gapped boundary phase
to be

L[B′] = 2(1⊕ e′) , (IV.33)

which turns out to be the direct sum of two electric La-
grangian algebras, and therefore decomposable. This in
turn means that the topological boundary condition B′

produced by colliding Bsym
S with I is reducible, and can

be expressed as

B′ = Be
0 ⊕Be

1 , (IV.34)

where Be
i is an irreducible topological boundary condi-

tion lying in the deformation class [B](Le) associated to
Lagrangian algebra

Le = 1⊕ e′ ∈ Z ′ . (IV.35)

The simple topological line operators on B′ are

1ij , Pij , i, j ∈ {0, 1} , (IV.36)

where 1ii is the identity line on Be
i ; Pii is the line gener-

ating Z2 symmetry ofBe
i ; 101, 110 are boundary changing

line operators satisfying

1ij ⊗ 1jk = 1ik (IV.37)

and P01, P10 are another set of boundary changing line
operators obtained by fusing with Pii lines

Pii ⊗ 1ij = 1ij ⊗ Pjj = Pij . (IV.38)

We can recognize various boundary operators in terms of
the operators descending from the club quiche:

Z(VecZ4
) Z(VecZ2

)

Lsym
VecZ4 Ae

e e′

e2

e3 e′

Z(VecZ2
)

2Le

e′

e′

E+
O−

E−

=

(IV.39)
The products of these operators are

E2
s = O−, EsO− = E−s, O2

− = 1 (IV.40)

for s ∈ {+,−}, which we can relate as

v0 =
1 +O−

2
, v1 =

1−O−

2

E0 =
E+ + E−

2
, E1 = i

E+ − E−
2

,

(IV.41)

where vi are the identity local operators along the irre-
ducible boundaries Be

i , and Ei are the ends of e′ along
boundaries Be

i . Note that the overlap between the op-
erators on two different boundaries is indeed trivial, as
required by consistency

v0v1 = 0, E0v1 = 0, E1v0 = 0, E0E1 = 0 (IV.42)

and the vi are indeed identity along the boundaries as we
have

vivi = vi, Eivi = Ei, EiEi = vi . (IV.43)

The linking action of Z4 symmetry is known on the ends
of Z(VecZ4) anyons, which descends to the following link-
ing action

P : Es → isEs, O− → −O−, 1 → 1 , (IV.44)

implying that we have

P : v0 ↔ v1, E0 → E1, E1 → −E0 . (IV.45)

A topological line operator having such an action ex-
ists on the boundary B′ only if its components Be

i are
the same boundaries, i.e. there is no relative Euler term
between Be

0 and Be
1

Be
0 = Be

1 = Bλ(Le) (IV.46)

for some λ ∈ R. This parameter λ drops out at the level
of boundary phases where only deformation classes of
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boundary conditions matter. Given (IV.46), the linking
action of lines on vi of lines living on B′ is

Xij : vi → vj , X ∈ {1, P} (IV.47)

and the linking action on Ei is
1ij : Ei → Ej
Pij : Ei → −Ej .

(IV.48)

We can then identify the line operator on B′ generating
the Z4 symmetry as

ϕ(P ) = 101 ⊕ P10 . (IV.49)

The Z2 subgroup of Z4 is generated by

ϕ(P 2) = [ϕ(P )]2 = P00 ⊕ P11 (IV.50)

and the consistency condition

ϕ(P 4) = ϕ(1) = 1 (IV.51)

is satisfied as

ϕ(P 4) = [ϕ(P )]4 = 100 ⊕ 111 = 1 . (IV.52)

Note that the identity line on B′ is the sum 100 ⊕ 111 on
identity lines on Be

0 and Be
1.

Mathematically, we have provided information of a piv-
otal tensor functor

ϕ : VecZ4 → Mat2(VecZ2) (IV.53)

where Mat2(VecZ2) is the multi-fusion category formed
by 2×2 matrices in VecZ2 , and is physically the category
formed by topological line operators living on the bound-
ary B′. This functor describes a choice of lines on B′

generating Z4 symmetry, and is the mathematical char-
acterization of the minimal Z4-symmetric (1+1)d gapped
boundary phase under study. See appendix A for more
details.

Note that, at the beginning of this analysis, we could
have picked another Lagrangian algebra

L[I′] =1⊕ em′ ⊕ e2 ⊕ e3 m′ ⊕m2 e′ ⊕ em2 m′e′

⊕ e2m2 e′ ⊕ e3m2 m′e′ ∈ Z(VecZ4)⊠ Z ′
,

(IV.54)
whose associated condensable algebra AZ(VecZ4 )

(L[I′]) is
also Ae. This choice leads to the Z4-symmetry being
realized on

B′ = Bm
0 ⊕Bm

1 (IV.55)

where

Bm
0 = Bm

1 = Bλ(Lm) (IV.56)

andBλ(Lm) is an irreducible topological boundary of the
toric code associated to the Lagrangian algebra 1⊕m′ ∈
Z ′. The lines living on such a Bm

0 ⊕ Bm
1 have identi-

cal properties as the lines living on Be
0 ⊕Be

1, and hence
we obtain an equivalent minimal Z4-symmetric gapped
boundary phase. This is related to the fact that the irre-
ducible boundaries Bλ(Le) and Bλ(Lm) are exchanged
by the action of a 0-form symmetry of the toric code,
namely the electric-magnetic symmetry exchanging the
electric and magnetic lines e′ ↔ m′.

2. Condensable Algebra Am

In this case, Z′ is again the toric code and we can take

LI =1⊕mm′ ⊕m2 ⊕m3 m′ ⊕ e2 e′ ⊕ e2me′m′

⊕ e2m2 e′ ⊕ e2m3 e′m′ ∈ Z(VecZ4)⊠ Z ′
.
(IV.57)

The Lagrangian algebra associated to the underlying
non-symmetric gapped boundary phase is computed to
be

L[B′] = 1⊕ e′ (IV.58)

which means that B′ is an irreducible topological bound-
ary on which the electric anyon e′ is condensed, i.e.

B′ = Bλ(Le) (IV.59)

for some λ ∈ R. Again, the parameter λ will not appear
at the level of phases. As discussed earlier, the topologi-
cal lines on the boundary are

1, P ′ (IV.60)

where 1 is the identity line and P ′ generates Z2 symmetry
localized on the boundary.
The operators descending from the club quiche are

Z(VecZ4) Z(VecZ2)

Lsym
VecZ4 Am

e2 e′

Z(VecZ2
)

Le

e′
E=

(IV.61)
with the action of Z4 being

P : E → −E . (IV.62)

We can thus recognize the Z4 symmetry generator on
B′ as

ϕ(P ) = P ′ (IV.63)

which indeed satisfies the consistency condition

ϕ(P 4) = 1 (IV.64)

because [ϕ(P )]4 = 1.
Mathematically, we have provided a pivotal tensor

functor

ϕ : VecZ4
→ VecZ2

(IV.65)

where VecZ2
is the fusion category formed by topological

lines living on the boundary B′. All the data of this func-
tor simply descends from the non-trivial homomorphism
Z4 → Z2.
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3. Condensable Algebra Aem

For the condensable algebra Aem = 1⊕ e2m2, Z′ is the
double semion, which is also the SymTFT Z(VecωZ2

) for
Z2 symmetry with a non-trivial ’t Hooft anomaly

ω ̸= 0 ∈ H3(Z2, U(1)) = Z2 . (IV.66)

That is, the anyons of Z′ are

Z ′ = Z(VecZ4
)/Aem = {1, s, s, ss} = Z(VecωZ2

) ,
(IV.67)

where s is a semion, s is an anti-semion and ss is a boson.
We can take the Lagrangian algebra completion ofAem

to be

LI =1⊕ ems⊕ e2m2 ⊕ e3m3 s⊕ em3 s⊕ e2 ss

⊕ e3ms⊕m2 ss ∈ Z(VecZ4
)⊠ Z ′

(IV.68)
from which we find the Lagrangian algebra for the un-
derlying non-symmetric gapped boundary phase to be

L[B′] = Lss = 1⊕ ss , (IV.69)

which corresponds to an irreducible topological boundary
condition of the double semion on which the anomalous
Z2 symmetry is realized, that is

B′ = Bλ(Lss) (IV.70)

for some λ ∈ R. The line operators living on B′ are

1, P ′ , (IV.71)

where P ′ generates the anomalous Z2 symmetry, with
the anomaly encoded in the relation

= −

P ′ P ′ P ′ P ′ P ′ P ′

(IV.72)
obeyed by the topological line P ′.
The local operators in the club quiche compactification

are

Z(VecZ4
) Z(VecωZ2

)

Lsym
VecZ4 Aem

e2 s′s′

Z(VecωZ2
)

Lss

s′s′
E=

(IV.73)
with the action of Z4 being

P : E → −E (IV.74)

which determines the line operator on B′ generating the
Z4 symmetry to be

ϕ(P ) = P ′ . (IV.75)

Note that the Z4 symmetry is taken to be non-anomalous,
which means that we should be able to find topological
local operators Oij at the junctions of line operators gen-
erating Z4 symmetry

ϕ(P i) ϕ(P j)

ϕ(P i+j)

Oi,j

(IV.76)

obeying relationship

ϕ(P i) ϕ(P j)

ϕ(P i+j+k)

ϕ(P k)

=

ϕ(P i) ϕ(P j)

ϕ(P i+j+k)

ϕ(P k)

(IV.77)
We can reduce a choice of such operators to a choice of
elements βi,j ∈ C× via

ϕ(P i) ϕ(P j)

ϕ(P i+j)

Oi,j =

P ′ P ′

βi,j

(IV.78)

for i, j both odd, where a black dot denotes the operator
appearing in (IV.72),

ϕ(P i) ϕ(P j)

ϕ(P i+j)

Oi,j = βi,j

P ′
(IV.79)
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for one of i, j being odd and the other being even, and

ϕ(P i) ϕ(P j)

ϕ(P i+j)

Oi,j = βi,j

(IV.80)

for i, j both even. Using (IV.72), the reader can verify
that a choice obeying (IV.77) is

βi,0 = β0,i = 1

β1,1 = β2,1 = β3,1 = β2,2 = β2,3 = 1

β1,2 = β1,3 = β3,2 = β3,3 = −1 .

(IV.81)

Mathematically, we have provided a pivotal tensor
functor

ϕ : VecZ4
→ VecωZ2

. (IV.82)

C. S3 Symmetry

Let us now discuss the non-trivial, minimal (1+1)d S3-
symmetric gapped boundary phases. Here the symmetry
is

S = VecS3 = {1, a, a2, b, ab, a2b} , (IV.83)

where

b2 = 1 , a3 = 1 , ab = ba2 . (IV.84)

The SymTFT Z(S) for this symmetry is then the 3d S3

Dijkgraaf-Witten gauge theory without a twist (which
can be obtained from the 3d Z3 DW gauge theory
by gauging the Z2 automorphism symmetry, which ex-
changes the pairs (e,m) ↔ (e2,m2)). The anyons of
Z(VecS3

) are labeled by conjugacy classes of S3 and the ir-
reducible representations of the centralizers of these con-
jugacy classes:

Z(VecS3
) = {1, 1−, E, a1, aω, aω2 , b+, b−} , (IV.85)

where 1− is the sign representation of S3, E the 2d ir-
reducible representation of S3, ω = e±2πi/3 is a Z3 ir-
reducible representation, and +, − denote the Z2 irre-
ducible representations. The bosonic lines in this case
are

1, 1−, E, a1, b+ , (IV.86)

from which one can construct the condensable algebras of
Z(VecS3). There are three condensable, non-Lagrangian,
algebras

A1− = 1⊕ 1−, AE = 1⊕ E, Aa1
= 1⊕ a1 , (IV.87)

which we now study case by case. Note that the algebra
1⊕ b+ is not a condensable algebra, as it does not satisfy
the condition (CA3) in appendix B.

For the symmetry boundary we fix a Lagrangian alge-
bra which corresponds to the S3 symmetry,

LVecS3
= 1⊕ 1− ⊕ 2E . (IV.88)

1. Condensable Algebra A1−

In this case, we have that Z′ is the Z3 DW theory with
anyon content

Z ′ = Z/A1− = Z(VecZ3
)

= {1, e, e2,m,m2, em, e2m, em2, e2m2} .
(IV.89)

A Lagrangian algebra in Z(S3)⊠Z ′
which completes A1−

is

LI =1⊕ 1− ⊕ a1m⊕ a1m
2 ⊕ aω2em⊕

⊕ aω2e2m2 ⊕ Ee⊕ Ee2 ⊕ aωem
2 ⊕ aωe

2m.
(IV.90)

The decomposable algebra for the underlying non-
symmetric gapped boundary phase is obtained by fol-
lowing the LVecS3

lines and seeing what they transform
into via LI ; this gives

LB′ = 2(1⊕ e⊕ e2) . (IV.91)

This implies that the underlying boundary of the Z3 DW
theory is reducible and given by

B′ = Be
0 ⊕Be

1 , (IV.92)

where Be
i is an irreducible topological boundary condi-

tion lying in the deformation class [B](Le) associated to
Lagrangian algebra

Le = 1⊕ e⊕ e2 ∈ Z ′ . (IV.93)

The simple topological lines on the boundary B′ are

1ij , Pij , P 2
ij , i, j ∈ {0, 1} . (IV.94)

where 1ii is the identity line onBe
i ; Pii is a line generating

Z3 symmetry of Be
i ; P

2
ii is the square of Pii; 101, 110 are

boundary changing line operators satisfying

1ij ⊗ 1jk = 1ik . (IV.95)

P01, P10 are another set of boundary changing line oper-
ators obtained by fusing with Pii lines

Pii ⊗ 1ij = 1ij ⊗ Pjj = Pij (IV.96)

and P 2
01, P

2
10 are boundary changing line operators ob-

tained by fusing with P 2
ii lines

P 2
ii ⊗ 1ij = 1ij ⊗ P 2

jj = P 2
ij . (IV.97)
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We can recognize various boundary operators in terms
of operators descending from the club quiche

Z(VecS3
) Z(VecZ3

)

Lsym
VecS3

A1−

E e2

E e

1−

= e2

e

Z(VecZ3
)

2Le

E1,2
e2

E1,2
e

O−

(IV.98)
where we obtain two operators E i

e2 and two operators E i
e2

because there are two possible ends of the E line along the
symmetry boundary denoted by LVecS3

. The products of
these operators are determined to be

O2
− = 1, O−E1

e = E1
e , O−E2

e = −E2
e

E1
e E1

e = E2
e2 , E2

e E2
e = E1

e2 , E1
e E2

e = 0 ,
(IV.99)

which implies we can just focus on E1
e and E2

e as E i
e2 is re-

lated to the square of Ej
e . These products are determined

in a similar way as in [2], by demanding that

• their product is consistent with the fusions of at-
tached bulk anyons,

• their product is associative,

• their product is consistent with the action of topo-
logical lines living on the boundaries, and

• performing rescalings of these operators to put the
product in a neat form.

The identity local operators along the irreducible
boundaries Be

0 and Be
1 are

v0 =
1 +O−

2
, v1 =

1−O−

2
. (IV.100)

E1
e is then the end of e along Be

0 and E2
e is the end of e

along Be
1. This is due to the products

vivj = δijvj , E1
e v0 = E1

e , E1
e v1 = 0

E2
e v0 = 0, E2

e v1 = E2
e , E1

e E2
e = 0 .

(IV.101)

The linking action of the S3 symmetry generators are

b :
E1
ei ↔ E2

ei

O− → −O−
a :

E1
ei → ωE1

ei

E2
ei → ω2E2

ei

O− → O− .

(IV.102)

which identifies the S3 generators to be the following line
operators on B′

ϕ(a) = P00 ⊕ P 2
11

ϕ(b) = 101 ⊕ 110
(IV.103)

and constrains the relative Euler term between the
boundaries Be

0 and Be
0 to be trivial

Be
0 = Be

1 = Bλ(Le) (IV.104)

for some λ ∈ R. The reader can check that the lines
ϕ(a), ϕ(b) satisfy all the S3 relations.
Mathematically, we have provided information of a piv-

otal tensor functor

ϕ : VecS3
→ Mat2(VecZ3

) (IV.105)

where physically Mat2(VecZ3
) is the multi-fusion the cat-

egory formed by topological line operators living on the
boundary B′. This functor describes a choice of lines
on B′ generating S3 symmetry, and is the mathemati-
cal characterization of the minimal S3-symmetric (1+1)d
gapped boundary phase under study. See appendix A for
more details.

2. Condensable Algebra AE

In this case, we have that Z′ is the Z2 DW theory (i.e.
toric code)

Z ′ = Z/AE = Z(VecZ2) = {1, e,m, f} . (IV.106)

A Lagrangian algebra in Z(S3)⊠Z ′
which completes AE

is

LI = 1⊕ E ⊕ 1−e⊕ Ee⊕ b+m⊕ b−f . (IV.107)

The decomposable algebra for the underlying non-
symmetric gapped boundary phase is obtained by fol-
lowing the LVecS3

lines and seeing what they transform
into via LI ; this gives

LB′ = 3(1⊕ e) . (IV.108)

This implies that the underlying boundary of the Z2 DW
theory is reducible and given by

B′ = Be
0 ⊕Be

1 ⊕Be
2 , (IV.109)

where Be
i is an irreducible topological boundary condi-

tion lying in the deformation class [B](Le) associated to
Lagrangian algebra Le = 1⊕ e.
The topological lines on the boundary B′ are

1ij , Pij , i, j ∈ {0, 1} . (IV.110)

where 1ii is the identity line on Be
i ; Pii is the line gen-

erating Z2 symmetry of Be
i ; 1ij for i ̸= j are boundary

changing line operators satisfying

1ij ⊗ 1jk = 1ik (IV.111)

and Pij for i ̸= j are another set of boundary changing
line operators obtained by fusing with Pii lines

Pii ⊗ 1ij = 1ij ⊗ Pjj = Pij . (IV.112)
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The various boundary operators in terms of operators
descending from the club quiche are

Z(VecS3
) Z(VecZ2

)

Lsym
VecS3 AE

E

E

1− e

e
=

Z(VecZ2
)

3Le

E1,2

O1,2

E−

e

e

(IV.113)
The products of these operators are determined to be

E−E− = 1,

O1O1 = O2,

O2O2 = O1,

O1O2 = 1,

E2O2 = −E1,

E−O1 = E1,
E−O2 = −E2,
E−E1 = O1,

E−E2 = −O2

E1O2 = E−,

E1E1 = O2,

E2E2 = O1,

E1E2 = −1,

E1O1 = −E2,
E2O1 = −E− .

(IV.114)
From these we construct the operators

vi =
1 + ωiO1 + ω2iO2

3

Êi =
E− + ωiE1 − ω2iE2

3
= E−vi ,

(IV.115)

where i ∈ {0, 1, 2}, with vi being identity local operators

along Be
i , and Êi being the ends of e along Be

i . This can
be seen from the products

vivj = δijvj , Êivj = δij Êj , ÊiÊj = δijvj .
(IV.116)

derived using the above product rules.
The linking actions of the S3 symmetry generators are

b :

O1 ↔ O2

E1 ↔ E2
E− → −E−

a :

Ok → ωkOk

Ek → ωkEk
E− → E− ,

(IV.117)

for k ∈ {1, 2}, from which we find the linking actions

b :

v0 → v0

v1 → v2

v2 → v1

Ê0 → −Ê0
Ê1 → −Ê2
Ê2 → −Ê1

a :

v0 → v1

v1 → v2

v2 → v0

Ê0 → Ê1
Ê1 → Ê2
Ê2 → Ê0 .

(IV.118)

which identifies the S3 generators to be the following line
operators on B′

ϕ(a) = 101 ⊕ 112 ⊕ 120

ϕ(b) = P00 ⊕ P12 ⊕ P21
(IV.119)

and constrains the relative Euler term between the
boundaries Be

i to be trivial

Be
0 = Be

1 = Be
2 = Bλ(Le) (IV.120)

for some λ ∈ R. The reader can check that the lines
ϕ(a), ϕ(b) satisfy all the S3 relations.
Mathematically, we have provided information of a piv-

otal tensor functor

ϕ : VecS3
→ Mat3(VecZ2

) , (IV.121)

where Mat3(VecZ2
) is the multi-fusion category formed

by 3 × 3 matrices in VecZ2
, and is physically the cate-

gory formed by topological line operators living on the
boundary B′.

3. Condensable Algebra Aa1

In this case, Z′ is again the toric code

Z ′ = Z/Aa1 = Z(VecZ2) = {1, e,m, f} . (IV.122)

A Lagrangian algebra in Z(S3)⊠Z ′
which completes AE

is

LI = 1⊕ a1 ⊕ 1−e⊕ a1e⊕ b+m⊕ b−f . (IV.123)

The Lagrangian algebra for the underlying non-
symmetric gapped boundary phase is obtained easily to
be

LB′ = 1⊕ e . (IV.124)

This implies that the underlying boundary of the Z2 DW
theory is irreducible

B′ = Be , (IV.125)

and associated to Lagrangian algebra Le = 1 ⊕ e. The
topological lines on the boundary are

1, P , (IV.126)

where P generates the Z2 symmetry localized on the
boundary.
Here the club quiche is simply

Z(VecS3) Z(VecZ2)

Lsym
VecS3

Aa1

1− e
=

Z(VecZ2)

1⊕ e

E− e

(IV.127)
with the action of S3 being

a : E− → E−, b : E− → −E− (IV.128)
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from which we identify the lines

ϕ(b) = P , ϕ(a) = 1 (IV.129)

to be the generators of the S3 symmetry along B′.
Mathematically, we have provided a pivotal tensor

functor

ϕ : VecS3
→ VecZ2

(IV.130)

where VecZ2
is the fusion category formed by topologi-

cal lines living on the boundary B′. All the data of this
functor simply descends from the non-trivial homomor-
phism S3 → Z2 that measures the (parity of the) number
of transpositions involved in a permutation of 3 objects.

D. Rep(S3) Symmetry

We now consider minimal (1+1)d Rep(S3)-symmetric
gapped boundary phases. In this case we have

S = Rep(S3) = {1, 1−, E} , (IV.131)

where 1− denotes the 1d sign irreducible representation
of S3 and E denotes the 2d irreducible representation of
S3. The fusion rules are

1− ⊗E = E⊗ 1− = E , E2 = 1⊕ 1− ⊕E . (IV.132)

Recall that Rep(S3) can be obtained by gauging S3

symmetry, which implies the two symmetries have the
same SymTFT

Z(Rep(S3)) = Z(VecS3) . (IV.133)

The difference lies in the choice of the symmetry bound-
ary Bsym, which for S = Rep(S3) we take to be specified
by the Lagrangian algebra

Lsym
Rep(S3)

= 1⊕ a1 ⊕ b+ . (IV.134)

Since the SymTFTs are the same, the non-trivial con-
densable algebras remain the same AE , A1− and Aa1 we
discussed above. Each of these choices defines a Rep(S3)-
symmetric gapped boundary, analogously to the VecS3

case. However, the fact that the symmetry boundary is
now associated to Lsym

Rep(S3)
implies that the results are

different to what we obtained before. We now discuss
them in turn.

