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This study explores the unique intersection of Topological Weyl Semimetals (TWS) and non-
Hermitian physics, focusing on the potential of Coherent Perfect Absorbers (CPAs) in such ma-
terials, with the investigation based on the fact that CPA is viewed as time-reversed lasers. We
introduce a theoretical model for TWS CPAs based on the transfer matrix method, demonstrating
that topologically protected surface states lead to 12 distinct feasible CPA configurations character-
ized by quantized loss values. This study offers a novel approach to understanding self-dual spectral
singularities in the context of TWS and examines the impact of the axion term on the system’s
scattering behavior. Our findings reveal how the ©-term significantly affects the loss value and its
topological quantization, triggering the Weyl transition which leads to the multi-fold branching of
these singularities and results in stable CPA states. CPA action induces the formation of topolog-
ically protected circular Hall currents within the TWS. These results pave the way for designing
efficient, tunable, and topologically protected devices within non-Hermitian systems.
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INTRODUCTION

Topology is emerging as a distinct field within mathematics that studies geometric objects and their inherent
properties, which remain unchanged under continuous deformations such as twisting or stretching, without breaking or
altering their fundamental characteristics. Remarkably, this abstract mathematical concept has tangible counterparts
in the physical world, with numerous potential applications in areas like quantum matter, photonics, and electronics
[1,2]. In recent years, topological materials have gained attention for their promising applications due to their unique
electronic and mechanical properties, which stem from their non-trivial topological features [3H5]. As a result, extensive
theoretical and experimental research is underway to expand and optimize their practical use [6HI§]. Among these
materials, semimetals—characterized by an electronic band structure lying between metals and non-metals—stand
out. Unlike metals and semiconductors, semimetals feature a slight intersection between the valence and conduction
bands at the Fermi energy level [8] [19H32].

Within the expanding domain of topological materials, Weyl semimetals are especially notable due to their ex-
ceptional electronic properties and rich topological characteristics [I9H32l, B6H50]. These materials are defined by
the presence of Weyl nodes—specific points in momentum space where the conduction and valence bands converge,
leading to phenomena like Fermi arcs and chiral anomalies [32], 5IH57]. These materials offer a wide range of unique
properties that make them highly promising for advanced applications in fields such as quantum computing, electron-
ics, spintronics, thermoelectrics, and photonics [39, 43], 58H64]. As our understanding of these materials deepens and
fabrication technologies improve, their applications are expected to broaden, opening new avenues for technological
innovations.

In this study, we examine a Topological Weyl Semimetal (TWS) system and investigate the impact of non-Hermitian
effects, particularly in the context of electromagnetic wave scattering, to identify novel types of topological Coherent
Perfect Absorbers (CPAs) that have not been explored in existing hteratureﬂ Unlike traditional absorption mecha-
nisms, CPA occurs when the material is precisely tuned to absorb all incoming light without reflection or transmission,
offering a path to novel light manipulation and energy harvesting technologies. This material is classified as topo-
logical due to a phase transition, which introduces an axion term and imparts topological properties to the system

1 An extensive and rapidly growing body of literature on CPA action can be found in references [65H94]. For applications of CPA in
topological materials, see the references [95HI02].
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FIG. 1. (Color online) The TE mode configuration for the interaction of an electromagnetic wave with the Weyl semimetal
slab. The wave is emitted on the slab by an angle 6§ which is measured from the normal to the surface, and the polarization
direction is rotated by the Faraday angle 0 inside and the Kerr angle 0k outside the slab respectively. On the right panel,
Fermi arcs due to Weyl nodes are presented.

[103] 104}, [106]. While significant progress has been made in understanding its behavior, the optical interactions and
full topological implications remain inadequately explored [29, [B6H50]. This work aims to bridge this gap by inves-
tigating TWS materials in the context of CPA design. We propose a theoretical model for a TWS CPA using the
transfer matrix method, demonstrating that the topological protection of surface states gives rise to 12 distinct types
of topological CPAs. These types are characterized by quantized loss values necessary to satisfy the CPA condition,
all while respecting the topological symmetries. Our system, as depicted in Fig. [} consists of a TWS material with
Weyl nodes aligned along the z-axis.

The non-Hermitian approach to topological materials has recently gained significant attention. Unlike tradi-
tional Hermitian systems, where the hermiticity guarantees probability conservation and yield real eigenvalues, non-
Hermitian systems exhibit distinct phenomena, such as the coalescence of eigenstates at exceptional points and the
emergence of robust edge states that are resistant to perturbations [I07HI24]. These systems modify the standard
principles of quantum mechanics, leading to novel effects such as exceptional points, unidirectional light propagation,
enhanced laser performance, and coherent perfect absorption (CPA) [66} [99, T25HI37), I43HI50]. The symmetry in-
herent in these systems enables the design of materials that are not only topologically protected but also capable of
supporting unique physical phenomena, such as unidirectional light propagation and topologically protected lasing
and CPA. For TWS materials, non-Hermitian exceptional points facilitate the stabilization of surface states that
would typically be unstable in other non-Hermitian systems. This opens up new possibilities for controlling light-
matter interactions, developing advanced optoelectronic devices, and realizing novel topological phases with potential
applications in quantum information processing, sensing, and lasing.

In this paper, we construct a conceptual framework of a TWS CPA device by employing the transfer matrix approach
in view of non-Hermitian physics. It is a well-known that the construction of a CPA depends on the identification of
the self-dual spectral singularity points in the non-Hermitian system [99, 129, 1311, 132, 136 [151].

