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Abstract

We develop an effective field theory for a multi-orbital fermionic system using the method
of coadjoint orbits for higher-dimensional bosonization. The dynamical bosonic fields
are single-particle distribution functions defined on the phase space. We show that when
projecting to a single band, Berry curvature effects naturally emerge. In particular, we
consider the de Haas-van Alphen effect of a 2d Fermi surface, and show that the oscilla-
tion of orbital magnetization in an external field is offset by the Berry phase accumulated
by the cyclotron around the Fermi surface. Beyond previously known results, we show
that this phase shift holds even for interacting systems, in which the single-particle Berry
phase is replaced by the static anomalous Hall conductance. Furthermore, we obtain the
correction to the amplitudes of de Haas-van Alphen oscillations due to Berry curvature
effects.
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1 Introduction23

The quantum oscillation of magnetization in the presence of an external field, or the de Haas-24

van Alphen effect (dHvA) plays an important role in modern condensed matter physics in25

characterizing the Fermi surface of gapless fermionic systems, which is commonly used to26

experimentally probe the size, shape, [1] and Berry phases [2–17] of the Fermi surface (FS).27

For non-interacting systems, the dHvA effect can be obtained by summing over contri-28

butions from all Landau levels. An alternative, somewhat more intuitive way to understand29

the dHvA effect comes from a Bohr-Sommerfeld quantization of the semiclassical wavepacket30

moving around the FS, leading to oscillations as a periodic function of AFS/B [18–20]. From31

this picture, an important outcome is that, for a multi-orbital system, the Berry phase γ accu-32

mulated around the FS enters the dHvA oscillations as a phase shift [2, 14, 21], such that the33

free energy contains the components34

Fk = Ak cos
�

k
�AFS

B
+ γ
��

, k ∈ Z,

from which the magnetization M = −∂ F/∂ B is obtained.35

On the other hand, the effect of Berry curvature on the amplitudes Ak has not been ex-36

plicitly addressed. Furthermore, the Berry-phase induced phase shift has only been obtained37

using a single non-interacting wave packet. A natural question is how the phase shift γ should38

be interpreted and renormalized in the presence of interaction effects. For interacting sys-39

tems such as Fermi liquids and non-Fermi liquids, it becomes necessary to analyze this effect40

in a many-body field theory. However, traditional field-theoretic techniques can be clumsy in41

treating dHvA. First, due to the essential singularity in the B dependence of magnetization,42

dHvA cannot be obtained in regular linear (or nonlinear) response theory; instead one needs43

to directly evaluate the free energy [22], which for a general lattice system is nontrivial to44

solve beyond the semiclassical regime [13,23–25]. Second, for interacting systems, especially45

in 2d, the fermionic self-energy by itself contains oscillatory parts, whose closed-form expres-46

sions are not known [22,26,27]. It is thus highly desirable to develop an low-energy effective47

field theory in which Landau level physics near the Fermi level naturally emerge, and in which48

interaction effects can be further incorporated.49

To this end, we develop a bosonization approach to study Berry phase effects in dHvA50

of a multi-orbital metal. As recently shown [28] using the method of coadjoint orbits [29]51

for higher-dimensional bosonization [29–38], an additional advantage of bosonization is that52

it reduces the problem of dHvA from one of field theory to one of quantum mechanics. In the53
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bosonic theory, the base manifold is the phase space of single particles and the target manifold is54

the single-particle distribution function f (x,p) (where f is a matrix for a multi-orbital system)55

under canonical transformations, i.e., the coadjoint orbit. While in this work we focus on free56

fermions, the interaction effects can be incorporated in the form of Landau parameters or57

coupling to bosonic collective modes [29], without going beyond Gaussian level, which is a58

major advantage of bosonization.59

We focus on 2d systems with a fixed chemical potential µ (e.g., via gating) in a weak60

magnetic field (B≪ k2
F , kF being the Fermi wavevector). We derive the multi-orbital bosonic61

theory from coherent-state path integral for the fermion bilinear field f̂αβ = ĉ†
α ĉβ . We couple62

the theory to an external magnetic field, and subsequently project this action via a gradient63

expansion onto a single band with a FS (see Fig. 1), and analyze the Berry curvature effects to64

leading order in B. We show that the Berry curvature modifies both the Poisson bracket and65

phase-space integration measure [25,39].66

By perturbatively expanding the action, we obtain a bosonzied theory of NΦ chiral bosons67

φi , where NΦ is the Landau level degeneracy, in momentum space parametrized by the an-68

gle θ . As we recently pointed out in [28], the dHvA effect comes from an additional total69

derivative term in φi(θ ) in the action. While not entering the equation of motion, this term70

becomes a topological θ -term upon mode expansion, and has a nonperturbative effect on the71

quantization of energy. For multi-orbital systems with a single FS, we show that the Berry72

phase γ enters the θ -term, and thus leads to a phase shift of dHvA oscillations. Remarkably,73

we argue that this holds even for interacting systems. We provide a non-perturbative proof74

relating the static Hall conductance σH to γ, and hence the phase shift in dHvA. Moreover,75

our field-theoretic approach allows for the calculation of the amplitudes Ak of dHvA for all76

oscillatory components, and we obtain a Lifshitz-Kosevich-like formula [19] for Ak, which is77

modified by Berry curvature effects.78

2 Bosonized action for a multi-orbital system79

For a non-interacting multi-orbital system, one can derive the bosonized action using coherent-80

state path integral [28,40–43]. As a general feature for bosonization, interacting effects can be81

straightforwardly incorporated [29]. Defining the ground state of the many-body Hamiltonian82

as |Ω〉, we consider a coherent state given by |U〉 = Û |Ω〉, where Û = exp
�

iφiα, jβ c†
iαc jβ

�

is83

parametrized by a bilocal field φiα, jβ that depends on both coordinates i, j and orbital indices84

α,β . The Û ’s, forming a Lie group, will be the target manifold of the field theory. Their action85

on the the ground state |Ω〉 is known as the coadjoint orbit [29]. By standard derivations, the86

path integral is87

Z =

∫

DÛ exp

�∫

d t 〈Ω| Û−1
�

−∂t − iĤ
�

Û |Ω〉
�

, (1)

where DÛ is the product of the Haar measure of the Lie group taken at all times, and Ĥ is88

the multi-orbital noninteracting Hamiltonian. The operators in the action can be expanded89

in terms of nested commutators of fermion bilinear operators, which can be represented by90

first-quantized operators. The action then becomes S =
∫

d t Tr
�

bf0 bU
−1i∂t bU − bf ÒH
�

. where bf091

and bf are one-particle density matrices for the ground state and the coherent state, defined92

respectively as f0, jβ ,iα ≡ 〈Ω| c
†
iαc jβ |Ω〉 and f jβ ,iα ≡ 〈U | c

†
iαc jβ |U〉. Further, here bU and ÒH93

are first-quantized counterparts of Û and Ĥ, i.e., bU ≡ eiÒφ , with 〈iα| Òφ | jβ〉 = φiα, jβ and the94

elements of ÒH are given by Ĥ = c†
iαHiα, jβ c j,β . The trace over single-particle operators can95

be alternatively expressed as phase-space integrals over Moyal products [28, 44] of Wigner96
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Figure 1: Illustration of the FS from a multi-orbital system, marked by the thick red
line, enclosing a Fermi volume and a Berry phase.

