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ABSTRACT: It is known that local operators in quantum field theory transform in repre-
sentations of ordinary global symmetry groups. The purpose of this paper is to generalise
this statement to extended operators such as line and surface defects. We explain that
(n — 1)-dimensional operators charged with respect to a finite invertible or group-like sym-
metry transform under n-representations of it and thoroughly explore this statement for
n = 1,2,3. We therefore propose higher representation theory as the natural framework
to describe the action of symmetries on the extended operator content in quantum field

theory.
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1 Introduction

It is well-known that in a quantum field theory with a ordinary finite group symmetry G,
its local operators transform under representations of G. The purpose of this paper is to
generalise this statement to general finite invertible symmetries — see for instance [1-20] —
and their action on local and extended operators.

The general proposal is as follows: assuming the existence of a finite higher-group sym-
metry G for a QFT, its (n—1)-dimensional extended operators transform in n-representations
of G. For example, line defects transform in 2-representations and surface defects in
3-representations. Importantly, this statement is independent of the ambient spacetime
dimension D as well as 't Hooft anomalies for the higher group symmetry G.

The appearance of higher representations reflects the richer structure of topological
defects supported on extended operators. While ordinary linear representations correspond
to group actions on vector spaces, n-representations correspond to group actions on n-vector
spaces, which encode the topological defects on an (n — 1)-dimensional defect. Here are

some examples':

e 2-vector spaces are finite semi-simple associative algebras and describe the topological
local operators on a one-dimensional line defect L.

e 3-vector spaces are multi-fusion categories and describe the topological line defects
on a two-dimensional surface defect S.

These examples are illustrated schematically in figure 1.

Figure 1.

While the appearance of higher categorical structures is natural, the classification of
higher representations often takes a concrete form that reflects clear physical phenomena.
For instance, let us consider one-dimensional line defects in a theory with a finite group
symmetry G. In the simplest setup, the corresponding irreducible 2-representations are
classified by [21-23]:

1. A subgroup H C G.
2. A group cohomology class ¢ € H?(H,U(1)).

Line defects transforming in this 2-representation preserve the subgroup H C G and sup-
port a 't Hooft anomaly captured by the SPT phase associated to ¢. As a consequence,

!Since we are working with finite symmetries, the higher vector spaces we will focus on can be understood
as the higher categorical analogue of finite dimensional vector spaces, that is objects of appropriate fully
dualizable n-categories.



they end on local operators transforming in projective representations of H with Schur
multiplier ¢. This has a straightforward extension to include 1-form and 2-group symme-
tries, which is spelled out in the main draft and provides an organising principle for many
of the results presented in [24-27].

Moving on to two-dimensional surface defects in a theory with finite group symmetry
G, we find that the simplest cases of irreducible 3-representations are classified by:

1. A subgroup H C G.

2. A fusion category C together with a homomorphism p : H — Aut(C) and a group
cohomology class f € H2(H, Z(C)*).

3. A group cohomology class ¢ € H3(H,U(1)).

Surface defects transforming in this 3-representation preserve H C G and support topo-
logical lines captured by C. The remaining information in the second point determines the
action of H C G on the topological lines supported on the surface defect, while the third
point describes a defect 't Hooft anomaly. We note that one-dimensional 3-representations
with H = G were classified in [28].

Throughout the paper, we consider a number of equivalent perspectives. The most
elementary is to utilise the properties of topological symmetry defects generating the finite
n-group symmetries and and their consistent interactions with extended operators to derive
the data of n-representations. This leads fairly directly to the concrete data that classifies
n-representations as presented above.

However, in order to uncover the fundamental reason why n-representations appear, we
also consider a more abstract approach. In this approach we imagine (n — 1)-dimensional
extended operators as gapped boundary conditions for an auxiliary attached n-dimensional
TQFT, illustrated schematically in figure 2. The consistent interaction with topological
symmetry defects then demands a G-equivariant structure on the n-dimensional TQFT,
which is a functor

BG — nVec (1.1)

into the fusion n-category of finite-dimensional n-vector spaces, with BG being the category
identifying the classifying space of G. This reproduces the abstract mathematical definition
of an n-representation.

L S

Figure 2.

The attached n-dimensional TQFT may be regarded as an n-dimensional analogue
of a background Wilson line. Indeed, upon gauging G, the attached n-dimensional TQFT



becomes an n-dimensional analogue of a dynamical Wilson line: the topological defects gen-
erating the symmetry category nRep(G), as described in [29-34]. The (n — 1)-dimensional
charged operators then become twisted sector operators.

While this framework describes the transformation properties of any generic non-
topological (n — 1)-dimensional extended operators in terms of n-representations, it can
be applied to extended topological objects which themselves generate a higher group H.
This can be used to capture mixed 't Hooft anomalies between G and H. Therefore, the
understanding of higher representation theory of higher groups provides also a tool for the
study of discrete 't Hooft anomalies.

Finally, in this paper we deal exclusively with charged extended operators supporting

2 We expect a natural extension to m-representations

only bosonic topological operators.
on fermionic n-vector spaces: super-vector spaces, semi-simple super-algebras, super multi-
fusion categories, etc., corresponding to extended operators supporting fermionic topolog-
ical operators. Alternatively, a more abstract construction is in terms of G-equivariant
fermionic n-dimensional TQFTs admitting gapped boundary conditions. We hope to re-

turn to this in future work.

1.1 Outline
The structure of the paper follows the increasing dimension of extended operators:

e In section 2, we do a recap of the well-known result that local operators transform
in representations of a finite symmetry group and frame this in a manner that allows
for generalisations.

e In section 3, we show that line operators transform in 2-representations of finite group
symmetries.

e In section 4, we generalise the previous section to show that line operators transform
in 2-representations of finite 2-group symmetries.

e In section 5, we consider how surface defects transform in 3-representations of finite
group symmetries.

In each section, we follow a consistent pattern. We first provide an elementary derivation
of the data of n-representations using properties of topological symmetry defects and how
they interact with (n — 1)-dimensional extended operators. We then provide an equivalent
description in terms of induction of n-representations. We then introduce a more categorical
perspective by introducing auxiliary attached n-dimensional TQFTs, and then conclude
with elementary examples from gauge theory and beyond. In particular, we hope the
physically minded reader can appreciate all of the main points without touching the higher
categorical framework if they wish.

Note added: after this work was completed but before submission, reference [35] ap-
peared with overlapping results.

2In principle, although the higher representations we discuss are bosonic, they may exhibit a dependence
on framing rather than just orientation. However, we believe that the underlying classification ultimately
depends only on orientation. We provide further discussion on this point in Appendix A.



2 Local operators and 1-representations

In this section, we revisit the well-known result that local operators charged with respect to
a finite symmetry group transform under representations of it. We begin by reviewing stan-
dard arguments using topological defects, as presented in [1], and proceed by reformulating
this in a more categorical context that admits a smooth generalisation to extended opera-
tors. All of these considerations hold in any dimension D and independently of possible 't
Hooft anomalies for the involved symmetry groups.

2.1 Elementary perspective

In a D-dimensional quantum field theory with finite symmetry group G, there exist topolog-
ical defects Uy(Xp—1) labelled by group elements g € G and supported on codimension-one
sub-manifolds ¥ p_1. These defects fuse according to the group law of GG, as illustrated in
figure 3.

Ug U Ug -h

Figure 3.

We define the action of group elements g € GG on local operators supported at a point
x by linking with the associated topological defect

g > 0O(x) = Ug(Sf_l)(’)(x), (2.1)

where SP~! denotes a small sphere linking the point z. The consecutive action of group
elements g, h € G satisfies

g (h>O(x)) = (g9-h) > O(x), (2.2)

as a consequence of the fusion law of the topological defects. These properties are illustrated
in figure 4.

The collection of local operators at a given space-time point will typically generate an
infinite-dimensional complex vector space. However, we may restrict ourselves to the study
of finite-dimensional subspaces V' by fixing a local operator O(x) and defining

V = spanc{grO(z) |g€ G}, (2.3)

which is finite-dimensional due to the finiteness of G. The action (2.1) of group elements
on local operators then induces an irreducible linear representation p : G — End(V). In
this way, local operators transform in irreducible representations of G.



Figure 4.

We could of course choose a basis O;(x) of local operators indexed by i = 1, ...,n. This
then sets up an isomorphism V' 22 C" and presents the action of G on the basis vectors by

g v Oi(x) = plg)i? Oj(x), (2.4)
where the (n x n)-matrices p(g) € GL,(C) satisfy
p(9)i? p(h);* = plg-h)i*. (2.5)

This description suffers from a redundancy that corresponds to choosing a different basis
Ol(z) = 7,7 Oj(z). The resulting representation matrices p'(g) are then related to the
original ones by p’(g) = 7 - p(g) - 7! and thus define an equivalent representation.
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Figure 5.

So far we considered the action on local operators supported at a fixed spacetime point.
More generally, we may consider collections of local operators supported at distinct points.
For example, consider O(x) O'(z') with x # 2/. A group element g € G acts by linking
with a sufficiently large sphere. The sequence of topological operations illustrated in figure
5 then reveals that this action is given by

g > [(9(:5) O/({L‘/)] = [g > (9(1:)] [g > OI(SL‘/)] . (2.6)

A straightforward argument shows that if O(x) transforms in a representation p and O’ (z’)
transforms in a representation p’ of G then O(z) O(z') transforms in the tensor product



representation p® p’. This extends in an obvious way to collections of operators at distinct
points.

2.2 Categorical perspective

It is illuminating to reformulate the findings of the previous subsection in an alternative but
equivalent way that provides a more categorical perspective. To do so, we again consider the
vector space V' of genuine local operators supported at a spacetime point x and identifying
a specific representation of G. We regard V as the space of gapped boundary conditions
for an auxiliary bosonic 1d topological quantum field theory® (TQFT) Ty as illustrated in
figure 6.

O(x)
Figure 6.

The collection of bosonic 1d TQFTs forms a fusion category:

e Objects are 1d TQFTs, which are completely determined by their space of states
or equivalently gapped boundary conditions. The objects are thus identified with
finite-dimensional complex vector spaces V.

e Morphisms are topological interfaces between 1d TQFTs, which are linear maps
¢ : V. — V'’ between vector spaces of gapped boundary conditions. In particular,
topological local operators are endomorphisms ¢ : V. — V.

In other words, we can identify the category of bosonic 1d TQFTs with the category Vec of
finite-dimensional complex vector spaces. The fusion of objects corresponds to the stacking
of 1d TQFTs: Ty @ Tw = Tvegw.

Uy

D—-1
Sy

Figure 7.

Using this picture, the action of the symmetry group G on local operators O € V
is translated into a G-equivariant structure on the attached 1d TQFT Ty. We will ex-

3This can be understood as a quantum mechanical system with zero Hamiltonian.



plain further below that this is nothing but a background topological Wilson line for the
symmetry group G.

Concretely, consider linking a local operator O(z) with a topological defect U, (SP~1).
This now requires a choice of topological intersection between the topological defect U, and
the 1d TQFT Ty, as illustrated in figure 7. This may be regarded as a topological local
operator or interface acting on topological boundary conditions in 7y, which is a linear
map F(g):V = V.

Uyg = c¢(g,h)-

N

Figure 8.

The topological intersections F(g) could respect the group law only projectively in the
sense that intersecting with two symmetry defects g, h € G consecutively is equivalent to
intersecting it with their fusion up to a multiplicative phase as illustrated in figure 8. The
collection of such phases ¢(g, h) may be regarded as a map

c: GxG — U(1). (2.7)

For this to be compatible with the intersection of three symmetry defects g, h,k € G, it
needs to satisfy the 2-cocycle condition

c(h,k) - c(g, hk)
C(gh, k) : C(Q? h)

and defines a group cohomology class [c] € H?(G,U(1)). If [¢] = 1, the linear maps F(g)

(de)(g, h k) = ] (2.8)

can be renormalised to satisfy the compatibility condition

F(g) o F(h) = F(g-h). (2.9)
If [¢] # 1, Ty would have to be regarded as the boundary of a 2d SPT phase and its
symmetry G would be anomalous. The class [c] € H?(G,U(1)) is therefore the obstruction
for the maps F(g) to define consistent intersections compatible with the fusion of symmetry
defects in the bulk. We require that the obstruction vanishes, [¢] = 1.

Now shrinking the sphere implements the action of the group element g on the cor-
responding local operator as before. The utility of this approach is that the data of the
representation is abstracted away from the local operators and onto a G-equivariant struc-
ture on the 1d TQFT 7y .

In summary, the action of the symmetry group G on genuine local operators in this
framework can be described by the following data:



1. A 1d bosonic TQFT 7Ty .

2. Topological interfaces F(g) for each group element g € G satisfying
F(g) o F(h) = F(g-h). (2.10)
This collection of data specifies a functor

F: BG — Vec, (2.11)

where BG is the category with a single object * and endomorphisms Endpg(*) = G. The
collection of such functors itself forms a category whose

e objects are functors F : BG — Vec,
e morphisms are natural transformations o : F = F'.

We denote this category by [BG, Vec| and recognise it as the category of finite-dimensional
representations of G,
[BG,Vec|] = Rep(G), (2.12)

or, equivalently, the category of G-equivariant 1d bosonic TQFTs. This reproduces the re-
sult from the previous subsection that genuine local operators transform in finite-dimensio-
nal representations of the symmetry group G. For a more detailed account of why the two
categories in (2.12) are equivalent see appendix A.1l.

Figure 9.

The transformation of two genuine local operators O(z) and O’ (2') at separated space-
time points z and 2’ can be reframed as the stacking of the associated G-equivariant TQFT's
Tv and Ty, which induces a fusion structure on the category [BG, Vec| as illustrated in
figure 9. This corresponds to the ordinary tensor product of representations and intertwin-
ers, so we reproduce the standard result that local operators at separated spacetime points
transform in tensor product representations of the symmetry group G.

2.2.1 Background Wilson lines and Gauging

The introduction of an auxiliary G-equivariant 1d TQFT naturally uncovers a categorical
perspective on representation theory but may seem somewhat formal. However, we will



now explain that it admits a clean physical interpretation of a background Wilson line for
the symmetry group G.

To understand this perspective, introduce a classical background field corresponding
to a flat connection A on a G-bundle. Correlation functions of a genuine local operator at
a point x transforming in a non-trivial irreducible representation p of G are not invariant
under background gauge transformations. However, they are invariant after attaching the
operator to a background Wilson line

W, (ve) = Tr,(Hol,, (A)), (2.13)

where 7, denotes a curve ending at the point x. Correlation functions are invariant under
deformations of the curve provided it does not encounter other charged operators. This
background Wilson line is a non-dynamical topological operator that is trivial in the absence
of background fields.

The introduction of a background flat connection is equivalent to inserting a network
of symmetry defects Uy(Xp_1) representing constant transition functions on overlaps of
patches [1, 36-38]. Under this correspondence, the specification of a G-equivariant 1d
TQFT, namely a 1d TQFT together with consistent intersections with the topological
symmetry defects Ug(Xp_1), is an equivalent description of the background Wilson line
W,.

Upon gauging the symmetry G and summing over background flat connections, the
background Wilson lines become dynamical topological Wilson lines generating the sym-
metry category Rep(G). Local operators transforming in an irreducible representation p
become twisted sector local operators attached to the topological line W,,.

