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Abstract

These Lecture Notes discuss the recent theoretical advances in the understand-
ing of open quantum many-body physics in platforms where both dissipative
and coherent processes can be tuned and controlled to a high degree. We start
by reviewing the theoretical frameworks and methods used to describe and
tackle open quantum many-body systems. We then discuss the use of dissipa-
tive processes to engineer many-body stationary states with desired properties
and the emergence of dissipative phase transitions arising out of the competi-
tion between coherent evolution and dissipation. We review the dynamics of
open quantum many body systems in the presence of correlated many-body
dissipative processes, such as heating and many-body losses. Finally we pro-
vide a different perspective on open quantum many-body systems by looking
at stochastic quantum trajectories, relevant for the case in which the environ-
ment represents a monitoring device, and the associated measurement-induced
phase transitions.
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1 Introduction

1.1 Scope and structure of the Lecture Notes

Understanding the effect of an external environment on the dynamics of quantum system
has been a problem of paramount importance since the early days of quantum mechanics [1]
because it touches questions that are at the heart of its fundamental principles [2,3]. Much
more recently, with the birth of quantum information processing, the properties of open
quantum systems have become very relevant, as decoherence and damping are the ultimate
limiting factors for the development of quantum technologies [4, 5]. Quantum systems
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in contact with an external environment are referred to as open quantum systems and
are described by a quantum state that is, generically, mixed. For this purpose, several
techniques, both in the design and in the operating mode of qubits and gates, have been
implemented with the scope of reducing unavoidable environmental effects [6, 7].

If on one side an external environment typically tends to hinder quantum coherence
effects, on the other side several new phenomena emerge from the competition between
unitary evolution and dissipative effects. This phenomenology gets considerably richer in
the case of many-body systems. Exotic phases of matter that are not allowed at equilib-
rium, novel dynamical regimes in the evolution of complex quantum systems or critical
phenomena controlled by dissipation are only few of the most exciting examples. Further-
more, and contrary to what is generally believed, dissipation is not always detrimental for
manipulating quantum systems: in the same way as optical pumping is a powerful tool for
tailoring the properties of quantum systems at the single-atom level, it is also possible to
control the dynamics of many-body quantum systems by suitably engineered dissipation.
In fact, with the help of only dissipative dynamics, one can perform a universal quantum
computation in a way that is completely equivalent to the standard formulation in terms
of unitary quantum circuits [8, 9].

This set of Lecture Notes aims to give a pedagogical introduction to the physics of
many-body open quantum systems. Obviously this is a broad research field, that essen-
tially includes every aspect of the equilibrium and nonequilibrium statistical mechanics of
quantum systems coupled to baths. One could even go further by noting that, for ergodic
systems, the system itself can play the role of the bath for one of its subparts and con-
clude that the recent studies on the unitary dynamics of closed quantum systems and the
problem of thermalisation belong to this subject. Given the potential breadth of such a
field, these Lecture Notes will necessarily have a more narrow focus, as we outline next.
First of all, our interest will be on Synthetic Quantum Matter—artificial quantum com-
plex systems which can be used to realise tunable and controllable phases of matter. In
such platforms, one naturally faces the presence of a bath, but one could also engineer
the bath itself and its coupling with the setup, and mix its action with an external drive,
i.e. driven-dissipative systems. Monitoring the system by performing measurements is also
a way to perturb the unitary dynamics that we will consider and that is gaining increasing
experimental interest. Secondly, in these Lecture Notes, we will be studying those situa-
tions in which the external bath modifies the collective behaviour of synthetic quantum
systems, for instance by inducing new phases, provoking novel kinds of critical properties,
or transforming the conditions under which various states of matter can be found. Thirdly,
we will consider specifically Markovian systems, whose dynamics could be described by a
time-local Lindblad master equation, with a term that accounts for the unitary evolution
due to the Hamiltonian and a contribution that describes the effect of the external bath,
responsible for the relaxation to a steady state and for the loss of quantum coherence.

Synthetic open quantum systems also allow one to explore phenomena that are oth-
erwise rare (or non-existent) in nature, even though they are possible according to the
laws of quantum physics. They can also be seen, following Feynman’s vision [10], as open-
system quantum simulators. In the last decades there has been a considerable experimental
progress in realising platforms where many-body effects in the presence of dissipation can
be explored, ranging from optical lattices and trapped ions to Bose-Einstein condensates
in cavities, from cavity arrays to quantum circuits subject to measurements. In essen-
tially all the cases mentioned above, the dynamics of the density matrix of the system
can be accurately described by a Lindblad equation. The unitary part typically represents
a many-body Hamiltonian (for example the exchange Hamiltonian for interacting spin-
systems, or the Bose–Hubbard Hamiltonian for atoms in optical lattices) or a sequence
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of quantum gates; on its own, it will induce correlations and entanglement between local
degrees of freedom. The presence of the environment or of measurements will result in
a local incoherent dynamics that may compete against such ordering: this interplay will
strongly affect both the steady state and the transient dynamics. Our goal is to give a
broad and pedagogical introduction to these phenomena.

Understanding the influence of decoherence and dissipative effects in many-body quan-
tum systems touches many questions that are beyond the scope of these Lecture Notes.
Here we note some of these topics, and provide references to reviews that discuss these
points. We will concentrate on systems whose dynamics is time-local (Markovian) and
specifically of Lindblad form, thus we will not consider non-Markovian open systems [11].
We will further focus our attention on those phenomena where dissipation is an essential
element, rather than a problem to be avoided. This means that we will not cover the
problems related to the reliability of quantum simulators [12,13] in the presence of imper-
fections and noise [5–7]. Focusing on many-body systems we will also put to one side the
rich topic of spin-boson dynamics and associated models [14,15] (other than brief remarks
in the next section), and similarly we will ignore questions about the role of dissipation and
decoherence in the emergence of classical behaviour [2, 3]. While we will discuss some as-
pects of exciton-polariton physics—in particular, methods first developed in the context of
modelling polariton condensates—we will not aim to provide a comprehensive overview of
this large field. Reviews of this field can be found in a number of places, e.g. Refs. [16–19].

Likewise, we will not discuss those situations where few qubits are coupled to two or
more reservoirs (as in quantum thermal machines [20,21] or transport setups [22,23]), nor
will we explore the whole field of quantum thermodynamics [24,25]. We also refer to more
specialised reviews for the exciting problem of developing efficient numerical tools for the
simulation of open quantum systems [26]. Open quantum systems are often described in
terms of effective non-Hermitian models for pure states: we will not enter into this subject
and stick to the formalism based on density matrices and Lindblad master equations,
referring the interested reader to existing reviews [27]. Although very interesting and
very important for quantum technological applications, these topics will not be considered
further below, except when of relevance to the many-body realm.

These Lecture Notes are organised as follows. The remainder of this introduction con-
tains a brief historical perspective of the field of open-system dynamics in synthetic quan-
tum matter, and a discussion of the conceptual differences between considering equilibrium
vs. driven-dissipative systems. In Sec. 2 we present a brief overview of the experimental
platforms used to realise synthetic quantum systems. In Sec. 3 we introduce the general
frameworks that are currently employed to study the open-system dynamics of these setups:
the Lindblad dynamics for the density matrix, the Schwinger–Keldysh path integral, and
quantum trajectories. Section 4 summarises the key theoretical approaches to determine
the dynamics in these various frameworks.

We then proceed by discussing the key properties of open many-body systems. In
Sec. 5 we review the applications of dissipative state preparation in the many-body con-
text, where a tailored design of dissipative processes and many-body jump operators can
stabilise states with non-trivial properties. As one system parameter is tuned, these states
can undergo sharp, non-analytic changes in their observable properties, leading to dissi-
pative phase transitions, that we discuss in Sec. 6. We review their general classification,
their relation with classical and quantum phase transitions and symmetry breaking and
provide several examples of recent theoretical and experimental interest. Dissipative phase
transitions can be also associated to the absence of a steady-state and to time-translation
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symmetry breaking, such as in boundary or dissipative time crystals. The focus of Sec. 7
shifts from the steady state to the dynamical transient approach to it. This is particularly
relevant for many-body dephasing problems leading to heating dynamics or many-body
losses associated to the emergence of the quantum Zeno effect. Further insight on open
quantum many-body systems can be obtained by following the dynamics along quantum
trajectories and the unravelling of the Lindblad master equation. The case of monitored
dynamics unveils new phenomenology that is invisible to the average state, i.e. the density
matrix. In Sec. 8 we will consider the dynamics under different unravelling corresponding
to continuous weak monitoring and review the emergence of measurement-induced entan-
glement transitions. Finally, in Sec. 9 we will draw our conclusions. For completeness,
Appendix A presents a self-contained derivation of Lindblad master equations.

Finally, these Lecture Notes should not be intended as a comprehensive review, but
rather as a pedagogical introduction to the field. Many of the topics discussed in these
lectures notes were also covered in the past in several, interesting reviews. The reader is
encourage to read Refs. [28–33] to acquire a more comprehensive picture of the physics of
many-body open systems.

1.2 Historical Perspective

It is useful to frame the field of open quantum systems in the broader perspective of
dissipative quantum systems that have been investigated for a long time. We focus our
discussion here on Josephson junction arrays (see e.g. the review [34]), which were one
of the first successful attempts to observe dissipative phase transitions in synthetic (i.e.
artificially realised) systems. There are also a number of other topics where there was early
work that could be understood in this context. This includes work on the analogy between
lasers and phase transitions [35–37]—a topic we discuss further in Sec. 2.6 in relation to
polaritons and photons. In addition a great deal of work has been done on phase transitions
of two-level systems coupled to external baths, as reviewed in Refs. [14,38].

Turning to Josephson junction arrays, early works initially prompted by proposals of
P. W. Anderson [39] and A. J. Leggett [40] identified small Josephson junctions as very
promising candidates to observe macroscopic quantum phenomena. The original motiva-
tion was mainly driven by the possibility to explore macroscopic quantum dynamics and
the classical-to-quantum boundary in meso- or nano-structures. Parallel to these studies,
Josephson junction arrays (regular lattices of small superconducting islands connected by
tunnel junctions) were identified as promising platforms to study classical and quantum
statistical mechanics models. The first experimental evidence of Berezinskii–Kosterlitz–
Thouless transitions was observed [41–43], and in the late 80s a superconductor-insulator
quantum phase transition was seen in quantum arrays using devices with small enough
geometrical capacitance in order to have charging energies comparable to Josephson cou-
plings [44]. Furthermore, several theoretical works pointed out that by including an ex-
ternal environment à la Caldeira–Leggett the zero- and finite-temperature phase diagram
would be considerably enriched. In particular, on increasing the strength of dissipation the
whole array would undergo a transition to a phase of global coherence solely controlled by
dissipation, as in [45]. For further details, see the review [34] and references cited there.

The experimental verification of a transition induced by dissipation came much later
from the independent work of two research groups. The group of J. Clarke in Berkeley [46]
realised the Josephson array on top of a 2D electron gas, controlling the strength of damp-
ing through a gate voltage that allowed to vary the conductance of the 2DEG. Y. Takahide
and coworkers [47], in the group of S. Kobayashi in Tokyo, instead engineered shunt resis-
tances in parallel to each junction in a one-dimensional array (they had to fabricate several
different samples with different shunts in order to observe the increasing effects of dissipa-
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We have fabricated a two-dimensional array of Josephson junctions within 100 nm of a two-

dimensional electron gas (2DEG) in a GaAsyAlGaAs heterostructure. The screening provided by
the 2DEG causes the array to show superconducting behavior despite a large junction resistance.
Varying the resistance per square of the 2DEG changes the dissipation in the electrodynamic
environment of the array independently of any other parameters in the system. As the resistance
increases, the current-voltage characteristics of the array change from superconducting to insulating in
character. [S0031-9007(97)02822-6]

PACS numbers: 74.50.+r, 05.30.–d, 74.25.Fy, 74.40.+k

A variety of diverse physical systems, including granular
[1] or homogeneous [2] thin films, two-dimensional (2D)
Josephson-junction arrays [3], and high temperature super-
conductors [4] undergo a superconductor-insulator (S-I)
phase transition as a characteristic resistance of the sys-
tem in its normal state increases through a critical value
on the order of the resistance quantum RQ ≠ hy4e2 ¯
6.45 kV. The transition is quantum mechanical in nature:
the increasing normal state resistance is associated with
an increase in quantum fluctuations of the superconduct-
ing phase. Eventually, these fluctuations destroy global
phase coherence and lead to an insulating state. It has
been suggested [5–8] that the S-I transition in these sys-
tems could be driven by changes in dissipation; however,
there appears to be no unambiguous supporting evidence.
In thin films disorder plays a strong role, and recent theo-
retical work treating these systems as charge-2e bosons
moving in a random 2D potential [9] has been met with
substantial experimental verification [2,10]. Furthermore,
the physical origin of the dissipation is unclear. In the
case of Josephson junction arrays, although quasiparticle
tunneling [5] at energies large compared to the supercon-
ducting gap produces dissipation characterized by the nor-
mal state resistance RN , it is unlikely that the relevant
energy scales are so large [3,11]. At lower energies, quasi-
particle dissipation is negligible since the subgap resistance
is much larger than RN . In high temperature superconduc-
tors, it has been proposed [8] that an interpenetrating fluid
of normal electrons produces the dissipation. However,
radiation damage inflicted to increase the normal state re-
sistance probably also increases the disorder and reduces
the density of superconducting electrons.
In this Letter, we describe the unambiguous observation

of a dissipation-driven S-I transition. The sample was
a specially designed and fabricated 40 3 40 Josephson

junction array for which we can continuously vary the dis-
sipation associated with the local electrodynamic environ-
ment independently of any other relevant parameters. To
provide the variable dissipation, we fabricated the array on
a GaAsyAl0.3Ga0.7As heterostructure in which a 2D elec-
tron gas (2DEG) is located approximately 100 nm from
the surface (see Fig. 1). The heterostructure was grown
on a GaAs substrate using molecular beam epitaxy and
consists of the following layers: 500 nm of GaAs, 92 nm
of Al0.3Ga0.7As, and 8 nm of GaAs. The Al0.3Ga0.7As is
selectively doped with Si donors situated 32 nm from the

FIG. 1. Schematic diagram of an array with variable dissipa-
tion. The array is fabricated on a GaAsyAl0.3Ga0.7As substrate
in which a 2DEG is located approximately 100 nm below the
surface. Pressed and alloyed In contacts are made to the array
and 2DEG, respectively. A voltage VBG between the back gate
and 2DEG increases its resistance per square. A voltage VFG
between the array in the normal state and 2DEG allows inde-
pendent monitoring of the capacitance to ground Cg.
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FIG. 2. I-V characteristics of the array at zero magnetic
field and T ≠ 25 mK, for eight back-gate voltages VBG ≠
0, 100, 200, 300, 400, 450, 500, and 525 V, corresponding to
ground plane resistances of Rg ≠ 170, 240, 360, 570, 990,
1350, 1900, and 2290 Vyh. For Rg ≠ 170 Vyh, the I-V
characteristic is clearly superconductorlike, while for Rg ≠
2290 Vyh it has become insulatorlike and shows a clear
Coulomb gap. The nature of the I-V characteristic can be
varied continuously between these two extremes by chang-
ing VBG .

characteristic is clearly superconductorlike, showing a
small but clear “supercurrent,” with low R0. However,
when we increase Rg to 2290 Vyh by applying a large
back-gate voltage, the I-V characteristic changes dramati-
cally: the supercurrent is completely suppressed, and a
small (compared to eNy2CS) but pronounced Coulomb
gap appears. The I-V characteristic changes smoothly
between these two extremes as we increase VBG , with
the supercurrent shrinking and R0 increasing. The tran-
sition from superconductor- to insulatorlike behavior oc-
curs over a narrow range in VBG of about 20 V. It is
interesting to note that at the center of the transition, when
the I-V characteristic shows neither a supercurrent nor a
charging gap, we measure R0 ¯ 6.5 kVyh. This is con-
sistent with recent theories [9] which predict a universal
value on the order of RQ for the zero-temperature resis-
tance of a system of charge-2e bosons at the S-I transition.
Applying a back-gate voltage clearly cannot change

the junction capacitance. However, it is conceivable that
varying VBG could change Cg, either due to motion of the
center of mass of the 2DEG, or in the case of extreme
depletion due to the breakup of the 2DEG itself. To
investigate this possibility, we measured Cg for several
different values of VBG, to a maximum of 500 V. To
within the experimental accuracy of our measurement
s60.04 fFd, there was no change in the value of Cg.
We also verified that the tunneling resistance RN was
independent of VBG . As mentioned above, the 2DEG is
not expected to show significant nonuniformity in the range
of ns covered in our experiment. We estimate the average
number of electrons in the 2DEG per unit cell, with an
area of 4.7 mm2, decreases from about 9600 to 3300 as
VBG changes from 0 to 540 V, so that fluctuations in the

number of screening electrons per unit cell are at worst
about 2%. The fact that Cg is independent of VBG also
argues against any breakup of the 2DEG. Finally, when
we measure the I-V characteristics in the superconducting
state, the array and 2DEG are electrically connected, so
that VBG induces electric fields only between the back gate
and the 2DEG. We conclude that applying a back-gate
voltage changes only Rg of the ground plane, that is, the
dissipative electrodynamic environment of the array, and
no other relevant physical parameters.
Plotting R0 versus Rg on semilog axes as shown in

Fig. 3, we see that R0 increases exponentially with Rg.
We show R0 versus Rg (markers) and fits (solid lines) of
the data to the form R0 ≠ R1 expsRgyR2d at 25, 50, 100,
and 150 mK. At T ≠ 25 mK, the array is extraordinarily
sensitive to Rg: increasing Rg by a factor of 16 leads to
an increase in R0 of over 2 orders of magnitude. This ex-
treme sensitivity diminishes at higher temperatures, until at
150 mK R0 depends only weakly on Rg. The values of the
fitting parameters are R1 ≠ 272, 162, 205, and 1390 V
and R2 ≠ 443, 556, 913, and 1830 V for the four tem-
peratures above, respectively.
The inset to Fig. 3 shows the temperature dependence

of R0 for Rg ≠ 170 Vyh and Rg ≠ 2290 Vyh. At low
temperatures, for Rg ≠ 2290 Vyh the array is clearly
insulating with R0 increasing by 2 orders of magnitude as
T decreases from 100 to 25 mK. For Rg ≠ 170 Vyh, on
the other hand, R0 drops rapidly with decreasing tempera-
ture until it reaches a minimum value at approximately
50 mK, below which it rises again. As T tends to zero,
R0 appears to approach a constant value: we measure
roughly the same value for R0sRg ≠ 170 Vyhd at both
37 and 25 mK. We cannot rule out sample heating as the
cause of this behavior; a sample with a lower RN would
be required to investigate this issue. The quasireentrant

FIG. 3. Zero-bias resistance R0 of the array versus the
resistance per square Rg of the ground plane, for four
temperatures. The solid lines are fits to an exponential,
as described in the text. The inset shows the temperature
dependence of R0 for Rg ≠ 170 Vyh and 2290 Vyh.
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FIG. 2. I-V characteristics of the array at zero magnetic
field and T ≠ 25 mK, for eight back-gate voltages VBG ≠
0, 100, 200, 300, 400, 450, 500, and 525 V, corresponding to
ground plane resistances of Rg ≠ 170, 240, 360, 570, 990,
1350, 1900, and 2290 Vyh. For Rg ≠ 170 Vyh, the I-V
characteristic is clearly superconductorlike, while for Rg ≠
2290 Vyh it has become insulatorlike and shows a clear
Coulomb gap. The nature of the I-V characteristic can be
varied continuously between these two extremes by chang-
ing VBG .

characteristic is clearly superconductorlike, showing a
small but clear “supercurrent,” with low R0. However,
when we increase Rg to 2290 Vyh by applying a large
back-gate voltage, the I-V characteristic changes dramati-
cally: the supercurrent is completely suppressed, and a
small (compared to eNy2CS) but pronounced Coulomb
gap appears. The I-V characteristic changes smoothly
between these two extremes as we increase VBG , with
the supercurrent shrinking and R0 increasing. The tran-
sition from superconductor- to insulatorlike behavior oc-
curs over a narrow range in VBG of about 20 V. It is
interesting to note that at the center of the transition, when
the I-V characteristic shows neither a supercurrent nor a
charging gap, we measure R0 ¯ 6.5 kVyh. This is con-
sistent with recent theories [9] which predict a universal
value on the order of RQ for the zero-temperature resis-
tance of a system of charge-2e bosons at the S-I transition.
Applying a back-gate voltage clearly cannot change

the junction capacitance. However, it is conceivable that
varying VBG could change Cg, either due to motion of the
center of mass of the 2DEG, or in the case of extreme
depletion due to the breakup of the 2DEG itself. To
investigate this possibility, we measured Cg for several
different values of VBG, to a maximum of 500 V. To
within the experimental accuracy of our measurement
s60.04 fFd, there was no change in the value of Cg.
We also verified that the tunneling resistance RN was
independent of VBG . As mentioned above, the 2DEG is
not expected to show significant nonuniformity in the range
of ns covered in our experiment. We estimate the average
number of electrons in the 2DEG per unit cell, with an
area of 4.7 mm2, decreases from about 9600 to 3300 as
VBG changes from 0 to 540 V, so that fluctuations in the

number of screening electrons per unit cell are at worst
about 2%. The fact that Cg is independent of VBG also
argues against any breakup of the 2DEG. Finally, when
we measure the I-V characteristics in the superconducting
state, the array and 2DEG are electrically connected, so
that VBG induces electric fields only between the back gate
and the 2DEG. We conclude that applying a back-gate
voltage changes only Rg of the ground plane, that is, the
dissipative electrodynamic environment of the array, and
no other relevant physical parameters.
Plotting R0 versus Rg on semilog axes as shown in

Fig. 3, we see that R0 increases exponentially with Rg.
We show R0 versus Rg (markers) and fits (solid lines) of
the data to the form R0 ≠ R1 expsRgyR2d at 25, 50, 100,
and 150 mK. At T ≠ 25 mK, the array is extraordinarily
sensitive to Rg: increasing Rg by a factor of 16 leads to
an increase in R0 of over 2 orders of magnitude. This ex-
treme sensitivity diminishes at higher temperatures, until at
150 mK R0 depends only weakly on Rg. The values of the
fitting parameters are R1 ≠ 272, 162, 205, and 1390 V
and R2 ≠ 443, 556, 913, and 1830 V for the four tem-
peratures above, respectively.
The inset to Fig. 3 shows the temperature dependence

of R0 for Rg ≠ 170 Vyh and Rg ≠ 2290 Vyh. At low
temperatures, for Rg ≠ 2290 Vyh the array is clearly
insulating with R0 increasing by 2 orders of magnitude as
T decreases from 100 to 25 mK. For Rg ≠ 170 Vyh, on
the other hand, R0 drops rapidly with decreasing tempera-
ture until it reaches a minimum value at approximately
50 mK, below which it rises again. As T tends to zero,
R0 appears to approach a constant value: we measure
roughly the same value for R0sRg ≠ 170 Vyhd at both
37 and 25 mK. We cannot rule out sample heating as the
cause of this behavior; a sample with a lower RN would
be required to investigate this issue. The quasireentrant

FIG. 3. Zero-bias resistance R0 of the array versus the
resistance per square Rg of the ground plane, for four
temperatures. The solid lines are fits to an exponential,
as described in the text. The inset shows the temperature
dependence of R0 for Rg ≠ 170 Vyh and 2290 Vyh.
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EJ/EC

dissipation strength ~ 1/Rg

Global phase coherence

(Superconductor)

Normal phase

Figure 1: (a-b) Experimental measurement of a dissipative phase transition in a
Josephson junction arrays, from [46] [Copyright (1997) by the American Physical
Society]. (a) The Josephson array (on the top of the device) is in electrostatic
contact with a two-dimensional electron gas (2DEG) that is responsible for a
voltage noise on the superconducting islands. The level of the noise is modulated
by changing the resistanceRg of the 2DEG. (b) The current-voltage characteristics
for different levels of the noise, i.e. different values of the resistance Rg. On
increasing Rg, i.e. decreasing the dissipation, the current-voltage characteristics
change from superconducting-like (finite current at zero voltage) to insulator-like
(zero current below a threshold voltage). (c) Phase diagram—sketch of the zero-
temperature phase diagram, above a certain value of the dissipation strength the
array acquires global coherence for any value of the Josephson coupling [The phase
diagram is sketched from [45]].
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tion!). In Fig. 1 we show the results of the Berkeley experiment. The experimental setup
is shown in panel (a): dissipation is controlled by coupling the arrays to a two-dimensional
electron gas and modulating its conductivity (hence the voltage noise acting on the array)
by means of the back gate voltage. Panel (b) shows the current-voltage characteristics for
different level of dissipation (i.e. for different values of the resistance of the 2DEG Rg). At
low Rg the current-voltage characteristics are that of a superconductor (with global phase
coherence). On increasing Rg there is a qualitative change to the current-voltage charac-
teristics of an insulator (Coulomb blockade regime) with zero current below a threshold
voltage. This is, to our knowledge, the first experimental observation of a dissipative phase
transition in a quantum many-body synthetic system.

In the language of quantum information processing, Josephson junction arrays can be
considered as the ancestors of synthetic systems, although with limited control on their
quantum evolution due to the presence of imperfections and noise. The impressive technical
advances over the last decades have enabled the design of new platforms to study open
many-body systems. As we will see in the forthcoming Sections, these new systems offer
an unprecedented control both in the realisation of synthetic quantum matter and in the
study of its dynamical evolution (for instance, the coherent dynamics has always proven
impossible to study in Josephson arrays).

An important feature characterising the early works and differentiating them from the
most recent experiments, is that Josephson arrays operated in a regime where the detailed
balance relation is always satisfied; as we discuss in Sec. 1.3, this is a hallmark of the global
thermal equilibrium of the system and of its environment. As already mentioned, an excel-
lent description of these systems could be based on Caldeira-Leggett models, provided they
are properly generalised to the many-body context. Furthermore, in many cases the out-
of-equilibrium properties of the superconducting order parameter of Josephson junctions
would be described by dynamical equations typical of classical dynamical critical phenom-
ena [48]. Instead, in the modern platforms that are currently being developed (funnily
enough, some of them still use superconductors and Josephson junctions), the dynamics is
governed by the external driving and by dissipation, so that the state cannot be found by
considering an equilibrium partition function—not even including the environment within
the partition sum. We discuss these points further in Sec. 1.3 below. In the Sec. 2 we will
review many experimental platforms of more recent interest which are currently playing a
major role in the study of synthetic quantum matter and which enable the study of open
quantum many-body physics in controlled settings.

1.3 Relation with thermal equilibrium

In this section we discuss some key concepts about the distinction between quantum sys-
tems in equilibrium and driven-dissipative systems. Note we use the term driven-dissipative
here to identify systems where there is either some driving term in the Hamiltonian along
with coupling to a environment or coupling to multiple environments. The term “open
quantum systems” is broader, and can include the case of a system coupled to a single
environment. One point we discuss in particular here is to expand on the discussion in the
previous section, distinguishing the behaviour of a system coupled to a single environment
from the behaviour of a driven-dissipative system.

To set this discussion in context we first provide a brief summary of the key ideas
that arise in equilibrium statistical physics, in order to then comment on how these are
changed in driven-dissipative systems. For a full discussion, the reader may see textbooks
on thermodynamics and statistical physics, e.g. [49, 50]. Equilibrium statistical physics
starts from the postulate of equal equilibrium probabilities (PEEP), which states that all
microstates occur with equal probabilities. This then leads to the idea that the probability
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of a macrostate—where some macroscopic variables are specified—is determined by the
number of ways in which such a macrostate can arise, i.e. the number of microstates
corresponding to a given macrostate. Defining the entropy as the logarithm of this number
of microstates then leads to the notion that the most probable macrostates are those that
maximise entropy.

To get from the PEEP to the familiar Boltzmann distribution, one may consider a
system that is weakly coupled to an environment in thermal equilibrium. In particular,
we consider the case where the system plus environment is in a microcanonical state, i.e.
the total energy of the system plus environment is fixed. Weak coupling allows one to
consider the energy of the system and environment additively, i.e. to ignore any energy
associated with their coupling. Thus, the energy in the environment is determined by the
(fixed) total energy and the energy of the system. If the system exchanges only energy
with the environment (as opposed to e.g. particles, or any other conserved quantity), then
one can consider the entropy of the environment as being a function of the energy of the
system. Since the environment can be assumed to be large, and thus weakly affected by
this transfer of energy, one can consider the entropy of the environment to depend linearly
on the energy of the system. The coefficient in this expression is the inverse temperature.
This then leads to the standard Boltzmann distribution: P ∝ exp(−β(E − TSS)) with
β = 1/(kBT ) and SS being the entropy of the system.

To understand what changes in driven-dissipative systems we highlight a key assump-
tion to obtain the Boltzmann distribution, namely the existence of a well defined entropy
cost to increasing the energy of the system. This concept applies for coupling to a single
environment, but cannot apply when a system is coupled to multiple environments that are
not in thermal equilibrium with each other. For multiple environments with multiple tem-
peratures, the entropy cost of increasing the system energy depends on which environment
is involved. As such, for systems coupled to multiple environments, the relative coupling
rates and dynamics of the system will matter, and the probability that the system is in a
given state cannot only depend on its energy.

While we have introduced the Boltzmann distribution from the assumption of equilib-
rium with an external environment, the same expression can also be derived for a large
system: here, when considering one part of the system, one can regard the rest as acting as
an effective environment. In a finite system there will be a distinction between the result
derived above, which are correct for the canonical ensemble (ensemble at fixed tempera-
ture) vs the microcanonical ensemble (ensemble at fixed system energy). However, in the
thermodynamic limit, these ensembles become equivalent for extensive quantities.

In the discussion so far we assumed weak coupling between the system and its envi-
ronment. As long as one is restricted to a single environment (or multiple environments
in thermal equilibrium), one can extend the above equilibrium analysis further. One may
thus discuss how behaviour changes when a system is strongly coupled to the environment,
as is of relevance to the discussion in the previous section. We discuss first an approach
that works for static equilibrium properties, and then discuss dynamical responses.

For static properties, one may consider the Boltzmann distribution for the combined
system and environment. This means the system density matrix is given by the combined
Gibbs state:

ρ̂S =
1

Z
TrE

[
exp

(
−β(ĤS + ĤE + ĤS−E

)]
. (1)

Here we have written the equilibrium system density matrix, ρS , in terms of the Hamil-
tonian of the system, ĤS , the environment, ĤE , and the system-environment interaction,
ĤS−E . This expression generalises the Boltzmann distribution discussed above, by assum-
ing internal equilibrium of the combined system and environment. The partition function
Z appears here as normalisation, required to ensure Tr [ρS ] = 1.
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If the coupling to the environment is weak, then ĤS−E can be neglected. In this
case, after tracing over the environment, one recovers ρ̂S ∝ exp(−βĤS). Assuming ĤS−E

vanishes is reasonable when considering the equilibrium state of the system. However,
one should note that if the system environment coupling vanishes, the timescale for the
system and environment to come into equilibrium will diverge. The equilibrium state can
generally be assumed to be equivalent to the long time average—this is the notion of
ergodicity. Formally this equilibrium ensemble with the system Hamiltonian corresponds
to first taking the limit of long times, and only then considering the limit of vanishing
system-environment coupling.

If the coupling to the environment is not weak, then the equilibrium state defined
by Eq. (1) will not equal exp(−βĤS)/ZS (known as the system Gibbs state), but will be
modified by the coupling to the environment. Since an equilibrium density matrix, ρ̂S , does
however exist (as defined by Eq. (1)), one can however define an effective “Hamiltonian of
Mean-Force” (HMF) [51,52] by writing:

ρ̂S =
e−βĤHMF

ZHMF
. (2)

The state ρS as written here is sometimes referred to as the Mean-Force Gibbs state;
as discussed here, this is equivalent to the combined Gibbs state. Mathematically the
definition of ĤHMF just corresponds to extracting the logarithm of the equilibrium density
matrix. It is easy to verify, by using the identity

e−β(ĤS+ĤE+ĤS−E) = e−β(ĤS+ĤE)Tτe
−

∫ β
0 dτĤS−E(τ),

with the coupling Hamiltonian expressed in the time-ordered interaction representation,
that the HMF

ĤHMF = ĤS − 1

β
ln⟨Tτe−

∫ β
0 dτĤS−E(τ)⟩E .

The form of ĤHMF may be complicated with environment-mediated interactions, and
thus potentially nonlocal, and its form may depend on temperature. Nonetheless, this
formulation identifies a natural generalised of the concept of potential of mean force [51,52]
sometimes studied in classical statistical physics. There can also exist simple forms that
arise in the limit of strong system-environment coupling [53]. In many situations, it is also
convenient to use a path integral formulation and consider the effective action deriving after
tracing out the environmental degrees of freedom [38]. Most of the early works studying
dissipative phase transitions in Josephson arrays, see Section 2.5, approached the problem
in this way.

While the above suggests an effective mean-force Hamiltonian can be found to de-
termine static properties, the situation is more complicated when considering dynamic
properties. No effective system Hamiltonian can correctly capture the dynamical response
of a system strongly coupled to an environment. This is because the timescales of the
dynamics of the environment become important. One can model the effects of the environ-
ment through an effective Keldysh action [54] (a concept that we discuss further below).
The Keldysh action however describes a frequency-dependent response of the environment,
and this cannot be described by any effective Hamiltonian. It is this physics that led to
the interest in dissipative phase transitions discussed in the historical perspective above.

One question that arises when considering systems strongly coupled to their environ-
ment is how one can tell whether the system is in thermal equilibrium or not. As noted
above, the Hamiltonian of mean force can always be defined from the logarithm of the
density matrix, and since ĤHMF ̸= ĤS , one cannot simply use the equilibrium density

10



SciPost Physics Lecture Notes Submission

matrix to practically determine whether a given system is in equilibrium or not. What can
however be used is the fluctuation dissipation theorem [55,56] (FDT). The FDT is defined
by considering the two-time correlation functions of some observable Â(t). Specifically,
one considers the power spectral density SA(ω) and the response function χA(ω), that are
the Fourier transforms of the following two-time correlation functions:

SA(τ) =
1

2

〈
{Â(t+ τ), Â(t)}

〉
, χA(τ) = iΘ(τ)

〈
[Â(t+ τ), Â(t)]

〉
, (3)

where {, } indicates the anticommutator, [, ] indicates the commutator, and Θ(τ) the step
function. Note that in a stationary state, these expressions depend only on the time
difference, τ and not the initial time t, hence the possibility of Fourier transforming only
with respect to τ . What the FDT proves [55,56] is that in thermal equilibrium, the Fourier
transforms of these two functions obey:

SA(ω)

Im[χA(ω)]
= coth (βω) . (4)

We have assumed here the operator Â corresponds to an observable, so Â is Hermitian
and cannot be a fermionic operator. Beyond this restriction, the expression is general:
it holds for any observable Â and for any form of system-environment coupling. One
can understand that this expression works because χA(ω) measures the density of states
of the system, while SA(ω) measures the noise due to thermally occupied modes. As a
result, the combination given here allows the density of states (and thus effects of strong
system-environment coupling) to “cancel out” from the expression.

Summarising, in systems coupled to a single environment, no matter how strongly, one
can expect the FDT to hold in full at late enough times, i.e. once the system has reached
equilibrium. In general open quantum systems, such as driven-dissipative setups, the FDT
may approximately hold over some range of frequencies, but it will not do so in general,
since such systems are not in thermal equilibrium. Other theoretical frameworks then need
to be developed, and the Lindblad master equation is the simplest and most widespread
that describes a system reaching a stationary state that is, in general, not at thermal
equilibrium. The study of the varied phenomenology that can appear in these setups is
the object of these Lecture Notes.
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1.4 Notation

It is convenient to summarise in a table the acronyms and the notation principally used
throughout these Lecture Notes; some exceptions exist and we highlight these when they
occur. We set ℏ = kB = 1 throughout.

Asymptotic Decay Rate ADR
Dynamical Mean-Field Theory DMFT
Dissipative Phase Transition DPT
Mean-Field MF
Steady State ss

Commutator [Â, B̂] = ÂB̂ − B̂Â

Anticommutator {Â, B̂} = ÂB̂ + B̂Â
Lattice sites i, j
Coordination number z
Space coordinate in continuous systems r
Time t
Number of particles N
Number of lattice sites Ns

Length of system L
System dimensionality d
Volume Ld

System dimensionality dH
Cartesian components α, β = x, y, z
Wave-vector in continuous systems k,q
Labels (not referring to space/lattice) Greek letters δ, . . . µ, ν, . . .
Operators and Superoperators Ô , ˆ̂O
Density matrix of the system ρ̂(t)

Hamiltonian of the system Ĥ

Lindblad jump operators L̂

Lindbladian superoperator ˆ̂L
µ-th eigenvalue of the Lindbladian superoperator λµ
non-Hermitian Hamiltonian ĤnH

Bose operators â, â†

Fermi operators ĉ, ĉ†

Spin operators on a lattice σ̂αi
Field operators ψ̂
Magnetic interaction Jα

i,j

On-site interaction U
Hopping coupling constant tH
Light-matter interaction g
Detuning ∆
Dissipative rates κ, γ,Γ, . . .
Asymptotic Decay Rate λADR

Control parameter for phase transition η
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2 Experimental Platforms

In this Section we briefly discuss some of the experimental setups which are relevant for
the field of many-body open quantum systems. In line with the general goal of these
Lecture Notes, we focus on synthetic quantum matter where many-body effects and open-
system dynamics are particularly relevant: superconducting circuits and circuit QED ar-
rays [28,57], ultracold atoms with controlled dissipation [58], ultracold atoms in high-finesse
cavities [59,60], and trapped ions [61,62]. These experimental platforms are often presented
as paradigmatic examples of isolated quantum systems. However, in most experimental
realisations there will be effects due to the presence of an environment, typically repre-
sented by the experimental apparatus itself. Although the effect of such an environment
can often be made rather small, it is never completely negligible. On the other hand, what
is very important here is that it can be made highly controllable.

We emphasise that there are several reviews already existing on the related topic of
quantum simulation, such as Ref. [12, 13, 63], therefore we will limit ourselves to discuss
the key aspects that are particular relevant in the present context.

2.1 Trapped Ions

Single trapped ions represent elementary quantum systems with degrees of freedom that
are well isolated from the environment [61,64]. Experimentalists working with trapped ions
have for long time manipulated the quantum state of a single ion using coherent fields, as
well as using the opportunities offered by spontaneous emission (see e.g. Refs. [65–67]),
which is one of the simplest open-quantum-system effects that can be considered. Using
this, it is possible to bring the ions nearly to rest by laser sideband cooling, and to prepare
the ion in a desired electronic quantum state by the use of optical pumping. [64]. This
makes trapped ions well-suited for the study of open-quantum-system dynamics under
well-controlled conditions.

As a simple example, we briefly summarise the key results reported in Ref. [65], which
achieved the first experimental observation of the quantum Zeno effect [68], i.e. strong
coupling to an environment inhibiting coherent transitions between the energy levels of
a quantum system. Working with Be+ ions, this work considered two hyperfine levels
coupled by a radio-frequency field while a strong laser pulse coupled one of those levels
to an excited unstable state which would undergo spontaneous emission (see the sketch
in Fig. 2, left panel). By observing the spontaneously emitted photons, it was possible to
quantitatively measure the reduction of coherent transitions between the hyperfine states.

The early results on the manipulation of single ions can be seen as foundational for
contemporary research. Indeed, in quantum optics and atomic physics, the techniques
of optical pumping and laser cooling are now routinely employed for the dissipative ma-
nipulation of quantum states, although on a single-particle level. The current studies on
engineering dissipative dynamics that we discuss in Sec. 5 can be seen as a generalisation
of these techniques to a many-particle context: it is not by accident that the quantum
Zeno effect is currently experiencing a revival in the many-body setting, as we discuss
more extensively in Sec. 7.2.

In more recent years, trapped ions have started to play a significant role in the con-
text where the role of the environment is played by a measurement apparatus and the
quantum system is monitored. The possibility of repeatedly and frequently measuring the
ions—which is at the heart of the quantum Zeno effect—is also what places these setups
on the forefront of this research field. As an example, in Ref. [69] the authors consider
one-dimensional chains of ions of length spanning from 4 to 8 ions and engineer a unitary
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Figure 2: (Left) Energy levels of 9Be+ ions in a magnetic field B employed in the
experiment on the quantum Zeno effect [65] [Copyright (1989) by the American
Physical Society]. The two hyperfine levels, 1 and 2, are coupled by a radio-
frequency field; a strong laser pulse couples the level 1 with the excited level
3, which undergoes spontaneous emission. In this way, the quantum mechanical
properties of a single ion are manipulated using coherent and dissipative processes.
From Ref. [65]. (Right) Experimental tools for the simulation of open quantum
systems with ions. n+1 ions are used to simulate the open-system dynamics of n
ions (the system, S) in a controlled fashion. Spontaneous emission is induced in a
controlled fashion on the first ion (the environment, E), inducing the desired open-
system-dynamics on the other n ions. Figure based on experiment in Ref. [67].

dynamics (technically, a random circuit composed of unitary gates) with interspersed pro-
jective measurements. When the measurement rate is low, the evolution reaches a mixed
phase: the multiple measurement outcomes create a mixed density matrix. On the con-
trary, for a measurement rate exceeding a given threshold, the evolution reaches a pure
phase: measurements project the system on to a deterministic quantum state. We note
that other experimental platforms have also been used to explore measurement-induced
physics, including superconducting circuits and ultracold atoms, even though trapped ions
are particularly well suited due to quality and speed of measurements. We will discuss the
theoretical and experimental considerations associated to monitored quantum systems in
Sec. 8.

Regarding the development of experimental platforms, it is interesting to mention one
early approach to creating a many-body synthetic quantum system based on trapped ions
employing the coupling to an environment [67]. Building on a well-tested quantum comput-
ing architecture, which is designed to undergo purely unitary (i.e. closed-system) dynamics,
this work combined multi-qubit unitary gates with optical pumping to implement dissipa-
tive processes. In particular, the experimental platform is composed of an array of n + 1
ions, with the first ion serving as an ancilla, and the remaining n ions being the system (see
the sketch in Fig. 2, right panel). The ancilla is coupled to the system through application
of specific gates, but also undergoes dissipative dynamics ultimately due to spontaneous
emission events. This in turn induces a controlled and tunable dissipative dynamics on the
rest of the system. As an example, this platform was employed to prepare entangled Bell
states composed of n = 2 ions or GHZ states composed of n = 4 ions. In the first case,
the environment acts on two ions at the same time, and its effect depends on the reduced
density matrix of the two particles. In the second case, the coupling to the environment
is mediated by four ions. Given the relatively small number of qubits involved, it was

14



SciPost Physics Lecture Notes Submission

possible to perform full quantum state tomography of the system and demonstrate that,
thanks to the dissipative processes, the desired state had been realised.

In more recent years, several other experiments have been reported which have actively
exploited the judicious control of dissipation for the study of quantum matter or dynamics;
we mention here a few of them. One example is the phonon laser realised in [70] where
the phase diagram and the dissipative transition have been detected. More recently the
dissipative generation of an entangled state of two trapped-ion qubits, based on a scheme
developed in Ref. [71], has been experimentally realised in Ref. [72]. The possibility of
measuring and resetting the ions with high fidelity and addressability is crucial in the results
reported in Ref. [73], where entanglement entropy of a spin chain is directly measured.
Finally, the possibility of using dissipation to simulate the quantum dynamics of electronic
transfer, a process at the heart of several biochemical processes, has been reported in
Ref. [74].

2.2 Ultracold atoms

In recent years, experiments with ultracold atoms have evolved towards the development of
platforms where the coupling to an environment can be precisely characterised and tuned,
so that it can be reduced or enhanced over several orders of magnitude; consequently,
open-quantum-system dynamics can be studied with these platforms in the most genuine
spirit of quantum simulation. One key example of this is cold atoms coupled to optical
cavities, where the light in the cavity represents an open quantum system. In the absence
of coupling to an optical cavity, there are two main open-quantum-system effects that
can take place: losses of particles from the trapping potential, and heating due to the
interaction with the electromagnetic fields that trap or control the gas. In the following
we first present these experiments and then discuss in a separate Section the case of cavity
QED with ultracold atoms. Finally, we will introduce Rydberg states of ultracold atoms.