functions, which leads to97

S =

∫

d t
dxdp

(2π)2
Tr
�

bf0(x,p) ⋆ bU−1(x,p, t) ⋆ i∂t bU(x,p, t)

−bf (x,p) ⋆ ÒH(x,p)
�

(2)

where ⋆ ≡ exp
h

i(
←−
∂x
−→
∂p −

←−
∂p
−→
∂x)/2
i

is the Moyal product, and bU(x,p), bf (x,p) = bU(x,p) ⋆98

bf0(x,p) ⋆ bU−1(x,p), and ÒH(x,p) are the Wigner functions of the corresponding operators,99

which are defined via, e.g., bU(x,p) =
∫

dy eip·y 〈x− y/2| bU |x+ y/2〉 . All these Wigner func-100

tions are matrices in orbital space, over which the trace is taken in Eq. (2).101

3 Band projection in a weak magnetic field102

Without loss of generality, we consider a 2d multi-orbital metal with a single closed FS, skectched103

in Fig. 1 in the presence of a magnetic field. For weak fields, we have Ba2
0 ≪ 1 (where a0 is104

the lattice constant), and following the Peierls substitution, the Hamiltonian can be written as105

ÒH(x,p) = ÒH(π = p +A(x)), where π is the kinetic momentum. As a low-energy effective106

field theory (EFT), we can project the theory onto a single band |vπ〉 [45–47]. Since ÒH(π) is107

treated as a Wigner function instead of a quantum operator, the proper multiplication operator108

is ⋆ (which satisfies associativity), i.e., the energy eigenstate is given by ÒH ⋆ |v〉= |v〉 ⋆ ε, with109

〈v| ⋆ |v〉= 1. The effective action is110

Seff =

∫

t,x,p

〈v| ⋆
�

bf0 ⋆ bU
−1 ⋆ i∂t bU − bf ⋆ ÒH

�

⋆ |v〉 . (3)

Here 〈vπ| ⋆ bf0(π) = f0(π) ⋆ 〈vπ|, where f0(π) = θ (εF − ε(π)) and the low-energy fluctuations111

are restricted to intra-band ones: 〈u| ⋆ bU ⋆ |v〉= Uδuv . (See Appendix A for more details.)112

For low-energy physics, we will expand our theory around the FS. Thus, for a closed113

FS, one can ignore the BZ boundary and take the continuum limit. In this situation, as114

pointed out in Ref. [28], it is convenient to work in the (R,π) coordinates of the phase115

space, where R = (x −πy/B, y +πx/B) is the guiding center, as the theory is R-independent116

due to magnetic translation symmetry. In this situation, the Moyal product simplifies to ⋆ =117
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exp
h

−i(B/2)
←−
∂π ×

−→
∂π

i

[28]. Noting that |v〉 is not the eigenstate of H via matrix multipli-118

cation, let us assume instead H |v0〉 = ε0 |v0〉, where 〈v0|v0〉 = 1. We can expand |v〉 as119

|v0〉+ |δv〉+O(B2). We have 1 = 〈v| ⋆ |v〉 ≈ 〈v0| ⋆ |v0〉+ 2 Re 〈v0|δv〉+O(B2) = 1− BΩ/2+120

2 Re 〈v0|δv〉 + O(B2), where Ω(π) = i 〈v0|
←−
∂π ×

−→
∂π |v0〉 is the Berry curvature. We see that121

Re 〈v0|δv〉= BΩ/4+O(B2). In the weak field limit, O(B2) terms are suppressed by B/k2
F , and122

can be safely neglected (which we do hereafter). Knowing the expansion of |v〉, we can then123

expand the projection of ÒH [23,48]124

〈v| ⋆ ÒH(π) ⋆ |v〉= 2 Re 〈v0|H |δv〉+ 〈v0| ⋆H ⋆ |v0〉
= ε0(πx − BAy ,πy + BAx)−M(πx ,πy)B. (4)

Here M(π) = − i
2 〈∇π v0| [H(π)− ε(π)] × |∇π v0〉 is the spontaneous orbital magnetic125

moment, first obtained in a gauge invariant way using semiclassical wave packets [6], and126

A(π) = i 〈v|∂π |v〉 is the Berry connection. We can thus define the modified kinetic momen-127

tum as128

kx ,y ≡ πx ,y ∓ BAy,x , (5)

and the effects of Berry curvature enters through a Jacobian J = 1+ BΩ present both in the129

integration measure and in the Moyal product. Note that while it is tempting to treat A(x)130

and A(p) as components of phase-space gauge fields, a direct minimal coupling procedure131

(x,p)→ (x−A,p+A) is not correct (see Appendix A.3 for the complete analysis).132

After the band projection, the action becomes133

S =

∫

t,R,k

(1+ BΩ)
�

f0(k)U
−1 ⋆ i∂t U − f ⋆ ε(k)

�

, (6)

where ⋆ = exp
h

−iB
←−
∂k ×

−→
∂k/2(1+ BΩ)
i

in the new coordinates, and the effective dispersion134

is given by135

ε(k) = ε0(k)−M(k)B. (7)

The action (6) agrees with a recent effective field theory phenomenologically obtained from136

single-particle symplectic mechanics [39]. However, the spontaneous moment contributes a137

“Zeeman energy" −M(k)B to the dispersion, which cannot be obtained using the methods138

there, and has to be assumed to be implicit in ε(k). Notably, the saddle point of this action139

yields ∂t f (R,k, t) = { f (R,k, t),ε(k)}M, where {F, G}M ≡ −i(F ⋆ G − G ⋆ F) is the Moyal140

bracket [28,42,44] and can be approximated by the Poisson bracket141

{F, G}= −
B∂kF × ∂kG
(1+ BΩ(k))

(∂k taken with R fixed); indeed, the corrections due to Moyal product comes at O(B3), an142

even higher order than the Berry curvature effects. Further defining X = x+A(π), using the143

chain rule we have in (X,k) coordinates (see also Appendix A.3)144

∂t f (X,k, t) =
−v(k) · ∂X f − Bv(k)× ∂k f

1+ BΩ(k)
, (8)

where v = ∂kε and ∂k f is taken with X fixed. This is precisely the collisionless Boltzmann145

equation in the presence of Berry curvature and magnetic field. The 1 + BΩ factor was first146

obtained from wavepackets [25], and has been shown to follow from band projection [45,46,147

49, 50], although as can be seen in Appendix A.3, our derivation using (R,k) coordinates is148

significantly more straightforward.149
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The phase-space field can be expressed as U(R,k) = exp(iφ(R,k)), where φ ≃ φ + 2π150

is a real compact field. We expand the effective action up to quadratic order in φ, and drop151

higher-order terms, which are irrelevant perturbations. Whenφ is single-valued, the quadratic152

action in the weak field limit reads153

S(2) =

∫

dRdk

8π2
(1+ BΩ){φ, f0(k)}

�

φ̇ − {ε(k),φ}
�

. (9)