Spectral singularities, including self-dual spectral singularities, represent a remarkable phenomenon where the
density of states exhibits a peak of infinite height, and have become an essential focus in the study of non-Hermitian
systems. These singularities are intimately linked to exceptional points, where eigenvalues and eigenvectors coalesce,
and they manifest across a wide range of physical phenomena, from optics to quantum mechanics. In the context
of optical systems, spectral singularities (and self-dual ones, in particular) arise in scattering scenarios, where the
reflection and transmission amplitudes diverge for real values of the wave-vector k in the physical system [99] [125] 127
132] [1306), 143, I5IHI53]. This divergence leads to the formation of zero-width resonances and the emergence of
laser/CPA threshold states, characterized by purely outgoing or incoming waves [I43]. Such behavior is a hallmark
of non-Hermitian physics, distinguishing it from conventional lasers and CPAs. Recent years have seen substantial
progress in uncovering new phenomena within non-Hermitian physics, with a growing body of studies exploring its
rich and unexplored aspects [108] 113HI24]. This field plays a crucial role in understanding the unique properties
of topological materials [99] [126] 147, [148], forming the central motivation for our work. Investigating topological



systems within the framework of non-Hermitian physics offers an innovative perspective, and the inclusion of Weyl
semimetals in this context is opening up new avenues for designing CPAs with exceptional efficiency, tunability, and
robustness, providing deeper insights into the interplay between symmetry, topology, and spectral properties.

We begin by introducing the fundamental concepts of Weyl semimetals, like Fermi arcs, Kerr and Faraday rotations,
and dimensional enhancement, highlighting their unique topological properties. We then explore the concept of self-
dual spectral singularities, examining their origins, implications, and manifestation within the context of TWS. By
focusing on these self-dual singularities, we aim to uncover their influence on the electronic structure and physical
properties of these materials. Through this analysis, we seek to demonstrate the potential of Weyl semimetals to
exhibit novel spectral features, with important implications for future research and technological advancements in
both topological and non-Hermitian systems.

The recent observation of Kerr and Faraday effects in Weyl semimetals cause an increment of the system’s effective
dimension, introducing additional computational challenges in structural analysis [126]. However, this complexity also
provides valuable insights and enrichment into the underlying physics. Our study has uncovered new and previously
unrecognized properties of TWS by investigating these intricate interactions. To tackle the challenges posed by these
effects, we have structured our system in a way that results in a 4 x 4 transfer matrix due to the Kerr/Faraday
effect. This leads to 12 distinct CPA configurations, which display topologically robust features. By generating waves
in the transverse electric (TE) mode, we aim to explore the topological aspects of the system and gain a deeper
understanding of its characteristics. The topological properties of such systems are known to be governed by the
O-term [104] [T05], where, in our case, the term corresponds to b, the distance between the Weyl nodes in the bulk
structure.

To explore the influence of the ©-term on the topological properties of the system, we will focus on analyzing the
scattering behavior of TWS, identify self-dual spectral singularities, and examine how these singularities are affected
by the O-term. Self-dual spectral singularities occur at points where the system’s continuous spectrum exhibits
unique and exceptional features [152] [153], which in turn lead to the formation of CPA. Therefore, the interaction
between TWS and electromagnetic waves can be framed as a non-Hermitian scattering problem in the context of
electromagnetic theory [126].

Our study is organized as follows: Initially, we computed the transfer matrix by solving Maxwell’s equations,
incorporating the axion term, for the TE mode configuration specific to a lossy Weyl semimetal. This transfer matrix
enabled us to calculate the self-dual spectral singularities. In the final part of our analysis, we examined the impact of
the ©-term on these singularities by using TaAs material, which has been experimentally verified to support the Weyl
semimetal phase [30, I54HI6T]. Our results provide novel insights into the understanding of CPA formation in TWS
materials. We demonstrate that the ©-term significantly reduces the system’s loss value and leads to the topological
quantization of the system, evident through the degeneration of the self-dual spectral singularity points. This finding
is significant and is reported for the first time in the literature. At this point, we clearly show that the b-term plays a
crucial role in the system’s topological properties, triggering the Weyl transition at the self-dual spectral singularity
points. Additionally, we determined the axion-induced current within the TWS medium, which exhibits cyclotron-like
Hall current patterns with a topological origin confined to the zy-plane. These currents display distinct behaviors in
the lossy TWS medium. Our study also reveals that 12 different topological CPA types can be generated due to the
Kerr/Faraday effect in the TWS material, and it identifies the conditions under which these CPA configurations can
exist,.

TE MODE SOLUTION AND TRANSFER MATRIX

Consider a linear, homogeneous and planar TWS slab which consists of optically active loss component. Geometry of
the slab is designed in such a way that an appropriate CPA can be constructed respecting the alignment of Weyl nodes
along the z-axis as displayed in Fig. [I TWS slab is described by the thickness L and a uniform complex refractive
index n which has a constant value within the TWS medium. Interaction of this slab with the electromagnetic
waves is governed by the Maxwell’s equations, which incorporate topological terms due to the magnetoelectric optical
effects. Topological characteristics of the designed system arises from the alignment of Weyl nodes which determine
the locations of fermi arcs on the corresponding surfaces of TWS slab. As depicted in Fig. [1} fermi arcs appear on
surfaces along the z-axis. According to our optical design, Maxwell’s equations are given by

D =p(z)+Bb-B, V-B=0, (1)
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where 8 = 2a/nZy is a constant, a = 62/250hc is the fine structure constant, Zy := \/uo/ep is the vacuum
impedance, e is the charge of an electron and ¢ := 1/,/ggpg is the speed of light in vacuum. The vector b denotes the
distance between two Weyl nodes which are aligned in z-direction and is given explicitly by E(z) =bé, for 0 < z < L.

Notice that € and B represent the electric and magnetic fields respectively, and are expressed by D and H fields via
the following constitutive relations

D:=:2E, B:=iH,

where € and j1 are respectively the permittivity and permeability of the relevant environment in which electromagnetic
wave propagates. These are described by & := epe and fi := o respectively in terms of vacuum permittivity and
permeability, where we defined e(z) := ¢, + Z;Zj and p(z) := 1+ xm for z € [0, L]. Here, €, is the bound charge
contribution, x,, is the magnetic susceptibility of TWS provided that it exhibits a magnetic characteristics. In this
paper, we assume that TWS is endowed with a rather weak magnetism such that we may ignore it ﬂ Notice that
n? := ey within the slab, where n corresponds to the complex-valued refractive index of the TWS.