2.3 Example

Let us conclude this section with a simple well-known example of local operators transform-
ing in irreducible representation of a global symmetry group. Consider a gauge theory in
D = 3 with a connected simple gauge group G. It has abelian magnetic O-form symmetry
G = 1 (G)Y given by the Pontryagin dual of the fundamental group of G.

The local operators charged under this symmetry are monopole operators. Consider a
monopole operator at a fixed spacetime point z linked by a small 2-sphere S2. The mag-
netic symmetry measures the topological type of the G-bundle generated by the monopole
operator on S2. This is classified by

H?*(S%,71,(G)) = m,(G) (2.14)

and may be regarded as the transition function on the equator of S2. The action of a group
element g € m1(G)" on a monopole operator of topological type p € m1(G) is then

g > My(z) = g(p) - Mp(z), (2.15)

where we view the group element g as a homomorphism g : m1(G) — U(1).

In this example, the auxiliary G-equivariant 1d TQFT in the categorical perspective,
or equivalently the background Wilson line for the topological symmetry, is nothing but a
Dirac string attached to the monopole operator.

~10 -



3 Lines and 2-representations of groups

In this section, we generalise the results from the previous section to show that line de-
fects transform in 2-representations of a finite group symmetry. We emphasise that this
conclusion applies to genuine non-topological line defects. We explain how it incorporates
a number of known statements about line defects, such as the fact that local operators at
their junctions transform in projective representations of the symmetry group as well as
the phenomenon of symmetry fractionalisation.

We start with an elementary and less formal approach using properties of topological
symmetry defects to construct the data of a 2-representation, before reformulating this in a
more physical way that uncovers the mathematical notion of induction of 2-representations.
We then rephrase the problem in a more categorical context that manifests the abstract
definition of 2-representations of finite groups. Finally, we conclude with some examples.
All of these considerations hold in any dimension D and independently of 't Hooft anomalies
for the symmetries.

3.1 Preliminaries

We will consider line defects supported on oriented lines v,7/, ... aligned along a common
axis in D-dimensional euclidean space-time R”. We draw this common axis vertically as
illustrated on the left-hand side of figure 10.

Figure 10.

Given a line defect L, we may define a conjugate line L* by

L*(y) = L(v"), (3.1)

where v* denotes the orientation reversal of «y as illustrated on the right-hand side of figure
10. We will typically omit the orientation from figures and implicitly assume an upward
orientation of lines henceforth, unless stated otherwise.

A line defect L(-y) may support topological local operators whose correlation functions
are independent of their position on the line . The fusion of topological local operators
generates an associative algebra Ay, associated to the line defect, which we will assume to
be finite and semi-simple. As a consequence, it may be decomposed as a direct sum

Ar = End(Vi) @ --- @ End(V) (3.2)

for some collection of finite-dimensional complex vector spaces Vi, ..., V,. This motivates
the introduction of notions of simple and reduced line defects:

- 11 -



e A line defect L is simple if it supports a simple algebra of topological local operators.
This means A7, = End(V') for some finite-dimensional vector space V. If a line defect
L is not simple, it admits a decomposition as a direct sum

L:Ll@...@LS (3.3)

of simple line defects with Ay, = End(V}), where the direct sum of line defects is
defined by the addition of their correlation functions. We may therefore restrict
attention to simple line defects in what follows.

e A simple line defect L is reduced if it only supports the identity operator as a topo-
logical operator, namely A;, = C. A simple line defect L’ always admits a topological
junction with a reduced simple line L, as illustrated in figure 11. The existence of
this topological junction reflects the fact that the simple algebras Ay, = End(V') and
A, = C are Morita-equivalent.

I/
End(V) >
%
C>

L

Figure 11.

As an example, consider stacking a reduced simple line defect L with a 1d TQFT Ty .
The resulting simple line defect L' = Ty ® L supports a simple algebra Az, = End(V)
and admits topological junctions to L labelled by elements of the vector space V,
which arise from topological boundary conditions of the 1d TQFT.

Following these considerations, without loss of generality we may assume that, up to
equivalence, all line operators are simple and reduced in the above sense. We will return
to this issue from a more categorical perspective in section 3.4.

3.2 Elementary perspective

Let us begin, as before, by considering a D-dimensional quantum field theory with a finite
group symmetry G, generated by codimension-one topological defects Uy(Xp—1) labelled
by group elements g € G. We define an action of group elements g € G on line defects L
supported on a line v by

9> L(y) = Uy(Cy™) L), (3.4)

where C’7D 1 =R x SWD ~2 denotes a small cylinder wrapping . This action satisfies the
composition

gv (he L(v)) = (g-h) > L(7) (3.5)

as a consequence of the fusion property of the topological defects. This definition and
composition property are illustrated in figure 12.

- 12 —



Figure 12.

The collection of line defects supported on a line v may form a discrete set of infinite
cardinality or continuum or both. However, we may restrict ourselves to the study of finite
subsets S by fixing a given line defect L(v) and defining

S :={g>L(v)|geCG}, (3.6)

which is a finite set due to the finiteness of G. The group action above then determines
an irreducible permutation representation of G on § or equivalently the structure of a
transitive G-set on S.

To be more concrete, we may choose to label line defects L;(y) € S by a finite index
i =1,...,n, which sets up a bijection S = {1,...,n}. The action (3.4) is then implemented
by permutations o, € S, such that

gv> Li(v) = Lgyw)(7)- (3.7)
In particular, condition (3.5) ensures that these permutations satisfy
Oy 0 Of = Oghs (3.8)

so that o : G — S, defines a transitive permutation action of G on the set of n elements.

To proceed further, we consider the sequence of operations shown in figure 13. This
illustrates that the topological defects g € G intersect each line L; at a unique topological
junction operator p;(g) connecting it to the transformed line L, (:)- While the topological

/\

| )
D
(g

U, L, N N Pi\g
Ug
(_ Ug
Figure 13.
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defects in the bulk fuse according to the group law, the junction operators p;(g) may
transform projectively, meaning

Pon(i)(9) © pi(h) = Co,.()(9:h) - pig-h) (3.9)

for some phases ¢;(g,h) € U(1). In other words, intersecting the line L; with two symmetry
defects g and h consecutively is equivalent to intersecting it with their fusion g - A up to a
multiplicative phase, as illustrated in figure 14. This collection of phases may be viewed

as a function

c: GxG = UQ)", (3.10)

which, in order to be compatible with the fusion of three symmetry defects g, h,k € G,
must satisfy the twisted 2-cocycle condition
c_—1.(h,k)-ci(g,hk)
dyc)i (g, h k) = -2 L. 3.11
(doc)ilg: 1K) cilgh. k) - ci(g.h) (310
The function c¢ therefore defines a twisted 2-cocycle ¢ € Z2(G,U(1)"), where U(1)" is
regarded as a G-module via the permutation action o.

L
/)(T/](/,)<-(1> J_(]h(‘) LO'gh(i)

Figure 14.

To summarise, the action of the symmetry group G on a collection of line defects L;
indexed by ¢ = 1,...,n is specified by a pair (o, ¢) consisting of

1. A transitive permutation representation o : G — .5,,.
2. A twisted 2-cocycle ¢ € Z2(G,U(1)").

This is precisely the data of an irreducible 2-representation of G of dimension n. A general
2-representation is obtained by dropping the requirement of a transitive action. A more
mathematical treatment of 2-representations of groups can be found in appendix A.2.
The pair (o, c¢) is subject to some redundancy corresponding to equivalent 2-represen-
tations of G. First, we could have chosen an alternative labelling of the line defects

L, = L1 (3.12)
for some permutation 7 € S,,, with associated permutation action

o, = Toago 1. (3.13)

— 14 —



Similarly, the topological junctions describing the intersection of topological symmetry
defects with the newly labelled line defects are given by

pi(9) = pr—1(»(9), (3.14)

and their composition respects the group multiplication up to phases

ci(g,h) = cro1((g, 1) (3.15)

The data (o', ") defines an equivalent 2-representation as expected since this is simply a
relabelling of the line defects.
In addition to relabelling, we could also choose to redefine the junctions by

pi(9) = be,)(9) - Pi(9) (3.16)

for some multiplicative phases b;(g) € U(1), which we view as a function b : G — U(1)".
As a consequence, the projective phases are shifted by

ci(g:h) = ¢(g,h) - (dorb)i(g,h), (3.17)
where we defined the twisted coboundary

by -1y (h) - by
(dorb)i (g, h) 1= —2 b(i)(;h)) (g). (3.18)

This corresponds to choosing another representative of the class [¢'] € H2 (G,U(1)") and

again is an equivalent 2-representation.
To summarise, pairs of 2-representations (o, ¢) and (o', ) are equivalent if there exists
a permutation 7 € S, such that

/

o = togor !

and ] = [r>(], (3.19)
where 7> ¢ denotes the permutation action of 7 on ¢ as in (3.15) and [.] : Z2(G,U(1)") —
H?2,(G,U(1)") denotes the projection onto twisted group cohomology. This agrees with the
mathematical notion of equivalence of 2-representations.

3.2.1 Orientation reversal

So far we implicitly assumed line operators to be oriented upwards with respect to a
common vertical axis. Let us now examine how changing the orientation of a line affects
its transformation behaviour under the finite group symmetry G.

Concretely, consider line operators L;(7y) supported on an upward-oriented line v and
transforming in an irreducible 2-representation (o,c) of G. The conjugated line opera-
tors Lf(y) = Li(7*) are obtained by placing L; on the orientation-reversed line v*. As
before, symmetry defects g € G intersect each line operator L] at a unique topological
junction p;(g) connecting it to the transformed line ng(i)' The sequence of topological
moves illustrated in figure 15 then illustrates that we can identify the junctions p;(g) with

~15 —



Figure 15.

the junction operators p,, ;) (g7!) between the unconjugated lines L;. Consequently, they
compose projectively in the sense that

Pon@)(9) © pi(h) = ¢ )(9:h) - pi(gh), (3.20)

where the projective phases are given by
E’L(g?h) = ng_hl(i)(h_lag_l)' (321)

Up to coboundaries, these can be identified with the complex conjugated phases ¢;(g, h)
and define a conjugate 2-cocycle ¢ € Z2(G,U(1)"). As a consequence, the conjugated
lines L} transform in the 2-representation (o, ¢), which is the 2-representation conjugate to

(0,c).

3.2.2 Separated lines

We now consider the action of the symmetry group on collections of line defects supported
on distinct lines in spacetime. The upshot is that they transform in an appropriate tensor
product of 2-representations of G.

Consider a pair of line defects L(v) L'(7y') supported on separated parallel lines -, +'.
As before, group elements act on this pair by linking the operators with a sufficiently large
(D — 1)-cylinder. The sequence of topological operations illustrated in figure 16 reveals
this action is given by

g [LOY)L'(®Y)] = [gvL(v)][g> L' (V)] (3.22)

in terms of the individual actions of g on L(~y) and L'(v").
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Figure 16.

In order to interpret this result mathematically, suppose L(~y) and L'(v') are elements of
sets S and S’ forming 2-representations (o, ¢) and (o’, ') of G, respectively. The collection
of pairs of line operators from these sets is then described by the Cartesian product set

S8 = 8x8. (3.23)

The elements of this set are indexed by L;(v) ® L(y'), where L;(y) and L’(7') denote
indexations of S and &', respectively. According to (3.22), the group action on such pairs
of line operators is given by

9> [Li(M @ Li(Y)] = Leyw(v) ® Ly, (5(7), (3.24)

which can be identified with the tensor product permutation action ¢ ® o’ : G — S,/
sending g € G to the permutation

(0®0a")g: (i,5) = (og(i), oq(7))- (3.25)

Furthermore, the sequence of topological operations illustrated in figure 17 reveals that the
intersection of L;(y)L}(7') with symmetry defects g, h € G respects group multiplication
up to phases
(c® c')(m)(g, h) = ¢i(g,h) - c;-(g, h) € U(1). (3.26)
This defines a tensor product 2-cocycle ¢ ® ¢’ € Zg®g,(G, U)m.
In summary, the collection of pairs of line defects L(y) € S and L'(v’) € 8’ transforms
in the nn’-dimensional 2-representation

(o,0)®(0',d) = (@0, cad), (3.27)

where o ® ¢/ and ¢ ® ¢ are defined in (3.25) and (3.26). This coincides with the natural
tensor product of the 2-representations, mirroring the well-known property that products
of local operators transform in tensor product representations.
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Figure 17.

3.2.3 Junction operators

The fact that line defects transform in 2-representations of a symmetry group G has im-
portant consequences for junction operators or non-genuine local operators on which they
end. We emphasise that the following properties hold regardless of whether these junctions
are topological or not.

Consider a collection of line defects L; transforming in an irreducible 2-representation
(0,¢) of G and denote by V; the vector space of non-genuine local operators on which L;
may end. This will typically be an infinite-dimensional complex vector space. However, as
in section 2, we can restrict ourselves to finite-dimensional subspaces generated by acting
with group elements on a given local operator.

Upon linking an operator O ending the line L; with a symmetry defect g € G, it is
transformed into a new operator g > O ending the line L, (;) as illustrated in figure 18.

~ 18 —



This determines a collection of linear maps
@i(g): Vi — Vgg(i), (328)

whose compatibility with the fusion of topological symmetry defects in the bulk is imple-
mented by the condition

!

Py, (i)(9) © Pi(h) = ¢4 )(9:h) - Pilgh). (3.29)
This structure has a geometric interpretation as a vector bundle
m: V= {1,..,n} (3.30)

with fibres V; = 771(i) together with bundle maps ®(g) : V — V satisfying 7 o ®(g) = o,
as well as the composition rule

(g) o B(h) = clg.h) - Dgh). (3.31)

More invariantly, this is a G-equivariant vector bundle on & = {1,...,n}.

Figure 18.

Following [29, 30], we call the pair (V, ®) a graded projective representation of G of type
(0,c). Abstractly, they correspond to intertwiners between the trivial 2-representation and
the 2-representation (o,c¢). In summary, local operators ending line defects transforming
in the 2-representation (o, c) transform in graded projective representations of G' of type
(0,c).

More generally, we may consider local operators sitting at the junction between a pair
of line operators L and L’ transforming in 2-representations (o, ¢) and (¢/, ') as illustrated
in figure 19. By arguments similar to the above, their transformation behaviour will be
described by graded projective representations of type (0 ® ¢’,¢® ¢’), which correspond to
1-morphisms (or 1-intertwiners) between the 2-representations (o, ¢) and (o’, ).

3.3 Induction perspective

By construction, the 2-representations (o, c) considered in the previous subsection are ir-
reducible in the sense that the associated permutation action o : G — S, is transitive®.
As we will describe in this subsection, the irreducible 2-representations of G allow for an

4Concretely, this means that for each pair i, j € {1,...,n} there exists a g € G such that o,(i) = j.
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alternative description that admits a more physical interpretation of the associated data
and recovers the mathematical notion of induction of 2-representations [21, 23].

To see this, let us again consider a collection of line operators L; transforming in an
n-dimensional irreducible 2-representation of G labelled by (o, c). We fix the line operator
L = L; € § and consider its stabiliser

H:={heG|h>L=L}

={heGl|loy(1)=1} Cc G (3.32)

with respect to the G-action. Wrapping the line L with symmetry defects h € H leaves it
invariant, so we say L preserves the subgroup H C G.