Further, as shown in Ref. [28], due to magnetic translation symmetry, the integral over non-154

commutative (phase-space) coordinates R can be converted to a sum over NΦ magnetic Bloch155

states in the magnetic Brillouin zone (mBZ), where NΦ = BL2/2π is the Landau level degener-156

acy: we have
∫

dR/(2πB−1)... = Tr
ÒR ... =
∑

Ki∈mBZ 〈Ki| ... |Ki〉. In addition, it suffices [28]157

to only include in the path integral overφ(R,k) that are invariant under magnetic translation,158

i.e., 〈Ki|φ(ÒR,k)
�

�K j

�

= φi(k)δi j .159

Let us assume the FS is isotropic, and show the analysis for anisotropic FS’s in Appendix160

B. In terms of φi(k)’s, the effective action is given by Seff =
∑NΦ

i=1(Scb + Sw), with161

Scb =

∫

d tdθ
4π

∂θφi

�

φ̇i −
ωc

1+ BΩθ
∂θφi

�

Sw =

∫

d td2k
2π

f0(k)
�

−
1+ BΩ

B
φ̇i +

1
2
(∂k × ∂kφi)φ̇i

�

, (10)

where the cyclotron frequencyωc = Bv(kF )/kF and Ωθ = ∂k×A|k=kF
are taken on the FS. The162

Scb[φi(θ , t)] term directly follows from Eq. (9), where θ parametrizes the tangential direction163

along the Fermi surface. It describes a chiral boson propagating in 1d momentum space [51].164

The Sw[φi(k, t)] term, commonly neglected in literature, is nonzero whenφi contains winding165

configurations [28], and is topological (depending only on the winding numbers). As is well-166

known [52], topological terms do not enter the equation of motion (8), but they do affect the167

quantization of the theory.168

4 Mode expansion and quantization169

We perform a mode expansion for the compact field φi as170

φi(θ ) = qi + piθ +
∑

n̸=0

ai,n
p

|n|
einθ , θ ∈ [−π,π),

where qi ≃ qi + 2π, and pi is a winding number. For pi ̸= 0, the Ui = eiφi(k) field has a171

singular (vortex) configuration in k, which requires an extension of the coherent states |U〉 in172

the path integral [28]. The physical meaning of pi is the extra occupation number at a given173

Ki . Indeed, from174

δ fi =

∫

k

(1+ BΩ)
�

eiφi ⋆ f0 ⋆ e−iφi − f0
�

= −
∫

θ

∂θφi

2π
(11)

we see that adding pi ̸= 0 configurations for each Ki ensures that the system is in a grand175

canonical ensemble (as it should for a fixed µ).176

To quantize Sw we need to extend the mode expansion into the Fermi sea, but since the177

term is topological, the specific form of extension does not matter [28]. The action splits into178

a Fock sector and a zero-mode sector, Scb[φ] + Sw[φ] = SFock [an] + Szero[p, q]. As shown in179

6
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Ref. [28], SFock is responsible for specific heat and Landau diamagnetism for T ≫ ωc , which180

we will not discuss here.181

The zero-mode action can be written as182

Szero[p, q] =

∫

d t
��

−
AFS

2πB
−
γ

2π

�

q̇+ pq̇−
ω̄c

2
p2
�

, (12)

where γ=
∫

k
f0(k)Ω(k) is the Berry phase around the FS, and the effective cyclotron frequency183

for a generic FS is [25] (see Appendix B)184

ω̄c(B,Ω) =
B

2πg(εF , B)

­

1
1+ BΩθ

·

FS
, (13)

where g(εF , B) is the density of states obtained from (7), and 〈...〉FS denotes an average over185

the FS for anisotropic cases.186

Interestingly, the action (12) exactly maps to that of a quantum mechanical problem of187

a charged particle moving on a ring enclosing a flux, where the first term is a topological188

θ -term [52]. At a finite temperature 1/β , the partition function is189

Zzero =
∑

p′∈Z
exp

�

−
βω̄c

2

�

p′ +
AFS

2πB
+
γ

2π

�2�

. (14)

We clearly see that this result is periodic in AFS/B + γ mod 2π at low-temperatures, and190

becomes non-oscillatory at T ≫ ω̄c when the summation can be replaced by integral. This is191

precisely the origin of dHvA.192

5 Modified Lifshitz-Kosevich formula193

The oscillation of orbital magnetization in an external field can be obtained by evaluating194

the free energy of the zero-mode partition function, Fosc = −T log Zzero. Using the Poisson195

resummation formula,196

Fosc =− NΦT log

�

1+ 2
∞
∑

n=1

cos (n∆)qn2

�

=− 2NΦT Re
∞
∑

m=1

log
�

1+ q2m−1ei∆
�

+ non-osc.

where q = exp
�

−2π2T/ω̄c

�

and ∆ = AFS/B + γ. In going to the second line, we used a197

property of the Jacobi theta function θ3(∆/2, q) [53]; see Appendix C for details. Expanding198

the log in the second line and performing the summation over m, we obtain199

Fosc = NΦT
∞
∑

k=1

(−)k cos [k (AFS/B + γ)]
k sinh(2π2kT/ω̄c)

. (15)

A key modification to previous results [12, 13] is that ω̄c in the oscillation amplitude is non-200

linear in B, due to both Berry phase and the magnetic moment. For T ≥ ω̄c , expanding in the201

exponent in B, we get for the amplitude:202

Ak∝ exp
�

−
λ1T

B

�

exp(λ2T ). (16)

7
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The additional λ2 term can be directly tested in 2d materials with strong Berry curvature on203

the Fermi surface. While the same result could be obtained via semiclassical wavepackets [13,204

23–25], it has not been given explicitly. Moreover, our systematic procedure of expanding in205

B and in φ allows for obtaining higher-order corrections. For example, we show in Appendix206

C.1 that including φ3 terms in the action lead to a small temperature-dependent phase shift207

in dHvA for non-parabolic bands, which was recently reported in 3d metals [54].208

The periodicity and phase shift in (15) is rooted in the topological θ -term in (12), and209

survives even for interacting systems such as Fermi liquids and non-Fermi liquids [29]. While210

the Luttinger theorem [55–57] ensures the physical meaning of AFS, a natural question is that211

of γ beyond single-particle physics.212

6 dHvA and the anomalous Hall effects213

The canonical quantization of Scb + Sw, from the ∼ φ̇ terms therein, leads to the Kac-Moody214

algebra [28,57,58]215

[n̂i(θ ), n̂i(θ
′)] =

−i
2π
δ′(θ − θ ′), (17)

where ni(θ ) ≡ −∂θφi(θ )/2π is the density of electrons with magnetic momentum Ki (see216

Eq. (11)).217

For a system without Berry phases, this algebra was used [57] to obtain a nonperturbative218

derivation of the Luttinger’s theorem. In our context, let’s set NΦ = 1 and consider the braiding219

algebra between “translation" operators generated by kinetic momentum π:220

T̂x ,y = exp

�

i
∑

π

N̂ππx ,y

�

,

where N̂π is the particle number operator and we set lattice constant a = 1. From ba-221

sic quantum mechanics (see Appendix D), T̂x T̂y T̂−1
x T̂

−1
y = e2πiν [57], where ν is the fill-222

ing fraction of the band. In the low-energy limit, the lattice translation operators become223