Atom loss. Losses have been a major concern from the early days of Bose-Einstein
condensation. Several articles dating from the 1990’s and early 2000’s have characterised
the dynamics of the number of bosons in the context of evaporative cooling and for Bose-
Einstein condensates, proposing simple theories that are mean-field in spirit as they neglect
correlations among the atoms [75–77]. Generally, there are three kinds of processes that can
give rise to atom loss, which are classified according to the number of condensate particles
that are involved. One-body losses are due to the interaction of condensate particles with
thermal background particles that float in the vacuum chamber [78]. Two-body losses
typically characterise experiments with atoms trapped in a metastable excited energy level
or, in general, with molecules [79–82]. Other situations where the two-body loss process
is relevant have also been reported in the literature, for instance with magnetic atoms like
Chromium, or with alkali atoms trapped in the state of largest hyperfine spin—here this
process is typically irrelevant for Rubidium but important for Caesium. In such cases,
collisions between two particles can induce transitions towards internal levels with lower
energy: the internal energy that is gained is converted into kinetic energy of the particles,
that can then escape the trap. This contrasts to atoms in their lowest internal state; in
such cases, even if a lower-energy bound state exists, the combined effects of energy and
momentum conservation typically prevent relaxation to a bound state. Three-body losses
can however always occur [76,77,83], and are the result of recombination processes where
two atoms bind into a molecule and transfer part of their binding energy to a third atom
in the form of kinetic energy, so that both the molecule and the atom can escape the
trap. In recent years, there has been work focused on the engineering of loss processes,
in order to have a higher degree of control, focusing in particular on one-body [84, 85]
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Figure 3: Time-of-flight images taken with different lattice depths, from the very
deep case of 20 recoil energy ER to the case of no lattice 0 ER; the first line
corresponds to an atomic level that is not subject to dissipation, the second instead
corresponds to a metastable energy level that is subject to strong two-body losses;
the transition to a superfluid becomes less clear. From Ref. [91] [Copyright (2019)
by the American Physical Society].

and two-body [86, 87] loss processes. A series of experimental works has also focused on
the possibility of inducing losses in a localised region of space, typically a single site of an
optical lattice [88]. Some aspects of the intriguing physics that can arise from loss processes
will be discussed in details later in the review.

As a paradigmatic example, let us discuss the experiment reported in Ref. [89], where
a bosonic Yb isotope is cooled in a three-dimensional optical lattice. Two-body inelastic
atom losses at a controllable rate are induced via a single-photon association process: two
atoms in the same lattice site are photoassociated into a molecular state and immediately
dissociated. This process releases a high kinetic energy to the dissociated atoms, which
eventually escape the optical lattice. By changing the intensity of the photoassociating
laser, the rate of two-body losses is controlled with high fidelity. This then allows one
to study the effect of two-body losses on the zero-temperature quantum phase transition
between a Mott insulator and a superfluid, first reported in Ref. [90].

Figure 3 is taken from Ref. [91], where the authors present a series of time-of-flight
absorption images obtained by changing the final lattice depth from the Mott insulator to
the superfluid regime for two atomic energy levels characterised by a significantly different
intrinsic two-body loss rate. For the dissipative energy level, the interference pattern that
characterises the superfluid phase in the shallow lattice regime becomes blurred.

References [89,91] opened a new avenue for quantitative studies of the depletion of co-
herence in an atomic gas, as characterised by the formation of off-diagonal long-range order
due to two-body loss events. We mention here Ref. [92] where a theoretical semiclassical
description of the dissipative dynamics is proposed.

In Secs. 5.3.3 and 7.2 we will present a more thorough discussion of the theoretical and
experimental developments associated to the open-quantum-system dynamics induced by
losses.

Atom heating. Heating processes are the second open-quantum-system process that
needs to be characterised, primarily because they drive the system towards featureless
high-temperature states and wash out all interesting quantum effects. There are many
microscopic processes that can give rise to heating effects. These include fluctuations of
the laser field responsible for the trapping of the particles in an optical lattice, which can
induce a noise dynamics of the trapping potential; collisions among the atoms, particularly
those that release energy from excited internal states (the difference with loss processes is
that here, after the collision, the reaction products are still trapped); incoherent scattering
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Figure 4: (a) An ultracold gas of bosonic 174Yb atoms is loaded in a two-
dimensional array of one-dimensional systems. The green arrow represents a laser
propagating through the systems and inducing spontaneous emission in a con-
trolled fashion. (b) Details on the energy levels and laser couplings. The orange
arrow represents a laser close to an atomic resonance that induces spontaneous
emission at a rate Γ ∼ 520s−1. The atom is randomly recoiled and this destroys
the quantum coherence of the gas. From Ref. [100].

of the lattice light. The study of the heating dynamics due to incoherent light scattering
for single atom systems is well understood [93, 94]. A key question of current interest is
the study of how this heating dynamics occurs for many-body quantum states, where the
interplay of few body heating processes and many-body physics can give rise to interesting
effects [95–97]. Related to that question is the study of the effect of making frequent
measurements of the position of the atoms in optical lattices [98, 99]. Similar to the
discussion of losses given above, there have recently been experiments where the heating
dynamics could be studied in a controlled way. This can be done by illuminating the atoms
with laser light that is resonant with an atomic transition, so that spontaneous emission
can take place at a controlled rate.

As an example, we consider the experiments reported in Refs. [100, 101]. A bosonic
Yb isotope is cooled in a stack of two-dimensional optical lattices, and exposed to a laser
tuned close to an atomic resonance which induces spontaneous emission at a controllable
rate. The spontaneous emission of photons induces a random recoil of the atom in the
trap, that is responsible for the loss of coherence (see the sketch in the left panel of Fig. 4).
The experiment shows the standard time-of-flight picture with coherent Bragg peaks that
are washed out in time by the induced spontaneous emission processes. In this controlled
experiment, the appearance of an anomalous decay time is also reported, and will be
discussed in Sec. 7.1.

2.3 Cold atoms in optical cavities

As noted above, one particular case where many-body open quantum behaviour arises is
with ultracold gases trapped in optical cavities. While there can be experiments where one
uses the bare coupling between cold atoms and a cavity light mode [102], these coupling
strengths are not tunable and it is hard to realise strong coupling. Nevertheless, this
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Figure 5: (a) Cartoon showing self organisation of atoms in an optical cavity,
with transverse pumping. (b) Energy levels for Raman pumping scheme. Tran-
sitions between two low-lying atomic states are driven by a two photon process,
involving scattering light between the pump and cavity. (c) Theoretical phase
diagram of self organisation of atoms in an optical cavity, predicted by solving
the Gross-Pitaevskii equation for atoms, coupled to a self-consistent cavity field.
The coupling (horizontal axis) is controlled by the pump strength. The colour
scale indicates the intensity of light in the cavity. From [105].

setting has been used for example to generate squeezing of the collective spin of an atomic
ensemble by coupling to a cavity resonator [103, 104]. One can however use an alternate
scheme, as discussed next, to realise a tunable form of matter-light interaction, which has
led to a growing research field (see e.g. the reviews [59,60]).

The key idea, proposed in Ref. [106], is to realise coupling between atoms and cavity
modes via a two photon process, involving one cavity photon and one pump photon (see
Fig. 5(a)). This idea has several advantages. Firstly, it allows control over the effective
light-matter coupling strength, by tuning the laser pump strength. An additional benefit
is that this scheme overcomes any “No-go theorem” associated with bounds on the strength
of matter-light coupling compared to energy splitting [107]; this is because the coupling
to light is controlled by the dipole matrix element of the virtual transition, rather than
that of the transition between the two low-lying states. As a result it is possible to re-
alise the Hepp–Lieb–Dicke superradiance transition [108,109], where the cavity acquires a
macroscopic photon field above a critical coupling strength. Such a transition was indeed
observed in a realisation where the two low-lying atomic states correspond to different
motional states of the atoms [110] (see Fig. 5(b)).

The Raman pumping scheme in fact permits even greater control over the effective
Hamiltonian, beyond controlling the strength of matter-light coupling. In the rotating
frame of the pump, the effective cavity frequency becomes the energy cost of scattering
a photon from the pump to the cavity, so is tunable. Further, if one uses two separate
pump beams for the two legs of the Raman transition, the effective energy splitting of the
low-lying levels becomes the two-photon detuning [106], allowing control over this via the
beat frequency between the two pump beams.

When combined with cavity geometries that permit control over multiple separate
cavity modes [111], this Raman pumping scheme allows for considerable control. For
example, experiments with two competing cavity modes have been able to realise a model
with a continuous symmetry (associated with relative amplitude of the two cavity modes),
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Figure 6: Cartoon of atomic gas in a multimode cavity. Self organisation into a
density-wave pattern occurs, but because of the freedom allowed by the multimode
cavity, the phase of the density wave can vary across the cavity. To allow full phase
freedom for the density wave, a pump scheme with two colours of light is required
(see Ref. [121] for details. [Image credit B. Marsh, Y. Guo. Based on experiment
in Ref. [115]].

and thus to explore spontaneous symmetry breaking of a continuous symmetry [112,113].
When going from two cavity modes to many, further new features arise. By using a
confocal cavity—a cavity where sets of transverse modes come in degenerate families—
one can build transversely localised wavepackets from the different degenerate modes. By
slightly adjusting the mirror spacing away from the confocal degeneracy point, one can
then realise tunable-range interactions between atoms [114]. Recent work has further
shown how the two ideas of short-range interactions and continuous symmetry breaking
can be combined to realise a compliant optical lattice, that can distort, and thus has
sound modes [115] (see Fig. 6). Several other interesting directions have been explored
with similar experiments. By using positioning of atomic ensembles along the cavity axis
and using a (nearly) concentric cavity, one can engineer programmable interactions between
clumps [116], or one can use this to explore chaotic dynamics [117]. There are also proposals
for how an associative memory and spin-glass physics can be realised with a confocal
cavity [118–120].

In the context of a single mode cavity, when the atomic states involved are different
motional states, the transition to a superradiant state is associated with the formation of
an optical lattice. As such, there can also be a Mott insulator transition that occurs as
the depth of this emergent lattice grows [122]. Very recently, there have also been work
realising such spatial ordering using a degenerate Fermi gas [123].

As noted above, such experiments are intrinsically open quantum systems, due to the
combination of the cavity loss, and the driving via the transverse pump. While many of the
phenomena mentioned above (self organisation transitions in various geometries) can be
understood equally in a closed system, there have also been clear experimental signatures
that can only be understood by including dissipation. These include the observation of
limit cycles [124, 125]. Much of the theoretical work on such systems—particularly those
considering Bose-Einstein condensates in single-mode cavities—has been able to make use
of mean-field treatments. However, there are specific questions—particularly when con-
sidering correlated states of atoms, such as Mott insulating states, where beyond-mean
field approaches become necessary. In this context various approaches have been used,
including matrix product states [126] and multi-configuration time-dependent Hartree
(MCTDH) [127]. Beyond mean-field methods also become necessary when considering
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spatially extended systems in nearly confocal cavities, where fluctuations can significantly
modify phase boundaries [128].

The design of new platforms may lead to the realisation of different forms of couplings
to the bath that, while retaining the Lindblad form, involve more complex (long-range
and/or correlated) jumps and feedback. A dissipative term in the Lindbladian with power-
law-decaying correlations could in principle be realised in cold atoms inside a cavity. The
scheme, proposed theoretically in [129, 130], requires three-level atoms in the presence of
a magnetic field gradient, and a Raman beam. The flexibility in the design of suitable
jump operators means, in the context of quantum state preparation, the possibility to
have access to a wider range of out-of-equilibrium many-body states or phases.

2.4 Rydberg Gases

Another special class of experiments with cold atoms is that involving atoms in highly
excited “Rydberg states”. When atoms are in highly excited states, this can significantly
modify their optical properties as compared to ground state atoms. Most notably it leads
to enhanced dipole-dipole interactions, due to the increased radius of the electronic orbit,
and to enhanced lifetimes, as reviewed in Ref. [131].

Direct transitions from the atomic ground state to a Rydberg state are forbidden by
selection rules, so that transitions are typically driven by a two-photon process, via driving
with two laser frequencies. As discussed further below, one can also consider replacing one
of these with an optical cavity mode. If the intermediate state is far off resonance, the fact
that the process is a two-photon transition becomes unimportant, and one can consider
an effective coherent driving of the ground state to Rydberg state. Because of the large
dipole-dipole interaction between atoms in Rydberg states, the presence of one excited
atom shifts the energy required to excite other atoms to the Rydberg state (see Fig. 7).
When the drive frequencies are resonant with the optical transition, or detuned slightly
below resonance, then the energy shift due to an excited atom moves the transition for
a second atom further away from resonance. This leads to the “Rydberg blockade” [132],
where the presence of one atom prevents others being excited over some range of distances.
For a small atom cloud, this blockade means that only a single Rydberg excitation may
be possible in the cloud: this allows one to gain the collective enhancement in matter-light
coupling that comes from considering large numbers of atoms while still restricting to a
two-level system of zero or one excitations. For larger clouds of atoms, multiple excitations
will be allowed but separated by a blockade radius.

The ability to drive a single Rydberg transition in an ensemble of atoms provides a
potential route to engineer many-body gates between atoms, and there have been proposals
to use this for digital quantum simulation [134] of both closed-system and dissipative
models. In addition to proposals for experiments that involve directly exciting a Rydberg
state, there have been a number of proposals involving atoms in a controllable superposition
of ground and Rydberg states. This induces “dressing” of the atom properties by the
Rydberg state, providing a controllable route to enhance atom-atom interactions [135–137].

Including dissipative processes in Rydberg experiments is straightforward, by consid-
ering the effect of spontaneous radiative decay from the excited atomic states, including
the Rydberg state. This gives a natural source of dissipation that is counterbalanced by
the external laser drive. Depending on the parameter range considered (e.g. for Rydberg
dressed atoms as noted above), one may sometimes adiabatically eliminate excited states
to yield an effective dissipative model within a ‘slow’ subspace. This has allowed for a wide
range of theoretical proposals using dissipative dynamics with Rydberg atoms [138, 139].
In several of these examples the role of the Rydberg blockade is inverted. This can be
done by detuning the driving laser to frequencies above the transition frequency. In such
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Figure 7: (a)Illustration of Rydberg blockade and facilitation for two atoms. The
transition frequency between the state with a single Rydberg excitation, |r, g⟩ and
the state with two excitations, |r, r⟩ depends on the spatial separation between the
atoms. As a result, for red-detuned driving there is a blockade, as the transition
is shifted out of resonance. In contrast for blue-detuned driving there can be
a specific separation at which the transition is resonant, leading to facilitated
dynamics. (b,c,d) Bimodal counting statistics for an ensemble of Rydberg atoms,
from Ref. [133]. Panel (b) shows the experimental setup, with insets illustrating
excitation processes for increasing pump frequency. Panels (c,d) show a measured
phase diagram, found by measuring (c) the mean number of Rydberg excitations
n̄ = ⟨n⟩, and (d) the Mandel Q parameter of the distribution of excitations
Q =

〈
(n− n̄)2

〉
/n̄−1. [Panels (b,c,d) adapted from Ref. [133] - Copyright (2014)

by the American Physical Society]

cases, the presence of one excited atom moves the transition frequency for a subsequent
atom closer to resonance. Both regimes (Rydberg blockade and facilitated dynamics) are
a natural context to study “Kinetically constrained models” [138,140–142], where the rate
at which a process happens depends on the state of adjacent sites.

Experiments on arrays of Rydberg atoms [133, 143–145] have begun to explore these
concepts . In the experiment in Ref. [145], a key role is played by dissipative processes
which take atoms to inactive states. This leads to a dynamics that drives the system toward
the critical point between a low excitation density “absorbing” state and an “active” state.
These phenomena are discussed further in Sec. 6.2.4.

There has also been work that combines the use of Rydberg states with coupling to an
optical cavity as described in the previous section. Here one of the two laser beams is re-
placed by coupling to an optical cavity, to create Rydberg polaritons [146]. By performing
these experiments in a twisted optical cavity [147], this produced polaritons which behave
as if in the presence of an effective magnetic field. Combined with the strong Rydberg
interaction this led to the creation of a Laughlin state of polaritons. Since such experi-
ments involve both (dissipative) cavities and excited states of atoms, there is again a clear
potential to explore many-body physics of dissipative systems.

2.5 Superconducting circuits

Superconducting nano-circuits have played a fundamental role in the field of quantum
technologies since the late 1990s, when the first designs based on charge/flux qubits where
theoretically studied and experimentally realised. For an extensive review of the early
developments in this platform, see Ref. [150]. Superconducting qubits consist of circuits
which contain one or a few Josephson junctions in the quantum regime, with each Josephson
junction (JJ) formed by two superconducting electrodes separated by a thin oxide layer.
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Figure 8: (a) A sketch of a Josephson junction, two superconductors with a
difference in the phases of their order parameters φ = φL − φR separated by a
tiny insulating barrier. The junction (labelled by a cross, X) is embedded (b) in a
circuit with additional elements. In this simple version only the contribution due
to the finite capacitance of the junction is indicated. (c) the Josephson junction
is embedded into a stripline resonator, leading to what is known as circuit-QED
element. Adapted from [148]. (d) the c-QED element can be arranged in an
array with the neighbouring cavities coupled by photon hopping. The gray lines
indicate the arrangement of the transmission line realised in Ref. [28, 149]. The
red circles indicate where transmon qubits would be placed, and the faint pink
lines show the effective Kagome lattice.

In the quantum regime a JJ is described by the Hamiltonian

ĤJJ =
Q̂2

2C
− EJ cos φ̂, (5)

where EJ is the Josephson energy associated to the superconducting flow through the
junction, C is the capacitance of the junction. The first term in the Hamiltonian is the
electrostatic energy while the second is the phase-dependent contribution due to super-
currents. The non-trivial dynamics of this element arises from the commutation relation
between the (canonically conjugate) charge Q̂ and phase difference φ̂[

Q̂

2e
, e±iφ

]
= ±e±iφ . (6)

A sketch of a JJ and the corresponding lumped circuit scheme as a non-linear LC-resonator
is shown in Fig. 8 (panels (a) and (b)). A key feature of the JJ, important for quantum
information processing, is that it is a non-linear, dissipationless element. The anharmonic
spectrum of HJJ allows one to single out two levels that can be used to span the Hilbert
space of the superconducting qubit. Different choices of the coupling parameters (i.e. the
ratio (2e2/C)/EJ) as well different ways to insert it in more complex structures have led to
several different qubit designs (charge, flux, phase, . . . , qubits). Restricting the dynamics
to this computational subspace, the state of the qubit (whatever its origin is) will be
labelled by the eigenstates of the Pauli matrix σ̂z.
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The Josephson element illustrated in Fig. 8 (panels (a) and (b)), placed inside a stripline
resonator, is at the heart of circuit-QED. The concept of circuit-QED is analogous to cavity-
QED, but replacing optical cavities with microwave resonators, and replacing atoms with
superconducting qubits. The microwave resonator, made of superconducting material, is
shown in Fig. 8 (panel (c)) and the effective “giant atom” is realised by placing a super-
conducting nano-circuit inside the stripline resonator. Since the initial proposal in [148],
circuit-QED has been a key enabling technology for the growth of solid-state quantum
information processing. A comprehensive description of the progresses and status of the
art on circuit-QED can be found in the review by A. Blais et al. in [151].

Large arrays of Circuit-QED cavities have been theoretically proposed and experimen-
tally realised as simulators of quantum many-body open systems. An sketch of a design
for an array of cavities, realised in Ref. [28,149] is shown in Fig. 8 (panel (d)). Here single
cavities are arranged in a regular lattice in such a way to allow photons to hop between
neighbouring sites. Note that the wiggly lines in this figure are the cavities, and the “nodes”
are the coupling between different cavities.

A circuit-QED array can be modelled with a Hamiltonian that describes qubit-cavity
coupling in each cavity, along with photon hopping between cavities. For a single cavity
mode with frequency ωc, the corresponding Hamiltonian is Ĥc = ωcâ

†
i âi, where the operator

âi (â†i ) annihilates (creates) a photon in the i-th cavity. The presence of Josephson elements
inside each cavity leads to a strong effective non-linearity between photons. To account
for it, it is enough to model the qubit as a few-level system, coupled to a cavity mode.
The simplest such model is the Jaynes-Cummings model in which one mode of the cavity
interacts with a two-level system:

Ĥ
(0)
i =

ε

2
σ̂zi + ωcâ

†
i âi + g(σ̂+i âi + σ̂−i â

†
i ) , (7)

σ̂±i are the raising/lowering operators for the two-level system and ε denotes the energy
difference between the two levels. In the rotating frame with respect to the uncoupled
Hamiltonian the relevant quantity is the detuning ∆ = ωc − ε. The spectrum of Eq. (7)
is anharmonic so that, effectively, the two-level system induces a repulsion between the
photons in the cavity.

If the cavities are coupled, a kinetic hopping term −tH
∑

⟨i,j⟩(â
†
i âj + H.c.) should be

added to the Hamiltonian, where tH is the hopping amplitude, and the sum over ⟨i, j⟩
denotes neighbouring sites. In the presence of hopping the Hamiltonian of the photons
is still quadratic, but now describes photon modes delocalised over the whole lattice. In
general, the Hamiltonian for an array of cavities is given by

Ĥ =
∑
i

Ĥ
(0)
i − tH

∑
⟨i,j⟩

(â†i âj +H.c.) . (8)

The interplay between the different terms in the Hamiltonian is responsible for a rich
dynamics. A strong effective nonlinearity between the photons turns the cavity into a
turnstile device, where no more than one photon can be present on a given site at the
same time. On the other hand, photon hopping between neighbouring cavities favours
delocalisation and competes with photon blockade.

So far we discussed the Hamiltonian governing the unitary dynamics of the circuit-
QED array. The open system dynamics arises because of losses, either photon leakage out
of each cavity and/or decay of the qubit. Both these two terms are very well accounted
for by a Lindblad term. The explicit form will be described in Sec. 3.1.5, Eq. (27). In
the absence of external driving, the steady state will be the one in which all the cavities
have no photons and the qubits are in the ground state. In order to reach a non-trivial
steady-state, cavities should refilled by means of an external coherent or incoherent drive.
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Additional details of the experimental realisation of coupled cavity arrays will be dis-
cussed in Sec. 5.3.4 and can be found in the review [57].

2.6 Polaritons and photons

In most of the platforms discussed so far, light has been considered as a source of external
pumping or, via photon emission, as a loss process. However—as already mentioned in
Sec. 2.3 on cold atoms in optical cavities—light modes in an optical cavity can also play
a role as part of the quantum system to be controlled and studied. Such an idea is key
to the physics of polariton and photon condensates. This topic is particularly large, with
comprehensive reviews covering a variety of aspects of polariton physics [16, 17, 152], and
books e.g. [18, 19] covering key topics. As such, we will only provide a brief and partial
summary of essential concepts here, to serve as context for places where we later discuss
methods and ideas that were first developed for polariton and photon condensates. For
a thorough review of the status of polariton physics, we refer the reader to one of these
many reviews.

Microcavity polaritons are the hybrid particles that result from strong coupling be-
tween photon modes trapped in an optical microcavity and material excitations, generally
excitons (bound electron-hole pairs). When light-matter coupling is strong, one can no
longer consider excitons and photons separately as eigenstates, and instead one has new
eigenstates, lower and upper polaritons, which are symmetric and anti-symmetric super-
positions of photons and excitons. As a result, these particles have hybrid properties of
both matter and light. This means that in contrast to bare photons they can show non-
linear interactions. Such strongly coupled polaritons have now been realised in a wide
variety of material systems—such realisations have been reviewed for classes of materials
including semiconductor quantum wells [16,153], organic materials [154], two-dimensional
materials [155], and recently hybrid Perovskites [156]. In addition to exciton-polaritons—
on which we focus in this section—there can be polaritons involving a variety of other
material excitations, for an overview, see [157].

As shown in Fig. 9(a), a typical microcavity experiment involves photons confined
between mirrors formed of distributed Bragg reflectors (DBRs)—layers of alternating di-
electric constant [18]. Such DBRs have high reflectivity, thus leading to trapped photon
modes with long lifetimes. Because the relevant photon modes are confined in a microcav-
ity, the photons have an effective quadratic dispersion for small in-plane momentum k⊥.
That is, one can write the photon dispersion as:

ωk⊥ = c
√
k2⊥ + (n2π/L)2 ≃ ωk⊥=0 +

k2⊥
2meff

+O(k4)

where L denotes the effective length of the cavity (see Fig. 9(a)), and n ∈ N determines the
mode index. When the effective cavity length is chosen to make ωk⊥=0 close to resonant
with typical exciton energies (i.e. close to the optical bandgap for semiconductors), then
the resulting effective mass photon meff is small, typically 10−4 times the electron mass.
This small mass is inherited by the polariton (see Fig. 9(b)).

While DBR mirrors can have high quality factors (i.e. low losses), photons will ulti-
mately leak out of the mirrors. As discussed below, this makes the polariton system an
open system. This loss is also important in allowing access to information about the po-
lariton system. One may either image the far field of the emission (i.e. angle distribution,
as suggested in Fig. 9(a)), or use lenses to image the real space distribution of polaritons
in the cavity.
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Figure 9: Microcavity polaritons. (a) Cartoon showing a microcavity structure,
where an active layer is confined between two distributed Bragg reflectors. (b)
Polariton dispersion, arising from strong coupling between photons and excitons.
(c) Illustration of parametric scattering. An external pump resonantly excites
polaritons at a particular wavevector and energy, and then scatters to signal and
idler modes.

Polariton condensation. Because polaritons are a superposition of a photon and a
bosonic excitation, they have (approximately) bosonic properties. In particular, one can
have a state in which a single polariton mode is macroscopically occupied, analogous to
the equilibrium state of Bose-Einstein condensation. Since polaritons are part photon
they are inevitably subject to losses, and so one requires external pumping to compensate
this loss. In most experiments seeking condensation, pumping occurs via a non-resonant
laser pump, to a highly excited state, followed by subsequent relaxation to populate ex-
citons. This means that rather than the thermal equilibrium Bose-Einstein condensate,
polaritons generally adopt a non-equilibrium steady state set by a balance of drive and dis-
sipation [158–160]. Such experiments have indeed allowed the observation of Bose-Einstein
condensation of polaritons [161]. The extent to which the system is out of equilibrium can
vary, with some experiments with very long polariton lifetimes showing behaviour far closer
to equilibrium [162]. In thermal equilibrium, the critical temperature required for Bose-
Einstein condensation depends inversely on the mass, hence the small effective polariton
mass leads to relatively high critical temperatures, which can range from tens of Kelvin to
room temperature depending on the material.

The desire to understand how the properties of a non-equilibrium condensate differ
from those of an equilibrium condensate—particularly questions related to superfluidity
and phase coherence [163]—helped motivate the development several of the theoretical
tools we discuss below. Although the underlying theory is quantum mechanical, much
of the phenomenology of polariton condensates—particularly spatial pattern formation
and dynamics—is classical. That is, these systems can often be understood in terms of
a classical theory of nonlinear waves. This theory takes the form of a driven-dissipative
version of the Gross-Pitaevskii equation. We will discuss in Secs. 4.4.3 and 4.7.1 how such
a theory can arise as the the classical saddle point of a path integral, or equivalently, the
mean-field approximation of a Lindblad master equation. Given our focus on many body
quantum systems, we will not discuss further the varieties of behaviour that can result
from this equation. For an extensive discussion see Ref. [17].

In addition to experiments with non-resonant excitation, there has also been significant
work on optical parametric amplification and oscillation, with resonant drives [164, 165].
In such experiments, a resonant coherent pump directly excites polaritons, which can then
scatter coherently to signal and idler modes (see Fig. 9(c)). While the pump here is
resonant, this scattering process introduces a free phase, so the transition to an optical
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parametric oscillation state can be considered as a symmetry-breaking phase transition.

Quantum polariton and polaritonic lattices. As noted above, much of the physics of
polaritons is essentially a theory of nonlinear classical waves. There are however some limits
in which quantum effects can be seen for polaritons. Experiments on polaritons in highly
confined geometries [166,167] observed weak anti-bunching of polariton emission, resulting
from polariton-polariton interactions. Such experiments involved confining polaritons by
using one planar mirror, and a second mirror on the tip of an optical fibre.

Polaritons can also be confined by creating micropillars [168] by etching the edges
of the structure sketched in Fig. 9(a). These pillars can then also be engineered into
lattices, providing another platform for the coupled cavity arrays discussed in the previous
section. Experiments with such arrays have demonstrated topological non-interacting band
structures, and lasing in topologically protected modes [169–171]. For reviews of this topic,
see Refs. [172,173].

In addition to improving confinement of polaritons, there are various routes that can be
used to increase the intrinsic polariton-polariton interaction strength. Several ideas have
been explored in this direction. We mention three of these here. Dipolar polaritons [174,
175]—These involve three-way hybridisation between photons, direct excitons (electrons
and holes in the same quantum well), and indirect excitons (electrons and holes confined in
two different quantum wells). Spatial separation of electrons and holes leads to a permanent
dipole moment, increasing interactions, but reduces the coupling to light. The three-
way hybridisation allows one to control the trade-off between these two effects. Rydberg
polaritons [176, 177]— These involve hybridisation of photons with Rydberg excitons, i.e.
highly excited excitonic states, analogous to Rydberg states of atoms as discussed above.
Trion polaritons [178]—These involve polaritons in electrically doped materials, so that
the optical transitions involved are transitions from an electron to a trion (two electrons
and a hole).

An alternative route toward stronger quantum effects is to consider cases which involve
few emitters strongly coupled to light. Such a scenario can be realised for various platforms,
including coupling a quantum dot to a cavity in a photonic crystal [179,180]. For a review
of similar semiconductor platforms, see Ref. [181]. More recently, single emitter strong
coupling has been realised with organic molecules coupled to plasmon modes in metal
nanoparticles [182].

Photon condensation and lasing. A class of experiments that are closely related to
those studying polariton condensates is work on photon condensation. The distinction
between the two is whether the coupling between light and matter is strong or weak.
Photon condensation occurs in the regime of weak coupling, where one can regard the
photon modes as the eigenstates. Nonetheless, photon condensation depends on coupling
to matter, albeit through incoherent emission and absorption.

In discussing the case of photon condensation and weak light matter coupling, one
comes very close to describing a far wider class of driven dissipative systems: photon
lasers. In most typical applications of lasers, a quantum description is not really relevant
or necessary. As with polariton condensate, a classical theory of nonlinear waves (with
nonlinearity due to the gain medium) can often be sufficient [183]. However, one always
derive an underlying quantum theory of lasing. One such theory is a model of four-
level emitters coupled to a single cavity mode (see Fig. 10(a)), where coherent driving
occurs on the 0–1 transition, accompanied by incoherent relaxation on the 1–2 and 3–0
transitions, while lasing occurs on the 2–3 transition, due to coupling to a cavity mode.
Such a theory—described by a Lindblad master equation—can then be treated in various
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Figure 10: (a)Four-level lasing model. (b) Cartoon of dye laser/photon conden-
sate experiments, with molecules in an optical cavity. Both the electronic state
(ground/excited) and vibrational state of the molecules are relevant in coupling
to light. (c) Effective lasing scheme using vibrational levels for a dye laser or
photon condensate.

levels of approximation, ranging from fully classical, to semiclassical (including spontaneous
as well as stimulated emission), and fully quantum—see Refs. [35–37, 184] for a detailed
discussion. Quantum treatments can be relevant for understanding photon statistics. One
can further make a connection between such a model and some of the generalised Dicke
models discussed in the context of cold atoms in cavities. These models can show distinct
lasing and superradiant phases [185–187].

For experiments on photon condensation [188], one may understand such experiments
as an atypical regime of a dye laser [189]. In a dye laser, the gain medium consists of organic
molecules, where electronic transitions are dressed by vibrational modes (see Fig. 10(b,c)).
The photon condensate results from operating in a parameter regime where most photons
emitted by the molecules can be reabsorbed, as the process of repeated absorption and
re-emission is what leads to thermalisation. In contrast, a standard dye laser is designed
so that the absorption and emission are spectrally separated, so that laser light emitted
by the photons will not be reabsorbed. When absorption and emission are strong enough
compared to photon loss rates, the distribution of photons in a cavity can approach a quasi-
equilibrium state. In contrast to true thermal equilibrium—in which the chemical potential
for photons is stuck at zero—the photon condensate has a chemical potential set by the
balance between external driving and loss. Combining this non-zero chemical potential
with the effective quadratic dispersion of photons in a cavity leads to the possibility to
realise a form of non-equilibrium Bose-Einstein condensation [188].

3 Theoretical frameworks

In this Section we set out the theoretical frameworks that will underpin these Lecture
Notes. We first introduce the master equation—an equation of motion for the density
matrix, and some of its various reformulations. We then discuss the Schwinger–Keldysh
path integral, an alternative framework, and we show how the two are related. We also
discuss the quantum trajectory approach, based on stochastic equations of motion for a
pure system state, such that ensemble-averaged properties recover those predicted by the
master equation. We conclude with a short summary of a number of other frameworks
which are used, but which are not so relevant to the rest of these Lecture Notes.
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3.1 Lindblad master equation

In an open quantum system, a key requirement is to find a way to model the dynamics of the
system without having to explicitly represent the dynamics of the environment to which the
system is coupled. Indeed, if one includes in the description the state of the environment as
well as the system, one generally has an entangled wavefunction, which implies considerable
difficulties when proceeding to its resolution. Using a Schmidt decomposition [190], this
state can always be written in the form

|Ψ⟩ =
∑
µ

√
pµ |ψS,µ⟩ |ϕE,µ⟩ , (9)

where pµ > 0 is the real-valued and positive probability of a given state, |ψS,µ⟩ are a set of
orthonormal states of the system S, and |ϕE,µ⟩ are orthonormal states of the environment
E (i.e. ⟨ψS,µ|ψS,ν⟩ = δµ,ν and ⟨ϕE,µ|ϕE,ν⟩ = δµ,ν). As noted above, except in very special
cases, this sum contains multiple terms, and thus the state is entangled.

The open-quantum-system paradigm is to assume we are only interested in expectations
of operators on the system. As such, one may see that using the state above, one has:

⟨Ψ|ÔS |Ψ⟩ =
∑
µ

pµ ⟨ψS,µ|ÔS |ψS,µ⟩ = Tr
[
ÔS ρ̂S

]
, ρ̂S ≡

∑
µ

pµ |ψS,µ⟩⟨ψS,µ| . (10)

This demonstrates that the expectation of system operators is determined fully by the
system density matrix ρ̂S as defined above, that is generically mixed: if one can find it,
one can proceed to calculate all such observables. Since we are not interested in other
density matrices, we will suppress the suffix S and write ρ̂ for the system density matrix
in the rest of these Lecture Notes.

The key problem is then to find how ρ̂ evolves in time without needing to first find the
wavefunction of the system and environment. In general this is a challenging task, however
for a Markovian open quantum system, we can describe the ensemble-average state of the
system by the density matrix ρ̂, which evolves under a time-local Liouville–von Neumann
equation. For all the situations we consider in these Lecture Notes, the equation of motion
for the density matrix takes Lindblad form [191]:

dρ̂

dt
= −i[Ĥ, ρ̂] +

∑
µ

(
L̂µρ̂L̂

†
µ − 1

2

{
L̂†
µL̂µ, ρ̂

})
, (11)

where the coherent dynamics generated by the system Hamiltonian Ĥ competes with the
dissipative processes described by a set of jump operators L̂µ. We give a derivation of this
equation in Appendix A. Here we review some of the key properties of the Lindblad evo-
lution and provide few examples of systems of interest, such as lattice models of quantum
spins, bosonic or fermionic particles with different types of jump operators. It is often
convenient to introduce the shorthand:

ˆ̂D[L̂µ, ρ̂] = L̂µρ̂L̂
†
µ − 1

2

{
L̂†
µL̂µ, ρ̂

}
, (12)

to describe the dissipator corresponding to given jump operator L̂µ. In most of the exam-
ples we will discuss, each of the dissipation terms acts on a single site, and so in general
we will label jump operators by site label i as well as a label µ will be used if multiple
operators act per site.

The master equation as written has various notable properties: it preserves the normali-
sation of the density matrix Tr[ρ̂] = 1, because Tr[ ddt ρ̂] = 0. It preserves Hermiticity, i.e. the
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relation Tr[ ddt ρ̂ − ( d
dt ρ̂)

†] = 0 is correct as long as ρ̂ = ρ̂†. The Lindblad master equation
also preserves positivity of the eigenvalues of ρ̂, as well as a stronger constraint—complete
positivity—which means that not only is ρ̂ positive, but also any combined density matrix
of ρ̂ and another system remains positive. The Lindblad form of the master equation is in
fact the most general form of Markovian master equation that can guarantee all three of
these properties.

The master equation as written above is linear in the system density matrix, so can
be formally considered to take the form d

dt ρ̂ = ˆ̂L[ρ̂], where ˆ̂L[·] is the Lindbladian super-
operator (such Lindbladian superoperators are a subset of “Liouvillian” superoperators,
the Liouvillian refers to any superoperator describing the density matrix evolution). This
superoperator describes a linear operation mapping operators into operators and thus can
in principle be represented as a fourth-order tensor, namely an object with four indices.
The master equation is thus amenable to a formal solution introducing the exponential of
the Lindbladian superoperator:

ρ̂(t) = exp
(
ˆ̂Lt
)
[ρ̂(0)]. (13)

3.1.1 Symmetries

Symmetries play an important role in understanding the collective behaviour of many-body
systems, particularly in regard to spontaneous symmetry breaking as discussed in Sec. 6.
In closed systems, one can simply consider the symmetries of the Hamiltonian. That is, a
symmetry corresponds to a unitary transform Ŝ under which the Hamiltonian is invariant,
Ŝ†ĤŜ = Ĥ, or, equivalently, which commutes with the Hamiltonian [Ĥ, Ŝ] = 0, and is
thus conserved under the closed-system dynamics thanks to the Ehrenfest theorem. In the
case of continuous symmetries, one may also identify the generator of the symmetry as
a conserved quantity, in accordance with Noether’s theorem. When conserved quantities
exist, one can divide the Hilbert space into different sectors, corresponding to eigenvalues
of the conserved quantity. For an initial state within a given sector, the dynamics will
always remain within that sector.

For open systems described by a Lindblad master equation, the properties of symmetries
are more subtle [192,193]. One may distinguish two classes of symmetries:

Weak symmetries. In this case, there exists a unitary transform Ŝ such that ˆ̂L[Ŝρ̂Ŝ†] =

Ŝ ˆ̂L[ρ̂]Ŝ†. That is, the total Lindbladian is invariant under such a symmetry.

Strong symmetries. In this case one has that the Hamiltonian and each of the jump op-
erators are individually invariant under the symmetry. Using the notation of Eq. (11)
this means that [Ĥ, Ŝ] = 0 and additionally [L̂µ, Ŝ] = 0.

Obviously all strong symmetries are also weak symmetries, but not vice versa. The
most significant distinction between a weak and strong symmetry comes when considering
the question of conserved quantities, which only truly exist for a strong symmetry. Indeed
one can use the Lindblad equation (11) to write an equation of motion for the expectation
value of any operator Ô, ⟨Ô⟩ = Tr

[
Ôρ̂
]

to obtain

d⟨Ô⟩
dt

= i⟨[Ĥ, Ô]⟩+ 1

2

∑
µ

⟨L̂†
µ [Ô, L̂µ]⟩+

1

2

∑
µ

⟨[L̂†
µ, Ô] L̂µ⟩ , (14)

from which it follows that in order to be associated to a conserved quantity of Lindblad
dynamics an operator needs to commute with both Hamiltonian and each jump operator.
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As a consequence of the above, for problems with a weak (but not strong) symmetry,
one may find a unique steady state, while problems with a strong symmetry will have
multiple steady states, corresponding to different values of the conserved quantity (see
also Refs. [194–199] for a more in-depth discussion on the uniqueness of the steady state
and Refs. [200–202] for master equations with multiple entangled steady states). Despite
this distinction, a weak symmetry does still lead to a block-diagonal structure of the
Lindbladian.

To illustrate the block-diagonal structure for weak symmetries, we may consider a
simple example of a single bosonic mode, with incoherent pumping and dissipation:

Ĥ = ωcâ
†â, L̂− =

√
κ−â, L̂+ =

√
κ+â

†. (15)

Such a model has a weak symmetry under Ŝ = eiθâ
†â. One may see that additionally

Ŝ commutes with the Hamiltonian for this example, but Ŝ does not commute with the
jump operators L̂−,+. In the absence of the dissipative terms, the symmetry would imply
conservation of the number operator, n̂ = â†â. However, the pump and decay processes
change the number, so the number is not conserved by the master equation, as anticipated
for a weak symmetry. There is nevertheless a block-diagonal structure which follows from
the weak symmetry. To appreciate this point it is useful to write the density matrix in
the number basis, n̂ |n⟩ = n |n⟩. Then, one can write ρ(k)n = ⟨n|ρ̂|n+ k⟩, and obtain that
the equation of motion for ρ(k)n only involves other elements of the density matrix with the
same k. The steady state corresponds to the k = 0 sector, and there is a unique solution
within this sector, since particle number is not conserved.

3.1.2 Vectorisation, eigenstates and steady states

As noted above, the Lindblad master equation is a linear differential equation for the system
density matrix. As such its behaviour can be understood in terms of the eigenvalues and
eigenvectors of this linear operator. Such analysis will be of particular importance in Sec. 6
where we study the nature of dissipative phase transitions [203,204], and in Sec. 7 where we
study the approach to the steady state. Here we introduce these eigenvectors and values,
by means of the procedure of “vectorisation” of the density matrix.

Vectorisation amounts to writing operators ρ̂ as vectors |ρ⟩⟩, and superoperators ˆ̂L[·]
as operators L̂. These objects live in a vector space with a scalar product equivalent to a
trace of the product of operators, ⟨⟨a|b⟩⟩ = Tr[â†b̂]. After vectorisation the master equation
takes the form

d

dt
|ρ⟩⟩ = L̂ |ρ⟩⟩ .

It is important to note that the matrix L̂ appearing here is non-Hermitian and can be
constructed directly from the form of the master equation, or can be done at the level
of operators extending the standard second quantisation formalism. For examples, see
[205–212].

In this vectorised form, we can now directly consider the eigenspectrum of L̂. As
it is a non-Hermitian matrix it has distinct right-eigenvectors |rµ⟩⟩ and left-eigenvectors
⟨⟨lµ |, with corresponding complex eigenvalues λµ (for a broad overview on non-Hermitian
matrices, see Ref. [27]). These are defined as:

L̂ |rµ⟩⟩ = λµ |rµ⟩⟩ , (16)
⟨⟨lµ | L̂ = λµ ⟨⟨lµ | , (17)

where ⟨⟨lµ |, |rµ⟩⟩ are generally biorthogonal. The second equation can also be written in
adjoint form as L̂† | lµ⟩⟩ = λ∗µ | lµ⟩⟩. We choose a normalisation such that they are also
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biorthonormal:
⟨⟨lµ|rν⟩⟩ = δµν . (18)

To motivate the interest of this vectorised notation, we show here that within this
framework it is very easy to prove that the Lindblad master equation must have at least
one steady state. As noted earlier, the master equation is trace preserving, which means
in superoperator form Tr

[
ˆ̂L[ρ̂]

]
= 0. In vectorised form this reads ⟨⟨1|L̂ρ⟩⟩ = 0. As

this is valid ∀ρ̂, it follows that ⟨⟨1 | is always a left-eigenvector of L̂ with zero eigenvalue,
⟨⟨1 | L̂ = 0, and we identify it with the µ = 0 left-eigenvector: ⟨⟨1 | ≡ ⟨⟨l0 | and λ0 ≡ 0. As
the eigenvalues λµ are common for left and right-eigenvectors, there must be also at least
one right-eigenvector with zero eigenvalue. We assume here that this right-eigenvector
is unique and identify it with the vectorised form of the steady state density matrix,
ρ̂ss |r0⟩⟩ ≡ |ρss⟩⟩. There are interesting cases in which the Lindbladian has multiple
steady states (see for example Ref. [213]), to all of them should correspond a different left
eigenvector of L̂. It follows from the orthonormality condition that, with the normalisation
fixed by the definition ⟨⟨1 | ≡ ⟨⟨l0 |, ρ̂ss is normalised Tr[ρ̂ss] = ⟨⟨l0|ρss⟩⟩ = 1.