1. Condensable algebra AE

In this case, as we discussed earlier, we have that Z′ is
the toric code, and a Lagrangian algebra in Z(S3) ⊠ Z ′

which completes AE was provided in (IV.107). Here, we
instead work with a different but equivalent Lagrangian
algebra

LI = 1⊕ E ⊕ 1−m⊕ Em⊕ b−f ⊕ b+e . (IV.135)

obtained from (IV.107) by applying the em-duality sym-
metry of the toric code [130].
The Lagrangian algebra associated to the underlying

non-symmetric gapped boundary phase is

LB′ = 1⊕ e = Le , (IV.136)

which means that B′ is an irreducible topological bound-
ary associated to electric Lagrangian algebra Le. The
topological lines on B′ are as in (IV.126).
The club quiche is:

Z(Rep(S3)) Z(VecZ2
)

Lsym
Rep(S3) AE

b+ e
=

e

Z(VecZ2
)

Le

Ee

(IV.137)
The Rep(S3) generators linking action descends from

the corresponding action on the ends of the Z(VecS3
)

anyons and is given by

1− :
Ee → −Ee,
id → id,

E :
Ee → 0,

id → 2 id .
(IV.138)

where id denotes the identity local operator along B′.
See [2] for more details. Comparing with the action of
lines living on B′, we find that the Rep(S3) symmetry is
realized on B′ by lines

ϕ(1−) = P , ϕ(E) = 1⊕ P . (IV.139)

It is easy to verify that the Rep(S3) fusion rules are sat-
isfied

ϕ(1−)ϕ(E) = ϕ(E)ϕ(1−) = P ⊗ (1⊕ P ) = 1⊕ P = ϕ(E) ,

[ϕ(E)]2 = (1⊕ P )2 = 2(1⊕ P ) = ϕ(1)⊕ ϕ(1−)⊕ ϕ(E) .
(IV.140)

Mathematically, we have provided a pivotal tensor
functor

ϕ : Rep(S3) → VecZ2
(IV.141)

where VecZ2 is the fusion category formed by topological
lines living on the boundary B′.

2. Condensable algebra A1−

In this case, as we discussed earlier, we have that Z′ is
the Z3 DW theory, and a Lagrangian algebra completing
A1− was provided in (IV.90). Here, we instead work with
a different but equivalent Lagrangian algebra

LI =1⊕ 1− ⊕ a1e⊕ a1e
2 ⊕ aω2em⊕

⊕ aω2e2m2 ⊕ Em⊕ Em2 ⊕ aωe
2m⊕ aωem

2 .
(IV.142)
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obtained from (IV.90) by applying the em exchange du-
ality.

From this we see that the Lagrangian algebra associ-
ated to the underlying non-symmetric gapped boundary
phase is

LB′ = 1⊕ e⊕ e2 = Le , (IV.143)

which means that B′ is an irreducible topological bound-
ary associated to electric Lagrangian algebra Le. The
topological lines on B′ are

1, P, P 2 , (IV.144)

where P is the generators of the Z3 symmetry localized
along B′.
The operators coming from the club quiche are:

Z(Rep(S3)) Z(VecZ3
)

Lsym
Rep(S3) A1−

a1 e

a1 e2

= e

e2

Z(VecZ3
)

Le

Ee

Ee2

(IV.145)
The Rep(S3) generators linking action is given by

1− :

id → id

Ee → Ee
Ee2 → Ee2

E :

id → 2 id

Ee → −Ee
Ee2 → −Ee2 .

(IV.146)

which implies the lines implementing Rep(S3) symmetry
on B′ are

ϕ(1−) = 1 , ϕ(E) = P ⊕ P 2 . (IV.147)

The reader can easily check that the Rep(S3) fusions are
satisfied by these line operators.

Mathematically, we have provided a pivotal tensor
functor

ϕ : Rep(S3) → VecZ3 , (IV.148)

where VecZ3 is the fusion category formed by topological
lines living on the boundary B′.

3. Condensable algebra Aa1

In this case, we know that Z′ is again the toric code.

The Lagrangian algebra in Z(S3) ⊠ Z ′
which completes

Aa1
is described in (IV.123).

From this we see that the decomposable algebra associ-
ated to the underlying non-symmetric gapped boundary
is

LB′ = (1⊕ e)⊕ (1⊕m) = Le ⊕ Lm , (IV.149)

i.e. B′ is a reducible boundary of the form

B′ = Be ⊕Bm , (IV.150)

where Be is an irreducible topological boundary with as-
sociated Lagrangian algebra Le = 1⊕e andBm is an irre-
ducible topological boundary with associated Lagrangian
algebra Lm = 1⊕m.
The topological line operators on B′ are

1ii, Pii, Sij , (IV.151)

where i, j ∈ {e,m} and i ̸= j. See the end of appendix
A for more details. The line 1ii is the identity line on
boundary Bi, the line Pii is the generator of the Z2 sym-
metry localized along the boundary Bi, and the line Sij

changes the boundary Bi to the boundary Bj , with fu-
sion rules

Pii ⊗ Sij = Sij ⊗ Pjj = Sij

Sij ⊗ Sji = 1ii ⊕ Pii .
(IV.152)

Note the non-invertibility of the boundary changing line
operators Sij . Note also that the general linking actions
of boundary changing lines are

Sem : ve →
√
2e−λvm, Ee → 0

Sme : vm →
√
2eλve, Em → 0

(IV.153)

for some λ ∈ R which captures the relative Euler term
between the two boundaries Be and Bm.
The operators coming from the club quiche are

Z(Rep(S3)) Z(VecZ2
)

Lsym
Rep(S3) Aa1

a1

a1

b+ m

e
=

Z(VecZ2
)

Le ⊕ Lm

Ee

O

Em

e

m

(IV.154)
The products of these operators are fixed to be

O2 = 2−O ,

EeEm = 0 ,

OEe = Ee ,
OEm = −2Em ,

E2
e = (2 +O)/3 ,

E2
m = (1−O)/3 .

(IV.155)
The computation is identical to the one described in sec-
tion 5.3.4 of [2] where the Rep(S3) SSB phase is discussed.
The identity operators along the two boundaries Be and
Bm can be identified respectively as

ve =
1

3
(2 +O) , vm =

1

3
(1−O) (IV.156)

The linking actions of Rep(S3) symmetry generators
are

1− : 1 → 1, O → O, Ee → Ee, Em → −Em,

E : 1 → 2, O → −O, Ee → −Ee, Em → 0 .
(IV.157)
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where 1 = ve + vm denotes the identity operator along
the reducible boundary B′. This implies the following
linking actions

1− : ve → ve, vm → vm

E : ve → 2vm + ve, vm → ve .
(IV.158)

Therefore the lines realizing the Rep(S3) symmetry along
B′ are

ϕ(1−) = 1ee⊕Pmm, ϕ(E) = Sem⊕Sme⊕Pee (IV.159)

with the relative Euler term between Be and Bm fixed
such that the linking actions of boundary changing lines
are

Sem : ve → 2vm, Sme : vm → ve . (IV.160)

The reader can check that these lines satisfy the Rep(S3)
fusion rules.

Mathematically, we have provided information about
a pivotal tensor functor

ϕ : Rep(S3) → Ising
√
2

2×2 , (IV.161)

where Isinge
−λ

2×2 is what we call the pivotal multi-fusion
category formed by topological lines (IV.151) with the
quantum dimensions of Sij lines given by their linking
actions on vi described in (IV.153).

E. Ising Symmetry

We now study (1+1)d Ising-symmetric minimal gapped
boundary phases. This is the smallest Tambara-
Yamagami symmetry category TY(Z2)

Ising = TY(Z2) = {1, P, S} (IV.162)

with fusion rules

P 2 = 1 , P ⊗ S = S ⊗ P = S , S2 = 1⊕ P . (IV.163)

The SymTFT Z(Ising) is the doubled Ising theory, whose
bulk anyons are

Z(Ising) = Ising⊠Ising = {1, P, P , PP , S, S, PS, SP , SS} .
(IV.164)

Z(Ising) admits only one topological boundary condition
corresponding to the Lagrangian algebra

Lsym
Ising = 1⊕ PP ⊕ SS . (IV.165)

Solving the conditions for a condensable algebra, we find
that there exist only one non-trivial non-Lagrangian con-
densable algebra given by

A = 1⊕ PP . (IV.166)

The bulk phase Z′ is the toric code with the Lagrangian
algebra LI ∈ Z(Ising)⊠ Z(VecZ2) completing A being

LI = 1⊕ PP ⊕ Pf ⊕ Pf ⊕ SS e⊕ SS m . (IV.167)

From this, we compute the decomposable algebra associ-
ated to the underlying non-symmetric gapped boundary
is

LB′ = (1⊕ e)⊕ (1⊕m) = Le ⊕ Lm , (IV.168)

i.e. B′ is a reducible boundary of the form

B′ = Be ⊕Bm , (IV.169)

which is the same as in (IV.150). The topological line
operators on B′ are discussed in (IV.151), with fusion
(IV.152), and linking action (IV.153) for some λ ∈ R
capturing the relative Euler term between Be and Bm,
which will turn out to be different in this case.
The operators we obtain from the club quiche are

Z(Ising) Z(VecZ2)

Lsym
Ising A

SS

PP

SS e

m
=

Z(VecZ2)

Le ⊕ Lm

Em

O

Ee

m

e

(IV.170)
The products of these operators are determined to be

O2 = 1 ,

EeEm = 0 ,

OEe = Ee ,
OEm = −Em ,

E2
e = (1 +O)/2 ,

E2
m = (1−O)/2 .

(IV.171)

The identity operators along the two boundaries Be and
Bm can be identified respectively as

ve =
1

2
(1 +O) , vm =

1

2
(1−O) . (IV.172)

The linking actions of the Ising symmetry generators
are given by

P : 1 → 1, O → O, Ee → −Ee, Em → −Em,

S : 1 →
√
2, O → −

√
2O, Ee → 0, Em → 0 .

(IV.173)
This implies the following linking actions

P : ve → ve, vm → vm

S : ve →
√
2vm, vm →

√
2ve .

(IV.174)

We can therefore identity the line operators on B′ real-
izing the Ising symmetry as

ϕ(P ) = Pee ⊕ Pmm

ϕ(S) = Sem ⊕ Sme .
(IV.175)

with the relative Euler term between Be and Bm fixed
such that the linking actions of boundary changing lines
are

Sem : ve →
√
2vm, Sme : vm →

√
2ve . (IV.176)
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The reader can check that these lines satisfy the Ising
fusion rules.

Mathematically, we have provided information about
a pivotal tensor functor

ϕ : Ising → Ising12×2 , (IV.177)

where Isinge
−λ=1

2×2 is the pivotal multi-fusion category
formed by topological lines living on the underlying
boundary B′.

F. TY(ZN ) Symmetry

The Tambara-Yamagami ZN categories are a general-
ization of the Ising symmetry, denoted by

S = TY(ZN ) . (IV.178)

The simple lines are Ai and S with

AN ∼= 1 , A⊗ S ∼= S ⊗A ∼= S , S ⊗ S ∼=
N⊕
i=1

Ai .

(IV.179)
The SymTFT Z(TY(ZN )) is constructed by gauging a
Z2 outer automorphism of the 3d DW theory for ZN

with anyons Le,m such that e,m ∈ {0, · · · , N − 1}. The
topological lines of the gauged theory, i.e. of the SymTFT
of TY(ZN ), are

L±
e , Le,m , Σ±

e . (IV.180)

such that e > m for Le,m. For more details on the fusions
and S-matrices see [2, 25]. Let us focus on N = 4 for
concreteness. The Lagrangian algebras were determined
in [2] to be

L1 = L+
0 + L−

0 + L1,0 + L2,0 + L3,0

L2 = L+
0 + L−

0 + L+
2 + L−

2 + 2L2,0

L3 = L+
0 + L−

2 + L2,0 +Σ+
1 +Σ−

3 .

(IV.181)

The symmetry boundary is provided by

Lsym
TY(Z4)

= L1 . (IV.182)

We can solve the necessary condition for condensable
algebras in appendix B and find

dim A Algebra
4 A1,2 L+

0 + L−
0 + L2,0

4 A2,3 L+
0 + L−

2 + L2,0

4 A2 L+
0 + L−

0 + L+
2 + L−

2

4 A(2)
2 L+

0 + L+
2 + L2,0

2 A′
1,2 L+

0 + L−
0

2 A(3)
2 L+

0 + L+
2

2 A′
2,3 L+

0 + L−
2

1 A1,2,3 L+
0

(IV.183)

We indicate with the subscripts the Lagrangian algebras
in which these algebras are contained in and dim is the
dimension of the algebra (which are all non-maximal,
dim < 8).

Not all of these correspond to condensable algebras, as
we will see. The conditions we solve are only necessary,
not sufficient. In order to determine the condensable al-
gebras among these, we check whether there is a consis-

tent reduced topological order. This shows that A(2)
2 for

instance is not consistent, while A2, A2,3 and A1,2 are.

1. Condensable Algebra A1,2

Consider the interface characterized by the algebra
A1,2 = L+

0 + L−
0 + L2,0. First we need to determine

the reduced topological order Z(S ′). Given the dimen-
sion of Z(S) equals 8 and the algebra is of dimension 4,
the reduced topological order has dimension 2, and so it
is either the toric code or the double-semion. We now
show that it is the former

Z(S ′) = Z(VecZ2
) . (IV.184)

The Lagrangian algebra of Z(TY(Z4)) ⊠ Z(VecZ2
) that

completes the algebra A1,2 is

L1,2 =L+
0 + L−

0 + L2,0 + L+
2 e+ L−

2 e+ L2,0e

+ L1,0m+ L3,0m+ L2,1f + L3,2f .
(IV.185)

From this, one finds the decomposable algebra associated
to the underlying non-symmetric gapped boundary

LB′ = Le ⊕ 2Lm , (IV.186)

which implies that the underlying boundary of the Z2

DW theory is reducible and given by

B′ = Be
0 ⊕Bm

1 ⊕Bm
2 , (IV.187)

whereB’s are irreducible topological boundaries with B0
e

corresponding to the Lagrangian algebra Le = 1⊕ e and
B1

m and B2
m corresponding to the Lagrangian algebra

Le = 1 ⊕ m. The boundary changing lines from Bm
i

to Bm
j for i ̸= j are the invertible lines 1ij , Pij , while

the boundary changing lines between Bm
i and Be

j are
the non-invertible lines Sij , Sji. The relative Euler terms
between these boundaries are fixed later.

The club quiche and the resulting operators can be
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depicted as follows:

Z(TY(Z4)) Z(VecZ2
)

L1 A1,2

L2,0

L2,0

L1,0

L3,0

L−
0

m

e

m

=

Z(VecZ2
)

Le ⊕ 2Lm

Ee

Oe

E1
m

E3
m

O−

e

m

m

(IV.188)
The algebra of these operators can be derived to be

O−O− = 1,

O−Ee = −Ee,
O−Oe = Oe,

O−E1
m = E1

m,

O−E3
m = E3

m,

OeEe = 0,

OeE1
m =

√
2E3

m,

OeE3
m =

√
2E1

m,

OeOe = (1 +O−),

EeEe = (1−O−),

EeE1
m = 0,

EeE3
m = 0,

E1
mE1

m =
√
2Oe,

E3
mE3

m =
√
2Oe,

E1
mE3

m = (1 +O−) .

(IV.189)

Subsequently, it is again useful to define the combinations

v0 =
1

2
(1−O−) ,

v1 =
1

4
(1 +O− +

√
2Oe) ,

v2 =
1

4
(1 +O− −

√
2Oe) ,

Ẽ0 =
1√
2
Ee ,

Ẽ1 =
1

2
√
2
(E1

m + E3
m) ,

Ẽ2 =
i

2
√
2
(E1

m − E3
m) ,

(IV.190)
where one can also notice that

Ẽ0 =
Eev0√

2
, Ẽ1 =

E1
mv1√
2

, Ẽ2 = − iE3
mv2√
2

. (IV.191)

Here v0 is the identity local operator along the irre-
ducible boundary Be

0 while v1 and v2 are the identity
local operators along the irreducible boundaries Bm

1 and

Bm
2 respectively. Furthermore, Ẽ0 is the end of e along

Be
0 and Ẽ1 and Ẽ2 are the ends of m along Bm

1 and Bm
2

respectively. This follows from the products

vivj = δijvj , Ẽivj = δij Ẽj , ẼiẼj = δijvj , (IV.192)

for i, j ∈ {0, 1, 2}.
The linking actions of the TY(Z4) symmetry genera-

tors are given by

Ak :
1 → 1, O− → O−, Oe → (−1)kOe,

Ee → (−1)kEe, E1
m → ikE1

m, E3
m → (−i)kE3

m,

S : 1 → 2, O− → −2O−, Oe, Ee, E1
m, E3

m → 0 ,
(IV.193)

which is also consistent with the fusion rules (IV.189).
The symmetry action also implies the linking actions

A : v0 → v0 , v1 ↔ v2

Ẽ0 → −Ẽ0 , Ẽ1 → Ẽ2 , Ẽ2 → −Ẽ1 ,
S : v0 → 2(v1 + v2) , v1, v2 → v0

Ẽ0, Ẽ1, Ẽ2 → 0 .

(IV.194)

We can therefore identify the line operators on B′ real-
izing the TY(Z4) symmetry as

ϕ(A) = P00 ⊕ 112 ⊕ P21

ϕ(S) = S01 ⊕ S02 ⊕ S10 ⊕ S20 ,
(IV.195)

where

Sij ⊗ Sjk = 1ik ⊕ Pik . (IV.196)

One can then easily check that indeed

ϕ(S)⊗ ϕ(S) =

3⊕
i=0

ϕ(Ai) . (IV.197)

The relative Euler terms are fixed as follows. Since the
linking action of A on v1 produces v2, the linking action
of 112 on v1 must be

112 : v1 → v2 , (IV.198)

which means that there are no relative Euler terms be-
tween the magnetic boundaries Bm

1 and Bm
2 . On the

other hand, to recover the linking action of S on v0, we
must have the following linking action of S01

S01 : v0 → 2v1 , (IV.199)

which fixes the relative Euler term between electric and
magnetic boundaries Be

0 and Bm
1 .

Mathematically, this provides us with necessary infor-
mation to describe a pivotal tensor functor

ϕ : TY(Z4) → S(B′) , (IV.200)

where S(B′) is the pivotal multi-fusion category formed
by the line operators living on B′ also accounting for the
above determined relative Euler terms.

2. Condensable Algebra A2,3

For the algebra A2,3 we find again that the reduced
topological order is

Z(S ′) = Z(VecZ2
) . (IV.201)

The Lagrangian algebra of Z(TY(Z4)) ⊠ Z(VecZ2
) that

completes A2,3 in this case is

L2,3 =L+
0 + L−

2 + L2,0 + L2,0e+ L+
2 e+ L−

0 e

+Σ+
1 m+Σ−

1 f +Σ+
3 f +Σ−

3 m.
(IV.202)
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From this, we see that the decomposable algebra associ-
ated to the underlying non-symmetric gapped boundary
is

LB′ = 2(1⊕ e) = 2Le (IV.203)

which corresponds to a reducible topological boundary
condition of the toric code

B′ = Be
0 ⊕Be

1 . (IV.204)

The topological line operators on B′ are the same ones
discussed in (IV.110), with fusions given by (IV.111) and
(IV.112).

The operators we obtain from the club quiche are:

Z(TY(Z4)) Z(VecZ2)

L1 A2,3

L2,0

L2,0

L−
0

e

e
=

Z(VecZ2)

2Le

E1

O

E2

e

e

(IV.205)
The products of these operators are determined to be

O2 = 1 , OE1 = E2 , OE2 = E1
E2
1 = 1 E2

2 = 1 E1E2 = O .
(IV.206)

We can now define the combinations

v0 = (1 +O)/2, v1 = (1−O)/2,

Ẽ0 = (E1 + E2)/2, Ẽ1 = (E1 − E2)/2 ,
(IV.207)

where one can also notice that

Ẽ0 = E1v0 = E2v0 , Ẽ1 = E1v1 = −E2v1 . (IV.208)

Here v0 and v1 are the identity local operators along
the two irreducible boundaries Be

0 and Be
1 respectively,

while Ẽ0 and Ẽ1 are the end of e along the respective
boundaries. This follows from the products

vivj = δijvj , Ẽ2
0 = v0, Ẽ2

1 = v1, Ẽ0Ẽ1 = 0,

Ẽ0v0 = Ẽ0, Ẽ0v1 = 0, Ẽ1v1 = Ẽ1, Ẽ1v0 = 0 .
(IV.209)

The linking actions of the TY(Z4) symmetry genera-
tors are given by

A : 1 → 1 O → −O E1 → −E1 E2 → E2
S : 1 → 2 O → 0 E1 → 0 E2 → −2E2 ,

(IV.210)

which implies the following linking actions

A : v0 ↔ v1 , Ẽ0 → −Ẽ1 , Ẽ1 → −Ẽ0
S : v0, v1 → 1 = v0 + v1 , Ẽ0 → Ẽ1 − Ẽ0 , Ẽ1 → Ẽ0 − Ẽ1 .

(IV.211)
We can therefore identify the line operators on B′ real-
izing the TY(Z4) symmetry as

ϕ(A) = P01 ⊕ P10

ϕ(S) = 101 ⊕ P00 ⊕ 110 ⊕ P11 .
(IV.212)

One can easily check that these satisfy the TY(Z4) fusion
rules, e.g.

[ϕ(S)]2 = 2100 ⊕ 2 111 ⊕ 2P01 ⊕ 2P10 =

3⊕
i=0

ϕ(Ai) .

(IV.213)
From the linking actions one finds that there is no relative
Euler term between Be

0 and Be
1.

Mathematically, this provides information about a piv-
otal tensor functor

ϕ : TY(Z4) → Mat2(VecZ2
) (IV.214)

where Mat2(VecZ2) is the multi-fusion category formed
by the topological line operators living on B′.

3. Condensable algebra A2

In this case, the bulk phase Z′ is the double semion,
with the Lagrangian algebra LI ∈ Z(TY(Z4))⊠Z(VecωZ2

)
given by

LI = L+
0 ⊕ L−

0 ⊕ L+
2 ⊕ L−

2 ⊕ L+
1 s⊕ L−

1 s

⊕ L+
3 s⊕ L−

3 s⊕ 2L3,1s⊕ 2L2,0ss .
(IV.215)

From this, we see that the decomposable algebra associ-
ated to the underlying non-symmetric gapped boundary
is

LB′ = 2(1⊕ ss) = 2Lss , (IV.216)

which corresponds to a reducible topological boundary
condition of the double semion

B′ = Bss
0 ⊕Bss

1 . (IV.217)

The topological line operators on B′ are the same ones
discussed in (IV.110), with fusions given by (IV.111) and
(IV.112).
The operators we obtain from the club quiche are:

Z(TY(Z4)) Z(VecωZ2
)

Lsym
TY(Z4) A2

L2,0

L−
0

ss
=

Z(VecωZ2
)

2Lss

E1,2

O
ss

(IV.218)
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The products of these operators are determined to be

O2 = 1 , OE1 = E1 , OE2 = −E2
E2
1 = (1 +O)/2 , E2

2 = (1−O)/2 , E1E2 = 0 .
(IV.219)

We can now define the combinations

v0 = (1 +O)/2 , v1 = (1−O)/2

Ẽ0 = E1 , Ẽ1 = E2 .
(IV.220)

Here v0 and v1 are the identity local operators along
the two irreducible boundaries Bss

0 and Bss
1 respectively,

while Ẽ0 and Ẽ1 are the end of ss along the respective
boundaries. This follows from the products

vivj = δijvj Ẽ2
0 = v0 Ẽ2

1 = v1 Ẽ0Ẽ1 = 0

Ẽ0v0 = Ẽ0 Ẽ0v1 = 0 Ẽ1v1 = Ẽ1 Ẽ1v0 = 0 .
(IV.221)

The linking actions of the TY(Z4) symmetry genera-
tors are given by

A : 1 → 1 O → O E1 → −E1 E2 → −E2
S : 1 → 2 O → −2O E1 → 0 E2 → 0 ,

(IV.222)

which implies the following linking actions

A : v0 → v0 v1 → v1 Ẽ0 → −Ẽ0 Ẽ1 → −Ẽ1
S : v0 → 2v1 v1 → 2v0 Ẽ0 → 0 Ẽ1 → 0 .

(IV.223)
We can therefore identify the line operators on B′ real-
izing the TY(Z4) symmetry as

ϕ(A) = P00 ⊕ P11

ϕ(S) = 101 ⊕ P01 ⊕ 110 ⊕ P10 .
(IV.224)

One can easily check that these satisfy the TY(Z4) fusion
rules, e.g.