T̂x ,y ∼ exp
�

i
∫

θ
n̂(θ )
�

kF ;x ,y(θ )± BAy,x(θ )
�	

, where we have used (5). Together with (17),224

up to O(B2) corrections, the same braiding algebra evaluates to (see Appendix D)225

T̂x T̂y T̂−1
x T̂

−1
y = exp
�

i
AFS

2π
+ i

Bγ
2π

�

, (18)

where γ ≡
∮

A · dk is the same as that in (12) via Stokes theorem. Relating the right band226

sides, we get 4π2ν=AFS+Bγ=A0
FS+(∂BAFS+γ)B, where A0

FS is the zero-field Fermi surface227

area corresponding to the Luttinger theorem, and the ∂BAFS term is due to the spontaneous228

magnetization in Eq. (7). The linear charge response to a B field can be related to the static229

(anomalous) Hall conductance via the Streda formula [39,59]:230

σH(q→ 0,ω= 0) =
dν
dB

�

�

�

�

B=0
=
γ

4π2
+
∂BAFS

4π2
. (19)

This result has been long known for free fermions [25,60], and recently proven perturbatively231

for interacting systems via Green’s functions [61]. Our non-perturbative derivation, only tak-232

ing input from low energies1, applies even for interacting systems such as Fermi liquids and233

non-Fermi liquids [61,62]. We prove the applicability to interacting systems in Appendix D.1.234

1A priori one cannot use ν=
∫

f0(p)dp/4π2 except for free fermions.
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From (15) and (19), we get for a generic interacting system235

Fosc =
∞
∑

k=1

Ak cos

�

k

�

A0
FS

B
+ 4π2σH

��

, (20)

Thus, the phase shift in dHvA should precisely match the static anomalous Hall conductance,236

which can be extracted from spatially-resolved transport [63].237

7 Discussion238

The key result of this work, Eq. (15), takes a similar form of the Lifshitz-Kosevich formula,239

with two important differences. First, the renormalized cyclotron frequency ω̄c in (13) is non-240

linear in B, leading to a modified temperature dependence. Second, the phase shift γ applies241

beyond the single-particle Berry phase for free fermions. We note that unlike the phase shift,242

the amplitude Ak in general receives additional corrections from interaction effects, which we243

will address in an upcoming work [64]. Finally, it would be interesting to extend our results244

to 3d systems.245
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A Band projection procedure for general phase space coordinates255

In this section, we generalize the band projection procedure discussed in the main text (Eq. (4))256

to a general set of phase space coordinates. We show that while the action derived in Eq. (6)257

of the main text remains the same using different choices of phase space coordinates, proper258

coordinates can be chosen to simplify the calculation. Furthermore, the procedure can be read-259

ily applied to electromagnetic responses, and to the leading order in the gradient expansion,260

the electromagnetic responses only depend on the Berry curvature and the orbital magnetic261

moment.262

The Moyal product in a set of phase space coordinates {ξi} with i = 1,2, .., 2d reads263

F ⋆ G = F exp
§

iħh
2
ω

i j
ξ

←−
∂ ξi
−→
∂ ξ j

ª

. (A.1)

where ωi j
ξ

is the symplectic 2-form for the phase space coordinates ξ. One may express264

Eq. (A.1) as a gradient expansion with terms that are increasingly irrelevant for the low-energy265

effective field theory (EFT). To keep track of the order in the gradient expansion, we have in-266

troduced a dimensionless parameter ħh in Eq. (A.1), which we will set to one at the end to267

compare with the results in the main text, whereas the Planck constant and unit charge is set268
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to one from the start. Ultimately, the gradient expansion is justified not because ħh is small, but269

because B/k2
F ≪ 1. Under this convention, we have B = ℓ−2

B , where ℓB is the magnetic length.270

Below, we consider d = 2, and define π = p +A, R = ℓ2B(p −A) × ẑ. For coordinates271

{x , y, px , py}, {x , y,πx ,πy} and {Rx , R y ,πx ,πy}, ω reads, respectively,272

ωx,p =







0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0






, ωx,π =







0 0 1 0
0 0 0 1
−1 0 0 −B
0 −1 B 0






, ωR,π =







0 1/B 0 0
−1/B 0 0 0

0 0 0 −B
0 0 B 0







(A.2)
Note that Eq. (A.1) is exact for {x,p}, {x,π}, and {R,π} coordinates, but its validity to all273

orders in the Moyal product has not been studied well for generalized phase space coordinates274

projected to a single band, like Eq. (A.19) we define below.275

The multi-orbital coadjoint-orbit action reads276

S =

∫

d t
dξ

(2π)2
Tr
�

bf0(ξ) ⋆ bU
−1(ξ, t) ⋆ i∂t bU(ξ, t)− bf (ξ, t) ⋆ ÒH(ξ)

�

(A.3)

where we have used
p

detω = 1 from Eq. (A.2). Here, we take Eq. (A.1) and (A.3) as the277

starting point, and derive the effective action projected onto a band with a Fermi surface278

for a generic single particle Hamiltonian ÒH(ξ). In particular, in the weak magnetic field limit279

(Ba2
0 ≪ 1), we choose the gauge such that a multi-orbital Hamiltonian that couples to external280

electromagnetic fields can be written as ÒH(ξ) = ÒH0(p+A) + A0(x) = ÒH0(π) + A0(x), where281

∇×A= Bẑ,−∇A0 =E.282

A.1 Star diagonalization283

As a notational convention, we use bV to denote a matrix V in orbital basis. Under the Moyal284

star product, we define a unitary transformation bV (ξ) ⋆ bV (ξ)† = bV (ξ)† ⋆ bV (ξ) = 1 such that a285

Hermitian matrix ÒH(ξ) is star-diagoanlized [47, 65], defined as bE = bV ⋆ ÒH ⋆ bV †. As the Moyal286

product is associative, the coadjoint orbit action Eq. (A.4) can be written as287

S =

∫

d t
dξ

(2π)2
Tr
�

bf0,d(ξ) ⋆ bU
−1
v (ξ, t) ⋆ i∂t bUv(ξ, t)− bfv(ξ, t) ⋆ bE(ξ)

�

(A.4)

where bf0,d(ξ) = bV ⋆ bf0(ξ) ⋆ bV †, bUv(ξ) = bV ⋆ bU(ξ) ⋆ bV †. Note that while bf0,d and bE are diagonal288

(defined as the band basis), bUv and bfv are not diagonal in general. However, the off-diagonal289

terms should be fast oscillating for band gap much greater than the EFT cutoff, and will be290

ignored hereafter. Projecting the action to the band (indexed by “a") at the chemical potential,291

the action reads292

Sa =

∫

d t
dξ

(2π)2
�

f0,a(ξ) ⋆ U−1
v,a(ξ, t) ⋆ i∂t Uv,a(ξ, t)− Uv,a(ξ, t) ⋆ f0,a(ξ, t) ⋆ U−1

v,a(ξ, t) ⋆ Ea(ξ)
�

(A.5)
where f0,a, Uv,a, fv,a and Ea are the diagonal “aa" elements of the corresponding matrices in293

the band basis. In the (R,π) basis, and for Hamiltonian ÒH(ξ) = ÒH(π), we can equate the294

expressions in the main text with expressions here by f0(π) = f0,a, U = Uv,a, ε(π) = Ea, and295