Electric current density that appears in Maxwell equations is given by J(2) := o(2)&(2) for z = 0 and L, where
o(z) is the surface conductivity on the corresponding surfaces of TWS. Formally, we can express the surface current

j S in tensorial notation as j:;f = UZﬁEﬁ, where conductivities o s are specified to be

oo = ke {1-i[@2+m|1-a2]} (3)
Yo 3rh. ¢ el

. €% ac 2

ny = % + 37T1}F ln‘l —wc s (4)

where @, 1= 2w, /w, w. := vrk., vp is the Fermi velocity, k. is the momentum cut-off and k < k.. We notice that the
component oy, in conducts the Kerr and Faraday rotations inside and outside the TWS slab. Besides, we realize
that there is an accompanying free surface charges to the surface currents, which are directly related to each other by
the continuity equation,

V- J*+8p°(z) = 0. (5)

We emphasize that free charges and currents are formed only on the surfaces of the TWS slab on which the incident
wave emerges and no fermi arcs are present. This makes TWS slab a conductor at surfaces, and a semimetal inside
the TWS material due to the induced current Jp = -6 b x € that appear in Maxwell’s third equation.

Now, we investigate TE mode solutions of Maxwell equations and consider obliquely incident time harmonic elec-
tromagnetic waves in the form, see Fig.

E(7) = &(2)e*="¢,, (6)

In this expression, we adopt the cartesian coordinates x, y, andz with corresponding unit vectors é; with j = z,y and 2.
k; is the components of the wavevector along the j-axis, i.e. ky =k sin6, k, =k cos# and 6 € [-90°,90°]. We point
out that polarization direction of the incident wave is twisted when it is reflected and refracted at the interface of
TWS. Reflected waves leads to the Kerr rotation, and the refracted waves to the Faraday rotation within the slab,

see Fig.
Maxwell equations in and give rise to the 3-dimensional Helmholtz equation associated with the TE mode

states and the corresponding magnetic field H as follows

(V2 + k2e(2)u(2)] E — iBkZob x E = 0, (7)

—

<

kZou(z)

These are in fact coupled equations when twisted waves arise. In view of Kerr and Faraday rotations together with
the formal equivalence between Helmholtz and Schrodinger equations, it is immediate that Egs. and yield the
following uncoupled equations

x E, (8)

—L 4 vi(z)hy = K2y, 9)

2 For the sake of full discussion, we keep its presence till the end.



for the potentials given by vi(z) = 8234 (z), where 34(z) is defined to be

3+(z) :=3(2z) £ 20Lb(z) 3(z) == { @ for z€[0,1] ) fil ;= secfV/n2 — sin? 4. (10)

TRcosh’ 1 otherwise

In these equations, we make use of the following scaled variables for the convenience of the subsequent expressions

x z
X = —, z = —, R:= Lk, = kLcos#. 11
: : : (11)
We observe that 1. corresponds to a set of solutions which give rise to what we call as plus and minus modes
respectively. Thus, it is immediate to see that each mode possesses its own refractive index within the TWS slab, i.e.
ny which are given by

iy = /A2 4 2abL /78 cos . (12)

These are in fact effective refractive indices which produce the birefringence effect for the TWS slab. This phenomenon
occurs because of the presence of the term b in . Therefore, one computes the electric field E' and magnetic field
H in components as in Table where the quantities F+ and G are defined in different regions of optical TWS slab

Components of E-field Components of H-field
E, = % e)iﬁa.ctane H, = i;:%sOQ [\/3:]_—7 _ \/ﬁg,} e.iﬁxtanﬂ
Ey _ —t g + ezﬁxtanQ Hy — QC;ZZ [0\/2; 4+ \/gg_} :zﬁxtane
i sin 1Rx tan
B =0 Ho =~ 580 (7, —G]e

TABLE I. Components of E and H fields existing inside and outside the TWS slab.

system by
AP gifiz 4 (1) g—ifz for z <0, A gifz 4 07) —isz for z <0,
Fi = BYH etz £ B§+) e ™7 for 0 <z <1, Gy = BY) et -2 4 Bé_) e -7 for 0<z <1,
Aéﬂ etz + C§+) e iRz for z > 1. A(Q_) ez £ CQ(_) e"iRz for z > 1.

Here we introduced the quantity £; as follows
.ﬁj = .ﬁﬁ] (13)

RK-dependent complex coefficients Aéi), B ](i) and Cj(i) are related to each other via appropriate boundary conditions
present in our configuration of the TWS slab system. See Appendix for the associated boundary conditions. Therefore,

transfer matrix can be constructed as follows
Ay Ay
(e1)-mm(er)

where A; and C; with j = 1,2 are the column matrices which represent the coefficients of right and left moving waves
outside the TWS slab, and are given by

() ()
a=G0 ) e )
Al c!

and M(R) is the 4 x 4 transfer matrix [143] which is expressed by 2 x 2 matrix-valued reflection and transmission
amplitudes,

I _ Rplmp—rRT rp—r
T -R'T"R"” R'T )7 (14)

) = (T R

where TV/” and RY/" are the left /right transmission and reflection amplitudes, respectively. We see that transfer
matrix (14]) reveals all the information about the reflection and transmission properties of the TWS optical system.