[ϕ(S)]2 = 2100 ⊕ 2 111 ⊕ 2P00 ⊕ 2P11 =

3⊕
i=0

ϕ(Ai) .

(IV.225)
From the linking actions one finds that there is no rel-
ative Euler term between Bss

0 and Bss
1 . Also note that

the junction operators between the TY(Z4) line opera-
tors have to be chosen judiciously as in section IVB3, in
order to be consistent with the ’t Hooft anomaly.

Mathematically, this provides information about a piv-
otal tensor functor

ϕ : TY(Z4) → Mat2(Vec
ω
Z2
) , (IV.226)

where Mat2(Vec
ω
Z2
) is the multi-fusion category formed

by the line operators living on B′.

V. CLUB SANDWICH

Just like closing a quiche leads to a sandwich, closing a
club quiche leads to a club sandwich. More precisely, a d-
dimensional club sandwich SC

d is obtained by supplying

a d-dimensional club quiche (IV.1) on the right with a

(possibly non-topological) boundary condition Bphys
d of

the (d+ 1)-dimensional TQFT Z′
d+1

SC
d = (Bd,Zd+1, Id,Z′

d+1,B
phys
d ) . (V.1)

Applied to Z = Z(S), i.e. in the context of the SymTFT,
the club sandwich becomes

SC
d = (Bsym

S ,Zd+1(S), Id,Z′
d+1,B

phys
d ) , (V.2)

which we depict as

Zd+1(S) Z′
d+1

Bsym
S Id Bphys

d

=

Td
S

(V.3)

The full interval compactification shown on the right
hand side involves collapsing both intervals occupied by
Zd+1(S) and Z′

d+1, respectively. The result is an S-
symmetric QFT Td. Thus, a club quiche QC

d can be
viewed as a machine mapping (possibly non-topological)
boundary conditions of a (d+1)-dimensional TQFT Z′

d+1
to S-symmetric d-dimensional QFTs

QC
d : {Boundaries of TQFT Z′

d+1}
→ {S -symmetric QFTs} .

(V.4)

The standard SymTFT sandwich in this context is ob-
tained by specializing to Z′

d+1 to be the trivial topological
order.

A. Kennedy-Tasaki (KT) Transformations

The club sandwich realizes what are known as the
Kennedy-Tasaki (KT) transformations and generaliza-
tions thereof. For this, specialize Z′

d+1 to be the SymTFT
associated to a symmetry S ′

Z′
d+1 = Zd+1(S ′) . (V.5)

Then the club sandwich construction provides a map

KS,S′

Id
: {S ′-symmetric QFTs}→{S-symmetric QFTs}

(V.6)

We begin with an S ′-symmetric d-dimensional QFT TS′

d ,
which by the sandwich construction provides a gener-

ally non-topological boundary condition Bphys

TS′
d

of the

SymTFT Z′
S′

Zd+1(S ′)

Bsym
S′

Bphys

TS′
d

=

TS′

d

(V.7)
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Inserting this boundary on the right hand side of a club
sandwich, results upon interval compactification to an
S-symmetric QFT TS

d

Zd+1(S) Zd+1(S ′)

Bsym
S Id

Bphys

TS′
d

=

TS
d

(V.8)

The map (V.6) is then

KS,S′

I : TS′

d 7→ TS
d (V.9)

We refer to such a transformation as a KT transfor-
mation (short for Kennedy-Tasaki). The physical Bphys

TS
d

associated to the S-symmetric QFT TS
d appearing in its

sandwich construction

Zd+1(S)

Bsym
S

Bphys

TS
d

=

TS
d

(V.10)

is obtained simply by compactifying the interval occupied
by Zd+1(S ′) in the club sandwich (V.8) leading to the

composition of Id and Bphys

TS′
d

, i.e. we have

Zd+1(S) Zd+1(S ′)

Bsym
S Id

Bphys

TS′
d

= Zd+1(S)

Bsym
S

Bphys

TS
d

(V.11)
Let us restrict to minimal club quiche QC

d . Then, the

above map KS,S′

I respects irreducibility:

{Irreducible S ′-symmetric d-dimensional QFTs}

{Irreducible S-symmetric d-dimensional QFTs}
KS,S′

I :

(V.12)
In order to see this, notice that irreducibility means that

the physical boundary Bphys

TS′
d

carries no topological lo-

cal operators that are not proportional to identity, or
more succinctly no non-identity topological local opera-
tors. Minimality of the club quiche means that no topo-
logical bulk line of Zd+1(S ′) can end along the topological
interface Id. Consequently, no new topological local op-
erators are produced by compactification of bulk lines in
the compactification shown in (V.11). Thus, the phys-

ical boundary Bphys

TS
d

carries no non-identity topological

local operators and hence TS
d is irreducible. We refer to

KT transformations arising from minimal club quiches as
minimal KT transformations. Note that, although
the theory TS

d is irreducible as an S-symmetric QFT, it
may be reducible when we forget the S symmetry, which
happens whenever the boundary B′

d of Zd+1(S ′) pro-
duced by compactifying the interval occupied by Zd+1(S)

Zd+1(S) Zd+1(S ′)

Bsym
S Id

= Zd+1(S ′)

B′

(V.13)
is reducible.
Let TS′

be a 2d TQFT lying in an irreducible S ′-
symmetric (1+1)d gapped phase described by a La-
grangian algebra

Lphys

TS′ =
⊕
a′

nphys
a′ (Q′

a′)∗ . (V.14)

Applying a minimal KT transformation KS,S′

I we find a
2d TQFT TS lying in an irreducible S-symmetric (1+1)d
gapped phase described by the Lagrangian algebra

Lphys
TS =

⊕
a

na,a′nphys
a′ Qa . (V.15)

Computational realization. At the level of gener-
alized charges, a minimal 2d KT transformation works
as follows. A property of a minimal Lagrangian alge-
bra LI ∈ Z(S) ⊠ Z(S ′) is that given a simple anyon

Q
′
a′ ∈ Z(S ′), there always exists at least one term in LI

of the form

naa′QaQ
′
a′ ∈ LI (V.16)

for some simple anyon Qa ∈ Z(S) and naa′ > 0. This
means that a simple anyon Q′

a′ of Z(S ′) can always be
converted into some anyon of Z(S) as it passes through
the interface I from the right to the left. That is, a
minimal interface I converts each irreducible generalized
charge of S ′ into a (possibly reducible) generalized charge
of S. This map between generalized charges is mathemat-
ically encoded in a functor

FI : Z(S ′) → Z(S) , (V.17)

which takes the form

FI(Q
′
a′) =

⊕
a

naa′Q∗
a , (V.18)

where the coefficients naa′ appear in the Lagrangian al-
gebra LI as in (IV.9).
Let’s discuss the KT transformations induced by the

minimal club quiches studied in the previous section in
turn.
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B. KT from Z2 to Z4 Symmetry I

First consider the club quiche (IV.39) associated to the
algebra Ae = 1⊕ e2, which was studied in section IVB1.
The symmetry before the KT transformation is Z2

S ′ = VecZ2
(V.19)

and the symmetry obtained after the KT transformation
is Z4

S = VecZ4 . (V.20)

Let TS′
be a Z2-symmetric 2d QFT. We consider the

Club Sandwich:

Z(VecZ4
) Z(VecZ2

)

Bsym
VecZ4 Ae

Bphys
VecZ2

e e′

e2

e3 e′

=

Z(VecZ2
)

B′ = 2Le
Bphys

VecZ2

E+
O−

E−

e′

e′

(O′
e′)∂

(O′)∂
(O′)∂
(O′

e′)∂

=

TS

Oe

O
Oe2

Oe3

(V.21)

We will discuss the various operators shortly.
The KT transformation TS is a Z4-symmetric 2d QFT,

whose underlying non-symmetric QFT is easily obtained
by noting from (IV.46) that the boundary B′ obtained
by compactifying the interval occupied by Z(S) is

B′ = Bsym
S′ ⊕Bsym

S′ . (V.22)

Thus, the QFT TS involves two copies of the sandwich
construction for the QFT TS′

, and hence we can write

TS = (TS′
)0 ⊕ (TS′

)1 , (V.23)

where (TS′
)i is a copy of the QFT TS′

. One may say that
TS is a QFT with two universes, such that each universe
comprises of a copy of QFT TS′

. Note that the relative
Euler term between the two TS′

universes is trivial, which
is a consequence of the fact that the relative Euler term
between the two irreducible boundaries comprising B′ is
trivial, as displayed in (IV.46).

Under the full club sandwich compactification, the
lines of the boundary B′ descend to lines of TS . The
line operators living on B′ are labeled as in (IV.36). The

line 1ii descends to the identity line on (TS′
)i, and the

line Pii descends to the Z2 symmetry of (TS′
)i. The lines

101 and 110 descend to lines exchanging the two copies
of the QFT TS′

. These two lines 101 and 110 have trivial
quantum dimensions, correlated to the fact that there is
no relative Euler term between the two TS′

universes.
Finally the lines P10 and P01 are combinations shown in
(IV.38).
From (IV.49), we learn that the generator P of the Z4

symmetry S of TS is realized by the line operator

ϕ(P ) = 101 ⊕ P10 . (V.24)

Note that the Z2 subgroup of Z4 is identified as the diag-
onal Z2 of the two Z2 symmetries acting on the individual
TS′

universes

ϕ(P 2) = P00 ⊕ P11 . (V.25)

That is, the Z4 symmetry exchanges the two universes,
but the Z2 subgroup of Z4 is completely localized within
individual universes. We may thus express the Z4-
symmetric theory TS as

(TS′
)0 ⊕ (TS′

)1 Z2TS = Z2

Z4

Z4

(V.26)

From the expression for the Lagrangian algebra LI in
(IV.31) we observe that the map

Z(VecZ2) → Z(VecZ4) (V.27)

of generalized charges is

1 → 1⊕ e2,

e′ → e⊕ e3,

m′ → m2 ⊕ e2m2

e′m′ → em2 ⊕ e3m2 .
(V.28)

According to this map we can identify the operators as
follows – also depicted in (V.21):

• An untwisted operator O′ of TS′
uncharged under

Z2 descends to two operators of TS : one of them
being an untwisted operator O that is uncharged
under Z4, and the other being an untwisted opera-
torOe2 having charge 2 under Z4. We can recognize
these operators as

O = O′
0 +O′

1 , Oe2 = O′
0 −O′

1 , (V.29)

where O′
i is a copy of O′ in the universe (TS′

)i.

• An untwisted operator O′
e′ of T

S′
charged under Z2

descends to two operators of TS : one of them being
an untwisted operator Oe that has charge 1 under
Z4, and the other being an untwisted operator Oe3

that has charge 3 under Z4. We can recognize these
operators as

Oe = O′
e′,0 − iO′

e′,1

Oe3 = O′
e′,0 + iO′

e′,1 ,
(V.30)

where O′
e′,i is a copy of O′

e′ in the universe (TS′
)i.
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• An operator O′
m′ in P ′-twisted sector of TS′

, where
P ′ is the generator of Z2 symmetry, and uncharged
under Z2 descends to two operators of TS : one of
them being an operator Om2 in P 2-twisted sector,
where P is the generator of Z4, that is uncharged
under Z4, and the other being an operator Oe2m2

in P 2-twisted sector having charge 2 under Z4. We
can recognize these operators as

Om2 = O′
m′,0 +O′

m′,1

Oe2m2 = O′
m′,0 −O′

m′,1 ,
(V.31)

where O′
m′,i is a copy of O′

m′ in the universe (TS′
)i.

• An operator O′
e′m′ in P ′-twisted sector of TS′

and
charged under Z2 descends to two operators of TS :
one of them being an operator Oem2 in P 2-twisted
sector that has charge 1 under Z4, and the other
being an operator Oe3m2 in P 2-twisted sector hav-
ing charge 3 under Z4. We can recognize these
operators as

Oem2 = O′
e′m′,0 − iO′

e′m′,1

Oe3m2 = O′
e′m′,0 + iO′

e′m′,1 ,
(V.32)

where O′
e′m′,i is a copy of O′

e′m′ in the universe

(TS′
)i.

C. KT from Z2 to Z4 Symmetry II

Now consider the club quiche (IV.61) associated to the
algebraAm = 1⊕m2, which was studied in section IVB2.
As in the previous example, the symmetry before the

KT transformation is Z2

S ′ = VecZ2
(V.33)

and the symmetry obtained after the KT transformation
is Z4

S = VecZ4
. (V.34)

Again let TS′
be a Z2-symmetric 2d QFT, and we want

to understand its KT transformation TS , which is a Z4-
symmetric 2d QFT.

The boundary B′ obtained by compactifying the in-
terval occupied by Z(S) is

B′ = Bsym
S′ (V.35)

and hence the QFT underlying TS is exactly the same as
the QFT underlying TS′

. From (IV.63), we know that
the generator P of the Z4 symmetry is realized as the
generator P ′ of the Z2 symmetry, and hence we can ex-
press TS as

TS = TS′ Z4

(V.36)

In other words, we have used the non-trivial homomor-
phism Z4 → Z2 to regard a Z2-symmetric QFT as a
Z4-symmetric QFT.
From the expression (IV.57) for LI we observe that

the map

Z(VecZ2
) → Z(VecZ4

) (V.37)

of generalized charges is

1 → 1⊕m2,

e′ → e2 ⊕ e2m2,

m′ → m⊕m3

e′m′ → e2m⊕ e2m3
(V.38)

According to this map the operators are identified as fol-
lows:

• An untwisted operator O′ of TS′
uncharged under

Z2 descends to two operators of TS : one of them
being an untwisted operator O that is uncharged
under Z4, and the other being a P 2-twisted sector
operator Om2 uncharged under Z4. We can recog-
nize these operators as

O = O′ , Om2 = O′ , (V.39)

where Om2 is the operator O′ viewed as sitting at
the end of line ϕ(P 2).

• An untwisted operator O′
e′ of TS′

charged under
Z2 descends to two operators of TS : one of them
being an untwisted operator Oe2 that has charge 2
under Z4, and the other being a P 2-twisted sector
operator Oe2m2 that has charge 2 under Z4. We
can recognize these operators as

Oe2 = O′
e′ Oe2m2 = O′

e′ , (V.40)

where Oe2m2 is the operator O′
e′ viewed as sitting

at the end of line ϕ(P 2).

• An operator O′
m′ in P ′-twisted sector of TS′

and
uncharged under Z2 descends to two operators of
TS : one of them being an operatorOm in P -twisted
sector that is uncharged under Z4, and the other
being an operator Om3 in P 3-twisted sector that is
also uncharged under Z4. We can recognize these
operators as

Om = O′
m′ Om3 = O′

m′ , (V.41)

where Om is the operator O′
m′ viewed as sitting at

the end of line ϕ(P ) and Om3 is the operator O′
m′

viewed as sitting at the end of line ϕ(P 3).

• An operator O′
e′m′ in P ′-twisted sector of TS′

and
charged under Z2 descends to two operators of TS :
one of them being an operator Oe2m in P -twisted
sector that has charge 2 under Z4, and the other
being an operator Oe2m3 in P 3-twisted sector hav-
ing charge 2 under Z4. We can recognize these
operators as

Oe2m = O′
e′m′ , Oe2m3 = O′

e′m′ , (V.42)
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where Oe2m is the operator O′
e′m′ viewed as sitting

at the end of line ϕ(P ) and Oe2m3 is the operator
O′

e′m′ viewed as sitting at the end of line ϕ(P 3).

D. KT from Anomalous Z2 to Non-anomalous Z4

Symmetry

Now consider the club quiche (IV.73) associated to the
algebra Aem, which was studied in section IVB3.

The symmetry before the KT transformation is Z2

with non-trivial ’t Hooft anomaly

S ′ = VecωZ2
(V.43)

and the symmetry obtained after the KT transformation
is a non-anomalous Z4

S = VecZ4 . (V.44)

Let TS′
be a 2d QFT with anomalous Z2-symmetry. We

want to understand its KT transformation TS which is
a 2d QFT with non-anomalous Z4-symmetry. For this
purpose, first note that the boundary B′ obtained by
compactifying the interval occupied by Z(S) is

B′ = Bsym
S′ . (V.45)

and hence the QFT underlying TS is exactly the same as
the QFT underlying TS′

. From (IV.75), we know that
the generator P of the Z4 symmetry is realized as the
generator P ′ of the Z2 symmetry, and hence we can ex-
press TS as

TS = TS′ Z4

(V.46)

Even though the map at the level of topological lines is
simply a homomorphism Z4 → Z2

(1, P, P 2, P 3) → (1, P ′, 1, P ′) (V.47)

the junctions of Z4 symmetry lines are chosen in a fashion
that does not follow from the above homomorphism. See
section IVB3 for a detailed discussion.

From the expression (IV.68) for LI we observe that
the map

Z(VecωZ2
) → Z(VecZ4

) (V.48)

of generalized charges is

1 → 1⊕ e2m2,

s → em⊕ e3m3,

s → em3 ⊕ e3m

ss → e2 ⊕m2 .
(V.49)

According to this map:

• An untwisted operator O′ of TS′
uncharged under

Z2 descends to two operators of TS : one of them
being an untwisted operator O that is uncharged

under Z4, and the other being a P 2-twisted sector
operator Oe2m2 carrying charge 2 under Z4. We
can recognize these operators as

O = O′ , Oe2m2 = O′ (V.50)

where Oe2m2 is the operator O′ viewed as sitting at
the end of line P 2. The charge 2 can be observed
from the property (IV.81) of the local operators
living at the junctions of Z4 lines:

Oe2m2

P 2

P 3

P
P 2

P

= β1,2β2,1

O′

P ′

(V.51)

which equals (−1) times the operator Oe2m2 .

• An untwisted operator O′
ss of TS′

charged under
Z2 descends to two operators of TS : one of them
being an untwisted operator Oe2 that has charge 2
under Z4, and the other being a P 2-twisted sector
operator Om2 that is uncharged under Z4. We can
recognize these operators as

Oe2 = O′
ss Om2 = O′

ss , (V.52)

where Om2 is the operator O′
ss viewed as sitting at

the end of line P 2. The fact that Om2 is uncharged
is seen by an argument similar to the one shown in
(V.51), where now the linking action of P ′ provides
an extra factor of (−1).

• An operator O′
s in P ′-twisted sector of TS′

and
having charge-1/2 under Z2 [131], with linking ac-
tion of P ′ on O′

s being i, descends to two operators
of TS : one of them being an operator Oem in P -
twisted sector that has charge 1 under Z4, and the
other being an operator Oe3m3 in P 3-twisted sector
that has charge 3 under Z4. We can recognize these
operators as

Oem = O′
s Oe3m3 = O′

s (V.53)

where Oem is the operator O′
s viewed as sitting at

the end of line P and Oe3m3 is the operator O′
s

viewed as sitting at the end of line P 3. The Z4
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charge of Oem is observed via

Oem

P

P 2

P
P

P

= β1,1β1,1 O′
s

P ′

P ′
(V.54)

where the only contribution is the P ′ linking action
i. Similarly, the Z4 charge of Oe3m3 is observed via

Oe3m3

P 3

P 0

P
P 3

P

= β1,3β3,1 O′
s

P ′

P ′
(V.55)

where along with the contribution from the P ′

linking action, we have an extra (−1) factor from
β1,3β3,1.

• An operator O′
s in P ′-twisted sector of TS′

and
having charge-1/2 under Z2, with linking action of
P ′ on O′

s being −i, descends to two operators of
TS : one of them being an operator Oe3m in P -
twisted sector that has charge 3 under Z4, and the
other being an operator Oem3 in P 3-twisted sector
having charge 1 under Z4. We can recognize these
operators as

Oe3m = O′
s Oem3 = O′

s (V.56)

where Oe3m is the operator O′
s viewed as sitting

at the end of line P and Oem3 is the operator O′
s

viewed as sitting at the end of line P 3. The charges
of the two operators can be observed in a similar
fashion as in (V.54) and (V.55)

E. KT from Z3 to S3 Symmetry

Consider the club quiche (IV.98) associated to the al-
gebra A1− , which was studied in section IVC1.
The symmetry before the KT transformation maps a

Z3 to an S3 symmetry

S ′ = VecZ3
→ S = VecS3

. (V.57)

Let TS′
be a Z3-symmetric 2d QFT. Its KT transforma-

tion TS is an S3-symmetric 2d QFT.
The boundary B′ obtained by compactifying the in-

terval occupied by Z(S) is

B′ = Bsym
S′ ⊕Bsym

S′ . (V.58)

Thus, the QFT TS involves two copies of the sandwich
construction for the QFT TS′

, and hence we can write

TS = (TS′
)0 ⊕ (TS′

)1 , (V.59)

where (TS′
)i is a copy of the QFT TS′

. Note that the rel-

ative Euler term between the two TS′
universes is trivial,

which is a consequence of the fact that the relative Euler
term between the two irreducible boundaries comprising
B′ is trivial, as displayed in (IV.104).

The lines on B′ descend to lines on TS , which we label
in the same way. 1ii is the identity of (TS′

)i, Pii is the

generator of Z3 symmetry of (TS′
)i and P 2

ii is its square.
The rest of the lines are universe changing. Equation
(IV.103) describes how the S3 symmetry is then realized
on TS , which we schematically depict as

(TS′
)0 ⊕ (TS′

)1 Z−1
3TS = Z3

Z2 (V.60)

displaying the actions of Z3 and Z2 subgroups of S3 gen-
erated respectively by a and b, and the notation Z−1

3

captures the fact that the generator ϕ(a) of Z3 inside S3

when acting on the universe (TS′
)1 is the inverse P 2

11 of

the generator P11 of the original Z3 symmetry of (TS′
)1.

From the expression for the Lagrangian algebra LI in
(IV.90) we observe that the map

Z(VecZ3
) → Z(VecS3

) (V.61)

of generalized charges is

1 → 1⊕ 1−,

m → a1,

m2 → a1,

e → E,

em → aω,

em2 → aω2 ,

e2 → E

e2m → aω2

e2m2 → aω .

(V.62)

According to this map:

• An untwisted operator O′ of TS′
uncharged under

Z3 descends to two operators of TS : one of them
being an untwisted operator O that is uncharged
under S3, and the other being an untwisted opera-
tor O1− charged under b. We can recognize these
operators as

O = O′
0 +O′

1 , O1− = O′
0 −O′

1 (V.63)

where O′
i is a copy of O′ in the universe (TS′

)i.
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• An untwisted operator O′
e of TS′

having charge
1 under Z3 descends to two untwisted operators

O(1)
E,1,O

(1)
E,2 of TS . These operators live in represen-

tation E of S3. We can recognize these operators
as

O(1)
E,1 = O′

e,0 , O(1)
E,2 = O′

e,1 (V.64)

where O′
e,i is a copy of O′

e in the universe (TS′
)i.

• Similarly, an untwisted operator O′
e2 of TS′

hav-
ing charge 2 under Z3 descends to two untwisted

operators O(2)
E,1,O

(2)
E,2 of TS . These operators live

in representation E of S3. We can recognize these
operators as

O(2)
E,1 = O′

e2,1 , O(2)
E,2 = O′

e2,0 (V.65)

where O′
e2,i is a copy of O′

e2 in the universe (TS′
)i.

• An operatorO′
ekm in P -twisted sector of TS′

, where
P is the generator of Z3 symmetry, and having
charge k under Z3 descends to two operators of TS :

O(1)

a,ωk in a-twisted sector having charge k under a

and O(1)

a2,ω2k in a2-twisted sector having charge 2k

under a. The two operators are exchanged by the
action of b. We can recognize these operators as

O(1)

a,ωk = O′
ekm,0 , O(1)

a2,ω2k = O′
ekm,1 (V.66)

where O′
ekm,i is a copy of O′

ekm in the universe

(TS′
)i.