Eq. (A.5) can be equivalently expressed as Eq. (4) in the main text. At first sight, it is equiv-296

alent to the coadjoint orbit action for a single band Hamiltonian. However, note that Ea(ξ) is297

obtained from the star diagonalization of ÒH, which is different from the “band dispersion" ob-298

tained via the usual matrix diagonalization. To relate the two, define a unitary transformation299

bV0 that diagonalize ÒH, i.e. bV0ÒH bV
†

0 = bE0, such that300

bV = (1+ bV1 + bV2 + ..)bV0, where bVn ∼O(ħhn). (A.6)
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Similarly, bE = bE0 +
∑∞

n=1
bEn where bEn ∼O(ħhn). As bV0 and bE0 encodes all information in ÒH, bVn301

and bEn (n ≥ 1) can be determined order by order in terms of bV0 and bE0 given the symplectic302

2-form ωi j .303

This procedure has been introduced and applied in earlier studies [65] in terms of {x,p}304

coordinates. Below, we apply the procedure for a set of generic phase space coordinates {ξ}305

and obtain the leading order terms in the gradient expansion, i.e. bV1 and bE1.306

Using bV ⋆ bV † = bV † ⋆ bV = 1 and bV0bV
†

0 = bV0bV
†

0 = 1, we find307

bV1 + bV
†

1 +
iħh
2
ωi j
ÒAi
ÒA j = 0 (A.7)

where308

ÒAi = ibV0∂ξi bV †
0 = ÒA

†
i (A.8)

is the non-Abelian phase-space Berry connection, satisfying (∂i
ÒA j)− (∂ j
ÒAi) = i[ÒAi , ÒA j]. The309

last term in (A.7) is Hermitian, and thus bV1 can be expressed via Hermitian and anti-Hermitian310

parts as311

bV1 = −
iħh
4
ωi j
ÒAi
ÒA j + bY1, where bY†

1 = − bY1. (A.9)

The correction to the energy eigenvalue, bE1 can be obtained by expanding bE = bV ⋆ ÒH ⋆ bV †
312

to the leading order in ħh. We have313

bE = (1+ bV1)bV0

�

1+
iħh
2
ωi j←−∂ i

−→
∂ j

��

ÒH
�

1+
iħh
2
ωi j←−∂ i

−→
∂ j

�

bV †
0 (1+ bV

†
1 )
�

+O(ħh2) (A.10)

where we have made use of the associativity of the Moyal product. The left/right arrowed314

derivatives act on all terms to their left/right until stopped by an unpaired left/right square315

bracket. At order ħh, we find316

bE1 =bV1
bE0 + bE0bV

†
1 +

iħh
2
ωi j
�

i ÒAi bV0(∂ jÒH)bV
†

0 + ÒAi
bE0
ÒA j − ibV0(∂iÒH)bV

†
0
ÒA j

�

=bV1
bE0 + bE0bV

†
1 −
ħh
2
ωi j{ÒAi , (∂ j
bE0)}+ +

iħh
2
ωi j{ÒAi ,
�

ÒA j , bE0

�

}+ +
iħh
2
ωi j
ÒAi
bE0
ÒA j

=
�

Y1, bE0

�

−
ħh
2
ωi j{ÒAi , (∂ j
bE0)}+ +

iħh
4
ωi j
�

ÒAi
ÒA j
bE0 + bE0
ÒAi
ÒA j − 2ÒAi
bE0
ÒA j

�

(A.11)

From the first to the second line, we have used bV0(∂iÒH)bV
†

0 = ∂i
bE0− i
�

ÒAi , bE0

�

. From the second317

to the third line, we have used Eq. (A.9). The dispersion projected to band “a" can be read off318

from the corresponding diagonal element. Noticing that
�

bY1, bE0

�

is an antisymmetric matrix,319

we have320

Ea =E0,a −ħhωi j
ÒAaa

i (∂ jE0,a) +
i
4
ħhωi j
�

ÒAi
ÒA j
bE0 + bE0
ÒAi
ÒA j − 2ÒAi
bE0
ÒA j

�aa
+O(ħh2)

=E0,a −ħhωi j
ÒAaa

i (∂ jE0,a)−
i
2
ħhωi j
�

−
�

ÒAi
bE0
ÒA j

�aa
+ i∂i
ÒAaa

j E0,a

�

+O(ħh2)

=E0,a(ξ
i +ħhωi jA j)−

i
2
ħhωi j 〈∂i va| (ÒH − E0,a)

�

�∂ j va

�

+O(ħh2) (A.12)

To be concise, we have defined in the last line the intra-band (Abelian) phase-space Berry321

connection as Ai = ÒAaa
i and A = ÒAaa

. Eq. (A.12) is the main result of this subsection. It322

shows that there are two contributions to the dispersion at ħh order. The second term on the323

RHS of the first line shift the coordinate ξi , the third term modifies the spectrum. Below, we324

discuss two applications. First, we consider coupling the theory to an external perpendicular325

magnetic field. Second, we consider the effect of both magnetic and electric field.326
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A.2 Coadjoint orbit EFT in an external magnetic field327

In {x,π} or {R,π} coordinates, the Hamiltonian reads ÒH(ξ) = ÒH(π = p+A). From Eq. (A.2),328

the modified dispersion up to order ħh reads329

Ea(π) = E0,a(πx −ħhBAπy
,πy +ħhBAπx

) +
iħhB
2
〈∂π va| (ÒH − E0,a)× |∂π va〉+O(ħh2). (A.13)

Noting that the πx ,y component of the phase-space Berry connection is just the momentum-330

space Berry connection in the main text, this is precisely Eq. (7) we derived in the main text331

(after setting the expansion parameter ħh = 1). As was shown in the main text, the new332

coordinates in the first term lead to modified Jacobian and Moyal product, which is written in333

terms of the Berry curvature.334

In the {x,p} coordinates, we expect the same result. However, the calculation is more335

involved. The modified dispersion up to order ħh reads336

Ea(p+A) =E0,a(p−ħhAx +A(x+ħhAp))

−
i
2
ħh

(

∑

l=x ,y

�

−
�

ÒAxl
bE0
ÒApl

�aa
+ i∂xl

Apl
E0,a

�

− (x↔ p)

)

+O(ħh2)

=E0,a(p−ħhAx −
B
2
(x+ħhAp)× ẑ)

−
i
2
ħh

(

∑

l=x ,y

�

−
�

ÒAxl
bE0
ÒApl

�aa
+ i∂xl

Apl
E0,a

�

− (x↔ p)

)

+O(ħh2)

=E0,a(p+A−ħhBAp × ẑ) +
iħhB
2




∂pva

�

� (ÒH − E0,a)×
�

�∂pva

�

+O(ħh2) (A.14)

By definition,337

ÒAxl
=ibV0(p+A)∂xl

bV †
0 (p+A) (A.15)

ÒApl
=ibV0(p+A)∂pl

bV †
0 (p+A) = ÒAπl

, (A.16)