From the orthonormality condition (18) and from the assumption of unique steady
state, it follows that all the right eigenstates different from the steady state |rµ̸=0⟩⟩ are
traceless: ⟨⟨1|rµ̸=0⟩⟩ = δ0,µ ̸=0 = 0. We can now interpret the eigenstates of the Lindbladian
different from the steady state as decay modes of deviations from the stationary state.
Suppose now that at t = 0 the system starts in some state |ρ(0)⟩⟩ that is not the stationary
state. After expanding it onto the basis of right eigenvectors of L̂, using the vectorised
form of Eq. (13) one can deduce that at later times, the system density matrix will be
given by

|ρ(t)⟩⟩ = |ρss⟩⟩+
∑
µ ̸=0

cµe
λµt |rµ⟩⟩ , (19)

with cµ ̸=0 = ⟨⟨lµ|ρ(0)⟩⟩ and c0 = ⟨⟨1|ρss⟩⟩ = 1 by orthonormality (18). We can thus
interpret each Lindbladian eigenmode µ ̸= 0 as a possible dynamical decay mode of some
initial deviation from the steady state, with a decay rate given by −Reλµ. In general, a
given decay mode will involve both diagonal elements of the density matrix in the energy-
eigenstates basis (i.e. populations) as well as off-diagonal elements (i.e. coherences).

A special role is played by the eigenmode with the least-negative real part (excluding
zero), which corresponds to the mode that decays most slowly. Thus, at long times (when
all other modes have decayed) this mode typically controls the asymptotic decay to the
steady state. As such, the real part of this eigenvalue is often referred to as the Asymptotic
Decay Rate (ADR):

λADR = min
µ>0

(−Reλµ) . (20)

It is also known as the Lindbladian gap or Liouvillian gap (as illustrated in Fig. 11). The
behaviour of this eigenvalue will play a key role in the discussion of how dark states are
approached at long times (see Sec. 5.2.2), and to understand the behaviour of symmetry
breaking for dissipative phase transitions (see Sec. 6). We note nevertheless that not only
the eigenvalues but also the expansion coefficients in Eq. (19) can play a role in controlling
the long-time limit of the system, as discussed recently in the context of boundary driven
systems [214].

3.1.3 Multi-time correlations

As discussed above, the Lindblad master equation can be used to find the steady state
of the system, or to find how the system evolves toward its steady state. In addition, we
will also want below to consider multi-time correlations. For example, the fluorescence
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Figure 11: Sketch of the Lindbladian spectrum. We see the eigenvalues have neg-
ative real-part (describing decay modes, guaranteed by the complete positivity of
the Lindblad map) and come in general in pairs of complex conjugate eigenvalues.
The stationary state is characterised by a zero eigenvalue (zero real part and zero
imaginary part) whose existence is also guaranteed by the mathematical structure
of this superoperator [Based on figure from Ref. [215]].

spectrum (i.e. inelastic scattering of light) from a driven system is determined by knowing
the two-time correlations of a system. We focus here on two-time correlations, and so the
task we want to realise is to write:〈

Ôµ(t+ τ)Ôν(t)
〉
≡ TrS+E

[
eiĤτ Ôµe

−iĤτ Ôν ρ̂S+E(t)
]
, (21)

where Ĥ = ĤS + ĤE + ĤS−E as discussed above. The challenge, discussed below, is how
to write ⟨Ôµ(t+ τ)Ôν(t)⟩ without needing to explicitly reintroducing the environment.

Calculating multi-time correlations from a master equation relies on the “quantum re-
gression theorem” [184, 191, 216]. This starts by considering that the Lindblad master
equations means that one knows how to write the time-evolution of a single operator in
the form ⟨Ôµ(t+ τ)⟩ =

∑
λ fµλ(τ) ⟨Ôλ(t)⟩. This condition is always true for the Lind-

blad master equation, as measurement of a sufficient number of operators Ôλ at time t
(nb, Ôµ and Ôλ are generically different operators) allows full tomography of the density
matrix, and hence allows determination of ⟨Ôµ(t+ τ)⟩. That is, by measuring enough
operators one can determine the density matrix, and then evolve that density matrix with
the Lindbladian, and thus find the expectation at time t+τ . We will discuss this further in
Sec. 3.4.2 in terms of the adjoint equation for operators. The quantum regression theorem
then states one can write two-time correlation functions by using the same coefficients
fµλ(τ) to give: 〈

Ôµ(t+ τ)Ôν(t)
〉
=
∑
λ

fµλ(τ)
〈
Ôλ(t)Ôν(t)

〉
. (22)

An equivalent—but often more practical—statement of the same idea is to write:〈
Ôµ(t+ τ)Ôν(t)

〉
= Tr

[
Ôµ exp

(
ˆ̂Lτ
) [
Ôν ρ̂(t)

]]
. (23)

That is, one can calculate two-time correlations by acting with the first operator, continuing
to propagate the resulting object Ôν ρ̂ under the Lindbladian, and then measuring the
second operator. Multi-time correlations follow via the obvious generalisation. Given the
discussion in the previous section, one may anticipate that all such correlation functions
can be expressed in terms of the eigenvalues and vectors of the Lindbladian; we will discuss
this point in detail in Sec. 6.1.3.
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3.1.4 Thermalisation

As discussed in Sec. 1.3, when a system is coupled to a single environment, one should
expect that at long times it will reach equilibrium with that environment. In this section,
we discuss the extent to which the Lindblad master equation—considered throughout this
review—is consistent with this expectation. We note that in this section we focus on
systems that are not driven, and are not coupled to multiple baths; as discussed in Sec. 1.3,
driven systems are not expected to reach thermal equilibrium, whereas systems in contact
with a single thermal bath are expected to.

In line with our previous discussion, we consider two aspects of this question: (1) Does
the Lindblad master equation recover the correct steady state (i.e. the mean-force Gibbs
state as given in Eqs. (1) and (2))? (2) Does the Lindblad master equation produce two-
time correlation functions consistent with the fluctuation dissipation theorem? We discuss
each of these in turn.

Steady state properties. For simple few-body systems—for example a single cavity
mode—it is straightforward to produce a master equation that recovers the expected equi-
librium Gibbs state as its steady state. If one considers the system Hamiltonian Ĥ = ωcâ

†â,
then the corresponding equilibrium Gibbs state should be a diagonal matrix in the photon
number basis |n⟩ with elements ⟨n|ρ̂|n⟩ = e−βnωc/Z. If one considers a master equation
with pumping and dissipation, i.e. with jump operators L̂− =

√
κ−â, and L̂+ =

√
κ+â

†,
the resulting steady state is diagonal with ⟨n|ρ̂|n⟩ = (κ−/κ+)

n/(1− κ−/κ+). Thus, if one
takes κ−/κ+ = e−βωc one recovers the the equilibrium Gibbs state. This ratio is consistent
with what one would find from a standard weak-coupling derivation of the master equa-
tion (see appendix A), which gives κ− = κ(nB(ωc) + 1), κ+ = κnB(ωc) where nB(ωc) is
the Bose–Einstein distribution, nB(ωc) = [eβωc − 1]−1. One may note that this recovered
the Gibbs state for the system Hamiltonian, and not a mean-force Gibbs state: this is
consistent with taking the limit of weak system-environment coupling.

While the simple example above does reproduce the equilibrium Gibbs state, this does
not generally hold for more complex many-body problems. That is, the forms of master
equations we discuss in this review (with local dissipation terms) does not reproduce the
Gibbs state of many body Hamiltonians1. One key point in this is that the equilibrium state
of a many body Hamiltonian will typically involve correlations between elements at different
positions or different lattice sites. The number of such correlations that must be correctly
determined scales with the dimension of the many-body Hilbert space, i.e. is exponential
in the number of lattice sites. The steady state of a model with purely local dissipation
terms will be restricted in the form of correlations that can be realised, and generally not
compatible with giving the correct value for an exponential number of correlations.

In appendix A we discuss the standard Bloch-Redfield approach for deriving the master
equation. For a problem on a lattice, this approach will (in general) produce a number of
terms exponential in the number of lattice sites. This occurs because the system Hamil-
tonian generically has a non-degenerate spectrum with this number of eigenstates (i.e. a
number of eigenstates equivalent to the dimension of the many-body Hilbert space). The
decomposition of the system-bath coupling into eigenoperators of the system Hamiltonian
introduces this large number of terms. Following such a derivation is clearly challenging,
exactly due to this exponential number of terms. This challenge can be avoided by using
an approximate system Hamiltonian in the derivation, neglecting coupling between sites.

1There are some cases where this still works. For example, some of the problems we consider with only
loss terms have a trivial empty state as their steady state. The empty state can be the thermal equilibrium
state at zero temperature, and the assumption that only loss terms exist is consistent with assuming a
bath at zero temperature.
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This will lead to an approximate local dissipation term, with only polynomial numbers of
terms. However, this cannot generally recover the true thermal state of the many body
Hamiltonian.

There has been extensive discussion of the question of “global” vs “local” master equa-
tions [217–222], i.e. comparing the effects of deriving the master equation with the true
global system Hamiltonian and nonlocal dissipation terms, vs. using the local system
Hamiltonian. There has also been significant work on the related question of how one
can construct master equations to reproduce mean-force Gibbs states, even beyond the
weak coupling limit, see for example Refs. [222–224].

Multi-time correlations. Even when the steady state of the system is correctly de-
scribed by a master equation, multi-time correlations generally are not. A key point is
that the quantum regression theorem in Eq. (23) is generally not consistent with the fluc-
tuation dissipation theorem in Eq. (4). That is, if one uses the quantum regression theorem
to calculate the two time correlation functions in (3), their Fourier transforms will not sat-
isfy Eq. (4). This point, as discussed in Refs. [225,226] holds even for the simple case of a
single bosonic mode coupled to a thermal bath discussed above, i.e.

Ĥ = ωcâ
†â, L̂− =

√
κ−â, L̂+ =

√
κ+â

†. (24)

If one uses this model and calculates the two-time correlation functions Sx(τ) and χx(τ)
of the operator x̂ = â+ â† one finds these have the ratio:

Sx(ω)

Im[χx(ω)]
=
κ− + κ+
κ− − κ+

= coth(βωc) ̸= coth(βω), (25)

where we used the forms of κ± quoted above. This expression makes clear exactly why
the fluctuation dissipation theorem cannot hold: the correlation is determined by the rates
κ± which in turn depend on the thermal occupation of the bath at frequency ωc. This
is not sufficient to determine the occupation of the bath at all frequencies ω ̸= ωc, and
so the Markovian Lindblad equation cannot correctly calculate the response of the system
at an arbitrary frequency. For many-body systems, the situation can be more subtle, as
the many-body Hamiltonian may lead to the bath being sampled at many frequencies,
and interactions within the system might also lead to effective thermalisation, see e.g.
Refs. [227,228] for further discussion.

As noted in the introduction, in this review we will focus on Markovian (i.e. weak cou-
pling) models. Moreover, since we focus on driven-dissipative systems and other nonequi-
librium states characterised by finite dissipation rate and coupling to multiple baths, we will
not generically expect to reach thermal equilibrium. As such, the rest of our discussion will
focus on models with local dissipation. For further discussions on open quantum systems
thermalizing to a Gibbs state we refer to the literature (see for example Refs. [229,230].)

3.1.5 Examples of models

Here we provide some examples of Lindblad master equations for the kinds of models
discussed in the rest of these Lecture Notes.

Dicke model. A heavily studied example of a driven-dissipative many-body system is the
Dicke model [231]. Such a model can be used to describe many experiments on cold atoms
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in single-mode optical cavities, as introduced in Sec. 2.3. The Dicke Hamiltonian [108,109]
takes the form:

Ĥ = ωcâ
†â+

∑
i

[
ϵσ̂+i σ̂

−
i + g

(
â+ â†

)
σ̂xi

]
. (26)

Here ωc is the cavity frequency (or sometimes cavity-pump detuning) for a cavity mode
that couples to all emitters, ϵ is the energy of each emitter, and g is the emitter-cavity
coupling strength. Note that this differs from the Jaynes–Cummings model in Eq. (7)
in that this model describes many two-level systems (labelled by i), and the matter-light
coupling is not in the rotating-wave approximation. Other variants of this model have been
studied in some cases. For example, the matter-light coupling can be split into two terms,
g
(
âσ̂+i +H.c.

)
+g′

(
âσ̂−i +H.c.

)
where g, g′ denote coupling strengths for “co-rotating” and

“counter-rotating” terms. The Dicke model corresponds to g′ = g. The Tavis–Cummmings
model (the many-emitter version of the Jaynes–Cummings model) occurs in the rotating-
wave approximation and corresponds to setting g′ = 0, which then leads to a Hamiltonian
with a symmetry Ŝ = exp

[
iπ(â†â+

∑
i σ̂

z
i /2)

]
.

Typical dissipation processes considered in such a model include:

L̂c− =
√
κ−â, L̂i− =

√
γ−σ̂

−
i , L̂i+ =

√
γ+σ̂

+
i , L̂iϕ =

√
γϕσ̂

z
i . (27)

The model with only the cavity loss process, L̂c−, is most-commonly considered to de-
scribe cold atoms in a single-mode cavity [110], however other variants have been studied
elsewhere [232,233].

XYZ and Ising spin models. Another class of models of interest will be lattice models
described by short-range interactions. A class of models that has been extensively studied
in this context is spin models. A fairly generic example of such models is the XYZ model:

Ĥ =
∑
⟨i,j⟩

∑
α

Jασ̂
α
i σ̂

α
j . (28)

Here σ̂αi are Pauli operators, with α ∈ {x, y, z} denoting which operator, and i denoting
which site. The couplings Jα are allowed to be different for each vector component of the
spins. As in the previous section, the label ⟨i, j⟩ on the sum indicates summation over
all neighbouring sites. An extensively studied [234] open-system version of this model is
formed by combining this Hamiltonian with jump operators:

L̂i− =
√
γσ̂−i (29)

describing loss—taking the spin toward the spin down state—acting independently on each
site. In this model one may reasonably consider the case where there is only a single class of
jump operator per site, so the sum over jump operators is the sum over sites. If Jx = Jy,
the model with this Hamiltonian and dissipation will evolve to a trivial state with all
spins pointing down. A non-trivial state will exist as long as Jx ̸= Jy, as then spin-spin
interactions include process that do not conserve total Ŝz =

∑
i σ̂

z
i /2, thus balancing the

losses.
Another particularly widely studied spin model is the Ising model, and the Ising model

in a transverse field. Various different versions of this model have been studied in different
contexts. The Ising model Hamiltonian takes the form:

Ĥ = J
∑
⟨i,j⟩

σ̂zi σ̂
z
j + h

∑
i

σ̂zi . (30)
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A driven-dissipative version of this model can be realised by combining this Hamiltonian
with jump operators [235]:

L̂i− =
√
γ−σ̂

−
i L̂i+ =

√
γ+σ̂

+
i L̂iϕ =

√
γϕσ̂

z
i . (31)

Here, because the Hamiltonian conserves the total Ŝz, one must balance decay with inco-
herent pumping to achieve a steady state. This model also includes pure dephasing terms,
L̂iϕ.

The transverse-field Ising model Hamiltonian includes a field transverse to the spin-spin
coupling. Using the model as written above, this leads to:

Ĥ = J
∑
⟨i,j⟩

σ̂zi σ̂
z
j + h

∑
i

σ̂xi . (32)

As with the XYZ model, since this Hamiltonian does not conserve Ŝz, a non-trivial steady
state can exist even for a master equation with only loss terms L̂i− [236–238]. In such
a model, while the Hamiltonian has a symmetry under π-rotation around the x axis,
Ŝ =

∏
i e

iπσ̂x
i /2, the dissipation breaks this symmetry.

An alternate form of the dissipative transverse-field Ising model can be considered,
where

Ĥ = J
∑
⟨i,j⟩

σ̂xi σ̂
x
j + h

∑
i

σ̂zi , (33)

along with L̂i− as defined above [239]. This model has a weak symmetry under π rotations
about the z axis, Ŝ =

∏
i e

iπσ̂z
i /2.

Dissipative Hubbard models. Another archetypal example of short-range lattice mod-
els is the Fermi–Hubbard model,

Ĥ = −tH
∑
⟨i,j⟩

∑
σ=↑,↓

[
ĉ†i,σ ĉj,σ +H.c.

]
+ U

∑
j

n̂j,↑n̂j,↓. (34)

written in terms of fermionic annihilation operators ĉi,σ describing a fermion on site i with
spin σ ∈↑, ↓, and of n̂i,σ = ĉ†i,σ ĉi,σ, the corresponding number operator. Here tH defines the
amplitude for hopping between neighbouring sites while preserving the spin, and U defines
an interaction between fermions on the same site. Because of the Pauli exclusion principle,
the only way a site can be multiply occupied is with two fermions of opposite spin. When
considered as a model of cold atoms, a relevant source of dissipation is two-body loss
defined by the process:

L̂j− =

√
κ
(2)
− ĉj↑ĉj,↓. (35)

This describes a pair of fermions on the same site colliding and thus escaping the trap—
as discussed in Sec. 2.2 such a process can also be engineered by using a laser to drive
photoassociation. As with the interaction term, Pauli exclusion means this contact process
can only exist between fermions with opposite spins.

The bosonic version of this model has also been extensively investigated [240], since it
can describe both cold-atom experiments [90] and photonic lattices [57], both in equilibrium
and in its driven-dissipative variant. The Hamiltonian of the Bose–Hubbard model reads

Ĥ = −tH
∑
⟨i,j⟩

(
â†i âj +H.c.

)
+
U

2

∑
i

n̂i(n̂i − 1), (36)
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where each lattice site hosts a single bosonic mode with annihilation operator âi. Different
kinds of dissipative processes can be considered, from incoherent pumping L̂i+ =

√
κ+â

†
i ,

heating due to spontaneous emission L̂iϕ =
√
γϕn̂i or m-body losses L̂i−(m) =

√
κ
(m)
− (âi)

m

(including m = 1 as standard loss).

Weakly interacting dilute Bose gas. A model closely related to the Bose–Hubbard
model arises when considering the open system of microcavity polaritons [17]. This is the
weakly interacting dilute Bose gas (WIDBG). This is defined by a Hamiltonian written in
terms of bosonic annihilation operators âk for particles with momentum k:

Ĥ =
∑
k

k2

2m
â†kâk +

U

2V

∑
k,k′,q

â†k−qâ
†
k′+qâk′ âk, (37)

with m being the boson mass, U the (contact) interaction strength, and V the quantisation
volume. This has been used to describe both cold atoms [241] as well as microcavity
polaritons [17]. This can be thought of as the long-wavelength (i.e. continuum) limit of
the Bose–Hubbard model above.

To consider the open system one then adds processes describing gain or loss [163,242].
Such a model is more transparent to write in terms of operators in real space, â(r) =∑

k âke
ik·r/Ld/2, which leads to a Lindblad master equation involving an integral rather

than a sum of dissipation terms:

d

dt
ρ̂ = −i[Ĥ, ρ̂] +

∫
ddr ˆ̂D[

√
κ−â(r), ρ̂] +

ˆ̂D[
√
κ+â

†(r), ρ̂] + ˆ̂D


√
κ
(2)
−
2
â(r)2, ρ̂

 . (38)

Here we have included particle loss at rate κ−, gain at rate κ+, and two-particle loss at
rate κ(2)− . The first two of these processes could equivalently be written in momentum
space, leading to jump operators √

κ−âk,
√
κ+â

†
k. The third process is more complex in

momentum space as it does not lead to a diagonal Lindblad term. This model will be used
to illustrate various theoretical approaches in the following sections.

BCS model of fermion pairing. In the same way that the WIDBG model can be
thought of as the continuum analogue of the Bose–Hubbard lattice model, we next discuss
the continuum analogue of the (Fermi-)Hubbard model. The archetypal example of this is
the Bardeen-Cooper-Schrieffer (BCS) model that describes superconductivity [243]. Here
one considers fermions described by the Hamiltonian

Ĥ =
∑
k,σ

k2

2m
ĉ†k,σ ĉk,σ − u

L

d ∑
k,k′,q

ĉ†k−q,↑ĉ
†
k′+q,↓ĉk′,↓ĉk,↑. (39)

In contrast to the repulsive interaction in the Hubbard model, the standard BCS model
corresponds to considering an attractive contact interaction, denoted here with strength
u. This attractive interaction can lead to fermion pairing, and thus superconductivity for
charged fermions.

The open-system dynamics of such models have been studied considering two-body loss
in various works [244,245]. This is relevant to experiments on ultracold fermionic atoms:
as with the examples described above, two-body losses can occur, where pairs of particles
escape from the trap. In the continuum limit, this process can be described by the master
equation:

d

dt
ρ̂ = −i[Ĥ, ρ̂] +

∫
ddr ˆ̂D

[√
κ
(2)
− ĉ↑(r)ĉ↓(r), ρ̂

]
. (40)
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In practice, for numerical convenience, most investigation of dissipative fermion pairing
models has used lattices, and so are closer to the dissipative Hubbard model above [244].

Bose-Fermi models. A closely related model that has also been studied in a driven
dissipative regime is the Bose-Fermi model:

Ĥ =
∑
k

ωkâ
†
kâk +

∑
i=c,v

ϵik ĉ
†
i,kĉi,k

+
g

Ld/2

∑
k,q

(
ĉ†c,k+qĉv,kâq +H.c.

)
+
∑
k,k′,q

∑
i,i′

Uq

Ld
ĉ†i,k−q,↑ĉ

†
i′,k′+q,↓ĉi′,k′,↓ĉi,k,↑. (41)

As written here, this describes cavity photons âq interconverting with electron-hole pairs.
Here this is written in terms of conduction and valence bands, so creation of an electron-
hole pair involves creation of a conduction electrons ĉ†c,k+q and a valence band hole ĉv,k.
This model also includes Coulomb repulsion between electrons. This model corresponds
to describing microcavity polaritons [246, 247] in terms of their constituent electrons. A
similar model has also been studied in the context of pairing of ultracold atoms, when
focusing on the two-channel Feshbach regime [248–250].

Driven-dissipative version of this model or closely related models [158, 251, 252] have
been studied in the context of nonequilibrium polariton condensation. For such models
one typically considers jump operators:

L̂a−,k =
√
κâk, L̂c+,i,k =

√
γ+,i,k ĉ

†
i,k, L̂c−,i,k =

√
γ−,i,k ĉi,k. (42)

This describes loss of cavity photons, and exchange of electrons with some reservoir. (The
rates of the fermionic process depend on the occupation of the reservoir, hence the assump-
tion of k dependence).

3.2 Schwinger–Keldysh path-integral formalism

An alternate—and complementary—way to study an open quantum system is through the
Schwinger–Keldysh path integral formulation. A thorough introduction to the Schwinger–
Keldysh path integral can be found in the book by Kamenev [54], and a comprehensive
discussion of the application of this to the study of driven-dissipative systems in the reviews
by Sieberer et al. [31, 32] and Thompson and Kamenev [253].

The Schwinger–Keldysh approach is based on a path integral representation of a gen-
erating function for correlations. One may start by considering the time evolution of the
density matrix in the superoperator form d

dt ρ̂ = ˆ̂L[ρ̂], and so writing the formal time
evolution:

ρ̂(t1) = T exp

(∫ t1

t0

dt′ ˆ̂L
)
ρ̂(t0), (43)

where T is a time ordering operator. One may then perform the standard path-integral
derivation, by dividing the time evolution into a sequence of N steps of length δt, inserting
resolutions of identity at each time step, and then taking the limit N → ∞, δt → 0 with
Nδt = t1 − t0 to produce a continuous time path integral.

Because the density matrix is an operator and ˆ̂L is a superoperator, the construction
of the path integral requires inserting two resolutions of identity at each time step (or
equivalently, working in a doubled Hilbert space). For purely Hamiltonian evolution, these
two copies are associated with the two copies of time evolution seen in writing:

ρ̂(t1) = exp
(
−iĤ(t1 − t0)

)
ρ̂(t0) exp

(
iĤ(t1 − t0)

)
, (44)
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thus associating the two copies with forward time evolution (for operators to the left of ρ̂(t0)
and backward time evolution (for operators to the right). This leads to a picture, shown
in Fig. 12, where time evolution proceeds on two branches of a single closed-time-contour
path. This contour is known as the Schwinger–Keldysh closed-time contour.

t0 t1
f

b

Figure 12: Schwinger–Keldysh closed-time-contour, illustrating labelling of two
copies of time evolution labelled as forward (f) and backward (b) contours.

In the continuum limit, this yields a path integral expression:

Z ≡ Tr [ρ̂(t1)]

Tr [ρ̂(t0)]
=

∫
D[Ψf ,Ψb] exp (iS[Ψf ,Ψb]) , (45)

where
∫
D[Ψf ,Ψb] denotes an integral over all time dependent paths of fields

Ψf (t) =

(
ψf (t)
ψ∗
f (t)

)
, Ψb(t) =

(
ψb(t)
ψ∗
b (t)

)
,

on the forward (f) and backward (b) branches respectively. The labels used to indicate
these branches vary between different texts; we use the labels f, b here to make clear the
role of the branches as indicating forward and backward propagation.

The action, S[Ψf ,Ψb] can be determined from the Lindbladian by writing:

S[Ψf ,Ψb] =

∫ t1

t0

dt

(
ψ∗
f i
d

dt
ψf − ψ∗

b i
d

dt
ψb − iL(Ψf ,Ψb)

)
. (46)

Here L(Ψf ,Ψb) is defined by first writing the Lindbladian in normal-ordered form [54,254]
(i.e. creation operators to the left of annihilation operators), and then replacing operators
acting to the left of the density matrix by fields on the forward contour, and operators to
the right by fields on the backward contour.

Because density matrices are normalised to one, one finds that Z = 1, so the value
of Z does not give useful information about the system. However, one can calculate the
expectation of observables from the path integral, by using generating functionals in terms
of classical source fields J . Specifically one may write:

Z[Jf , Jb] =

∫
D[Ψf ,Ψb] exp

(
iS[Ψf ,Ψb] + i

∫
dt(JT

f Ψf − JT
b Ψb)

)
. (47)

As above, we use Ψf,b to represent the vectors (ψf,b, ψ
∗
f,b), and we use a similar notation

for the source terms Jf,b. Formally [54] we can define

Z[Jf , Jb] =
1

Tr [ρ̂(t0)]
Tr

[
exp

{∫ t1

t0

ˆ̂L[Jf , Jb]
}
ρ̂(t0)

]
(48)

where we use a time evolution superoperator ˆ̂L[Jf , Jb] which contains different source terms
in the Hamiltonian Ĥ → Ĥ+JT Ψ̂ on the time evolution to the left and right of the density
matrix (i.e. forward and backward contours). Because Tr [ρ̂(t0)] = 1, the prefactor in the
generating function can be ignored. As such, any correlation function of ψ̂f,b can then
be found by taking derivatives with respect to the source fields Jf,b and then ultimately
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setting Jf,b to zero. While we introduced the quantities above on a finite time interval
[t0, t1], one can easily extend by taking t0,1 → ∓∞, and thus use this approach to find
correlations at any time. In an open system, such results would then be expected to be
independent of the initial state, ρ̂(t0 → −∞).

To give a concrete example of the procedure defined above, we may consider the simple
example of a bosonic mode with pumping and decay,

d

dt
ρ̂ = −i[ωâ†â, ρ̂] + ˆ̂D[

√
κ−â, ρ̂] +

ˆ̂D[
√
κ+â

†, ρ̂]. (49)

Applying the rules above leads to a Schwinger–Keldyshpath integral with the action:

S =

∫
dt

[
ψ∗
f

(
i
d

dt
− ω +

i

2
(κ+ + κ−)

)
ψf − ψ∗

b

(
i
d

dt
− ω − i

2
(κ+ + κ−)

)
ψb

− iκ+ψ
∗
fψb − iκ−ψ

∗
bψf

]
. (50)

This example can be straightforwardly generalised to dissipative many-body models such
as the ones discussed in Sec. 3.1.5. The Keldysh action of a dissipative Bose–Hubbard
model for example reads

S =

∫
dt
∑
ζ=f,b

sζ

[∑
i

ψ∗
iζ i

d

dt
ψiζ −Hζ

]
− i
∑
i

[
LibL

∗
if − 1

2

(
L∗
ifLif + L∗

ibLib

) ]
, (51)

where sf,b = ±1, H is the Bose–Hubbard Hamiltonian in Eq. (36) written for the boson
fields ψiζ , ψ

∗
iζ and Liζ , L

∗
iζ are the jump operators written in terms of the same bosonic

fields. In the specific case of dephasing for example we have Liζ =
√
γϕψ

∗
iζψiζ , so that we

get

S =

∫
dt
∑
ζ=f,b

sζ

[∑
i

ψ∗
iζi

d

dt
ψiζ + tH

∑
⟨i,j⟩

(
ψ∗
iζψjζ + hc

)
− U

2

∑
i

ψ∗
iζψiζ

(
ψ∗
iζψiζ − 1

) ]
+

− iγϕ
∑
i

[
ψ∗
ibψibψ

∗
ifψif − 1

2

(
ψ∗
ifψifψ

∗
ifψif + ψ∗

ibψibψ
∗
ibψib

) ]
. (52)

Both examples above are bosonic problems and so the fields appearing in the path
integral are complex variables. For fermionic problems, one instead finds a path integral
over Grassmann variables (see [54,254] for a discussion of this case). Problems that involves
other operators, such as spins, generally require rewriting in terms of bosonic or fermionic
operators before constructing a Schwinger–Keldysh action.

It is often convenient to rewrite the Schwinger–Keldysh path integral in terms of sym-
metric and anti-symmetric combinations of the forward and backward fields; these are
known as the classical and quantum fields. As we will see, this rotation simplifies the
structure of the quadratic part of the action. Going back to the example of the single
bosonic mode with pumping and decay these fields read

ψcl,q =
1√
2
(ψf ± ψb) . (53)

In terms of these rotated fields the non-interacting action in Eq. (50) becomes:

S =

∫
dt
(
ψ∗
cl ψ∗

q

)( 0 [DA]
−1

[DR]
−1 [D−1]K

)(
ψcl

ψq

)
, (54)
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where the retarded (R), advance (A), and Keldysh (K) components of the inverse Green’s
function are given by:

[DR,A]
−1 = i

d

dt
− ω ± i

2
(κ− − κ+), [D−1]K = i(κ− + κ+). (55)

The combination κ−+κ+ appearing in the inverse Keldysh Green’s function can be thought
as a “noise” strength. The fact that it is the sum of these two rates appearing here describes
the fact that both gain and loss lead to noise. We will see further below that this same
combination appears as a noise in many different approaches.

As a second example, we may consider the driven-dissipative WIDBG model, often
used to describe polariton condensates [163,242] written in Eq. (38). Using the same rules
as noted above, this yields a Keldysh action of the form:

S =

∫ t1

t0

dt

∫
ddr

{(
ψ∗
cl ψ∗

q

)( 0 [D
(0)
A ]−1

[D
(0)
R ]−1 [D(0)−1]K

)(
ψcl

ψq

)

−

[(
U

2
+ i

κ
(2)
−
4

)(
ψ∗2
cl + ψ∗2

q

)
ψclψq + c.c.

]
+ iκ

(2)
− |ψcl|2|ψq|2

}
, (56)

where the bare Green’s functions (i.e. neglecting corrections due to interactions), written
here in real space, take the form:

[D
(0)
R,A]

−1 = i
d

dt
+

∇2

2m
± i(κ− − κ+), [D(0)−1]K = i(κ− + κ+). (57)

This has a similar structure to the first model discussed above, but replacing the single-
mode energy ω with the quadratic dispersion of the WIDBG model.

3.3 Quantum trajectories

The third framework for describing open quantum systems that we will discuss is that of
quantum trajectories. This framework, also known as unravelling, describes the evolution
of a pure quantum state due to a combination of Hamiltonian evolution and measurements
which monitor the system [255–259]. Physically, the measurements can either be performed
by an explicit experimental apparatus or by the environment (in this latter case we speak
of an unread measurement). In quantum mechanics, a measurement is a stochastic process:
the state of the quantum system changes depending on the outcome of the measure and
the probability of each outcome depends on the state just before the measure is performed.
When measurements are repeated multiple times, we speak of distinct quantum trajectories,
each labelled by its own measurement record. As discussed below, the density matrix that
we discussed so far is recovered by averaging over these trajectories. It is interesting
to observe that different measurements can produce the same Lindblad master equation
and thus the same density matrix ρ(t), even if microscopically, at the level of each single
quantum trajectory, the physical properties are extremely different. Indeed, there has been
significant recent interest in the observation that different unravellings lead to different
amounts of entanglement in the unravelled wavefunction [260–263]—this observation is
closely related to the discussion of entanglement transitions which we will discuss in Sec. 8.

The unravelling method can also be seen as a theoretical technique for more efficiently
studying a given Lindblad master equations: especially in many-body systems, the study
of the density matrix can be numerically costly, as the size of the problem scales as the
square of the total Hilbert space dimension. The cost of simulating pure states can present
some advantages as it scales only as the Hilbert space dimension, even if the price to
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pay is that the evolution becomes stochastic and needs thus some form of repetition and
averaging (which can often be parallelised) to decrease the statistical uncertainty. The
previous statement implies that in these theoretical studies different forms of unravelling
can be chosen, all leading to the study of the same density matrix.

We discuss here two frequently encountered ways of unravelling a Lindblad master
equation. In both cases, we will produce a form which has both a stochastic noise term,
and a non-unitary deterministic evolution (for example, the non-Hermitian Hamiltonian
appearing in the quantum jump formalism). We emphasise that there can also be cases—
where jump operators are Hermitian—where the unravelling leads to a unitary (but noisy)
evolution [264–267], i.e. where no non-Hermitian Hamiltonian is required.

Quantum jump trajectories. “Quantum Jump” trajectories describe the case where
the noise acts occasionally but abruptly on the quantum state to measure an operator L̂µ

and is described by the following stochastic Schrödinger equation [256–259,268,269]

d |ψ(Nt, t)⟩ =

[
−iĤ − 1

2

∑
µ

(
L̂†
µL̂µ −

〈
L̂†
µL̂µ

〉
t

)]
dt |ψ(Nt, t)⟩

+
∑
µ

 L̂µ√〈
L̂†
µL̂µ

〉
t

− 1

 dN µ
t |ψ(Nt, t)⟩ , (58)

where ⟨◦⟩t ≡ ⟨ψ(Nt, t)|◦|ψ(Nt, t)⟩, and Nt = {N µ
t } are a set of statistically independent

Poisson processes dN µ
t ∈ {0, 1} with average value dN µ

t = dt
〈
L†
µLµ

〉
t
. This is written

assuming dt is sufficiently small that dN µ
t ≪ 1. As such, for most timesteps dN µ

t = 0
and so the evolution follows the form in the first line. However, occasionally dN µ

t = 1
for some µ, in which case the second line is non-zero, and will dominate. In those cases
the state will change discontinuously, such that the state at the next time t+ dt becomes

L̂µ |ψ(Nt, t)⟩ /
√〈

L̂†
µL̂µ

〉
t
. The density matrix can be recovered by writing:

ρ̂(t) =
∑

{dNt′≤t}

P (Nt) |ψ(Nt, t)⟩ ⟨ψ(Nt, t)| , (59)

summing over all measurement outcomes at previous times, with P (Nt) describing the
probability of a given measurement record.

This relatively complicated equation can be made more intuitively understandable by
discussing explicitly how it is solved in practice, for example using a first-order Monte
Carlo wave-function scheme [269]. Let us consider the initial pure state of the dynamics

|ψ(t)⟩. First, we need to compute the wavefunction |ψ(t+ dt)⟩ = e
−i

(
Ĥ− i

2

∑
µ L̂†

µL̂µ

)
dt |ψ(t)⟩

obtained by applying the deterministic part of the evolution. The next step consists in
the stochastic evolution. With probability pµ = dt ⟨ψ(t+ dt)| L̂†

µL̂µ |ψ(t+ dt)⟩ the quan-
tum state is abruptly modified to L̂µ |ψ(t+ dt)⟩ and then normalised. Otherwise, with
probability 1 −

∑
µ pµ, the state is unchanged and normalised. At this point, the process

is then restarted applying the same procedure as before. Alternative sampling techniques
are also possible, for example computing the average time till the next quantum jump and
thus sampling the waiting-time distribution [269, 270]. The stochastic nature of the pro-
cess creates a number of quantum trajectories, whose incoherent average gives the density
matrix.
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This form of stochastic unravelling often occurs for jump operators L̂µ =
√
κâ corre-

sponding to photon counting measurements: the measurement record consists of a set of
times at which a photon was detected (i.e. times at which N µ

t = 1).

Quantum state diffusion. A different unravelling occurs when measurements act con-
tinuously but weakly. This can occur for example when light from the sample is interfered
with a strong reference beam in a balanced homodyne detection scheme. In this case pho-
ton counting will occur every time step, but most of those photons come from the reference,
not the system, and thus do not represent a measure the system state. One can consider
this case directly by using the same equation as above but replacing L̂µ → L̂µ + β and
Ĥ → Ĥ+(i/2)

∑
µ(βL̂

†
µ−β∗L̂µ), with β denoting the strength of the reference beam. This

substitution leaves the master equation unchanged, but clearly changes the probability of
measurement at each time step.

In the limit of an infinitely strong reference beam, the system is described by the
quantum state diffusion (QSD) equation [255]:

d |ψ(ξt, t)⟩ =

[
−iĤ − 1

2

∑
µ

(
L̂†
µL̂µ +

〈
L̂†
µ

〉
ξt,t

〈
L̂µ

〉
ξt,t

− 2
〈
L̂†
µ

〉
ξt,t

L̂µ

)]
dt |ψ(ξt, t)⟩+

+
∑
µ

(
L̂µ −

〈
L̂µ

〉
ξt,t

)
dξµt |ψ(ξt, t)⟩ , (60)

where ⟨◦⟩ξt,t = ⟨ψ(ξt, t)|◦|ψ(ξt, t)⟩ is the average over the quantum state. The first term
in Eq. (60) represents the unitary evolution, while the remaining encodes the noise effects.
The dξµt are Îto increments of a Wiener process ξt = (ξ1t , ξ

2
t , . . . ), responsible for the

stochastic nature of the trajectories, with zero mean dξµt = 0 and fulfilling the exact
property dξµt dξ

ν
t = dtδµν . The second term in Eq. (60) describes a deterministic back-

action from the measuring environment. We note the presence of a feedback mechanism,
as the noise couples to the fluctuations of the measured operator δL̂µ = L̂µ − ⟨L̂µ⟩ξt,t.
Mathematically, the role of this feedback is to preserve the norm of the state (and any of
its cumulants) for any realisation of the noise.

As discussed before for the quantum jump unravelling, it is also the case that for the
quantum state diffusion protocol one can reconstruct the density matrix ρ̂(t) by averaging
over the noise

ρ̂(t) =

∫
DξtP (ξt) |ψ(ξt, t)⟩⟨ψ(ξt, t)| , (61)

with P (ξt) the probability distribution of the noise at all times up to t.

Relating stochastic evolution to the Lindblad equation. Monitored dynamics,
as for example that governed by the stochastic Schrödinger equation in Eq. (58) or the
quantum state diffusion in Eq. (60), are inherently non-linear: the evolution of the state
depends on the average value of the jump operators ⟨Lµ⟩, ⟨L†

µ⟩. Indeed, by following the
dynamics along a given trajectory, information is acquired that conditions the subsequent
evolution. By averaging over the trajectories, however, one should get ρ̂(t) which evolves
according to the (linear) Lindblad equation. Let us now see how the Lindblad equation
follows from the stochastic evolution; for simplicity, we will consider this derivation in the
case of the quantum state diffusion (an analogous procedure applies similarly for the case
of quantum jumps).
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The starting point is the evolution of the density matrix along a given trajectory,
ρ̂(ξt, t) = |ψ(ξt, t)⟩⟨ψ(ξt, t)|, defining the so-called conditional state. The state at time
t+ dt is given by

ρ̂(ξt, t+ dt) =

[
|ψ(ξt, t)⟩+ d |ψ(ξt, t)⟩

][
⟨ψ(ξt, t)|+ d ⟨ψ(ξt, t)|

]
. (62)

By substituting the expression for d |ψ(ξt, t)⟩ given in Eq. (60) and averaging over the
stochastic variable ξt one obtains the density matrix

ρ̂(t) = |ψ(ξt, t)⟩⟨ψ(ξt, t)| (63)

where the average over noise is written explicitly in Eq. (61). Some care should be taken
in handling the expression in Eq. (62) because the term d |ψ(ξt, t)⟩ d ⟨ψ(ξt, t)| cannot be
simply dropped, as it contains contributions of order dt. This can be seen by a close
inspection of the right hand side of Eq. (60). When considering d |ψ(ξt, t)⟩ d ⟨ψ(ξt, t)|, the
parts of d |ψ(ξt, t)⟩ proportional to dt can be dropped, but the last term, proportional to
dξt should be retained since (dξt)

2 = dt. Direct substitution of Eq. (60) in Eq. (62) and
averaging over the noise leads to the Lindblad equation. Although quantum trajectories
have been traditionally introduced as a computational method to solve the Lindblad master
equation by averaging over different noise realisations, more recently interest has shifted
towards the understanding of the many-body physics encoded in the conditional state, as
we will discuss in more detail in Sec. 8.

3.4 Additional theoretical frameworks

The three frameworks described above are those on which we will focus in these Lecture
Notes. However, there are a number of other frameworks that are sometimes used in
describing many-body open quantum systems; here we provide a brief summary of some
of them.

3.4.1 Phase space approaches

Phase space methods refer to representations of the density matrix in terms of distributions
over continuous variables [271]. These have primarily been used to represent bosonic
systems, but extensions to spin problems also exist [272,273]. These techniques, originally
developed for the study of single-atom and/or single-photon properties in the context of
quantum optics, are currently being generalized and applied to the many-body context.

The earliest-studied phase space approach is the Wigner function, W (z), defined in the
context of a single bosonic mode â(†) by:

W (z) =
1

π2

∫
d2we−wz∗+w∗zTr

[
ρ̂ewâ†−w∗â

]
, z ∈ C; (64)

where d2w indicates integration over the complex plane of w. Using such a representa-
tion, the Lindblad master equation translates into a partial differential equation for the
Wigner function. The Wigner function can be interpreted as a quasi-probability density,
since for general quantum states, W can be negative. A frequently used approximation is
the truncated Wigner approximation [274], which consists of neglecting third and higher-
order derivatives in the partial differential equation. This then yields an equation that
can be mapped to the Fokker-Planck equation for probability densities, and simulated by
trajectories that sample z(t).
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Other phase space distributions correspond to different mappings from the density
matrix to continuous functions. Among these, it is worth mentioning the positive-P dis-
tribution [275] (for a discussion on regimes of applicability see Ref. [276]). This works by
creating a distribution over two continuous variables P (z1, z2), which can be guaranteed
to remain positive. Such methods were originally applied to closed system dynamics, for
which they tended to undergo numerical instabilities. For open system dynamics, dissipa-
tion damps these instabilities, and so the positive-P distribution has recently been applied
to the study of driven-dissipative Bose–Hubbard lattices [277].

3.4.2 Heisenberg–Langevin and adjoint equations

The Lindblad master equation, as well as quantum trajectory formalisms, are based on
the time evolution of the state of the system. This is the open-system analogue of the
Schrödinger picture for closed quantum systems, where states evolve and operators corre-
sponding to observables are fixed in time. The opposite picture is the Heisenberg picture,
where states are constant and operators evolve. This can be extended to open quantum
systems in various ways.