As before, the line L supports topological junctions p(h) := p1(h) that describe its
intersection with symmetry defects h € H as illustrated on the left-hand side of figure 20.
These junctions are multiplicative up to phases

u(h, ') = e1(h, b)) (3.33)

as illustrated on the right-hand side of figure 20. Associativity of the fusion of symmetry

p(hh')

= wu(h,h)-

p(h)

U/1~/z/

Figure 20.

defects in the bulk constrains these phases to obey the ordinary 2-cocycle condition

u(hg, h3) - u(hy, hahs)
u(hihg, h3) - u(hi, ho)

(du)(hy, ha, hs) = 1. (3.34)
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We may regard the 2-cocycle u (or rather its group cohomology class [u] € H?(H,U(1)))
as a defect 't Hooft anomaly for the symmetry H C G preserved by L.

To summarise, we can label the irreducible 2-representations of G by pairs (H,u)
consisting of

1. a subgroup H C G,
2. a 2-cocycle u € Z?(H,U(1)).

Note that this corresponds to a 1-dimensional 2-representation u of the subgroup H. Up
to equivalence, the original 2-representation (o, c¢) can be reconstructed from this data as
follows: first consider the space of left H-cosets

G/H = {rnH, .., r,H} (3.35)

in G with fixed representatives r; € G (i = 1,...,n) such that r; = 1. Left multiplication
by elements g € G then permutes the elements of the left coset space via

g-(riH) = ro,mH, (3.36)
which induces a permutation action o : G — S,. More concretely,

g ri = o) hi(g) (3.37)
for some unique elements h;(g) € H, which, up to coboundaries, allow us to reconstruct
the twisted 2-cocycle ¢ € Z2(G,U(1)") from the ordinary 2-cocycle u € Z2(H,U(1)) via

ci(g1,92) = U(hgg—ll(i) (91); hgg—11g2(i) (92)) : (3.38)

Mathematically, this construction realises the 2-representation (o,c¢) as the induction of
the 1-dimensional 2-representation u of H, which we write as

(0,¢) = Ind%(u). (3.39)

It is known that, up to equivalence, all irreducible 2-representations of G can be obtained
via induction of a 1-dimensional 2-representation of a subgroup of G [21, 23].

The data (H,u) labelling an irreducible 2-representation again suffers from redundan-
cies giving equivalent 2-representations. Namely, we could have chosen to fix a different
line operator L' = L; € S with i # 1, whose stabiliser H' would then be related to the
stabiliser H of L = L by

H' = r;Hry' = "H. (3.40)

Similarly, using equation (3.38) we see that, up to coboundaries, the corresponding ordinary
2-cocycle v’ € Z?(H',U(1)) would be given by

u' (B, hh) = By, hy) = w(ry 'Byri, Ry ) = (Tu)(hy, hy) (3.41)
for all b, by € H'. In summary, the pair (H',u’) is related to the pair (H,u) by

H =9 and [W] = [P, (3.42)
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where g = r; € (G. Since the choice of fixed line L € § is unphysical, we should consider the
irreducible 2-representations labelled by (H,u) and (H',u’) as equivalent. This agrees with
the mathematical notion of equivalence of irreducible 2-representations: two irreducible
induced 2-representations of G labelled by (H,u) and (H',u’) are equivalent if there exists
a g € G such that (3.42) holds.

3.3.1 Separated lines

Now consider again pairs of line defects L(v), L'(y') supported on parallel lines ~, '
and transforming in irreducible 2-representations (o, c), (¢/,c) of G. As above, we can
alternatively label the latter by their stabiliser subgroups H = Stab, (1) and H' = Stab, (1)
and 2-cocycles u = ¢1|g and ' = ¢{|g. By the orbit-stabilizer theorem, this sets up a
correspondence of G-orbits

G/H = {1,..,n} and G/H = {1,..,n'}, (3.43)

where G acts on the left-hand sides by left multiplication and on the right-hand sides via
the permutation actions o and o', respectively.

As described in subsection 3.2.2, the pair (L, L’) transforms in the tensor product
2-representation (o, ¢) ® (o/,¢') of G. In general, the tensor product of two irreducible 2-
representations is not irreducible but decomposes as a direct sum of irreducible 2-represen-
tations. This decomposition is induced by the decomposition of the product G-set

(G/H) x (G/H) = || G/(HNH) (3.44)
[9] € H\G/H’

into a disjoint union of G-orbits indexed by double cosets [g] € H\G/H' and with stabilisers
H NY9H'. Correspondingly, the tensor product of the irreducible 2-representations labelled
by (H,u) and (H',u’) decomposes as

(Hu)® (H,W) = @@ (HnH, u-%), (3.45)
lg] € H\G/H'

where (9u/)(k, k') := u/(g" kg, g~'k'g) as before.

3.3.2 Junction operators

Let us again consider the vector spaces V; of local operators that end lines L; transforming
in a irreducible n-dimensional 2-representation (o, ¢) of G. As described in subsection 3.2.3,
their collection forms a graded projective representation (V, ®) of G of type (o, ¢), where ®;
captures the action of G on V; that comes from linking the corresponding local operators
with symmetry defects g € G.

The action of the stabiliser H = Stab,(1) C G on local operators ending the line
L = L; is described by the group homomorphism

¢ = ®|y: H — End(W), (3.46)
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where W := Vj denotes the vector spaces of local operators ending the line L. This is
illustrated in figure 21. Compatibility with the fusion of symmetry defects in the bulk is
implemented by the condition

o(h) o G(') = u(h, 1) - G(hH). (3.47)
where the multiplicative phase is given by u(h, h’') = ¢1(h, h’) as before.

Figure 21.

In other words, the vector space W of local operators ending the line defect L forms
a projective representation of H with 2-cocycle u € Z2(H,U(1)). In the language of
subsection 3.2.3, (W, ¢) is a graded projective representation of H of type (1,u). Up
to equivalence, the original graded projective representation (V,®) of type (o,c¢) can be
reconstructed from this data as follows: first consider the space of left H-cosets

G/H = {rH, ..,rH} (3.48)

in G with fixed representatives r; € G (i = 1,...,n) such that r; = 1. As before, elements
g € G act on the latter via

g-ri = To,6) " hi(g) (3.49)
for some unique elements h;(g) € H. Using this, we can define a collection of vector spaces
Vi=r@W (3.50)
on which g € G acts via the linear maps
D,(9): MmO — Tog(i) @ [cb(hz(g)) -O} . (3.51)
Using the projectivity of ¢, one can then check that the maps ®;(g) satisfy
Dy, )(9) © ®i(h) = cop()(9,h) - Pilgh) (3.52)

with phases ¢;(g,h) as in (3.38). Up to equivalence, we therefore recover the graded pro-
jective representation (V, ®). This realises (V, ®) as the induction of the graded projective
representation (W, ¢) of H C G, which we write as

(V,®) = IndG(W,¢). (3.53)

In summary, upon labelling an irreducible 2-representations of G' by pairs (H,u) as
above, local operators at the end of line defects transforming in this 2-representation trans-
form in projective representations of H with 2-cocycle u. The fact that local operators

ending line defects may transform in projective representations of a symmetry group has
played in important role in many previous works [24-27].
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3.4 Categorical perspective

It is convenient to reformulate the findings of the previous subsection in a more categorical
and therefore more invariant manner. To do this, we consider the collection of n line
operators L;(7y) as gapped boundary conditions for an attached auxiliary fully-extended 2d
TQFT T,, as illustrated in figure 22.

Figure 22.

Fully-extended framed bosonic 2d TQFTs are in 1-1 correspondence with (equivalence
classes of ) objects in the fusion 2-category 2Vec of finite-dimensional 2-vector spaces. This
has a number of different constructions in the literature, see for instance [39-41]. Each of
these constructions provides useful perspectives on the problem at hand.

3.4.1 2-vector spaces

Following the description of line operators via their algebras of topological operators, a
first formulation of the 2-category 2Vec can be given as follows:

e Objects are finite semi-simple associative algebras A.
e 1-morphisms between objects A and B are A-B-bimodules.
e 2-morphisms are bimodule maps.

In this description, objects are 2d framed bosonic TQFTs with a choice of gapped boundary
condition that supports an associative algebra of topological local operators. This is natural
if we want to set up a correspondence between gapped boundary conditions and line defects
L: the latter support an associative algebra Ay, of topological local operators as discussed
previously in section 3.1.

Intrinsically, 2d TQFTs are in 1-1 correspondence with equivalence classes of objects in
2Vec, which forgets the choice of gapped boundary condition. It is clear from the definition
of 1-morphisms that equivalence in 2Vec is Morita-equivalence of associative algebras. Any
finite semi-simple associative algebra A’ may be decomposed as a sum of matrix algebras

A é End(V}) (3.54)
=1
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and is therefore Morita equivalent to as associative algebra

A = 5@ C. (3.55)

The 2d TQFTs are therefore in 1-1 correspondence with natural numbers n € N, corre-
sponding to the number of vacua. We denote this 2d TQFT by 7, in what follows.

We can now set up a more concrete identification between a collection of simple line
defects L(v) indexed by ¢ = 1,...,n supporting associative algebras Ay = End(V;) and
gapped boundary conditions for an auxiliary 2d TQFT 7,. Note that invertible bi-modules
implementing Morita-equivalence arise from topological line defects in the 2d TQFT that
impinge on the gapped boundary, as illustrated in figure 23. Under the correspondence

Figure 23.

between gapped boundary conditions for 7, and line defects, this implies the existence of
a topological interface between a simple line L' () with A7, = End(V) and a reduced line
L(v) with Ay = C, as claimed previously in section 3.1.

In this spirit, it convenient (but not necessary) to restrict attention to simple line
defects and work with formulations of 2Vec where equivalent objects are identified. One
such formulation is that of Kapranov-Voevodsky [39], which we summarise as follows:

e Objects are natural numbers n € N, or finite semi-simple categories Vec™. This is the
category of boundary conditions in the 2d TQFT 7.

e l-morphisms between objects n and m are functors A : Vec"” — Vec™ and correspond
to topological interfaces between 2d TQFTs T, and Ty,.

e 2-morphisms are natural transformations ® : A = B and correspond to topological
junctions between topological interfaces.

1

The fusion of objects corresponds to the stacking of 2d TQFTs: T, ® T = Trnom.

3.4.2 2-representations

Using the correspondence between collections of simple line defects L;(y) and gapped
boundary conditions for 7,, the action of a symmetry group G on line defects may be
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translated into a G-equivariant structure on 7, and provides a natural construction of the
abstract categorical definition of 2-representations.

Concretely, consider wrapping a line defect L(y) with a topological symmetry defect
Uy(Cy) on a cylinder C’,’YD_1 =R x 55_2. Due to the attached auxiliary TQFT 7, this
requires choosing a topological intersection F(g) between the symmetry defect and 7, as
illustrated on the left of figure 24.

""""

Figure 24.

This intersection may be viewed as a topological line defect on 7, and therefore deter-
mines a functor F(g) : Vec" — Vec™. The symmetry defects act on the simple boundary
conditions L € Vec" via

L — F(g9)(L). (3.56)

This corresponds to shrinking down the cylinder 07D ~1! onto L and thus implements the
action of g on line defects.

The compatibility of the functors F(g) with the fusion of symmetry defects g,h € G
in the bulk is implemented by natural isomorphisms

Fyp: Flg) o F(h) = Flg-h), (3.57)

which correspond to topological junctions arising from the intersection of 7, with the fusion
of two symmetry defects g, h € G in the bulk, as illustrated on the right of figure 24.

The junctions may respect the group law of G only projectively in the sense that
intersecting 7, with the the fusion of three symmetry defects g, h,k € G in two possible
manners yields equivalent results up to a multiplicative phase (g, h, k), as illustrated in
figure 25. The collection of phases may be regarded as a map

w: GxGxG — U(1), (3.58)

which must satisfy the 3-cocycle condition

:U'(ha ka l) : M(g7 hka l) : M(ga ha k)

(du)(g, h b, 1) = =1 (3.59)
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Figure 25.

in order to be compatible with the intersection of four symmetry defects g, h, k,l € G. If
the associated group cohomology class is trivial, [u] = 1, the junctions can be renormalised
to satisfy the required compatibility condition®

Fynk o [Idr) * Far] = Fynp o [Fyn * Idgg)] - (3.60)

The associated group cohomology class [u] € H3(G,U(1)) is therefore obstruction for the
natural transformations Fj; to define consistent junctions that are compatible with the
fusion of symmetry defects in the bulk.

In summary, the action of the symmetry group G on a collection of line defects L;(7)
indexed by ¢ = 1,...,n in this framework can be described by the following data:

1. A 2d TQFT 7, (an object in 2Vec).
2. A topological line F(g) in 7, (a l-endomorphism in 2Vec) for each g € G.

3. A topological junction Fj (a 2-morphism in 2Vec) for each pair g, h € G, satisfying
the compatibility condition (3.60).

This collection of data can be recognised as a (pseudo-)2-functor

F: BG — 2Vec, (3.61)

5Here, we denote by o and  the vertical and horizontal composition of 2-morphisms in 2Vec, respectively.
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where the classifying space of the group G regarded as a (weak) 2-category with a sin-
gle object %, 1-endomorphisms Endpg(*) = G and whose 2-morphisms are trivial. The
collection of such 2-functors itself forms a 2-category whose

e objects are 2-functors F : BG — 2Vec,
e l-morphisms are natural transformations n : F = F/,
e 2-morphisms are modifications Z : n = 7.

We denote this category by [BG, 2Vec] and recognise it as the 2-category of finite-dimensional
2-representations of G,
[BG,2Vec| = 2Rep(G). (3.62)

Equivalently, this may be regarded as the 2-category of G-equivariant fully-extended 2d
TQFTs.6

This reproduces from a more abstract perspective that line defects transform in 2-
representations of the symmetry group G. It enables us to abstract the construction of
2-representations of G away from specific line defects and to reframe it into the existence
of G-equivariant structures on 2d TQFTs. Well known arguments show that irreducible
2-representations are classified by the concrete data in subsections 3.2 and 3.3, as described
for instance in [22, 23] and summarised in appendix A.2.

3.4.3 Separated lines

The transformation of line defects L(v) L' (') supported on separated parallel lines 7,~’ can
now be reframed into the stacking of the associated TQFTs 7,, T/, which is determined
by the fusion structure on 2Vec. This is illustrated in figure 26.

Figure 26.

As a result, we obtain a fusion structure on the 2-category 2Rep(G) = [BG, Vec] of
G-equivariant 2d TQFTs, which corresponds to the tensor product of 2-representations

SIndeed, the maximal subgroupoid of (3.62) corresponds to what is found by the cobordism hypothesis,
as discussed e.g. in [42].

~ 98 —



and their 1- and 2-intertwiners. This reproduces the results from subsections 3.2 and 3.3
that line defects at separated spacetime loci transform in tensor product 2-representations
of the symmetry group G.

3.4.4 Junction operators

Similarly to the identification of line defects as boundary conditions for an attached 2d
TQFT, we can regard local operators at the junction between two line defects as a boundary
condition for a topological interface between the corresponding 2d TQFTs.

Concretely, consider two line defects L, L' viewed as objects in the categories Vec”,
Vec" of boundary conditions for 7T, T,/. Let A be a topological interface between 7,, and
T, corresponding to a functor A : Vec” — Vec™'. Then, local junction operators between
L and L' are elements

O € Hom(A(L), L") (3.63)

of the vector space of boundary conditions for the interface A, as illustrated on the left of
figure 27.