CPA is obtained by the self-dual spectral singularity condition given by the zeros of certain components of the transfer
matrix M corresponding to the real £ values.Thus, we attain purely incoming waves at self-dual spectral singularity
points. This approach notably incorporates all the parameters of the TWS system into the transfer matrix, which is
embedded within the reflection and transmission amplitudes. By properly managing these parameters, we are able
to manipulate the transfer matrix to achieve the desired results. To improve the applicability of this method, we will
decompose the transfer matrix, highlighting a particularly useful decomposition,

M =K"'ST'LS. (15)

Here, K and L matrices represent the phases depending on the refractive indices n4, whereas S matrix serves as the
characteristic matrix that demonstrates how the CPA environment depends on other parameters. These decomposition
matrices are explicitly represented by the following expressions,

0 0 0 et 0 0 0
0 ¢® 0 0 0 e 0 0
K=10o 0 5 o | =119 o a5 o |
0 0 0 ei8 0 0 0 ef-
ny 4+ p(l+oy) —o - iy —p(l—oy) —o -
g._ | —pdtoy)  po- iy +p(l—oy)  po
' —po n_+pu(l+o-) —po n_—pu(l—o-)
1o 4 n_—pu(l+o-) 1o+ n_+p(l—o-)

The decomposition of the incoming wave within the material medium into two distinct modes (and refractive
indices n4) due to the birefringence effect offers various possibilities for the type of CPA that can be realized. This
result is indeed noteworthy. Initially, a one-dimensional environment acquires a topological character owing to its
axionic properties, thereby increasing the system’s dimensionality and creating a situation similar to a two-dimensional
scattering medium. This paves the way for the formation of CPA types that have not been observed in any material
before. In summary, Table [[I] provides a comprehensive list of the CPA types that can be obtained from such a
material, along with the corresponding configurations generated by these different types of CPA.

Table [T presents 12 distinct CPA types that can be achieved based on the wave type incident from the right and left
sides of a TWS slab. While the total number of potential CPA configurations is 16, four of these are not permissible.
To highlight the uniqueness of each CPA configuration, we have assigned different colors to the various types in the
table. The final column in Table [[]] outlines the conditions for each CPA type, which correspond to the real zeros of
the relevant components of the transfer matrix. It is important to note that all listed conditions must be satisfied
simultaneously in order to obtain the specified CPA type.

Now we define continuous functions {ag?, Bi(f), 'yi(f , CZ-(?}: C — C, which are specified by

0%(5) = {cos R; — b sin & + ¢; sin K,
BY = B(cos Rj —cosK;) + az(»é) sin &; + ag_é) sin Rj] gj,
%—(f) = —b;sinR; + dl(.f) sin &;,

1
(Z-(f) = [(cos R —cosR;) + age) sin R; + a;-e) sin Rj] oj,

2
where the indices ¢,j and ¢ take values + and —, such that complex-valued coefficients ay), b;, c;, and dy) are
defined as follows]
@ ._ (o — 1) oy o il = p?(of — 1)] w0 i —p*(o; —0)?]
a;’ = ——, bj = —_—, Cj 1= = y d’’ = = . (16)
7 2n; 2n, 2un,; J 2un;

3 Note that the symbol ‘4” used in these expressions represents the imaginary unit. The index 4” in the discussions may be mistaken for
the imaginary unit, so the reader should be attentive to this distinction.
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Type of CPA H

Identification of CPA

H Left Side |Right SideH Self — Dual SS Condition

Unidirectional CPA from Left [+ Mode] + None Mi;1 =Mz =Mj3; =My =0
Unidirectional CPA from Left [— Mode] — None |[|[Miz =Mz =Mz =My =0
M1 =Mz =Msz; =My =0
Unidirectional CPA from Left [Bimodal] + & — None
Miz = Moz = M3z = My2 =0
+ + Mi1 =Mz =My =0
Type 5 Bidirectional CPA [+ from Left, — from Right] + - M1 =My =M;3; =0
— + M2 = Mz = My =0
- - Mi2 = Mz =Ms2 =0
+ + & — Mi1 =Mz =0
Type 9 Bidirectional CPA [— from Left, +&— from Right] — + & — Mis =My =0
M1 =Mi2 =0
Type 10 Bidirectional CPA [+&— from Left, + from Right] + & — + Mo =Mooz =0
My =My =0
M1 =Mi2 =0
Type 11 Bidirectional CPA [+&— from Left, — from Right] + & — — My = Moz =0
Mz =Ms2 =0
Type 12 Bidirectional CPA [Bimodal] + & — + & — Mi; =M =Mz = Mo =0
None Unidirectional CPA from Right [+ Mode] None + NOT allowed
None Unidirectional CPA from Right [— Mode] None — NOT allowed
None Unidirectional CPA from Right [Bimodal] None + & — NOT allowed
None non-CPA Action None None NOT allowed

TABLE II. (Color Online) Table presents all potential CPA configurations and conditions from both sides of a TWS slab for
an electromagnetic wave emitted from the left side. The symbol M;; implies the ij component of the transfer matrix M. The
colors displayed here correspond to the CPA types that signify the reel zeros of the transfer matrix components shown in Fig. 2}

In these expressions, wave mode-specific conductivity o; is identified appropriately by the following quantity,

2o
o=
J 2cosf

(Oyy +ijoys) .

(17)

Therefore, the components of the first two columns of the transfer matrix, which are crucial for defining the CPA
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FIG. 2. (Color Online) The figure displays a diagram of TWS CPA types within the components of the transfer matrix M for a
TWS environment. It illustrates the CPA generation conditions for each TWS CPA type listed in Table [T} with different colors
representing different CPA types. Notably, only the 1% and 2"? columns of the transfer matrix generate CPA configurations.
Please note that the colors shown here correspond to the CPA types colored differently in Table [}

conditions, are determined as follows,

My = a(f,) e i, My = (j,) e M3 = Wit) e ', My = f,) e,
Ms; = 5(_1) e R, Mss = a(_i) e ', Majs = C(_t_) e ', Msy = 7(:_) e 8,
M = — {7 e'®, Mg, = ¢\ e, Mg; = —al) e'®, My =~ '™,
My = *C(_:_) e, Mo = *7(—_—&-) e, Mys = *ﬂ(_jr) e, My, = *Oé(__ﬁ et (18)

It is apparent that there are intriguing symmetries between the various components of the transfer matrix. These
symmetries can be observed through the symmetry transformations applied to the indices i, j, and £. Notice that
i <— j replacement produces the symmetry between the components of the transfer matrix, My +— Moy, M5 +—
Mgl, M13 — M24 and M14 — M23 for the first two TOWS; M33 < M44, M34 — M43, M31 — M42 and
Mg, «— My, for the latter two rows. In the same way, the £ — —¢ symmetry transformation is related to time-
reversal symmetry of transfer matrix, and reveals symmetries between first and latter block pairs.