The most straightforward way is the use of the adjoint equation for time-evolving an
operator [271, 278]. The concept is based on the notion of the adjoint operator L̄, that
satisfies the following identity for the expectation value of a generic observable O:

⟨O(t)⟩ = Tr
[
Ô ρ̂(t)

]
= Tr

[
Ô exp

(
ˆ̂Lt
)
[ρ(0)]

]
≡ Tr

[
exp
(
L̄t
)
[Ô] ρ̂(0)

]
. (65)

Note that in the final expression, the superoperator exp
(
L̄t
)

acts on Ô and not on ρ̂(0).
For a generic Lindblad master equation in the form of Eq. (11), the action of the adjoint
on an operator Ô takes the form:

L̄[Ô] = i[Ĥ, Ô] +
∑
µ

(
L̂†
µÔL̂µ − 1

2
{L̂†

µL̂µ, ρ}
)
. (66)

This is closely related to the quantum regression theorem [184, 191, 216], as introduced in
Sec. 3.1.3 above. In terms of the adjoint representation, Eq. (23) can be rewritten as:〈

Ôµ(t+ τ) Ôν(t)
〉
= Tr

[
exp
(
L̄τ
)
[Ôµ] Ôν ρ̂(t)

]
. (67)

It is tempting, but wrong, to regard this as giving the time evolution of the operator
Ô(t): solving d

dt â = L̄[â] for the damped harmonic oscillator with Hamiltonian Ĥ =

ℏω(â†â+ 1/2) and quantum jump L̂ =
√
κâ gives â(t) = e−iωt−κt/2â(0). The exponential

decay e−κt/2 turns â(t) into an operator that does not satisfy the canonical commutation
relations [â(t), â(t)†] ̸= 1. As we just saw, it is perfectly legitimate to use the adjoint
equation to determine the time evolution of the expectation value of an operator, d

dt ⟨Ô⟩ =
⟨L̄[Ô]⟩. Using this, one can calculate both

〈
â†(t)â(t)

〉
and

〈
â(t)â†(t)

〉
via the adjoint

equation and thus get the correct commutator.
In general, in order to solve this issue, one can consider the Heisenberg–Langevin

equation (see e.g. Refs. [184, 271]), where the presence of dissipation introduces in the
equation noise terms in addition to those describing directly the dissipation effects. As an
example, for a simple model with a pumped and decaying bosonic mode â, with dissipation
terms

L̂− =
√
κ−â, L̂+ =

√
κ+â

†, (68)

the Heisenberg–Langevin equations for the bosonic operators take the form:

dâ

dt
= i[Ĥ, â(t)]− (κ− − κ+)

2
â(t) + F̂a(t). (69)
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F̂a(t) is a quantum noise, that is, a stochastic operator which averages to zero, F̂a(t) = 0
and has Gaussian correlations defined by:

[F̂a(t), F̂
†
a (t′)] = (κ− − κ+)δ(t− t′) {F̂ †

a , (t′)F̂a(t)} = (κ− + κ+)δ(t− t′). (70)

The role of the non-commuting noise here is crucial in preserving equal-time commutation
relations. Without the noise, the bosonic operator would acquire an exponential decay
exp(−(κ− − κ+)t/2), which is inconsistent with [â(t), â(t)†] = 1 remaining true at all times.
The commutation relation of the noise term however provides a source that compensates
this loss, see [184,191] for details.

The form of Eq. (69) can be derived by considering an explicit model for the envi-
ronment, writing coupled Heisenberg equations for the system and the environment, and
then formally solving the equations for the environment and substituting into the sys-
tem Heisenberg equation. In such an approach, the noise term arises from the initial
value of environment operators. One may note a close relation between the structure of
the Heisenberg–Langevin equation and the Schwinger–Keldysh Green’s functions for this
problem as given in Eq. (55).

3.4.3 Third quantisation

Third quantisation [205,279] refers to constructing superoperators that describe the action
of applying raising and lowering operators to a density matrix. This provides a specific
formalisation of the vectorised form of the Lindblad master equation. Specifically it pro-
vides a set of superoperators (which become operators in the vectorised form) from which
the Lindblad superoperator can be constructed. As discussed further below, for certain
problems it also provides a route to constructing the eigenstates of the Lindblad superop-
erator.

Third quantisation was first discussed for fermionic problems, by introducing Majorana
fermionic operators [205]. It was later extended to bosonic systems [279], for which a
simpler representation exists:

ˆ̂af |ρ⟩⟩ = | âρ̂⟩⟩ , ˆ̂ab |ρ⟩⟩ = | ρ̂â⟩⟩ ,

ˆ̂a†f |ρ⟩⟩ =
∣∣∣ â†ρ̂〉〉 , ˆ̂a†b |ρ⟩⟩ =

∣∣∣ ρ̂â†〉〉 , (71)

where f, b refer to forward (i.e. left-multiplication) and backward (right-multiplication)
superoperators. Using such operators (and paying careful attention to which operators
are closest to the density matrix in a given expression), one can rewrite the Lindbladian
in terms of these third-quantised operators. This is particularly useful in the context of
quadratic problems, as discussed further in Sec. 4.1.

An alternate form of third quantisation was introduced in Ref. [280], using quantum
and classical superoperators, by direct analogy to the Keldysh action discussed above. For
a bosonic problem these take the form:

ˆ̂acl |ρ⟩⟩ =
1√
2
|{â, ρ̂}⟩⟩ , ˆ̂aq |ρ⟩⟩ =

1√
2
| [â, ρ̂]⟩⟩ ,

ˆ̂a†cl |ρ⟩⟩ =
1√
2

∣∣∣{â†, ρ̂}〉〉 , ˆ̂a†q |ρ⟩⟩ =
1√
2

∣∣∣ [â†, ρ̂]〉〉 . (72)

Using such superoperators, one can rewrite the Lindbladian into a form that is directly
analogous to the Keldysh action (with fields replaced by third-quantised operators). One
can also use these operators to make connections to phase space methods, by using the
eigenvectors of these third-quantised operators to form an orthogonal basis for the space
of density matrices [280].
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3.4.4 Effective non-Hermitian Hamiltonian

One early approach to the study of open quantum systems involved the study of non-
Hermitian Hamiltonians, attempting to incorporate decay by adding imaginary terms to
the Hamiltonian (see the extensive review in Ref. [27] for examples). This approach differs
from that introduced above, based on the Lindblad master equation. Here we comment
on how the two approaches can be related in some limiting cases. It is important to stress
that studies based solely on non-Hermitian Hamiltonians cannot reproduce the full physics
described by Lindblad master equations, and can generically be employed only to gain some
qualitative information on the dynamics of the setup. We also note that the simulation
of a non-Hermitian Hamiltonian may be computationally cheaper than that of the master
equation.

To connect our Lindblad master equation, given in Eq. (11), to a non-Hermitian Hamil-
tonian, we start by performing the following splitting of the Lindbladian superoperator:

ˆ̂L[ρ̂] = ˆ̂LnH[ρ̂] +
ˆ̂Lqj[ρ̂], (73)

with

ˆ̂LnH[ρ̂] =− i

(
Ĥ − i

2

∑
µ

L̂†
µL̂µ

)
ρ̂+ iρ̂

(
Ĥ +

i

2

∑
µ

L̂†
µL̂µ

)
= −i

(
ĤnHρ̂− ρ̂Ĥ†

nH

)
,

(74a)
ˆ̂Lqj[ρ̂] =

∑
µ

L̂µρ̂L̂
†
µ. (74b)

This splitting shows in a rather direct way that the Lindblad master equation can be
interpreted as a dynamics with the effective non-Hermitian Hamiltonian ĤnH, described
by ˆ̂LnH[ρ̂], and by a quantum jump term ˆ̂Lqj[ρ̂]. If one considers an initial pure state
ρ̂ = |ψ⟩⟨ψ| evolving under ˆ̂LnH, one sees that this evolution is equivalent to evolving |ψ⟩
under the Hamiltonian ĤnH: this dynamics preserves its purity and thus we can deduce
that ˆ̂Lqj [ρ̂] is generically responsible for turning pure states into mixed states. At the same
time, we may also note that the non-Hermitian dynamics will generically reduce the norm
of a state; that is, time evolution of |ψ⟩ under ĤnH does not preserve ⟨ψ|ψ⟩, and thus does
not preserve the trace of |ψ⟩⟨ψ|. The jump term ˆ̂Lqj[ρ̂] compensates for this, and enforces
the trace preservation that is a generic property of the Lindblad master equation.

This discussion highlights that neglecting ˆ̂Lqj[ρ̂] compromises the possibility of describ-
ing the full time-evolution of the system. However, specific fine-tuned situations exist where
some properties of the Lindblad master equation can be found using the non-Hermitian
dynamics of ĤnH alone. Let us consider, for instance, an atom in an excited state |e⟩
that can undergo a spontaneous emission process to the ground state |g⟩, described by
the jump operator L̂ =

√
γ |g⟩⟨e|. If we are interested in the probability of detecting such

atom in the excited state, described by the observable |e⟩⟨e|, we can invoke the adjoint
equation for the dynamics introduced in Eq. (66) and perform the analogous splitting
L̄[|e⟩⟨e|] = L̄nH[|e⟩⟨e|] + L̄qj[|e⟩⟨e|]. With a few steps of algebra it is possible to show that:

L̄qj[|e⟩⟨e|] = 0; (75)

by expanding formally the exponential eL̄t in its series, we can conclude that the Heisen-
berg dynamics of |e⟩⟨e| is entirely ruled by the effective non-Hermitian Hamiltonian ĤnH.
Although this is a simple one-atom problem, similar situations exist also in the many-body
context when discussing the effects of atom loss, which we discuss further below. As we will
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also discuss in Sec. 5, ĤnH can additionally be used as a route to identifying the existence
of “dark states” of open system dynamics.

The non-Hermitian dynamics we highlighted above is often referred to as “no-click
dynamics”. If one considers the quantum trajectory interpretation of the master equation,
the non-Hermitian dynamics described by ˆ̂LnH[ρ̂] is what one obtains if one performs a
postselection on all the possible dynamics to select only those histories where no quantum
jump has ever occurred—i.e. where the detector shows no “clicks”. While these no-click
configurations are in general exponentially rare, there can be situations in which they
become relevant for the typical trajectory, as in the case of continuously monitored systems
discussed in Sec. 8, in opposition to the averaged Lindblad dynamics.

4 Overview of Theoretical Methods

In this Section we give an overview of (analytical and numerical) methods used to study
many-body open quantum systems. These include matrix-product states and tensor net-
works [281], the Corner-Space Renormalisation Method [282], Gutzwiller mean-field the-
ories and their cluster extensions [283], Dynamical Mean-Field Theories [284], variational
and neural network approaches [285–287] and Schwinger–Keldysh field theories [31,32]. In
addition, for small system sizes, there are software packages as QuTip [288, 289] that can
be used to simulate the properties of open system. We emphasise that there are several
reviews already existing on this topic, therefore we will limit ourselves to discuss some key
aspects that are particularly relevant in the context of these Lecture Notes.

4.1 Exact solutions

We start by discussing classes of problems which can be solved exactly. In addition to
being useful reference points against which to compare approximate methods, they can
also form the starting point for perturbative expansions [290, 291]. In this regard it is
worth noting that different notions of “exact solution” can exist. For some problems it is
possible to find closed-form expressions for not only the steady state, but for all eigenvalues
and right-eigenvectors of the Lindbladian superoperator in Eq. (16). For other problems
it may be only possible to present exact solutions for the steady state.

Quadratic (non-interacting) problems. Quadratic problems—i.e. those in which the
Hamiltonian is quadratic in bosonic or fermionic operators and the jump operators are
linear—can be solved exactly. In general such problems take the form:

Ĥ =
∑
i,j

[
hij â

†
i âj +

1

2

(
kij â

†
i â

†
j +H.c.

)]
, L̂µ = pµiâi + qµiâ

†
i , (76)

with h, k, p, q as general matrices.
The fact that such problems can be exactly solved can be seen in various ways: in the

context of the Schwinger–Keldysh path integral approach, such problems yield a quadratic
action and thus involve Gaussian integrals. This means it is possible to exactly calculate
any correlation functions from the Schwinger–Keldysh path integral by means of Wick’s
theorem. For bosonic problems, one can also use the Heisenberg–Langevin approach dis-
cussed above. This gives a linear equation that can be solved, and thus used to calculate
any desired operator expectation value at later times.

One can also note that if the Lindbladian is quadratic, one can expect steady states
to be of Gaussian form, and so one can use the well-known tools of Gaussian quantum
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information [292–295]. For a Gaussian state, one can express all correlation functions in
terms of the covariance matrix. For our general problem, including anomalous terms, this
reduces the problem to finding

〈
â†i âj

〉
,
〈
â†i â

†
j

〉
. All other correlation functions can be

written in terms of these. For such Gaussian states, one may also note that phase space
methods take a particularly simple form: the phase space distribution is also a Gaussian,
with parameters determined by the covariance matrix. Furthermore one can use this exact
solvability to classify the phases of quadratic open quantum systems [296].

Such quadratic problems can also be solved by third quantisation [205,279,280]. Using
such an approach one can write explicit expressions for the left and right eigenvectors.
These take the form of a ladder of states defined by the action of a set of third-quantised
operators acting on the steady state |ρss⟩⟩ for right eigenvectors, and a similar ladder
of states starting from trace ⟨⟨1 |. For the simplest case of a single bosonic mode with
pumping and decay (i.e. Ĥ = ωcâ

†â, L̂− =
√
κ−â, L̂+ =

√
κ+â

†), and using the classical-
quantum third-quantised operators given in Eq. (72), the eigenvectors and eigenvalues of
the Lindbladian take the form [280]:

|rµ,ν⟩⟩ =
1√
µ!ν!

(
ˆ̂a†q

)µ (
ˆ̂aq
)ν |ρss⟩⟩ ,

⟨⟨lµ,ν | =
1√
µ!ν!

⟨⟨1 |
(
ˆ̂acl + ηˆ̂aq

)µ (ˆ̂a†cl − ηˆ̂a†q

)ν
,

λµ,ν = ωc(µ− ν)− i
κ− − κ+

2
(µ+ ν), (77)

where η = (κ−+κ+)/(κ−−κ+) gives a dimensionless noise strength2. For a general prob-
lem, the ladder operators that appear in defining the eigenstates are linear combinations
of the original operators defining the problem. The linear combination involved can be
found from the eigenvectors of an effective non-Hermitian Hamiltonian [280].

All the methods discussed above can be directly related by use of the classical and
quantum third-quantised approach, as described in Ref. [280]. The connection between
Keldysh action and the third quantised form of the Lindbladian was already mentioned
above. The connection to phase space methods can be made by considering the eigenstates
of the third-quantised operators (as a generalised form of coherent state), which shows:

ˆ̂acl |zcl⟩⟩ = z |wcl⟩⟩ , ˆ̂a†cl |zcl⟩⟩ = z∗ |zcl⟩⟩ , W (z) = ⟨⟨zcl|ρ⟩⟩ . (78)

Such an approach also makes clear the origin of a feature of the non-interacting system
dynamics: the eigenvalues of the Lindbladian depend only on κ−−κ+, and not on the noise
strength η = (κ− + κ+)/(κ− − κ+). This independence is clear in the Schwinger–Keldysh
formalism (see Eq. (55)). In the third quantised form, it can be seen that a non-unitary
similarity transform on the vectorised problem:

ˆ̂L → ˆ̂V−1 ˆ̂L ˆ̂V, ˆ̂V = exp
(
−ηˆ̂a†q ˆ̂aq

)
, (79)

which maps the problem to an equivalent one with η = 0. This structure makes clear why
the Lindbladian eigenvalues do not depend on η, but why η does appear in the form of the
eigenvectors.

Quadratic Problems with Dephasing. Another class of problems for which exact
results can be obtained are quadratic systems of fermions and bosons with quadratic Her-

2If one writes κ− = κ0(nB +1), κ+ = κ0nB , corresponding to pumping and decay rates for a state with
average population given by the Bose-Einstein occupation nB(ωc), then η = 2nB(ωc) + 1 = coth(βωc/2).
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mitian jump operators, e.g.

Ĥ =
∑
i,j

hij â
†
i âj , L̂i =

√
γϕâ

†
i âi, (80)

where h is a general symmetric matrix hij = hji. The jump operators L̂i here describe
local dephasing [297–299]. Because the jump operators are quadratic, these models are
described by a Lindbladian superoperator which is not of quadratic form. Still, because of
the Hermitian nature of the jump operators, one can write down closed equations of motion
for the correlation matrix Ci,j(t) = Tr

[
ρ̂(t)âiâ

†
j

]
. For example, in the specific case of one-

dimensional nearest-neighbour hopping, hij = J (δi,j+1 + δi+1,j), we get [293,295,300–302]

d

dt
Ci,j = −iJ (Ci−1,j(t) + Ci+1,j(t)) + iJ (Ci,j−1(t) + Ci,j+1(t))− γϕ(1− δij)Ci,j(t) .

(81)

In addition to Ci,j(t), single particle dynamical correlation functions, i.e. Green’s functions
(see Sec. 3.2), can be obtained in closed form [302]. Furthermore, one can show that in
general kth-order correlation functions also satisfy closed equations of motion. That is, in
contrast to the generic case, the equations of motion for kth-order correlation functions
do not couple to higher-order correlation functions. The exact solvability of these types of
models can be seen also by looking at the properties of the Lindbladian (see Ref. [303] and
discussion below) or by unravelling the Hermitian jump operator with a classical stochastic
noise and resumming the resulting diagrammatic expansion exactly [304]. Because the
jump operators are Hermitian, these models describe heating and thermalisation to infinite
temperature as we will discuss in Sec. 7. They can also be used to describe diffusive
transport when complemented with boundary driving terms [300,305].

Kerr-nonlinear oscillator. A class of interacting problems for which exact solutions
also exist is the Kerr nonlinear oscillator. Various different forms of this problem have been
discussed [275,278,280,306–313]. A general form of this model that covers most examples
studied is given by the Hamiltonian:

Ĥ = ωâ†â+
U

2
â†â†ââ+

(
E(1)â† + E(2)â†â† +H.c.

)
, (82)

along with dissipation terms

L̂1− =

√
κ
(1)
− â, L̂2− =

√
κ
(2)
− ââ, L̂1+ =

√
κ
(1)
+ â†. (83)

The first example considered is the linear driving of an anharmonic oscillator [307],
so consists of the above model with E(2) = 0, κ

(2)
− = 0. The key observation is that the

complex-P distribution [275] for this model can be exactly found, because the corresponding
equation of motion has a specific relation between the drift and diffusion terms [37]. Having
found the density matrix, this then allows any properties of the steady state to be extracted.

The model with κ
(n)
+ = 0 (so that dissipative loss is balanced by coherent pumping)

has been studied in a number of recent works [278, 311], which have found ways to re-
interpret how this exact solution arises. One approach involves the quantum absorber
method [311, 314]. This involves considering losses from the system as being fed into a
waveguide. If one can then devises a second system that perfectly absorbs all emission from
the first system, this allows an exact solution of the dynamics. That is, if one considers a
cascaded quantum system [271], with the original system and the second system connected
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via a chiral waveguide, the net effect is that the two systems reach a pure state, since there
is no emission into the waveguide beyond the second system. This allows for an exact
solution.

More recently, these results have been further re-interpreted as a signature of a hidden
time-reversal symmetry [278]. This symmetry involves constructing a doubled version of
the system by taking the steady state ρ̂ss =

∑
µ pµ |ψµ⟩⟨ψµ| and using this to construct a

state |ΨT ⟩ =
∑

µ
√
pµ |ψµ⟩A |T̂ψµ⟩B. Here T̂ is some generalised time-reversal operation,

and A,B refer to the two copies of the system. One then constructs ρ̂AB(0) = |ΨT ⟩⟨ΨT |
and time evolves this under the doubled Lindbladian, ˆ̂LAB = ˆ̂L ⊗ ˆ̂1. The generalised
time-reversal symmetry occurs if there exists some operator T̂ such that the evolution of
ρ̂AB(t) under ˆ̂LAB satisfies

Tr
[
X̂AŶB ρ̂AB(t)

]
= Tr

[
ŶAX̂B ρ̂AB(t)

]
(84)

for any pair of operators X̂, Ŷ . Reference [278] shows that this condition is equivalent
to demanding a duality condition of the Lindbladian under a class of mappings. This
identification provides an explicit construction of the required quantum absorber system,
connecting to the method above. This approach also shows that the hidden time reversal
symmetry is broken by thermal noise, so only survives for κ(n)+ = 0.

A different special case is that without coherent pumping, i.e. where E(n) = 0 [280,309,
315]. In this case, the model has a weak symmetry corresponding to the phase of the photon
mode, Ŝ = eiθâ

†â; this symmetry can be used to solve this model. As noted above, weak
symmetries are sufficient to ensure the Lindbladian has a block diagonal structure; the
key observation of Ref. [315] is that for some specific models (including the incoherently
pumped Kerr model when κ

(2)
− = 0), each sector can be mapped to an equivalent non-

interacting model. This allows one to find the complete Lindbladian eigenspectrum. The
model can also be solved by transforming the third-quantised Lindbladian [280]. This has
the effect of mapping the problem to a quadratic (and thus solvable model), but with
a non-trivial time dependent transform for all operators. This nonetheless allows direct
calculation of the time evolution of any initial state.

Dissipative all-to-all Ising model. Another example of exactly solvable models are
certain versions of the Ising model, as written in Eqs. (30) and (31) [235, 315]. One way
to understand the solution of this model is by noting it has many weak symmetries [315]
under the operations Ŝi = eθσ

z
i . As with the example of the Kerr oscillator above, this

means the Lindbladian has a block diagonal structure, and further elements of the problem
make it possible to solve the model in each of these sectors.

There also exists an exact solution for a version of the transverse-field Ising model [316],
but here with all-to-all coupling of the spins:

Ĥ = J
∑
i ̸=j

σ̂zi σ̂
z
j +

∑
i

∑
α

hαi σ̂
α
i , L̂0 =

√
Γ
∑
i

σ−i , L̂i =
√
γσ−i , (85)

with both collective and individual decay, and with both transverse and longitudinal fields
hαi on each spin. For this model it is possible in certain cases to construct an operator
Ψ̂ such that in terms of the non-Hermitian Hamiltonian ĤnH = Ĥ − i

2

∑
µ L

†
µLµ, one

has Ĥ†
nHΨ̂ = Ψ̂ĤnH and also L̂µΨ̂ = Ψ̂L̂†

µ. This is a sufficient condition to mean that
ρ̂ss = Ψ̂Ψ̂† is a steady state solution. The operator Ψ̂ can be found when either Γ = 0 or
when hαi is uniform (independent of site).
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Integrable Lindbladians. Finally, we close by mentioning recent developments in solv-
ing Lindblad problems with integrability techniques, most notably the Bethe ansatz. We
focus in particular on the case of bulk dissipation [317] (see for example Ref. [318] for
the boundary-driven case). The idea behind these approaches is that the Lindblad super-
operator, when written in vectorised form (as discussed in Sec. 3.1.2), takes the form of
a non-Hermitian Hamiltonian which can in certain cases be solved by the Bethe ansatz.
One example is again the problem of free fermions with dephasing discussed above. This
can be mapped to a non-Hermitian Hubbard model with a purely imaginary interaction
and solved by Bethe ansatz [303, 319]. A similar approach can be explored for models of
two-level systems with collective dissipation, whose vectorised Lindbladian maps to the
non-Hermitian Gaudin-Richardson model, which is again Bethe-ansatz solvable [320,321].
Other examples involve mapping to non-Hermitian XXZ spin chains with different types
of boundary conditions [322, 323]. In all these works one can obtain the full spectrum of
the Lindbladian and sometime even obtain matrix elements of local operators from which
the dissipative dynamics can be reconstructed.

4.2 Cluster expansions

Cluster expansion methods—as we will define below—can be relevant in cases where certain
properties of many-body open systems can be extracted through a detailed knowledge of
short-range correlations. This means that in some cases, one can extract useful results
from exact numerical simulations of finite-sized systems by direct simulation of the master
equation, which can be considered as the open-system analogue of exact diagonalisation.

To access behaviour of the infinite system from finite-sized simulations, one can use
various scaling methods. A convenient technique is the linked-cluster expansion that has
been successfully applied over several decades in classical and quantum statistical mechan-
ics [324]. Powerful series expansions and resummation techniques [325,326], developed over
the years, allow to further determine long-range behaviour close to critical points from the
scaling of a given observable for different cluster sizes, as discussed next.

The key idea behind the linked-cluster expansion is related to the fact that extensive
quantities of lattice systems can be computed, in the thermodynamic limit, by means of
series expansions whose different terms associated to clusters of increasing numbers of sites.
The way the various terms appear in the series is dictated by the topology of the lattice
and by the connectivity of the generator of the thermodynamics (the Hamiltonian, for
the study of equilibrium properties) or of the dynamics (the Lindbladian, for the study of
stationary properties); here, we will be interested in the latter situation. We briefly outline
the method of numerical linked-cluster expansions (NLCEs), where the contributions to
the series are obtained by means of exact diagonalisation techniques on finite-size clusters
sites [325,326].

We start with a presentation of the formalism following Ref. [327], to make evident
its natural applicability to the study of driven-dissipative quantum systems governed by
a Lindblad dynamics. In our discussion, we focus on the steady-state properties, but the
approach is immediately adapted to the real-time dynamics as well. The goal is to compute
expectation values of generic extensive observables Ô over the stationary density matrix
ρ̂ss.

The key to the method relies on the fact that the Lindbladian can be written as a sum
of local terms; for the sake of simplicity let us assume that only couplings between at most
neighbouring sites matter:

ˆ̂L =
∑
i,j

αij
ˆ̂Lij , with αij = 0 if i, j are not neighbours. (86)
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The observable ⟨Ô⟩ = Tr
[
Ôρ̂ss

]
can be always formally arranged in an expansion in powers

of the αij :
⟨Ô⟩
(
{αij}

)
=
∑
{nij}

O{nij}
∏
k

α
ni,j

ij (87)

where n,j runs over all non-negative integers for each (i, j), such that any possible monomial
in the αij is included; the O{nij} are the coefficients of the resulting polynomial. The
expansion (87) can be then organised in clusters:

⟨Ô⟩
(
{αi,j}

)
=
∑
c

W[O](c), (88)

where each c represents a non-empty set of links between sites, which define the given
cluster. Specifically, the so-called cluster weight W[O](c) contains all terms of the expan-
sion (87), which have at least one power of αk if k ∈ c, and no powers of αk if k /∈ c.
Vice-versa, all terms in Eq. (87) can be included in one of these clusters. Note that this
writing is fully general, and can be used on finite sistems as well as on infinite ones.

Using the inclusion-exclusion principle, we can define ⟨O(c)⟩ = Tr
[
Ôρ̂ss(c)

]
as the

steady-state expectation value of the observable Ô calculated for the finite cluster c and
using the definition given by the sum in Eq. (88) we obtain the recurrence relation:

W[O](c) = ⟨O(c)⟩ −
∑
s⊂c

W[O](s), (89)

where the sum runs over all the sub-clusters s contained in c, and ρ̂SS(c) is the steady
state of the restricted Lindbladian ˆ̂L(c) defined only over the cluster c. An important
property of Eq. (89) is that, if c is formed out of two disconnected clusters c1 and c2,
its weight W[O](c) is zero. This follows from the fact that ⟨O⟩ is an extensive property
⟨O(c)⟩ = ⟨O(c1)⟩+ ⟨O(c2)⟩ and c = c1+c2. This means that in the expansion (88) one can
simply focus on connected clusters, hence the name of linked cluster expansion. Obviously,
this implies a significant calculation advantage.

The symmetries of the Lindbladian ˆ̂L may drastically simplify the summation (88),
since it is typically not needed to compute all the contributions coming from each connected
cluster. This can be immediately seen, e.g., for situations where the interaction term α
between different pairs of sites is homogeneous throughout the lattice. In such cases, it is
possible to identify the topologically-distinct linked clusters, so that a representative cn for
each class can be chosen and counted according to its multiplicity ℓ(cn) per lattice site (the
lattice constant of the graph cn). Here the subscript n denotes the number of k-spatial
indexes that are grouped in the cluster, that is, its size. The property ⟨O⟩ per lattice site
can be thus written directly in the thermodynamic limit N → ∞ as:

⟨Ô⟩
N

=
∞∑
n=1

[∑
{cn}

ℓ(cn)W[O](cn)

]
. (90)

The outer sum runs over all possible cluster sizes, while the inner one accounts for all
topologically distinct clusters {cn} of a given size n. Let us emphasise that, if the series
expansion (90) is truncated up to order n = R, only clusters c at most of size R have to
be considered. Indeed each of them should include at least one power of αi,j , ∀(i, j) ∈ c.
Therefore a cluster of size R+1 or larger does not contribute to the expansion, up to order
αR.

As a matter of fact, dealing with open many-body systems significantly reduces our
ability to compute large orders in the expansion, with respect to the closed-system scenario.
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Figure 13: Numerical linked-cluster expansion (NLCE) calculation of the averaged
magnetic susceptibility of the model in Eqs. (28),(29). Magnetic susceptibility is
averaged over the x−y plane, and plotted as a function of Jy with other parameters
set to Jx = 0.9, Jz = 1, γ = 1. Solid lines show the Euler resummed data of the
NLCE up to the highest-achievable expansion order, R = 8. The dashed lines
show the corresponding bare expansions. The shaded region, 0 < Jy − 0.9 < 0.02
is where the NLCE converges. Adapted From Ref. [327] [Copyright (2018) by the
American Physical Society].

The size of the space onto which the linear Lindblad superoperator ˆ̂L acts scales as d2nH ,
where dH is the dimension of the local Hilbert space and n is the number of sites of a
given cluster. In isolated systems, one would need to evaluate the ground state of the
cluster Hamiltonian, of size dnH . Therefore, for the case of spin-1/2 systems (dH = 2),
for clusters up to n = 8, the study of ˆ̂L requires to work with linear spaces of dimension
22×8 = 65536. In addition to the calculation of the observable on a given cluster, algorithms
exist to compute all topologically distinct clusters, for a given size and lattice geometry. A
remarkable advantage of this method is that it enables a direct access to the thermodynamic
limit by only counting the cluster contributions of sizes equal or smaller than a certain size,
thus using a limited amount of resources). There is no small parameter which controls
this expansion, the actual control parameter for the expansion is given by the amount
of correlations that are present in the system. Needless to say, optimised algorithms for
cluster generation are crucial to boost the power of this method, see [328] and references
therein for additional details on the method with applications to Hamiltonian systems.

Numerical linked-cluster expansions have been used in driven-dissipative systems, for
example, in [327, 329]. As an example of the method,we show how it performs for two-
dimensional dissipative quantum lattice models of interacting spin-1/2 particles, specif-
ically an anisotropic Heisenberg spin-1/2 model with local (single-site) incoherent spin
relaxation, as given by Eq. (28) and (29). We set Jx = 0.9, Jz = 1, and the dissipation
γ = 1. For Jy = 0.9 the Hamiltonian conserves the magnetisation along the z direction, and
the steady state is the pure state with all the spins pointing down in the z direction. Away
from this singular point, for a certain Jy > Jy,c > 0.9 the system undergoes a second-order
phase transition associated to the spontaneous breaking of the Z2. That is, a transition
from a paramagnetic phase for Jy < Jy,c to a ferromagnetic (FM) phase for Jy > Jy,c. In
the FM phase, a finite magnetisation in the x-y plane develops: ⟨σ̂x⟩, ⟨σ̂y⟩ ≠ 0, which also

54



SciPost Physics Lecture Notes Submission

defines the order parameter of the transition. This phase transition has recently received
a lot of attention, see for example [234,283,330,331] and for this choice of parameters the
critical point has been estimated to be Jy,c ∼ 1.0 − 1.1. As an example of linked-cluster
expansion at work, we show in Fig. 13 the angular-averaged susceptibility to an external
field in the x− y plane as a function of the coupling parameter.

4.3 Perturbative expansion

If the Lindblad superoperator can be written in the form

ˆ̂L = ˆ̂L0 + ϵ ˆ̂L1, (91)

where ˆ̂L0 can be exactly solved, and ϵ ≪ 1, then the second term on the right hand side
of Eq. (91) can be treated as a small perturbation. Perturbation theory for open quan-
tum systems can be formulated in different frameworks. Here we discuss the Lindbladian
superoperator approach, while for an approach based on Keldysh field theory we refer to
Sec. 4.7 or to the literature [253].

The procedure to make a perturbative expansion of the Lindblad superoperator is
identical in spirit to that for the eigenstates and eigenvalues of a Hamiltonian system.
The key difference is that the Lindblad superoperator is non-Hermitian, thus requiring
non-Hermitian perturbation theory.

A detailed description on how to proceed with perturbation theory in Markovian quan-
tum systems is provided in Refs. [290,291,332,333]. The perturbative approach using the
vectorisation described in Section 3.1.2 has been used in particular in Refs. [290,291]. Here
we briefly sketch the idea without dwelling on all the subtleties involved in the procedure;
we follow the discussion in [291]. We focus on the steady-state of the full problem, which is
given by |ρss⟩⟩ =

∑
i |ρ

(i)
ss ⟩⟩ (using vectorised notation), and we assume the non-degenerate

case for which the unperturbed Lindbladian has a unique steady-state solution. Using the
fact that the steady state corresponds to a solution with eigenvalue 0 (at all orders), the
order-by-order contributes to the steady state obeys∣∣∣ρ(i)ss

〉〉
= −L̂−1

0 L̂1

∣∣∣ρ(i−1)
ss

〉〉
. (92)

Here the inverse L̂−1
0 has to be interpreted as the Moore–Penrose pseudoinverse: using

right and left eigenvectors |r(0)µ ⟩⟩ , ⟨⟨l(0)µ | of L̂0 as defined in Eq. (16) we write

L̂−1
0 =

∑
µ>0

1

λ
(0)
µ

∣∣∣r(0)µ

〉〉〈〈
l(0)µ

∣∣∣ , (93)

excluding the steady state contribution λ(0)0 = 0 from the inverse. Similar expressions can
be found not only for the steady state, but for all eigenvectors of the Lindbladian, however
the general case is more complicated as it involves non-zero eigenvalues.

As noted earlier, the above result assumes that ˆ̂L0ρ
(0)
ss = 0 has a unique solution.

There are however important cases where this may not be true. For example, weakly
driven systems in the presence of approximate conservation laws as studied in Ref. [333].
Here a particular cases is considered in which the zeroth order term is purely Hamiltonian
evolution, ˆ̂L0[ρ̂] = −i[Ĥ0, ρ̂], and the Hamiltonian Ĥ0 has several conserved quantities Ĉi

such that [Ĉi, Ĥ0] = 0. This means the zeroth order evolution has strong symmetries,
leading to a degenerate problem. For cases where the perturbation then breaks these
symmetries, a unique solution should exist once including the perturbation. Ref. [333]
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presents an extension of perturbation theory to these problems, by using two key ingre-
dients. Firstly, a generalised Gibbs ensemble (GGE) for the zeroth order solution, i.e.
ρ
(0)
ss = exp

(
−
∑

i λiĈi

)
/Z, where Ĉi are the conserved quantities, λi are generalised chem-

ical potentials. The values λi are not determined by ˆ̂L0, reflecting the degeneracy. The
values of these parameters are fixed either by requiring ∂t

〈
Ĉi

〉
= Tr

[
Ĉiϵ

ˆ̂L1ρ̂ss(0)
]
= 0, or

in some cases a more complex condition also involving δρ (see [333] for details). Secondly,
to overcome the larger degenerate subspace of ˆ̂L0 when inverting this operator one may
introduce a projector on to the space orthogonal to that spanned by the GGE solutions.

Other applications of perturbation theory in the many-body context have included
the thermalisation of open many-body systems [230] and many-body localisation in the
presence of an external driving [334].

4.4 Mean-field approximations

Mean-field theory can be a powerful approximation scheme to simplify many-body prob-
lems. In some cases it is a crude approximation, but can nonetheless help identify possible
phases and the structure of the phase diagram (even if not the correct location of phase
boundaries). In other cases, mean-field theory can prove to be a good, even exact, approx-
imation. As explored further below, mean-field theory can also be the starting point for
a variety of expansions that systematically increase the extent of correlations which are
taken into account.

At its core, the key idea of mean-field theory is to replace an interacting many-body
system with one where one part of a system evolves in a “mean field” arising due to the
effects of other parts of the system. The key approximation here is to neglect correlations
between these parts of the system. Mean-field approximations can be formulated in a vari-
ety of contexts, including pure quantum dynamics (where it becomes an approximation for
the wavefunction), classical problems, and as we discuss here, for open quantum systems.
In this last case, the essential structure of a mean-field theory is to assume some form of
factorisable density matrix:

ρ̂ =
⊗
µ

ρ̂µ (94)

where ρ̂µ is the density matrix of the µ-th part of the system—for example, factorisation
in real space (for which part µ means different sites), or momentum space (for which part
µ means different momentum states). We discuss many different examples of this in the
rest of this section. We note that this formal statement of the ansatz will hold for most,
but not all, of the cases we discuss below; the conceptual structure of a factorised ansatz
will however hold in all cases. Such a description is clearly abstract, in that there can be
many ways to divide up the system. As such, there can often be more than one possible
mean-field decoupling, as we discuss in the sections below.

In many of the cases we discuss below, there can be alternative statements of how
one proceeds to derive a mean-field theory—for example, replacing operators by classical
variables, factorising expectations of products of operators by products of expectations, or
assuming only pairwise correlations among particles exist. While these rules may appear
simpler than the statement of factorisation, they obscure the nature of the approximation
that is actually being made, and can give the impression that different types of mean-
field theory are distinct and unrelated. Our aim in this section is to make clear the links
between different forms of mean-field theory (as well as their relation to beyond-mean-field
approaches). These links come precisely from considering that mean-field theories are all
related to assumptions of factorisation. We will nonetheless make clear in each of the
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following sections where an alternate approach can lead to the same end point.
When considering how to use mean-field approaches, two significant challenges arise.

The first challenge is to decide which form of mean-field factorisation is most appropriate.
We will discuss below some general considerations on when a given mean-field approach
is likely to be accurate, which can be used to guide such a decision. Beyond this, one can
consider known experimental behaviour of a system, or similarity to other known systems
to propose a particular form of factorisation. The second challenge is how to then use
the ansatz to find either the steady state or the dynamics. For an isolated system in its
ground state, one can use a variational approach to minimise the ground state energy;
i.e. for some variational ansatz |Ψv⟩ one may vary parameters to minimise the energy
Ev = ⟨Ψv|Ĥ|Ψv⟩. For a system in thermal equilibrium at non-zero temperature, one may
similarly consider a variational ansatz for the density matrix ρ̂v and minimise the free en-
ergy, F = Tr

[
Ĥρ̂v + kBT ρ̂v ln ρ̂v

]
. For an open quantum system the equivalent procedure

is less obvious since the steady state is not determined by optimising a thermodynamic
potential. Ultimately one seeks a solution of the equation ˆ̂L[ρ] = 0, however any restricted
ansatz may be unable to exactly solve this equation. One can convert this condition into
a minimisation problem in various ways; a popular choice involves taking the modulus

squared of the vectorised form, i.e.
∥∥∥ ˆ̂L[ρ̂]∥∥∥2 = ⟨ρ|L̂†L̂|ρ⟩.

In many cases, one is interested in the time evolution rather than just in the steady
state. Here one can use an alternative variational approach, the time-dependent variational
principle [335–337] (TDVP). This consists of assuming that one has a state ρ̂t within the
variational manifold at time t, and then finding the state at time t+δt by minimising some
distance measureD

[
ρ̂t+δt, ρ̂t + δt ˆ̂L[ρ̂t]

]
, denoting the distance between the best variational

state at the new time and the time evolution of the previous state. In the analogous
approach for pure quantum states it is clear that the distance measure to be used is the
Euclidean norm D [|ψ1⟩ , |ψ2⟩] =

√
⟨ψ1 − ψ2|ψ1 − ψ2⟩; this will maximise overlap between

the variational state at the next time step and its “correct” value. As with finding the
steady state, the choice of correct distance function to minimise for density matrices is less
clear, but approaches minimising the Euclidean norm [190] are often used.

4.4.1 Real space factorisation and Gutzwiller mean-field theories

In bosonic lattice models (such as the Bose–Hubbard or related models) or quantum spin
chains, one natural mean-field factorisation is between different lattice sites. In this case
ρ̂ =

⊗
i ρ̂i holds with i running over the site labels. Such an ansatz is closely related to

the Gutzwiller ansatz first introduced in the context of the Fermi–Hubbard model [338].
However, as we will discuss later, for bosonic models this factorised ansatz becomes exact
in the limit of infinite lattice connectivity in contrast to fermionic analogues. As such, we
will refer to mean-field theories of this form as Gutzwiller mean-field theories [339].

An alternative context where similar factorisation holds comes for problems involving
many emitters coupled to a single cavity [231]. Here, a common factorisation is between
the state of the cavity modes and the state of the emitters, and so in this case Eq. (94)
again holds with i running over the cavity and the emitters.

To discuss this spatial factorisation more explicitly, suppose one considers a Lindblad
master equation where the Hamiltonian takes the form Ĥ =

∑
i Ĥi+

∑
i ̸=j Ĥij , describing

terms that act on a single part of the system, i and terms that couple two parts, i and j.
If we further assume that each jump operator involves operators on only one part of the
system, L̂µ = L̂µ,i, then one may find a simplified equation of motion within the space of
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factorised density matrices:

dρ̂i
dt

= −i[Ĥi + Θ̂i, ρ̂i] +
∑
µ

ˆ̂D[L̂µ,i, ρ̂i] , (95)

where Θ̂i =
∑

j ̸=i Trj(ρ̂jĤij) describes the mean field of the other parts of the system,
i.e. parts j, acting back on part i. In cases where the jump operators are not local, one can
derive a more complex equation involving partial traces of these terms. The structure of
this equation means that the evolution of different ρ̂i are coupled, but only through a mean-
field expectation. This coupling means the evolution of each ρ̂i depends on expectations
of terms on other sites.

To give concrete examples of such an approach, we may consider the XYZ spin model
and dissipative Bose–Hubbard model that were introduced in Sec. 3.1.5. For the XYZ
model, the Hamiltonian in Eq. (28) contained only pairwise interaction terms involving
nearest-neighbour sites, while the dissipation, Eq. (29) acted on a single site. The mean-
field decoupling then leads to

Θ̂i =
∑
j∈∂i

Tr

[
ρ̂j
∑
α

Jασ̂
α
i σ̂

α
j

]
,

where j ∈ ∂i indicates a sum over the sites j that are nearest neighbours to site i. We can
thus write the resulting mean-field equation of motion as:

dρ̂i
dt

= −i

[∑
α

hαi σ̂
α
i , ρ̂i

]
+ ˆ̂D[

√
γσ̂−i , ρ̂i], hαi = Jα

∑
j∈∂i

Tr
[
ρ̂j σ̂

α
j

]
. (96)

In the limit of weak coupling Jα, the steady state will be dominated by the dissipation,
leading to a spin down state, with hxi = hyi = 0. When the couplings Jx, Jy become
large enough, one has a transition to a state where there is a self-consistent solution with
non-zero hxi , h

y
i .

Applying the same logic to the Bose–Hubbard Hamiltonian given by Eq. (36) we find

dρ̂i
dt

= −i
[
ϕiâ

†
i + ϕ∗i âi +

U

2
n̂i(n̂i + 1), ρ̂i

]
+
∑
µ

ˆ̂D[L̂i,µ, ρ̂i], ϕi = −tH
∑
j∈∂i

Tr [ŝρ̂j âj ] .

(97)
Here we have allowed for a general set of on-site dissipative processes, as described when
introducing this model. For this mean-field factorisation, there is a transition between a
superfluid state with non-zero ϕi and a normal state where ϕi = 0. In the absence of
dissipation the ground state with ϕi = 0 is a Mott insulating state with integer occupation
per site, however this is modified by any pumping or dissipation (or non-zero temperature).

We may note that this form of real-space mean-field factorisation is not appropriate
for the Fermi–Hubbard model. This is because physical Hamiltonians always conserve
fermion parity, whereas decoupling the hopping term for the Fermi–Hubbard model would
give a model with single fermion operators, and would require a state with a non-zero
expectation of a single fermion operator. We discuss an alternate approach that resolves
this issue—dynamical mean-field theory—in section 4.5.