L L
0 o¢
L L

Figure 27.

Group elements g € G act on the lines L, L' by wrapping together with intersections
F(g), F'(g) of the corresponding symmetry defect with T, T,,. However, due to the
presence of the topological interface A, we additionally need to specify a local junction
operator 74 as shown on the right of figure 27. This is a 2-morphism

ng: Ao F(g) = Flg) oA (3.64)

in 2Vec, which must be compatible with the consecutive wrapping action of two symmetry
defects g, h € G in the sense that

(FL ), 1da) o [[dpgy*m] © [1g*%1drmy] = ngn o [Ida* Fyp] . (3.65)

This captures the fact that intersecting the topological interface A with two symmetry
defects g, h € G consecutively is equivalent to intersecting it with their fusion g-h € G, as
illustrated in figure 28.
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Figure 28.

Using the junction operators 7y, the topological symmetry defects g € G' then act on
the boundary junctions O € Hom(A(L), L") via

O = Fl(g)(0) o ng(L), (3.66)

where 74(L) denotes the component of the natural transformation at L € Vec". Physically,
this corresponds to shrinking the cylinder onto L and L’ and thus implements the action
of the group element g on the corresponding lines and their junctions.

In summary, the action of the symmetry group GG on local operators at the junction
between two line operators can be described by the following data:

1. A topological interface A between 7, and 7,/ (a 1-morphism in 2Vec),

2. A topological junction 7, (2-morphisms in 2Vec) for each g € G, satisfying the com-
patibility condition (3.65).

This collection of data can be recognized as a natural transformation
n: F = F (3.67)

between the functors F, F' € [BG,2Vec| describing the transformation behaviour of the
lines L and L’. As such, they correspond to 1-morphisms between the corresponding 2-
representations of G. This reproduces from a more abstract perspective the result from
subsections 3.2 and 3.3 that local junction operators between two line operators transform
as l-intertwiners between the corresponding 2-representations of G.

3.5 Examples

Let us conclude this section with a few examples of line operators transforming in 2-
representations of a finite group symmetry. We will first consider classes of line op-
erators that arise naturally in the context of gauge theory and continue by describing
2-representations with non-trivial 2-cocycle that are induced by certain types of mixed
anomalies.
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3.5.1 Gauge theory

We consider a pure gauge theory in D dimensions with a simple connected gauge group G.
The theory has a symmetry group G = Out(G) of outer automorphisms of G, often called
charge conjugation symmetry. We denote elements of this group by equivalence classes
[f] € Out(G) of automorphisms f € Aut(G) modulo inner automorphisms that act by
conjugation. Thus [f] = [f] iff f' = f oconj, for some group element g € G.

A natural class of line operators in any gauge theory are dynamical Wilson lines Wg(7)
labelled by (equivalence classes of) representations R of G. Note that the conjugate of a
Wilson line is the Wilson line in the conjugate representation R*, namely

Wr(v") = Wr-(7). (3.68)
Outer automorphisms [f] € G act on Wilson lines via
[f] > Wr(y) = Wgop1(7), (3.69)

where Ro f~! denotes the representation of G that is obtained by precomposing R with the
inverse of a representative f of the outer automorphism [f]”. This induces a permutation
action on the set of isomorphism classes of irreducible representations of G, whereupon
they decompose into irreducible 2-representations of G = Out(G).

Let us look at this in a few concrete examples:

e Consider G = SU(N) with N > 2 so that Out(G) = Zs. Charge conjugation
exchanges the fundamental representation N and the anti-fundamental representation
N of SU(N). The fundamental and anti-fundamental Wilson lines Wy, Wx thus
transform in the 2-dimensional 2-representation of Zs. This extends naturally to

anti-symmetric powers of the fundamental representation.

e Consider G = Spin(2N) with N > 4 so that Out(G) = Zs. Charge conjugation
exchanges the spinor and conjugate spinor representations S* of Spin(2/N), which
therefore transform in the 2-dimensional 2-representation of Z.

e If G = Spin(8), the outer automorphism O-form symmetry enhances to the non-
abelian symmetric group

Out(G) = S3 = Zz X Zy =: (r,c) , (3.70)

which permutes the two spinor representations S* and the vector representation V/

v-—< . (3.71)

"The action on Wilson lines is independent of the representative f since choosing a different representative
f'=fo conj, for some g € G leads to the equivalent representation R o (f)y"'=R(g)"'o[Ro f'oR(g)
and Wilson lines depend only on the equivalence class of the representation.

amongst each other according to
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They therefore transform in the 3-dimensional irreducible 2-representation of Ss la-
belled by the Zg-subgroup (rc) C Ss.

Another interesting class of line defects in three dimensions D = 3 are Gukov-Witten
defects Y[ (7) labelled by conjugacy classes [9] in G. They restrict the holonomy of the
gauge connection around a small circle linking the line « to lie in the conjugacy class [g].
Outer automorphisms [f] € Out(G) act on Gukov-Witten lines via

[f1 > Yg(v) = Y0, (3.72)

which induces a permutation action of outer automorphisms on the set of conjugacy classes
in G. The latter forms a continuous family parameterised by T/W, where T C G denotes a
maximal torus and W the associated Weyl group. In this way, we obtain continuous families
of irreducible 2-representations of the outer automorphism 0-form symmetry group.

Let us look at a few concrete examples:

e Consider G = U(1) with Out(G) = Zs. Gukov-Witten defects are labelled by a
phase a = ¢ with charge conjugation acting by complex conjugation o — @. There
is therefore a continuous family of 2-dimensional 2-representations parametrised by
0 € (0,7) and two trivial 2-representations corresponding to § = 0, 7.

e Consider G = SU(N) with N > 2, so that Out(G) = Zz. A maximal torus can be
parametrised by N phases «a; satisfying Hf\i 1 @; = 1 and the associated Weyl group
W = Sy permutes the phases. Charge conjugation acts by complex conjugation,
; — @;, thus providing continuous families of 2-dimensional 2-representations away
from fixed points.

e Consider G = Spin(2N) with N > 4, so that Out(G) = Zz. A maximal torus can be
parameterised by N phases a;. These phases are acted upon by (Zo)" x Sy, where
the generator of each Zy factor complex conjugates the corresponding phase «a; — @;
and elements of the symmetric group permute the phases «; among themselves. The
Weyl group is the kernel of the group homomorphism

(Zo)V % Sy — {£1}, (@1, 2n),8) = (—1)F), (3.73)

Outer automorphisms act by complex conjugating a single phase, say o1 — a1, again
providing continuous families of 2-representations.

3.5.2 Mixed anomalies

The examples presented above all correspond to 2-representations (o, c) where o : G — S,
is a non-trivial permutation representation but the projective phase is trivial, [¢] = 1. We
now provide a class of examples with non-trivial projective phases.

Consider a theory in D dimensions which, in addition to a finite 0-form symmetry G,
supports a finite abelian (D — 2)-form symmetry A. The latter is generated by topological
line defects and for our purposes is viewed as an auxiliary device to construct non-trivial
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2-representations of GG. Let us furthermore assume that A and G have a mixed ’t Hooft
anomaly represented by a (D + 1)-dimensional SPT phase of the form

/ (augt(e)) , (3.74)
X D+1

where a € ZP71(X,A) and g : X — BG denote the background fields for A and G,
respectively, and e represents a class [e¢] € H2(G, AY).

Now consider a line defect L(y) that is invariant under the wrapping action of G and
induces a background field for A such that

/ a=acA (3.75)
Bt

for any small (D — 1)-ball B,YD ~1 intersecting the line v at the origin, as illustrated in figure
29. Examples include the topological line defects generating A and their compositions with
other non-topological line defect. In the language of [24], they are solitonic defects for the
(D — 2)-form symmetry A.

lL(’Y)

Figure 29.

Following the arguments of [24], the 't Hooft anomaly (3.74) comes from solitonic
line operators L(7y) ending on local operators transforming in projective representations
of G with 2-cocycle (a,e) € Z2(G,U(1)). These line defects will therefore transform in
1-dimensional 2-representations of G with ¢ = (a, e).

An example is pure G = SO(4N) gauge theory in dimension D = 3. This has a 0-form
symmetry G = 71(G)Y x Out(G) = Zs X Zs given by the combination of the magnetic
and charge conjugation symmetries, as well as an electric 1-form symmetry A = Z(G) =
Zo. These symmetries exhibit a cubic mixed 't Hooft anomaly represented by the four-
dimensional SPT phase

[ auge) (3.76)
X4

in terms of the background fields a € Z2(X,Z3) and g : X — B(Zy x Zs) and the
representative e of the non-trivial class [e] € H 2(Zg X Za,72) = Zy. The topological
Gukov-Witten defect line defect generating the electric 1-form symmetry thus transforms

in a 1-dimensional 2-representation of Zs X Zs characterised by the non-trivial 2-cocycle
(z,e) € Z%(Zg x 7o, U(1)).

4 Lines and 2-representations of 2-groups

In the previous section we considered the transformation behaviour of line operators under
an ordinary finite group symmetry. We now generalise these considerations to a finite 2-
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group symmetry. We are briefer here and focus on the new features precipitated by the
additional data of a 2-group.

4.1 Preliminaries

In addition to the 0-form symmetry group G, there is now an abelian 1-form symmetry
group A. This is implemented by topological defects V(X p_2) labelled by group elements
a € A and supported on codimension-two submanifolds ¥p_o that fuse according to the
group law of A, as illustrated on the left-hand side of figure 30.

Va V}) Va -b

— —
Yp_s Spa  Tpoo /
| | | V. U,
Figure 30.

The 0- and 1-form symmetries G and A may interact with one another in a non-trivial
manner, which can be divided into two parts:

1. When a codimension-two defect V,, pierces a codimension-one defect Uy, it may get
transformed into a new defect V,, (,) determined by a homomorphism

v: G — Aut(4), (4.1)
as illustrated in the middle of figure 30.

2. The fusion of three codimension-one defects Uy, Uy and Uy, is associative up to an
emergent codimension-two defect labelled by a(g, h, k) € A. This is illustrated on the
right-hand side of figure 30. Compatibility with the fusion of four codimension-one
defects requires a to obey the twisted 3-cocycle condition,

a € Z3(G, A). (4.2)
The associated class o] € H f;;(G, A) is called the Postnikov class.

The collection of data G = (G, A, ¢, a) determines a 2-group symmetry.

If the Postnikov class vanishes, [a@] = 1, the 2-group is said to be split. In this case,
there is additional data due to the possibility to shift the trivialization of the Postnikov
class by a 2-cocycle

e € Z2(G,A). (4.3)

The associated class [e] € H2(G,A) is known as the symmetry fractionalisation [5, 25].
Physically, it captures the dressing of the junction of two defects g, h € G with a specified
1-form defect e(g, h) € A, as illustrated in figure 31.
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Figure 31.
4.2 Elementary perspective
Now consider again a finite collection of line defects L;(vy) indexed by i = 1,...,n and

transforming under the O-form symmetry group according to

g> Li(v) = Lgyi)(7) (4.4)

for some transitive permutation o : G — S,.

In addition, elements a € A of the 1-form symmetry group can now act on line defects
by linking with the corresponding topological symmetry defect supported on a small Sf —2,
Shrinking S$ ~2 results in a topological local operator supported on L;(7). Assuming the
line defects are reduced, this is a multiple of the identity operator and therefore generates
a multiplicative phase

a > Li(v) = xi(a)- Li(y), (4.5)
with x;(a) € U(1)%. This illustrated on the left-hand side of figure 32.

~sD=2 ! ‘
C_/) = x;la) - Lz(’Y) V(I@ = V(L-()O

Va
|Li(7) | Zi(7) |Lz‘(7)
Figure 32.
The collection of phases x;(a) indexed by i = 1,...,n can be regarded as a map
x: A—U)". (4.6)

Compatibility with the consecutive action of two symmetry defects a,b € A requires that
this map is a group homomorphism,

X(@) - x(b) = x(a-b). (4.7)

8The same conclusion holds if L;(7) is not reduced but a further short argument is needed. Namely,

compatibility with the existence of a topological junction with a reduced line, as illustrated in figure 11,
requires the 1-form generator act by a multiple of the identity operator on L; (7).

— 35 —



This is the statement that linking a line L;(y) with two topological defects a,b € A consec-
utively is equivalent to linking with their fusion a - b € A, as illustrated on the right-hand
side of figure 32. We therefore have a collection of characters x € (AY)" specifying the
charges of the lines L;(y) under the 1-form symmetry A.

The characters must be compatible with the 2-group structure. First, linking L;(7)
with a 1-form symmetry defect a € A and subsequently wrapping with a 0-form symmetry
defect ¢ € G must be equivalent to first wrapping with g and subsequently linking the
transformed line L, (;y with the transformed 1-form defect g(a) € A. This is illustrated
in figure 33 and gives the condition

xi(a) = Xo, (i) (#g(@)) - (4.8)

Figure 33.

Second, the intersections of the lines L;(y) of 0-form symmetry defects g, h € G may
again multiply with projective phases ¢;(g, h) forming a function

c: GxG — UQ)". (4.9)

However, since the fusion of 0-form symmetry defects is now only associative up to 1-form
symmetry defects determined by the representative a of the Postnikov class, the twisted
2-cocycle condition (3.11) is shifted to

(doc)i(g, h k) = xi(alg, hk)) . (4.10)

If the Postnikov class vanishes and the 2-group is split, the projective phases can be renor-
malised to satisfy the twisted 2-cocyle condition d,c = 1.

In summary, we can label the action of the finite 2-group on the collection of line
defects L;(y) by triples (o, ¢, x) consisting of

1. a permutation action o : G — S,
2. a 2-cochain ¢ € C2(G,U(1)"),
3. a collection of characters x € (AY)™,

satisfying the conditions

gbe x(a) = x(g>pa) and dec = (x, ) (4.11)
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for all g € G and a € A, where we denoted (g >y X)i = Xos 1 (i): This is the data of
an n-dimensional 2-representation of the 2-group. When A is trivial, this reduces to the
labelling of 2-representations of an ordinary group GG we encountered in section 3. A more
mathematical treatment of 2-representations of 2-groups can be found in appendix A.2.

Similarly to before, two 2-representations (o, ¢, x) and (¢’, ¢, x') are considered equiv-
alent if there exists a permutation 7 € .S,, such that

o = To0o7 !, ] = [r> (], X =71>x. (4.12)

The tensor product of two 2-representations (o, ¢, x) and (¢/,c,x’) is given by
(0,¢,x) ® (0., X)) = (c@0’, cad, x®X) (4.13)
with 0 ® o’ and ¢ ® ¢ as in (3.25) and (3.26) and x ® ¥’ € (AY)"™ given by

XX i) = Xi Xy - (4.14)

Lastly, the conjugate of a 2-representation (o,c,x) is the 2-representation (o, ¢, )
obtained by complex conjugating c and .

4.2.1 Symmetry fractionalization

If the 2-group is split, one may shift the trivialisation of the Postnikov class by a 2-cocycle
e € Zf,(G, A), which corresponds to dressing the junction of O-form symmetry defects
g,h € G by a 1-form symmetry defect e(g, h) € A, as was illustrated in figure 31.