• An operator O′
ekm2 in P 2-twisted sector of TS′

, and
having charge k under Z3 descends to two opera-

tors of TS : O(2)

a,ω2k in a-twisted sector having charge

2k under a and O(2)

a2,ωk in a2-twisted sector having

charge k under a. The two operators are exchanged
by the action of b. We can recognize these operators
as

O(2)

a,ω2k = O′
ekm2,1 , O(2)

a2,ωk = O′
ekm2,0 (V.67)

where O′
ekm2,i is a copy of O′

ekm2 in the universe

(TS′
)i.

F. KT from Z2 to S3 Symmetry I

Consider the club quiche (IV.113) associated to the
algebra AE , which was studied in section IVC2. The
associated KT transformation converts Z2 symmetry into
S3 symmetry

S ′ = VecZ2
−→ S = VecS3

. (V.68)

Let TS′
be a Z2-symmetric 2d QFT. Its KT transfor-

mation TS is an S3-symmetric 2d QFT which can be
expressed as

TS = (TS′
)0 ⊕ (TS′

)1 ⊕ (TS′
)2 , (V.69)

i.e. it comprises of three universes with each universe
containing a copy of TS′

. Note also that the relative
Euler terms between any two universes is trivial.
The S3 symmetry acts on the universes such that

TS = (TS′
)0 ⊕ (TS′

)1 ⊕ (TS′
)2

Z3

Z2 Z2 (V.70)

where the Z2 symmetry is taken to be generated by b and
the Z3 symmetry generated by a, whose precise actions
are encoded in their identification (IV.119).
From the expression for the Lagrangian algebra LI in

(IV.107) we observe that the map

Z(VecZ2
) → Z(VecS3

) (V.71)

of generalized charges is

1 → 1⊕ E, e → 1− ⊕ E, m → b+, em → b− .
(V.72)

According to this map the operators are identified as fol-
lows:

• An untwisted operator O′ of TS′
uncharged under

Z2 descends to three operators of TS : one of them
being an untwisted operator O that is uncharged

under S3, and the other two O(1)
E,1,O

(1)
E,2 being un-

twisted operators transforming in representation E
of S3. We can recognize these operators as

O = O′
0 +O′

1 +O′
2

O(1)
E,1 = O′

0 + ω2O′
1 + ωO′

2

O(1)
E,2 = O′

0 + ωO′
1 + ω2O′

2 ,

(V.73)

where O′
i is a copy of O′ in the universe (TS′

)i.

• An untwisted operator O′
e of TS′

charged under Z2

descends to three untwisted operators: one of them
O1− transforming in representation 1− of S3 and

the other two O(2)
E,1,O

(2)
E,2 transforming in represen-

tation E of S3. We can recognize these operators
as

O1− = O′
e,0 +O′

e,1 +O′
e,2

O(2)
E,1 = O′

e,0 + ω2O′
e,1 + ωO′

e,2

O(2)
E,2 = −O′

e,0 − ωO′
e,1 − ω2O′

e,2 ,

(V.74)

where O′
e,i is a copy of O′

e in the universe (TS′
)i.
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• An operatorO′
ekm in P -twisted sector of TS′

, where
P is the generator of Z2 symmetry, and having
charge k under Z2 descends to three operators of

TS : O(k)
aib in aib-twisted sector. The action of b on

these operators is

b : O(k)
b → (−1)kO(k)

b , O(k)
ab ↔ (−1)kO(k)

a2b , (V.75)

We can recognize these operators as

O(k)
aib = O′

ekm,i , (V.76)

where O′
ekm,i is a copy of O′

ekm in the universe

(TS′
)i.

G. KT from Z2 to S3 Symmetry II

Consider the club quiche (IV.127) associated to the
algebra Aa1

, which was studied in section IVC3. The
associated KT transformation converts Z2 symmetry into
S3 symmetry

S ′ = VecZ2
−→ S = VecS3

. (V.77)

Let TS′
be a Z2-symmetric 2d QFT. Its KT transfor-

mation TS is an S3-symmetric 2d QFT which can be
expressed as

TS = TS′ S3

(V.78)

i.e. we regard the Z2-symmetric theory TS′
as an S3-

symmetric theory simply by pulling back symmetries us-
ing the non-trivial homomorphism S3 → Z2.
From the expression for the Lagrangian algebra LI in

(IV.123) we observe that the map

Z(VecZ2
) → Z(VecS3

) (V.79)

of generalized charges is

1 → 1⊕ a1, e → 1− ⊕ a1, m → b+, em → b− .
(V.80)

According to this map:

• An untwisted operator O′ of TS′
uncharged under

Z2 descends to three operators of TS : one of them
being an untwisted operator O that is uncharged

under S3, and the other two O(1)
a ,O(1)

a2 being in

a, a2-twisted sectors which are uncharged under a
but exchanged by b. We can recognize these oper-
ators as

O = O′ , O(1)

ak = O′ , (V.81)

where O(1)

ak is the operator O′ viewed as lying in

the ak-twisted sector.

• An untwisted operator O′
e of TS′

charged under Z2

descends to three operators of TS : one of them be-
ing an untwisted operator O1− in representation 1−

of S3, and the other two O(2)
a ,O(2)

a2 being in a, a2-
twisted sectors which are uncharged under a but
exchanged by b. We can recognize these operators
as

O1− = O′
e O(2)

ak = (−1)kO′
e , (V.82)

where O(2)

ak is the operator O′
e viewed as lying in

the ak-twisted sector.

• An operatorO′
ekm in P -twisted sector of TS′

, where
P is the generator of Z2 symmetry before KT trans-
formation, and having charge k under Z2 descends

to three operators of TS : O(k)
aib in aib-twisted sector.

The action of b on these operators is described in
(V.75). We can recognize these operators as

O(k)
aib = O′

ekm , (V.83)

where O(k)
aib is the operator O

′
ekm viewed as lying in

the aib-twisted sector.

H. KT from Z3 to Rep(S3) Symmetry

Consider the Rep(S3) club quiche (IV.145) associated
to the algebra A1− studied in section IVD2. The as-
sociated KT transformation converts Z3 symmetry into
Rep(S3) symmetry

S ′ = VecZ3 −→ S = Rep(S3) . (V.84)

Let TS′
be a Z3-symmetric 2d QFT. Its KT transforma-

tion TS is a Rep(S3)-symmetric 2d QFT which can be
expressed as

TS = TS′ Rep(S3)
(V.85)

i.e. the underlying 2d QFT for TS is the same as for TS′
,

with the Rep(S3) symmetry realized in terms of the Z3

symmetry as described in (IV.147).
From the expression for the Lagrangian algebra LI in

(IV.142) we observe that the map

Z(VecZ3
) → Z(Rep(S3)) (V.86)

of generalized charges is

1 → 1⊕ 1−,

e → a1,

e2 → a1,

m → E,

em → aω,

e2m → aω2 ,

m2 → E

em2 → aω2

e2m2 → aω

(V.87)

According to this map:
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• An untwisted operator O′ of TS′
uncharged under

Z3 descends to two operators of TS : one of them
being an untwisted operator O that is uncharged
under Rep(S3), and the other being an operator
O1− in the 1−-twisted sector that is uncharged un-
der Rep(S3). We call such an operator O1− as an
operator living in 1−-multiplet of Rep(S3) symme-
try. We can recognize these operators as

O = O′ , O1− = O′ , (V.88)

where O1− is the operator O′ viewed as lying in the
1−-twisted sector.

• An untwisted operator O′
ek of TS′

having charge
k = 1, 2 under Z3 descends to two operators of

TS : one of them being an untwisted operator O(k)
a1,u

and the other operator O(k)
a1,t in 1−-twisted sec-

tor. These operators are uncharged under 1−, but
mixed together by the action of E as described in
section 5.2.2 of [2]. These mixings imply that the
linking action of E on these operators is −1. We
say that the two operators lie in an a1-multiplet.
We can recognize these operators as

O(k)
a1,u = O′

ek O(k)
a1,t = O′

ek , (V.89)

where O(k)
a1,t is the operator O′

ek viewed as lying in
the 1−-twisted sector. The linking action of E =
P ⊕ P 2 is −1 because ω + ω2 = −1.

• An operator O′
mk , for k = 1, 2, in P k-twisted sec-

tor of TS′
, where P is the generator of Z3 sym-

metry before KT transformation, and uncharged

under Z3 descends to two operators of TS : O(k)
E,+

in E-twisted sector and O(k)
E,− sitting between the

lines E and 1−. We say that the two operators lie
in an E-multiplet. These operators are uncharged
under 1−, but mixed together by the action of E as
described in section 5.2.3 of [2]. We can recognize
these operators as

O(k)
E,+ = O′

mk O(k)
E,− = O′

mk , (V.90)

where O(k)
E,± is the operator O′

mk viewed as lying

at the end of E = P ⊕ P 2 line, since it lies at the

end of one of these lines, and the operator O(k)
E,− is

additionally regarded as attached also the 1− line.

• An operator O′
eimk , for i, k ∈ {1, 2}, in P k-twisted

sector of TS′
and having charge i under Z3 descends

to two operators of TS : O(k)
a
ωki ,+

in E-twisted sec-

tor and O(k)
a
ωki ,− sitting between the lines E and

1−. These operators are uncharged under 1−, but
mixed together by the action of E. We say that
the two operators lie in an aωki -multiplet. We can
recognize these operators as

O(k)
a
ωki ,+

= O′
eimk O(k)

a
ωki ,+

= O′
eimk . (V.91)

I. KT from Z2 to Rep(S3) Symmetry I

Consider the Rep(S3) club quiche (IV.137) associated
to the algebra AE studied in section IVD1. The associ-
ated KT transformation converts a Z2 symmetry into a
Rep(S3) symmetry

S ′ = VecZ2 −→ S = Rep(S3) . (V.92)

Let TS′
be a Z2-symmetric 2d QFT. Its KT transforma-

tion TS is a Rep(S3)-symmetric 2d QFT which can be
expressed as

TS = TS′ Rep(S3)
(V.93)

i.e. the underlying 2d QFT for TS is the same as for TS′
,

with the Rep(S3) symmetry realized in terms of the Z2

symmetry as described in (IV.140).
From the expression for the Lagrangian algebra LI in

(IV.135) we observe that the map

Z(VecZ2
) → Z(Rep(S3)) (V.94)

of generalized charges is

1 → 1⊕ E, m → 1− ⊕ E, e → b+, em → b− .
(V.95)

According to this map:

• An untwisted operator O′ of TS′
uncharged un-

der Z2 descends to three operators of TS : one of
them being an untwisted operator O that is un-
charged under Rep(S3), and the other two being

operators O(0)
E,+,O

(0)
E,− lying in an E-multiplet of

Rep(S3) symmetry discussed above. We can recog-
nize these operators as

O = O′ , O(0)
E,+ = O′ , O(0)

E,− = O′ ⊗ idP , (V.96)

where O(0)
E,+ is the operator O′ viewed as lying at

the end of E = 1⊕P line, since the identity line is a

part of E, and the operatorO(0)
E,− is obtained by fus-

ing O′ with the identity operator idP living along
the topological line P generating the Z2 symmetry
before KT transformation. This operator O′ ⊗ idP
can then be regarded as transitioning between E
and 1− as both these lines involve the line P .

• A P -twisted sector operator O′
m of TS′

uncharged
under Z2 descends to three operators of TS : O1−

living in 1−-multiplet, and O(1)
E,+,O

(1)
E,− in E-

multiplet of Rep(S3) symmetry. We can recognize
these operators as

O1− = O′
m , O(1)

E,+ = O′
m , O(1)

E,− = O′
m . (V.97)
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• An untwisted operator O′
e of TS′

charged under
Z2 descends to three operators of TS : Ob+ which
is untwisted, Ob+,+ lying in E-twisted sector, and
Ob+,− lying between E and 1− lines. The three op-
erators are charged under 1− and mixed together by
E as described in section 5.2.4 of [2]. We say that
the three operators lie in a b+-multiplet of Rep(S3)
symmetry. We can recognize these operators as

Ob+ = O′
e , Ob+,+ = O′

e , Ob+,− = O′
e⊗ idP . (V.98)

• A P -twisted sector operator O′
em of TS′

charged
under Z2 descends to three operators of TS : Ob−

lying in 1−-twisted sector, Ob−,+ lying in E-twisted
sector, and Ob−,− lying between E and 1− lines.
The three operators are charged under 1− and
mixed together by E. We say that the three op-
erators lie in a b−-multiplet of Rep(S3) symmetry.
We can recognize these operators as

Ob− = O′
em , Ob−,+ = O′

em , Ob−,− = O′
em . (V.99)

J. KT from Z2 to Rep(S3) Symmetry II

Consider the Rep(S3) club quiche (IV.154) associated
to the algebra Aa1 studied in section IVD3. The associ-
ated KT transformation converts a Z2 symmetry into a
Rep(S3) symmetry

S ′ = VecZ2 −→ S = Rep(S3) . (V.100)

Let TS′
be a Z2-symmetric 2d QFT. Let’s understand its

KT transformation TS which is a Rep(S3)-symmetric 2d
QFT.

The boundary B′ obtained after compactifying the in-
terval occupied by Z(S) is

B′ = Bsym
S′ ⊕ (Bsym

S′ /Z2)√2 (V.101)

as in (IV.150), where Bsym
S′ /Z2 is the boundary of Z(S ′)

obtained by gauging the Z2 symmetry of the boundary
Bsym

S′ and the subscript
√
2 describes that we additionally

stack Bsym
S′ /Z2 with a non-trivial Euler term. The 2d

QFT underlying TS is thus

TS = TS′
⊕ (TS′

/Z2)√2 , (V.102)

where (TS′
/Z2)√2 is obtained by gauging the S ′ = Z2

symmetry of TS′
and stacking an Euler term. For further

proceedings, let us define

Te := TS′
, Tm := (TS′

/Z2)√2 . (V.103)

In other words, TS comprises of two universes described
respectively by theories Te and Tm.
The lines living on B′ are described in (IV.151). These

lines descend to line operators of TS as follows. The line
1ii becomes the identity line in Ti, while the line Pii

becomes the Z2 symmetry generator of Ti. Here Pee is
the generator of the original Z2 symmetry of TS′

, while
Pmm is the generator of the dual Z2 symmetry of TS′

/Z2

obtained after gauging the Z2 symmetry of TS′
. The lines

Sem and Sme are universe changing lines. Their linking
actions on identity local operators ide and idm of Te and
Tm respectively are

Sem : ide → 2idm Sme : idm → ide , (V.104)

which follows from (IV.160).
The Rep(S3) symmetry generators are identified in

terms of these lines as in (IV.159), and thus we can
schematically depict the Rep(S3)-symmetric theory TS

as

TS′ ⊕ (TS′
/Z2)√2

1−TS = E

E (V.105)

Here E acts as Pee as well as between the two summands
as described in (IV.159). From the expression for the
Lagrangian algebra LI in (IV.123) we observe that the
map

Z(VecZ2) → Z(Rep(S3)) (V.106)

of generalized charges is

1 → 1⊕ a1, e → 1− ⊕ a1, m → b+, em → b− .
(V.107)

According to this map:

• An untwisted operator O′ of TS′
uncharged un-

der Z2 descends to three operators of TS : one of
them being an untwisted operator O1 that is un-
charged under Rep(S3), and the other two being

operators O(0)
a1,u,O

(0)
a1,t lying in an a1-multiplet of

Rep(S3) symmetry discussed above. We can recog-
nize these operators as

O1 = (O′)e + (O′)m

O(0)
a1,u = (O′)e − 2(O′)m

O(0)
a1,t = − 3(O′)e

1 + 2ω
,

(V.108)

where ω is a third root of unity. Here (O′)e is a
copy of O′ in Te and (O′)m is the operator in Tm

obtained after gauging Z2. Both (O′)e and (O′)m
are uncharged under the Z2 symmetries of Te and

Tm respectively. The form ofO(0)
a1,u follows from the

identification of operator O in terms of ve and vm
in (IV.156) since we have that O(0)

a1,u is the fusion

O⊗O1. The form of the operator O(0)
a1,t results from

a particular choice of junction local operators be-
tween Rep(S3) lines and was derived in eqn. (5.94)

of [2]. Note that the operator O(0)
a1,t can be regarded

as living in the 1−-twisted sector because 1− con-
tains the identity line 1ee for Te.
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• An untwisted operator O′
e of TS′

charged under Z2

descends to three operators of TS : one of them
O1− living in 1−-multiplet of Rep(S3), and the

other two being operators O(1)
a1,u,O

(1)
a1,t lying in an

a1-multiplet of Rep(S3) symmetry discussed above.
We can recognize these operators as

O1− = (O′
e)e + (O′

e)m

O(1)
a1,u = −3(O′

e)e
1 + 2ω

O(1)
a1,t = (O′

e)e − 2(O′
e)m .

(V.109)

Here (O′
e)e is a copy of O′

e in Te and (O′
e)m is the

operator in Tm obtained after gauging Z2, which
is thus in Pmm twisted sector and uncharged under
Pmm. These operators are uncharged under 1− as it
involves only Pmm but (O′

e)m is uncharged under
Pmm. Note that the twisted and untwisted com-

ponents of the a1-multiplet {O(1)
a1,u,O

(1)
a1,t} are “re-

versed” as compared to the twisted and untwisted

components of the a1-multiplet {O(0)
a1,u,O

(0)
a1,t} de-

scribed in (V.108). This is because we now have

O(1)
a1,t = O ⊗ O1− where O is the topological lo-

cal operator appearing in (IV.156), as opposed to

O(0)
a1,t = O ⊗O1 previously.

• A P -twisted sector operator O′
m of TS′

, where

P is the generator of Z2 symmetry of TS′
, and

uncharged under Z2 descends to three operators
of TS : Ob+ ,Ob+,+,Ob+,− transforming in b+-
multiplet of Rep(S3) symmetry discussed above.
We can recognize these operators as

Ob+ = (O′
m)m , Ob+,+ = (O′

m)e , Ob+,− = (O′
m)e .

(V.110)
Here (O′

m)e is a copy of O′
m in Te and (O′

m)m is the
operator in Tm obtained after gauging Z2, which is
thus an untwisted operator in Tm charged under
Pmm.

• A P -twisted sector operator O′
em of TS′

charged
under Z2 descends to three operators of TS :
Ob− ,Ob−,+,Ob−,− transforming in b−-multiplet of
Rep(S3) symmetry discussed above. We can recog-
nize these operators as

Ob− = (O′
em)m , Ob+,+ = (O′

em)e , Ob+,− = (O′
em)e

(V.111)
Here (O′

em)e is a copy of O′
em in Te and (O′

em)m
is the operator in Tm obtained after gauging
Z2, which is thus a Pmm-twisted operator in Tm

charged under Pmm.

K. KT from Z2 to Ising Symmetry

Consider the Ising club quiche (IV.170) associated to
the algebra A studied in section IVE. The associated KT

transformation converts Z2 symmetry into Ising symme-
try

S ′ = VecZ2
−→ S = Ising . (V.112)

Let TS′
be a Z2-symmetric 2d QFT. Let’s understand its

KT transformation TS which is an Ising-symmetric 2d
QFT.

The boundary B′ obtained after compactifying the in-
terval occupied by Z(S) is

B′ = Bsym
S′ ⊕ (Bsym

S′ /Z2) (V.113)

as in (IV.169), where Bsym
S′ /Z2 is the boundary of Z(S ′)

obtained by gauging the Z2 symmetry of the boundary
Bsym

S′ . The 2d QFT underlying TS is thus

TS = TS′
⊕ (TS′

/Z2) , (V.114)

where TS′
/Z2 is obtained by gauging the S ′ = Z2 sym-

metry of TS′
. For further proceedings, let us define

Te := TS′
, Tm := TS′

/Z2 . (V.115)

In other words, TS comprises of two universes described
respectively by theories Te and Tm.

The lines living on B′ and their map to lines of TS are
the same as in section VJ. However, the linking actions
on identity local operators ide and idm of Te and Tm

respectively of the universe changing lines are now

Sem : ide →
√
2idm Sme : idm →

√
2ide , (V.116)

which follows from (IV.176).
The Ising symmetry generators are identified in terms

of these lines as in (IV.175), and thus we can schemati-
cally depict the Ising-symmetric theory TS as

TS′ ⊕ (TS′
/Z2) PTS = P

S (V.117)

From the expression for the Lagrangian algebra LI in
(IV.167) we observe that the map

Z(VecZ2
) → Z(Ising) (V.118)

of generalized charges is

1 → 1⊕ PP , e → SS, m → SS, em → P ⊕ P .
(V.119)

According to this map:

• An untwisted operator O′ of TS′
uncharged under

Z2 descends to two operators of TS : one of them
being an untwisted operator O that is uncharged
under Ising, and the other being an operator OPP
which transforms trivially under P but transforms
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by a sign whenever the line S is moved past it. We
can recognize these operators as

O = (O′)e + (O′)m , OPP = (O′)e − (O′)m . (V.120)

Here (O′)e is a copy of O′ in Te and (O′)m is the
operator in Tm obtained after gauging Z2. Both
(O′)e and (O′)m are uncharged under the Z2 sym-
metries of Te and Tm respectively.

• An untwisted operator O′
e of TS′

charged under Z2

descends to two operators of TS : one of them being

an untwisted operator O(e)

SS,u
that is charged under

P , and the other being P -twisted sector operator

O(e)

SS,t
uncharged under P . The two operators are

exchanged by the action of S. We say that the two
operators lie in an SS-multiplet of Ising symmetry.
We can recognize these operators as

O(e)

SS,u
= (O′

e)e , O(e)

SS,t
= (O′

e)m . (V.121)

Here (O′
e)e is a copy of O′

e in Te and (O′
e)m is the

operator in Tm obtained after gauging Z2, which is
thus in Pmm twisted sector and uncharged under
Pmm.

• A P ′-twisted operator O′
m of TS′

, where P ′ is the

generator of Z2 symmetry of TS′
before KT trans-

formation, and which is uncharged under Z2, de-

scends to two operators of TS : O(m)

SS,u
,O(m)

SS,t
lying

in SS-multiplet of Ising symmetry. We can recog-
nize these operators as

O(m)

SS,u
= (O′

m)m , O(m)

SS,t
= (O′

m)e . (V.122)

Here (O′
m)e is a copy of O′

m in Te and (O′
m)m is the

operator in Tm obtained after gauging Z2, which is
thus an untwisted operator in Tm charged under
Pmm.

• A P ′-twisted operatorO′
em of TS′

charged under Z2

descends to two operators of TS : a P -twisted sector
operator OP charged under P and transforming by
i whenever the line S is moved past it, and a P -
twisted sector operator OP charged under P and
transforming by −i whenever the line S is moved
past it. We can recognize these operators as

OP = (O′
em)e − i(O′

em)m , OP = (O′
em)e + i(O′

em)m .
(V.123)

Here (O′
em)e is a copy of O′

em in Te and (O′
em)m

is the operator in Tm obtained after gauging
Z2, which is thus a Pmm-twisted operator in Tm

charged under Pmm. The action of S on these op-
erators follows from the facts that moving Sem past
(O′

em)e converts it into (O′
em)m, and moving Sme

past (O′
em)m converts it into −(O′

em)e.

L. KT from Z2 to TY(Z4) Symmetry

Consider the club quiche (IV.188) for the algebra A1,2

discussed in section IVF1. The associated KT transfor-
mation converts Z2 symmetry into TY(Z4) symmetry

S ′ = VecZ2
→ S = TY(Z4) . (V.124)

Let TS′
be a Z2-symmetric 2d QFT. We want to under-

stand the properties of its KT transformation TS which
is a TY(Z4)-symmetric 2d QFT.
The boundary B′ after interval compactification of

Z(S) is

B′ = Bsym
S′ ⊕ (Bsym

S′ /Z2)√2 ⊕ (Bsym
S′ /Z2)√2 (V.125)

and the resulting theory TS decomposes as

TS = Te
0 ⊕ Tm

1 ⊕ Tm
2 , (V.126)

where

Te
0 = TS′

, Tm
1 = Tm

2 = (TS′
/Z2)√2 , (V.127)

where we remind the reader that
√
2 subscripts capture

the presence of additional Euler terms.
The action of the symmetry S = TY(Z4) follows

from (IV.195) and we can schematically depict TS with
TY(Z4) action as

TS = Te
0 ⊕ Tm

1 ⊕ Tm
2

S

A A (V.128)

From the Lagrangian L1,2 we observe that the map

Z(VecZ2
) → Z(TY(Z4)) (V.129)

of generalized charges is

1 → L+
0 + L−

0 + L2,0

e → L+
2 + L−

2 + L2,0

m → L1,0 + L3,0

em → L2,1 + L3,2 .