When considering Gutzwiller mean-field theories, it is worth distinguishing the mean-
field approximation from two other additional approximations that are sometimes associ-
ated with mean-field factorisations in real space, but which are in fact additional approxi-
mations.
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Spatial Homogeneity. The first is the assumption of spatial homogeneity. If one con-
siders Eq. (95) for lattice model, one may note that in general the equation allows for ρ̂i
to evolve independently on each site. If one is focused on steady states, and one expects
translational invariance, one can make an additional assumption that ρ̂j = ρ̂i for all i, j,
reducing to a single self-consistent equation of motion. One may though note that this is an
additional assumption on top of mean-field theory. Note further that even when the model
is translationally invariant, the steady state need not be. For example, antiferromagnetic
coupling between sites might lead to a state with staggered order, and more complex forms
of coupling can lead to other commensurate or incommensurate states, e.g. [234,340–342].

Semiclassical approximation. The second approximation is the semiclassical approx-
imation, when considering bosonic modes. This is the assumption that bosonic operators
â can be replaced by classical fields ψ throughout the equations of motion. There are
some cases where mean-field theory in real space does imply a semiclassical approxima-
tion. One such example is the Dicke model, defined by Eqs. (26) and (27). If the mean-
field factorisation introduced above is made between the cavity, ρ̂c, and the emitters, ρ̂ei ,
i.e. ρ̂ = (

⊗
i ρ̂ei)⊗ ρ̂c, then the mean-field equation for the cavity mode becomes:

dρ̂c
dt

= −i
[
ωcâ

†â+ ϕ
(
â† + â

)
, ρ̂c

]
+ κ ˆ̂D[â] , (98)

where the term ϕ comes from a trace over the emitters, i.e. ϕ = g
∑

iTr [σ̂
x
i ρ̂ei ] for the

model in Eq. (26). One may easily see that the stationary solution of this equation is a
coherent state, ρ̂c = |z⟩⟨z| with |z⟩ = exp

(
zâ† − z∗â

)
|0⟩, z = −ϕ/(ωc − iκ/2). Thus, in

this specific case the mean-field factorisation implies that the state of the cavity bosonic
mode is one for which the semiclassical approximation holds.

Despite examples such as that above, Gutzwiller mean-field factorisation is not in
general equivalent to assuming a coherent state or that replacing operators with fields
holds. For example, in the Bose–Hubbard model discussed above, the on-site Hamiltonian
involves interacting terms, and as a result, the steady state is not a coherent state.

4.4.2 Momentum space factorisation

A second form of mean-field factorisation that often arises is that in momentum space.
This corresponds to considering a density matrix of the form ρ̂ =

⊗
k ρ̂k, with each term

involving only the pair of momenta k,−k. This structure is chosen to be compatible with
states with overall zero momentum while allowing only correlations between excitations
with equal and opposite momenta. Such approaches have been used to consider the dy-
namics of pairing in the BCS model (see e.g. [343, 344]), as well as for driven dissipative
problems [244,245] or for lossy gases [345].

Momentum factorisation is often accompanied by other special properties, that are
sometimes thought of as intrinsic properties of mean-field approaches. As an example,
we will next show that the standard BCS ground state ansatz can be recovered from
two different starting points: one is from considering factorisation in momentum space,
another is from considering translationally invariant Gaussian states. From the perspective
introduced at the start of this section, the key feature of the BCS state is its factorised
nature, rather than its Gaussian form, although (as we will show), both assumptions lead
to the same end result. We consider the BCS ground state because this is the most famous
example of such momentum state factorisation, and a particularly simple case to discuss.
These considerations can be extended to open quantum systems with some additional work,
but for simplicity and clarity we restrict this discussion to a closed-system example.
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One may write down the momentum-factorised ansatz for the ground-state wavefunc-
tion of the BCS model by three considerations: assuming factorisation of the state in
momentum space, |Ψ⟩ =

∏
k |ψk⟩, requiring a state with definite fixed fermion number

parity (i.e., not mixing odd and even fermion number states), and requiring a state with
zero total momentum. These requirements yield the state:

|Ψ⟩ =
∏
k≥0

ψ(0)
k +

∑
σ,σ′∈↑,↓

ψ
(1)
k,σσ′ ĉ

†
−k,σ ĉ

†
k,σ′ + ψ

(2)
k ĉ†−k,↓ĉ

†
−k,↑ĉ

†
k,↑ĉ

†
k,↓

 |0⟩ . (99)

Note that the notation k ≥ 0 in this product indicates a product over the half-space of
momentum k, since each term contains all contributions from both ±k. The corresponding
density matrix ρ̂ = |Ψ⟩⟨Ψ| constructed frm this takes exactly the form of momentum-
factorised ansatz discussed above.

If one further considers using this ansatz for the ground state of the BCS Hamilto-
nian (39) one finds that one can consider a restricted version:

|Ψ⟩ =
∏
k

(
cos θk + sin θke

iϕk ĉ†−k,↓ĉ
†
k,↑

)
|0⟩ . (100)

Note that in this expression the product over k includes all terms. The simplification to
this form can be understood by noting that after factorising over momentum, the non-
vanishing terms in Eq. (39) are all quadratic in fermions, and the anomalous terms take
the forms ĉ†−k,↓ĉ

†
k,↑ or ĉ−k,↓ĉk,↑, leading to the form given. The use of θk, ϕk to write the

expression ensures normalisation. This quadratic form also means, as discussed next, that
the BCS mean-field theory can alternatively be found from a Gaussian ansatz.

Gaussian ansatz. As in our discussion of real-space factorisation, there are features that
arise in the momentum space factorisation of some problems (including the BCS ansatz)
that are not generic properties of mean-field theory, but which frequently accompany with
mean-field theory. In particular, one may note that the BCS ansatz written above can
equivalently be recovered by assuming a Gaussian state. Such a state can be written either
in real space or momentum space. In real space this means writing:

|Ψ⟩ = exp

(∫∫
drdr′ϕ(r− r′)ĉ†↑(r)ĉ

†
↓(r

′)

)
|0⟩ . (101)

In writing this we have imposed translational invariance of this Gaussian ansatz. As a
result, if we switch to momentum space operators by using

ĉ†σ(r) =
1

Ld/2

∑
k

ĉ†k,σe
−ik·r, (102)

one finds the equivalent momentum-space representation:

|Ψ⟩ = exp

∑
k,k′

ϕ̃k,k′ ĉ†k,↑ĉ
†
k′,↓

 |0⟩ , (103)

with

ϕ̃k,k′ =
1

Ld

∫∫
drdr′ϕ(r− r′)ei(k·r+k′·r′) = χk δk,−k′ , χk ≡

∫
dsϕ(s)eik·s (104)
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which then yields the state:

|Ψ⟩ = exp

(∑
k

χ−kĉ
†
−k,↑ĉ

†
k,↓

)
|0⟩ =

∏
k

(
1 + χ−kĉ

†
−k,↑ĉ

†
k,↓

)
|0⟩ . (105)

This recovers the BCS ansatz (up to normalisation) if we identify χk = tan(θk)e
iϕk . Note

that the combination of translational invariance and Gaussianity implies the state must
factorise in momentum space. In contrast the state in Eq. (101) does not factorise in real
space—i.e. it has correlations between the state at different positions in space.

As with our discussion of the relation between real-space factorisation and the semiclas-
sical approximation, not all momentum space factorisations necessarily imply a Gaussian
state. Indeed, the most general momentum space factorisation given in Eq. (99) is clearly
not Gaussian. Further examples of non-Gaussian but momentum-factorised states are
given by the Jastrow wave function for fermionic or bosonic Mott insulators [346, 347],
which can be factorised in momentum space, when the system is translational invariant,
yet does not satisfy Wick theorem because of the Jastrow projector.

4.4.3 Particle-based factorisation: Hartree–Fock theory and Gross-Pitaevskii
equation

The above two approaches consider factorisation between different single-particle orbitals,
i.e. different modes of the system. One can also consider factorisation between the states
of different particles. If particles are distinguishable, this would have the straightforward
meaning that, as a wavefunction, Ψ(r1, r2, . . . , rN ) =

∏N
i=1 ψi(ri). For indistinguishable

particles, this simple product must be replaced by a Slater determinant of a matrix of
wavefunctions for fermions, or a matrix permanent for bosons. These constructs are re-
quired so that the wavefunction obeys the required anti-symmetry or symmetry. Such an
approach corresponds to Hartree–Fock theory [348]. Similar expressions can be written for
density matrices as we discuss further below.

For bosons (but not for fermions) one can also consider the special case in which all
particles are in the same state. In this case the matrix permanent takes a simple form:
Ψ(r1, r2, . . . , rN ) =

∏N
i=1 ψ(ri). Such an approximation is the basis for the widely used

Gross–Pitaevskii equation that is the mean-field theory for the weakly interacting dilute
Bose gas (WIDBG) model, introduced in Sec. 3.1.5

In second-quantised notation corresponding to Eq. (37), the product state ansatz takes
the form:

|Ψ(t)⟩ = 1√
N !

(∑
k

ψ̃k(t)â
†
k

)N

|0⟩ , (106)

creating N particles in the single-particle state defined by the Fourier transform, ψ̃k of
the wavefunction ψ(r). The equation of motion corresponding to evolution of the function
ψ(r) under purely Hamiltonian evolution is then (in the large N limit) the Gross-Pitaevskii
equation:

i
d

dt
ψ(r, t) =

(
−∇2

2m
+NU |ψ(r, t)|2

)
ψ(r, t). (107)

It is worth noting that the same Gross–Pitaevskii equation can also be derived from an
alternate picture, based on coherent states. Here one considers

|Ψ(t)⟩ = exp

(
√
N
∑
k

ψ̃k(t)â
†
k

)
|0⟩ = exp

(√
N

∫
ddrψ(r, t)â(r)

)
|0⟩ . (108)
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As such, this limit also corresponds to the semiclassical approximation for the WIDBG
model.

One may extend this ansatz to consider a density matrix ρ̂ = |Ψ⟩⟨Ψ|, which allows one
to consider evolution under the Lindblad master equation written in Eq. (38). Using the
ansatz ρ̂ = |Ψ⟩⟨Ψ| with |Ψ⟩ as above one then finds the complex Gross–Pitaevskii equation:

i
d

dt
ψ(r, t) =

(
−∇2

2m
+NU |ψ(r, t)|2 + i

2

[
κ+ − κ− −Nκ

(2)
− |ψ(r, t)|2

])
ψ(r, t) . (109)

Such equations have been widely used to study the physics of nonequilibrium polariton
condensates [17,163]. They also can be derived as the saddle point of a Schwinger–Keldysh
path integral, as we will discuss in Sec. 4.7

4.5 Large connectivity limit and Dynamical Mean Field Theory

As noted above, mean-field theory is an approximation. Since mean-field approximations
involve neglecting correlations between different parts of the system, such approximations
should best hold when such correlations are weak. A key property controlling this is the
connectivity of sites, z, i.e. how many other sites affect a given site. When the connectivity
is large, z ≫ 1, the field seen by a given site comes from summing the contributions of many
sites. That is, for large connectivity, a central limit theorem may apply [349], so that the
sum over contributions can be replaced by its mean value. In the case of quantum systems
one may show that the large connectivity limit for spins and bosons recovers mean-field
theory in real space, as discussed above. For other systems—e.g. fermions or disordered
systems—the large connectivity limit is more subtle, for example, for fermions the relevant
limit is Dynamical Mean-Field Theory (DMFT) [350–352]. Below we first discuss different
ways of reaching the large connectivity limit where mean-field theory becomes valid, and
then discuss DMFT for both bosons and fermions.

4.5.1 Large connectivity and validity of mean-field theories

As discussed above, when the number of neighbours z of a given lattice site is large,
statistical and quantum fluctuations induced by the neighbouring sites become small and
can be treated in an approximate way, while the local, on-site physics must always be
accounted for exactly. From this perspective, mean-field theories can be formulated by
studying the large connectivity limit z → ∞. As we discuss below, this large connectivity
limit can be reached in different ways in different models.

Bosonic and spin lattice models. Let us consider a model on a regular lattice with
connectivity z, such as the Bose–Hubbard model or its hard-core limit given by
quantum spin chains. In such lattice models, high connectivity generally requires
high dimensionality (e.g. for one-dimensional lattices, z = 2, while for cubic three-
dimensional lattices z = 8). As we will see in the next section in more detail, the
limit z → ∞ reduces to Gutzwiller mean-field theory, i.e. to a factorised ansatz for
the system density matrix [240,339]. This is ultimately due to the fact that bosonic
and spin operators which can take a non-zero expectation value (describing spin or
bosonic coherent states that break a symmetry). Corrections to mean-field theory
can be included by treating the leading 1/z corrections within Dynamical Mean-Field
Theory [353,354], as we will discuss in the next section for driven dissipative bosons.

Fermionic lattice models. For fermionic models on lattices with connectivity z, the
limit z → ∞ does not reduce to a static mean-field theory. This is due to the
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fact that fermionic parity cannot be broken, i.e. a single fermionic mode cannot
condense [350], as we mentioned already in Sec. 4.4.1. Rather in the z → ∞ limit
a fermionic lattice model is mapped onto a self-consistent quantum impurity model
describing a single site of the lattice embedded in a fermionic bath describing self-
consistently the rest of the system. The problem therefore retains local quantum
fluctuations even in the z → ∞ limit. DMFT has been applied to the nonequilibrium
dynamics of correlated electrons [351,355]. In presence of Markovian dissipation has
been studied for example in Ref. [356].

Fully connected spin models and models with one-to-many coupling. The mean-
field approximation can be also formulated as an exact solution of a model on a fully
connected lattice of N sites, where each lattice site is coupled to N − 1 neighbours,
in the thermodynamic limit N → ∞. In these fully connected models the thermody-
namic limit therefore coincides with the limit in which mean-field becomes exact, as
opposed to lattice models discussed above in which fluctuations beyond mean-field
survive in the thermodynamic limit.

Fully connected models can arise either in presence of all to all couplings or, ef-
fectively, in cases of models with one-to-many coupling such as the Dicke model,
in which a single photon mode acts as a central site, coupling to many emitters as
satellite sites. In such models, there are cases where a static mean-field theory can be
shown to be exact in the limit that the number of emitters goes to infinity [357–360].
This holds as the model has a high connectivity (set by the number of emitters), and
so the arguments noted above should apply. One may note however that counterex-
amples exist, particularly in cases where the the central site has a weak effect back
on the other sites. In such cases, the mean-field effect of the satellite sites vanishes,
and so the otherwise-subleading fluctuation terms are dominant [361,362].

Fully connected models with quenched disorder. Here again the fully connected na-
ture of the model makes mean-field theory exact in the thermodynamic limit. How-
ever the presence of quenched disorder makes mean-field theory non-trivial as for
the fermionic case. Specifically, the large connectivity limit does not coincide with
a factorised ansatz, as discussed in Chapter 3, but is again described by a dynam-
ical mean field [352]. In the context of open quantum systems examples have been
recently studied of random Lindbladian with all to all couplings, for which DMFT
provides the exact solution in the thermodynamic limit [363,364].

4.5.2 DMFT for driven-dissipative bosonic lattices

To make concrete the ideas in this section we discuss DMFT for driven-dissipative bosons
on a lattice with coordination number z and follow the discussion presented in Ref. 284. In
the following, since we are interested in the large connectivity limit we define the hopping
as tH ≡ t̃H/z, and t̃H will be finite as z → ∞, which is the correct bosonic scaling to
have a well defined infinite connectivity limit [240,353,354]. For concreteness we consider
the driven-dissipative Bose–Hubbard model introduced in Eq. (36). The Hamiltonian can
be written by separating explicitly terms which are local (on-site) from those that couple
neighbouring sites

Ĥ = − t̃H
z

∑
⟨i,j⟩

(
â†i âj +H.c.

)
+
∑
i

ĥloc[â
†
i , âi] (110)

where the first term describes the hopping term while the second one accounts for generic
local interactions. We will also consider a generic set of local jump operators, L̂i, defined
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on each site i.
The starting point to formulate DMFT for driven-dissipative bosons is the Keldysh

action formulation of the Lindblad lattice problem, which following Sec. 3.2 we can write
as

S =

∫
dt
∑
ζ=f,b

sζ

[∑
i

ψ∗
iζi

d

dt
ψiζ −

∑
i

hloc(ψ
∗
iζ , ψiζ)

]
+

− i

∫
dt
∑
i

[
LibL

∗
if − 1

2

(
L∗
ifLif + L∗

ibLib

) ]
+

+
t̃H
z

∫
dt
∑
ζ=f,b

sζ
∑
⟨i,j⟩

(
ψ∗
iζψjζ +H.c.

)
, (111)

where sf,b = ±1 and Liζ , L
∗
iζ are the jump operators written in terms of the bosonic fields

ψ∗
iζ , ψiζ .

By taking the large connectivity limit one can formally map the effective action of
the problem, obtained by integrating out all but one site of the lattice, onto a quantum
impurity model. This describes an interacting Markovian single site, characterised by the
same local Hamiltonian Hi and local jump operators Liζ entering Eq. (95), coupled to a
time-dependent field Θi,eff(t) acting as a coherent drive and a non-Markovian quantum
bath (Fig. 14, top panel). These take into account the effect of the neighbouring sites
and have to be determined self-consistently through the calculation of impurity properties.
The DMFT effective Keldysh action reads (assuming for simplicity a normal phase where
the bosons remain incoherent):

Seff[ψ
∗
ζ , ψζ ] = Sloc[ψ

∗
ζ , ψζ ] +

∫
dt
∑
ζ=f,b

sζ Φ
∗
eff ζ(t)ψζ(t)+

− 1

2

∫∫
dtdt′

∑
ζ,ζ′=f,b

sζsζ′ ψ
∗
ζ (t)Λ

ζζ′(t, t′)ψζ′(t
′). (112)

The first term in Eq. (112), Sloc[ψ∗
ζ , ψζ ] is the local, on-site, contribution of the original

lattice problem which can be read off from the first two terms in Eq. (111) and therefore
includes interactions, as well as Markovian incoherent drive and dissipation leading to off-
diagonal terms in Keldysh space. The second and third terms describe the feedback of the
rest of lattice onto the site through its neighbours, in terms of an effective coherent drive
Φ∗
eff ζ(t) and an effective non-Markovian bath with hybridisation function Λζζ′(t, t′). Both

these quantities have to be determined self-consistently, in particular the effective coherent
drive reads:

Φ∗
eff ζ(t) = t̃HΦ∗

ζ(t) +

∫
dt′

∑
ζ′=f,b

s′ζΦ
∗
ζ′(t

′)Λζ′ζ(t′, t), (113)

and has two contributions, the first coming from the average of the bosonic field as in
Gutzwiller mean field theory Φ∗

ζ = ⟨ψ∗
ζ ⟩Seff and the second one coming from the non-

Markovian bath, a non-trivial finite z correction accounting for the feedback of neighbour-
ing sites on the local effective field [354, 365, 366]. The notation ⟨. . .⟩Seff

appearing above
indicates an integral weighted by the effective action, i.e.

⟨F (ψf , ψb)⟩Seff
=

∫
D[ψf , ψb]F (ψf , ψb) exp(iSeff). (114)
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Figure 14: Dynamical Mean-Field Theory (DMFT) for bosonic open quantum
systems. In the limit of infinite lattice connectivity, a driven-dissipative bosonic
array is mapped via Gutzwiller mean-field theory onto a single-site in a self-
consistent field. DMFT includes 1/z corrections from the neighbouring sites via
the solution of a dissipative quantum impurity problem, where the single site
is coupled to a non-Markovian (i.e. frequency dependent) bath, whose spectrum
and distribution function, encoded in the retarded and Keldysh components of the
bath hybridisation function ΛR(t, t′),ΛK(t, t′), are determined self-consistently by
the local Green’s function. Adapted from Ref. [284]

The DMFT self-consistency condition depends on the specific choice of the lattice and
provides in general a functional relation between the hybridisation function of the non-
Markovian bath to the impurity connected Green’s function

Gζζ′(t, t′) = −i⟨ψζ(t)ψ
∗
ζ′(t

′)⟩Seff . (115)

For example, on a Bethe lattice with connectivity z the DMFT self-consistency condition
takes the form [366]

Λζζ′(t, t′) =
t̃2H
z
Gζζ′(t, t′; Λ). (116)

Note here we have indicated that G depends self-consistently on Λ via the form of Seff.
The DMFT solution of the original Markovian lattice problem thus requires one to solve
the Keldysh action (112), computing in particular the impurity Green’s function (115) and
the average of the bosonic field (113), for given values of the non-Markovian bath Λ and
effective field Φ, and to iterate (113-116) until self-consistency.

It is instructive at this point to take explicitly the limit of infinite coordination number
z → ∞. In this limit, the DMFT effective action (112) becomes completely local in time

Seff[ψ
∗
ζ , ψζ ]

z=∞−−−→ Sloc[ψ
∗
ζ , ψζ ] +

∫
dt
∑
ζ

sζΦ
∗
effζ(t)ψζ(t), (117)

since the contribution from the non-Markovian bath scales as 1/z (see Eq. (116)), and
as such can be unfolded back into a master equation for a single-site density matrix ρ,
which satisfies Eq. (95) where L is the local part of the Lindbladian and the feedback from
the neighbouring sites is carried by Φ(t) = Tr[âρ̂(t)]. This corresponds to a factorised
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Gutzwiller-like ansatz for the lattice many body density matrix. In other words, as for
equilibrium or closed systems [354,366] also for driven-dissipative lattice systems the infi-
nite connectivity limit of bosons coincides with Gutzwiller mean-field theory. We note that
when Φ = 0, this mean-field describes completely uncoupled sites, while DMFT (z < ∞)
captures the feedback from neighbouring sites through the self-consistent bath Λ.

To gain insights on the physics behind the DMFT approximation it is useful to compare
it with the Gutzwiller mean-field theory discussed in Sec. 4.4.1. This approach corresponds
to a factorized density matrix ansatz over different lattice sites and it is therefore equivalent
to the solution of a single site problem in a self-consistent field (Fig. 14, bottom panel).
By construction such a mean-field theory cannot describe short-range correlations and
processes arising from coupling to neighboring sites, either of coherent or dissipative origin.
This is particularly true for interacting normal phases such as Mott insulators of bosons
or quantum Zeno phases which are featureless within Gutzwiller mean-field theory. The
corrections due to DMFT in the large connectivity limit reintroduce part of these short-
range fluctuations via the coupling to an effective self-consistent bath as in Eq. (112), and
lead to a richer descriptions of isolated or dissipative Mott insulating phases [367, 368].
The price to pay is the solution of a dissipative quantum impurity model, and in particular
the calculation of the its Green’s functions, which although simplified with respect to
the full master equation, still poses a major computational challenges, particularly in
presence of non-linear dissipative processes. Different approaches have been developed to
tackle these types of dissipative impurities, including exact diagonalisation of the impurity
Linbdladian [356,369,370] or strong coupling self-consistent hybridisation expansions [284,
371,372].

We may note that there have been other approaches to bosonic open quantum systems—
such as the self-consistent projection operator approach [373]—which have close connec-
tions to DMFT.

4.5.3 DMFT for driven-dissipative fermions

We conclude our discussion of DMFT by briefly discussing its application to driven-
dissipative fermionic problems, and the main differences from the bosonic version.

A first key point is that the large connectivity limit of fermions involves a different
rescaling from the bosonic problem discussed above. For fermions one should instead
rescale the hopping as tH ≡ t̃H/

√
z, with t̃H finite as z → ∞. This different scaling can be

traced back to the fact individual fermionic operators cannot have a non-zero expectation
value; i.e. ⟨ĉ⟩ = 0 due to conservation of fermionic parity in physical states. As such
the trivial mean-field decoupling of the hopping—discussed above for bosons and which
naturally led to the 1/z scaling—does not apply. As discussed in Ref. [350], this key
difference changes the the structure of the large connectivity limit.

To give a concrete example we consider a Fermi–Hubbard-like mode with with next-
nearest neighbour hopping and a local on-site interaction, with Hamiltonian:

Ĥ = − t̃H√
z

∑
⟨i,j⟩

∑
σ

(
ĉ†iσ ĉjσ +H.c.

)
+
∑
iσ

ĥloc[ĉ
†
iσ, ĉiσ]. (118)

In addition we can consider a set of local jump operators L̂i, describing losses, dephasing
or other local dissipative processes. Writing the Keldysh action associated to this Lind-
blad master equation one can follow the steps discussed above and obtain the effective
quantum impurity model. The main difference with respect to the bosonic case is that
now the coherent field—related to the expectation value of the impurity field—vanishes,
and only the effective non-Markovian bath Λζζ′(t, t′) survives. As previously, this bath
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must be found self-consistently by computing the Green’s function of the fermionic im-
purity. A broad array of methods to solve these fermionic impurity models in and out of
equilibrium have been developed, including for example exact diagonalisation [356], dia-
grammatic Monte Carlo [374–378], tensor-networks methods [379–381], auxiliary Master
Equation methods [208] or hybridisation expansion methods [382,383]. We note that for a
specific type of dissipation, corresponding to linear coupling to a quadratic fermionic bath,
one can proceed exactly by integrating out the environment and retain a full non-Markovian
description of the dissipation. This approach has been used in connection with DMFT in
several works, see for example Ref. [384–387]. A different approach to dissipation within
DMFT has been explored via coupling to a bosonic (phonon) bath, see Refs. [388–390]

4.6 Systematic expansions beyond mean-field theory.

There are a number of approaches by which one may systematically improve on the results
of mean-field approximations. By “systematic”, we refer here to methods in which one can
vary some convergence parameter, P , so as to interpolate between mean-field theories (as
described above) in the limit P = 1, and numerically exact approaches in the limit P → ∞
(or above some large but finite P for a finite system). Each of these approaches described
below corresponds to a systematic expansion in this sense and they all differ in the way
they organise what kinds of correlations are kept in the calculation.

Within such expansions there are two further questions that determine the usefulness
of an approach: first, is there uniform convergence on the exact solution? and second, is a
sufficient level of accuracy achievable in practicable calculations? Regarding uniformity of
convergence, this is defined by asking whether, for some error ϵ, one can find a Pϵ such that
the error EP associated with calculations with parameter P ≥ Pϵ always satisfies |EP | < ϵ.
It is worth noting that even when uniform convergence exists, there can be occasions where
EP increases from one value of P to the next—i.e. EP need not be monotonic. Uniform
convergence though implies that for some sufficiently large Pϵ, all subsequent errors EP

are sufficiently small. The fact that convergence need not be monotonic does imply the
need for care when determining whether numerical results do or do not imply a converged
result.

Regarding the practicability of calculations, we note that in some cases (such as matrix-
product-state approaches) it has often been possible to reach convergence to reasonable
error thresholds ϵ. In such cases, one essentially has an exact result. In other cases,
such as cluster mean field theory or cumulant expansions, reaching convergence has not
generally been possible: the computational resources required grow too fast with P , or the
convergence of error with P is slow or non-uniform. Nonetheless, each of these approaches
shares the idea that in principle, tuning a control parameter of the method (as opposed to
changing the problem) can lead to exact results. We next discuss in turn various examples
of such expansions.

In most of the cases discussed below, one can formulate the approximation both in
terms of a recipe of how to perform the calculation, and also in terms of a variational
ansatz. The variational ansatz formulation can be useful in understanding exactly what
approximation is being considered: what forms of correlations are kept and what are
lost. In principle, once one has formulated such an approach, one can then use the Dirac–
Frenkel time-dependent variational principle [335,336] as introduced at the start of Sec. 4.4
to obtain a set of equations of motion for time evolution. In some cases there are however
more direct approaches of how to perform time evolution, or to determine the steady state.
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Figure 15: Illustration of cluster mean-field theory. The four sites illustrated are
considered as a single cluster, while the effect of other sites (other clusters) are
represented by their mean fields. From [283].

4.6.1 Cluster mean field theory.

In this approach, starting from the real-space mean-field theory described above, one sys-
tematically expands the size of what is considered as a “site” in the mean-field factorisation.
The convergence parameter P here is the size of the cluster. This means that one considers
a cluster of several bare sites as one effective site, as shown in Fig. 15(a), and performs a
factorisation of correlations between these different sites [283]. In the limit of an infinitely
large cluster, this approach corresponds to including all correlations and so becomes exact.
However, the cost of calculations increases exponentially with cluster size due to the growth
of the size of Hilbert space. Such an approach would work well in cases where correlations
are short ranged, so that including correlations between neighbouring sites captures these
effects.

4.6.2 Tensor-network methods.

Tensor network methods provide a systematic expansion in terms of the degree of correla-
tion between different “sites” in a system, using a structure which is efficient if the degree
of correlation remains small. Such methods are particularly effective in one dimension, in
which case the tensor network simplifies to a structure known as a matrix product state
(MPS). In the following we will use this one-dimensional matrix-product-state approach
to illustrate the key ideas, before expanding to discuss cases beyond one dimension. There
are many reviews covering both matrix product states and more general tensor networks,
including [391–394]. Even within the one-dimensional MPS approach, there are multiple
ways the concept of an MPS can be used to model a many-body open quantum system.
As such we introduce the general concept first before discussing the different ways it can
be applied to open systems.

Introduction to matrix product states. The essential point of all matrix-product-
state methods is that a tensor with many indices (i.e. of high order), Tν1,ν2,...νNs

can always
be written as a product of lower-order tensors:

Tν1,ν2,...νNs
=

∑
µ1,...,µNs−1

Aµ1

(1),ν1
Aµ1,µ2

(2),ν2
. . . A

µNs−2,µNs−1

(Ns−1),νNs−1
A

µNs−1

(Ns),νNs
, (119)

as illustrated in Fig. 16(a). Let us assume the indices νi run over the values νi = 1 . . . D.
The key benefit of such a rewriting can be seen by considering what happens if the indices
µ1, µ2, . . . , µN−1 can be restricted to run over a small number of values. If one writes
µi = 1 . . .Mi then Mi is known as the bond dimension of the ith bond. One may then
note that while specifying the original tensor requires DNs values, specifying the matrix
product state form requires

∑Ns
i=1DMi−1Mi values (where we take M0,MNs ≡ 1). If one
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can truncate Mi to a small value, this replaces exponential scaling with Ns with polynomial
scaling. The maximum bond dimension Mi is the convergence parameter for this approach.

In principle one can construct the MPS decomposition of a high-order tensor directly
by performing sequential singular value decompositions (SVDs). For example, one can
combine indices in the tensor T to write Tν1,ν̄1 where ν̄1 is the combination of all remaining
indices, ν2 . . . νNs . The singular value decomposition then decomposes this matrix as:

Tν1,ν̄1 =
∑
µ1

[U ]ν1,µ1σµ1 [V
†]µ1,ν̄1 =

∑
µ1

Aµ1

(1),ν1
Tµ1

(1)ν̄1
. (120)

Here U, V are unitary matrices and σ are (positive) singular values of T . The truncation
of the sum over µ1 is made by choosing the largest M1 values σµ1 ; these describe the most
significant forms of correlation between the first index and the other indices. Depending
on the application, there are different ways to identify the the tensors A(1), T(1) from the
SVD. These include the symmetric form that identifies Aµ1

(1),ν1
= [U ]ν1,µ1

√
σµ1 , T

µ1

(1)ν̄1
=

√
σµ1 [V

†]µ1,ν̄1 , or left-canonical form where Aµ1

(1),ν1
= [U ]ν1,µ1 and σ is included entirely

in T . The combined index ν̄1 can then be split into ν2, ν̄2, and the process repeated to
split T(1) into tensors A(2), T(2), and so on until the entire tensor has been split up. We
note however that such a direct decomposition of a state is rarely useful: it requires that
one already has calculated the exponentially large object T . Instead practical algorithms
discussed below work directly with the compressed representation, i.e. the tensors A(i).

While the approximation of a tensor by an MPS cannot hold in general, it turns out that
in problems where correlations are bounded and relatively local, such an approximation
can be good. That is, in many problems, the set of physically relevant states are all states
that can be represented by matrix product states with small bond dimension. One may
also note that in the limit M = 1, where all indices µi are restricted to take a single value,
this state becomes a product state, corresponding to the mean-field factorisation ansatz.
The more-general term “tensor network states” captures any ansatz based on contracting
networks of tensors to represent an object; we discuss some examples of this below.

(a)

ν1 ν2ν1

1 2

ν ν43 ν5 ν6

ν νν ν ν ν ν

(1) 1 2μ μ μ μ μ1 43 5

ν ,ν ,...T

A

1 21 43 5 6

(b)

(c)

(2)A (3)A (4)A (5)A (6)A
(d)

Figure 16: (a) Matrix product state decomposition of a high-order tensor T . The
six-index tensor (top) can be decomposed into multiple three-index tensors (bot-
tom) as discussed in the text. (b) Matrix product operator form of a density
matrix. (c) Equivalent matrix product state form after vectorisation. (d) Purifi-
cation ansatz tensor network for a density matrix.

Application to open quantum systems. The matrix product state decomposition of
a tensor can apply to many objects: wavefunctions, classical probability distributions, or
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density matrices [281, 395]. There are many algorithms that have been developed to find
or manipulate MPS for wavefunctions: we mention here two key algorithms. Firstly, the
density matrix renormalisation group (DMRG) [396]—which actually predates the MPS
formalism [397], but which is now understood in terms of MPS [392]—is an algorithm to
perform variational minimisation of an MPS to find the ground state of a Hamiltonian.
Secondly, time-evolving block decimation (TEBD) is an algorithm to time-evolve an MPS
state with nearest-neighbour interactions.

To apply these ideas to density matrices, there are different ways one may proceed.
One approach, illustrated in Fig. 16(b), is to represent these as a matrix product operator
(MPO). An MPO differs from an MPS in that the object on each site has two indices,
corresponding to an operator, rather than one operator, corresponding to a state. The
MPO approach is often used to represent operators that act on quantum states, and one can
in principle use the same concept to represent a density matrix. An alternative approach
is to vectorise the density matrix as discussed in Sec. 3.1.2. This corresponds to writing
the many-site density matrix as

ρ̂ =
∑

ν1,ν2,...νNs

ρν1,ν2,...,νNs
τ̂ν1 ⊗ τ̂ν2 ⊗ . . .⊗ τ̂νNs (121)

where τ̂νi are a basis for the density matrix of site i. One then writes the tensor ρν1,ν2,...,νNs

in the form of Eq. (119), where the label νi = 1 . . . d2 runs over the space of local density
matrices corresponding to a d-dimensional Hilbert space on a given site. This vectorised
approach is illustrated in Fig. 16(c). Even within this vectorised approach, there remain
different choices as to the density matrix basis: One can form this density-matrix basis
from outer products of pure basis states, τν = |ψlν ⟩⟨ψrν |, or one can use a basis such as
the Pauli basis for two-level systems and their n-level generalisation through generalised
Gell-Mann matrices.

A third approach to use MPS (or more precisely tensor-network) methods for open
quantum systems is the purification approach [398]—this constructs an explicit ansatz for
how the density matrix can be written as a sum over pure matrix product states, and is
illustrated in Fig. 16(d).

As noted above for closed-system wavefunctions, there are a variety of algorithms that
one can apply to find or manipulate MPS representations of states; the same is true for
MPS or MPO representations of density matrices. The TEBD algorithm for time evolution
can be directly adapted to time evolution of a density matrix, including both Hamiltonian
and Lindblad terms. If all sites are distinct, then application of this approach has a
computational effort that grows (albeit polynomially) with the number of sites. However,
for translationally invariant problems (with periodic boundary conditions) one can assume
all site tensors are equivalent, and directly access the infinite system limit—this approach
is often referred to as infinite time-evolving block decimation (iTEBD) [399].

There also exist approaches that seek to directly find the steady state of the open
quantum system—analogous to DMRG approaches for finding the ground state of a closed
system. For the open system after vectorisation, rather than minimising the expectation of
the Hamiltonian, one must seek a solution of the steady-state condition L̂ |ρ⟩ = 0. This can
be turned into an optimisation problem by considering the minimisation of either | ⟨ρ|L̂|ρ⟩ |
or of the Hermitian version ⟨ρ|L̂†L̂|ρ⟩. One can then apply standard methods to minimise
these expressions. For example, Ref. [400] performs such minimisation on the first of these
forms, and Ref. [401] on the Hermitian version.

When considering the computational cost of MPS calculations for open quantum sys-
tems compared to closed systems a first consideration is that the larger state space—i.e.
the d2 basis states for a density matrix vs the d states for a wavefunction—would make
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MPS calculations for open systems more costly. However, the effects of dissipation and
dephasing in an open quantum system mean that entanglement (and correlations more
generally) can be suppressed, so one may potentially have a lower bond dimension in the
open system, despite the larger state space. This has been discussed in various contexts,
including recently for the question of how qubit errors suppress the bond dimension needed
to simulate quantum circuits [402,403]. It is though worth noting here another distinction
between the closed system and open system MPS. For a closed system, the bond dimension
relates directly to the entanglement entropy, which is given by the von-Neumann entropy
of the singular values (i.e. Schmidt coefficients [190]) of the quantum state. For the open
system, there can be both classical and quantum correlations [404], and both kinds of
correlation contribute to the required bond dimension. It is also worth considering how
the bond dimension changes over time. In the closed system, non-local interactions in
the Hamiltonian lead the bond dimension to grow, so that there is typically an “entan-
glement barrier” to evolving to late times. For the open system, dissipation competes
against this as discussed above. In some cases this can lead to non-monotonic dependence
of entanglement on time when simulating dynamics following a quench of parameters or
evolution from a trivial state: entanglement initially increases due to interactions before
being suppressed due to dissipation. This means that for some open quantum systems it
can be preferable—i.e. required bond dimension can be lower—to find steady states either
by variational approaches, or by adiabatically varying parameters to explore the steady
state phase diagram.

Combining quantum trajectories and matrix product states. As an alternative
to studying density matrices, one may also proceed by unravelling the Lindblad dynamics
and then combine MPS with quantum jumps and study the evolution of the wavefunction
along the different quantum trajectories [269]. Following the discussion above, one may
note that in the unravelled case, the bond dimension depends only on the entanglement
within a given trajectory: classical correlations do not contribute to the bond dimension.
As compared to closed system dynamics, bond dimensions however can be smaller, as jump
operators describing dephasing processes will reduce entanglement. As noted recently [262,
263,405], different unravellings can lead to quite different bond dimensions in the resulting
matrix product state. In some cases, the bond dimension for the unravelled approach
can significantly exceed that for the density matrix approach [406]. Another issue worth
noting with the unravelled system is that when considering dissipation acting on each site
individually, unravelling breaks translational invariance as the measurement records for
each site can be distinct. This prevents one using iTEBD approaches as mentioned above.

Beyond one dimension. The discussion in this section so far has focussed on one
dimensional lattice systems. However, the concepts discussed above can be applied or
extended to consider other geometries. Two broad approaches exist: application of MPS
forms to other geometries, or extension to consider tensor networks. In the former case, one
may consider a lattice of arbitrary geometry and then apply the same MPS decomposition
as written in Eq. (119). For example, this can be done as shown in Fig. 17(a), following a
serpentine path on a two-dimensional lattice. This will however lead to complications in
both time evolution and minimisation, as the structure of the MPS no longer matches the
connectivity of the lattice. This causes a problem for time evolution as the interaction will
not be nearest-neighbour in terms of the MPS representation. The alternative approach
is to generalise from the one-dimensional matrix product state to a network of tensors—a
tensor network state. An example of this is shown in Fig. 17(b), corresponding to projected
entangled pair states (PEPS) in two dimensions [391,393,394]. These involve decomposing
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(a) (b)

Figure 17: (a) Matrix product state representation imposed on a 2D lattice,
following a serpentine path. The diagaonal lines indicated the “exposed” indices
describing the state on a given site. (b) Tensor network (e.g. projected entangled
pair state) for a 2D lattice.

the many-body density matrix into a form that has a fifth order tensor on each site, with
four internal legs connecting each site to its neighbours. For applications to open systems,
see e.g. [331,407,408].

In addition to lattice problems, there has also been work on models with one-to-many
coupling such as the Dicke model. In cases where the “many” sites—i.e. the satellite
sites—are bosonic modes, one can use “chain mapping” techniques [409–412] to produce
an effective one-dimensional chain model with nearest-neighbour interactions. Such an
approach is based on the idea that for any spectral density arising from the set of N
satellite modes can be recovered by engineering the on-site energies and couplings of a one-
dimensional chain [410]. After such a mapping, one may then use MPS/MPO methods to
time evolve the system.

In another set of works [413, 414], a more direct mapping to a one-dimensional chain
was made for a model of N spins coupled to a bosonic cavity mode. Here the sites on
the chain correspond directly to the N spins and the bosonic mode. This would lead
to non-local (i.e. not nearest neighbour) interactions between each spin and the bosonic
mode—as such this is similar using an MPS state to represent a two-dimensional lattice as
discussed above. To overcome this non-locality, swap operations were repeatedly used to
move the cavity site to be adjacent to each spin site in turn. Since the matrix-product-state
geometry here does not reflect the physical geometry, there can be significant correlations
between neighbouring sites required to capture the correlations between each satellite site
and the central cavity, leading to large bond dimensions M .

4.6.3 Neural network ansatz

The tensor network approach described above makes clear the nature of the density matrix
as a map from a pattern of indices to a complex number. The structure of the tensor
network reflects how correlated the dependence on the indices should be. Recognising this
structure suggests the possibility of alternative approaches, where a neural network is used
to represent the map from input indices to the output value.

Neural-network approaches were introduced for ground-state wavefunctions in Ref. [415],
specifically considering a Restricted Boltzmann Machine (RBM) ansatz. An RBM is a two-
layer network, with links only between (not within) the layers. One layer, the “visible” layer
consists of the input indices, ν1, . . . νNs . For a wavefunction, these input indices correspond

72



SciPost Physics Lecture Notes Submission

5a

4a

3a

2a

11

h12

3

4

5

νν

ν

ν

ν

ν

ν6

h2

h3

h4
W64

W54

a1

W21

a

4b

3b

2b

1b
W11

6a

Figure 18: Restricted Boltzmann Machine ansatz for a wavefunction, i.e.
Eq. (122). Plotted for Ns = 6 input states (red circles) and M = 4 hidden
nodes (blue squares).

to the states of a set of a lattice of sites, i.e. |Ψ⟩ =
∑

ν1,ν2,...,νNs
Ψν1,ν2,...νNs

|ν1⟩ |ν2⟩ . . . |νNs⟩.
We assume the input indices should take the form νi = ±1, corresponding to the states
of a spin 1/2 on each site. The other “hidden” layer, h1, . . . hM , with M nodes, is traced
over. For a wavefunction one thus writes:

Ψν1,ν2,...νNs
=

∑
h1,...,hM=±1

exp

 Ns∑
i=1

aiνi +
M∑
j=1

bjhj +

Ns,M∑
i,j=1

Wijνihj


= exp

(
Ns∑
i=1

aiνi

)
M∏
j=1

2 cosh

(
bj +

Ns∑
i=1

Wijνi

)
. (122)

See Fig. 18 for a sketch of this with Ns = 6,M = 4 showing the network before tracing
out the hidden layer. The parameters ai, bj ,Wij are all variational parameters, and various
standard methods (e.g. stochastic gradient descent [416] or stochastic reconfiguration [417])
can be used to minimise the expectation of the Hamiltonian for such a state.