The conditions for all possible CPA types can be derived from the components of the first two columns of the
transfer matrix, which we have explicitly determined. In this study, instead of analyzing each CPA type individually,
we present the methods for obtaining these conditions. To demonstrate the effectiveness of the approach we have
employed, we focus on two specific CPA types and provide a detailed analysis of them. These are the single-mode
bidirectional CPA types generated by plus and minus mode waves incident from both sides of the TWS slab (i.e.
Type 4 and Type 7 CPA configurations). The wave configurations for these CPA types are presented in Figure 3| For
comparison purposes, the bimodal bidirectional wave configuration is also illustrated.

By applying the Plus and Minus mode CPA conditions (Type 4 and Type 7, respectively) presented in Table
we obtain the following simplified self-dual spectral singularity conditions.

¥R = m’ ¢ /m2¢ — 1,

where the index ¢ takes values of +/— and represents the type of CPA, and the complex-valued continuous function
m’ : C — C is defined as follows

(19)

8u? n7
87 — p2(oe + 12>

m, =1+ (20)

The subindex 7 in m, indicates that m is time-reversal symmetric for each £. In essence, this expression is identical
to those for spectral singularities that result in entirely outgoing waves. As a result, the expressions for spectral
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FIG. 3. (Color online) Configurations of uni- and bimodal CPA. Blue solid arrows correspond to CPA due to 0y, and red
dashed arrows correspond to CPA due to n_.

singularities and self-dual spectral singularities are fundamentally equivalent, which clarifies the concept of time-
reversal symmetry. Eq. plays a crucial role in controlling the CPA formation mechanism corresponding to Type
4 and Type 7 cases. Conversely, to obtain a CPA for the Type 12 case (where both the plus and minus mode waves
are absorbed), the following condition must be satisfied,

gite — L0t = )7 é’;)z, (21)
- u
In the following analysis, we will focus exclusively on Type 4 and Type 7 CPA cases and highlight their notable
outcomes. Consequently, we will utilize Eq. For a TWS system to achieve true CPA, its parameters must satisfy
this equation. The system parameters include the refractive index n, the TWS slab thickness L, the angle of incidence
0, the wavelength A of the wave, and the separation b between the Weyl nodes in TWS medium. To better understand
how the parameters of the TWS system are configured to support the CPA mechanism, we will investigate the role
of these parameters by selecting TaAs, a material suitable for the TWS phase [30] 154HI58]. The physical properties
of the TaAs material we will employ are provided below [165H169].

n=6, L =500 nm, B =5x10"* A, 0 = 30°, (22)

where 7 is the real part of the refractive index n, and b’ corresponds to the value of b in real physical space by
b = 27 /b. The refractive index is a complex quantity and can be expressed as the sum of its real and imaginary
parts, as n = 1 + ix. Here, n is the primary factor that determines the material type, while k plays a crucial role in
determining whether the material behaves as a gain or loss medium. For a typical material, we have 1 > |&|. Since
we aim to evaluate the TWS medium as a CPA, we require k to be positive. The x parameter can generally be related
to the negative-valued loss coefficient g; for a lossy medium. This relationship is expressed as

g1 = —2kk. (23)

It is essential to note that g; must be negative for a loss-deposited medium. However, for the purpose of our graphical
analysis, we will present the graphs of g := —¢; , as a positive value is considered more suitable for visual representation.
Next, the wave vector k is related to the wavelength A by the following equation: k = 27/A. By substituting all these
parameters into the Eq. we can derive the relationship between the effective parameters in the system. Our goal is
to identify the optimal configuration of these parameters within the CPA formation mechanism. The most influential
parameters in the system are the loss coefficient g, the wavelength A, the incidence angle 8, and the parameter b, which
reflects the primary topological character of the system. Understanding the effects of these parameters is crucial for
understanding CPA mechanism.

In Figure [ the left panel displays the locations of the self-dual spectral singularity points corresponding to the
Plus mode over a broad spectrum range when b = 0. A similar graph can be generated for the Minus mode. The right
panel illustrates the distribution of the self-dual spectral singularity points for the Plus mode when b # 0. In this
case, the spectral range is confined to a narrower region, as the spectral singularity points are densely distributed,
necessitating a restricted range for clearer visualization. As observed, when b is non-zero, multiple self-dual spectral
singularity points occur at the same wavelength. This unexpected result arises from the topological behavior induced
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FIG. 4. (Color online) The figure illustrates the distribution of self-dual spectral singularity points in the g-lambda plane (a)
in the absence of an axion term (i.e., when b = 0) and (b) in the presence of b-term with b’ = 5 x 10™* A for Plus Mode. These
points correspond to the CPA formation points. Notice that the difference between the Plus and Minus modes disappears
when b = 0. With the inclusion of the axionic term, the topological nature of the CPA points becomes evident. These points
remain topologically stable at the same lambda values. Additionally, the loss coefficients required for CPA formation decrease
to substantially lower values.

11.8
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FIG. 5. (Color online) In the presence of the axion term, the self-dual spectral singularity points for the Plus Mode exhibit
both topological characteristics and branch into multiple distinct points. Additionally, the threshold loss value g required for
CPA formation is significantly reduced. In this graph, b =5 x 10~* A is used.

by the axionic content of the system. A second notable observation is the significant reduction in the loss value,
indicating the potential for an efficient CPA. Finally, whereas the self-dual spectral singularity point appears at a
single wavelength when b = 0, it manifests with topological characteristics at multiple wavelengths when b is non-
zero. This surprising outcome was unexpected, and although the underlying cause of this multi-branch bands remains
unclear, it is evident that it is intrinsically related to the axionic content of the system.