(V.130)

These imply the following maps on operators:

• An untwisted operator O′ of TS′
uncharged under

Z2 maps to four operators of TS . One of them is
an untwisted operator O that is uncharged under
TY(Z4). Another is an untwisted operator O−

0 with
generalized charge L−

0 which is uncharged under
Z4 subsymmetry but picks up a sign when moved
past the duality defect S. We call such an operator
as living in the L−

0 multiplet. The remaining two

operators {Ou,(1)
2,0 ,Ot,(1)

2,0 } lie in an L2,0-multiplet.
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In more detail, Ou,(1)
2,0 is an untwisted operator of

charge 2 under the Z4 subsymmetry, and Ot,(1)
2,0 is

an A2-twisted sector operator uncharged under Z4,
such that the two operators are exchanged by the
action of S. See sections 7.1.1. and 7.1.3. in [2]
for further details. To conclude, the action of the
TY(Z4) symmetry on these operators is

Ak : O−
0 → O−

0 , Ou,(1)
2,0 → (−1)kOu,(1)

2,0

Ot,(1)
2,0 → Ot,(1)

2,0

S : O−
0 → −O−

0 , Ou,(1)
2,0 ↔ Ot,(1)

2,0 .

(V.131)

This is simply the action upon moving past the
lines, which is in general different from the linking
action of lines on these operators.

We can recognize these operators as

O = (O′)e0 + (O′)m1 + (O′)m2

O−
0 = (O′)e0 − (O′)m1 − (O′)m2

Ou,(1)
2,0 = (O′)m1 − (O′)m2

Ot,(1)
2,0 = (O′)e0 ,

(V.132)

where (O′)e0 is a copy of O′ in Te
0 and (O′)mi are

(O′)m in Tm
i , where (O′)m is the operator obtained

from O′ after gauging Z2, which is an untwisted
operator uncharged under the dual Z2 symmetry.

The sign in Ou,(1)
2,0 is a result of the presence of non-

trivial junction local operators between symmetry
generators.

• An untwisted operator O′
e of TS′

charged under
Z2 maps to two operators O±

2 in the L±
2 multiplet

of TY(Z4) and two operators Ou,(2)
2,0 ,Ot,(2)

2,0 in L2,0

multiplet. The operators O±
2 are in A2-twisted sec-

tor and transform as

Ak : O±
2 → (−1)kO±

2

S : O±
2 → ±O±

2 ,
(V.133)

when these lines are moved past them. We can
recognize these operators as

O+
2 = (O′

e)
e
0 + (O′

e)
m
1 − (O′

e)
m
2

O−
2 = (O′

e)
e
0 − (O′

e)
m
1 + (O′

e)
m
2

Ou,(2)
2,0 = (O′

e)
e
0

Ot,(2)
2,0 = (O′

e)
m
1 + (O′

e)
m
2 ,

(V.134)

where (O′
e)

e
0 is a copy of O′

e in Te
0 and (O′

e)
m
i are

(O′
e)

m in Tm
i , where (O′

e)
m is the operator obtained

from O′
e after gauging Z2, which is an operator in

twisted sector for the dual Z2 symmetry and un-
charged under the dual Z2 symmetry.

• A P ′-twisted sector operator O′
m of TS′

, where P ′

is the generator of Z2 symmetry before KT trans-
formation, that is uncharged under Z2, maps to two
operators Oi

1,0 and two operators Oi
3,0 for i ∈ {u, t}

of TS , transforming in the L1,0 and L3,0 multiplets,
respectively. Here Ou

e,0 are untwisted operators and

Ot
e,0 are in Ae-twisted sector such that the action

of the S = TY(Z4) is [2]

Ak : Ou
e,0 → eiπek/2Ou

e,0 , Ot
e,0 → Ot

e,0

S : Ou
e,0 ↔ Ot

e,0 ,
(V.135)

when these lines are moved past the local operators.
We can recognize these local operators as

Ou
1,0 = (O′

m)m1 − i(O′
m)m2

Ot
1,0 = (O′

m)e0

Ou
3,0 = (O′

m)m1 + i(O′
m)m2

Ot
3,0 = (O′

m)e0 ,

(V.136)

where (O′
m)e0 is a copy of O′

m in Te
0 and (O′

m)mi
are (O′

m)m in Tm
i , where (O′

m)m is the operator
obtained from O′

m after gauging Z2, which is an
operator in untwisted sector for the dual Z2 sym-
metry and charged under the dual Z2 symmetry.

• Finally, a P ′-twisted sector operator O′
em of TS′

that is charged under Z2 maps to two operators
Oi

2,1 and two operators Oi
3,2 for i ∈ {1, 2} of TS ,

transforming in the L2,1 and L3,2 multiplets, re-
spectively. Here O1

e,m are operators Am-twisted

sectors and O2
e,m are operators in Ae-twisted sec-

tors such that the action of the S = TY(Z4) is [2]

Ak : O1
e,m → e2πiek/4O1

e,m , O2
e,m → e2πimk/4O2

e,m

S : O1
e,m ↔ O2

e,m ,
(V.137)

when these lines are moved past the local operators.
We can recognize these local operators as

O1
2,1 = (O′

em)e0

O2
2,1 = (O′

em)m1 − i(O′
m)m2

O1
3,2 = (O′

em)m1 + i(O′
em)m2

O2
3,2 = (O′

em)e0 ,

(V.138)

where (O′
em)e0 is a copy of O′

em in Te
0 and (O′

em)mi
are (O′

em)m in Tm
i , where (O′

em)m is the operator
obtained from O′

em after gauging Z2, which is an
operator in twisted sector for the dual Z2 symmetry
and charged under the dual Z2 symmetry.

VI. PHASE TRANSITIONS: NEW FROM OLD

One of the key applications of the club sandwich con-
structions, i.e. the KT transformations, is the study of
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phase transitions between gapped phases with categorical
symmetries. This comprises a central aspect of the cate-
gorical Landau paradigm that was developed in [1, 2]. In
there the main result was the characterization of gapped
phases with categorical symmetries and their associated
order parameters using the SymTFT.

For group-like symmetries this was discussed in [42]
using a similar SymTFT description. Here we extend
this to include any categorical symmetry, including non-
invertible symmetries such as Rep(S3) and TY(ZN ).

A. General Setup

Suppose that we know an irreducible S ′-symmetric d-
dimensional CFT TS′

C (note that unlike the earlier parts
of the paper, the subscripts will not refer to space-
time dimensions anymore) admitting a relevant opera-
tor O′ that is uncharged under S ′ (sometimes also re-
ferred to as an S ′-symmetric local operator), such that
deforming the CFT with +O′ leads to an irreducible S ′-
symmetric d-dimensional TQFT TS′

1 , and deforming the
CFT with −O′ leads to another irreducible S ′-symmetric
d-dimensional TQFT TS′

2

TS′

C TS′

1TS′

2

−O′ +O′

(VI.1)

In such a situation, TS′

C is referred to as a phase transi-

tion between the S ′-symmetric gapped phases [TS′

1 ] and

[TS′

2 ].

By applying a minimal KT transformation KS,S′

I , we
obtain an irreducible S-symmetric d-dimensional CFT
TS
C acting as a phase transition between two irreducible

S-symmetric gapped phases
[
TS
1

]
and

[
TS
2

]
:

TS
C TS

1TS
2

−O +O
(VI.2)

Here TS
i is obtained from TS′

i , for i ∈ {1, 2, C}, by ap-

plying the KT transformation KS,S′

I . In order to see
this, note that since O′ is uncharged, it arises in the S ′-
sandwich construction from an operator O′

∂ completely

localized along the physical boundary: Bphys

TS′
C

Z(S ′)

Bsym
S′

Bphys

TS′
C

=

TS′

C

O′
∂ O′

(VI.3)

Deforming the boundary Bphys

TS′
C

by ±O′
∂ leads to topo-

logical physical boundaries Bphys

TS′
1,2

for TS′

1,2

Bphys

TS′
C

Bphys

TS′
1

Bphys

TS′
2

−O′
∂ +O′

∂

(VI.4)

since the sandwich construction with these physical
boundaries describes the phase transition (VI.1). This
can be thought of as a boundary phase transition. We
can now feed in this boundary phase transition into a
club sandwich to obtain an S-symmetric phase transi-
tion. First compactifying the interval occupied by Z(S ′),

we obtain an operator O∂ localized along Bphys

TS
C

Z(S) Z(S ′)

Bphys

TS′
CI

= Z(S)

Bphys

TS
C

O∂O′
∂

(VI.5)
that generates a boundary phase transition

Bphys

TS
C

Bphys

TS
1

Bphys

TS
2

−O∂ +O∂

(VI.6)

After the full club sandwich compactification, O∂ de-
scends to an operator O in TS

C uncharged under the sym-
metry S

Z(S)

Bsym
S

Bphys

TS
C

=

TS
C

O∂ O

(VI.7)

which is responsible for the desired S-symmetric phase
transition (VI.2).
In conclusion, one can obtain new phase transitions

from known phase transitions by applying minimal KT
transformations. This is quite useful as a minimal
KT transformation maps S ′-symmetric theories to S-
symmetric theories where S is morally larger than S ′

“S > S ′ ” . (VI.8)

One can then begin with a small enough S ′ like Z2 for
which a transition is well-known, and iteratively keep ap-
plying KT transformations to generate new phase tran-
sitions for larger and larger symmetries, which may not
be invertible in general.

B. Input Phase Transitions

Let us now discuss a couple of known phase transitions
that we will use to construct new phase transitions by
applying KT transformations to them.

1. The Critical Ising Model

The first one is a Z2-symmetric transition provided by
the 2d Ising CFT. The Z2 symmetry is the spin flip sym-
metry that we label as η. We will focus on three special
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local operators in the Ising CFT, namely the order/spin
operator σ, the disorder operator µ, and the energy op-
erator ϵ. The order operator σ is an untwisted sector
local operator (i.e. a local operator unattached to any
line operators) that is charged non-trivially under the Z2

symmetry η

η : σ → −σ (VI.9)

On the other hand, the disorder operator µ is an η-
twisted sector local operator, i.e. it is attached to the
line η generating the Z2 symmetry. Additionally it car-
ries trivial Z2 charge

η : µ → µ (VI.10)

Finally, the energy operator ϵ is also an untwisted oper-
ator, but is uncharged under the Z2 symmetry

η : ϵ → ϵ (VI.11)

These three operators correspond to three different gen-
eralized charges for the Z2 symmetry. As we discussed
in section IIIA, the generalized charges of a symmetry
are captured by the anyons of its associated SymTFT. In
the case of non-anomalous Z2 symmetry, the SymTFT
Z(VecZ2

) is the toric code, whose anyons are labeled as in
(IV.106). Furthermore, the symmetry boundary Bsym

VecZ2
is taken to be the one corresponding to the Lagrangian
algebra

Lsym
VecZ2

= 1⊕ e (VI.12)

Then the generalized charges for the above three opera-
tors are

q(σ) = e, q(µ) = m, q(ϵ) = 1 (VI.13)

The sandwich construction of an operator involves com-
pactification of the bulk line capturing its generalized
charge. In the current case, the sandwich construction of
the three operators is

Z(VecZ2
)

Bsym
VecZ2

Bphys
Ising

=

Ising

e
σσ∂

µ∂ µ
m

ϵ∂ ϵ

(VI.14)

in terms of local operators σ∂ , µ∂ and ϵ∂ on the physical

boundary Bphys
Ising. Note that even though the e line com-

pletely ends along the symmetry boundary Bsym
VecZ2

, the m

line does not end but becomes the line P living onBsym
VecZ2

,

which is suppressed in the above figure. The boundary
line P becomes the line η after the interval compactifica-
tion, as a consequence of which after the compactification

the local operator µ is attached to the η line. The charges
under Z2 arise from the fact that the end of line e along
Bsym

VecZ2
is charged under the boundary line P , while the

end of line m along Bsym
VecZ2

is uncharged under the bound-

ary line P .
Deforming the Ising CFT by the energy operator ϵ

leads to Z2-symmetric gapped phases in the IR, which
are different depending on the sign of the deformation.
The two gapped phases are

[T
VecZ2
1 ] = Z2 SSB phase for Z2 symmetry

[T
VecZ2
2 ] = Trivial gapped phase for Z2 symmetry

(VI.15)

Upto an overall Euler term, the TQFT T
VecZ2
1 com-

prises of two universes, with both universes occupied by
the trivial theory

T
VecZ2
1 = Trivial0 ⊕ Trivial1 (VI.16)

where the two copies of the trivial theory are distin-
guished by subscript labels 0, 1. The identity local op-
erators v0, v1 of the two trivial theories satisfy product
rules

v20 = v0, v21 = v1, v0v1 = 0 (VI.17)

and are also referred to as vacua. The topological line

operators of T
VecZ2
1 are

1ij , i, j ∈ {0, 1} (VI.18)

where 1ii is the identity line in Triviali, and 101, 110 ex-
change the two copies of trivial theory. There is no rela-
tive Euler term, and hence the linking actions of 101, 110
on the vacua are

101 : v0 → v1, 110 : v1 → v0 (VI.19)

The fusion rules of the lines are

1ij ⊗ 1jk = 1ik . (VI.20)

The Z2 symmetry η is identified in the IR as

η ≡ 101 ⊕ 110 , (VI.21)

which exchanges the two vacua

η : v0 ↔ v1 . (VI.22)

As a Z2-symmetric theory, we may represent T
VecZ2
1 as

T
VecZ2
1 = Trivial0 ⊕ Trivial1

Z2 (VI.23)

The spin operator σ of the Ising CFT acquires a non-
zero vacuum expectation value (vev) in the two vacua,
and can be identified as the operator

σ ≡ v0 − v1 , (VI.24)
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where the coefficients of the vacua reflect the vev of σ
and the action of η indeed respects equation (VI.9). The
disorder operator µ has zero vev and does not appear in

the IR theory T
VecZ2
1 . Consequently, there are no opera-

tors that arise at the end of η line in the IR, and it is not
possible to end the lines 101, 110.
One says that the operator σ carrying generalized

charge e is an order parameter for the Z2-symmetric

gapped phase [T
VecZ2
1 ]. The generalized charges of the

order parameters for a symmetric gapped phase appear
in the Lagrangian algebra for the corresponding physical
boundary employed in the sandwich construction. In-

deed, the Lagrangian algebra for the boundary Bphys

T
VecZ2
1

is

Lphys

T
VecZ2
1

= 1⊕ e . (VI.25)

On the other hand, upto an Euler term, the TQFT

T
VecZ2
2 is the trivial theory on which the Z2 symmetry is

realized trivially by the identity line operator

η ≡ 1 (VI.26)

As a Z2-symmetric theory, we may represent T
VecZ2
2 as

T
VecZ2
2 = Trivial Z2

(VI.27)

Under the RG flow to T
VecZ2
2 , the spin operator σ of the

Ising CFT does not acquire a non-zero vacuum expecta-

tion value (vev), and hence T
VecZ2
2 does not have any local

operators charged non-trivially under the Z2 symmetry.
On the other hand, the disorder operator µ acquires a
non-zero vev appearing in the IR theory as the identity
operator viewed as living at the end of the identity line
η. For this reason, one says that the operator µ carry-
ing generalized charge m is an order parameter for the

Z2-symmetric gapped phase [T
VecZ2
2 ]. An order parame-

ter in a non-trivial twisted sector is also referred to as a
string order parameter. Thus, the phase [T

VecZ2
1 ] is

described by a conventional order parameter, while the

phase [T
VecZ2
2 ] is described by a string order parameter.

Correspondingly, the Lagrangian algebra for the bound-

ary Bphys

T
VecZ2
2

is

Lphys

T
VecZ2
2

= 1⊕m. (VI.28)

The boundary phase transition is implemented by de-

forming the conformal boundary Bphys
Ising by the operator

ϵ∂ . On one side of the transition, the operator σ∂ survives
while the operator µ∂ does not, and hence the gapped
boundary arising in the IR is described by the Lagrangian
algebra (VI.25). On the other side of the transition, the
operator σ∂ does not survive while the operator µ∂ sur-
vives, and hence the gapped boundary arising in the IR
is described by the Lagrangian algebra (VI.28).

2. 3-State Potts Model

We also consider a Z3-symmetric phase transition,
which is given by the 2d RCFT called the three-state
Potts model with c = 4/5. Our focus will only be on the
Z3 symmetry of the CFT, but more generally it is well
known that the CFT admits a fusion category symmetry
with 12 simple objects. See [132] for more details about
this.
We will call the Z3 symmetry generating line η and

focus on five special local operators in the CFT (that are
all primary fields)

σ , σ∗ , µ , µ∗ , ϵ , (VI.29)

where σ is an untwisted local operator with charge 1 un-
der Z3, σ

∗is an untwisted local operator with charge 2
under Z3, µ is an η-twisted sector operator uncharged
under Z3, µ

∗ is an η-twisted sector operator uncharged
under Z3, and ϵ is an untwisted relevant operator un-
charged under Z3. Collecting together, the action of η
on these operators is

η : σ → ωσ, σ∗ → ω2σ∗, (µ, µ∗, ϵ) → (µ, µ∗, ϵ) .
(VI.30)

These operators correspond to different generalized
charges for the Z3 symmetry. As we discussed in section
IIIA, the generalized charges of a symmetry are captured
by the anyons of its associated SymTFT. In the case of
non-anomalous Z3 symmetry, the SymTFT Z(VecZ3

) is
the 3d Dijkgraaf-Witten discrete gauge theory based on
the gauge group Z3 without any twist, whose anyons are
labeled as in (IV.89). Furthermore, the symmetry bound-
ary Bsym

VecZ3
is taken to be the one corresponding to the

Lagrangian algebra

Lsym
VecZ3

= 1⊕ e⊕ e2 . (VI.31)

Then the generalized charges for the above operators are

q(σ) = e, q(σ∗) = e2, q(µ) = m, q(µ∗) = m2, q(ϵ) = 1 .
(VI.32)

Deforming the CFT by the relevant operator ϵ leads
to Z3-symmetric gapped phases in the IR, which are dif-
ferent depending on the sign ±ϵ of the deformation. The
two gapped phases are [133]

[T
VecZ3
1 ] = Z3 SSB phase for Z3 symmetry

[T
VecZ3
2 ] = Trivial gapped phase for Z3 symmetry

(VI.33)

Upto an overall Euler term, the TQFT T
VecZ3
1 comprises

of three universes, all occupied by the trivial theory

T
VecZ3
1 = Trivial0 ⊕ Trivial1 ⊕ Trivial2 , (VI.34)

where the copies of the trivial theory are distinguished
by subscript labels. The identity local operators vi of the
trivial theories satisfy product rules

vivj = δijvi , (VI.35)
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and are also referred to as vacua. The topological line

operators of T
VecZ3
1 are

1ij , i, j ∈ {0, 1, 2} , (VI.36)

where 1ii is the identity line in Triviali, and 1ij for i ̸= j
changes Triviali to Trivialj . There is no relative Euler
term, and hence the linking actions of 1ij on the vacua
are

1ij : vi → vj . (VI.37)

The fusion rules of the lines are

1ij ⊗ 1jk = 1ik . (VI.38)

The Z3 symmetry η is identified in the IR as

η ≡ 101 ⊕ 112 ⊕ 120 , (VI.39)

which cyclically permutes the three vacua

η : v0 → v1 → v2 → v0 . (VI.40)

As a Z3-symmetric theory, we may represent T
VecZ3
1 as

T
VecZ3
1 = Trivial0 ⊕ Trivial1 ⊕ Trivial2

Z3

(VI.41)

The operators σ and σ∗ of the CFT acquire non-zero
vevs in the three vacua, and can be identified as the op-
erators

σ ≡ v0 + ω2v1 + ωv2, σ∗ ≡ v0 + ωv1 + ω2v2 , (VI.42)

where the coefficients of the vacua reflect the vevs of the
operators and the action of η indeed respects equation
(VI.30). The operators µ, µ∗ have zero vevs and do not

appear in the IR theory T
VecZ3
1 . Consequently, there are

no operators that arise at the end of η and η2 lines in the
IR, and it is not possible to end the lines 1ij for i ̸= j.

One says that the operators σ, σ∗ carrying generalized
charges e, e2 are order parameters for the Z3-symmetric

gapped phase [T
VecZ3
1 ]. The generalized charges of the

order parameters for a symmetric gapped phase appear
in the Lagrangian algebra for the corresponding physical
boundary employed in the sandwich construction. In-

deed, the Lagrangian algebra for the boundary Bphys

T
VecZ3
1

is

Lphys

T
VecZ3
1

= 1⊕ e⊕ e2 . (VI.43)

On the other hand, up to an Euler term, the TQFT

T
VecZ3
2 is the trivial theory on which the Z3 symmetry is

realized trivially by the identity line operator

η ≡ 1 . (VI.44)

As a Z3-symmetric theory, we may represent T
VecZ3
2 as

T
VecZ3
2 = Trivial Z3

(VI.45)

Under the RG flow to T
VecZ2
2 , the operators σ, σ∗ of the

CFT do not acquire a non-zero vacuum expectation value

(vev), and hence T
VecZ3
2 does not have any local opera-

tors charged non-trivially under the Z3 symmetry. On
the other hand, the disorder operators µ, µ∗ acquire non-
zero vevs, appearing in the IR theory as identity op-
erators viewed as living at the ends of the lines η, η2.
For this reason, one says that the operators µ, µ∗ carry-
ing generalized charges m,m2 are order parameters for

the Z3-symmetric gapped phase [T
VecZ3
2 ]. Both of these

are string order parameters. Correspondingly, the La-

grangian algebra for the boundary Bphys

T
VecZ3
2

is

Lphys

T
VecZ3
2

= 1⊕m⊕m2 . (VI.46)

C. Phase Transition between Z4 SSB and Z2 SSB
Phases for Z4 Symmetry

Let us now discuss the phase transitions obtained by
applying KT transformations discussed in the previous
section. First consider the KT transformation studied in
section VB.
This KT transformation converts Z2 symmetry into Z4

symmetry. Thus, we can input the Z2-symmetric phase
transition provided by the 2d Ising CFT to obtain a Z4-
symmetric phase transition.
The Z4-symmetric gapped phases lying on the two

sides of the transition are obtained as KT transforma-
tions of the SSB and Trivial phases for Z2 symmetry dis-
cussed in section VIB 1. These can be quickly deduced
by composing Lagrangian algebras as described in (V.15).
This amounts to applying the map (V.28) to Lagrangian

algebras Lphys

TS′
1,2

. We find Lagrangian algebras associated

to the boundaries Bphys

TS
1,2

Lphys

TS
1

= 1⊕ e⊕ e2 ⊕ e3

Lphys

TS
2

= 1⊕ e2 ⊕m2 ⊕ e2m2
(VI.47)

Performing the Z4 sandwich construction with these
physical boundaries, we can identify the KT transformed
gapped phases as

[TS
1 ] = Z4 SSB phase for Z4 symmetry

[TS
2 ] = Z2 SSB phase for Z4 symmetry

(VI.48)

Note that in the phase [TS
2 ] the Z2 subgroup of Z4 re-

mains spontaneously unbroken. See [2] for more details.
Another equivalent way to deduce these Z4-symmetric

gapped phases is to apply the results of section VB.
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Applying them to the theory TS′
= TS′

2 appearing
in (VI.27), we learn that the KT transformed theory
TS = TS

2 takes the form

Trivial0 ⊕ Trivial1 Z2TS
2 = Z2

Z4

Z4

(VI.49)

with the Z4 symmetry generated by

ϕ(P ) = 101⊕P10 = 101⊕(P11⊗110) ≡ 101⊕110 , (VI.50)

where we have used the fact that the Z2 symmetry in
the trivial theory Trivial1 is generated by the identity
line 111. Moreover the Z2 subgroup of the Z4 symmetry
is generated by the identity line operator as

ϕ(P 2) = P00 ⊕ P11 ≡ 100 ⊕ 111 . (VI.51)

Thus TS
2 is a 2d TQFT with two vacua on which the

Z2 subgroup of Z4 acts and the generators of Z4 act by
exchanging the two vacua. This is precisely the Z2 SSB
phase for Z4 symmetry.
Now let us consider the KT transformation of the the-

ory TS′
= TS′

1 appearing in (VI.23). We know that the
KT transformed theory TS = TS

1 has two universes of

TS′

1 , i.e.