To obtain the last line in Eq. (A.14), we have used ÒAx j
= ibV0∂x j
bV †

0 = ibV0∂pi
bV †

0 |p+A
∂Ai
∂x j
=338

− B
2εi j
ÒApi
= − B

2εi j
ÒAπi

, and ∂xi
ÒApi
= ∂p j
ÒApi

∂A j

∂xi
= − B

2εi j∂pi
ÒAp j
= − B

2εi j∂πi
ÒAπ j

.339

It is straightforward to check that Eq. (A.13) and (A.14) are equivalent up to O(ħh). How-340

ever, from this exercise, we see that in a homogeneous magnetic field, the calculation can341

be done more conveniently in the {x,π} or {R,π} phase space coordinates as long as the342

symplectic 2-form is properly chosen as in Eq. (A.2).343

A.3 Semiclassical Boltzmann equation in external electromagnetic fields344

In this subsection, we demonstrate the band projection procedure in the presence of an addi-345

tional static electric field, which is useful for, e.g., transport. In the presence of both electric346

and magnetic field, the Hamiltonian in Eq. (A.4) reads347

ÒH(ξ) = ÒH0(π) + A0(x), where E = −∇xA0, Bẑ =∇x ×A (A.17)

For simplicity, we use the {x,π} phase space coordinates. As the potential term A0(x) is diago-348

nal in the band basis, the only nonzero phase space Berry connection is ÒAπ = ibV0(π)∂π bV
†

0 (π),349

where bV0ÒH0(π)bV
†

0 = bEband,0 gives the spectrum in zero magnetic field. Following Eq. (A.12),350
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the modified dispersion to band “a" reads351

Ea =E0,a −ħhωi jAi(∂ jE0,a)−
i
2
ħhωi j
�

−(ÒAi
bE0
ÒA j)

aa + i∂iA jE0,a

�

+O(ħh2)

=bEband,0,a(π −ħhBAπ × ẑ) + A0(x+ħhAπ) +
iħhB
2
〈∂π va| (ÒH − E0,a)× |∂π va〉+O(ħh2) (A.18)

The first and second term in the last line shows that the phase space coordinate is shifted by the352

Berry connection, the third term is the energy shift from spontaneous orbital magnetization,353

same as Eq. (7) in the main text. Note that there is no energy shift due to coupling with354

electric-dipole for free fermion model when choosing the static electromagnetic U(1) gauge,355

though interaction effects can introduce electric dipole terms [39,66].356

To further simplify the expression, we can define the new phase space coordinate as357

k = π −ħhBAπ × ẑ, X = x+ħhAπ. (A.19)

The modified dispersion in Eq. (A.18) can be expressed as358

Ea(X,k) = Eband,0,a(k) +A0(X)−ħhBM(k) +O(ħh2), (A.20)

where M is the spontaneous orbital magnetic moment. The symplectic 2-form in the {X,k}359

basis to the leading order in ħh reads360

ωX,k =







0 ħhΩ 1−ħhBΩ 0
−ħhΩ 0 0 1−ħhBΩ

−1+ħhBΩ 0 0 −B(1−ħhBΩ)
0 −1+ħhBΩ B(1−ħhBΩ) 0






+O(ħh2)

=
1

1+ħhBΩ







0 ħhΩ 1 0
−ħhΩ 0 0 1
−1 0 0 −B
0 −1 B 0






+O(ħh2) (A.21)

We remind Ω(k) = iεi j∂ki
Ak j

= i 〈∂kva| × |∂kva〉 is the single band Berry curvature. We see361

that indeed the Berry curvature is analogous to a k-space magnetic field, although we caution362

that ωX,k cannot define the Moyal product for X,k, because careful treatments of higher363

order gradient expansions in ħh are needed. Nevertheless, ωX,k defines the semiclassical Pois-364

son bracket, by expanding Eq. (A.1) to order ħh. Plugging it into the semiclassical Boltzmann365

equation ∂t f (X,k) + { f (X,k),Ea(X,k)} = 0, we reproduce the Berry curvature effects on366

semiclassical Boltzmann equation [67]367

∂t f +
1

1+ħhBΩ(k)
(v(k) · ∂X f +E · ∂k f + Bv(k)× ∂k f +ħhΩE × ∂X f ) = 0 (A.22)

where v(k) = ∂k(Eband,0,a(k)− ħhBM(k)). Setting E = 0, we obtain the semiclassical Boltz-368

mann equation for cyclotron orbits, i.e. Eq. (8) in the main text.369

A.4 Gauge invariance370

Note that the star-diagonalization and projection procedure should leave all physical observ-371

ables invariant up to a “star" gauge transformation [36, 65], which reads bV → bV ′ = bΘg ⋆ bV ,372

where bΘg is a diagonal unitary matrix such that Θg ⋆ Θ
†
g = ΘgΘ

†
g = 1. Under this transfor-373

mation, the star-diagonalization of ÒH becomes bE = bV ⋆ ÒH ⋆ bV † → bE ′ = bV ′ ⋆ ÒH ⋆ bV ′†, where bE ′374

remains diagonal but in general bE ′ ̸= bE .375
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Figure 2: Orthogonal coordinates for a generic FS, denoted by the red thick line.

However, all physically observable effects are expressed in terms of the Berry curvature376

Ω and the orbital moment M, which are indeed gauge invariant. To show it (at leading or-377

der in ħh in our procedure), we note that the gauge transformations of bVn (n = 0, 1,2, ...)378

can be obtained perturbatively using bV ⋆ bV † = 1, and we find bV0 → bV ′0 = Θg bV0, bV1 →379

bV ′1 = Θg bV1Θ
†
g −
ħh
2ω

i j∂iΘg bA jΘ
†
g . The gauge field ÒA transforms correspondingly as ÒA→ ÒA′ =380

ibΘg∂i bΘ
†
g + bΘg bAi bΘ

†
g . The transformation for bV0 and ÒA is reminiscent of the usual non-Abelian381

gauge transformation. It is then straightforward to show that both the Berry curvature for382

the projected band, written as Ω∝ ωi j∂iA j , and the orbital moment of the projected band,383

written as M ∝ − i
2ħhω

i j
�

−
�

ÒAi
bE0
ÒA j

�aa
+ i∂i
ÒAaa

j E0,a

�

are invariant under the “star" gauge384

transformation.385

B Anisotropic Fermi surfaces386

In the main text, we focused on the simple case with an emergent isotropy near the FS. In this387

section we consider the general situation of anisotropic Fermi surfaces.388

In this situation, polar coordinates for k space are no longer useful. Instead one needs to389

use a proper curvilinear coordinate system for each dispersion relation ε(k), which we sketch390

in Fig. 2. A natrual choice for the radial coordinate is proportional to ε(k) itself, which is a391

constant on the FS. The second coordinate θ̃ ∈ [−π,π} acts as an angular variable on each392

contour. For simplicity of the Moyal bracket ⋆ = exp
h

−iB
←−
∂k ×

−→
∂k/2(1+ BΩ)
i

, we choose the393

second coordinate to be orthogonal to ε(k). The phase-space integration measure of (ε, θ̃ )394

can be seen from the well-known relation395

∫

dkx dky

4π2
...=

∫

dεdθ̃ g(ε, θ̃ )... (B.1)

where396
∫

dθ̃ g(ε, θ̃ ) = g(ε), (B.2)

is the density of states determined from the dispersion ε(k) (not including corrections from397
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Berry phases. [25])398