The multi-branch bands observed when b is non-zero is a novel and important discovery that demands detailed
investigation. To explore this further, we present the graph in Fig. which focuses on a narrow spectral range
between 1150 nm and 1550 nm. Within this range, there are two red points, with 30 bar-shaped blue dots located
between them. As observed, the increase in the number of patterns from 2 when b = 0 to 30 when b £ 0 represents a
Weyl transition, signifying the degeneracy of the self-dual spectral singularity points. When b = 0, both Weyl points
converge and appear as a single point, causing the Weyl semimetal to behave like a Dirac semimetal. Additionally,
this graph clearly demonstrates a significant reduction in the loss value, which confirms that topological materials
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FIG. 6. (Color online) The figure shows the locations of the self-dual spectral singularity points in the A-g plane, presented
separately for the Plus and Minus modes of TWS medium. As observed, each mode exhibits distinct topological features at
different wavelengths. Additionally, it is evident that the loss value is significantly reduced for both modes. Furthermore,
both modes actively generate CPA at specific wavelengths, which also meet the conditions for bimodal CPA formation. In this
graph, b’ =5 x 107% A is used.
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FIG. 7. (Color online) The figure depicts the placement of the self-dual spectral singularity points in the incidence angle-loss-
plane for the plus and minus modes of TWS slab system. As observed, CPA formation occurs exclusively at certain angles
specific to each mode. To illustrate the effect of the incident angle on the loss in the graphs, the parameter values L = 5 mm,
b =5x10"* A and A\ = 1100 nm were employed to enhance the visual configuration.

can be a much better CPA than regular materials because of their axionic content.

Figure [6] presents a comparison of the distributions of the self-dual spectral singularity points necessary for CPA
formation in the wavelength-loss coefficient plane for both the Plus and Minus modes. As observed, the topological
features associated with the band shape are clearly visible in both modes. Additionally, the wavelengths corresponding
to the Plus and Minus modes differ. However, both modes are observed to occur at certain wavelengths, where the
self-dual spectral singularity points can be determined using the condition in Eq. These points correspond to the
bimodal bidirectional CPA scenario. Finally, the loss values at the CPA points for both modes are significantly lower
than those in the non-axionic case, indicating that the presence of axion content effectively reduces the loss.

Figure[7]illustrates the variation of the loss coefficient with respect to the angle of incidence for the Plus and Minus
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modes. As shown, CPA formation is possible only at specific angles of incidence for the given parameter values.
Additionally, CPA occurs simultaneously in both modes at certain angles. Notably, CPA formation is more favorable
in the Minus mode at lower angles, while the Plus mode does not exhibit CPA formation at either low or high angles.
Finally, it is evident that the loss value displays a topological character as a function of the angle of incidence.

AMPLITUDE AND PHASE CONDITIONS FOR THE CPA ACTION

CPA can be viewed as an antilaser, interpreted as the time-reversed version of a laser system [66, [131HI42]. Con-

. . . Time-Reversal
versely, a laser system can be viewed as the time-reversed case of a CPA system, i.e., CPA % Laser. Our
ymmetry

TWS optical slab system functions as a Coherent Perfect Absorber (CPA), assuming that a time-reversed system
condition is met when (self-dual) spectral singularities are present. This effect only occurs when the incoming waves
possess the correct phase and amplitude. As a result, the optical system completely absorbs the incoming waves,
which leads to the formation of a CPA laser. Fig. |§| visually illustrates this phenomenon.

(a) cpPA (b) Anti-CPA

TWS Slab TWS Slab

FIG. 8. (Color Online) Configurations representing the coherent perfect absorber (CPA) (Left panel) and anti-CPA (right
panel). Self-dual spectral singularities correspond to purely incoming waves and anti-CPA occurs only correct phases and
amplitudes of the incoming waves are appointed, which satisfy Eqgs. 26 and 27

CPA Waves Time Reversed Waves Anti-CPA Waves
Leftmost Region A§i> eift(xtan 0—z) ASZH* e*iﬁ(x tan 0—z) Céi)* 67“% efiﬁ(x tan 0+z)
R1ghtmost Region Cé:t) 6ikﬁ(xtan0+z) Céﬂ:)* efiﬁ(xtan0+z) Agi)* eiﬁ e*iﬁ(xtan 0—z)

TABLE III. Waves outside the TWS optical CPA slab corresponding to different phenomena specified in the first row.

The self-dual spectral singularities shown in the left panel of Fig. [8| represent purely incoming waves. The time-
reversed counterpart is achieved by taking the complex conjugate of the waves outside the slab, in which case the
gain component is effectively replaced instead of the loss component. In order to generate an anti-CPA laser, we
reverse the incoming and outgoing waves of the time-reversed system, allowing the proper outgoing waves to be fully
lased, as illustrated in the right panel of Fig. |8l Specifically, the incidence angle at z = 0 is represented by —6 in the
anti-CPA scenario, where 6 is the angle that defines the CPA waves. Fig. [8]illustrates the emitted and absorbed waves
as described by equations in Table [[TI] For the necessary effect, the waves outside the active region of the optical slab
are described in Table [T} which uses solutions of Maxwell’s equations in the external regions.

The anti-CPA laser is operational when the outcoming waves emerging at an angle 0 are perfectly lased, resulting
in complete destructive interference. This phenomenon can be quantified by the ratio p(*) corresponding to the Plus
and Minus Mode configurations, respectively, which compares the complex amplitude of the incoming waves at z — 0
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and z — 1. Based on the amplitudes provided in Table [[T] this ratio is expressed as follows:

B C’Q(i)* o218 (24)
Ag:l:)* :

p*)

In fact, Céi)* can be expressed in terms of Agi)* using the self-dual spectral singularity condition for Plus/Minus
modes. We recall that self-dual spectral singularities correspond to purely outgoing waves, such that

+ - + -
AP =cP = =P = 4P =40 =0.
This together with the boundary conditions in Table |V|and self-dual spectral singularity condition in leads to
O5 = M® AP, (25)

where we identified M(*) := Mjs; and M(~) := My, for convenience. Therefore, it can be readily demonstrated
that incoming waves corresponding to Plus and Minus modes are fully absorbed, given that the ratio of incoming
amplitudes, denoted by p(+), satisfies the condition,