This RBM approach was later extended to density matrices. In Refs. [285–287, 418]
an extension of the above ansatz was made to represent a purification of the density
matrix (thus guaranteeing its positivity). Such an ansatz is written in terms of left indices
ν
(l)
1 , . . . , ν

(l)
Ns

and right indices ν(r)1 , . . . , ν
(r)
Ns

for the density matrix. There are three hidden
layers: one connected to just the left indices, one to the right indices, and one connecting
the two indices together. To ensure Hermiticity the weight matrices connecting the left
and right layers are related by complex conjugation, see Fig. 19. We thus have variational
parameters bj ,Wij and their complex conjugates for the left and right layers respectively,
with i = 1 . . . NS and j = 1 . . .M1, and parameters ck, Xik for the connecting layers, where
k = 1 . . .M2. After tracing out the hidden layers this ansatz takes the form:

ρ
(ν

(l)
1 ,...,ν

(l)
Ns

),(ν
(r)
1 ,...,ν

(r)
Ns

)
= exp

(
Ns∑
i=1

aiν
(l)
i + a∗i ν

(r)
i

)
×

M1∏
j=1

4 cosh

(
bj +

Ns∑
i=1

Wijν
(l)
i

)
cosh

(
b∗j +

Ns∑
i=1

W ∗
ijν

(r)
i

)
×

M2∏
k=1

2 cosh

(
ck +

Ns∑
i=1

(Xikν
(l)
i +X∗

ikν
(r)
i )

)
. (123)

Such a variational ansatz describes a restricted subset of the Hilbert space. As discussed
in the previous section, in contrast to minimising the ground state energy for a closed
system, variational minimisation for open quantum systems presents various choices. Just

73



SciPost Physics Lecture Notes Submission

W X X W* *

4b

3b

2b

1b

4b

3b

2b

1b

*

*

*

*

4c

3c

2c

1c

5a

4a

3a

2a

a1a

6a

5a

4a

3a

2a

a1a

6a

*

*

*

*

**

*

1

2

3

4

5

νν

ν

ν

ν

ν

ν6

(l)

(l)

(l)

(l)

(l)

(l)

1

2

3

4

5

νν

ν

ν

ν

ν

ν6

(r)

(r)

(r)

(r)

(r)

(r)

Left indices Right indices

Figure 19: Restricted Boltzmann Machine ansatz for a density matrix, Eq. (123).
Plotted for Ns = 6 input states and M1 =M2 = 4, i.e. four nodes for both types
of hidden layer. The hidden layers (blue squares) are not explicitly labelled as
Eq. (123) presents the result after summing over these layers. Note the structure
here has a set of hidden layers (on the left) coupled only to the left (ket) indices,
ν
(l)
i of the density matrix, a set of hidden layers (on the right) coupled only to

the right (bra) indices ν(r)i , and a set of hidden layers in the middle that couple
the two sets of indices.

as with the MPS ansatz discussed above, the steady-state condition ˆ̂L[ρ̂] = 0 can be turned
into an optimisation problem minimisation of either | ⟨ρ|L̂|ρ⟩ | or the Hermitian version
⟨ρ|L̂†L̂|ρ⟩. These then allow the application of standard variational methods to optimise
the RBM ansatz, such as stochastic gradient descent and stochastic reconfiguration.

One alternative way to write an RBM ansatz is to consider vectorisation of the indices
on each site individually, and construct an RBM as a function of these indices [419, 420].
Because these vectorised indices now have more than two states, one cannot directly use
the ansatz as written previously. However, as discussed in [420], if one labels the four
states {ν(l)i , ν

(r)
i } = (++,+−,−+,−−) via a combined index νi = (+2,+1,−1,−2) one

can write:

ρν1,...,νNs
= exp

 Ns∑
i=1

3∑
ξ=1

a
(ξ)
i (νi)

ξ

 M∏
j=1

2 cosh

bj + Ns∑
i=1

3∑
ξ=1

W
(ξ)
ij (νi)

ξ

 , (124)

involving three different powers of the indices. This form of ansatz is better able to effi-
ciently describe products of mixed states than the form in Eq. (124).

As defined so far, this ansatz does not have an obvious control parameter to systemati-
cally improve the approximation. The role of the convergence parameter here corresponds
to the number of hidden neurons (or more specifically, the ratio of hidden neurons to visible
neurons M/Ns). Increasing M/Ns increases the expressivity of the ansatz, and convergence
to the know exact result on increasing M/Ns has been seen [415]. Another possibility one
may also consider is to add further hidden layers to the neural network, i.e. going beyond
the restricted Boltzmann machine.

Another way to describe open quantum systems using an more general neural networks
has been to first make use of an alternate representation of the density matrix via the
outcomes of positive operator-valued measures (POVMs) [190]. That is, rather than time
evolving the system density matrix, one considers quantities P a = Tr

[
ρ̂M̂a

]
where M̂a =

M̂a1 ⊗ M̂a2 . . . ⊗ M̂aNs , and each M̂ai is a POVM on site i. In such approaches, the key
idea is that P a is a probability distribution which can then be represented by any form of
neural network suitable to describe probabilities [421–423]. An alternate recent approach
has been to use a form of purified density matrix via a Gram–Haddamard matrix [424].
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4.6.4 Corner-space renormalisation

One further approach to truncating the full Hilbert space was introduced in Ref. [282] as
“Corner-space renormalisation”. This approach makes use of an iterative construction, first
solving a problem on a small lattice, and then using that to determine an effective basis
for a larger lattice.

This method can be understood by considering one step of the process. Suppose one has
found a good approximation to the steady state of the master equation ρ̂A on subsystem
A, and ρ̂B on subsystem B3. The aim is then to find an approximation on the system
A ∪B. The density matrices can be written as

ρ̂A =
∑
µ

p(A)
µ

∣∣∣ϕ(A)
µ

〉〈
ϕ(A)
µ

∣∣∣ , ρ̂B =
∑
ν

p(B)
ν

∣∣∣ϕ(B)
ν

〉〈
ϕ(B)
ν

∣∣∣ . (125)

The corner-space approach is to construct a basis for the Hilbert space HA∪B by consid-
ering the M states

∣∣∣ϕ(A)
µ

〉 ∣∣∣ϕ(B)
ν

〉
which have the largest values of p(A)

µ p
(B)
ν . That is, one

determines a set of indices µm, νm for m = 1 . . .M such that p(A)
µm p

(B)
νm > p

(A)
µm+1p

(B)
νm+1 , and

then uses these to construct the basis:

C(M) =
{∣∣∣ϕ(A)

µ1

〉 ∣∣∣ϕ(B)
ν1

〉
,
∣∣∣ϕ(A)

µ2

〉 ∣∣∣ϕ(B)
ν2

〉
, . . .

∣∣∣ϕ(A)
µM

〉 ∣∣∣ϕ(B)
νM

〉}
. (126)

One then solves the master equation within this reduced “Corner-space” basis C(M). The
parameter M serves as a convergence parameter, increasing M until the solution is con-
verged. This then yields a good approximation for the system A∪B; the whole procedure
can then be repeated to consider a larger system. We note that for this approach, one can-
not straightforwardly formulate the approximation via a variational ansatz for the density
matrix. One may note that the basic idea—of truncating a basis formed by combining the
bases of two subparts of the system—is closely related to the original formulation of the
density matrix renormalisation group (DMRG) [396,397]. We note that DMRG approaches
can be reformulated in terms of matrix product states [392], no similar reformulation is
yet known for corner-space renormalisation.

4.6.5 Cumulant expansion.

Cumulant expansions provide an alternate approach to systematically include correlations
between different parts of the system, by systematically including correlations between
M sites, ⟨Ô1Ô2 . . . ÔM ⟩, where Ôi is some operator on site i. One typically finds that
the equations of motion for such correlations will involve terms arising from M + 1 or
more sites. These can be related to correlations of M or fewer sites by assuming that all
cumulants beyond Mth order vanish and using this to write the expectations in terms of
lower order terms [425]. Thus, M serves here as the convergence parameter. The case
where M = 1 is equivalent to the mean-field approximation described above. For example,
for M = 2, the 3rd order cumulant ⟨Ô1Ô2Ô3⟩c is defined as

⟨Ô1Ô2Ô3⟩c = ⟨Ô1Ô2Ô3⟩−⟨Ô1Ô2⟩⟨Ô3⟩−⟨Ô1Ô3⟩⟨Ô2⟩−⟨Ô2Ô3⟩⟨Ô1⟩+2⟨Ô1⟩⟨Ô2⟩⟨Ô3⟩. (127)

and by setting it to zero, ⟨Ô1Ô2Ô3⟩c = 0, allows to obtain the correlation of 3 sites in
terms of those of fewer sites. In the limit of M → ∞ all correlations are kept, so there is
no approximation.

3For generality this allows cases where ρ̂A ̸= ρ̂B , however in translationally invariant problems, one
expects ρ̂A = ρ̂B , since these are solutions to the same problem.
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For open systems, the ansatz underpinning such an expansion is to assume a general-
isation of density matrix factorisation, allowing two point correlations, e.g. for equivalent
sites one may consider:

ρ̂ =
⊗
i

ρ̂
(1)
i +

∑
i ̸=j

ρ
(2)
ij

⊗
k

ρ̂
(1)
k +

∑
i ̸=j ̸=k ̸=l

ρ
(2)
ij ⊗ ρ

(2)
kl

⊗
m ̸=i,j,k,l

ρ̂(1)m + . . . (128)

where ρ(2)ij are the traceless part of two-site density matrices. The second and third terms
written here include correlations within a single pair of sites and within two pairs of
sites respectively. The standard second-order cumulant approach (as discussed above)
is equivalent to including all possible pairwise correlations. This would mean that e.g. a
fourth-order term ⟨Ô1Ô2Ô3Ô4⟩ would have an expansion that includes terms with two
pairwise correlations, consistent with what would be found by setting all 3rd and 4th order
cumulants to zero.

This approximation has been considered in the context of problems with one-to-many
and many-to-many couplings. For such problems, as noted above, the matrix product state
approach is challenging. In such cases, where all satellite sites are equivalent, one may note
that the computational effort to model N sites at a given order of cumulant expansion is
independent of N : the value of N appears only as a parameter in the equations, and does
not affect the number of equations to be solved. The cumulant expansion has been used
also in the context of driven-dissipative spin chains, see for example Ref. [426] where it
was benchmarked with matrix product state calculations. An open source implementation
of the cumulant expansion to open quantum systems exists in Ref. [427]; see references
therein for other applications.

As discussed so far, cumulant methods have been applied to simplify the master equa-
tion for the ensemble-averaged density matrix. Cumulant methods have also been com-
bined with stochastic unravellings, to capture correlations within a single quantum trajec-
tory [428].

4.6.6 Multi-configuration time-dependent Hartree (MCTDH).

This approach builds on the particle-based—i.e. Hartree–Fock—version of mean-field the-
ory. As noted above, such a mean-field theory corresponds to considering a single config-
uration of single-particle states. to be occupied by the particles.

The multi-configurational approach is based on extending to consider a number M > 1
of different configurations, and increasing the parameter M until numerical convergence
is reached. This was originally introduced for describing wavefunctions of distinguish-
able particles [429, 430], and later extended to indistinguishable fermions [431–433] and
bosons [434,435]. In the context of bosons the MCTDH-B ansatz takes the form:

|Ψ(t)⟩ =
∑

n1,n2,...nM

Cn(t)
M∏
i=1

[
b̂†i (t)

]ni

√
ni!

|0⟩ , b̂†i (t) =

∫
ddrψi(r, t)â(r). (129)

Here the vector n defines the (time-dependent) occupation of the different configurations,
while ψi(r, t) describes the spatial profile of these time-dependent configurations. These
different configurations are constrained to remain orthogonal, and then time evolution of
n(t), ψi(r, t) is found by using the Dirac–Frenkel time-dependent variational principle [335,
336] In the limitM = 1 this recovers the ansatz that leads to the Gross–Pitaevskii equation.

There are various approaches to extending MCTDH to density matrices [436,437]. An
open-source implementation exists [438] and has been used to study the dynamics of cold
atoms in optical cavities [127].
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4.7 Schwinger–Keldysh path integral methods.

In this section we discuss various approaches to solving problems based on the Schwinger–
Keldysh formalism, as introduced in Sec. 3.2. For “non-interacting” problems, such as
Eq. (54), where the action is quadratic in the fields, one can directly use this equation to
evaluate any correlation functions of interest. For example, for the non-interacting single
bosonic mode problem discussed above, one can calculate two point functions by inverting
the the matrix in Eq. (54) to give(

DK DR

DA 0

)
, DK = −DR[D

−1]KDA, (130)

where DR,A are the simple inverses of the matrices above. In frequency space this means
DR,A(ν) = [ν − ω ± i

2(κ− − κ+)]
−1. By Fourier transforming back to the time domain

these Green’s functions give (for bosons):

DR(t) = −iθ(t)
〈[
â(t), â†(0)

]〉
, DK(t) = −i

〈{
â(t), â†(0)

}〉
, (131)

where θ(t) is the Heaviside step function. The two forms given here correspond to the
commutator and anti-commutator respectively, thus allowing any particular operator or-
dering to be determined. For Gaussian problems (i.e. where the action has only quadratic
terms), all higher-order correlation functions can be factorised into products of two-point
correlation functions.

Physically the retarded Green’s function corresponds to a response function—hence its
causal structure, with non-zero value only for t > 0 in the time domain, and all poles in the
lower half-plane in the frequency domain (assuming the stable configuration, κ− > κ+).
In distinction, the Schwinger–Keldysh Green’s function describes the noise spectrum. In a
thermal equilibrium system, these noise and response functions are related by

DK(ν) = DR(ν)F (ν)− F (ν)DA(ν), (132)

where F (ν) is a distribution function, where F (ν) = 1 ± 2nB,F (ν) for bosons or fermions
respectively, with nB,F being the Bose or Fermi occupation function. This identity is a form
of the fluctuation dissipation theorem [55,56](FDT), relatingDK(ν); it is also the frequency
domain version of the Kubo–Martin–Schwinger (KMS) [439,440] condition on equilibrium
Green’s functions. In a general nonequilibrium context F (ν) will not adopt an equilibrium
form, however one can often extract a low-frequency effective temperature [231, 441] by
fitting the behaviour as ν → 0; e.g. for a thermal bosonic system, F (ν) = coth(βν/2) ≃
2kBT/ν, so one may define kBTeff ≡ limν→0 νF (ν)/2.

For interacting problems, reformulating the problem in terms of such a path integral
is not itself a method of solution, but provides a framework to then consider a number of
theoretical approaches. In the remainder of this section we provide a summary of some of
these approaches.

4.7.1 Saddle point and mean field theory.

One can often determine the value of a path integral approximately by considering the
saddle point configuration—the path ψcl,q(t) which makes the action stationary—and then
expanding around this. One may show [54] that a “classical saddle point” will generally
exist—i.e. a solution with ψq(t) = 0—at least in the absence of quantum sources, i.e. if
Jq = (Jf −Jb)/

√
2 = 0. Quantum saddle points may also exist when considering boundary

conditions with different initial and final states: these can describe tunnelling as well as
thermal activation connecting different initial and final states [54].
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As with any path integral, this saddle-point approach coincides with a form of mean-
field theory. For example, for the action for the weakly interacting dilute Bose gas given
in Eq. (56), taking the saddle point with respect to the standard bosonic field recovers the
complex Gross–Pitaevskii equation in Eq. (109). Specifically to recover this one should
evaluate the variation δSWIDBG/δψ

∗
q = 0 and then take ψq → 0, corresponding to the

classical saddle point. This yields:

i
d

dt
ψcl =

(
−∇2

2m
+
U

2
|ψcl|2 +

i

2

[
κ+ − κ− −

κ
(2)
−
2

|ψcl|2
])

ψcl. (133)

To recover Eq. (109) one should make the identification ψcl →
√
2Nψ, corresponding

to difference in normalisation between the single particle wavefunction ψ used to derive
Eq. (109) and the Keldysh-rotated many-particle field ψcl appearing in the path integral.

A similar approach can be formulated to recover the Gutzwiller mean-field theory of
Sec. 4.4.1 as a saddle point. Starting from the Keldysh action of the lattice and performing
the Hubbard-Stratonovich decoupling [254] of the hopping in terms of a field ϕi, ϕ

∗
i one

can obtain the effective action

Seff =

∫
C
dt
∑
ij

ϕ∗i t
−1
ij ϕj +

∑
i

Γ[ϕ∗i , ϕi]. (134)

The second term here represents the generating functional of the Green functions of de-
coupled sites:

Γ[ϕ∗i , ϕi] = −i log
〈
TC exp

(
i

∫
C
dt
(
ϕ∗i âi + â†iϕi

))〉
0

(135)

where TC indicates time ordering along the Keldysh contour C shown in Fig. 12. We note
that this average is taken with respect to a density matrix where different sites are decou-
pled, therefore formally reducing the many-body problem to solving a driven-dissipative
single site [368, 442]. By taking the saddle point of the effective action δSeff/δϕi = 0
one obtains ϕj =

∑
i tij⟨âi⟩ thus recovering the Gutzwiller mean-field theory discussed in

Sec. 4.4.1.
For other problems, it may be necessary to perform various transformations before

taking a saddle point, such as using the Hubbard–Stratonovich decoupling [54, 254]. This
allows one to introduce a field that decouples a specific interaction term. For example,
this can be used to produce a saddle point theory equivalent to the site-based factorisation
of the Bose–Hubbard model. For problems involving fermions, one cannot take a saddle
point with respect to Grassmann variables. In such cases one must first perform what-
ever Hubbard–Stratonovich decouplings are required to yield a non-interacting fermion
problem, and then integrate out the fermions. This will yield an action in terms of only
complex fields, for which one can then take a saddle point. As a general principle, to find
observable properties using the saddle point approach requires several steps. One should
first add source currents Jcl,q as noted above, evaluate the saddle point in the presence
of those currents, and then take derivatives of the action with respect to the currents to
evaluate physical observables. In many cases however a simpler approach can be realised,
of identifying the saddle point value of a field ψ with the expectation of the corresponding
operator. For cases where operator correlation functions are required however, the full
approach of evaluating the saddle point in the presence of the classical fields.

4.7.2 Quadratic fluctuations and ladder series expansions.

After having evaluated a saddle point, one can then systematically expand around this.
Considering fluctuations up to quadratic order yields an effective action for which one can
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still exactly evaluate the path integral. As such, this allows one to find the effect of leading
order fluctuation corrections to the mean-field result.

When such an approach is used to calculate correlations or response functions, the
result of the saddle point and fluctuation approach is equivalent to re-summation of a
diagrammatic expansion, typically corresponding to a ladder series in terms of the bare
Green’s functions. For example, this approach was discussed in Ref. [163] as a route to
calculate the superfluid stiffness of a driven-dissipative WIDBG model.

Similarly, by expanding the effective action Seff in Eq. (134) around the mean-field
configuration one can obtain the fluctuation contribution to the saddle point, controlled in
this case by the local Green’s functions of the driven-dissipative single-site problem. These
objects can be computed exactly for example via a spectral decomposition of the single
site Lindbladian [443,444].

4.7.3 Renormalisation group.

The Schwinger–Keldysh action provides a useful starting point for many renormalisation
group approaches [31,32,242,445–447]. The renormalisation group is a very broad area with
many books and reviews covering it; introductions to this topic include Refs. [254,448,449].
The key idea is that by integrating over “fast” fields (i.e. the components of fields at high
frequencies or momentum) one can find the effective action for slow modes, i.e. those at
long wavelength and low frequency. After eliminating such modes, one then rescales the
remaining momenta and frequencies to restore the original structure of the action, but
with modified coefficients for each term. In almost all cases, nonlinearity of the action will
mean that the fast modes couple to the slow modes, so that integrating out fast modes
modifies the coefficients in the action that determine the slow modes. The goal of such
analysis is to determine what form the low energy theory takes. This approach can also
be particularly useful to identify phase transitions and study their critical behaviour, by
identifying different fixed points of the renormalisation group flow that define either phases
or critical boundaries between different phases.

The simplest approach one may consider to explore the likely consequences of renor-
malisation is to use “power counting” to determine which terms in the Keldysh action are
relevant at long wavelengths and low energies [31, 32, 450]. This means looking at each
term in the action, and counting powers of momentum, k, associated with each term. For
example, considering the WIDBG action in Eq. (56), one has the following considerations:
Spatial derivatives naturally scale as k1, while the dispersion of the WIDBG means time
derivatives scale as k2. As such, the integral over both time and space gives a scaling
k−(d+2) in d dimensions. The overall action must be invariant, i.e. k0, as must the con-
stant factors in the quadratic terms κ±. From these considerations we see the quantum
field must scale as ψq ∼ k(d+2)/2. Considering the other quadratic terms in the action we
see that ψcl ∼ k(d−2)/2. These considerations then lead to a useful observation regarding
the quartic terms: the dominant terms there are those involving only one quantum field
(and three classical fields). All other quartic terms will be smaller by a factor of k2, and
thus smaller in the long wavelength k → 0 limit. This yields the effective long wavelength
action:

SWIDBG,SC =

∫ t1

t0

dt

∫
ddr

{(
ψ∗
cl ψ∗

q

)( 0 [D
(0)
A ]−1

[D
(0)
R ]−1 [D(0)−1]K

)(
ψcl

ψq

)

−

[(
U

2
+ i

κ
(2)
−
4

)
ψ∗2
cl ψclψq + c.c.

]}
. (136)

This simplified action can also be considered as a semiclassical limit.

79



SciPost Physics Lecture Notes Submission

The power counting approach will allow one to determine which terms can survive in a
low energy theory, but does not determine how the renormalised coefficients relate to the
original coefficients.

To perform more complete calculations, one must use an explicit scheme to integrate
out degrees of freedom and see how coefficients change. One fruitful approach there is the
functional renormalisation group [449], which has been applied to Keldysh actions [31,32,
445]. This works by introducing a “regulator” into the effective action which suppresses
long wavelength modes with k < K; one then studies an effective action as a function of K,
and derives an equation for how the action evolves as K changes. This ultimately yields
equations for how the form of effective action changes with the momentum scale at which
one works.

4.7.4 Stochastic interpretations.

As discussed in section 8, there are various methods by which one can transform a master
equation for the ensemble averaged density matrix into equations for a set of individual
stochastic trajectories. The Schwinger–Keldysh path integral—and in particular the semi-
classical limit noted above—can be used as one such route to derive a stochastic equation
of motion that captures the ensemble behaviour.

Following the notation of Ref. [450], one can consider deriving the stochastic equation
by starting from a form of action that frequently arises in the semiclassical limit,

S =

∫
dt

∫
ddr

[
ψ∗
q

(
i
d

dt
ψcl +

δf [ψcl]

δψcl

)
+ c.c. + iΓ|ψq|2

]
(137)

This “semiclassical” form allows a general dependence on on the field ψcl, but restricts how
ψq appears. The ψq dependence that occurs in this expression is in line with the terms
that are relevant at long lengths scales according to the power-counting argument discussed
above.

Starting from this action, the key idea is to perform a Hubbard–Stratonovich decoupling
of the term iΓ|ψq|2, by using the identity:

exp

[
−
∫
dt

∫
ddrΓ|ψq|2

]
=

∫
D(ξ) exp

[
−
∫
dt

∫
ddr

(
|ξ|2

Γ
+ iξ∗ψq + iξψ∗

q

)]
. (138)

This puts the action into a form that is linear in ψq, ψ
∗
q . As such the path integral over

ψq, ψ
∗
q introduces a Dirac delta function requiring that ψcl obey the Langevin equation:

i
d

dt
ψcl = −δf [ψcl]

δψcl
+ ξ, (139)

The dependence of the action of ξ implies it has a white noise spectrum:

⟨ξ(r, t)⟩ = 0, ⟨ξ(r, t)ξ∗(r′, t′)⟩ = Γδ(t− t′)δ(r− r′). (140)

The procedure here, extracting a Langevin equation from a Keldysh action is the inverse
of the Martin–Sigia–Rose approach [54], which derives a Keldysh action starting from a
Langevin equation. The interpretation of the above equation is that for such semiclassical
actions, the resulting correlation functions can be equivalently found by simulating a set of
trajectories of ψcl from the Langevin equation in Eq. 139, and then averaging over noise.

As discussed in Refs. [445, 450], a further simplification occurs if the functional f ap-
pearing above is purely imaginary. In such a case, one can give an explicit expression for
the probability distribution of ψcl that results from averaging over such trajectories:

P [ψcl] = exp

(
if [ψcl]

Γ/2

)
. (141)
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(Note that the exponent here is real, since f is imaginary.) In this case, despite the deriva-
tion from a nonequilibrium formalism, the behaviour can be understood as corresponding
to an equilibrium Gibbs ensemble, with an energy controlled by the functional −if [ψ], and
a temperature set by the noise strength Γ/2.

Emergent equilibrium behaviour is in fact possible more widely, if Re[f [ψ]] = r Im[f [ψ]]
for some constant r; i.e. the real and imaginary parts are proportional to each other [31,
445,451,452]. The purely imaginary functional discussed above corresponds to the special
case r = 0. This generalised equilibrium condition can be related [445, 452] to the KMS
condition for equilibrium as discussed above.

In general, the functional f [ψ] will not obey the conditions noted above, and so be-
haviour will not be equivalent to an equilibrium ensemble. However, in many cases (includ-
ing the WIDBG model discussed above), a renormalisation group analysis of the action
shows [242, 445, 446] that at long wavelengths, one reaches an effective action for which
Re[f [ψ]] = r Im[f [ψ]]; i.e. this symmetry is an emergent property of the long wavelength
theory.

One may observe that even without a full renormalisation analysis, the semiclassical
limit of the WIDBG action, Eq. (136), takes the expected form of Eq. (137) with the noise
strength Γ = κ−+κ+. As such, this yields a stochastic complex Gross–Pitaevskii equation,
with the form:

i
d

dt
ψcl =

(
−∇2

2m
+
U

2
|ψcl|2 +

i

2

[
κ+ − κ− −

κ
(2)
−
2

|ψcl|2
])

ψcl + ξ, (142)

with the appropriate white-noise spectrum for ξ, with strength κ− + κ+

5 Dissipative State Engineering

After having discussed the general theoretical and experimental frameworks for the study
of open quantum many-body systems, we now focus more specifically on one of its ap-
plications: the idea of environment or reservoir engineering. As already seen in several
examples in these lecture notes, the steady state of a many-body system is generically
mixed. Nevertheless, as we will extensively discuss in this section, under certain condi-
tions, it is possible to use dissipation in order to engineer non-trivial, pure, many-body
states in the stationary regime. This however is possible only through a careful tailoring
of the coupling of the system to the environment. Originally proposed and successfully
applied in the field of quantum optics and quantum information (see [453] for a recent re-
view), where the focus was on single- or few-particle properties, be they atoms, molecules
or photons, this idea is by now very well explored. The conceptual novelty that we want to
discuss in this section is the recent extension to the realm of many-body quantum systems,
which poses a set of novel problems, such as that of locality or of quantifying the typical
timescale necessary to relax to the stationary state in the thermodynamic limit. This ex-
tension has been pioneered by two research articles appeared in the late 2000’s [8,9], which
outlined the potential for studies of dissipation beyond single-particle effects, proposing the
development of universal quantum computers in a truly multi-qubit setting solely based
on dissipation.

After a brief review on optical pumping in Sec. 5.1, we present in Section 5.2 the
theoretical aspects of dark-state engineering [8, 9, 454] and focus then on the dissipative
preparation of Bose-Einstein condensates [454] (Section 5.3.1) and of topological states
hosting Majorana zero modes [455–458] (Section 5.3.2). We then discuss two examples
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Je =1/2

Jg=1/2

me=↓ me=↑

mg=↑mg=↓

Figure 20: Sketch of the simple optical-pumping process described in the text.
A ground state (Jg = 1/2) is connected to a short-lived excited state (Je = 1/2)
with a coherent field with right-handed circular polarisation (solid arrow). The
excited state me =↑ can decay to both ground states mg =↑, ↓ (dashed arrows).
The state mg =↑ is a dark state of this dynamics.

that are of particular experimental relevance: the creation of entangled states using two-
body losses [459–461], in Section 5.3.3, and the preparation of correlated many-body states
of photons, such as Mott insulators [462], in Section 5.3.4. We continue with a discussion
in Sec. 5.4 on the use of dark-state engineering for quantum-information purposes [9] and
in Sec. 5.5 on the use of measurements as a manipulation technique, the so-called quantum
many-body steering [463]. Some space will finally be devoted in Sec. 5.6 to the discussion
of their stability against perturbations [464,465].

In this section we focus on only some aspects of dissipative state engineering. There
are however many other topics that could well fit into it and that will not be discussed for
the sake of brevity. For instance, an enormous literature has focused on the problem of
entanglement generation assisted by dissipation, even with many-body quantum systems;
the topic has been recently reviewed in Ref. [453] and will not be discussed here. In the
context of many-body fermionic fluids, the possibility of creating η-pairing superconduc-
tivity has recently attracted a lot of attention [454, 466, 467], whereas other works have
focused on the dissipative realisation of matrix-product-states [391,454,468,469]. We refer
the interested reader to the primary literature for those topics.

5.1 From optical pumping to dark states

In the context of quantum physics, the study of states that cannot absorb nor emit
photons—so-called dark states—dates back to the early studies on three-level systems,
where laser light was used to couple short- and long-lived atomic energy levels (Lambda
systems) [184,470,471]. The existence of such states plays a crucial role in the appearance
of dark absorption lines, and has eventually led to the study of phenomena such as elec-
tromagnetic induced transparency, coherent population trapping, and slow light [184, 472].
Before discussing dark states in the many-body context, it is thus useful to start with a
discussion of a simple single-atom manipulation via techniques that leverage both closed-
and open-system dynamics. Two paradigmatic examples can be mentioned: sideband cool-
ing [473] and optical pumping [474]. Since this latter phenomenon is particularly simple,
we briefly detail it here below.

The goal of optical pumping, in its simplest form, is to prepare a cloud of atoms in
some chosen internal hyperfine state. It relies on the angular-momentum conservation of
the light-matter interaction, but also crucially on the possibility of manipulating the atom
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using spontaneous emission, which is an open-quantum-system effect. Optical pumping is
best explained considering the simple situation of a transition connecting a ground state
with angular momentum Jg = 1/2 to an excited state with angular momentum Je = 1/2
(see the sketch in Fig. 20). If such a transition is driven with coherent light that is right-
hand circularly polarised, the only coupling that is possible is that between the states with
mg =↓ and me =↑ (here mg and me are the magnetic quantum numbers of the ground and
excited states, respectively; we will use ↓,↑ to label the corresponding quantum numbers
±1/2). The excited state is short lived and decays via spontaneous emission to both
ground-state levels, mg =↓, ↑. Once the laser light illuminates the atomic vapour, a part
of the population decays to the mg =↑ and is trapped: only undesired effects (not shown
in the figure) can modify the state of those atoms. The atoms decaying to mg =↓, instead,
are re-pumped to the excited state via the coherent field and the entire process is restarted.
This eventually brings all the atomic population to the state mg =↑, which is a dark state
of this dynamics. Optical pumping of this kind is routinely performed in many cold-atom
experiments.

Mathematically, we can describe the dynamics with the following single-atom Lindblad
master equation:

dρ

dt
= −i[Ĥ, ρ] +

∑
σ=↓,↑

∑
σ′=↓,↑

(
L̂σ,σ′ρL̂

†
σ,σ′ −

1

2

{
L̂†
σ,σ′L̂σ,σ′ , ρ

})
(143)

with Hamiltonian

Ĥ =
∑
ν=e,g

∑
σ=↓,↑

Eν |mν = σ⟩⟨mν = σ|+
(
Ωe−i(Ee−Eg)t |me =↑⟩⟨mg =↓|+H.c.

)
(144)

and jump operators
Lσ,σ′ =

√
γσ,σ′

∣∣mg = σ
〉〈
me = σ′

∣∣ . (145)

The Hamiltonian describes the four energy levels and the coherent field that has a right-
handed circular polarisation and couples selectively between only two of them. Four decay
channels are however possible, from both excited states σ′ to both ground states σ, and
are described by four different jump operators. It is possible to show that the pure state
|mg =↑⟩ is a stationary state of the dynamics, as its time-derivative equals zero. This
follows from the fact that the density matrix |mg =↑⟩⟨mg =↑| commutes with the Hamil-
tonian and is annihilated by all four jump operators. In the next section we will see how
this kind of reasoning can help us in the study of many-body problems.

5.2 Many-body dark states

The idea of generalising dark-state physics to the dissipative many-body scenario is more
recent [8, 9, 475, 476] and while extensive theoretical work has been done, it has not yet
been fully investigated experimentally. The starting point is a quantum many-body system
coupled to an environment, whose dynamics is described by a Lindblad master equation,
as introduced above. In the following we first discuss the nature of the steady (i.e. dark)
states, and then discuss the asymptotic approach to such states.

5.2.1 Nature of the steady states

In the discussion presented in these Lecture Notes, the physics of dark states appears when
we have one pure state |Ψ⟩ such that (i) it is an eigenstate of the Hamiltonian, so that[
Ĥ, |Ψ⟩⟨Ψ|

]
= 0, and (ii) it is in the kernel of all jump operators, L̂µ |Ψ⟩ = 0. If conditions
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(i) and (ii) are satisfied, it is not difficult to show that |Ψ⟩⟨Ψ| is a stationary state of the
dynamics:

d

dt
|Ψ⟩⟨Ψ| = −i

[
Ĥ, |Ψ⟩⟨Ψ|

]
+
∑
µ

L̂µ |Ψ⟩⟨Ψ| L̂†
µ − 1

2

{
L̂†
µL̂µ, |Ψ⟩⟨Ψ|

}
= 0. (146)

In such cases, |Ψ⟩ is commonly dubbed “dark”. This is exactly what happens in the master
equation that we studied above in Sec. 5.1 on optical pumping.

This construction can be easily generalised to dark subspaces in the case of many
linearly independent dark states but will not be further considered here.

The most general conditions for the appearance of dark states are broader than those
defined above. It has been formulated in Ref. [454]. A pure dark state |Ψ⟩ exists if and
only if: (i) it is an eigenstate of the effective non-Hermitian Hamiltonian associated to
the problem, ĤnH = Ĥ − i

2

∑
µ L̂

†
µL̂µ, with eigenvalue Λ ∈ C, (ii) it is an eigenstate of

all quantum-jump operators, L̂µ with eigenvalue λµ, and (iii) the following relation holds:
ImΛ = −1

2

∑
µ |λµ|2. We refer to the original article, Ref. [454], for the proof of this. The

more-restricted statement presented above corresponds to the case λµ = 0 and Λ ∈ R.
The class of restricted dark states, i.e. λµ = 0,Λ ∈ R is clearly less general, yet, it is

of interest as it leads to various non-trivial many-body dark states. Let us first observe
that any such dark state satisfies the identities ⟨Ψ|L̂†

µL̂µ|Ψ⟩ = 0 for all µ; thus, since every
operator L̂†

µL̂µ is positive semi-definite, |Ψ⟩ must minimise ⟨Ψ|L̂†
µL̂µ|Ψ⟩. Consequently,

|Ψ⟩ is a zero-energy ground state of the parent Hamiltonian:

Ĥp =
∑
µ

L̂†
µL̂µ. (147)

This result is rather important because it gives a positive characterisation of the pure
dark states corresponding to this situation. Indeed, Hamiltonians of the form (147) fea-
turing a zero-energy ground state are well-known in the condensed-matter literature under
the name of frustration-free Hamiltonians; they are the sum of non-negative operators that
in general do not commute but that admit a common ground space. Notable examples
include the toric-code Hamiltonian that plays a major role in the context of topological
order [477] and the Rokhsar-Kivelson Hamiltonian for valence-bond states [478].

The concept of dark state has recently experienced a vigorous revival within the frame-
work of dissipative quantum state preparation. If |Ψ⟩ is the unique dark state of the dissipa-
tive dynamics and for some reasons one is interested in preparing it (for instance, it could
be an entangled state with some relevance for quantum metrology), then the experimen-
talist may prepare the state via an accurate engineering of an appropriate environment,
that will then create the state through dissipation [8, 9, 476]. This is what experimen-
talists working in quantum optics have long done at the level of single-particle systems
with techniques like that of optical pumping, and that is currently being extended to the
many-body realm. Clearly, interesting dark states do not appear in all quantum setups,
but the set of systems where this takes place is wider than one could imagine at first
sight. Before discussing explicit examples, however, it is important to stress a fundamen-
tal requirement that should be taken into account when dealing with many-body quantum
systems: locality. A well-defined and physical many-body Lindbladian should have a local
Hamiltonian and local jump operators, namely they should be the sum of operators with a
support whose extension does not scale with the system size in the thermodynamic limit.
Relaxing this condition would give rise to an uncountable number of forms of unphysical
dissipative dynamics that could be used to engineer literally any quantum state. Even
with this constraint of locality, the list of theoretical studies where dissipative quantum
state preparation with a physical Lindbladian has been discussed is now rather long.
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5.2.2 Asymptotic decay toward the dark states

Whereas statements on the stationary states can be obtained with relative ease, the char-
acterisation of the dynamics, and in particular of the long-time dynamics, is more difficult.
The scaling with the system size of the asymptotic decay rate, which is the gap of the
Lindbladian operator, has attracted a lot of attention because it determines the time scale
that is necessary for the system to relax to the stationary state that is being engineered.
In this section we will use the length of the system, L to denote system size—for lattice
based systems, one may note that Ns ∝ Ld. When the asymptotic decay rate does not
scale to zero with increasing system size, as in the example discussed in Sec. 5.3.2, the
dissipative engineering is particularly efficient. In other situations, the asymptotic decay
rate decreases polynomially with L, the size of the system; this is a less advantageous
situations which can, nonetheless, be of interest.

There is no general recipe for the analytical calculation of the asymptotic decay rate in
these setups. However, in several of the examples that will be presented in the remainder
of the section we will detail specific techniques that have been designed for particular
problems. Ideally, it would be desirable to link the asymptotic decay rate of the dissipative
dynamics to the spectral properties of the parent Hamiltonian Ĥp, which is a Hermitian
operator, and for which, typically, more results are known. (Note we are only proposing
here to use the parent Hamiltonian only as a simplified mathematical tool for establishing
theorems, not as a fundamental description of the open system dynamics.) As an example
of the possibilities of this approach, we remind here a result proven in Ref. [458] in the
context of Lindbladians with no Hamiltonian. According to this work, when the parent
Hamiltonian, Eq. (147), is gapless then the Lindbladian is also gapless. In particular, if Ĥp

has a gap closing as L−β , where L is the size of the system, then the asymptotic decay rate
of the Lindbladian closes at least as L−β . The result is easily obtained by considering the
first excited state of the parent Hamiltonian, dubbed |Ψex⟩, with energy Eex. The linearly
independent operators |Ψex⟩⟨Ψ| and |Ψ⟩⟨Ψex| are eigenoperators of the Lindbladian with
eigenvalue −Eex/2.

To conclude, we briefly comment on the accuracy of the many-body state by dissipative
state engineering; as expected, waiting for longer times is beneficial to the quantum state
preparation. If we define p0(t) = Tr

[
P̂0 ρ̂(t)

]
, where P̂0 = |Ψ⟩⟨Ψ| is the projector onto

the ground space of the parent Hamiltonian Ĥp, then the following monotonicity property
holds: d

dtp0(t) ≥ 0. Indeed, with an explicit calculation, d
dtp0(t) =

∑
µ Tr[L†

µP̂0Lµρ̂(t)],
which is the sum of the expectation values of non-negative operators, and thus of non-
negative numbers.

5.3 Examples

Having exposed some general considerations on dissipative state preparations, we now
move to the presentation of several concrete examples. We consider dissipative quantum
systems that leverage the notion of dark states, based on different experimental setups
such as trapped ions [66, 67, 479], Rydberg atoms [134], ultracold atoms [8, 480]. We note
that this is not an exhaustive summary of the important literature that has appeared in
recent years.

5.3.1 BEC condensate

As a first example, we present here the dissipative preparation of Bose-Einstein condensates
with long-range order [8,454]; the fermionic case is discussed in Ref. [480]. Let us consider
a lattice populated by bosons, described by the operators b̂(†)i that satisfy canonical com-
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Figure 21: An example of topological physics induced by dissipation. (Left) When
a Hilbert space H is dissipatively constrained to a subspace S, the dynamics is
governed by the projected Hamiltonian ĤS = P̂SĤP̂S , where Ĥ and P̂S are the
bare Hamiltonian and the projection operator onto S, respectively. (Middle) In
the situation discussed here, the authors propose a dissipative mechanism that
constraints the dynamics in the lower band of a lattice, that has a non-trivial
Berry curvature Ωxy, plotted over the first Brillouin zone. (Right) As a final
experimentally observable phenomenology associated to topological physics, it is
shown that a wave packet undergoes transverse motion in response to a potential
gradient F. Adapted from Ref. [481] [Copyright (2017) by the American Physical
Society].

mutation relations, where i labels the lattice site. For simplicity, we set the Hamiltonian to
zero and consider only the dissipative dynamics induced by the following jump operators:

L̂i,j =
√
γ
(
b̂†i + b̂†j

)(
b̂i − b̂j

)
, (148)

acting on a pair of adjacent sites, where γ is a decoherence rate. Intuitively, this dissipative
operator eliminates from the lattice a boson that is antisymmetric component of the wave-
function on two neighbouring lattice sites and re-introduces it in a symmetric mode. Let

us now consider the N -particle condensate state |BECN ⟩ = 1√
N !

(
b̂†k=0

)N
|v⟩ where b̂k=0 =

1√
Ns

∑
j b̂j is the k = 0 bosonic mode and |v⟩ the vacuum. The state |BECN ⟩ is the N -

particle ground state of a problem of free bosons, and represents an exact idealised Bose-
Einstein condensate where all particles have condensed in one bosonic mode. In order
to show that |BECN ⟩ is a dark state of the dissipative dynamics induced by the jump
operators in Eq. (148), it is sufficient to show that

(
b̂i − b̂j

)
|BECN ⟩ = 0 for any pair of

neighbouring sites. The thesis follows from the fact that the commutator
[
b̂i, b̂

†
k=0

]
= 1√

Ns

does not depend on i and can be proven by induction over N .

5.3.2 Topological states and Majorana dark states

Here we want to present the possibility of creating topological states of matter using
dissipation, for which there are many examples. In Ref. [481], from which Fig. 21 is
extracted, strong dissipation is exploited to confine the dynamics to a lattice band with
non-trivial Berry curvature [481]. Related works have extensively discussed the possibility
of using non-Hermitian dynamics, losses or other decoherence sources to engineer p-wave
superfluids [482], integer or fractional quantum Hall states [483,484], as well as integer [485]
or fractional Chern insulators [486–489]. The use of Rydberg atoms has been instead
proposed for the dissipative engineering of Kitaev’s toric code [134]; related to this subject
is also the study of open quantum systems where strong dissipation is employed to create
lattice gauge theories with cold atoms [490]. Recently, there has been very intriguing
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progress in realising Laughlin states composed of few photons, which is a setup that is
intrinsically dissipative [146,491].

In the following we will discuss in some details the case of topological superconductors
that host Majorana zero-energy modes [492] (although, as we will see, in this out-of-
equilibrium scenario, it will be more appropriate to speak of Majorana dark modes or,
equivalently, of Majorana zero-damping modes). We discuss in particular the results of
Ref. [455] and use them to illustrate how the notion of dark state can be used to guide the
dissipative state preparation of Majorana zero modes.

The simplest model displaying zero-energy unpaired Majorana modes is the Kitaev
model for a one-dimensional p-wave superconductor. We focus on one specific point of the
phase diagram where its solution is particularly straightforward [492]. We introduce the
fermionic operators ĉ(†)j that satisfy canonical anticommutation relations and describe the
annihilation and creation of a spinless fermion at site j. The Hamiltonian reads

ĤK = −tH
∑
j

[
ĉ†j ĉj+1 + ĉj ĉj+1 +H.c.

]
, tH > 0. (149)

The model can be solved with the Bogoliubov–de Gennes transformation, and, when con-
sidered on a chain of length L with open boundaries, it takes the form:

ĤK = E0 +
tH
2

L−1∑
j=1

ℓ̂†j ℓ̂j , with ℓ̂j = Ĉ†
j + Âj , Ĉ†

j = ĉ†j + ĉ†j+1, Âj = ĉj − ĉj+1.

(150)
The modes ℓ̂j are fermionic operators that obey the canonical anticommutation relations,
{ℓ̂i, ℓ̂j} = 0 and {ℓ̂i, ℓ̂†j} = δij , and that can be used to obtain the entire spectrum of the
model. The ground state has energy E0 and is two-fold degenerate: there are two linearly
independent states |ψe⟩ and |ψo⟩ which satisfy ℓ̂j |ψσ⟩ = 0 for all j. The quantum number

distinguishing the two states is the parity of the number of fermions, P̂ = (−1)
∑

ĉ†j ĉj ,
which is a symmetry of the model (indeed, the subscripts e and o stand for even and odd).
Both states |ψσ⟩ are p-wave superconductors, as can be explicitly proven by computing the
expectation value of the corresponding order parameter: limL→∞ ⟨ψσ| ĉj ĉj+1 |ψσ⟩ = 1/4.

The rest of the spectrum is obtained by subsequent application of the ℓ̂†j operator, knowing
that in this precise and simple problem each excitation has an energy cost of tH/2.