TS
1 = (TS′

1 )0 ⊕ (TS′

1 )1 , (VI.52)

where (TS′

1 )i denote two universes of TS′

1 . Each universe

(TS′

1 )i is further comprised of two vacua

(TS′

1 )0 = Trivial0 ⊕ Trivial2

(TS′

1 )1 = Trivial1 ⊕ Trivial3 .
(VI.53)

In total, TS
1 is a 2d TQFT comprising of four vacua

Triviali, where i ∈ {0, 1, 2, 3}. The line operators in such
a theory are 1ij where i, j ∈ {0, 1, 2, 3} with fusions

1ij ⊗ 1jk = 1ik . (VI.54)

The generator of the Z2 subgroup of the Z4 symmetry
acts by exchanging the vacua within each universe and is
hence realized by line

ϕ(P 2) ≡ 102 ⊕ 120 ⊕ 113 ⊕ 131 . (VI.55)

The generator of Z4 symmetry is realized by line

ϕ(P ) ≡ 101 ⊕ 112 ⊕ 123 ⊕ 130 , (VI.56)

which cyclically permutes the four vacua. This is pre-
cisely the Z4 SSB phase for Z4 symmetry.
The KT transformation of the Ising CFT TS′

C is thus
a Z4-symmetric CFT TS

C providing a transition between

the Z4 and Z2 SSB phases for Z4 symmetry, which can
be expressed as

Ising0 ⊕ Ising1 Z2TS
C = Z2

Z4

Z4

(VI.57)

where Isingi is a copy of the Ising CFT. One may say
that TS

C is a gapless theory with two universes, such that
each universe comprises of a copy of Ising CFT. Note that
the relative Euler term between the two Ising universes
is trivial.
The relevant topological line operators of TS

C are

1ij , ηij , (VI.58)

where 1ii is the identity line of Isingi, ηii is the Z2 spin
flip symmetry of Isingi, the lines 101, 110 exchange the
two universes Ising0 and Ising1, and the lines η01, η10 are
obtained as

η01 := 101 ⊗ η11 = η00 ⊗ 101

η10 := 110 ⊗ η00 = η11 ⊗ 110 .
(VI.59)

The generator of Z4 symmetry is realized as the line op-
erator

ϕ(P ) = 101 ⊕ η10 . (VI.60)

The Z2 subgroup of Z4 is identified as the diagonal Z2 of
the two Z2 spin flip symmetries acting on the two Ising
universes, i.e.

ϕ(P 2) = η00 ⊕ η11 . (VI.61)

The action of the Z4 symmetry on the local operators
living in the two Ising universes is

P :

σ0 → σ1,

µ0 → µ1,

ϵ0 → ϵ1,

σ1 → −σ0

µ1 → µ0

ϵ1 → ϵ0 .

(VI.62)

The relevant operator responsible for the Z4-symmetric
transition is ϵ0 + ϵ1. Indeed, one side of the deformation
sends Isingi to the trivial phase Triviali for Z2 symmetry
ηii, thus in total realizing the Z2 SSB phase [TS

2 ] for Z4

symmetry; while the other side of the deformation sends
Isingi to the Z2 SSB phase for Z2 symmetry ηii, thus in
total realizing the Z4 SSB phase [TS

1 ] for Z4 symmetry.
From equations (V.29) and (V.30), we learn that the

order parameters for the Z4 SSB phase [TS
1 ] are realized

by local operators

Oe = σ0 − iσ1, Oe2 = id0 − id1, Oe3 = σ0 + iσ1 ,
(VI.63)

where idi is the identity local operator of Isingi. The
generalized charge carried by operator Oep is ep, which
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means that it is an untwisted sector local operator with
charge p under the Z4 symmetry. After the RG flow,
these operators are realized in the IR as

id0 ≡ v0 + v2,

id1 ≡ v1 + v3,

σ0 ≡ v0 − v2

σ1 ≡ v1 − v3 ,
(VI.64)

where vi are the vacua or in other words the identity local
operators of the IR theories Triviali. This follows from
(VI.24). From this, we learn that the IR images of the
above order parameters is

Oe ≡ v0 − iv1 − v2 + iv3

Oe2 ≡ v0 − v1 + v2 − v3

Oe3 ≡ v0 + iv1 − v2 − iv3 .

(VI.65)

Similarly, from equations (V.29) and (V.31), the order
parameters for the Z2 SSB phase [TS

2 ] for Z4 symmetry
are realized by local operators

Om2 = µ0 + µ1, Oe2 = id0 − id1, Oe2m2 = µ0 − µ1 .
(VI.66)

The subscripts of the operators describe their general-
ized charges. Here Om2 and Oe2m2 are in the P 2-twisted
sector and hence are string order parameters, coming at-
tached to line η00 ⊕ η11. After the RG flow, these opera-
tors are realized in the IR as

id0 ≡ v0, id1 ≡ v1, µ0 ≡ v0, µ1 ≡ v1 , (VI.67)

where vi are the vacua of the IR theories Triviali. From
this, we learn that the IR images of the above order pa-
rameters is

Om2 ≡ v0 + v1, Oe2 ≡ v0 − v1, Oe2m2 ≡ v0 − v1 ,
(VI.68)

where Om2 and Oe2m2 are viewed as local operators liv-
ing at the ends of the line ϕ(P 2) whose IR image is the
identity line 100 ⊕ 111.

D. Phase Transition between Z2 SSB and Trivial
Phases for Z4 Symmetry

Now consider the KT transformation studied in section
VB.
This KT transformation also converts Z2 symmetry to

Z4 symmetry, but this time it is done using pullback via
the non-trivial homomorphism Z4 → Z2. We again use
the Ising CFT to obtain a Z4-symmetric phase transition
described below.
This KT transformation simply amounts to regarding

the generator of Z2 symmetry as the generator of a new
Z4 symmetry. Thus the Z2 SSB phase for Z2 symmetry
becomes the Z2 SSB phase for Z4 symmetry, which is
the phase in which the generator of Z4 is spontaneously
broken but the Z2 subgroup of Z4 is preserved. On the
other hand, the trivial phase for Z2 becomes the trivial

phase for Z4. That is the gapped phases on the two sides
of the Z4-symmetric transition are

[TS
1 ] = Z2 SSB phase for Z4 symmetry

[TS
2 ] = Trivial phase for Z4 symmetry

(VI.69)

This can also be seen by composing with the Lagrangian
LI shown in (IV.57), after which we obtain the La-
grangian algebras

Lphys

TS
1

= 1⊕ e2 ⊕m2 ⊕ e2m2

Lphys

TS
2

= 1⊕m⊕m2 ⊕m3 ,
(VI.70)

which precisely correspond to the above quoted gapped
phases.

The Z4-symmetric phase transition is simply the Ising
CFT regarded as a Z4 symmetric theory

TS
C = Ising Z4

(VI.71)

with the generator of Z4 being realized by the η line

ϕ(P ) = η . (VI.72)

The relevant operator responsible for the Z4-symmetric
transition is ϵ. From equations (V.39) and (V.40), we
learn that the order parameters for the Z2 SSB phase
[TS

1 ] are realized by local operators

Oe2 = σ, Om2 = id, Oe2m2 = σ , (VI.73)

where Om2 is the identity local operator viewed as lying
in the P 2-twisted sector, and Oe2m2 is the σ operator
viewed as lying in the P 2-twisted sector. Using the IR
image (VI.24) of σ, the IR images of above operators are

Oe2 = v0 − v1, Om2 = 1 = v0 + v1, Oe2m2 = v0 − v1 .
(VI.74)

Similarly, from equations (V.39) and (V.41), the order
parameters for the trivial phase [TS

2 ] for Z4 symmetry
are realized by local operators

Om = µ, Om2 = id, Om3 = µ , (VI.75)

where Om,Om3 are µ operators viewed as lying in the
P, P 3-twisted sectors respectively. The IR images of the
above operators are

Om ≡ Om2 ≡ Om3 ≡ 1 . (VI.76)

The identity local operator can be viewed to be living in
any P k-twisted sector because the generator of Z4 sym-
metry in the trivial phase is realized by the identity line.

E. Phase Transition between S3 SSB and Z2 SSB
Phases for S3 Symmetry

Now consider the KT transformation studied in section
VE. This KT transformation converts Z3 symmetry to S3
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symmetry. Thus, we can input the Z3-symmetric phase
transition provided by the 3-State Potts Model to obtain
an S3-symmetric phase transition.

The S3-symmetric gapped phases lying on the two
sides of the transition are obtained as KT transforma-
tions of the SSB and Trivial phases for Z3 symmetry dis-
cussed in section VIB 2. These can be quickly deduced
by composing Lagrangian algebras as described in (V.15).
This amounts to applying the map (V.62) to Lagrangian

algebras Lphys

TS′
1,2

. We find Lagrangian algebras associated

to the boundaries Bphys

TS
1,2

to be

Lphys

TS
1

= 1⊕ 1− ⊕ 2E

Lphys

TS
2

= 1⊕ 1− ⊕ 2a1 .
(VI.77)

Performing the S3 sandwich construction with these
physical boundaries, we can identify the KT transformed
gapped phases as

[TS
1 ] = S3 SSB phase for S3 symmetry

[TS
2 ] = Z2 SSB phase for S3 symmetry

(VI.78)

Note that in the phase [TS
2 ] the Z3 subgroup of S3 re-

mains spontaneously unbroken in both the vacua. See
[2] for more details.

Another equivalent way to deduce these S3-symmetric
gapped phases is to apply the results of section VE.
Applying them to the theory TS′

= TS′

2 appearing
in (VI.45), we learn that the KT transformed theory
TS = TS

2 takes the form

Trivial0 ⊕ Trivial1 Z3TS
2 = Z3

Z2 (VI.79)

with the Z3 subgroup of S3 generated by IR line

a ≡ 100 ⊕ 111 (VI.80)

and any Z2 subgroup of S3 generated by IR line

aib ≡ 101 ⊕ 110 . (VI.81)

Thus TS
2 is a 2d TQFT with two vacua on which the Z3

subgroup of S3 acts trivially, and all Z2 subgroups of S3

exchange the two vacua. This is precisely the Z2 SSB
phase for S3 symmetry.
Now let us consider the KT transformation of the the-

ory TS′
= TS′

1 appearing in (VI.41). We know that TS′

comprises of three vacua, and since TS comprises of two
universes of TS′

, the 2d TQFT TS comprises of six vacua.
The only irreducible S3-symmetric (1+1)d gapped phase
with six vacua is the S3 SSB phase. The reader can eas-
ily check that the S3 symmetry indeed acts as on the S3

SSB phase.
The KT transformation of the 3-state Potts CFT TS′

C
is thus an S3-symmetric CFT TS

C providing a transition

between the S3 and Z2 SSB phases for S3 symmetry,
which can be expressed as

3-Potts0 ⊕ 3-Potts1 Z−1
3TS

2 = Z3

Z2 (VI.82)

where 3-Pottsi is a copy of the 3-state Potts CFT. One
may say that TS

C is a gapless theory with two universes,
such that each universe comprises of a copy of 3-state
Potts CFT. Note that the relative Euler term between
the two Potts universes is trivial.

The Z3 subgroup of S3 symmetry is realized as

a = η00 ⊕ η211 , (VI.83)

where ηii is the generator of Z3 symmetry of 3-Pottsi.
The Z2 subgroup of S3 symmetry generated by b is real-
ized as

b = 101 ⊕ 110 . (VI.84)

The relevant operator responsible for the S3-symmetric
transition is ϵ0 + ϵ1. Indeed, one side of the deformation
sends 3-Pottsi to the trivial phase Triviali for Z3 sym-
metry ηii, thus in total realizing the Z2 SSB phase [TS

2 ]
for S3 symmetry; while the other side of the deformation
sends 3-Pottsi to the Z3 SSB phase for Z3 symmetry ηii,
thus in total realizing the S3 SSB phase [TS

1 ] for S3 sym-
metry.

The order parameters for the S3 SSB phase [TS
1 ] in-

volve a local operator in representation 1− of S3 and two
distinct multiplets of local operators in representation E
of S3. Applying KT transformations (V.63), (V.64) and
(V.65) respectively to 1, σ and σ∗ operators, we deduce
that these order parameters are

O1− = id0 − id1,
O(1)

E,1 = σ0, O(1)
E,2 = σ1

O(2)
E,1 = σ∗

0 , O(2)
E,2 = σ∗

1 ,
(VI.85)

where idi is the identity local operator of 3-Pottsi. Here

{O(k)
E,1,O

(k)
E,2} for k = 1, 2 are the two multiplets trans-

forming in E representation and O1− transforms in 1−
representation. After the RG flow, these operators are
realized in the IR as

id0 ≡ v0 + v1 + v2,

σ0 ≡ v0 + ω2v1 + ωv2,

σ∗
0 ≡ v0 + ωv1 + ω2v2,

id1 ≡ v3 + v4 + v5

σ1 ≡ v3 + ω2v4 + ωv5

σ∗
1 ≡ v3 + ωv4 + ω2v5 ,

(VI.86)
where vi are the vacua or in other words the identity
local operators of the IR theories Triviali comprising the
S3 SSB phase. This follows from (VI.42). From this, we
learn that the IR images of the above order parameters
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are

O(1)
E,1 ≡ v0 + ω2v1 + ωv2

O(1)
E,2 ≡ v0 + ωv1 + ω2v2

O1− ≡ v0 + v1 + v2 − v3 − v4 − v5

O(2)
E,1 ≡ v3 + ω2v4 + ωv5

O(2)
E,2 ≡ v3 + ωv4 + ω2v5 .

(VI.87)

Similarly, the order parameters for the Z2 SSB phase
[TS

2 ] involve a local operator in representation 1− of
S3 and two distinct multiplets of local operators in a1-
multiplet, each comprising of two operators in a, a2-
twisted sectors charged trivially under Z3 subgroup of
S3. Applying KT transformations (V.63), (V.66) and
(V.67) respectively to 1, µ and µ∗ operators, we deduce
that these order parameters are

O1− = id0 − id1,
O(1)

a,1 = µ0, O(1)
a2,1 = µ1

O(2)
a,1 = µ∗

0, O(2)
a2,1 = µ∗

1 .
(VI.88)

Here {O(k)
a,1,O

(k)
a2,1} for k = 1, 2 are the two a1-multiplets

and O1− transforms in 1− representation. After the RG
flow, these operators are realized in the IR as

id0 ≡ v0,

µ0 ≡ v0,

µ∗
0 ≡ v0,

id1 ≡ v1

µ1 ≡ v1

µ∗
1 ≡ v1 .

(VI.89)

where vi are the vacua or in other words the identity
local operators of the IR theories Triviali comprising the
Z2 SSB phase. From this, we learn that the IR images
of the above order parameters are

O1− = v0 − v1,
O(1)

a,1 = v0, O(1)
a2,1 = v1

O(2)
a,1 = v0, O(2)

a2,1 = v1 .
(VI.90)

F. Phase Transition between S3 SSB and Z3 SSB
Phases for S3 Symmetry

Now consider the KT transformation studied in section
VF. This KT transformation converts Z2 symmetry to S3

symmetry. Thus, we can input the Z2-symmetric phase
transition provided by the 2d Ising CFT to obtain an
S3-symmetric phase transition.

The S3-symmetric gapped phases lying on the two
sides of the transition are obtained as KT transforma-
tions of the SSB and Trivial phases for Z2 symmetry dis-
cussed in section VIB 1. These can be quickly deduced
by composing Lagrangian algebras as described in (V.15).
This amounts to applying the map (V.71) to Lagrangian

algebras Lphys

TS′
1,2

. We find Lagrangian algebras associated

to the boundaries Bphys

TS
1,2

to be

Lphys

TS
1

= 1⊕ 1− ⊕ 2E

Lphys

TS
2

= 1⊕ E ⊕ b+ .
(VI.91)

Performing the S3 sandwich construction with these
physical boundaries, we can identify the KT transformed
gapped phases as

[TS
1 ] = S3 SSB phase for S3 symmetry

[TS
2 ] = Z3 SSB phase for S3 symmetry

(VI.92)

Note that in the phase [TS
2 ] a Z2 subgroup of S3 remains

spontaneously unbroken in each of the three vacua. See
[2] for more details.

Another equivalent way to deduce these S3-symmetric
gapped phases is to apply the results of section VF.
Applying them to the theory TS′

= TS′

2 appearing
in (VI.27), we learn that the KT transformed theory
TS = TS

2 takes the form

TS
2 = Trivial0 ⊕ Trivial1 ⊕ Trivial2

Z3

Z2 Z2 (VI.93)

with the Z3 subgroup of S3 generated by IR line

a ≡ 101 ⊕ 112 ⊕ 120 (VI.94)

and the Z2 subgroup of S3 associated to b generated by
IR line

b ≡ 100 ⊕ 112 ⊕ 121 . (VI.95)

Thus TS
2 is a 2d TQFT with three vacua on which the Z3

subgroup of S3 acts by cyclic permutations, and the Z2

subgroup of S3 generated by b preserves a vacuum while
exchanging the other two. This is precisely the Z3 SSB
phase for S3 symmetry.

Now let us consider the KT transformation of the the-
ory TS′

= TS′

1 appearing in (VI.23). We know that TS′

comprises of two vacua, and since TS comprises of three
universes of TS′

, the 2d TQFT TS comprises of six vacua.
The only irreducible S3-symmetric (1+1)d gapped phase
with six vacua is the S3 SSB phase. The reader can eas-
ily check that the S3 symmetry indeed acts as on the S3

SSB phase.

The KT transformation of the Ising CFT TS′

C is thus
an S3-symmetric CFT TS

C providing a transition between
the S3 and Z3 SSB phases for S3 symmetry, which can
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be expressed as

TS
C = Ising0 ⊕ Ising1 ⊕ Ising2

Z3

Z2 Z2 (VI.96)

where Isingi is a copy of the Ising CFT. One may say
that TS

C is a gapless theory with three universes, such
that each universe comprises of a copy of Ising CFT.
Note that the relative Euler term between the three Ising
universes is trivial.

The relevant topological line operators of TS
C are

1ij , ηij , (VI.97)

where 1ii is the identity line of Isingi, ηii is the Z2 spin
flip symmetry of Isingi, the lines 1ij for i ̸= j transform
Isingi into Isingj , and the lines ηij are obtained as

ηij := 1ij ⊗ ηjj = ηii ⊗ 1ij , (VI.98)

which also transform Isingi into Isingj . The lines gener-
ating S3 symmetry are realized as

a = 101 ⊕ 112 ⊕ 120

b = η00 ⊕ η12 ⊕ η21 .
(VI.99)

The action of the S3 symmetry on the local operators
living in TS

C is

a :

σ0 → σ1,

µ0 → µ1,

ϵ0 → ϵ1,

σ1 → σ2

µ1 → µ2

ϵ1 → ϵ2

σ2 → σ0

µ2 → µ0

ϵ2 → ϵ0

(VI.100)

and

b :

σ0 → −σ0,

µ0 → µ0,

ϵ0 → ϵ0,

σ1 → −σ2

µ1 → µ2

ϵ1 → ϵ2

σ2 → −σ1

µ2 → µ1

ϵ2 → ϵ1 .

(VI.101)

The relevant operator responsible for the S3-symmetric
transition is the KT transformation of ϵ which according
to (V.73) is ϵ0 + ϵ1 + ϵ2. Indeed, one side of the defor-
mation sends Isingi to the trivial phase Triviali for Z2

symmetry ηii, thus in total realizing the Z3 SSB phase
[TS

2 ] for S3 symmetry; while the other side of the defor-
mation sends Isingi to the Z2 SSB phase for Z2 symmetry
ηii, thus in total realizing the S3 SSB phase [TS

1 ] for S3

symmetry.
The order parameters for the S3 SSB phase [TS

1 ] in-
volve a local operator in representation 1− of S3 and two
distinct multiplets of local operators in representation E
of S3. Applying KT transformations (V.73) and (V.74)
respectively to the identity operator 1 and the spin op-
erator σ of the Ising CFT, we deduce that these order

parameters are

O(1)
E,1 = id0 + ω2id1 + ωid2

O(1)
E,2 = id0 + ωid1 + ω2id2

O1− = σ0 + σ1 + σ2

O(2)
E,1 = σ0 + ω2σ1 + ωσ2

O(2)
E,2 = −σ0 − ωσ1 − ω2σ2

(VI.102)

where idi is the identity local operator of Isingi. Here

{O(k)
E,1,O

(k)
E,2} for k = 1, 2 are the two multiplets trans-

forming in E representation and O1− transforms in 1−
representation. After the RG flow, these operators are
realized in the IR as

id0 ≡ v0 + v3,

id1 ≡ v1 + v4,

id2 ≡ v2 + v5,

σ0 ≡ v0 − v3

σ1 ≡ v1 − v4

σ2 ≡ v2 − v5

(VI.103)

where vi are the vacua or in other words the identity
local operators of the IR theories Triviali comprising the
S3 SSB phase. This follows from (VI.24). From this, we
learn that the IR images of the above order parameters
is

O(1)
E,1 ≡ v0 + ω2v1 + ωv2 + v3 + ω2v4 + ωv5

O(1)
E,2 ≡ v0 + ωv1 + ω2v2 + v3 + ωv4 + ω2v5

O1− ≡ v0 + v1 + v2 − v3 − v4 − v5

O(2)
E,1 ≡ v0 + ω2v1 + ωv2 − v3 − ω2v4 − ωv5

O(2)
E,2 ≡ −v0 − ωv1 − ω2v2 + v3 + ωv4 + ω2v5 .

(VI.104)

Similarly, the order parameters for the Z3 SSB phase
[TS

2 ] involve two local operators in representation E of S3

and three local operators in b+-multiplet of S3 in which
the three operators are in twisted sectors for generators
of the three Z2 subgroups of S3 respectively and are un-
charged under those Z2 subgroups. Applying KT trans-
formations (V.73) and (V.76) to the identity operator 1
and the disorder operator µ of the Ising CFT, we deduce
that these order parameters are

O(1)
E,1 = id0 + ω2id1 + ωid2

O(1)
E,2 = id0 + ωid1 + ω2id2

O(0)
aib = µi, i ∈ {0, 1, 2} .

(VI.105)

Here O(1)
E,1,O

(1)
E,2 are operators transforming in E repre-

sentation and O(0)
aib are operators transforming as a b+-

multiplet. After the RG flow, these operators are realized
in the IR as

idi ≡ vi, µi ≡ vi , (VI.106)

where vi are the vacua of the IR theories Triviali. From
this, we learn that the IR images of the above order pa-
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rameters is

O(1)
E,1 ≡ v0 + ω2v1 + ωv2

O(1)
E,2 ≡ v0 + ωv1 + ω2v2

O(0)
aib ≡ vi, i ∈ {0, 1, 2} ,

(VI.107)

where O(0)
aib are viewed as operators in the aib twisted

sector.