It is straightforward to see from (4.10) that shifting the trivialisation results in a shift
of the projective phases of 2-representations involving line defects L;(y) charged under the

1-form symmetry,
c = c-(x,e). (4.15)

This may be understood graphically as illustrated in figure 34. Namely, dragging the

L

9.0 - | ot

N
AX )\
o <SVegn)

Figure 34.

fusion of g, h € G through a line defect L;(vy) generates an additional linking by the 1-form
symmetry defect e(g,h) € A and therefore a phase

Xagh(i)(e(gvh)) € U(l) (416)

in addition to the projective phase Cogn (i) (g,h) from before. This reproduces the shift in
equation (4.15).
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4.2.2 Junction Operators

Let us now consider finite-dimensional vector spaces V; of local operators on which L; end.
In the presence of a 1-form symmetry A, they are trivial unless the corresponding character
xi € AV is trivial. This captures the fact that if L; can end on a local operator O, it cannot
be charged under a 1-form symmetry due to the possibility to unlink any codimension-two
defect as illustrated in figure 35.

L; L; L; L;
Xila) - = V,> = =
é
)

Figure 35.

From the perspective of higher representation theory, this reproduces the fact that 1-
intertwiners between the trivial 2-representation and (o, ¢, x) are given by graded projective
representations of G of type (o, ¢) whose support is restricted to those i € {1,...,n} for
which x; =1 [22].

More generally, line defects Lj;, L; that admit local operator junctions O must have
the same 1-form charge due to similar arguments as above. This reproduces the fact that
1-intertwiners between 2-representations (o, ¢, x) and (o/, ¢, x') of of a 2-group G are given
by graded projective representations G of type (o ® o/, ¢ ® ¢’) whose support is restricted
to those (i,7) € {1,...,n} x {1,...,n'} for which x; = xj [22].

4.3 Induction perspective

Let us now consider the generalisation of the induction approach introduced in subsec-
tion 3.3. We again fix a line L = [L; transforming in an irreducible 2-representation
(0, ¢, x) with stabiliser subgroup H := Stab,(1) C G. This line may now be charged under
the 1-form symmetry A, described by a character A := x; € AV, as illustrated on the left
of figure 36.

I Ven(a)

U/ 2 U/ ]

Figure 36.
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This data must again be compatible with the 2-group structure. First, linking L with a
1-form symmetry defect a € A and subsequently wrapping with a 0-form symmetry defect
h € H must be equivalent to linking L with the transformed 1-form symmetry defect
wn(a) € A, as illustrated on the right of figure 36. This gives the condition

!
Aa) = Agn(a)), (4.17)
meaning the character A € AY must be H-invariant.
Furthermore, the collection of phases w(h,h’) := ¢1(h, ') arising from multiplication
of intersections of H-defects with L are required to satisfy

(du)(h1, ha, hs) = A(a(ha, ha, hs)) (4.18)

where o € Zg(G, A) is a representative of the Postnikov class describing the non-associati-
vity of the fusion of 0-form symmetry defects in the bulk.

In summary, the action of the 2-group G = (G, A, ¢, &) on a line defect L is determined
by a triple (H,u, A) consisting of

1. a subgroup H C G,
2. a 2-cochain u € C%(H,U(1)),
3. a H-invariant character A € AV,

such that du = (\, a|g). Note that this data corresponds to a 1-dimensional 2-representa-
tion of the 2-subgroup H = (H, A, ¢|u,a|g) C G. Similarly to the discussion in section 3.3,
the original irreducible 2-representation (o,c,x) can be reconstructed from this data by

induction,
(0,¢,x) = Ind%(u,A). (4.19)

It is known that all irreducible 2-representations arise in this way from induction of 1-
dimensional 2-representations of subgroups [22, 23].

Similarly to before, two irreducible 2-representations (H,u, \) and (H',u/, ") are con-
sidered equivalent if there exists a g € G such that

H =90, [u] = [9u], N =9\, (4.20)

where we denoted (9\)(.) := A(go;l(.)).
The tensor product of two irreducible 2-representations (H,u,\) and (H', v/, \’) is in
general not irreducible but decomposes as a direct sum of irreducible 2-representations

according to

(Hu)) @ (H W\XN) = @ (HnH, u-%/, x-9N), (4.21)
9] € H\G/K

which generalises the result from (3.45).
The space of 1-intertwiners between the trivial 2-representation and (H,u, ) is given
by projective representations of H with 2-cocycle u provided that A = 1, otherwise it is
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trivial. This again reflects the fact that if the line L can end on non-genuine local operators,
its 1-form charge A must be trivial.

Lastly, the conjugate of an irreducible 2-representation (H,u, \) is the irreducible 2-
representation (H,, \) obtained by complex conjugating u and \.

4.4 Categorical perspective

Let us now extend the categorical perspective on 2-representations presented in subsec-
tion 3.4 to incorporate 1-form symmetries and 2-groups.

Recall that we identify lines defects L;(v) indexed by ¢ = 1,...,n with boundary
conditions for an auxiliary 2d TQFT 7,. In order to incorporate the 1-form symmetry A,
we now consider linking line defects L with configurations of O-form and 1-form symmetry
defects illustrated in figure 37. In addition to the topological intersection F(g), this now

Figure 37.

requires a choice of a point-like intersection Fy(a) between the 1-form defect V, and 7.
This may be regarded as a topological local operator on the topological line F(g) and can
therefore be identified with a natural transformation

Fy(a) : F(g) = Flg) (4.22)

or, equivalently, a 2-morphism in 2Vec. These natural transformations must be compatible
with the intersection of two 1-form symmetry defects a,b € A in the sense that

Fyla) o Fob) = Fyla-b) and  Fyla) « Falb) = Fynla-@q(b)). (4.23)

These conditions reflect the fact that linking with two 1-form symmetry defects a,b € A
either vertically or horizontally is equivalent to linking it with their fusion, as illustrated
in figure 38.

In summary, the additional data arising from the 1-form symmetry A is a collec-
tion of natural transformations Fy(a) (2-morphisms in 2Vec) satisfying the compatibility
conditions (4.23). Together with the 1-morphisms F(g) and 2-morphisms Fyj from sub-
section 3.4, this data can be recognised as a (pseudo-)2-functor

F: BG — 2Vec, (4.24)
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where BG is the classifying space of the 2-group G = (G, A, ¢, «) regarded as a 2-category
BG with a single object * with l-endomorphisms 1-Endpg(¥) = G and 2-morphisms
2-Hompg(g, h) = g - A.

The collection of such 2-functors again forms a 2-category [BG,2Vec] which can be
recognised as the 2-category of finite-dimensional 2-representations of G,

[BG,2Vec] = 2Rep(G). (4.25)

Equivalently, this may be regarded as the 2-category of G-equivariant framed fully-extended
2d TQFTs.

This reproduces from a more abstract perspective the fact that line defects transform
in 2-representations of a finite 2-group symmetry G. It again enables us to abstract the
construction of 2-representations away from specific line defects and to reframe it into
the existence of G-equivariant structures on 2d TQFTs. It is known that irreducible 2-
representations of finite 2-groups are classified by the concrete data in subsections 4.2
and 4.3, as described in [22] and summarised in appendix A.2.
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4.5 Examples

Let us conclude this section with examples of line defects transforming in 2-representations
of a finite 2-group symmetry. We will first consider classes of line operators that arise
naturally in gauge theory and continue with 2-representations that are induced by certain
types of mixed anomalies.

4.5.1 Gauge theory

Consider again a pure gauge theory in D dimensions with a simple connected gauge group
G. In addition to the charge conjugation symmetry G = Out(G) discussed in subsection
3.5.1, this theory has an electric 1-form symmetry A = Z(G), which together with G
forms a split 2-group G = (G, A, ) called the automorphism 2-group of G. Here, the
action ¢ : G — Aut(A) of outer automorphisms [f] € Out(G) on central group elements
z € Z(G) defined by ¢((2) = f(2).

We consider the action of G on Wilson lines Wg(7) labelled by a representation R of
G. As discussed in subsection 3.5.1, outer automorphisms [f] € G act by

[f] > WR(V) = WRof—l(’V)v (4'26)

and induces a permutation action o of G on the set of isomorphism classes of irreducible
representations of G.
In addition, central elements z € A now act by

2> Wr(v) = xr(2) - Wr(v), (4.27)

where yr € A is the central character associated to the irreducible representation R. The
central characters are compatible with the permutation action ¢ in the sense that

1

Ko@) = oy O] (4.28)
B diml(R) CTr[(Ro f)(2)] = xr(ey-1(2)

for all outer automorphisms [f] € G and central elements z € A.

The collection of central characters together with the permutation action thus defines
a 2-representation of the automorphism split 2-group on the set of Wilson lines. Let us
look at this in a few concrete examples:

e Consider G = SU(N) with N > 2 so that Out(G) = Zg =: (¢) and Z(G) = Zy =: ().
We denote by A* (N) the k-th antisymmetric power of the fundamental representation,
on which charge conjugation acts by c¢>A*(N) = AVN=#(N) for k = 1, ..., N (note that
AN=I(N) = N). The associated central characters are given by

2nik

XNy (2) = e 8, (4.29)

which are compatible with the action of Zs on Zy given by c¢> z = 27!, The

Wilson lines Wy () and Wyn—k(n) thus transform in a two-dimensional irreducible
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2-representation labelled by the trivial subgroup of Zs and the k-th power of the
N
2
transforms in a one-dimensional irreducible 2-representation labelled by the full 0-

generator of ZY;, = Zy. An exception is N even and k = in which case W2

form group Z» and the invariant character x /2 n)(2) = —1.

e Consider G = Spin(2N) with N > 4 so that Out(G) = Zy =: (¢). Charge conjugation
c exchanges the spinor and conjugate spinor representations ST of Spin(2N). The
associated central characters depend on whether N is even or odd:

o If N is even, Z(G) = Zg X Zg =: (z1,22) and the central characters associated
to the two spinor representations are

Xst(21) =1 and XA =-10 (4.30)

Xst(22) = ~1 Xs-(z2) = 1

These are compatible with the action of Zs on Zy X Zso given by c> 21 = 2o.
The Wilson lines Wg+ thus transform in the two-dimensional irreducible 2-
representation labelled by the trivial subgroup of Zs and the generator of the
second factor of (Zg x Zs)Y = Zg X Zs.

o If Nis odd, Z(G) = Z4 =: (z) and the central characters associated to the two

spinor representations are
Xs+(z) =i and  xg-(2) = —i. (4.31)

These are compatible with the action of Zy on Z4 given by c>z = 23. The Wilson
lines Wg= thus transform in the two-dimensional irreducible 2-representation
labelled by the trivial subgroup of Zy and the generator of Z) = Z,.

e If G = Spin(8), charge conjugation enhances to the non-abelian symmetric group
Out(G) = S3 = Zz X Zy =: (r,c) , (4.32)

which permutes S* and the vector representation V as in (3.71). The associated
central characters of Z(G) = Za x Zy =: (21, 22) are

xsr() =1 xssle) =1 k) = g

Xs+(22) = —1 Xs-(z2) =1 xv(ze) = —1

These are compatible with the action of S3 on Zs X Zy given by
r> 2z = 2129, r> 2 = 21, c> 2z = 2. (4.34)

The Wilson lines Wg+, Wy thus transform in the three-dimensional irreducible 2-
representation labelled by the Zg-subgroup (rc) C Ss and the (rc)-invariant character
corresponding to the generator of the second factor of (Zg X Z2)" = Zy x Zs.
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4.5.2 U(1) gauge theory with charged matter

Consider a G = U(1) gauge theory with two complex scalar fields ®; and ®5 of charge
q = 2. Neglecting the magnetic and charge conjugation symmetries, this theory has a split
2-group symmetry G, which can be described as follows:

e Its O-form component is the continuous flavour symmetry SO(3) = SU(2)/Z; rotating
®; and ®5, where the Zy quotient mods out the diagonal transformation &7 — —®j,
which can be reabsorbed by a gauge transformation e™/2 € U (1).

o Its 1-form component is the Zs subgroup of the center Z(G) = U(1) corresponding
to Gukov-Witten defects which are unbroken in the presence of the charged matter
fields ®;. Since the flavour symmetry acts trivially on Gukov-Witten defects, there
is no group action of the 0-form on the 1-form component of G.

e Its Postnikov class is given by [5]
Bock(ws) = Sql(wy) € H3(BSO(3),Zs), (4.35)
where wy € H2(BSO(3),Zs) is the extension class associated to
1 — Zg — SU(2) —» SO3) — 1 (4.36)

and Bock : H*(—,Zo) — H*T'(—,Zs) is the Bockstein homomorphism induced by

1 ZQ < Z4 ZQ 1. (437)

The 2-group G is (partly) continuous and therefore falls out of the realm of our current
setup. However, we may restrict attention to finite 2-subgroups of G and study their
irreducible actions on genuine line operators of the theory. Concretely, we consider the
finite 2-subgroup G C C7 that corresponds to the inclusion 2 : Dy — SO(3). The associated
Postnikov class of G is given by

1" (Bock(wz)) = Bock(s*(w2)) (4.38)

and corresponds to the non-trivial generator o of H?3(Dy,Zso) & Zs.

Let us consider the action of G on Wilson lines W, labelled by n € Z. Since the action
of the flavour symmetry SO(3) on Wilson lines is trivial, the associated 2-representations
of G on W,, are one-dimensional and can be described by the following data:

e A character y, = x" € Zy, where y denotes the non-trivial generator of Zy. This
captures the linking action of the topological Gukov-Witten defects generating the
Zo 1-form symmetry, which is trivial for n even since the associated Wilson line W,
can end on the charged matter fields ®j.

e A 2-cochain ¢, € C?(Dy,U(1)) such that dc, = (xn,). This captures the consecu-
tive intersection of the Wilson line W,, with two topological defects of in the flavour
subgroup Dy C SO(3). In particular:
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o For n = 2m even, we have ca,, = (c2)™, where co denotes the non-trivial gen-
erator of H2(Dy,U(1)) & Zy. This captures the projective action of the flavour
subgroup Dy C SO(3) on local operators at the end of Wy,,, corresponding to
degree m polynomials in the ®;.

o For n = 2m + 1 odd, we have copy1 = (c2)™ - ¢1, where ¢ solves de; = (x, a).
The non-closedness of the 2-cochain reflects the fact that the associated Wilson
lines Woym+1 cannot end on any local operators.

4.5.3 Anomalous 2-group symmetry

Consider a theory in D = 3 with a finite 2-group symmetry G = (G, A, p,«). 't Hooft
anomalies of 2-groups have been studied in [5].
Its 1-form symmetry A may have a 't Hooft anomaly classified by the group?

H*(B?A,U(1)) = Hom(T'(A),U(1)), (4.39)

whose elements we can view as quadratic functions § : A — U(1). Physically, these
capture the topological spin of the 1-form symmetry in the sense that rotating a line a € A
by 360° produces a phase 0(a) € U(1) as illustrated in figure 39. Since all of the depicted

Va

|
V(l,dl = pv(l = 0(a)-

Figure 39.

configurations can be moved across any surface g € G without producing extra phases, the
quadratic function € must be G-invariant in the sense that

0(py(a)) = 6(a) (4.40)

for all g € G and a € A, where ¢ : G — Aut(A) denotes the wrapping action of the 0-form
symmetry GG on the 1-form symmetry A.
As a consequence of the topological spin 6, crossing two 1-form symmetry defects

a,b € A produces a phase
O(a-b)
by = ———~
0 = ) a0)

as illustrated on the left-hand side of figure 40. This induces a symmetric bilinear form

X

e U(1) (4.41)

Va Va | VI}

- <”"/’>U'X VoD = xpla)-
Vb Vb !