It is not difficult to design a master equation which features |ψe⟩ and |ψo⟩ as steady
states and has local jump operators. This is possible because, as we have just seen, the
two states lie in the kernel of the entire set of ℓ̂j operators. Introducing a Markovian
dynamics with jump operators L̂j =

√
γℓ̂j ensures that the states |ψσ⟩ are stationary and

that in the long-time limit the system is brought into a subspace described in terms of p-
wave superconducting states. Additionally, the parent Hamiltonian of this Markov process
coincides with ĤK in Eq. (150) up to an additive constant. The obtained dynamics satisfies
an important property, namely locality : the jump operators ℓ̂j only act on two neighbouring
fermionic modes.

In such a model, there are two unpaired Majorana modes that are not affected by the
dissipative dynamics:

γ̂L = ĉ1 + ĉ†1, γ̂R = i(ĉL − ĉ†L). (151)

In the Hamiltonian context, these boundary operators are typically called Majorana zero
modes, because they commute with the Hamiltonian and force the entire spectrum of the
Hamiltonian to be two-fold degenerate. This can be shown by creating a complex fermion
d̂ = γ̂L + iγ̂R that squares to zero (d̂2 = 0), satisfies canonical anticommutation relations
({d̂, d̂†} = 1), and that anticommutes with all the Bogoliubov modes ℓ̂j and ℓ̂†j . Since it
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Figure 22: Proposed implementation scheme for the Lindblad master equation
featuring Majorana boundary modes. The quantum wire is represented by the
lower sites of an optical superlattice for spin polarised atomic fermions. They are
coherently coupled to auxiliary upper sites by lasers with Rabi frequencies ±Ω,
alternating from site to site. Dissipation results from spontaneous Bogoliubov
phonon emission via coupling of the system to a BEC reservoir (light grey). As
shown in the original article, this setting reduces to the jump operators L̂j = Ĉ†

j Âj

at late times, see Eq. (152). Inspired from Ref. [455].

commutes with the Hamiltonian, it is said to be a zero-energy operator. This is the operator
that differentiates the two ground states: d̂ |ψe⟩ = 0 and d̂† |ψe⟩ = |ψo⟩. More generally,
the application of d̂† or d̂ on one of the eigenstates listed above allows for the construction
for another orthogonal state that has the same energy. It is thus responsible for the exact
two-fold degeneracy of the entire spectrum of the Hamiltonian that we claimed, and of
course also of the topologically protected degeneracy of the ground state.

In the dissipative context, the interpretation of the γ̂L,R operators is slightly different,
because now they represent operators that are not affected by the dissipation. As has
been anticipated, it is more correct to speak of dark modes or of zero damping modes.
Interestingly, as was also shown in the Hamiltonian context, Majorana zero damping modes
also satisfy a non-trivial braiding statistics [455].

We may also mention that the jump operators ℓ̂j are linear in the fermionic operators,
which yields a quadratic Lindbladian that can be exactly diagonalised, as we discussed in
Sec. 4.1. A simple analysis shows that the asymptotic decay rate of the problem is γ and
that it does not scale with the size of the system.

The approach discussed so far suffers from the difficulty of an experimental implemen-
tation of a jump operator √

γℓ̂j that does not conserve the number of particles. However,
as was already noted in the original reference [455], another approach exists based on the
experimental implementation of a number-conserving jump operator:

L̂j =
√
γĈ†

j Âj . (152)

Similarly to the jump operators in Eq. (148), these operators can be interpreted as the
annihilation of an antisymmetric state and creation of a symmetric one, while the number
of fermions is conserved by the ensuing dissipative dynamics.

It is possible to characterise the stationary states of the dynamics of this model [493].
We first observe that ℓ̂j |ψσ⟩ = 0 implies Ĉ†

j |ψσ⟩ = −Âj |ψσ⟩, so that:

L̂j |ψσ⟩ = Ĉ†
j Âj |ψσ⟩ = −Ĉ†

j Ĉ
†
j |ψσ⟩ = 0. (153)
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Thus, the |ψσ⟩ are also steady states of this new dynamics. In fact, we can say more: any
projection of |ψσ⟩ that has a well-defined number of particles is stationary:

|ψN ⟩ = Π̂N |ψσ⟩√
⟨ψσ| Π̂N |ψσ⟩

, (154)

where Π̂N is the projector onto the subspace of the global Hilbert (Fock) space with N
fermions. In Ref. [458] the authors show that there is only one dark state |ψN ⟩ once
the value of N is fixed. They further conclude that the dynamics induced by the jump
operators in (152) conserves the number of particles and drives the system into a quantum
state with the properties of a p-wave superconductor, that is, in the thermodynamic limit,
|ψe⟩ and Π̂N |ψe⟩ have the same bulk properties. However, since the steady states of the
system for open boundary conditions are unique, they do not display any topological edge
states. Figure 22 illustrates some ideas about the experimental implementation of this
scheme.

Finally, it is interesting to inspect the parent Hamiltonian associated to this alternate
dissipative process:

Ĥp =
∑
j

L̂†
jL̂j = γ

∑
j

Â†
jĈjĈ

†
j Âj = −2γ

∑
j

[
ĉ†j+1ĉj + ĉ†j ĉj+1 + 2n̂jn̂j+1 − n̂j − n̂j+1

]
.

(155)
This parent Hamiltonian can be mapped—via a Jordan-Wigner transformation—to the
ferromagnetic spin-1/2 Heisenberg Hamiltonian, which is gapless for any N scaling linearly
with L. We can thus employ results discussed above to conclude that the dissipative process
is characterised by an asymptotic decay rate that scales at least as L−2, the scaling of the
gap of the parent Hamiltonian.

Following these foundational results reviewed here, the literature on this subject has
been particularly rich. The two-dimensional case was also studied, and the dissipative
creation of a vortex trapping a Majorana mode is discussed in Ref. [494]. A more general
study of topological phases induced by dissipation in fermionic systems is presented in
Ref. [456]. The number-conserving case is discussed in Ref. [458]. These results have opened
the way to a more general investigation of the notion of topology in open quantum systems
and for density matrices [495–512]. Finally, we mention that the topic of topological dark
states is also intertwined with the long-standing quest of engineering fractional quantum
Hall states in photonic setups [146,457,513–524].

5.3.3 Spin-Dicke states of fermionic gases

In this section we will focus on fermionic gases, where the interplay of statistics and spin
produces intriguing steady states, as first pointed out in Ref. [459]. Our presentation follows
in several points the more recent Ref. [525]. In contrast to the setup in the previous section
that required careful engineering, it is interesting to discuss here the dark states associated
to one of the most natural open-system processes in cold-atom experiments: atom losses.

We consider a d-dimensional hyper-cubic optical lattice in the single-band approxima-
tion populated by a fermionic spin-1/2 gas. We introduce the annihilation and creation
operators ĉ(†)j,σ associated to the site j and to the spin σ that satisfy the canonical anticom-
mutation relations. The Hamiltonian of the system is the standard Hubbard model:

Ĥ = −tH
∑
⟨i,j⟩

∑
σ=↑,↓

[
ĉ†i,σ ĉj,σ +H.c.

]
+ U

∑
j

n̂j,↑n̂j,↓. (34)
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Figure 23: (Top) Sketch of the experiment on two-body losses. A one-dimensional
array of double-well potentials is initially filled with one fermionic particle per site;
six spin components are possible but in a double-well only two of them appear,
so that the description of a single double-well can be carried out in terms of an
effective spin-1/2 setup, that can be in a spin singlet or triplet state. Singlet
states are characterised by a spatially symmetric wavefunctions, this allows the
two particles to sit on the same site and to be lost. Triplet states, characterised
by an antisymmetric wavefunction, cannot have a double site occupation, and
are never lost. In the experiment, on-site two-body losses are induced with a
photoassociation process. (Bottom) Dynamics of (b, left) the singlet fraction and
of (c, right) the triplet fraction in all double-wells as a function of the time to
which they are exposed to photoassociating light inducing losses. Whereas the
singlet fraction decreases exponentially with time, the triplet fraction remains
constant. The three set of data (i), (ii) and (iii) correspond to three different
initial conditions Adapted from Ref. [461] [Copyright (2023) by the American
Physical Society.].

We will focus on the experimentally relevant case of local two-body losses with rate γ,
described by the following set of jump operators:

L̂j =
√
γĉj,↑ĉj,↓. (35)

Fermionic statistics here poses a constraint on the single-site loss process, that it can only
remove two particles with opposite spins because it is not possible to have two particles
with the same spin sitting at the same site. It follows immediately that the z component
of magnetisation of the gas is conserved during the dynamics. In fact, the model is SU(2)
invariant and we could have expressed the jump operator in Eq. (35) in a basis with a
different spin-quantisation axis, always with the result that the loss process removes two
fermions with opposite spin. We can thus conclude that all components of magnetisation
of the gas are a strong symmetry of the dynamics.

More remarkably, we can now observe that the two particles lost by the dissipative
process in Eq. (35) are in a spin singlet. This follows easily from the fact that they share
the same orbital wavefunction. A loss process that only annihilates spin singlets conserves
the total spin of the system: the expectation value of Ŝ2 is conserved during the dynamics.
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Using the classification introduced in Section 3.1.1, it follows from what we just wrote
that also Ŝ2 is a strong symmetry of the dissipative dynamics. We can visualise this by
considering the dissipative dynamics of an initial state with only two fermions, that will
generically be a linear superposition of a spin-singlet S = 0 state and of a spin-triplet S = 1.
For the S = 1 state the orbital wavefunction must be antisymmetric with respect to the
exchange of particles, and thus the two fermions can never occupy the same site: the S = 1
spin channel is thus not lossy. Conversely, the S = 0 spin channel can have particles on
the same site and can dissipate them. Thus, as the average number of particles decreases,
the spin ⟨Ŝ2⟩ of the system remains constant. This simple observation has recently been
the object of an experimental measurement [461]. As shown more clearly in Fig. 23, the
authors have prepared a fermionic gas into several double wells, each filled with exactly
two atoms, and have observed a decrease with time of the number of atoms in the singlet
channel, while the number of atoms in the triplet channel was held constant.

Such spin-selective decay properties can be generalised to an arbitrary number N of
initial particles. In this case the relation between spin and dynamics is more complicated,
but we can easily draw some general conclusions from the simple observation that during
the loss dynamics the number of particles decreases while the spin of the gas remains
constant. In fact, due to the spin conservation the number of particles of the gas cannot
decrease arbitrarily, as a gas with N particles can have a spin quantum number S that is
upper bounded by N/2 and thus:

⟨Ŝ2⟩ ≤

〈
N̂

2

(
N̂

2
+ 1

)〉
. (156)

Since ⟨Ŝ2⟩ is conserved, this equation places a lower bound on the number of particles.
Stationary states thus are expected to be incoherent mixtures of states with maximal spin,
whose wavefunction has a spin part that is a Dicke state. It is known that Dicke states
have a fully symmetric spin wavefunction: as a consequence, the orbital wavefunction is
completely antisymmetric and cannot have double occupancies.

We can give a more rigorous description of these dark states of the loss dynamics. We
begin by constructing the set of the N -particle eigenstates of the Hubbard Hamiltonian in
Eq. (34) that are fully polarised. In an hypercubic plane with periodic boundary conditions,
the eigenmodes of the kinetic energy part of the Hamiltonian (34) are plane waves with
wavevector k. We thus introduce the operator:

ĉ†k,σ =
1√
Ns

∑
j

eik·rj ĉ†j,σ (157)

and the states:
ĉ†k1,↑ĉ

†
k2,↑ . . . ĉ

†
kN ,↑ |0⟩ , (158)

where |0⟩ is the empty state, ĉk,σ |0⟩ = 0. These states are the dark states of the loss
dynamics, as can be proven by showing that they are eigenstates (with real eigenvalue) of
the non-Hermitian Hamiltonian associated with the Hamiltonian in Eq. (34) and the jump
operators in Eq. (35):

ĤnH = Ĥ − i

2

∑
j

L̂†
jL̂j = −tH

∑
⟨i,j⟩

∑
σ=↑,↓

[
ĉ†i,σ ĉj,σ +H.c.

]
+
(
U − i

γ

2

)∑
j

n̂j,↑n̂j,↓. (159)

This non-Hermitian Hamiltonian is a Hubbard model with complex interaction, where
the interacting term has a conservative and non-conservative parts, and plays an impor-
tant role in the physics of fermionic gases with two-body losses. The states in Eq. (158)
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have wavefunctions that factorise the orbital and spin parts. The orbital part is a Slater
determinant constructed with the single-particle eigenmodes of the kinetic energy. The
dark states that are not fully polarised in the z direction can be obtained by applying the
spin-lowering operator

Ŝ− =
∑
k

ĉ†k,↓ĉk,↑ (160)

to the states in Eq. (158). The SU(2) invariance of the non-Hermitian Hamiltonian can
then be invoked to argue that they are also dark states of the dynamics.

These results have been recently generalised to SU(3) gases subject to two-body losses,
where the stationary states are discussed using the representation theory of the SU(3)
symmetry group and are dubbed generalised Dicke states [460,525].

The study of the asymptotic decay rates of the loss dynamics that we described so
far are actually related to the spectral properties of the non-Hermitian Hubbard model
in Eq. (159). This is a general property of Lindblad master equations with only losses
that follows from the fact that the Lindbladian operator can be put in a block triangular
form [526]. In a few words, this result can be understood in the following way. We first
observe that loss operators are characterised by a weak symmetry, generalising that of the
toy model introduced in Eq. (15), namely symmetry under the transformations eiθ

∑
j,σ n̂j,σ .

As noted in Sec. 3.1.1, weak symmetries mean the Lindbladian has a block diagonal struc-
ture. If one labels blocks of the density matrix as ρ̂nL,nR , where nL, nR correspond to
eigenstates of the total-particle-number operator N̂ =

∑
j,σ n̂j,σ, the dynamics of the part

of the density matrix with nL = nR decouples from those parts where nR ̸= nL. To reach
the triangular form, a further requirement is needed: the fact our dissipation consists of
only loss terms. This means that the master equation has the following block form:

d

dt
ρ̂n,n = ˆ̂L(0)

n [ρ̂n,n] +
ˆ̂L(+2)
n [ρ̂n+2,n+2]. (161)

Physically this states that the time evolution of the block corresponding to n particles
depends only on itself, or on a source term from the block with n+2 particles. This yields
a block triangular form as noted above. The number conserving part, ˆ̂L(0)

n corresponds
to the non-Hermitian Hamiltonian, while the jump operators lead to the coupling from
the n + 2 block. Because ˆ̂L(+2)

n are just loss processes, they appear on the upper half of
the triangle. This means that the spectrum of the Lindbladian is determined only by the
diagonal blocks, i.e. the non-Hermitian Hamiltonian. Note that this behaviour would not
arise if there were incoherent pumping to balance losses, even if the pumping respected the
weak symmetry Ŝ.

Using the above, one can show that for one-dimensional gases, the Lindbladian is
gapless and the asymptotic decay rate scales as 1/L3 for states with total momentum close
to K ∼ 0 and with a finite density of excitations. We refer the reader to the specialised
publications for further details [525,527]. This result is derived analytically exploiting the
fact that the Hamiltonian in (159) can be solved with the techniques of Bethe ansatz (see
also Refs. [319,323,528,529] for other examples).

5.3.4 Dissipative preparation of Mott insulators of photons

A recent example of successful experimental dissipative state preparation has been the re-
alisation of a Mott insulator of microwave photons using superconducting circuits [57,462].
Although this case does not deal with an exact dark state of the dissipative dynamics, the
result has many analogies with the spirit of the discussion presented out so far. Crucially,
it relies on dissipation to achieve the state preparation and is of significant experimental
relevance.
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Figure 24: Scheme for the one-transmon dissipative stabiliser implemented in
the experiment. (a) Level scheme showing a two-photon drive resonant with the
0 ↔ 2 transition of the stabiliser site, s. A reservoir site r is tuned so that the
ns = 2 → ns = 1 transition of the stabiliser site is resonant withe nr = 0 → nr = 1
transition. The reservoir site then quickly decays at rate κr. The overall effect is
to stabilise the ns = 1, nr = 0 state, as highlighted in pink. (b) Integration of the
stabiliser into a Bose–Hubbard lattice. Inspired by Ref. [462].

A major challenge in realising strongly correlated fluids of light is the fact that photons
are not conserved particles whose density can be tuned by an external chemical potential.
Starting from early results on lasing and polariton condensation (See Sec. 2.6) and the
weakly interacting Bose-Einstein condensates of photons, first reported in Ref. [188], several
theoretical proposals have been put forward to realise an effective chemical potential for
strongly interacting photons using tailored dissipative reservoirs [530–533]. In Ref. [462]
the authors realised a 1D chain of eight coupled superconducting qubits (transmons [534]
in their implementation), realising a Bose–Hubbard Hamiltonian. Each site has intrinsic
losses which would lead to an empty state. In order to stabilise a Mott insulating phase
with exactly one photon on each site, the authors implemented two versions of a dissipative
stabiliser, respectively involving one and two auxiliary transmons. We will describe the
working principle of the stabiliser, in the scheme involving one auxiliary transmon for
simplicity, first discussing the case in which the system consists of a single site coupled to
the auxiliary transmon.

We start by considering the situation where we want to prepare exactly one photon
on a single site, assuming for simplicity that all the n-photon states have a long but not
infinite lifetime. The solution that is routinely applied in isolated quantum systems cannot
be applied: a direct transition via a π pulse to the n = 1 state cannot work because the
state will decay at a certain unknown time, so that it is not obvious a priori when one
should reapply the π pulse. The envisaged solution is sketched in Fig. 24 and is based on
coherent transitions from the n = 0 state the n = 2 state with a classical field of frequency
ω02/2: the n = 2 state is thus populated via a two-photon process. Thanks to the on-site
Hubbard interaction U , the drive frequency is detuned from the transition from the n = 0
to the n = 1 state by U/2: ω02/2 ̸= ω01 and hence the n = 1 state remains unpopulated.
The single site is close to an auxiliary and strongly dissipative transmon that has energy
ω12: the two-photon state is thus resonant with the state where one photon is in the site
to be stabilised and one photon in the auxiliary site. Once the coherent transition to this
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state has taken place, the auxiliary transmon dissipates its photon in the environment and
the target site is left with exactly one photon. The interesting point of this process is that
it is initiated by a classical driving field that is left switched on during the entire procedure.
When the n = 1 state is populated, the classical drive is off-resonance and cannot induce
any transition in the system. However, as soon as the n = 1 state eventually decays, the
classical drive becomes resonant again and rapidly refills the one-photon state.

When considering the whole chain instead of a single site, the scheme is generalised
stabilising only the first site of the chain, so that it acts as a narrow-band photon source
for the rest of the chain. Photons from this site tunnel into the other sites until filling them
all. When all the sites are filled with one photon, then the stabiliser will be unable to inject
additional photons, as this would require an energy higher then the source energy, because
of the incompressibility of the Mott phase. If instead a photon is lost from the chain, then
the stabilised site pumps one photon in the chain. The experimental results are presented
in Ref. [462] show that within a few microseconds, the photon fluid has reached a steady
state with near-unity occupancy.

A driving scheme in the same spirit of having an energy selective source of particles
was proposed in [531], which is part of a general set of studies on reservoir engineering
for many-body photonic states [530, 533, 535, 536] and on the theoretical characterisation
of the dissipatively prepared Mott state [368, 537]. Other experiments involving strongly
correlated photonic states have been performed [538,539] and more experiments are to be
expected; for instance, similar approaches are currently under discussion for the realisation
of topological strongly correlated photonic fluids [146, 457, 513–524] (see also the previous
section).

5.4 Quantum computation using dissipation

The notion of dark states is more versatile than what we have discussed so far and has
applications that reach beyond the idea of dissipative state preparation. In a seminal
article, F. Verstraete, M. M. Wolf and J. I. Cirac have discussed the computational power
of the dissipative creation of many-body dark states, and have shown that the techniques
explained above can be used to perform universal quantum computation [9]. The core of
the reasoning proposed by the authors is rather simple and goes as follows. A set of N
qubits is considered over which a set of unitary gates {Ût}Tt=1 needs to be applied; each
of the unitary gates Ut is assumed to act only on two neighbouring spins. The system is
initialised in |ψ0⟩ = |0⟩1 ⊗ |0⟩2 . . . ⊗ |0⟩N , the state where all N qubits are in the state
|0⟩. The final outcome of the quantum computation is obtained by the ordered application
of all gates, |ψT ⟩ = ÛT . . . Û2Û1 |ψ0⟩. The main point of the authors is that |ψT ⟩ can be
obtained as a dark state of a properly engineered Lindblad master equation.

The Lindbladian proposed to realise this desired state does not have any Hamiltonian
part but only a set of jump operators that need to be carefully tailored to implement the
gates Ût. In order to define the jump operators, it is necessary to introduce an additional
register, i.e. an additional quantum system, that in this case is defined on a T -dimensional
Hilbert space with basis {|t⟩r}Tt=0. The quantum jump operators are split into two sets
and read:

L̂i = |0⟩⟨1|i ⊗ |0⟩⟨0|r i = 1, 2 . . . N ; (162)

L̂t =Ût ⊗ |t⟩⟨t− 1|r + Û †
t ⊗ |t− 1⟩⟨t|r , t = 1, 2 . . . T. (163)

The N operators Li act on the register and on the i-th qubit. The T operators Lt act on
the register and those qubits on which the gate Ût acts.
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The stationary state of such a Lindbladian reads:

ρ̂0 =
1

T + 1

T∑
t=0

|ψt⟩⟨ψt| ⊗ |t⟩⟨t|r with |ψt⟩ = Ût . . . Û2Û1 |ψ0⟩ . (164)

In order to prove this, let us first consider the jump operators L̂i. With a simple calculation
L̂iρ̂0L̂

†
i = 0; moreover L̂†

i L̂i = |1⟩⟨1|i ⊗ |0⟩⟨0|r, and thus {L̂†
i L̂i, ρ̂0} = 0. This shows that

the state ρ̂0 is stationary with respect to the action of the first set of jump operators. Let
us now consider the second set of L̂t operators. With a bit of algebra, one shows that:

L̂tρ̂0L̂
†
t =Ût |ψt−1⟩⟨ψt−1| Û †

t ⊗ |t⟩⟨t|r + Û †
t |ψt⟩⟨ψt| Ût ⊗ |t− 1⟩⟨t− 1|r

= |ψt⟩⟨ψt| ⊗ |t⟩⟨t|r + |ψt−1⟩⟨ψt−1| ⊗ |t− 1⟩⟨t− 1|r . (165)

After having computed that L̂†
t L̂t = I ⊗ (|t⟩⟨t|+ |t− 1⟩⟨t− 1|) it is not difficult to show

that the anticommutator in the Lindblad master equation from this jump operator takes
the same form as Eq. (165):

1

2

{
L̂†
t L̂t, ρ̂0

}
= |ψt⟩⟨ψt| ⊗ |t⟩⟨t|r + |ψt−1⟩⟨ψt−1| ⊗ |t− 1⟩⟨t− 1|r . (166)

It follows that the state ρ̂0 is stationary also with respect to the second set of jump
operators.

A remarkable result is that the asymptotic decay rate for reaching the stationary state
decays as T−2 and thus the computation time diverges polynomially with the number
of gates to be applied during the computation. The complexity of the computation is
therefore hidden in the scaling of the number of gates T with the number of qubits N . The
uniqueness of the steady state can be proved by diagonalising the Lindbladian.

It is interesting to conclude this Section by making contact with earlier works on quan-
tum information processing assisted by open-quantum-system techniques, as for instance
the work by J.P. Paz and W.H. Zurek dating from 1998 where the idea of continuous
quantum error correction is put forward [540]. They consider a quantum error-correction
scheme where the system is repeatedly corrected and show that as the correction rate goes
to infinity the dynamics of the system is actually described by a Lindblad master equation.
Recent advances in the development of synthetic systems have revitalised these ideas, both
from the viewpoint of error correction [541, 542] or of quantum memories [543]. Moving
beyond the problem of safely storing quantum information with the help of dissipation, it
was proposed in the early 2000’s to perform quantum computation assisted by the presence
of an environment [475,544]. The idea differs from that of Ref. [9] in that the dark subspace
is used to confine the entire quantum computation process, rather than engineering a dark
state that contains the answer to the quantum computation.

5.5 Quantum many-body steering

Within this Section on dissipative state preparation we may also consider a different,
although related, protocol based on quantum steering. The idea of steering is as old
as quantum mechanics. Originally introduced by Schrödinger [545], its meaning evolved
progressively to indicate questions related to the understanding of non-locality and the
existence (or rather impossibility) of hidden-variable models. Quantum steering refers to
the non-classical correlations that can be observed between the outcomes of measurements
on entangled state and the properties of the state after the measurement, see Ref. [546] for
a comprehensive review on this topic.
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In a broader sense, but in line with the initial formulation, quantum steering protocols
can be also related to quantum state preparation. The underlying idea is to control the
dynamics of a quantum system by means of a sequence of measurements; as a result, the
system is forced to evolve towards a desired quantum state. There is a rather large variety
of cases depending on how the preparation is achieved; for instance, the measurement
does not need to be projective but it can be a generic positive operator-valued measure
(POVM) [190]. The protocol can either involve post-selection or be non-selective, as in
the rest of this section. Here we briefly discuss the (non-selective) approach developed in
Ref. [463] because of its connection with the Lindblad dynamics and its applications to
many-body state preparation. In the language we used throughout these Lecture Notes, the
steering protocol designed in [463] can be considered as a (time-periodic) Floquet-Lindblad
engineered dynamics.

Following [463], the protocol consists in a sequence of discrete steps in which the de-
tector is initialised and then unitarily coupled to the system for a given time and then
decoupled. The detector is then re-initialised. In spirit, this protocol is equivalent to the
collisional models of system-bath dynamics (for further discussion of this topic see the
review [547]). Indicating the system-detector interaction Hamiltonian with ĤI , and the
initial state of the detector by ρ̂d, the state of the system (after tracing over the detector
degrees of freedom) evolves as

ρ̂(t+ δt) = Trd
[
e−iĤI t ρ̂(t)⊗ ρ̂d e

iĤI t
]

(167)

This elementary step plus the re-initialisation reduces, in the continuous time limit, to a
Lindblad dynamics (the proof is done with techniques that are reminiscent of the standard
methods that are used to derive the Lindblad master equation, as we do in appendix A).

It is useful to consider first the case of a spin-1/2 system. By choosing a ĤI = Jσ̂+s σ̂
−
d +

H.c. (the indices d, s refer to the system and detector qubits) it is possible to show that
the state of the system will converge to an eigenstate along the z-direction in the Bloch
sphere.

The same scheme, with a more complex choice of the number of detector qubits and
their interaction with the system, can be followed to generate the ground state of the
AKLT Hamiltonian. As detailed in Ref. [463], for each pair of neighbouring spins, one has
to couple five detector qubits initialised in a fully polarised state. The number of detector
qubits is dictated by the complex form of the interaction Hamiltonian that will lead to
transition in the different spin sectors. Without entering into details, it is worth recalling
that the choice of the interaction Hamiltonian ĤI should satisfy the following condition

⟨Ψ|ρ̂(t+ δt)|Ψ⟩ > ⟨Ψ|ρ̂(t)|Ψ⟩

meaning that at each step of the protocol, the state of the system get closer to the target
state. This guarantees that the state approaches progressively the target state but does
not determine the speed at which this occurs. To this end, active control strategies that
choose the appropriate system-detector interaction, based on the measurement record,
may speed-up the convergence [548]. We note that related type of protocols have been
recently implemented with superconducting circuits with the goal of cooling a many-body
system [549].

To conclude, it may be useful to draw some comparison of this steering protocols with
the dissipative state preparation discussed in the previous sections. In all the approaches,
the system is driven towards the target states by a sequence of measurements, these are
either performed by a measurement apparatus (as discussed here) or by the environment
(previous sections). While dissipative engineering is entirely based on the identification of
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the form of the jump operators that have the desired (many-body) state as a target state,
in steering protocols the measurement is generically adaptive (in some sense the Kraus
operators may depend on time). Furthermore, another difference is that bath engineering
is a non-selective protocol (the state is progressively purified), whereas steering may require
post-selection. When this last condition applies, steering becomes a special case and a first
example of monitored quantum system, whose dynamics will be addressed in more detail
in Section 8.

5.6 Stability to perturbations

We conclude this section by discussing an important problem associated to the physics
of many-body dissipative state engineering, namely that of the stability of the protocol
to perturbations. In Ref. [464] the authors discuss the effect of a perturbation on the
preparation of a Bose-Einstein condensate discussed in Sec. 5.2, finding a phase diagram
that displays a dissipative phase transitions. Dissipative phase transitions are the subject
of Sec. 6, so this subsection, that summarises some of the results in Ref. [464], constitutes
a bridge toward the material that will be presented there.

We consider the situation in which the purely dissipative dynamics generated by the
jump operators in Eq. (148) is complemented by the unitary evolution associated with
the standard Bose–Hubbard Hamiltonian for a d-dimensional lattice, first introduced in
Eq. (36):

Ĥ = −tH
∑
⟨i,j⟩

(
â†i âj +H.c.

)
+
U

2

∑
i

n̂i(n̂i − 1). (168)

In this case, the interacting term proportional to U breaks the conditions discussed above
for the appearance of a pure dark state: |BECN ⟩ is not an eigenstate of Ĥ. In this situation
one cannot expect a pure dark state to appear, yet, as shown by the authors of Ref. [464]
with a mean-field time-dependent Gutzwiller analysis, for weak enough values of U and for
weak loss rates the system remains in a condensed phase with a macroscopic occupation
of the k = 0 bosonic mode. When the interaction parameter U is increased, however, the
system is driven in a thermal phase that does not display off-diagonal long-range order.
The result of this study also provides a qualitative understanding of the stability of the
system: although the perturbation breaks the condition that is necessary for having a
pure dark state, the mixed state that is obtained displays the same features. When the
perturbation exceeds a critical value, the stationary state changes structurally and becomes
a trivial thermal phase.

Note however that the thermodynamic limit and the t→ ∞ limit do not commute, as
we will discuss in more detail in Section 6. Indeed, if the system is discussed at any finite
time, the properties of the state ρ(t) evolve smoothly in the phase diagram as a function
of the parameters. Yet, if one looks at the properties of the stationary states, they feature
sharp discontinuities in the expectation values of the k = 0 mode.

Other articles have addressed this stability issue in other models; we mention here
Ref. [465], which has addressed the competition between two dissipative mechanisms fea-
turing incompatible many-body dark states. Calling η the ratio of the decay rates of the
two dissipative mechanisms, it is found that the steady state is pure only in the two limit-
ing cases η = 0 and η → ∞. In between, the stationary state is mixed and thus one cannot
speak of dark state. Focusing on dissipative mechanisms that engineer a paramagnetic
spin state and ferromagnetic spin states, a mean-field analysis reveals the existence of a
nonequilibrium phase diagram composed of two phases separated by a second order phase
transition that parallels the properties of the thermal phase diagram.
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6 Dissipative Phase Transitions

An essential feature of the Lindbladian many-body dynamics is the competition between
coherent evolution, generated by the Hamiltonian, and incoherent processes generated by
the dissipation. This competition—as well as competition amongst different dissipative
or coherent processes—can result in sharp, non-analytic changes in the properties of the
stationary state of the system. This leads to the concept of Dissipative Phase Transitions
(DPT), corresponding to non-analytic changes to the steady state as one varies some
parameter, η, through a critical value ηc. We specifically assume the Lindbladian is a
smooth function of η (as would occur if η controls the strength of some specific term
in the Hamiltonian or dissipation). A non-analytic change of the steady state despite
smooth evolution of the Lindbladian is the open-quantum-system analogue of the behaviour
well known in equilibrium phase transitions. For most dissipative phase transitions one
can define an order parameter O in terms of an observable Ô computed on the steady
state density matrix, ρ̂ss for given η, i.e. O(η) = Tr

[
ρ̂ss(η)Ô

]
. A DPT occurs when(

d
dη

)k
O(η) shows singular behaviour (for some value of k) at η → ηc. Since the observable

is independent of the control parameter η, a DPT must imply a change in the structure of
the stationary state.

As with other phase transitions, DPT can be first order (discontinuous, see e.g. [237,283,
426,450,550–554]) or second order (continuous, see e.g. [231,234,464,555,556]). Examples of
these are illustrated in Fig. 25, through bifurcation diagrams describing the order parameter
for different stationary states (fixed points) of the system. Figures such as these occur
in the theory of dynamical systems [557]; they can also apply to describing the stable,
metastable, or unstable points of a many-body system, often found from mean-field or
semiclassical analyses. Here we use “unstable” to refer to points where any small fluctuation
will grow exponentially. The distinction between “stable” and “metastable” is more subtle,
and regards the relative rates of switching between such states—we will discuss this in
detail in Sec. 6.1.

The form of curves shown in Fig. 25 are very typical for mean-field theories of dissi-
pative phase transitions, showing multiple solutions at each value of η. Mean-field theory
can distinguish stable and unstable fixed points (i.e. the dashed and solid lines in the fig-
ure). However, mean-field approaches do not distinguish between the stable (thick) and
metastable (thin) lines, thus predicting bistability when multiple stable and metastable
states exist. We will discuss below how the spectral theory of phase transitions refines this
understanding.

As with other transitions, DPT can be associated with spontaneous symmetry breaking
(SSB) in the thermodynamic limit. In the open quantum system context this means there
are symmetries under which the equation of motion is invariant but the steady state is not.
We will discuss further below how this relates to the spectral properties of phase transitions,
as well as how it emerges as one approaches the thermodynamic limit. The prototypical
first-order phase transition, analogous to optical bistability, shown in Fig. 25(a) does not
involve SSB, while the prototypical second-order transition, Fig. 25(b) does. However, as
illustrated in Fig. 25(c,d), one can also have first-order transitions with SSB and second-
order transitions without, for examples see [558]. Moreover, phase boundaries can change
between first- and second-order through tricritical points, i.e. Fig. 25(b) can evolve to
Fig. 25(c); see Refs. [559–561] for some examples of this.

A feature of DPT that is not generally available [562] for other types of transition is the
possibility of cases where there is no stationary state, but instead persistent oscillations.
This corresponds to a spontaneous symmetry breaking of continuous time-translation sym-
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(a) 1st Order, no SSB (b) 2nd order, SSB

(c) 1st order, SSB (d) 2nd order, no SSB

Figure 25: Examples of types of discontinuous behaviour, in terms of order param-
eter O as a function of parameter η. Thick solid lines indicate stable states, thin
solid lines metastable states, while dashed lines indicate unstable fixed points.
(See text below for further discussion). Case (a) presents the prototypical first-
order transition without spontaneous symmetry break (SSB). Case (b) is the pro-
totypical second-order transition with SSB. However, other scenarios can arise,
such a first-order transition with SSB, shown in panel (c), or a second-order tran-
sition without SSB, shown in panel (d).

metry, as in the case of Boundary Time Crystal phases [563] or dissipative limit cycle
phases [284,564–567].

Dissipative phase transitions have been the subject of experimental investigations in
various platforms. Notable examples include solid-state quantum optics [568–572], ultra-
cold atoms in optical cavities in the context of Dicke superradiance [59,110,573], and Ryd-
berg gases demonstrating an absorbing state transition and self-organised criticality [145].
Transitions to time crystal or limit cycle phases have been observed in experiments with
ultracold atoms in cavities [574] or free space [575,576] as well as nanolasers [577].

In this Section we review DPT from different theoretical perspectives, we provide sev-
eral key examples and discuss experimental evidence in different platforms. A general
classification of DPT has been proposed in terms of the properties of the Lindblad super-
operator generating the dynamics, see Refs. [203, 204]. A complementary perspective on
DPT can be obtained using Schwinger–Keldysh Field Theory [31,32] which also allows to
assess their relation with field-theoretic classification of other—i.e. classical (thermal) and
quantum—phase transitions.

6.1 General Classification: Spectral Theory and Schwinger–Keldysh Field
Theory

The formulation of the Lindblad master equation as an eigenvalue problem for the Lind-
bladian superoperator is suggestive of similarities with the spectral theory of quantum
phase transitions: in equilibrium at zero temperature the existence of a quantum phase
transition (QPT) is associated to the closing of an energy gap upon changing a control
parameter. If this is the case the ground-state becomes degenerate with the first excited
state and the nature of the system can change abruptly, either through a first order or
higher order non-analyticity. As we discuss below, the same can be said for DPT in terms
of eigenvalues of the Lindbladian; in particular, we will see this relates to the properties
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of eigenvalues with zero real part. This spectral theory of DPT has been the subject of
significant interest recently, see for example Refs. [203,204] and references therein.

As we will also discuss below, DPT (like other phase transitions) exist only in a ther-
modynamic limit of large system size. We will discuss below how finite-sized systems still
show features of the thermodynamic-limit phase transition, and how the spectral properties
depend on system size.

6.1.1 Transitions without symmetry breaking

We start by considering the case of a first-order DPT at η = ηc without symmetry breaking,
associated to the existence of a discontinuity in some physical observable, e.g. Fig. 25(a),
and discuss the consequences of this on the eigenspectrum of the Lindbladian. We first
discuss behaviour in the thermodynamic limit and focus on the ensemble-averaged steady-
state density matrix. We then consider effects of finite size and finite duration of ex-
periments. As we discuss further below, there are subtle points about how these two
limits—which do not commute—behave.

Spectral theory in the thermodynamic limit. It is tempting to try to naively apply
the construction that works for a ground-state QPT, where the critical point is associated
with the exchange of two eigenstates—i.e. the ground-state and the first excited state swap
their role at the critical point—with the closing of the energy gap. Adapting this to the
Lindbladian however requires care, since eigenstates of the Lindbladian do not generally
correspond to states of the system. Specifically, while ρ̂0 = ρ̂ss is the physical steady state,
all other Lindbladian eigenvectors ρ̂µ≥1 are traceless and so, as discussed in Sec. 3.1.2, do
not describe physical density matrices. The appropriate picture, as developed in Ref. [203],
addresses this issue as we discuss below.

One may start by considering a transition in which there are two different stationary
states, one for η < ηc and one η > ηc. We define these states to be called ρ̂< and ρ̂> as
follows:

ρ̂< = Limη→η−c
ρ̂ss(η), ρ̂> = Limη→η+c

ρ̂ss(η), (169)

and crucially ρ̂< ̸= ρ̂>. This suggests an expression such as

ρ̂ss(η) = θ(ηc − η)ρ̂< + θ(η − ηc)ρ̂
>. (170)

We discuss the behaviour exactly at η = ηc further below, as the behaviour at this point
will only become clear when we consider the effects of finite size and finite time.

In order that the steady state can change discontinuously at η = ηc it must be the
case that at this point there are two steady states of the Lindbladian, i.e. ˆ̂Lη=ηc [ρ̂

<] =
ˆ̂Lη=ηc [ρ̂

>] = 0. We will discuss below how the eigenvalues must behave as one moves away
from this point. However, based on the statements already made, we may make statements
about the behaviour of the eigenstates of the Lindbladian, ρ̂0, ρ̂1 in the vicinity of η = ηc.

As we have already seen, the steady state density matrix, ρ̂0 is discontinuous across
the transition, jumping between ρ̂< and ρ̂> either side of the transition. As we will argue
below, exactly at the transition we can expect ρ̂0 is a mixture of these states, such as
the equal weight mixture (ρ̂< + ρ̂>)/2. One may note that the equal-weight mixture is
not the only possible solution, and whether this steady state takes exactly this form may
vary from problem to problem. In contrast to the discontinuous behaviour of ρ0, the first
excited state ρ̂1 is continuous, as ρ̂1 = ρ̂>− ρ̂< is the only traceless form that can be made
out of the two density matrices ρ̂<,>.
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Figure 26: Dissipative phase transition without symmetry breaking, showing evo-
lution of the Lindbladian gap, λADR (top) and the steady state density matrix
(bottom) in the thermodynamic limit. At the critical point η = ηc the steady
state density matrix becomes a mixture of two states, corresponding to the steady
state right before and after the transition. Over a range near this transition, the
Liouvillian gap vanishes in the thermodynamic limit (see Fig. 30 for an actual
example). This leads to a bistable regime, where a system prepared in the wrong
state can persist for a long time (a time diverging as system size approaches the
thermodynamic limit). Inspired by Ref. [203].

Behaviour of Lindbladian eigenvalues. By definition, the steady state ρ̂0 is an eigen-
vector of the Lindbladian with eigenvalue λ0 = 0, while λ1 determines the asymptotic decay
rate as defined above, λADR = −Reλ1. For simplicity, we will focus here on the case where
λ1 is real; see Sec. 6.2.3 below for the case where this is not true. Near to the critical point
η = ηc one can in general expect that these two eigenvectors ρ̂0,1 fully control the long
time dynamics [578]. That is, one can expect that no other eigenvectors have such small
eigenvalues. Further away from ηc, one may have that the eigenvalue λADR associated with
ρ̂1 grows to be comparable with other modes, and the two lowest modes can no longer be
considered in isolation.

A key question regarding the behaviour near η = ηc is whether λADR vanishes only
at a point, or vanishes over an extended region. In Fig. 26 we have suggested the latter
case. This would correspond to allowing bistability, where e.g. a system prepared in ρ̂<

can survive even when η > ηc or vice versa. Bistability is a specific case of metastability,
where there exists one stable point and one metastable point. We will discuss below how
such metastability can be consistent with a unique steady state density matrix ρ̂ss by
considering large but finite system sizes. We further illustrate this with a specific example
taken from Ref. [203] shown in Fig. 30. We note that that this argument differs from that
in Ref. [203], which suggests that the spectral gap vanishes only at the point η = ηc.

Exactly at the critical point, one may note that the arguments in the previous section
imply that both ρ̂0 and ρ̂1 have eigenvalue zero. As such, this means one cannot uniquely
determine what is the steady state. As we discuss below, this is an issue with considering
the Lindbladian in the thermodynamic limit. We thus next turn to consider finite system
size and finite time, which help resolve some points raised in the discussion so far.

Effects of finite system size and finite time. In the discussion so far, we have
focused on the behaviour in the thermodynamic limit, since it is in that limit that phase
transitions are strictly defined. We comment here on how this relates to behaviour in finite
systems. This discussion will also clarify the significance of long-lived metastable states as
introduced above.
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In a finite system we may note that in general, even at η = ηc, one can expect a unique
steady state to exist. Exceptions to this exist for models with strong symmetries where
conserved quantities exist, in this case even finite-sized models have multiple steady states.
To understand how this unique state arises from the two states ρ̂<,>, and the evolution
of the eigenvalues of the Lindbladian in the finite-sized case, one can consider switching
rates between the two states. The term “switching rates” imply a considering in terms of a
trajectory-based approach (as discussed in Sec. 3.3). As noted there, different approaches
to unravelling can lead to different results; here we assume an approach such as unravelling
to describe homodyne detection. In such an approach one would see trajectories that stay
around one of the two states, ρ̂<,>, but then occasionally switch between these two states—
for an example, see Ref. [579]. By assuming this switching is a Poissonian process, one
can then extract the switching rates from each state <,> to the alternate state. As we
discuss below, in the large system size limit, switching rates become small, but also the
ratios of switching rates between the states also become small or large. Metastable states
arise when switching from a state has a low rate, so that the state can live for a long time,
but when the ratio of switching to and from a state means that the metastable state is
disfavoured. In contrast, stable states are those favoured by the switching process.

The trajectory picture is not however required to understand the rates. To make the
discussion more concrete, one can consider a classical rate equation the time evolution of
probabilities of two states p<,> determined by:

d

dt

(
p>
p<

)
=

(
−r1 r2
r1 −r2

)(
p>
p<

)
, (171)

where r1 describes the rate of switching from > to <, and r2 vice-versa. This has the
solution: (

p>
p<

)
=

1

r1 + r2

(
r2
r1

)
+ C

(
1
−1

)
e−(r1+r2)t, (172)

where C depends on initial conditions. This can be compared to the ensemble-averaged
density matrix, which will decay to the stable state at a rate λADR. This simple model
thus has λADR = r1 + r2, and a steady state determined by the ratio r1/r2.