G. Phase Transition between Z2 SSB and Trivial
Phases for S3 Symmetry

Now consider the KT transformation studied in section
VG. This KT transformation also converts Z2 symmetry
to S3 symmetry, but this time it is done using pullback
via the non-trivial homomorphism S3 → Z2. We again
use the Ising CFT to obtain an S3-symmetric phase tran-
sition described below.

This KT transformation simply amounts to regarding
the generator of Z2 symmetry as the generators for Z2

subgroups inside S3, and the Z3 subgroup of S3 acts triv-
ially. Thus the Z2 SSB phase for Z2 symmetry becomes
the Z2 SSB phase for S3 symmetry. On the other hand,
the trivial phase for Z2 becomes the trivial phase for S3.
That is the gapped phases on the two sides of the S3-
symmetric transition are

[TS
1 ] = Z2 SSB phase for S3 symmetry

[TS
2 ] = Trivial phase for S3 symmetry

(VI.108)

This can also be seen by using the map (V.80) to deduce

Lphys

TS
1

= 1⊕ 1− ⊕ 2a1

Lphys

TS
2

= 1⊕ a1 ⊕ b+ ,
(VI.109)

which precisely correspond to the above quoted gapped
phases.

The S3-symmetric phase transition is simply the Ising
CFT regarded as an S3 symmetric theory

TS
C = Ising S3

(VI.110)

with the generators of Z2 subgroups of S3 being realized
by the η line, while all the other elements being realized
by the trivial line

b = ab = a2b = η . (VI.111)

The relevant operator responsible for the S3-symmetric
transition is ϵ. The order parameters for the Z2 SSB
phase [TS

1 ] involve a local operator in representation 1−
of S3 and two distinct a1-multiplets of local operators,
each comprising of two operators in a, a2-twisted sectors
charged trivially under Z3 subgroup of S3. Applying

KT transformations (V.81) and (V.82) respectively to
the identity operator id and the spin operator σ of the
Ising CFT, we deduce that these order parameters are

O(1)
ai = id, O1− = σ, O(2)

ai = (−1)iσ (VI.112)

for i = 1, 2. Here O(k)
ai for k = 1, 2 are the two a1-

multiplets and O1− is the operator in 1− representation
of S3. Using the IR image (VI.24) of σ, the IR images of
above operators are

O(1)
ai ≡ v0+v1, O1− ≡ v0−v1, O(2)

ai ≡ (−1)i(v0−v1) .
(VI.113)

Similarly, the order parameters for the trivial phase
[TS

2 ] involve an a1-multiplet and a b+-multiplet. Apply-
ing KT transformations (V.81) and (V.83) respectively
to the identity operator id and the disorder operator µ
of the Ising CFT, we deduce that these order parameters
are

O(1)
ai = id, O(0)

akb
= µ (VI.114)

for i = 1, 2 parametrizing operators in a1 multiplet and
k = 0, 1, 2 parametrizing operators in b+ multiplet. The
IR images of the above operators are

O(1)
ai ≡ 1, O(0)

aib ≡ 1 , (VI.115)

where 1 is the identity operator of the trivial phase.

H. Phase Transition between Rep(S3)/Z2 SSB and
Trivial Phases for Rep(S3) Symmetry

Now consider the KT transformation studied in section
VH. This KT transformation converts Z3 symmetry to
Rep(S3) symmetry. We use the 3-state Potts CFT to
obtain a Rep(S3)-symmetric phase transition described
below.
Using the map (V.87), we can quickly deduce that the

Rep(S3)-symmetric gapped phases obtained after apply-
ing KT transformation on Z3 SSB and trivial phases for
Z3 symmetry are described respectively by the physical
Lagrangian algebras

Lphys

TS
1

= 1⊕ 1− ⊕ 2a1

Lphys

TS
2

= 1⊕ 1− ⊕ 2E ,
(VI.116)

which correspond to the following Rep(S3)-symmetric
gapped phases respectively

[TS
1 ] = Rep(S3)/Z2 SSB phase for Rep(S3) symmetry

[TS
2 ] = Trivial phase for Rep(S3) symmetry

(VI.117)
For more details on these gapped phases, we refer the
reader to [2].

Another equivalent way to deduce these Rep(S3)-
symmetric gapped phases is to apply the results of section
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VH. Applying them to the theory TS′
= TS′

2 appear-
ing in (VI.45), we learn that the KT transformed theory
TS = TS

2 takes the form

TS = Trivial Rep(S3)
(VI.118)

which means that TS
2 is an SPT phase for Rep(S3) sym-

metry since it involves a single vacuum, but there is only
one such SPT phase that is often referred to as the trivial
Rep(S3)-symmetric phase.

Now let us consider the KT transformation of the the-
ory TS′

= TS′

1 appearing in (VI.41). We know that

TS′
comprises of three vacua, and hence [TS

1 ] contains
Rep(S3) symmetry realized on a (1+1)d gapped phase
with three vacua. There are two possible options for
such a phase, namely Rep(S3)/Z2 SSB and Rep(S3) SSB
phases. Since the three vacua of TS

1 are identified as

the three vacua of TS′

1 , we learn that the relative Euler
terms between the three vacua of TS

1 must all be trivial.
This fixes TS

1 to be the Rep(S3)/Z2 SSB phase. Using
(IV.147), we can identify the lines implementing Rep(S3)
symmetry of TS

1 as

1− ≡ 100 ⊕ 111 ⊕ 122

E ≡ 101 ⊕ 112 ⊕ 120 ⊕ 102 ⊕ 110 ⊕ 121 ,
(VI.119)

which matches the results of [2].
The Rep(S3)-symmetric phase transition is simply the

3-state Potts CFT regarded as a Rep(S3) symmetric the-
ory

TS
C = 3-Potts Rep(S3)

(VI.120)

with the generators of Rep(S3) being realized as

1− = 1, E = η ⊕ η2 . (VI.121)

The relevant operator responsible for the Rep(S3)-
symmetric transition is ϵ.

The order parameters for the Rep(S3)/Z2 SSB phase
[TS

1 ] involve a 1−-multiplet and two distinct a1-multiplets
of Rep(S3), whose detailed form was discussed above
(V.88) and (V.89) respectively. Applying KT transfor-
mations (V.88) and (V.89) to the operators id, σ and
σ∗ of the 3-state Potts CFT, we deduce that these order
parameters are

O1− = id, O(1)
a1,u = σ, O(1)

a1,t = σ, O(2)
a1,u = σ∗, O(2)

a1,t = σ∗

(VI.122)

where O1− forms the 1−-multiplet and {O(k)
a1,u,O

(k)
a1,t} for

k = 1, 2 are the two a1-multiplets. The IR images of
above operators are

O1− = v0 + v1 + v2

O(1)
a1,u = v0 + ω2v1 + ωv2

O(1)
a1,t = v0 + ω2v1 + ωv2

O(2)
a1,u = v0 + ωv1 + ω2v2

O(2)
a1,t = v0 + ωv1 + ω2v2

(VI.123)

The order parameters for the trivial phase [TS
2 ] in-

volve a 1−-multiplet and two distinct E-multiplets of
Rep(S3), whose detailed form was discussed above (V.88)
and (V.90) respectively. Applying KT transformations
(V.88) and (V.90) to the operators id, µ and µ∗ of the 3-
state Potts CFT, we deduce that these order parameters
are are

O(1)
E,+ = µ, O(1)

E,− = µ, O1− = id, O(2)
E,+ = µ∗

O(2)
E,− = µ∗ .

(VI.124)

Here O(k)
E,± for k = 1, 2 form two E-multiplets and O1−

forms a 1−-multiplet of Rep(S3). The IR images of above
operators are

O(1)
E,+ ≡ 1, O(1)

E,− ≡ 1, O1− ≡ 1, O(2)
E,+ ≡ 1

O(2)
E,− ≡ 1 .

(VI.125)
That is, the above operators are simply the identity oper-
ator viewed in different fashions as transitioning between
different line operators associated to the Rep(S3) sym-
metry. This result is not surprising as identity operator
is the only operator available in the trivial phase.

I. Phase Transition between Z2 SSB and Trivial
Phases for Rep(S3) Symmetry

Now consider the KT transformation studied in section
V I. This KT transformation converts Z2 symmetry to
Rep(S3) symmetry. We use the Ising CFT to obtain a
Rep(S3)-symmetric phase transition described below.

Using the map (V.95), we can quickly deduce that the
Rep(S3)-symmetric gapped phases obtained after apply-
ing KT transformation on Z2 SSB and trivial phases for
Z2 symmetry are described respectively by the physical
Lagrangian algebras

Lphys

TS
1

= 1⊕ E ⊕ b+

Lphys

TS
2

= 1⊕ 1− ⊕ 2E ,
(VI.126)

which correspond to the following Rep(S3)-symmetric
gapped phases respectively

[TS
1 ] = Z2 SSB phase for Rep(S3) symmetry

[TS
2 ] = Trivial phase for Rep(S3) symmetry

(VI.127)

For more details on these gapped phases, we refer the
reader to [2].

Another equivalent way to deduce these Rep(S3)-
symmetric gapped phases is to apply the results of sec-
tion V I. Applying them to the theory TS′

= TS′

2 appear-
ing in (VI.27), we learn that the KT transformed theory
TS = TS

2 takes the form

TS = Trivial Rep(S3)
(VI.128)
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which means that TS
2 is the trivial Rep(S3)-symmetric

phase.
Now let us consider the KT transformation of the the-

ory TS′
= TS′

1 appearing in (VI.23). We know that TS′

comprises of two vacua, and hence TS
1 contains Rep(S3)

symmetry realized on a 2d TQFT with two vacua, which
fixes [TS

1 ] Z2 SSB phase for Rep(S3) symmetry. Using
(IV.139), we can identify the lines implementing Rep(S3)
symmetry of TS

1 as

1− ≡ 101 ⊕ 110, E ≡ 100 ⊕ 111 ⊕ 101 ⊕ 110 , (VI.129)

which matches the results of [2].
The Rep(S3)-symmetric phase transition is simply the

Ising CFT regarded as a Rep(S3) symmetric theory

TS
C = Ising Rep(S3)

(VI.130)

with the generators of Rep(S3) being realized as

1− = η, E = 1⊕ η . (VI.131)

The relevant operator responsible for the Rep(S3)-
symmetric transition is ϵ.

The order parameters for the Z2 SSB phase [TS
1 ] in-

volve an E-multiplet and a b+-multiplet of Rep(S3),
whose detailed form was discussed above (V.90) and
(V.98) respectively. Applying KT transformations (V.96)
and (V.98) respectively to the identity operator id and
the spin operator σ of the Ising CFT, we deduce that
these order parameters are

O(0)
E,+ = id, O(0)

E,− = idη, Ob+ = σ, Ob+,+ = σ

Ob+,− = σ ⊗ idη ,
(VI.132)

where idη is the identity local operator on the η line. Here

O(0)
E,± form an E-multiplet and Ob+ ,Ob+,± form a b+-

multiplet of Rep(S3). The IR images of above operators
are

O(0)
E,+ ≡ v0 + v1, O(0)

E,− ≡ id01 + id10, Ob+ ≡ v0 − v1

Ob+,+ ≡ v0 − v1, Ob+,− ≡ id01 − id10 ,
(VI.133)

where idij is the identity local operator on the 1ij vacua
changing line.

The order parameters for the trivial phase [TS
2 ] in-

volve a 1−-multiplet and two distinct E-multiplets of
Rep(S3), whose detailed form was discussed above (V.88)
and (V.90) respectively. Applying KT transformations
(V.96) and (V.97) respectively to the identity operator
id and the disorder operator µ of the Ising CFT, we de-
duce that these order parameters are

O(0)
E,+ = id, O(0)

E,− = idP , O1− = µ, O(1)
E,+ = µ

O(1)
E,− = µ .

(VI.134)

Here O(k)
E,± for k = 0, 1 form two E-multiplets and O1−

forms a 1−-multiplet of Rep(S3). The IR images of above
operators are

O(0)
E,+ ≡ 1, O(0)

E,− ≡ 1, O1− ≡ 1, O(1)
E,+ ≡ 1

O(1)
E,− ≡ 1 .

(VI.135)
That is, the above operators are simply the identity oper-
ator viewed in different fashions as transitioning between
different line operators associated to the Rep(S3) sym-
metry. This result is not surprising as identity operator
is the only operator available in the trivial phase.

J. Phase Transition between Rep(S3)/Z2 SSB and
Rep(S3) SSB Phases for Rep(S3) Symmetry

Now consider the KT transformation studied in section
VJ. This KT transformation converts Z2 symmetry to
Rep(S3) symmetry. We again use the Ising CFT to obtain
a Rep(S3)-symmetric phase transition described below.

Using the map (V.107), we can quickly deduce that the
Rep(S3)-symmetric gapped phases obtained after apply-
ing KT transformation on Z2 SSB and trivial phases for
Z2 symmetry are described respectively by the physical
Lagrangian algebras

Lphys

TS
1

= 1⊕ 1− ⊕ 2a1

Lphys

TS
2

= 1⊕ a1 ⊕ b+
(VI.136)

which correspond to the following Rep(S3)-symmetric
gapped phases respectively

[TS
1 ] = Rep(S3)/Z2 SSB phase for Rep(S3) symmetry

[TS
2 ] = Rep(S3) SSB phase for Rep(S3) symmetry

(VI.137)
For more details on these gapped phases, we refer the
reader to [2].

Another equivalent way to deduce these Rep(S3)-
symmetric gapped phases is to apply the results of section
VJ. Applying them to the theory TS′

= TS′

1 appearing
in (VI.23), we learn that the universes involved in the
KT transformed theory TS = TS

1 are

(TS
1 )e = Z2 SSB = Trivial0 ⊕ Trivial1

(TS
1 )m = Ẑ2 Trivial = Trivial2 ,

(VI.138)

where Ẑ2 denotes the dual symmetry obtained after gaug-
ing the original Z2 symmetry of TS′

1 . Thus in total, [TS
1 ]

is a Rep(S3)-symmetric (1+1)d gapped phase with three
vacua. Now the question arises which one it is, because
there are two possible Rep(S3)-symmetric gapped phases
having three vacua, namely the Rep(S3)/Z2 SSB and
Rep(S3) SSB phases (see [2] for more details). In order
to answer this, we need to understand the precise form of
the line operators implementing the Rep(S3) symmetry
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on TS
1 , which follows from (IV.159). The identification

of the lines appearing there is

1ee ≡ 100 ⊕ 111,

Pee ≡ 101 ⊕ 110,

1mm ≡ 122

Pmm ≡ 122

Sem ≡ 102 ⊕ 112,

Sme ≡ 120 ⊕ 121 .
(VI.139)

This implies that the Rep(S3) symmetry generators are
identified as

1− ≡ 100 ⊕ 111 ⊕ 122

E ≡ 102 ⊕ 112 ⊕ 120 ⊕ 121 ⊕ 101 ⊕ 110 .
(VI.140)

Note that there are no relative Euler terms between the
three vacua since the linking action (V.104) becomes

Sem : v0 + v1 → 2v2 Sme : v2 → v0 + v1 , (VI.141)

which means that the linking actions of the vacua chang-
ing lines are

102 : v0 → v2,

112 : v1 → v2,

120 : v2 → v0

121 : v2 → v1
(VI.142)

implying that there are no relative Euler terms between
the three vacua. All these properties imply that [TS

1 ]
is the Rep(S3)/Z2 SSB phase. In particular, note that
the Z2 subsymmetry of Rep(S3) remains spontaneously
unbroken as we have found in (VI.140) that 1− is realized
by the identity line operator. The three vacua are thus
mixed into each other solely by the action of the non-
invertible symmetry E.

Applying the results of section VJ to the theory TS′
=

TS′

2 appearing in (VI.27), we learn that the universes
involved in the KT transformed theory TS = TS

2 are

(TS
2 )e = Z2 Trivial = Trivial0

(TS
2 )m = Ẑ2 SSB = Trivial1 ⊕ Trivial2

(VI.143)

Thus in total, [TS
2 ] is a Rep(S3)-symmetric (1+1)d

gapped phase with three vacua. Again the question arises
whether it is the Rep(S3)/Z2 SSB phase or the Rep(S3)
SSB phase. The identification of the lines appearing in
(IV.159) is now

1ee ≡ 100,

Pee ≡ 100,

1mm ≡ 111 ⊕ 122

Pmm ≡ 112 ⊕ 121

Sem ≡ 101 ⊕ 102,

Sme ≡ 110 ⊕ 120 .
(VI.144)

This implies that the Rep(S3) symmetry generators are
identified as

1− ≡ 100 ⊕ 112 ⊕ 121

E ≡ 101 ⊕ 102 ⊕ 110 ⊕ 120 ⊕ 100 .
(VI.145)

Note that there are non-trivial relative Euler terms
between the three vacua now. To see this, note that the
linking action (V.104) becomes

Sem : v0 → 2v1+2v2 Sme : v1+v2 → v0 , (VI.146)

which means that the linking actions of the vacua chang-
ing lines are

101 : v0 → 2v1,

102 : v0 → 2v2,

110 : v1 → v0/2

120 : v2 → v0/2
(VI.147)

implying that there are non-trivial relative Euler terms
between vacua 0 and 1, and vacua 0 and 2, but trivial
relative Euler terms between vacua 1 and 2. All these
properties imply that [TS

2 ] is the Rep(S3) SSB phase in
which both 1− and E are spontaneously broken.

The Rep(S3)-symmetric phase transition TS
C obtained

after applying the KT transformation to the Ising phase
transition can be expressed as follows. It comprises of
two universes

(TS
C)e = Isinge , (TS

C)m = (Ising/Z2)√2 = (Isingm)√2 ,
(VI.148)

where we have used the well-known isomorphism of
Ising/Z2 with Ising to express it as a copy Isingm of Ising
CFT. Note that there is relative Euler term between the
two Ising universes with the linking action of universe
changing lines

1em : ide →
√
2idm 1me : idm → ide/

√
2 (VI.149)

on the identity local operators ide and idm of Isinge
and Isingm respectively. These linking actions reproduce
(V.104) for lines Sem and Sme as these lines can be ex-
pressed as

Sem = See ⊗ 1em = 1em ⊗ Smm

Sme = Smm ⊗ 1me = 1me ⊗ See ,
(VI.150)

where See and Smm are Kramers-Wannier duality defects
of Isinge and Isingm respectively, whose quantum dimen-

sions are
√
2, i.e.

See : ide →
√
2ide , Smm : idm →

√
2idm .
(VI.151)

The schematic form of TS
C is thus

Isinge ⊕ (Isingm)√2
1−TS

C = E

E (VI.152)

The Rep(S3) symmetry is realized as

1− = 1ee ⊕ ηmm , E = Sem ⊕ Sme ⊕ ηee , (VI.153)

where ηee and ηmm are the Z2 symmetries of Isinge and
Isingm respectively.
The relevant operator responsible for the transition is

ϵe − ϵm. Adding this operator with positive sign sends

Isinge to Z2 SSB phase and Isingm to Ẑ2 trivial phase,
and hence we land on the Rep(S3)/Z2 SSB phase dis-
cussed above. On the other hand, adding this opera-
tor with negative sign sends Isinge to Z2 trivial phase
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and Isingm to Ẑ2 SSB phase, and hence we land on the
Rep(S3) SSB phase discussed above.

The order parameters for the Rep(S3)/Z2 SSB phase
[TS

1 ] involve a 1−-multiplet and two distinct a1-multiplets
of Rep(S3). Applying KT transformations (V.108) and
(V.109) respectively to the identity operator id and the
spin operator σ of the Ising CFT, we deduce that these
order parameters are

O(0)
a1,u = ide − 2idm

O(0)
a1,t = − 3ide

1 + 2ω

O1− = σe + µm

O(1)
a1,u = − 3σe

1 + 2ω

O(1)
a1,t = σe − 2µm ,

(VI.154)

where {O(k)
a1,u,O

(k)
a1,t} for k = 0, 1 are the two a1-

multiplets and the operator O1− comprises the 1−-
multiplet. The IR images of above operators are

O(0)
a1,u ≡ v0 + v1 − 2v2

O(0)
a1,t ≡ −3(v0 + v1)

1 + 2ω

O1− ≡ v0 − v1 + v2

O(1)
a1,u ≡ −3(v0 − v1)

1 + 2ω

O(1)
a1,t ≡ v0 − v1 − 2v2 .

(VI.155)

The order parameters for the Rep(S3) SSB phase [TS
2 ]

involve an a1-multiplet and a b+-multiplet of Rep(S3).
Applying KT transformations (V.108) and (V.110) re-
spectively to the identity operator id and the disorder
operator µ of the Ising CFT, we deduce that these order
parameters are

O(0)
a1,u = ide − 2idm

O(0)
a1,t = − 3ide

1 + 2ω

Ob+ = σm

Ob+,+ = µe

Ob+,− = µe ,

(VI.156)

where {O(0)
a1,u,O

(0)
a1,t} is the a1-multiplet and

{Ob+ ,Ob+,+,Ob+,−} the b+-multiplet. The IR im-
ages of above operators are

O(0)
a1,u ≡ v0 − 2v1 − 2v2

O(0)
a1,t ≡ − 3v0

1 + 2ω

Ob+ ≡ v1 − v2

Ob+,+ ≡ v0

Ob+,− ≡ v0 .

(VI.157)

K. Phase Transition between two Ising SSB Phases
for Ising Symmetry

Now consider the KT transformation studied in section
VK. This KT transformation converts Z2 symmetry to
Ising = TY(Z2) symmetry. We use the Ising CFT to
now obtain an Ising-symmetric phase transition described
below.
Using the map (V.119), we can quickly deduce that

the Ising-symmetric gapped phases obtained after apply-
ing KT transformation on Z2 SSB and trivial phases for
Z2 symmetry are described respectively by the physical
Lagrangian algebras

Lphys

TS
1

= 1⊕ PP ⊕ SS

Lphys

TS
2

= 1⊕ PP ⊕ SS .
(VI.158)

Thus, we have the same Ising-symmetric gapped phase
on both sides of the transition, which is the only possible
irreducible Ising-symmetric gapped phase that we refer
to as the Ising SSB phase

[TS
1 ] = Ising SSB phase for Ising symmetry

[TS
2 ] = Ising SSB phase for Ising symmetry

(VI.159)

For more details on this gapped phase, we refer the reader
to [2].
Another equivalent way to deduce this Ising-symmetric

gapped phase is to apply the results of section VK.
Applying them to the theory TS′

= TS′

1 appearing in
(VI.23), we learn that the universes involved in the KT
transformed theory TS = TS

1 are

(TS
1 )e = Z2 SSB = Trivial0 ⊕ Trivial1

(TS
1 )m = Ẑ2 Trivial = Trivial2 ,

(VI.160)

where Ẑ2 denotes the dual symmetry obtained after gaug-
ing the original Z2 symmetry of TS′

1 . Thus in total, [TS
1 ]

is an Ising-symmetric (1+1)d gapped phase with three
vacua. The identification of the lines appearing in sec-
tion VK is

1ee ≡ 100 ⊕ 111,

Pee ≡ 101 ⊕ 110,

1mm ≡ 122

Pmm ≡ 122

Sem ≡ 102 ⊕ 112,

Sme ≡ 120 ⊕ 121 .
(VI.161)

This implies that the Ising symmetry generators are iden-
tified as

P ≡ 101 ⊕ 110 ⊕ 122

S ≡ 102 ⊕ 112 ⊕ 120 ⊕ 121 ,
(VI.162)

where we have used (IV.175). Note that there are non-
trivial relative Euler terms between the three vacua
since the linking action (V.116) becomes

Sem : v0 + v1 →
√
2v2 Sme : v2 →

√
2(v0 + v1) ,

(VI.163)
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which means that the linking actions of the vacua chang-
ing lines are

102 : v0 → v2/
√
2,

112 : v1 → v2/
√
2,

120 : v2 →
√
2v0

121 : v2 →
√
2v1 ,

(VI.164)

implying non-trivial relative Euler terms between vacua
0 and 2, and vacua 1 and 2, but trivial relative Euler
terms between vacua 0 and 1. All these properties imply
that [TS

1 ] is the Ising SSB phase in which both P and S
are spontaneously broken.