Vo

Figure 40.

9Here, we denote by B?A the classifying space of the 1-form symmetry A (which is an Eilenberg-Maclane
space of type K(A,2)) and by I'(A) the universal quadratic group of A.
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(.,.)g : Ax A — U(1), which due to the G-invariance of 6 is also G-invariant. Equivalently,
we may regard (.,.), as a collection of characters x, := (.,b), € AV indexed by group
elements b € A that capture the linking of b by lines a € A as illustrated on the right-hand
side of figure 40. The G-invariance of (.,.), then translates into the condition

X1 ny(@) = Xb(pg(a)). (4.42)

In addition, there may be a mixed anomaly between G and A capturing the fact that
moving a 1-form defect b € A across the junction of two O-form defects g,h € G may
produce a non-trivial phase ¢;(g,h) € U(1) as illustrated in figure 41. The collection of

U.‘] h Ug h

/ v@g//z“’)

"/ / v*r?r//zu)) = ‘/11

Figure 41.
these phases may be regarded as a map
c: GxG — AY, (4.43)

which in order to be compatible with the fusion of three 0-form defects g, h, k € G needs
to satisfy the condition

(dpve)(g, h k) = (alg, hk), )y - (4.44)

Here, " denotes the Pontryagin dual action of ¢ and o € Zg(G, A) is the representative
of the Postnikov class of the 2-group G. Equivalently, we may regard ¢ as a map

c: GxG — UL (4.45)

satisfying the compatibility condition

(doe)s(g, 1 k) = xp(a(g hyk)). (4.46)

In summary, the triple (¢, ¢, x) together with the compatibility conditions (4.42) and

(4.46) defines a a 2-representation of G that describes how G acts on the set A of its

own 1-form symmetry lines. The associated 2-representation data is induced by the ’t

Hooft anomalies for G. Conversely, if the 1-form symmetry A transforms in a non-trivial
2-representation of the 2-group G, this indicates the presence of a 't Hooft anomaly.
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5 Surfaces and 3-representations

In this section, we investigate how surface defects transform in 3-representations of a fi-
nite symmetry group G. Since the realm of 3d TQFTs is much richer than in one and
two dimensions, we will uncover some novel features not present in the case of 1- and 2-
representations. Since the mathematical literature on 3-representations is less developed,
our exposition will be less systematic. However, we will make contact with the seminal
work [28], which will appear as one-dimensional 3-representations of G.

We again begin with an elementary approach using properties of topological defects
to construct the data of a 3-representation, before reformulating it in a way that uncovers
the mathematical notion of induction of 3-representations. We then rephrase the problem
in a more categorical context that manifests the abstract definition of 3-representations.

5.1 Preliminaries

We will consider surface defects supported on oriented surfaces ¥,%, ... aligned along a
common pair of axes in D-dimensional euclidean space-time RP. We draw these axes
vertically and horizontally as illustrated on the left-hand side of figure 42.

Given a surface defect S, we may define a conjugate surface S* by

S*(2) = S(2Y), (5.1)

where >* is the orientation reversal of 3 as illustrated in the right-hand side of figure 10.
We will typically omit the orientation from figures, unless stated otherwise.

S*(%) S(Z%)

Figure 42.

A surface defect S(3) may support topological line defects and junctions, as illustrated
schematically in figure 43, which we will assume are captured by a multi-fusion category
Cs. As a consequence, it may be decomposed as a direct sum

Cs =CGo---pC, (5-2)

for some collection of indecomposable multi-fusion categories Cy,...,C,,. This motivates
the introduction of simple and reduced line defects:

e A surface defect S is simple if Cg is an indecomposable multi-fusion category. If a
surface defect S is not simple, it admits a decomposition

S =8 ® - @S, (5.3)
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in terms of simple surface defects with Cg, = C; indecomposable. We therefore
restrict attention to simple surface defects in what follows.

e A simple surface defect S is reduced if Cg is fusion. A simple surface defect S’ always
admits a topological interface with a reduced simple surface S, which reflects the
fact that any indecomposable multi-fusion category is Morita equivalent to a fusion
category [43].

We assume in what follows that surface defects are simple and reduced.

a®b

Figure 43.

5.2 Elementary perspective

Let us begin by considering again a D-dimensional quantum field theory with a finite group
symmetry G implemented by codimension-one topological defects Uy(Xp_1) with g € G.
We define an action of elements g € G on surface operators S supported on a surface 3 by

g S(X) = U,WE S, (5.4)
where WED 1 =R2x SZD ~3 denotes a small sandwich wedging the surface ¥ as illustrated
in figure 44.

l
I
""""" s g>5(%)
Ug 1,,1,,/}]:)7 1
Figure 44.

Leveraging the results of previous sections, we expect this action to be described by
3-representations of the group G. However, we anticipate the latter to be much richer than
1- or 2-representations due to the possibly non-trivial fusion category C of topological lines
supported on S The latter may interact with the action of G on S in a non-trivial manner,
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leading to an increased richness of 3-representations compared to 1- and 2-representations
of G.

To distinguish these novel features from the results of the previous sections, we will
divide our analysis into two cases: in the first case, we will assume that the surface operators
S do not support any non-trivial topological lines, which will reproduce a classification of 3-
representations that is analogous to the classification of 2-representations for line operators.
In the second case, we will consider a surface operator S that preserves G but supports non-
trivial topological lines described by a fusion category C. This will lead to a classification
of 3-representations by novel types of data.

5.2.1 Case 1: trivial lines

First, let us consider surface operators S that do not support any non-trivial topological
line defects. The collection of such surface operators S(X) supported on ¥ forms a discrete
set which is typically of infinite cardinality. However, we may restrict ourselves to the
study of finite subsets S by fixing S(X) # 0 to be non-zero and defining

S = {grS(X)|geG}, (5.5)

which due to the finiteness of G is a finite set. As a consequence, we can label its elements
S;(X) by a finite index ¢ = 1,...,n, which sets up a bijection S = {1,...,n}. The action
(5.4) may then be seen as being implemented by permutations o4 € S,, such that

9> Si(X) = Sop0)(%)- (5.6)

In particular, compatibility with the fusion of symmetry defects in the bulk requires these
permutations to satisfy
Oy 0 Op = Ogh s (5.7)

so that o : G — 5, defines a transitive permutation action of G on the set of n elements.

To proceed, we consider the sequence of topological operations shown in figure 45,
which show that the codimension-one defects g € G intersect each surface S; at a unique
topological line interface p;(g) connecting it to the transformed surface So,(i)- Furthermore,
the fusion of two symmetry defects g, h € G in the bulk intersects each surface S; at a unique
topological point-like junction x;(g, h) as illustrated in figure 46. However, these junctions

may only respect the group law of G projectively in the sense that'?

Ki(gh, k) © [Kep(iy(g:h) * Id,, 0]
/’Laghk(i)(gyh, k) . ,‘Qi(Q, hk) O [Idpghk(i)(g) * H’L‘(h; k)]

for some multiplicative phase p;(g,h,k) € U(1l). Physically, this means that the two

(5.8)

possible ways to intersect the surface S; with the fusion of three symmetry defects g, h, k €
G are equivalent up to a multiplicative phase as illustrated in figure 47.
The collection of phases y;(g, h, k) € U(1) may be viewed as a map

p: GxGxG — U)", (5.9)

0Here, we denote by o and  the vertical and horizontal composition of the junctions ki(g, h), respectively.

— 49 —



Ug
e
l—/—
- ] (1
N I
T - pi(9)
ol e N .
e R | 5
Ug Ug

Ugh(i)

Figure 46.
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Figure 47.
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which, in order to be compatible with the fusion of four symmetry defects g, h, k,l € G,
needs to form a twisted 3-cocycle p € Z3(G, U(1)"), where U(1)" is regarded as a G-module
via the permutation action o.

In summary, we can label the action of the symmetry group G on genuine surface
operators S; € § = {1,...,n} by pairs (o, ) consisting of

1. a permutation action o : G — S,
2. a twisted 3-cocycle u € Z2(G,U(1)™).

Mathematically, this is a special case of a 3-representation of G that is analogous to the
classification of 2-representations of G we encountered in section 3. Similarly to before,
two such 3-representations (o, 1) and (o/, i’) of G are considered equivalent if there exists
a permutation 7 € S, such that

/

o = togor !

and W] = [roul, (5.10)
where [.] : Z3(G,U(1)") — H2(G,U(1)") denotes the projection into twisted group coho-
mology. A more mathematical treatment of 3-representations of groups can be found in
appendix A.3.

5.2.2 Case 2: non-trivial lines

Second, let us consider a surface operator S that is left invariant by the sandwich action of
G (i.e. g S =S for all g € G) but supports non-trivial topological line defects described
by a fusion category C. The topological interfaces p(g) describing how symmetry defects
g € G intersect the surface L will then need to be equipped with instructions for how defect
lines a,b € C can end on it consistently from the left and from the right. This is illustrated
in figure 48.

a plg) \b

Figure 48.

Mathematically, this turns the interface p(g) into a C-bimodule. These C-bimodules
respect the group multiplication of G up to specified bimodule-equivalences

k(g,h) = plg) ®p(h) — p(gh), (5.11)

which in particular implies that, up to equivalence, each p(g) defines an invertible C-
bimodule. We can thus think of p as inducing a group homomorphism

p: G — BrPic(C), (5.12)
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where BrPic(C) denotes the Brauer-Picard group of equivalence classes of invertible C-
bimodules [28].

In order to classify the data associated to the bimodule equivalences k(g, h), we take
the bimodules p(g) ® p(h) and p(gh) to be equal, so that x(g,h) can be seen as the left
action of an invertible object ¢(g, h) € C*, i.e

k(g,h) = c(g,h)>(.). (5.13)

Physically, this means that when fusing the topological interfaces p(g) and p(h) together
on the surface S, an invertible line ¢(g, h) € C* emanates from their junction as illustrated
in figure 49. Furthermore, these lines need to be compatible with the possibility to move

c(g, W\ |Pgh)

plg)[ p(h)

Figure 49.

a generic line a € C ending on p(g) or p(h) across their junction as illustrated in figure 50.
This requires an additional choice of crossing morphism

Tgn(a) 1 a®c(g,h) — c(g,h)®a (5.14)

that describes how the line a intersects the line ¢(g, h) emanating from the junction of p(g)
and p(h) as illustrated in figure 50.

|
(g, )\ [rlgh) q ” plgh)

Figure 50.

Mathematically, the line c¢(g,h) together with the collection {7, ;(a)}qcc of crossing
morphisms defines an invertible object of the Drinfeld center Z(C) of C, so that the collection
of bimodule-equivalences (g, h) can be seen as inducing a map

k: GxG — Z(O)X, (5.15)

where Z(C)™ denotes the abelian group of isomorphism classes of invertible objects of Z(C).

Compatibility with the fusion of three symmetry defects then requires this map to define
a 2-cocycle k € Z%(G,Z(C)*).
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More concretely, the compatibility with the fusion of three symmetry defects g, h, k € G
in the bulk is implemented by natural isomorphisms

w(g,h,k) = k(gh,k) o [k(g,h) @1d,)] = k(g hk) o [Id,g) @ k(h, k)],  (5.16)

which we take to be given by multiplication by a phase u(g, h,k) € U(1) as before. Com-
patibility with the fusion of four symmetry defects in the bulk then requires the collection
of these phases to define a 3-cocycle u € Z3(G,U(1)).

In summary, the action of the symmetry group G on the surface operator S supporting
a fusion category C can be described by triples (p, k, 1) consisting of

1. a group homomorphism p : G — BrPic(C),
2. a 2-cocycle k € Z%(G,Z(C)™),
3. a 3-cocycle u € Z3(G,U(1)).

Mathematically, this is a special case of a one-dimensional 3-representation of G on the
fusion category C. We will comment on more general 3-representations of G in the following
subsection.

5.3 Induction perspective

So far we considered two special cases of 3-representations of the group G. On the one
hand, we considered 3-representations on a collection of surface operators that support only
trivial topological line defects. On the other hand, we considered 3-representations on a
single surface operator supporting non-trivial line defects described by a fusion category C.
A general 3-representation of GG will be a combination of the above two cases in the sense
that it may contain a collection of surface operators S; each of which supports non-trivial
topological lines captured by a fusion category C;.
The collection of fusion categories C; may be combined into a multifusion category'*

B:=Ca&..dC,. (5.17)

A generic 3-representation of G on B may then be constructed by studying the topological
interfaces that arise from intersecting the surfaces S; with symmetry defects g € G in the
bulk. However, analogously to the case of irreducible 2-representations, the associated data
may be reduced to the data of a one-dimensional 3-representation of a subgroup H of G.
Concretely, let H be the subgroup of G that preserves the surface operator S := 57 under
the sandwich action, i.e.

H :={geGlgrS =S5} CQ@G. (5.18)

By repeating the analysis performed in subsection 5.2.2; the action of H on the surface S
can then be described by a one-dimensional 3-representation (p, &, ) of H on the fusion

"Here, the prefix “multi” describes the fact that the monoidal unit of B is given by the direct sum P, 1
of the monoidal units of the components C; and is hence not a simple object in B.
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category C := Cy. The action of the whole group G on the collection of surface operators S;
can be reconstructed from this data as the induction Ind$(p, %, ) of the 3-representation
(p, K, u) from H to G.

In summary, the irreducible 3-representations of G are labelled by quadruples (H, p, k, 11)
consisting of

1. a subgroup H C G,

2. a group homomorphism p : H — BrPic(C),
3. a 2-cocylce k € Z2(H,Z(C)™),

4. a 3-cocycle u € Z3(H,U(1)).

This includes the types of 3-representations of G discussed in subsection 5.2.1 by
choosing C = Vec as well as the ones discussed in subsection 5.2.2 by choosing H = G.
Physically, the subgroup H corresponds to the unbroken symmetry on the surface operator
S. This may form a non-trivial group extension and admit a non-trivial mixed 't Hooft
anomaly with the group of invertible lines on S, both of which are captured by the class
[k]. Furthermore, H may have an 't Hooft anomaly on S determined by [u].

5.4 Categorical perspective

Similar to local and line operators, it is convenient to reformulate the considerations of the
previous subsection in a more categorical manner. To do this, we again identify surface
operators .S; supporting fusion categories C; as gapped boundary conditions for an attached
auxiliary three-dimensional TQFT 7g, where B denotes the multifusion category B =
Ci @ ...®» C,. This is illustrated in figure 51.

Figure 51.

The collection of (framed bosonic) fully-extended 3d TQFTs are captured by a fusion
3-category 3Vec of multi-fusion categories and bi-module categories [41, 44]. In this de-
scription, objects are 3d TQFTs with a choice of gapped boundary condition that supports
the multi-fusion category of topological lines. This is natural for a correspondence between
gapped boundary conditions and surface defects: the latter may support a multi-fusion
category of topological lines.
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Intrinsically, 3d TQFTs are in 1-1 correspondence with equivalence classes of objects in
3Vec, which forgets the choice of gapped boundary condition. Equivalence in 3Vec is Morita
equivalence of multi-fusion categories and any multi-fusion category is Morita equivalent
to a sum

B=C & &Cp, (5.19)

where C; are fusion.