One particular useful choice of θ̃ is such that the distinct modes in the mode expansion399

φi(θ̃ ) = qi + piθ̃ +
∑

n̸=0

ai,n
p

|n|
einθ̃ , θ̃ ∈ [−π,π), (B.3)

are orthogonal, e.g.,400
∫ π

−π
dθ̃ g(εF , θ̃ )ei(n−m)θ̃ ∼ δnm. (B.4)

Obviously, such a choice requires g(εF , θ̃ ) to be a constant, i.e., g(εF , θ̃ ) = g(εF )/2π. This401

can be done as long as the FS is away from van Hove points. We denote the angular variable402

θ̃ of this specific coordinate system θ . We emphasize that this is not to be confused with the403

polar angle from Γ point of the BZ.404

In the (ε,θ ) coordinates, the phase-space integration measure and the Moyal star product405

is given by406

∫

dkx dky

2πB
(1+ BΩ)...=

∫

dεdθ
B

g(ε)(1+ BΩ)..., (B.5)

F ⋆ G = F exp

�

−
iB
4π

←−
∂ε ×

−→
∂θ

g(ε)(1+ BΩ)

�

G. (B.6)

In this coordinate system, Eq. (??) of the main text evaluates to Sw + Scb, where407

Scb[φ] =
1
2

∫

dθd t
2π

∂θφ

�

φ̇ −
B

2πg(εF )(1+ BΩ(θ ))
∂θφ

�

(B.7)

Focusing on the (q, p) modes of (B.3), integrating over θ , and incorporating contributions408

from Sw, we obtain409

Szero[p, q] =

∫

d t
��

−
AFS

2πB
−
γ

2π

�

q̇+ pq̇−
ω̄c

2
p2
�

, (B.8)

where410

ω̄c =
B

2πg(εF )

­

1
1+ BΩ(θ )

·

FS
, (B.9)

which is Eq. (13) in the main text. There g(εF ) is denoted as g(εF , B) to emphasize its depen-411

dence on B due to orbital magnetic moments.412

C Derivation of the modified Lifshitz-Kosevich formula413

In this section, we detail the derivation of the modified Lifshitz-Kosevich formula from bosoniza-414

tion. We start with the part of the free energy from the zero modes415

Fzero = −NΦT log

� ∞
∑

p=−∞
e−βω̄c(p+∆/2π)2/2

�

(C.1)

where ∆=AFS/B + γ. Using the Poisson resummation formula, it can be rewritten as416

Fzero =− NΦT log

�

∫

d x e−βω̄c(x+∆/2π)2/2 + 2
∞
∑

n=1

∫

d x e−βω̄c(x+∆/2π)2/2 cos(2πnx)

�

=−
NΦT

2
log

2πT
ω̄c
− NΦT log

�

1+ 2
∞
∑

n=1

cos (n∆) e−2n2π2T/ω̄c

�

(C.2)
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Only the second term contains oscillation in ∆, which is denoted as Fosc in the main text.417

Note that from the definition of the Jacobi θ -function [53]418

θ3(z, q) = 1+ 2
∑

n=1

qn2
cos(2nz), |q|< 1, (C.3)

we can rewrite Fosc as419

Fosc = −NΦT log
�

θ3

�

∆

2
, q
��

, (C.4)

where420

∆=
AFS

B
+ γ, q = exp

�

−
2π2T
ω̄c

�

. (C.5)

It is well-known that the Jacobi function θ3 has a product representation [53]:421

θ3(z, q) =
∏

n=1

(1− q2n)
∞
∏

n=1

�

1+ 2q2n−1 cos(2z) + q4n−2
�

. (C.6)

Using this, discarding nonoscillatory terms, we get422

Fosc =− NΦT
∞
∑

n=1

log
�

1+ 2q2n−1 cos(∆) + q4n−2
�

=− 2NΦT Re
∞
∑

n=1

log
�

1+ q2n−1ei∆
�

. (C.7)

Expanding the log and summing over n, we obtain423

Fosc =2NΦT Re
∞
∑

n=1

∞
∑

k=1

(−)k

k
q(2n−1)keik∆

=2NΦT
∞
∑

k=1

(−)k

k
qk

1− q2k
cos (k∆) . (C.8)

Using (C.5), we get424

Fosc =
∞
∑

k=1

Ak cos
�

k
�AFS

B
+ γ
��

, where Ak =
(−)kNΦT

k sinh (2π2kT/ω̄c)
. (C.9)

This is the modified Lifshitz-Kosevich formula, Eq. (15) in the main text.425

C.1 Effects of φ3 terms in the action426

In the main text, we expand the bosonic action up to quadratic order. For a parabolic dis-427

persion, it was shown [28] that the action at φ3 order vanishes. However, in general for a428

lattice system such cubic terms do not vanish. In the main text, we argued that these terms429

are irrelevant perturbations, and hence only lead to higher-order corrections. In this section430

we demonstrate this by perturbatively evaluating the free energy with these terms. Without431

loss of generality, we assume the FS is isotropic.432

At cubic order, the additional term in the action is [28]433

S(3)[φ] =
1
6

∑

Ki∈mBZ

∫

d td2k
2πB

{φi , f0}{φi , {φi ,ε(k)}}

=
∑

Ki∈mBZ

∫

d tdθ
12π

�

v(k)
k

�′

k=kF

B2

kF
(∂θφi)

3 (C.10)
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For dHvA, we focus on the winding term pθ in the mode expansion (B.3). This leads to434

(neglecting Berry curvature terms, since we are looking for leading order corrections) the435

zero mode cubic action:436

S(3)zero[p, q] =

∫

d t
�

v(k)
k

�′

k=kF

B2

6kF
p3 ≡

λω̄2
c

εF

∫

d t p3, (C.11)

where by dimensional analysis λ is an O(1) number. For dispersion ε(k)∝ kα, λ > 0 when437

α > 2, λ < 0 when α= 2.438

Together with the Szero[p, q] in Eq. (??) of the main text, we get after integrating out q:439

Zzero =
∑

p′∈Z
exp

�

−
βω̄c

2

�

p′ +
∆

2π

�2

+
βλω̄2

c

εF

�

p′ +
∆

2π

�3
�

.

From the fermionic perspective, for parabolic dispersion, the Landau levels are equally spaced,440

and ω̄c(p′ +∆)2/2 is exactly the energy cost of adding p′ particles of momentum Ki to the441

system [28]. With this insight, the physical origin of theω2
c (p
′+∆)3/εF term is clear: it is due442

to the fact that the Landau levels are not equally spaced for a generic dispersion. The cubic443

term in the exponent is suppressed by ωc/εF ∼ Bk2
F ≪ 1, and can be treated perturbatively.444

Using Poisson resummation formula, the free energy is445

Fzero =− NΦT log

¨

∫

d x e−βω̄c(x+∆/2π)2/2

�

1+
βλω̄2

c

εF

�

x +
∆

2π

�3
�

�

1+ 2
∞
∑

n=1

cos(2πnx)

�«

=− NΦT log

¨

∫

d y e−βω̄c y2/2

�

1+
βλω̄2

c

εF
y3

�

�

1+ 2
∞
∑

n=1

cos(2πny − n∆)

�«

=−
NΦT

2
log

2πT
ω̄c

− NΦT log

¨

1+ 2
∞
∑

n=1

�

cos(n∆) +
λω̄c

εF

�

6nπ
βω̄c

−
8n3π3

β2ω̄2
c

�

sin(n∆)

�

e−2n2π2T/ω̄c

«

.