Therefore, the ratio of the amplitudes and the phase difference of the waves incident from the left and right are
described by |p| and ¢, respectively, where the latter is given by

(&)
5 () P
e = L (27)
)]

As a result, CPA action can be directly achieved when the ratio of amplitudes | p(i)‘ and the phase difference ¢+
of the incoming waves from the left and right are adjusted in accordance with expressions and , respectively.
Based on the information we’ve gathered, we derive the following expressions for the ratio of amplitudes | p(i)| and
the phase difference 6¢*) of the incoming waves, assuming the self-dual spectral singularity condition is satisfied,

()] _ ()
(p&)‘:‘M(ﬂ‘:\/[ReM<i>P+[ImM<i>P, 6¢(i)=tan‘1{[ImM |~ [ReM ]tan(m)} (28)

[ReM )] + [ImM(F)] tan(2RK)
In these expressions, the symbols Re and Im denote the real and imaginary parts of the respective quantity. Table [[V]

presents the numerical values of the physical parameters for which different configurations of our TWS slab system
function as a CPA for various incident TE waves.

without Axion term ( b = 0) — with Axion term (b =5 x 107% A)
0 0° —40° —80° 0° —40° —80°
A 1500.001 nm 1491.367 nm 1479.660 nm 1485.683 nm  1485.679 nm  1485.673 nm
ge —0.01683 cm™* —0.01290 cm™* —0.00291 cm™? —1.543 cm™ ' —3.973 cm™!? —5.024 cm ™!
K 2.009 x 1077 1.530 x 1077 3.427 x 1078 1.825 x 107'® 4,697 x 1071 5.940 x 10718
‘ p) 1.9053 1.8883 1.7817 0.5824 0.7597 1.5929
s 146.106° 148.620° 179.940° 135.008° 135.007° 135.004°

TABLE IV. Physical parameters belonging to the construct of a (anti-) CPA for various incident angles corresponding to with
and without axion cases of Plus Mode configuration. Here, TWS slab thickness is considered to be L = 500 nm for convenience.

AXION-INDUCED CPA CURRENTS AND THEIR TOPOLOGICAL PROPERTIES

An important aspect to consider in this context is the axion-induced current. In the current density expression
derived from Maxwell’s third equation, there is not only the free current but also an additional current induced by the
axion term O, which introduces a topological feature to the system. This current is referred to as the axion-induced
current and is denoted by j@ . Its origin is rooted in the semimetallic properties of the TWS medium, and it is
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present both within the bulk of the material and on its surface. Thus, the presence and detection of the axion-induced
current are essential for understanding the system’s topological characteristics. When we examine the expression for
the current density Jg, it takes the form of a vector relation as shown below:

Jo=-BbxE&. (29)

This current oscillates harmonically with time. The time-independent form of this current in a TWS loss medium
can be clearly expressed as follows:

bIBeiﬁx tan 6

For =~

{i(Fr —Gp)ée + (Fr +G4)éy} (30)

It is evident that this current flows within a plane perpendicular to the direction of the material’s structural dis-
tribution, which is similar to the Hall current. However, the magnitude of this current is dependent on the specific
conditions of each spectral singularity case corresponding to the associated laser Mode. When the relevant con-

ditions for the Plus/Minus Mode, i.e., AF) = C§+) = Cf_) = Cf) = Ag‘” = Ag_) = 0, are applied such that

C’éi) =M& Agi) occurs. Therefore, the induced currents inside the TWS system for Plus and Minus Modes can be
expressed briefly as follows:

T = —ppAH) Rl tan 0= () { E cos[Rx(z — 1)] + ax sin[R+ (z — 1)]| (&, £ ié) — Si sin[fs(z — 1)](&y T iéz)} ,
:F

where the coeflicients a; and b4 are given in Eq. Here, jéﬂ represents the induced current associated with the
Plus Mode configuration, while jé)_) denotes the induced current corresponding to the Minus Mode configuration.
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FIG. 9. (Color Online) Axion-induced currents observed in the Plus Mode self-dual spectral singularity configuration of a
TWS slab. The distinct behavior of the currents in the loss region of the material is evident. The upper row shows the real
and imaginary parts of the xz-component of the current, while the lower row displays the behavior of the y-component. These
currents, which are axion-induced Hall currents, exhibit a circular pattern.

Figures @D and present the real and imaginary parts of induced current distributions for the plus and minus
mode configurations, respectively, within and on the surfaces of the TWS medium, at the moments when self-dual
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FIG. 10. (Color Online) Axion-induced currents observed at the Minus-Mode self-dual spectral singularity in a TWS slab. The
currents’ behavior inside the material is clearly distinguished. The upper row presents the real and imaginary components of
the current along the z-axis, while the lower row shows the behavior of the current along the y-axis. These axion-driven Hall
currents exhibit a circular shape.

spectral singularities arise. These current patterns are similar to those reported in Ref. [146], which supports the
idea that TWS environments facilitate the formation of cyclotron-type currents due to the axion terms they contain.
The self-dual spectral singularity parameters used in these plots are specified as o = 3 A, A = 1405.265, and
g = 5.763 x 10713 ecm~!. Notably, higher values of V' are chosen to obtain more distinct current distributions. As
the value of V' is reduced, the number of circular patterns observed in the graphs decreases. Similarly, increasing the
loss value shifts the positions of these circular patterns disorderly and anomalously along the x-axis, which is why the
smallest possible loss values were utilized in this study.

From the graphs, it is evident that the axion-induced currents exhibit a fully cyclotron-like behavior, flowing in
specific directions. This behavior is also an indication that the topological character of the system is preserved
while the induced currents circulate in the specified directions. In other words, the existence of these currents
is actually a demonstration of the topological behavior originating from the b'-term in the TWS environment. The
topological symmetry here manifests itself in cyclotron-type shapes. Positive currents rotate in the clockwise direction,
while negative currents rotate counterclockwise. The flow directions of these currents demonstrate a well-defined
symmetry: For Plus and Minus modes, the rotations are perfectly synchronized and reversed, complementing each
other. Interestingly, the rotation directions of currents in the plus mode are diametrically opposite to those in the
minus mode, indicating that the plus and minus mode configurations produce contrasting current flow patterns in a
lossy medium.