We then set up a correspondence between a collection of simple surface defects S;(X)
indexed by ¢ = 1,...,n supporting fusion categories of topological lines Cg, = C; and
gapped boundary conditions for an auxiliary 3d TQFT 7g (by an abuse of notation, this
depends only on the Morita equivalence class of B).

In this spirit, it is again convenient to restrict attention to simple line defects and work
with a formulation of 3Vec where equivalent objects are identified:

e Objects are 3d TQFTSs, determined by their 2-categories of boundary conditions
Mod(B) for some multi-fusion category B = C; & ... ® C,,.

e l-morphisms are are topological surface interfaces between 3d TQFTs and corre-
spond to (pseudo-)2-functors A : Mod(B) — Mod(B’) between the corresponding
2-categories of boundary conditions.

e 2-morphisms are topological line-like interfaces between topological surface interfaces
and correspond to (pseudo-)natural transformation ® : A = B between the corre-
sponding 2-functors of 2-categories of boundary conditions.

e Its 3-morphisms are topological pointlike junctions between line-like topological in-
terfaces. As such, they correspond to modifications ¢ : & = ¥ between the corre-
sponding (pseudo-)natural transformations.

The fusion of objects corresponds to stacking the associated 3d TQFTs.

Using this picture, the action of the symmetry group G on surface defects S can now be
translated into the G-equivariance of the attached TQFT Tg. Concretely, consider wedging
S between a small (D — 1)-sandwich labelled by g € G as before. Due to the attached 3d
TQFT, this now requires a choice of surface-like intersection F(g) between the defect Uy
and 7g, which we regard as a topological interface between Tg and itself as illustrated in
figure 52. As such, they can naturally be identified with 2-functors

F(g) : Mod(B) — Mod(B) (5.20)

from the 2-category of boundary conditions of Tg to itself, so that symmetry defects g € G
can act on the simple boundary conditions S € Mod(B) via

S s F(g)(S). (5.21)

Physically, this corresponds to shrinking down the (D — 1)-sandwich formed by ¢ towards
S and thus implements the action of g on the corresponding surface operator.
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Figure 52.
In general, the composition of these 2-functors may be controlled by a non-trivial
associator
alg, h,k) : [.F(g) o]-"(h)] oF(k) = F(g)o [.F(h) of(k)] . (5.22)

Physically, this means that when crossing the fusion of three surface interfaces F(g), F(h)
and F(k), an invertible topological line defect a(g, h, k) € Z(B)™ in Tg emanates from their
junction as illustrated in figure 53. Compatibility with the fusion of four surface interfaces

alg, h, k)

Figure 53.

then restrains the collection of these lines to form a 3-cocycle a € Z3(G,Z(B)*). The
associated class [a] € H?(G,Z(B)*) represents the obstruction for the functors F(g) to
define consistent intersections that are compatible with the fusion of symmetry defects in
the bulk. It can be interpreted as the Postnikov class of a non-trivial 2-group formed by
the intersections surfaces F(g) and the invertible lines of 7g.

If [a] = 1, we can introduce natural equivalences
Fon: F(g) o F(h) = F(g-h) (5.23)

that correspond to line-like junctions arising from the intersection of 7g with the fusion of
symmetry defects g, h € G in the bulk as illustrated in figure 54. Their compatibility with
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Figure 54.

the fusion of three symmetry defects in the bulk is implemented by modifications

fonk o Fang o [Fon * Id;(k)] = Fypk o [Idf(g) * Fypl s (5.24)

which correspond to point-like junctions arising from the intersection of 7g with the fusion
of g,h,k € G as illustrated in figure 55. In general, these junctions may respect the

.f{/./l./{
@

Figure 55.

group law of G only projectively'? in the sense that intersecting 7g with the fusion of
four symmetry defects g, h, k,l € G in two possible ways yields equivalent results up to a
multiplicative phase 7 (g, h, k,l) € U(1) as illustrated in figure 56. The collection of these
phases may be regarded as a map

m: GXGxGxG — U(l), (5.25)

which, in order to be compatible with the intersection of five symmetry defects, needs to
form a 4-cocycle 7 € Z*(G,U(1)). The associated class [r] € H*(G,U(1)) represents the
obstruction for the modifications f, 5, i to define consistent intersections that are compatible
with the fusion of symmetry defects in the bulk. If [7] = 1, they can be renormalised to
satisfy the appropriate compatibility conditions.

1211 this case, the 3d TQFT should itself be regarded as the boundary of a 4-dimensional theory.
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= m(g,h,k,I) -

S

Figure 56.
In summary, the action of the symmetry group G on genuine surface operators in this
framework can be described by the following data:

1. A 3d TQFT 7g (an object in 3Vec),

2. a topological surface interface F(g) between 7g and itself (a 1-endomorphism of Tg
in 3Vec) for ech g € G,

3. a topological line-like junction Fj (a 2-morphism in 3Vec) as in (5.23) for each pair
g,h € G,

4. a topological point-like junction fg 1 (a 3-morphism in 3Vec) as in (5.24) for each
triple g, h, k € G .

The collection of this data together with the compatibility conditions they satisfy can be
recognised as the data of a (pseudo-)3-functor

F: BG — 3Vec, (5.26)

where BG is regarded as a 3-category with a single object %, whose 1l-endomorphisms
are given by 1-Endpg(*) = G and whose 2- and 3-morphisms are trivial, describing the
classifying space of G. The collection of such 3-functors itself forms a 3-category whose

e objects are 3-functors F : BG — 3Vec,

e l-morphisms are natural transformations n : F = F,
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e 2-morphisms are modifications Z : n = 7/,

=/

e 3-morphisms are perturbations X : 2 = Z'.

We denote this category by [BG,3Vec] and recognise it as the fusion 3-category of finite
3-representations of G,
[BG,3Vec|] = 3Rep(G). (5.27)

This reproduces the result from the previous subsection that surface operators transform
in 3-representations of the symmetry group G. Equivalently, this may be regarded as the
3-category of G-equivariant 3d TQFTs.

5.5 Example
5.5.1 1-form condensation defects

Consider a theory in D = 3 dimensions which, in addition to a finite O-form symmetry
G, supports a finite abelian 1-form symmetry A, forming a split 2-group with both trivial
Postnikov class a and automorphism action ¢.

As already seen in section 4.5, a source for non-trivial higher representations associated
to topological defects is the presence of non-trivial anomalies. In the setup under consid-
eration, we assume the presence of a mixed anomaly [¢] € H?(G, AY) between G and A.
Moreover, we suppose that both G and A themselves are anomaly free, so that in particular
the theory enjoys condensation defects S(X) that arise by considering a dynamical 1-form
gauge field for A on a surface 3. For simplicity, we can restrict to consider A = Zy, in
which case such defect is explicitly defined as

S(2) = )RRICHH (5.28)

vH 2 ZN) NEHL(S,ZN)

where a is the defect generator of A = (a|a” = 1). The 3-representation of such conden-
sation defect should then follow from the 2-representation of the line a with respect to G
and should therefore be determined by the mixed ’t Hooft anomaly. Indeed, it is given by
the following:

1. Being ¢ trivial, S(X) is invariant under the wrapping action

g S(E)=S8(%), geG. (5.29)

2. Originally, the defect supports a set of topological lines describing the fusion category
C = Vectyv, (5.30)
with AV the Pontryagin dual of A.

3. The full set of topological lines of S(X) is instead described by a G-graded fusion
category

Ce =P, (5.31)

geG
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where each C;, = C describe the regular invertible C-bimodule. In particular, the
elements 1, € C4 represent the interfaces p(g), which are associated to the trivial
homomorphism p : G — BrPic(C).

4. The presence of an anomaly [e] € H*(G, AY) induces a non-trival equivalence C, X
Cp = Cyp. Indeed, such equivalence is determined by the couple of elements

(ka,kav) = (0,e) € Z4(G, A) x Z%(G, AY), (5.32)

since Z(C)* = A& AY. This can be understood due to mixed 't Hooft anomalies

1

inducing non-trivial group extensions under gauging and viceversa'3, as discussed in

detail in [4].

5. Lastly, due to G itself being anomaly free, the cocycle class [u] € H3(G,U(1)) is
forced to vanish as well.

An example of this is again a pure G = SO(4N) gauge theory, where we can study the 3-
representation associated to the condensation defect S(X) of the 1-form symmetry A = Zy
with respect to the O-form G = Zy x Za. As explained above, the 3-representation of S(X)
is uniquely identified by the 2-representation of the generating line a and therefore fully
determined by the only non-trivial 't Hooft anomaly [e] € H?(Zg X Za,Z2) = Zs.
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A Higher representation theory

In this appendix, we will review the higher representation theory of higher groups from an

abstract categorical point of view. This should serve as a companion to the main body of

the paper, where higher representations are constructed in a concrete physical context.
Generically, we will think of a linear n-representation of an n-group G as a functor

F: BG — nVec (A1)

from the n-group thought of as an appropriate type of n-category BG into the fusion n-
category nVec of n-vector spaces. For n > 1, there may be a multitude of models for nVec

13Notice that for any — possibly more generic — surface defect that exhibits C = Vect 4v, the cocycle x4
can be understood as a mixed anomaly between C and G lines, while kK 4v defines the non-trivial extension
between the two. In this case the vanishing of the obstruction [r] € H*(G,U(1) can be further interpreted

as the requirement
(7] = [ka Ukav] = 0 € HY(G,U(1)). (5.33)
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and different models may be natural for different applications For our purposes, the

most natural choice is the recursive definition
nVec := X"C (A.2)

introduced in [41], where X.C := Kar(BC) denotes the Karoubi completion of the delooping
of C. Linear n-representations of G then form a fusion n-category which we denote by

nRep(G) := [BG,nVec]. (A.3)

We will uncover this definition concretely in the cases n =1, 2,3 below.

As a remark, we note that via the cobordism hypothesis [45], (A.3) provides a classifi-
cation of framed bosonic n-dimensional TQFTs with G internal symmetry and target nVec.
This aligns with the interpretation of n-representations presented in the main body of this
work. The key point is that when G is an internal symmetry, the induced cobordism hy-
pothesis action on the target n-category of an n-dimensional TQFT is trivial. This allows
to simplify the computation of G homotopy fixed points, reducing it to (A.3); see e.g. [42].

However, it is important to emphasize that this classification applies to framed TQFTs
rather than properly oriented, bosonic theories. Nevertheless, as argued for instance in [41,
46], it is believed that TQFTs with target nVec should admit a lift to wunitary oriented,
bosonic TQFTs. Based on this expectation, we conjecture that although our analysis is
explicitly framed, the resulting classification of representations accurately captures the
classification of (higher) invertible symmetries in bosonic systems.

As a consistency check, we note that the classification we obtain aligns with existing
results in the literature that are known to hold for oriented systems. A concrete non-trivial
example of this is the emergence of the 't Hooft anomaly of O-form symmetries of a surface
operator, seen as part of the data for 3-representations described in section 5, which is
known to match the anomaly structure of unitary bosonic systems [47, 48].

A.1 1-representations

Let us begin by reformulating the representation theory of ordinary groups in a categorical
framework. To do this, we fix a finite group G and note that we can associate to its
classifying space BG a category denoted in the same way and defined as follows:

e Its set of objects contains a single element denoted by .
e The set of endomorphisms of * is given by
Endpg(x) = G (A.4)
with composition given by group multiplication in G.

This construction makes it clear that we can think of groups as special types of categories
with a single object, all of whose morphisms are invertible.

We would like to linearly represent the group G on finite dimensional complex vector
spaces. The latter form a fusion category Vec defined as follows:

MFor a summary of models and relationships between them in the case n = 2 see [40], while for n = 3
see [41, 44].
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e [ts objects are finite-dimensional complex vector spaces V = C". Up to equivalence,
there is a single simple object corresponding to the one-dimensional vector space C.

e Its morphisms between objects V and W are given by linear maps

V2w (A.5)

The composition of morphisms

v Pw Y x (A.6)
is given by the composition of the corresponding linear maps.

e The fusion of objects and morphisms

w Y
e s U (A7)

V X

is given by the tensor product of the corresponding vector spaces and linear maps.

Given the ingredients BG and Vec, it is now straightforward to define the category
Rep(G) of finite-dimensional representations of G-

e [ts objects are functors F : BG — Vec. Concretely, this means that F assigns a finite
dimensional complex vector space V := F(x) € Vec to the single object * of BG and
linear maps F(g) € End(V') to the endomorphisms g € G of * in BG. Functoriality
of F then ensures that the diagrams

Vf(

gh) v
f(h)\ /;wg) (5.8

v

commute for all g,h € G, so that objects of Rep(G) correspond to ordinary represen-
tations of GG in the usual sense.

e Its morphisms between objects F and F' are natural transformations n : F = F'.
Concretely, this means that n assigns a linear map ¢ := n(x) € Hom(V,V’) to the
single object * of BG such that the diagrams

vy
Flo)| |7 (A.9)

/
V—W V

commute for all g € G. Morphisms in Rep(G) thus correspond to intertwiners between
representations in the usual sense.
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The fusion structure on Vec induces a fusion structure on Rep(G). In particular, this
allows us to take direct sums and tensor products of representations in the usual sense.

Closely related is the category of projective representations of GG, in which the diagram
(A.8) only commutes up to multiplicative phases ¢(g, h) € U(1). Pictorially, we denote this
by adding a double arrow

(A.10)

Vv
('(,(‘/./1
F(h

to the diagram in (A.8). These phases need to be compatible with the associativity of

F(gh) v
)
INY S/ Fl9)
\%4

morphism composition in Vec in the sense that the diagram

)/ CA\F) )
c(gh,k) c(g,hk)
‘ ) \
V V
F(h)
2-commutes, which we can rewrite as the 2-cocycle condition
(de)(g. k) = CUR) g hk) (A.12)

C(gh7 k) ’ C(ga h)

The collection of phases can thus be thought of as a 2-cocycle ¢ € Z2(G,U(1)). We denote
the corresponding category of projective representations by Rep®(G). The category of
ordinary representations of G is recovered by choosing ¢ = 1.

A.2 2-representations

In the following, we would like to emulate the discussion of the previous section to define
the fusion 2-category of 2-representations of a finite 2-group. We will review the notions
of 2-groups and 2-vector spaces and provide a classification of 2-representations in terms
of elementary group-theoretical data.

A.2.1 2-groups
In what follows, we will think of a 2-group G as a quadruple G = (G, A, ¢, @) consisting of

1. a finite group G,

2. a finite abelian group A,
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3. a group action ¢ : G — Aut(A),
4. a Postnikov class representative o € Zf;(G, A).

Similarly to the case of ordinary groups, we can associate to G a corresponding 2-
category BG that is defined as follows:

e Its set of objects contains a single element denoted by .
e The set of 1-endomorphisms of * is given by
1-Endpg(x) = G (A.13)
with composition given by group multiplication in G.
e The set of 2-morphisms between two 1-morphisms g, h € G is given by
2-Hompg(g,h) = 0gp- A (A.14)

with vertical composition given by group multiplication in A. The horizontal com-
position of two 2-morphisms a € 2-Endpg(g) and b € 2-Endpg(h) is given by

axb = a-py(b) € 2-Endpg(g-h). (A.15)

e The 2-associator for the composition of 1-morphisms g, h, k € 1-Endpg(x*) is given by

a(g,h, k) € 2-Endpg(g-h-k). (A.16)

This construction makes it clear that we can alternatively think of 2-groups as special
types of 2-categories with a single object, all of whose 1-morphisms and 2-morphisms are
invertible.