(C.12)

We see that the leading-order contribution from φ3 terms, which correspond to Landau446

level spacing variation, is temperature-induced phase shifts to all the cos(n∆) terms in the447

last line of Eq. (C.2). For T ≪ ω̄c , this correction is negligible. Indeed, when temperature448

is much smaller than the Landau level spacing at the Fermi level, dHvA is insensitive to the449

spacing between higher/lower Landau levels. For ω̄c ≲ T , a regime the oscillation ampli-450

tude is exponentially suppressed, this phase shift is of order (AFS/B)(T/εF )2, i.e. it leads to451

a temperature-dependent effective Fermi surface area AFS(1 + sgn(λ)O(T/εF )2). The same452

effect in 3d has been reported in systems with small εF [54]. This effect is distinct from the453

phase shift due to Berry phase effect, which is independent of T and B. Furthermore, as long as454

T ≪
p

εFω̄c , this phase shift is much smaller than that due to the Berry phase (as γ=O(B0)).455

Therefore they can be safely neglected for purposes of the current work.456

D Relation between dHvA phase shift and anomalous Hall conduc-457

tance458

In this section we provide a more detailed derivation relating the dHvA phase shift to the459

anomalous Hall conductance σH
x y . As we discussed in the main text, the key ingredient of460
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the proof is a UV/IR matching of the braiding algebra. We consider the “translation" operator461

(setting the lattice constant a = 1)462

T̂x ,y = exp

�

i
∑

π

N̂ππx ,y

�

, (D.1)

and evaluate the braiding algebra T̂x T̂y T̂−1
x T̂

−1
y .463

In the UV (lattice scale), we have464

T̂x ,y = exp

�

i
N
∑

i=1

bπi;x ,y

�

, (D.2)

where N is the total particle number and bπi is the first-quantized kinetic momentum operator465

for the i-th particle. Using the fact that [bπx , bπy] = −iB, and the fact that BL2 = 2π (since466

NΦ = 1), we obtain467

T̂x T̂y T̂−1
x T̂

−1
y =

N
∏

i

exp
�

2πi
L2

�

= e2πiν, (D.3)

where ν= N/L2.468

In the IR (low energy limit), the translation operator is represented by operators that act469

near the FS. We have470

T̂x ,y ∼ exp

�

i

∫

θ

n̂(θ )
�

kF ;x ,y(θ )± BAy,x(θ )
�

�

, (D.4)

where kF ;x ,y are the components of the Fermi momentum and we have used471

kx ,y ≡ πx ,y ∓ BAy,x . (D.5)

Via the Baker-Campbell-Hausdorff formula eAeBe−Ae−B = e[A,B] · · · , we then have472

T̂x T̂y T̂−1
x = T̂y exp

¨

−
∫

θ ,θ ′
[n̂(θ ), n̂(θ ′)]
�

kF ;x(θ ) + BAy(θ )
� �

kF ;y(θ
′)− BAx(θ

′)
�

«

(D.6)

Applying the Kac-Moody algebra473

[n̂(θ ), n̂(θ ′)] =
−i
2π
δ′(θ − θ ′), (D.7)

and integrating by parts we get474

T̂x T̂y T̂−1
x T̂

−1
y =exp

�

i
2π

∮

�

kF ;x(θ ) + BAy(θ )
�

d
�

kF ;y(θ )− BAx(θ )
�

�

=exp

�

i
2π

∮

kF ;x(θ )dkF ;y(θ )

�

exp

�

iB
2π

∮

A(θ ) · dkF (θ )

�

, (D.8)

where we have kept only O(B) terms in the exponent, and integrated by parts again in the475

second factor of the last line. Preforming the integrals, we get476

T̂x T̂y T̂−1
x T̂

−1
y = exp
�

i
AFS

2π
+ i

Bγ
2π

�

, (D.9)

which is Eq. (??) of the main text. Matching UV with IR, i.e., (D.3) with (D.9), using the477

Luttinger theorem and the Streda formula, we arrive at Eq. (19) of the main text:478

σH(q→ 0,ω= 0) =
γ

4π2
+
∂BAFS

4π2
. (D.10)
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D.1 Validity in the presence of interaction effects479

In the main text, our derivation for dHvA is explicitly performed for free fermions, and in the480

non-perturbative derivation above and in the main text, we have made use of Eq. (D.5), which481

in turn is obtained from free fermions. However, one can generalize both derivations to a482

Fermi liquid by incorporating Landau parameters and by interpreting ε(k) and γ as dispersion483

and Berry phase of long-lived low-energy quasiparticles. Furthermore, the relation between484

the phase shift in dHvA and σH can also be applied to non-Fermi liquids. In fact, our argument485

can be made without referring to the Hamiltonian, interacting or free, at all!486

To see this, we note that both the argument of the cosine terms in the Lifshitz-Kosevich487

formula (Eq. (15) of the main text) and the Kac-Moody algebra, which was used to compute488

σH, come from the three ∼ φ̇ terms in Scb + Sw (Eq. (10) of the main text.) These three489

terms are not independent from each other, but are derived from expanding the first term490

of the nonlinear action (Eq. (6) of the main text), which is a Wess-Zumino-Witten (WZW)491

term [28,29]. Note that, being a first-order time-derivative, this term does not depend on the492

Hamiltonian, and is thus robust against interaction effects. Without any information from the493

Hamiltonian, one can rewrite the WZW term in kinetic momentum π coordinates as494

SWZW =

∫

t,R,π

f0(π, B)U−1(t,R,π) ⋆ i∂t U(t,R,π), (D.11)

where f0(π, B) equals 0 or 1 on either side of the Fermi surface, specified by π = πF (B).495

Repeating our derivation in the main text, we get for the zero mode action (cf. Eq. (12) of the496

main text)497

Szero[p, q] =

∫

d t

��

−
AπFS(B)

2πB

�

q̇+ pq̇− · · ·
�

, (D.12)

where AπFS(B) is the area of the FS in (πx ,πy) coordinates in a magnetic field, and for the498

braiding algebra (cf. Eq. (18) of the main text)499

T̂x T̂y T̂−1
x T̂

−1
y = exp

�

i
AπFS(B)

2π

�

. (D.13)

Eq. (D.12) gives the phase shift in dHvA, and Eq. (D.13) gives the anomalous Hall conductance,500

and thus the two quantities are directly related.501

Note that all of the above are done without explicitly referring to the Berry phase and the502

spontaneous magnetic moment; only the size of the FS in (πx ,πy) coordinates, which is well-503

defined even for non-Fermi liquids, matters. Of course, the amplitude Ak of dHvA does depend504

on the Berry phase and the spontaneous moment separately, as we showed in the main text.505
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