Applying the results of section VK to the theory TS′
=

TS′

2 appearing in (VI.27) leads to a similar analysis.
The Ising-symmetric phase transition TS

C obtained af-
ter applying the KT transformation to the Z2-symmetric
Ising phase transition can be expressed as follows. It
comprises of two universes

(TS
C)e = Isinge , (TS

C)m = Ising/Z2 = Isingm ,
(VI.165)

where we have used the well-known isomorphism of
Ising/Z2 with Ising to express it as a copy Isingm of Ising
CFT. Note that there is no relative Euler term between
the two Ising universes as the linking action of universe
changing lines is

1em : ide → idm 1me : idm → ide (VI.166)

on the identity local operators ide and idm of Isinge
and Isingm respectively. These linking actions reproduce
(V.116) for lines Sem and Sme as these lines can be ex-
pressed as

Sem = See ⊗ 1em = 1em ⊗ Smm

Sme = Smm ⊗ 1me = 1me ⊗ See ,
(VI.167)

where See and Smm are Kramers-Wannier duality defects
of Isinge and Isingm respectively, whose quantum dimen-

sions are
√
2, i.e.

See : ide →
√
2ide , Smm : idm →

√
2idm .
(VI.168)

The schematic form of TS
C is thus

Isinge ⊕ Isingm PTS
C = P

S (VI.169)

The Ising symmetry is realized as

P = ηee ⊕ ηmm , S = Sem ⊕ Sme , (VI.170)

where ηee and ηmm are the Z2 symmetries of Isinge and
Isingm respectively.

The relevant operator responsible for the transition is
ϵe − ϵm. Adding this operator with positive sign sends

Isinge to Z2 SSB phase and Isingm to Ẑ2 trivial phase,
and hence we land on the Ising SSB phase. On the

other hand, adding this operator with negative sign sends

Isinge to Z2 trivial phase and Isingm to Ẑ2 SSB phase,
and hence we again land on the Ising SSB phase.
The order parameters for the Ising SSB phase [TS

1 ] in-
volves an operator with generalized charge PP and two
operators forming an SS-multiplet of Ising symmetry.
Applying KT transformations (V.120) and (V.121) re-
spectively to the identity operator id and the spin op-
erator σ of the Ising CFT, we deduce that these order
parameters are

OPP = ide − idm , O(e)

SS,u
= σe , O(e)

SS,t
= µm ,

(VI.171)
where OPP is the operator transforming in generalized

charge PP and the operators {O(e)

SS,u
,O(e)

SS,t
} forming the

SS-multiplet. The IR images of above operators are

OPP ≡ v0 + v1 − v2 , O(e)

SS,u
≡ v0 − v1 , O(e)

SS,t
= v2 .

(VI.172)
The order parameters for the Ising SSB phase [TS

2 ]
also involve an operator with generalized charge PP and
two operators forming an SS-multiplet of Ising symme-
try. Applying KT transformations (V.120) and (V.122)
respectively to the identity operator id and the disorder
operator µ of the Ising CFT, we deduce that these order
parameters are

OPP = ide − idm , O(m)

SS,u
= σm , O(m)

SS,t
= µe ,

(VI.173)
where OPP is the operator transforming in generalized

charge PP and the operators {O(m)

SS,u
,O(m)

SS,t
} forming the

SS-multiplet. The IR images of above operators are

OPP ≡ v0 − v1 − v2 , O(e)

SS,u
≡ v1 − v2 , O(e)

SS,t
≡ v0 .

(VI.174)

L. Phase Transition between (Z2,Z2) SSB and
(Z1,Z4) SSB Phases for TY(Z4) Symmetry

Now consider the KT transformation studied in section
VL. This KT transformation converts Z2 symmetry to
TY(Z4) symmetry. We use the Ising CFT to obtain a
TY(Z4)-symmetric phase transition described below.
Using the map (V.130), we can quickly deduce that the

TY(Z4)-symmetric gapped phases obtained after apply-
ing KT transformation on Z2 SSB and trivial phases for
Z2 symmetry are described respectively by the physical
Lagrangian algebras

Lphys

TS
1

= L+
0 + L−

0 + L+
2 + L−

2 + 2L2,0

Lphys

TS
2

= L+
0 + L−

0 + L1,0 + L2,0 + L3,0 ,
(VI.175)

which correspond to the following TY(Z4)-symmetric
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gapped phases respectively

[TS
1 ] = (Z2,Z2) SSB phase for TY(Z4) symmetry

[TS
2 ] = (Z1,Z4) SSB phase for TY(Z4) symmetry .

(VI.176)
A (Zp,Zq) SSB phase for TY(ZN ) symmetry with pq = N
has p + q vacua, where the first p vacua comprise a Zp

SSB phase for the ZN subsymmetry, and the last q vacua
comprise a Zq SSB phase for the ZN subsymmetry, with
these Zp and Zq SSB phases exchanged by the action
of non-invertible duality defect S ∈ TY(ZN ). For more
details on these gapped phases, we refer the reader to [2].

Another equivalent way to deduce these TY(Z4)-
symmetric gapped phases is to apply the results of section
VL. Applying them to the theory TS′

= TS′

1 appearing
in (VI.23), we learn that the universes involved in the
KT transformed theory TS = TS

1 are

(TS
1 )

e
0 = Z2 SSB = Trivial0 ⊕ Trivial1

(TS
1 )

m
1 = Ẑ2 Trivial = Trivial2

(TS
1 )

m
2 = Ẑ2 Trivial = Trivial3

(VI.177)

where Ẑ2 denotes the dual symmetry obtained after gaug-
ing the original Z2 symmetry of TS′

1 . Thus in total, [TS
1 ]

is a TY(Z4)-symmetric (1+1)d gapped phase with four
vacua. This is enough to fix it to (Z2,Z2) SSB phase.
We can also identify the TY(Z4) lines following (IV.195)
as

A ≡ 101 ⊕ 110 ⊕ 123 ⊕ 132

S ≡ 102 ⊕ 112 ⊕ 103 ⊕ 113 ⊕ 120 ⊕ 121 ⊕ 130 ⊕ 131 ,
(VI.178)

which is precisely the realization of TY(Z4) symmetry in
the (Z2,Z2) SSB phase. Note that (IV.199) is satisfied
by linking action

102 : v0 → v2 , (VI.179)

which implies that there are no relative Euler terms be-
tween any of the four vacua, reproducing again a property
expected of the (Z2,Z2) SSB phase as described in [2].

Applying the results of section VL to the theory TS′
=

TS′

2 appearing in (VI.27), we learn that the universes
involved in the KT transformed theory TS = TS

2 are

(TS
2 )

e
0 = Z2 Trivial = Trivial0

(TS
2 )

m
1 = Ẑ2 SSB = Trivial1 ⊕ Trivial2

(TS
2 )

m
2 = Ẑ2 SSB = Trivial3 ⊕ Trivial4

(VI.180)

where Ẑ2 denotes the dual symmetry obtained after gaug-
ing the original Z2 symmetry of TS′

2 . Thus in total, [TS
2 ]

is a TY(Z4)-symmetric (1+1)d gapped phase with five
vacua. This is enough to fix it to (Z1,Z4) SSB phase.
We can also identify the TY(Z4) lines following (IV.195)
as

A ≡ 100 ⊕ 113 ⊕ 124 ⊕ 132 ⊕ 141

S ≡ 101 ⊕ 102 ⊕ 103 ⊕ 104 ⊕ 110 ⊕ 120 ⊕ 130 ⊕ 140 ,
(VI.181)

which is precisely the realization of TY(Z4) symmetry in
the (Z1,Z4) SSB phase. Note that (IV.199) is satisfied
by linking action

101 : v0 → 2v1 , (VI.182)

which implies that there is a non-trivial relative Euler
term between vacua 0 and i ∈ {1, 2, 3, 4} but trivial
relative Euler terms between vacua i ∈ {1, 2, 3, 4} and
j ∈ {1, 2, 3, 4}, reproducing again a property expected of
the (Z1,Z4) SSB phase as described in [2].

The TY(Z4)-symmetric phase transition TS
C obtained

after applying the KT transformation to the Ising phase
transition can be expressed as follows. It comprises of
three universes

(TS
C)

e
0 = Isinge0 ,

(TS
C)

m
1 = (Ising/Z2)√2 = (Isingm1 )√2

(TS
C)

m
2 = (Ising/Z2)√2 = (Isingm2 )√2 .

(VI.183)
The schematic form of TS

C is thus

TS
C = Isinge0 ⊕ Isingm1 ⊕ Isingm2

S

A A (VI.184)

The TY(Z4) symmetry is realized as

A = η00⊕112⊕η21 , S = S01⊕S02⊕S10⊕S20 . (VI.185)

The relevant operator responsible for the transition is
ϵe0 − ϵm1 − ϵm2 . Adding this operator with positive sign

sends Isinge0 to Z2 SSB phase and Isingmi to Ẑ2 trivial
phase, and hence we land on the (Z2,Z2) SSB phase. On
the other hand, adding this operator with negative sign

sends Isinge0 to Z2 trivial phase and Isingmi to Ẑ2 SSB
phase, and hence we land on the (Z1,Z4) SSB phase.
The order parameters for the (Z2,Z2) SSB phase [TS

1 ]
involve a copy each of L−

0 , L
±
2 multiplets and two dis-

tinct L2,0 multiplets of TY(Z4) symmetry. Applying KT
transformations (V.132) and (V.134) respectively to the
identity operator id and the spin operator σ of the Ising
CFT, we deduce that these order parameters are

O−
0 = ide0 − idm1 − idm2

Ou,(1)
2,0 = idm1 − idm2

Ot,(1)
2,0 = ide0

O+
2 = σe

0 + µm
1 − µm

2

O−
2 = σe

0 − µm
1 + µm

2

Ou,(1)
2,0 = σe

0

Ot,(1)
2,0 = µm

1 + µm
2 ,

(VI.186)

whereO±
e form L±

e multiplets and {Ou,(k)
2,0 ,Ot,(k)

2,0 } for k =

1, 2 form the two L2,0-multiplets of TY(Z4) symmetry.
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The IR images of above operators are

O−
0 ≡ v0 + v1 − v2 − v3

Ou,(1)
2,0 ≡ v2 − v3

Ot,(1)
2,0 ≡ v0 + v1

O+
2 ≡ v0 − v1 + v2 − v3

O−
2 ≡ v0 − v1 − v2 + v3

Ou,(1)
2,0 ≡ v0 − v1

Ot,(1)
2,0 ≡ v2 + v3 .

(VI.187)

The order parameters for the (Z1,Z4) SSB phase
[TS

2 ] involve a copy each of L−
0 , L1,0, L2,0, L3,0 multi-

plets of TY(Z4) symmetry. Applying KT transformations
(V.132) and (V.136) respectively to the identity opera-
tor id and the disorder operator µ of the Ising CFT, we
deduce that these order parameters are

O−
0 = ide0 − idm1 − idm2

Ou,(1)
2,0 = idm1 − idm2

Ot,(1)
2,0 = ide0

Ou
1,0 = σm

1 − iσm
2

Ot
1,0 = µe

0

Ou
3,0 = σm

1 + iσm
2

Ot
3,0 = µe

0 ,

(VI.188)

where O−
0 forms L−

0 multiplet, {Ou,(1)
2,0 ,Ot,(1)

2,0 } forms

L2,0-multiplet and {Ou
e,0,Ot

e,0} form Le,0-multiplets for
e = 1, 3 of TY(Z4) symmetry. The IR images of above

operators are

O−
0 ≡ v0 − v1 − v2 − v3 − v4

Ou,(1)
2,0 ≡ v1 + v2 − v3 − v4

Ot,(1)
2,0 ≡ v0

Ou
1,0 ≡ v1 − v2 − iv3 + iv4

Ot
1,0 ≡ v0

Ou
3,0 ≡ v1 − v2 + iv3 − iv4

Ot
3,0 ≡ v0 .

(VI.189)

M. Extensions: Higher-Order Phase Transitions
and Multi-Critical Points

We can also apply KT transformations to known
higher-order phase transitions and multi-critical points
to obtain new higher-order phase transitions and multi-
critical points, including the ones involving non-invertible
symmetries.
For example, it is well-known that the tri-critical Ising

CFT admits a relevant deformation preserving the Ising
symmetry that leads to the gapless Ising CFT on one side
of the deformation and to the gapped Ising SSB phase on
the other side of the deformation. See e.g. [134] for more
details.
We can now apply KT transformations to the tricrit-

ical Ising CFT with S ′ = Ising, and obtain S-symmetric
CFTs (for some larger symmetry S) that act as phase
transitions between S-symmetric gapless phases on one
side, and S-symmetric gapped phases on the other side.
Such considerations are natural extensions of our work,

which we leave to future works. Note however that the
conceptual part of these extensions involves KT transfor-
mations whose general theory has already been discussed
here.

Acknowledgements. We thank Yunqin Zheng for discussions. SSN thanks King’s College London for hospital-
ity during the completion of this work. LB is funded as a Royal Society University Research Fellow through grant
URF\R1\231467. The work of SSN is supported by the UKRI Frontier Research Grant, underwriting the ERC Ad-
vanced Grant ”Generalized Symmetries in Quantum Field Theory and Quantum Gravity” and the Simons Foundation
Collaboration on “Special Holonomy in Geometry, Analysis, and Physics”, Award ID: 724073, Schafer-Nameki.



53

Appendix A: Gapped (Boundary) Phases as Pivotal
Higher-Functors

1. General Systems with Non-Invertible
Symmetries

Let S be a pivotal [135] fusion (d−1)-category charac-
terizing symmetries of d-dimensional systems. Consider
a d-dimensional system T, which may be a bulk or bound-
ary system, or even a defect inside a higher-dimensional
system. The S symmetry is realized on T by specifying
a pivotal tensor (d− 1)-functor

ϕ : S → Cd−1(T) , (A.1)

where Cd−1(T) is the pivotal monoidal (d − 1)-category
formed by topological defects of the system T. Different
functors provide different realizations of the symmetry S
on T. This includes different couplings to background
fields for S symmetry, including discrete torsion. The
non-existence of such a functor means that T cannot be
made S-symmetric.
The system T may naturally lie in a family F of d-

dimensional systems satisfying certain desired properties.
Then, we have a pivotal d-category Cd(F) associated to
F in which objects are the systems in the family and
morphisms are topological defects that may transition
between different systems inside the family. We may now
be interested in possible ways of realizing the symmetry S
on some system in the family F . Such ways are classified
by pivotal d-functors

Φ : BS → Cd(F) , (A.2)

where BS is the pivotal d-category obtained by delooping
the pivotal fusion (d − 1)-category S [136]. The image
under Φ of the sole object in BS is the system T ∈ F
on which the symmetry S is being realized. The rest of
the information of Φ descends to a pivotal tensor (d−1)-
functor

ϕ : S → EndCd(F)(T) , (A.3)

where EndCd(F)(T) is the pivotal monoidal (d − 1)-
category formed by endomorphisms of the object T in
Cd(F), which are precisely the topological defects liv-
ing in the system T, and hence we have EndCd(F)(T) =
Cd−1(T), recovering the description (A.1).
See also the recent review [82] which also takes this

perspective on S-symmetric systems.

2. Gapped Phases with Non-Invertible Symmetries

Taking F to be the family F top formed by d-
dimensional (unitary, oriented, fully extended) TQFTs
leads to the classification of S-symmetric d-dimensional
TQFTs as the classification of pivotal d-functors

Φ : BS → Cd
(
F top

)
. (A.4)

The non-symmetric d-dimensional TQFT underlying an
S-symmetric d-dimensional TQFT is obtained as the im-
age under Φ of the sole object of BS. The S-symmetric
d-dimensional gapped phases are then obtained as defor-
mation classes of such d-functors.
In the special case d = 2, the irreducible 2d TQFTs are

Zλ parametrized by λ ∈ R. There is a single irreducible
interface Iλ1,λ2

from Zλ1
to Zλ2

whose linking action on
the identity operator 1λ1

of Zλ1
is

Iλ1,λ2 : 1λ1 → e−(λ2−λ1)1λ2 , (A.5)

where 1λ2
is the identity operator of Zλ2

. The corre-
sponding pivotal 2-category is denoted as

C2
(
F top

)
= 2-Vec⊙ (A.6)

and understood as the Euler completion of the 2-category
of 2-vector spaces. See [137] for more details on the oper-
ation of Euler completion. Thus, S-symmetric (where S
is a fusion category) (1+1)d gapped phases are obtained
as deformation classes of pivotal 2-functors of the form

Φ : BS → 2-Vec⊙ . (A.7)

The complete information of such a 2-functor Φ can be
extracted from the SymTFT sandwich construction, as
discussed in detail in [2].

As a special case of the above, consider the case when
the underlying 2d TQFT is trivial, i.e. the image of Φ
picks out the object Z0 in 2-Vec⊙. In this case, we have

End2-Vec⊙(Z0) = Vec , (A.8)

where Vec denotes the category formed by finite dimen-
sional vector spaces. The possible S-symmetric TQFTs
whose underlying TQFT is trivial are known as symme-
try protected topological (SPT) phases for S-symmetry.
Applying (A.1), we recover the well-known fact [138] that
2d SPT phases for S-symmetry are classified by fiber
functors from S, i.e. functors of the form

ϕ : S → Vec . (A.9)

In fact, by what we discussed above, we also have

End2-Vec⊙(Zλ) = Vec (A.10)

for any λ. Thus, we learn that any S-symmetric 2d
TQFT whose underlying non-symmetric 2d TQFT is in-
vertible can be obtained by stacking the underlying in-
vertible 2d TQFT with an SPT phase.

3. Gapped Boundary Phases with Non-Invertible
Symmetries

As another instance relevant for this paper, take F to
be the family F top

Zd+1
formed by all topological boundary

conditions of a (d + 1)-dimensional TQFT Zd+1. Then
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Cd
(
F top

Zd+1

)
is the pivotal d-category B(Zd+1) formed by

topological boundary conditions of the TQFT Zd+1. S-
symmetric topological boundary conditions of the TQFT
Zd+1 are then classified by pivotal d-functors

Φ : BS → B(Zd+1) . (A.11)

Moving forward, let’s restrict to d = 2 and Zd+1 to be
an irreducible 3d TQFT Z admitting gapped boundary
conditions. As discussed in the main text, such a 3d
TQFT can be identified as the SymTFT associated to a
unitary fusion category C

Z ∼= Z(C) . (A.12)

Note that in general there are multiple choices of C sat-
isfying the above relation, all of which are related by
Morita equivalences.

The 2-category B(Z) is completely determined in terms
of C, whose Drinfeld center Z(C) is equivalent to the
MTC Z

Z(C) ∼= Z . (A.13)

Let us describe the information of B(Z) in terms of the
information of C. The simple objects of B(Z) are irre-
ducible topological boundary conditions of Z and they
are parametrized by pairs (M, λ) where M is an inde-
composable module category for C and λ ∈ R. We label
the corresponding irreducible topological boundary con-
dition, or the corresponding simple object, as Bλ(M).
The morphisms

Hom
(
Bλ(M),Bλ′(M′)

)
(A.14)

from Bλ(M) to Bλ′(M′) are the given by the category
N having the property

M⊠C∗
M

N = M′ , (A.15)

where ⊠C∗
M

is the Deligne product taken relative to the
fusion category C∗

M obtained as the dual of C with re-
spect to M. The category N describes the topological
lines acting as interfaces from Bλ(M) to Bλ′(M′). In
particular, we have

Hom
(
Bλ(M),Bλ′(M)

)
= C∗

M (A.16)

and

Hom
(
Bλ(C),Bλ′(C)

)
= C (A.17)

for the special case of a regular moduleM = C. Thus, the
topological line operators on a boundary Bλ(M) form
the fusion category C∗

M, and for the special case M = C,
we have that the topological line operators onBλ(C) form
the fusion category C.

Let us now describe some properties of the pivotal
structure. Consider a simple line operator L in N =

Hom
(
Bλ1

(M1),Bλ2
(M2)

)
. It has some quantum di-

mension dλ1,λ2
(L), i.e. its linking action on the identity

operator 1Bλ1
(M1) of the boundary Bλ1

(M1) is

L : 1Bλ1
(M1) → dλ1,λ2(L)1Bλ2

(M2) , (A.18)

where 1Bλ2
(M2) is the identity operator on the boundary

Bλ2(M2). Then the quantum dimension of the same
operator L in N = Hom

(
Bλ′

1
(M1),Bλ′

2
(M2)

)
is

dλ′
1,λ

′
2
(L) =

e−(λ′
2−λ2)

e−(λ′
1−λ1)

dλ1,λ2(L) . (A.19)

Toric Code Example. As an example, take Z to be
the Toric Code. In this case, the only choice for C is

C = VecZ2
. (A.20)

There are two module categories M = VecZ2
and M =

Vec. We thus have irreducible topological boundaries

Bλ(VecZ2), Bλ(Vec) (A.21)

with

Hom
(
Bλ(VecZ2

),Bλ′(VecZ2
)
)
= VecZ2

= {1eλ,λ′ , P e
λ,λ′}

Hom
(
Bλ(Vec),Bλ′(Vec)

)
= VecZ2 = {1mλ,λ′ , Pm

λ,λ′}
Hom

(
Bλ(VecZ2

),Bλ′(Vec)
)
= Vec = {Sem

λ,λ′}
Hom

(
Bλ(Vec),Bλ′(VecZ2

)
)
= Vec = {Sme

λ,λ′} ,
(A.22)

where we have displayed the simple lines as well.
The non-zero fusion rules are

1iλ1,λ2
⊗ 1iλ2,λ3

= 1iλ1,λ3

1iλ1,λ2
⊗ P i

λ2,λ3
= P i

λ1,λ2
⊗ 1iλ2,λ3

= P i
λ1,λ3

P i
λ1,λ2

⊗ P i
λ2,λ3

= 1iλ1,λ3

1iλ1,λ2
⊗ Sij

λ2,λ3
= Sij

λ1,λ2
⊗ 1jλ2,λ3

= Sij
λ1,λ3

P i
λ1,λ2

⊗ Sij
λ2,λ3

= Sij
λ1,λ2

⊗ P j
λ2,λ3

= Sij
λ1,λ3

Sij
λ1,λ2

⊗ Sji
λ2,λ3

= 1iλ1,λ3
⊕ P i

λ1,λ3
,

(A.23)
where i, j ∈ {e,m}, and the quantum dimensions are

d
(
1iλ1,λ2

)
= e−(λ2−λ1)

d
(
P i
λ1,λ2

)
= e−(λ2−λ1)

d
(
Sij
λ1,λ2

)
=

√
2 e−(λ2−λ1)

(A.24)

Appendix B: Condensable Algebras

The conditions that condensable algebra A = ⊕an
aa

in Z must satisfy are [121]

(CA1) n1 = 1, na ∈ N, na = na

(CA2) sa = 0 for a ∈ A



55

(CA3)
∑

b∈Z Sabnb∑
b∈Z S1bnb = cyclotomic integer for all a ∈ Z

(CA4) na ≤ da − δ (da)

(CA5) nanb ≤
∑

c N
ab
c nc − δa,bδ (da)

(CA6) na =
∑

b S
abnb if A is Lagrangian.

Here S is the S-matrix and sa the spin. We note these

are only the necessary conditions ( see the Introduction
– around (I.6) – for further discussion). We proceed by
identifying algebras that satisfy the above necessary con-
ditions and then check that there is a consistent conden-
sation, assuming the limitations discussed above. Once
we have a condensable algebra A, the associated reduced
topological order Z/A is determined by computing local
A-modules in Z(S) [129], which form a “smaller” modu-
lar tensor category Z ′.
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[31] I. n. Garćıa Etxebarria and N. Iqbal, (2022),

arXiv:2211.09570 [hep-th].
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