A.2.2 2-vector spaces

Let us now consider the fusion 2-category 2Vec of finite-dimensional 2-vector spaces, which
can be described as follows:

e Its objects are finite-dimensional semi-simple associative algebras'®.
e [ts 1-morphisms are finite-dimensional bimodules.
e Its 2-morphisms are bimodule maps.

As a consequence, equivalence between two objects A; ~ A in 2Vec corresponds to Morita
equivalence of the corresponding finite-dimensional semi-simple algebras. Since any finite-
dimensional semi-simple algebra A can be decomposed as a direct sum

A= M, (C) @ & M, (C) (A.17)

150ver a general field, this would be separable algebras. However, since we are working over C, we can
replace separable by semi-simple.
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of matrix algebras and any matrix algebra M, (C) is Morita equivalent to C, any finite-
dimensional semi-simple algebra is equivalent to a direct sum of n copies of C in 2Vec. The
equivalence classes of objects in 2Vec are thus in 1-1 correspondence with natural numbers
n € N, which reproduces the following description of the 2-category 2Vec due to Kapranov
and Voevodsky [40]:

e Its objects are positive integers n € N. There is a single simple object corresponding
to the positive integer 1.

e Its 1-morphisms between objects n and m are given by (m x n)-matrices

n-Asm (A.18)
whose entries are finite-dimensional vector spaces. The composition of 1-morphisms
n 4, m B, s (A.19)

is given by the multiplication of the corresponding matrices using tensor products
and direct sums of vector spaces.

e Its 2-morphisms between 1-morphisms A and B are given by (m x n)-matrices

A

0N
e (A.20)
\_B/

whose entries are linear maps between the corresponding entries of A and B. The
vertical composition of 2-morphisms

n-B——>m (A.21)

is given by entry-wise composition of linear maps. The horizontal composition of
2-morphisms

A C

AN N
n\ﬂ_@/ﬂm\ﬂ_\ﬂ/;@ (A.22)
B D

is given by the multiplication of the corresponding matrices using tensor products
and direct sums of linear maps.

e The fusion of objects, 1-morphisms and 2-morphisms
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is given by the tensor product of the corresponding matrices using tensor products
and direct sums of vector spaces and linear maps, respectively.
A.2.3 2-representations & their classification
In analogy to the case of ordinary groups, it is now straightforward to define the 2-category
2Rep(G) of finite-dimensional 2-representations of the 2-group G:
e Its objects are (pseudo-)-2-functors F : BG — 2Vec.
e Its 1-morphisms are natural transformations n : F = F'.

e Its 2-morphisms are modifications Z: n = 7.

This rather abstract definition can be reformulated in terms of more elementary data by
breaking down the definitions of (pseudo-)-2-functors, natural transformations and modifi-
cations. For instance, consider a fixed 2-representation F : BG — 2Vec. This then amounts
to the following:

e To the single object * of BG the 2-functor F assigns a natural number n := F(x) € N
which we call the dimension of the 2-representation.

e To the l-endomorphisms g € G of % the 2-functor F assigns an invertible (n x n)-
matrix F(g) whose entries are finite dimensional complex vector spaces. Each row
and column in F(g) can thus only contain one non-vanishing entry isomorphic to the
one-dimensional vector space C, so that up to isomorphism we can think of F(g) as
a (n x n)-permutation matrix. The 2-functor F thus induces a permutation action

o: G = 8, (A.24)

of the group G on the set of n elements.

e To the 2-endomorphisms a € A of a l-morphism ¢ € G the 2-functor F assigns a
(n x n)-matrix whose entries are linear maps between the corresponding entries of
F(g). Since the latter only contains one non-vanishing entry isomorphic to C in each
row and column, we can view F(a) as a collection of n phases x;(a) € U(1). The
2-functor F thus induces a homomorphism

x: A U@, (A.25)

which we can think of as a collection of n characters y € (AY)". 2-functoriality of F
then implies that this collection satisfies

gvo x(a) = x(g>ya) (A.26)

for all g € G and a € A, where we denoted by >, and >, the action of G on U(1)"
and A induced by ¢ and ¢, respectively.
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e For each pair g,h € G we have a 2-isomorphism

o F(gh) .
Flll
-ﬂ%\fé/éw (4.27)

controlling the composition of F(g) and F(h). As such, they comprise linear maps

between the n one-dimensional entries of F'(gh) and F'(g) o F'(h), so that we can view
F, 1, as a collection of n phases c(g,h) € U(1)". These phases need to be compatible
with the associativity constraints on 1-morphism composition in 2Vec in the sense
that the diagram

n
Fil
Fky/ . & (A.28)
Egh &
, o, \
n n
F(h)
2-commutes, which we can rewrite as the 2-cochain condition
o c(h,k)) - c(g,hk)
(o) (g oy = YoM A0 R) 2y gy (a2)

C(gh7 k) ’ C(ga h)

The collection of phases can thus be thought of as a 2-cochain ¢ € C?(G,U(1)") that
closes to the pairing (x,a) € Z3(G,U(1)") of x with the Postnikov representative a.

In summary, we can think of 2-representations of the 2-group G as being labelled by
quadruples (n, o, ¢, x) consisting of

1. a positive integer n € N,

2. a permutation action o : G — Sy,

3. a twisted 2-cochain ¢ € C2(G,U(1)"),
4. a collection of characters y € (AY)",

such that g >, x(a) = x(9>pa) for all g € G and a € A and dyc = (x,®). Two 2-
representations labelled by quadruples (n, o, ¢, x) and (n',0’, ¢, x") are considered equiva-
lent if n = n’ and there exists a permutation 7 € S,, such that

o =70007}, ] = [r>d], X =7>x. (A.30)
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A.2.4 Direct sum and tensor product

The fusion structure on 2Vec induces a fusion structure on 2Rep(G). In particular, this
allows us to take direct sums and tensor products of 2-representations. In terms of the
above labelling of 2-representations by elementary data, these can be described explicitly
as follows. Consider two 2-representations R = (n,o,¢,x) and R' = (n/,0',¢,X’) of G.
Then, the following holds:

e Their direct sum is the 2-representation
RO R = (n—}—n/,a@a/,c@cl,x@x/), (A.31)
where the permutation action o @ ¢’ : G — S,, 1, is defined by

(0@ 0)(i) = {Ug(i) flsisn , (A.32)

U;(i—n)—l—n fn+1<i<n+n

the twisted 2-cochain ¢ @ ¢/ € C2. _,(G,U(1)"™) is given by

o®o’

(c@)ilg,h) = {Ci(g’h) rhsisn , (A.33)
d_p,(g,h) fn+1<i<n+n
and the collection of characters y @ x’ € (AY)"*" is taken to be
(x@x) = {Xf’ pletsno (A.34)
Xiep, fn+1<i<n+n
e Their tensor product is the 2-representation
R®R = (n-n,o®d, cad, xox), (A.35)
where the permutation action 0 ® 0’ : G — S,,.,,» is defined by
(0 ®0a")g(i,7) = (0g(),05(j)) (A.36)
the twisted 2-cochain c® ¢ € C2, (G, U(1)™™') is given by
(c®d)ijlg.h) == cig,h)- 09(97 h), (A.37)
and the collection of characters y ® x’ € (AY)"" is taken to be
(X O X)) = Xi*Xj- (A.38)
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A.2.5 Irreducibility

The irreducible 2-representations are those which cannot be written as a direct sum of
other 2-representations. In particular, this means that the permutation action o : G — S,
of an irreducible 2-representation S = (n, o, ¢, x) is transitive, so that

{1,...n} = G/H (A.39)

as G-sets, where we denoted by H := Stab,(1) C G the stabiliser of the permutation
action. The twisted 2-cochain ¢ € C2(G,U(1)") then induces an ordinary 2-cochain

u = cilg € C*(H,U(1)) (A.40)

on the subgroup H, which closes to du = (\, a|g), where we denoted X := x; € AY. In
summary, we can label the irreducible 2-representations of G by triples (H,u, ) consisting
of

1. a subgroup H C G,
2. a cochain u € C*(H,U(1)),
3. a H-invariant character A € AV,

such that du = (\, a|g). Two irreducible 2-representations labelled by triples (H,u, A) and
(H',u', N') are equivalent if there exists a group element g € G such that

H' =9H, [u] = [9u], N =9\, (A.41)
where the conjugation action of g on the entries of the triple (H,u, ) is defined by
H = gHg ', (Pu)(h,h') = u(g hg,g7 hg), (FN)(a) = Mg 'ppa). (A42)

The irreducible 2-representations can be thought of as elementary building blocks
in the sense that any generic 2-representation of G can be written as a direct sum of
irreducible ones. In particular, the fusion of two irreducible 2-representations labelled by
triples (H,u,A) and (K,v,n) must again decompose as a direct sum of other irreducible
2-representations, which is reflected in Mackey’s decomposition formula

(H,u,\) @ (K,v,n) = @ (HNIK, u-9v, X-97). (A.43)
9] € H\G/K

Similarly, the 1-morphism categories between irreducible 2-representations allow for a
Mackey-type decomposition and are given by

1-Hom ((H,u, ), (K,v,n)) = @ Rep™ "(H NIK) . (A.44)
lg) € H\G/K
- In=1
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A.2.6 Example
As an example, consider the 2-group G = (G, A, ¢, &) where

e (G = 75 is the cyclic group of order 2 with generator x,

e A =74 is the cyclic group of order 4 with generator y,

e ©:G — Aut(A) is defined on the generators by o, (y) = 3>,

e [a] € Hg(G, A) = Zy is represented by a normalised 3-cocycle satisfying
alz,z,z) =1 or a(z,z,x) =y (A.45)
corresponding to a split or a non-split 2-group.

The irreducible 2-representations of G are then labelled by triples (H,u, \) as before, and

can be summarised as follows:

e In the split case, there is no non-trivial choice of 2-cocycle u since HZ(G, U@l))=1.
Up to equivalence, there are five irreducible 2-representations labelled by

H U A

1, | Zs 1 1
1_ Zo 1 2
(A.46)
2, | {13 1 1
20 | {1} 1 0

2. | {13 1 7,

where we denoted by 7 the generator of the Pontryagin dual AY = Z4 of A. Their
fusion rules are summarised by the fusion table

® | 1, 1_ 2, 20 2_
1. | 1. 1 2. 20 2_
1- | 1. 1, 2 20 2,

(A.47)
2, | 2, 2. 2,®2, 2002 2_.62_

2 2 2 20D 2 2, ¢2_ 20 @ 29

2. | 2. 2, 2.42. 262 2,62,

The 1-morphism spaces between simple objects are illustrated in figure 57.
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e In the non-split case, the condition du = (A, | ) is non-trivial only when H = Zy and
X = y2. However, since no such 2-cochain u exists, the corresponding 2-representation
1_ no longer exists. This is indicated by the red colouring of the 1_ and its attached
morphism spaces in figure 57.

Rep(Zs) Rep(Z2)

1. q_
Vec Xec
Vec Vec
[

QA )
Vecgz, Vec Vecgz,
Figure 57.

A.3 3-representations

In the following, we would like to define a notion of 3-representations that is analogous to
the construction of 1- and 2-representations discussed in the previous subsections. Since
the associated realm of fusion 3-categories is much richer and more intricate than before,
we will not try to be systematic but only briefly highlight some of the most salient features.
In general, one may define the notion of a 3-representations for a generic 3-group, but for
simplicity we will restrict our attention to the study of 3-representations of ordinary finite
groups G (regarded as a special type of 3-group).

A.3.1 3-vector spaces

Let us first consider the fusion 3-category 3Vec of finite-dimensional 3-vector spaces, which
can be described as follows:

e Its objects are multi-fusion categories.

e Its 1-morphisms are bimodule categories.

e [ts 2-morphisms are bimodule functors.

e Its 3-morphisms are natural transformations.

As a consequence, equivalence of two objects By ~ By in 3Vec corresponds to Morita
equivalence of the corresponding multi-fusion categories. Since any multi-fusion category
can be written as a direct sum of indecomposable ones and any indecomposable multi-
fusion category is Morita equivalent to an ordinary fusion category, equivalence classes of
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objects in 3Vec are in 1:1-correspondence with finite direct sums of fusion categories. In
particular, there is certainly more than one simple object up to equivalence, which shows
that objects in 3Vec are now significantly richer than before.

A.3.2 3-representations & their classification

Analogously to the cases of 1- and 2-representations, we can define the 3-category 3Rep(G)
of finite-dimensional 3-representations of an ordinary group G as follows:

e Its objects are (pseudo-)3-functors F : BG — 3Vec.
e Its 1-morphisms are natural transformations n : F = F'.

e Its 2-morphisms are modifications Z: n = 7.

=/

e Its 3-morphisms are perturbations X : = = Z'.

Here, we regard the group G as a special type of 3-category BG with a single object *,
whose 1-endomorphisms are given by 1-Endpg (%) = G and whose 2- and 3-morphisms are
trivial.

This rather abstract construction of 3-representations can be reformulated in terms
of more elementary data by breaking down the definitions of (pseudo-)3-functors, nat-
ural transformations, modification and perturbations. For instance, consider a fixed 2-
representation F : BG — 3Vec, which amounts to the following data:

e To the single object * of BG the 3-functor F assigns a multifusion category B. Up to
equivalence, we can think of the latter as a direct sum B = C; & ... ® C,, of ordinary
fusion categories C;, whose number n is called the dimension of the 3-representation.
For simplicity, let us assume that the equivalence class of B is simply labelled by a
single fusion category C, corresponding to a one-dimensional 3-representation of G.

e To the l-endomorphisms g € G of x the 3-functor assigns invertible C-bimodule
categories F(g), which induce a group homomorphism

p: G — BrPic(C) (A.48)

from G into the Brauer-Picard group BrPic(C) of isomorphism classes of invertible
C-bimodules.

e For each pair g, h € G we have a 2-isomorphism

Fll
f(%g}h Flo R

controlling the composition of F(g) and F(h). As such, they correspond to invertible
C-bimodule functors which, up to equivalence, are given by the left action of a fixed

79 -



invertible element (g, h) of the Drinfeld centre Z(C) of C. The collection of 2-
isomorphisms Fy , then induces a 2-cocycle x € Z(G,Z(C)™), where Z(C)* denotes
the abelian group of isomorphism classes of invertible objects in Z(C).

e For each triple g, h, k € G we have a 3-isomorphism

C

(A.50)

controlling the composition of the 2-isomorphisms Fy ;. As such, they correspond
to natural isomorphisms of C-bimodule functors given by multiplication by a phase
p(g,h,k) € U(1). The collection of 3-isomorphisms fy 5 then induces a 3-cocycle
e Z%(G,U(1)).

In summary, we can think of the one-dimensional 3-representations of G as being
labelled by quadruples (C, p, &, 1) consisting of

1. a fusion category C,

2. a group homomorphism p : G — BrPic(C),
3. a 2-cocycle k € Z%(G,Z(C)™),

4. a 3-cocycle u € Z3(G,U(1)).

Analogously to the case of 2-representations, a general irreducible n-dimensional 3-representation
of G on a multifusion category B = C; & ... & C,, may be obtained as the induction of a
one-dimensional 3-representation of a subgroup H C G.
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