Lastly, these induced currents are confined to the zy-plane, while the electromagnetic wave propagates along the
z-axis, thereby manifesting as a Hall current.

CONCLUDING REMARKS

In conclusion, this study presents a comprehensive analysis of Coherent Perfect Absorption (CPA) in Topological
Weyl Semimetal (TWS) slabs, focusing on the unique topological properties and their impact on electromagnetic wave
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interactions. The study highlights the ability to achieve CPA through a carefully engineered slab geometry, where
Weyl nodes are aligned along the z-axis. This configuration, coupled with the material’s complex refractive index
and magneto-electric effects, enables the manipulation of light through both Kerr and Faraday rotations, driven by
surface currents and Fermi arcs. By applying a transfer matrix approach, the paper uncovers 12 distinct CPA types,
with special attention given to Type 4 and Type 7 configurations that lead to single-mode bidirectional CPA.

Key findings reveal how material properties, such as the axion term and refractive index, play a pivotal role in
reducing loss values and facilitating efficient CPA formation. The inclusion of the axion term introduces significant
topological behaviors, reducing the required loss for CPA while enhancing performance under various conditions, such
as varying incident angles and wavelengths. Additionally, the study explores the time-reversal symmetry between
CPA and anti-CPA actions, showcasing the dual nature of these systems and their potential for creating novel laser
configurations. By adjusting wave amplitudes and phases, an anti-CPA laser can be created, demonstrating the ability
to reverse the absorption process, achieving perfect destructive interference and complete lasing.

The paper further delves into axion-induced currents, arising from the axion term 6, demonstrating their topological
origin and behavior in TWS systems. These currents are present both in the bulk and on the surface of the material.
These currents flow in the plane perpendicular to the material’s structural distribution and behave similarly to a
Hall current, with distinct patterns observed in the Plus and Minus Mode configurations, which show cyclotron-like
motion. The current flow exhibits a topological symmetry where the directions of rotation in the Plus and Minus
modes are opposite to each other, indicating contrasting current flow patterns in the lossy medium, with the currents
confined to the xy-plane. These currents exhibit distinctive rotational patterns, highlighting the unique interplay
between material properties and topological features that influence loss region. Overall, this research opens new
avenues for the design and application of topologically engineered systems, providing a deeper understanding of CPA
phenomena in TWS materials and offering exciting possibilities for light manipulation in advanced photonic devices.

Appendix
A. Modified Maxwell Equations

In the low energy limit of a TWS, spatially varying axion term plays a significant role in determining its electro-
magnetic response. The full action of the corresponding TWS slab system is described by the sum of conventional
and axionic terms as S = Sy + Se as follows

1 1
So = / {—FWF’“’ + ZF,P* — J“Au} dx dt,
4“0 2

@ .
Se = S / {O(7, )" P F,, Fop} d*z dt,
where P#¥ tensor represents the electric polarization and magnetization respectively by P% = c¢P? and P¥ = —&“* M),.

Space and time dependent axion term is given by O(7,t) = 2b- 7 — 2bgt, where b and by denote the separation of nodes
in momentum and energy space respectively. In our case, by is set to be zero, since Weyl nodes are assumed to share
the same chemical potential. If the action is varied with respect to A, the following equations of motion is obtained

1 o}
—— 0, F" 4 9, PH 4 ——eB), (OF,5) = J~ 31
Ho 2m g ( 8) (31)

It is obvious that expanding this equation yields the modified Maxwell equations given by Eqgs. [1|and [2[in the presence
of axion field term.

B. Computation of Conductivities

To calculate the longitudinal o,, and transverse oy, conductivities of a TWS, we adopt the approaches given in

[1067 ]. We consider the simplest case with only two nodes located at +b and —b, where b = bé, in our case. Near
the Weyl nodes, the linearized Hamiltonian is given by

H(K) = +hvpa - (k +b).
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where vp is the Fermi velocity, and & = (o4, 0y, 0.) is the vector whose components are the Pauli matrices. Therefore,
conductivity o,4 is obtained from Kubo formula as follows

— 1 IT
Tap(w) = — lim Iap (g, w)
In the absence of diamagnetic term, the polarization function II,5(q,w) is given by the current-current correlation
function

1 (B , . .
Haﬁ(q7iwn) = 7/ dre“n” <TT\704(q77—)|\75(_q70)> .

0

where V is the volume of the system, and the current density operator J is given by

j————iev
5A r7

Once we make the analytic continuation iw, — w+140", the real frequency behavior is obtained easily. Thus, for each
node we obtain

-

Mop(w) = SF flee(®) - ﬂgi(k)im (Kilow|Ri') (Fi'|os|Fi)

where f(z) = 1/(1 + ¢P7) is the Fermi function. The expression H(k)|ki) = e;(k)|ki) with i = 1,2 gives the

quasiparticle energies and eigenstates. We can evaluate the longitudinal and transverse polarizations II,g(w) when
Fermi energy lies with nodes. Thus, in low frequency limit, longitudinal and transverse conductivities from both
nodes are found to be expressions given in and .

C. Boundary Conditions

Boundary conditions across the surface S between two regions of space are given by the statements: 1) Tangential
component of electric field E is continuous across the interface, 1 x (E1 Eg) = 0; 2) Normal component of magnetic
field vector B is continuous, 7+ (By — By) = 0; 3) Normal component of electric flux density vector D is discontinuous
by an amount equal to the surface current density, n (D1 - Dg) = p°; 4) Tangentlal component of the field H is
discontinuous by an amount equal to the surface current density, i x (H1 Hy) = J*. Here n represents the unit
normal vector to the surface S from region 2 to region 1. In our optical configuration, we do not have the third
condition since there is no normal component of electric field. Therefore, we obtain the boundary conditions as in
Table [V]

In this table, we used & := k,L and &; := &1, as in Egs. [12]and [13]. o; is given by Eq.
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