If one considers how these switching rates vary with system size, one expects the switch-
ing rates to decay with increasing system size, so that all rates vanish in the thermody-
namic limit. Physically this occurs as states become macroscopically distinct in the large
system size limit, thus suppressing transition rates between them. To give a specific ex-
ample of how this might occur, consider the case where r1,2 = exp(−c1,2N) where N
denotes system size. In this case, both r1, r2 (and thus λADR) vanish as N → ∞, while
r1/r2 = exp(−(c1 − c2)N) will either vanish or diverge as N → ∞ depending on the sign
of c1 − c2. In this scenario, for c1 < c2, r1/r2 → ∞, so ρ̂< is the stable state, while ρ̂> is
metastable, while for c1 > c2 the situation is reversed. This example explains how a van-
ishing Lindbladian gap λADR over a finite region—which thus implies metastability—can
be compatible with a unique steady state. That is, in the thermodynamic limit, metat-
stability does not imply any continuous transfer of weight between the two states or any
bimodality. Indeed, only if r1,2 have the same functional dependence on N would one
expect r1/r2 to be finite as N → ∞. The distinct behaviour exactly at η = ηc is that at
this point the switching rates become equivalent, making the steady state a mixture of the
two competing states. For the example here, where c1 = c2 one has r1 = r2 and thus has
exactly the equal weight mixture at this critical point.

Considering this example, we may also note that this shows that the limits of long
times and large system size do not commute. We may consider the two cases:
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Large system limit first. In the large system limit, N → ∞ the switching rates between
metastable and stable states vanish. Thus there can be multistability where multiple
stable or metastable states exist. That is, for any finite t at N → ∞, the solution of
Eq. (172) depends on the initial conditions via the constant C

Long time limit first. In this case, as long as λADR = r1 + r2 is non-zero one will reach
a unique steady state, independent of the initial conditions. The discussion of the
thermodynamic limit given above (based on Ref. [203]) assumes this limit.

There are several consequences of the arguments above that are worth noting:

• The fact that the switching rates vanish in the thermodynamic limit means that
multistability can occur in experiments, i.e. bistability in this specific example. That
is, if one prepares a state ρ̂< but for parameters where η > ηc (or vice versa), the
state ρ̂< will persist for a long time, and this timescale will diverge as the system size
increases. This means that the bistability predicted by mean-field approaches can
have a physical meaning. Metastable states are distinguished from unstable states
in that they can appear as long-lived states in a finite-sized system, with a lifetime
growing with system size.

• This observation also highlights an important point to note about the density matrix.
The density matrix represents the ensemble average over many realisations. This can
be related to time averages for ergodic systems. The notion of ergodicity means that
the dynamics of a system allow it to explore all possible states. As such, for ergodic
systems, long time averages of the dynamics will be equivalent to ensemble averages.
However, even when ergodic, the timescale required for the system to explore all
states may become large—i.e. the time to switch between distinct solutions may grow
(even exponentially) with the size of the system. As such single experiments do not
necessarily correspond to the ensemble-averaged density matrix. We discuss other
consequences of the distinction between ensemble averages and individual trajectories
in Sec. 8.

• Even when considering ensemble-averaged measurements, there are still signatures
of such metastability. These arise if one considers the properties of two-time correla-
tions. These allow one to ask the question: “If I measure the system in one state at
time t0, how likely am I to measure it in the same state at time t1?”. This correlation
function can give direct access to the Lindbladian gap λADR.

• For a finite system, the finite switching rates (in both directions) lead to a smooth
crossover in the finite-size steady state. The width (i.e. range of parameter η) over
which this crossover occurs will shrink as the system size increases. One can thus
extrapolate to find the expected behaviour in the thermodynamic limit from finite-
size experiments.

Extracting ρ̂<,> from finite-size simulations. While the finite-size system has a
unique steady state, it can be useful to have an estimate for the metastable states ρ̂<,>.
Reference [203] provides a way to extract this from the first non-zero Lindbladian eigen-
vector, ρ̂1. This is based on writing this eigenvector as follows:

ρ̂1 =
∑
µ

pµ |ψµ⟩⟨ψµ| ≃ ρ̂< − ρ̂>. (173)

The first expression is just the eigendecomposition of any Hermitian operator, while the
second is the expected form of ρ̂1 in terms of the metastable states. Note than in writing
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Eq. (173) we have assumed an overall sign in ρ̂1. Since ρ̂1 is a traceless operator, some of its
eigenvalues pµ must be negative, and some positive. However, since ρ̂<,> should be valid
density matrices, they must both have a positive spectrum. This then suggests separating
the sum over µ into those terms for which pµ is positive (or negative) and identify this
with ρ̂< (or ρ̂>). That is:

ρ̂< =
∑

µ|pµ>0

pµ |ψµ⟩⟨ψµ| , ρ̂> =
∑

µ|pµ<0

(−pµ) |ψµ⟩⟨ψµ| . (174)

After normalisation, these will allow one to extract two valid density matrices ρ̂<,> from a
calculation at finite N . As noted above, in this argument we assumed the signs of ρ̂<, ρ̂>

such as in Eq. 173. If we had chosen the opposite signs the role of the two density matrices
would be swapped, but the overall conclusions would be unchanged. One can determine
which of ρ̂<, ρ̂> is which by comparison with the behaviour away from the critical point.

A concrete example of finite-size scaling of the Lindbladian gap, the evolution from
a crossover to a sharp transition, and the extraction of ρ̂<,> is given in Sec. 6.2.2, in
particular Fig. 30.

6.1.2 Symmetry-breaking phase transitions

We now turn to phase transitions that show spontaneous symmetry breaking, such as the
examples shown in Fig. 25(b,c). When discussing symmetries in open quantum systems,
one must distinguish between strong and weak symmetries, as discussed in Sec. 3.1.1.
In this section we focus on cases with weak symmetries. Once again we first discuss
the behaviour in the thermodynamic limit and then discuss how this emerges from the
behaviour at large but finite system sizes.

Spectral theory in the thermodynamic limit. We first discuss discrete symmetries,
such as are shown in Fig. 25(b,c) which corresponds to breaking a Z2 symmetry. Here,
for η < ηc there is a unique steady state, but for η > ηc the symmetry is spontaneously
broken, leading to multiple steady states. While Fig. 25(b,c) suggests two steady states,
which we denote ρ̂±, the full density matrix solution allows any linear combination of these
states. Hence, a degenerate family of steady states is possible. This in turn implies that
for η > ηc the Lindbladian must have at least one additional zero eigenvalue (additional
to the zero eigenvalue that always exists associated with there being a steady state). This
extra zero eigenvalue corresponds to an eigenvector that describes moving within the space
of possible steady states.

This argument is similar to that predicting the existence of a Goldstone mode when
a continuous symmetry is broken [254, 448], however in the open quantum system a zero
eigenvalue exists even if a discrete symmetry is broken. When considering systems with
continuous symmetries, a similar situation arises, although now one must consider the
possibility of infinitesimal changes to the order parameter symmetry, rather than just
switching between discrete states. This leads to a larger degenerate subspace, and thus
the possibility of multiple zero eigenvalues.

To summarise, whenever symmetry breaking occurs, the Lindbladian gap must vanish
throughout this phase. This is shown in Fig. 27. The vanishing gap implies that all
symmetry broken states are equally likely; this contrasts with the bistable system where
(apart from exactly at η = ηc) one or other solution is favoured. One may also note
that this is what distinguishes the similar structures in Fig. 25(b,d); in panel (b) the two
solutions are equivalent so must have equal tunnelling rates, while in panel (d) they are
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not equivalent4. Figure 25(c) shows both symmetry breaking and a possible metastable
regime. Here zero eigenvalues can be expected to arise from both these features.

𝜂𝜂c

𝜆

Symmetry
broken

Figure 27: Dissipative Phase Transition with symmetry breaking. In this case,
multiple steady states (corresponding to different ways to break the symmetry)
exist beyond the critical point. This means the Lindbladian gap vanishes through-
out the ordered phase [Inspired by Ref. [203]].

Effects of finite system size. Similarly to transitions without symmetry breaking dis-
cussed above, we may note that in a finite size system, for weak symmetries, there is a
unique steady state solution. Moreover, this unique state always respects the symme-
tries of the equation of motion. This means that in a finite system, as viewed from the
properties of the steady state density matrix, there is no spontaneous symmetry breaking.
We can however again gain further insight into how the thermodynamic limit emerges by
considering the behaviour of the Lindbladian spectrum.

For the case of discrete symmetry breaking we may consider the behaviour of the two
lowest eigenvectors of the Lindbladian. As noted above, the steady state will respect the
symmetry, and so must take the form ρ̂0 = (ρ̂+ + ρ̂−)/2 in terms of the two symmetry-
broken solutions ρ̂± introduced above. The other mode (that would have zero eigenvalue
in the thermodynamic limit) is the traceless anti-symmetric combination ρ̂1 = (ρ̂+ −
ρ̂−)/2. This mode corresponds to an eigenvalue that vanishes as system size diverges. The
consequence of this mode is that if one prepares one symmetry-broken state at a point
where symmetry breaking would occur in the thermodynamic limit, then the finite-size
system will only recover the symmetric state very slowly. One can think of this in the
same way as for the first-order transition, with switching rates between the two symmetry
broken states. A key difference in the symmetry breaking case is that due to symmetry,
the switching rates between different metastable states ρ̂<,> are exactly equal. This means
that ρ̂0 is always the symmetric sum of symmetry-broken states for all η > ηc, not only at
the critical point.

As with the case without symmetry breaking, multi-time correlations can again be
used to directly probe the Lindbladian gap. Here, in the ordered state, one can consider
preparing one symmetry broken state at t0 and asking whether one finds the same state
at a later time t1. A paradigmatic example of this (for continuous symmetry breaking) is
the Schawlow–Townes linewidth of a laser [184, 580] (See also Sec. 2.6). Here, the ther-
modynamic limit of a laser corresponds to breaking a continuous symmetry corresponding
to the phase of the emitted light; the linewidth depends on how phase correlations decay
with time, thus are a signature of the Lindbladian gap. The fact the linewidth is non-zero
indicates a finite correlation time, as expected away from the thermodynamic limit.

4We are not aware of particular examples that show the behaviour of panel (d), however there is no
obvious reason they should not exist.

105



SciPost Physics Lecture Notes Submission

6.1.3 Critical behaviour and relation to Schwinger–Keldysh field theory

Schwinger–Keldysh field theory—as introduced in Sec. 3.2 and Sec. 4.7 provides a comple-
mentary approach to understanding dissipative phase transitions, in particular continuous
(i.e. second-order) transitions, and a powerful formalism to study the resulting critical
behaviour. Such an approach is reviewed extensively elsewhere [31, 32]. Here we briefly
mention some key points, as well as discussing how such an approach links to the spectral
theory discussed above.

The key approach to describing second-order phase transitions is the renormalisation
group (RG) as introduced in Sec. 4.7.3. The idea underlying this is that at a criti-
cal point (i.e. at a second-order phase transition), correlation lengths and timescales di-
verge [254,448]. Correlation and response functions (as discussed below) typically depend
on a dimensionless length or time, set by the ratio of separation to a typical length and
timescale. As such, when these scales diverge, correlation functions take universal forms.
The RG approach describes these universal forms on long length and timescales, by inte-
grating out the effects of short wavelength modes. Furthermore, one finds that under the
RG, the asymptotic long wavelength form the Keldysh action is defined by the symmetry
of the system and the dimensionality. This leads to a notion of Universality: the long
wavelength effective actions can be divided into “universality classes” (determined by sym-
metry and dimensionality), and these in turn determine critical behaviour such as critical
exponents [32].

In discussing critical exponents and correlation lengths, these refer specifically to prop-
erties of correlation and response functions. That is, the field theory is considered as a
route to calculate the (long wavelength) form of a set of response functions. Because of
universality, there are only a finite set of response functions that need to be found to fully
determine the behaviour. One such correlation function is susceptibility χ, which deter-
mines how the order parameter O behaves as a function of a symmetry breaking term in
the Hamiltonian, Ĥ → Ĥ + fÔ, i.e. χ = (∂O/∂f)|f→0. For a second-order transition, this
susceptibility diverges algebraically as η → ηc, allowing one to define a critical exponent γ
via χ ∝ (ηc−η)−γ . Further exponents can be defined by considering time-dependent fields
and the frequency dependence, or finite-size systems, and the dependence on lengthscales.
Other susceptibilities may also be important.

To connect such critical behaviour to spectral theory, we must consider how correla-
tion functions or response functions such as susceptibility are related to the Lindbladian
spectrum. For correlation functions, we may note that (as discussed above) multi-time cor-
relation functions can in principle reveal information about the Lindbladian gap. Using the
quantum regression theorem [184, 191, 216], a correlation function

〈
X̂(t)X̂(0)

〉
in steady

state can be found by taking an initial state X̂ρ̂ss, time evolving this state to time t and
then evaluating the expectation value. If one has a full eigensystem of the Lindbladian,i.e.
eigenvalues and left- and right-eigenvectors λµ, ⟨⟨lµ | , |rµ⟩⟩, as described in Sec. 3.1.2, the
time evolution will take the form:〈

X̂(t)X̂(0)
〉
=
∑
µ

eλµt
〈〈

1
∣∣∣X̂rµ〉〉〈〈lµ∣∣∣X̂ρss

〉〉
. (175)

One thus sees that only those eigenvalues λµ for which ⟨⟨lµ|X̂ρss⟩⟩ ≠ 0 will contribute. For
response functions, such as susceptibility, these can be calculated using (non-Hermitian)
perturbation theory, again making use of the eigensystem of the Lindbladian. If one con-
siders the vectorised Lindbladian in the form L̂ → L̂+L̂pert, and calculates the expectation
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of an observable Ô, this gives a steady state expectation:〈
Ô
〉
=
〈〈

1
∣∣∣Ôρss

〉〉
−
∑
µ≥1

1

λµ

〈〈
1
∣∣∣Ôrµ〉〉〈〈lµ∣∣∣L̂pertρss

〉〉
. (176)

This shows directly how diverging susceptibility is related to a vanishing Lindbladian gap.
Naively this might suggest the critical exponent is determined by how λADR depends
on ηc − η. However, in general this expression can contain a contribution from many
Lindbladian eigenvalues that vanish (or become small) at the critical point. Summing over
their contributions can lead to non-trivial (non-integer) critical exponents.

It is worth noting that the spectral theory of transitions discussed in previous sections
focuses on the behaviour of a few eigenvectors of the Lindbladian; in particular the prop-
erties of the eigenvector corresponding to the Lindbladian gap. This single eigenvalue will
determine the critical properties transitions in zero-dimensional systems, or those where
mean-field theory applies. In general, the critical properties will depend on the spectrum of
eigenvalues corresponding to low energy effective modes—i.e. on a set of many eigenvalues,
with the number diverging with system size.

One well studied example of this occurs when considering the long-wavelength modes
of the driven-dissipative weakly-interacting dilute Bose gas (WIDBG), Eq. (38). These can
be found in various ways, including by considering fluctuations around the steady state of
the complex Gross-Pitaevskii equation, Eq. (109), which—as discussed earlier—can also
be seen as the saddle point of the Schwinger–Keldysh path integral. To see this, one starts
by writing the Bogoliubov–de Gennes parameterisation

ψ(r, t) =

(
ψ0 +

∑
k

uke
−iνkt+ik·r + v∗ke

iν∗kt−ik·r

)
e−iµt,

where ψ0e
−iµt is a stationary solution, so satisfies µ = NU |ψ0|2 and κ+−κ−−κ(2)− N |ψ0|2 =

0. One then substitutes this into Eq. (109) and expands up to linear order in the fluctua-
tions uk, vk giving coupled equations for the fluctuations:

νkuk =

(
k2

2m
+ µ− iκeff

)
uk + (µ− iκeff) vk (177)

−νkvk =

(
k2

2m
+ µ+ iκeff

)
vk + (µ+ iκeff)uk (178)

where κeff = 1
2κ

(2)
− N |ψ0|2 = 1

2(κ+ − κ−). This then leads to the complex dispersion:

νk = −iκeff ±

√
k2

2m

(
k2

2m
+ 2µ

)
− κ2eff. (179)

In the limit κeff = 0 this recovers the standard Bogoliubov dispersion of the equilibrium
WIDBG. For the dissipative case, one finds that the dispersion at small k is purely imagi-
nary and diffusive, i.e. νk ≃ −iDeffk

2 +O(k4) for the + root, and νk ≃ −2iκeff for the −
root. As k increases, there is an exceptional point, beyond which the imaginary parts of
the two roots coalesce, and a real part of the dispersion arises [158, 159]. Such behaviour
is characteristic of the Goldstone mode in many driven-dissipative systems.

Recent experiments on exciton polaritons have observed such a diffusive Goldstone
mode [581]. Similar results also apply for cold atoms in multimode optical cavities, where
the the Goldstone mode associated with crystallisation—i.e. a phonon mode—has been
observed [115]. The distinct properties of the diffusive Goldstone mode can change the
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critical behaviour associated with symmetry breaking transitions in such driven dissipative
systems.

Renormalisation group approaches are a key tool to account for the effects of this
continuum of low energy modes. This is discussed further in the reviews [31,32,163].

6.2 Examples

Having discussed the general properties of dissipative phase transitions, we here give a few
illustrative examples of models in which dissipative phase transitions have been studied.

6.2.1 Dissipative Phase Transitions in Spin Chains

The first example we consider is spin-chain models. A notable feature these models illus-
trate is that DPT can display patterns of symmetry breaking which are completely different
from the equivalent Hamiltonian in thermal equilibrium. A particularly clear application
of this is presented in Ref. [234] for a dissipative XYZ model. This model (as already
introduced in Sec. 3.1.5) is given by the Hamiltonian

Ĥ =
∑
⟨i,j⟩

∑
α

Jασ̂
α
i σ̂

α
j (28)

along with jump operators
L̂i− =

√
γσ̂−i . (180)

The ground state of this Hamiltonian is a standard example of quantum magnetism in
condensed matter physics. Except in one dimension, the ground state of this model shows
long-range magnetic order. The nature of that order—ferromagnetic vs antiferromagnetic—
is determined by the sign of the dominant coupling Jx, Jy, Jz. While some patterns of cou-
pling can lead to more complex phenomena such as ferrimagnetic order, small changes to
ratio of Jx/Jy do not generally change the nature of the order unless the signs change. As
we discuss below, and as illustrated by the phase diagram in Fig. 28, this is quite different
for the dissipative model.

Figure 28: Nonequilibrium mean-field phase diagram of the XYZ model as a
function of the anisotropy Jx ̸= Jy, obtained respectively with Jz = γ (left) and
Jz = 0 (right). We see that along the line Jx = Jy the model displays a regular
paramagnetic phase which gives rise to a rich pattern of broken symmetry phases
in presence of anisotropy. From Ref. [234] [Copyright (2013) by the American
Physical Society].
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In Ref. [234], this model was studied using a real-space mean-field factorisation. This
leads to the following equations of motion for the local magnetisation ⟨σ̂αi ⟩:

d⟨σ̂xi ⟩
dt

= −γ
2
⟨σ̂xi ⟩+

∑
j

(
Jy⟨σ̂zi ⟩⟨σ̂

y
j ⟩ − Jz⟨σ̂yi ⟩⟨σ̂

z
j ⟩
)
, (181a)

d⟨σ̂yi ⟩
dt

= −γ
2
⟨σ̂yi ⟩+

∑
j

(
Jz⟨σ̂xi ⟩⟨σ̂zj ⟩ − Jx⟨σ̂zi ⟩⟨σ̂xj ⟩

)
, (181b)

d⟨σ̂zi ⟩
dt

= −γ
∑
i

(1 + ⟨σ̂zi ⟩) +
∑
j

(
Jx⟨σ̂yi ⟩⟨σ̂

x
j ⟩ − Jy⟨σ̂xi ⟩⟨σ̂

y
j ⟩
)
. (181c)

This dynamics always admits a steady state, corresponding to ⟨σ̂xi ⟩ = ⟨σ̂yi ⟩ = 0 and
⟨σ̂zi ⟩ = −1. That is, a state with all the spins down along the z axis, with this axis chosen
by the dissipative processes. However linear stability analysis around this steady state
reveals a rich pattern of symmetry broken phases, distinct from those in the ground state
of the Hamiltonian.

As discussed in Sec. 3.1.5, to reach a non-trivial state requires we consider Jx ̸= Jy.
This is because for Jx = Jy = J the Hamiltonian can be rewritten as

Ĥ =
∑
ij

J
(
σ̂+i σ̂

−
j + H.c.

)
+ Jzσ̂

z
i σ̂

z
j (182)

which conserves the total number of excitations
∑

i σ̂
z
i . Since the dissipation leads to

loss of excitations, this means that for Jx = Jy the only steady state is the dark state
ρ̂ = |↓ . . . ↓⟩⟨↓ . . . ↓|.

For Jx ̸= Jy excitation number is not conserved because of the reduced symmetry. This
allows coherent excitation creation to balance the loss. This process can be seen from the
mean-field dynamics which can be described as a competition between dissipative processes,
taking the local spin toward pointing down, and precession around a time-dependent field.
The effective field seen by each site comes from the neighbouring sites and takes the form

heff
i =

∑
j∈∂i

(Jx⟨σ̂xj ⟩, Jy⟨σ̂
y
j ⟩, Jz⟨σ̂

z
j ⟩),

using the notation of Sec. 4.4.1. Now, the key point is that for isotropic exchange and
homogeneous order this field is always parallel to the spin direction itself, so there is
no precession and dissipation always wins. However for Jx ̸= Jy the spin can have an
arbitrary angle with respect to the field and therefore counterbalance the losses, so that
new stationary states can emerge.

The discussion so far has been based on the mean-field theory, which, as discussed in
Sec. 4.5 is expected to be valid in sufficiently high dimensions. Following Ref. [234] there
have been many attempts to explore the phase diagram of this model beyond mean-field
theory. One such example, Ref. [283], used the Cluster Mean-Field techniques described
in Sec. 4.6.1. This revealed a striking effect arising from the nonequilibrium nature of the
problem: short-ranged correlations, disregarded in the single-site mean-field approximation
leading to Eq. (181a)–(181c), induce crucial changes to the topology of the phase diagram.
In particular, the ferromagnetic phase that previously extends to arbitrarily large Jy, Jx is
instead found only for a finite range of couplings, and instead a re-entrant paramagnetic
phase is seen at larger couplings. This is shown in Fig. 29.

Such significant changes due to short-range interactions would be highly unusual in
ground-state or thermal-equilibrium phase diagrams. The origin of this effect can be seen
to be rooted in the driven dissipative nature of the problem. In fact, in the limit of Jy → ∞,
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Figure 29: Role of short-range correlations on the phase diagram of the dissipative
XYZ model, comparing (a) mean-field predictions vs (b) cluster mean-field theory
in two dimensions. Adapted from Ref. [283].

the steady-state of the system becomes fully mixed and the purity drops to zero. This in
turn leads to suppression of the magnetisation.

Further works on the dissipative XYZ model have used other methods to investigate the
DPT in one or two dimensions, beyond mean-field. The Keldysh approach combined with
renormalization group was used in [582] to study the critical state of an Ising model with
long-range losses. References [331,407] used a tensor network technique: infinite projected
entangled pair operators (iPEPO) while Ref. [330] used the corner-space renormalisation
group. In addition, Ref. [579] discussed the dissipative transition using quantum trajecto-
ries by extracting the Lindbladian gap and discussing signatures of critical slowing down.
All these studies have highlighted how the DPT is washed out in one dimensional systems
while it survives in two-dimensional lattices, although a conclusive results on the location
of the phase boundaries is yet to be found.

Another interesting limit of the model we have discussed corresponds to Jz = 0, where
mean-field theory predicts a staggered XY phase for any finite value of the anisotropy and
a featureless paramagnetic phase when the couplings Jx,y have the same sign. The effects
of beyond-mean-field fluctuations on this result have been explored using Keldysh field-
theory techniques [450] which predict a washing out of the quasi-long range order in two-
dimensions. In addition to the features seen for the model discussed above, other models
of dissipative spin chains have been discussed, which show a wider variety of phases. In
particular, several such models [237, 340, 342, 371, 564, 583] observed transitions to a state
which, in mean-field theory, corresponds to a periodic dynamics. As discussed further
below, such a state corresponds to the occurrence of a time crystal, see Sec. 6.2.3.

6.2.2 Coherent Drive and Bistability

We now discuss the cases in which there are first-order, i.e. discontinuous, DPTs without
symmetry breaking. As noted at the start of this section, semiclassical analysis suggests
bistability in such cases, but the full treatment reveals a unique steady state at each point
in the thermodynamic limit. Here we show some concrete examples of such behaviour.

Kerr nonlinear oscillator. A paradigmatic example of a first order DPT occurs in
the context of a driven-dissipative non-linear oscillator, as discussed in Ref. [203]. This is
described by Hamiltonian and loss terms:

Ĥ = −∆â†â+
U

2
â†â†ââ+ F

(
â† + â

)
, L̂ =

√
κâ. (183)
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Figure 30: Dissipative phase transition in a Kerr non-linear resonator, as defined
in Eq. (183). Left panels, (a,b) shows the system-size dependence (i.e. N de-
pendence) of the evolution vs rescaled pump strength F̃ . Panel (a) shows the
number of photons ⟨â†â⟩ in the cavity, and panel (b) shows the Lindbladian gap
λ1 ≡ λADR plotted on a logarithmic scale. As discussed above, there is an ex-
tended range of F̃ /κ over which λ1 is strongly dependent on system size, and for
which one can anticipate λ1 → 0 in the limit N → ∞. The right panels, (c,d)
compare the true steady state solution to the two solutions ρ̂<,> extracted from
finite-size calculations according to Eq. (173). Panel (c) shows the evolution of
the photon number in comparison to the semiclassical solution, which is shown
as a dashed line. One may see that over some range of F̃ , ρ̂<,> follow the two
branches of the semiclassical solution. Panel (d) shows the fidelity between the
steady-state density matrix ρ̂ss and the states ρ̂<,> and ξ̂ = (ρ̂< + ρ̂>)/2, using
the fidelity f(ρ̂A, ρ̂B) = Tr

[√√
ρ̂Aρ̂B

√
ρ̂A

]
. From Ref. [203] [Copyright (2018)

by the American Physical Society].

While this is a single-mode problem without an immediately apparent thermodynamic
limit, it has been shown that a well-defined thermodynamic limit can be still defined by
taking F → ∞ at fixed UF 2. In this limit one finds that the number of bosons has a
discontinuity as one tunes the ratio of driving and loss.

To explore the approach to this thermodynamic limit, one can define U = Ũ/N, F =
F̃
√
N . The behaviour of the photon number and eigenvectors of the Lindbladian is shown

in Fig. 30, showing how a sharp transition emerges as N increases. One important feature
of this model is that it shows an extended range of F over which λADR decreases with
increasing system size. While λADR is minimum at η = ηc, it shows strong dependence
on system size over an extended region. This figure strongly suggests that λADR vanishes
over an extended region.

First-order transitions in spin lattices. Classical bistability, and the associated first-
order transition in the full dynamics, has also been explored in models of spins on lattices,
which more directly provide a many-body context and thermodynamic limit. Here we
discuss two examples. The first is a coherently driven XY quantum spin model on a
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Figure 31: Bistability in coherently driven spin chains. Left Panel: XY model
with longitudinal and transverse field. Average steady-state magnetisation µx for
mean-field (MF), mean-field plus quantum fluctuations (MFQF) in d = 2, 3, and
matrix product operator (MPO) on small two-dimensional lattices of size 12× 4.
From Ref. [584]. Right Panel: Ising Model in a Transverse Field. In both cases
MF bistability is reduced by the addition of quantum fluctuations. From Ref. [585]
[Copyright (2018) by the American Physical Society].

d−dimensional hypercubic lattice, with Hamiltonian

Ĥ = −J
∑
⟨i,j⟩

(
σ̂+i σ̂

−
j + H.c.

)
+
∑
i

(
∆

2
σ̂zi +Ωσ̂xi

)
(184)

where Ω,∆ are respectively the strength of the local drive and the detuning, and local
jump operators describing dissipation L̂i− =

√
γσ̂−i . This model was studied in Ref. [426]

using matrix product operator (MPO) simulations, in d = 1, 2, and an approximation
scheme that accounts for fluctuations beyond mean-field (MFQF) in d = 1, 2, 3, equivalent
to the cumulant expansion discussed in Sec. 4. Both methods were compared with mean-
field theory, which predicts a bistable region for the steady-state magnetisation µα =
1
Ns

∑
iTr [ρ̂ssσ̂

α
i ], as a function of the detuning ∆. In one dimension both the MPO and

the MFQF results show that bistability is destroyed by quantum fluctuations, a result which
is consistent with that found in other coherently driven-dissipative models (see below). In
two dimensions however bistability is found to survive in MFQF, although in a reduced
region of parameter space, as shown in the left panel of Fig. 31. The MPO results are
obtained on small cylinders, mapping the two-dimensional problem to a one-dimensional
chain. These compare well with MFQF over a large region of detunings, however they
show a smooth crossover instead of true bistability, see left panel of Fig. 31.

A second example is the transverse-field Ising chain with Hamiltonian and jump oper-
ators

Ĥ =
V

4

∑
⟨i,j⟩

σ̂zi σ̂
z
j +

g

2

∑
i

σ̂xi , L̂z
i− =

√
γ

2
(σ̂xi − iσ̂yi ) , L̂x

i+ =

√
γ

2
(σ̂yi + iσ̂zi ) . (185)

This model was studied in Ref. [585], comparing mean-field results to cluster-mean-field
theory in two dimensions, as shown in the right panel of Fig. 31. Once again mean-field
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theory predicts bistability, while the cluster-mean-field theory shows either a crossover in
place of a transition, or a sharp first-order transition.

As discussed in Sec. 6.1, the survival of bistability beyond mean-field theory can be
understood as a consequence of considering the large system size limit before the long time
limit. That is, when the large time limit is taken first, the smooth crossover at finite size
turns into a sharp first order phase transition in the thermodynamic limit as discussed
in [203]. However, in the opposite case, where the large system size limit is taken first,
the lifetime of the two metastable states diverges, leading to bistability. Signatures of such
bistable behaviour appear in the unique steady state at finite N , which display a bimodal
distribution of local observables [426,585].

There have been a large number of works, using a variety of methods, studying other
examples of spin lattices (as well as other lattice based problems). Such problems provide
a natural context to compare the predictions of real-space mean-field theory to beyond-
mean-field treatments. In one-dimensional lattices with nearest-neighbour interactions,
the mean-field bistability is found to be replaced by a crossover driven by large quantum
fluctuations [554, 586–589]. That is, in one-dimensional spin-chains, there generally is of-
ten no DPT (however see Sec. 6.2.4 for a notable counter example). For two-dimensional
lattices, a DPT does exist beyond mean field, but (as discussed above), mean-field bista-
bility is replaced by a first-order transition. Examples of this include nonlinear bosons
using a truncated Wigner approximation [554, 589], Ising spins using a variational ansatz
accounting for short-range correlations [586], cluster mean-field approaches [585], and two-
dimensional tensor networks (iPEPO) [331, 407, 408]. In addition to finding the steady
state, one can also study the dynamics, and it has been seen that around the DPT the
rate of convergence towards the steady state slows down [554, 589], as expected from the
spectral theory outlined above [203,578,590].

6.2.3 Boundary Time-Crystal and Dissipative Limit-Cycles

We next discuss the DPT to a state that breaks time-translation symmetry, i.e. a time
crystal or limit cycle state. As explained in Ref. [563], time-crystal states in a dissipative
system can be considered as corresponding to a “boundary time crystal”, a name referring
to the fact that the open quantum system can be thought of as the “boundary” of the
environment. Such a consideration is important because there is a well established no-go
theorem [562] that prevents a time crystal arising in the ground state of a quantum system.
This no-go theorem should apply to the combined system and environment, but the reason
why a time crystal is nonetheless possible in the open system is that the no-go theorem pre-
vents periodic dynamics for macroscopic observables in the system; the boundary however
corresponds to a vanishing fraction of the combined system and environment. As such,
periodic dynamics of the boundary does not violate the no-go theorem. For a complete
discussion of this subtle point see Ref. [563].

In order to make a connection with the discussion presented in Sec. 5, time-crystals
prepared via dissipation can be considered as an example of state preparation where in
the steady state a dark-subspace (rather than a dark state) is selected. This fact, that
we are now going to extensively discuss, opens very interesting research perspectives due
to the possible relations of boundary time crystals with decoherence-free subspaces and
noiseless subsystems [591]. Recent experimental detection of dissipative time-crystals has
been reported in [592,593]
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Figure 32: Boundary Time-Crystal. Top: Lindblad spectrum across a dissipative
time crystal phase transition, where time-translation invariance is spontaneously
broken. In panel (a), for ω0/κ = 0.5 we see a finite dissipative gap, correspond-
ing to a well defined steady state and a dynamics which leads to damping. In
panel (b), for ω0/κ = 1.5 the Lindbladian spectrum becomes dense near λ = 0,
acquiring also a finite imaginary part. In the thermodynamic limit this gives rise
to spontaneous oscillations. Bottom: Time evolution of

〈
Ŝz
〉

showing long-lived
oscillations at finite N , and the corresponding thermodynamic limit, plotted for
ω0/κ = 1.5. From Ref. [563]. [Copyright (2018) by the American Physical Society]

Collective spin model. As a first example we consider the following Hamiltonian and
jump operator:

Ĥ = ω0Ŝ
x +

ωx

S
(Ŝx)2 +

ωz

S

(
Ŝz
)2
, L̂ =

√
κ

S
Ŝ− (186)

describing a collection of two-level systems, with Ŝα =
∑N

j=1(1/2)σ̂
α
j with α = x, y, z.

The total spin S is conserved by the master equation and we fix it equal to the maximum
value S = N/2. For simplicity we focus here on the case ωx = ωz = 0 where there is only
one control parameter in the problem, namely the ratio η ≡ ω0/κ. The general case is
discussed in the supplement of Ref. [563].

Figure 32 shows the Lindbladian eigenspectrum, and the real-time dynamics of the
spin. The spectrum (calculated for finite N) shows signatures of what will become a phase
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transition at η = ηc ≡ 1. Below the transition, a unique steady state exists, corresponding
to an isolated zero mode in the spectrum. Above the transition, there is instead persistent
oscillations. At finite N , this appears at modes at finite frequency (finite imaginary part
of λ) and small real part. As N → ∞ the real part vanishes and the oscillations become
long lived. The same behaviour can be seen by viewing the dynamics in the time domain
as shown in the lower panel of Fig. 32.

One can understand what happens in the thermodynamic limit, corresponding to the
limit of large spin S =→ ∞, by using a semiclassical approximation, replacing expectations
of products of operators by products of expectations. Writing Sα =

〈
Ŝα
〉

we obtain
classical equations of motion:

d

dt
Sx =

κ

S
SxSz (187a)

d

dt
Sy = −ω0Sz +

κ

S
SySz (187b)

d

dt
Sz = ω0Sy −

κ

S

(
S2
x + S2

y

)
(187c)

In addition to the conserved magnitude of spin (as discussed above), there is a second
conserved quantity M = Sx/Sy−ω0/κ. This conservation law has important consequences
on the dynamics of the system.

Considering the stationary sates, i.e. d
dtSα = 0 we find that for η = ω0/κ ≤ 1 the steady

states are
(Sx, Sy, Sz) = S(0, η,±

√
1− η2).

Linear stability analysis shows that the solution Sz = −
√

1− η2 is stable. Such stability
analysis also gives the time to reach the stationary state, τ = 1/κ

√
1− η2. These results

suggest a transition at η = 1. For η > 1 one can find fixed point solutions

(Sx, Sy, Sz) = S(±
√
1− 1/η2, 1/η, 0)

however these are not stable. Linear stability analysis show that fluctuations about these
have imaginary eigenvalues! This corresponds to a Hopf bifurcation, with a finite-frequency
instability. Typically such Hopf bifurcations lead to dynamics with a limit cycle as an
attractor. While we indeed see a periodic attractor, it is not a limit cycle [594], in that there
is not a unique periodic attractor, but instead multiple periodic attractors. Nonetheless, as
seen in Fig. 32(c), there is periodic behaviour seen at late times (which survives to longer
and longer times as N → ∞), hence this state can be understood as a time crystal.

Dissipative Bose–Hubbard model. A different example of DPT with breaking of
time-translation invariance occurs for models in which the semiclassical equations display
a limit cycle phase, and exploring how this phase is affected by quantum fluctuations.
Examples that fall into this class include semiclassical models of lasing (see Sec. 2.6)
and optical parametric oscillators (See for example [595, 596]). More recently the focus
has shifted on lattice models of driven-dissipative systems, such as the driven-dissipative
Bose–Hubbard model which we discuss now. There have been many forms of driven-
dissipative Bose–Hubbard models studied, see for example Refs. [464, 597, 598]. In this
section we focus on a particular form of driving and dissipation introduced in Ref. [284] .
As discussed previously the Bose–Hubbard model model has the Hamiltonian:

Ĥ = −tH
∑
⟨i,j⟩

(
â†i âi + H.c.

)
+
U

2

∑
i

n̂i(n̂i − 1), (188)
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and the driven-dissipative version we consider here is formed by considering two kinds of
jump operators for each lattice site i,

L̂i+(2) =

√
κ
(2)
− (âi)

2 , L̂i− =

√
κ
(1)
+ â†i . (189)

Such a model has both time translation invariance and a weak U(1) symmetry Ŝ =
∏

i e
iθn̂i .

The semiclassical equations of motion for this model—which should hold for large num-
bers of bosons per site—correspond to a lattice version of the Gross–Pitaevskii equation.
The semiclassical equations predict a coherent phase for any non-zero pumping, κ(1)+ > 0,
independent of tH/U . The coherent phase corresponds to phase locked oscillations of the
coherent field on each site, i.e. ⟨âi⟩ = |ψ0|eiµt. As such, this coherent phase breaks both
time translation and the U(1) symmetry, and so this model is a candidate to understand
how quantum fluctuations modify this phase.

Figure 33: Phase Diagram of the driven-dissipative Bose–Hubbard model
found using DMFT, as a function of pump/loss ratio r = κ

(1)
+ /κ

(2)
− and hop-

ping/interaction ratio t̃H/U where tH = t̃H/z, for different values of the lattice
connectivity z. These results are compared to the Gutzwiller mean-field theory
that should hold at z = ∞. DMFT results are shown only for large values of z, as
for smaller z, the computation becomes costly at large pumping, due to the large
Hilbert space dimension. Adapted from Ref. [284].

Figure 33 shows results from Ref. [284], calculating the phase diagram of this model
using DMFT as introduced in Sec. 4.5. This shows a phase transition from a normal state
at small tH , characterized by a well defined steady-state which is incoherent ⟨ai⟩ = 0,
to a nonequilibrium superfluid state which breaks time translation symmetry at large tH ,
⟨ai⟩ ∼ eiΩ∗t, i.e. a dissipative time-crystal or limit cycle phase with a frequency Ω∗ which
is renormalized by quantum fluctuations with respect to the semiclassical value [284].
As discussed in Sec. 4.5, we rescale the hopping as tH = t̃H/z, and show results as a
function of the coordination number z. In addition to DMFT results, the Gutzwiller
mean-field phase boundary (i.e. assuming real-space factorisation of the density matrix)
is also shown. As expected, one sees that the DMFT results converge on this result in
the z = ∞ limit. The incoherent normal state at small tH is consistent with what is
known [306, 599, 600] for a individual nonlinear bosonic modes with one-photon pumping
and two-photon loss, including a negative density of states at positive frequency which
signals the onset of gain [444]. The DMFT results for the phase boundary show a strong
dependence on the connectivity z indicating a strong effect of fluctuations; one may note
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that this dependence is considerably stronger than has been seen for the Bose–Hubbard
model in equilibrium. [354,365,366]. The role of fluctuations is to shrink the ordered phase
via a mechanism of hopping-induced decoherence [284]: hopping processes to neighbouring
sites, included within DMFT via the coupling to the non-Markovian bath, increase the
local effective dissipation and destroy the limit cycle phase.

6.2.4 Absorbing state phase transitions

An intriguing class of dissipative phase transitions is that involving absorbing states [142,
560,601]. This idea, first discussed in classical statistical mechanics [602], describes models
where there is a state that, once reached, can never be left. Such states have close con-
nections to dark states as discussed above, and in some cases are equivalent. We discuss
below an example extending this concept to dissipative quantum systems.

Reference [560] introduced a quantum model that extends a standard classical model
of absorbing state transitions. The classical model involves a lattice of sites in a ground or
excited state, with processes where an excitation may decay, as well as “activated” processes
where an excitation may split in two (“branching”) or two neighbouring excitations may
merge into one (“coagulation”). Activated processes refer to changes to the state of one
site conditional on the site of other sites.

A quantum extension of this model can be written in terms of a lattice of two-level
systems represented by Pauli operators. It is convenient to define n̂i = σ̂+i σ̂

−
i , the projector

onto the excited state of site i, so one may then write the Hamiltonian and jump operators
as:

Ĥ = Ω
∑
⟨i,j⟩

n̂j σ̂
x
i , L̂i,− =

√
γσ̂−i , L̂⟨i,j⟩,C+ =

√
κn̂j σ̂

−
i , L̂⟨i,j⟩,C− =

√
κn̂j σ̂

+
i . (190)

The Hamiltonian describes a spin flip on site i, conditioned on the states of its neighbours j,
i.e. a quantum version of an activated process. The three types of jump operators describe
single-site decay L̂i,− and two activated processes that act on pairs of nearest-neighbour
sites. Process L̂⟨i,j⟩,C+, is the classical branching process, creating an excitation on site i
conditioned on there being excitations on a neighbouring site j. The inverse coagulation
process L̂⟨i,j⟩,C− destroys an excitation conditioned on an excitation on neighbouring site.
These processes are illustrated in Fig. 34(a).

The model in Eq. (190) includes the classical model [602] in the limit Ω = 0. It is clear
to see that in general this model has a dark state ρ̂ =

∏
i |↓⟩⟨↓|i, which is equivalent to the

absorbing state for the corresponding classical model. For some parameters, there can also
be a second non-trivial state with a finite density of excitations, so n = ⟨n̂i⟩ serves as order
parameter for this phase transition. It is notable that

∏
i |↓⟩⟨↓|i is always a dark state of

the model for any parameters. This therefore differs from the generic spectral theory of
phase transitions discussed earlier.

As discussed in Ref. [560], the phase transition at general Ω can be understood from
a saddle-point analysis of a Keldysh action. This reveals an effective action that can be
written in the form Γ(n) = −ηn2 + u3n

3 + u4n
4 with η, u3, u4 being combinations of the

model parameters Ω, κ, γ along with the lattice coordination number z. When u3 = 0, this
model has a continuous phase transition with a critical point at η = 0, of the form as shown
in Fig. 25(b). There is however a difference in that only n ≥ 0 corresponds to physical
states, hence the model does not show any symmetry breaking, even in this apparently
symmetric case. When u3 > 0 the transition remains continuous at η = 0, but for u3 < 0
multiple saddle points appear indicating a discontinuous transition. These three scenarios
are illustrated in Fig. 34(c,d,e). Using the form of the coefficients η, u3 in terms of the
bare parameters (as given in Ref. [560]), one finds that in the classical limit u3 > 0, but
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n

(c) u3 < 0

n

(d) u3 = 0

n

(e) u3 > 0

Figure 34: Illustration of absorbing state phase transition. Panel (a) illustrates
the processes involved in the model, as defined in Eq. (190). Panel (b) shows
the phase diagram of the resulting model. The axis Ω = 0 corresponds to the
purely classical model. As illustrated this shows a critical point in which the
phase diagram changes from first order to second order. Panels (c,d,e) show the
order parameter (excitation density) as a function of the tuning parameter η (i.e.
the analogue of Fig. 25) for three scenarios corresponding to (c) discontinuous
transition, (d) critical point, and (e) continuous transition. As discussed in the
text, only positive values of n are physical [ Panels (a,b) from Ref. [560] - Copyright
(2016) by the American Physical Society.].
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increasing Ω and decreasing κ can make u3 change sign, leading to the phase boundary
shown in Fig. 34(b).

A remarkable feature of absorbing state phase transitions is that they can still show
phase transitions in one-dimensional systems. This was studied in detail in Ref. [142],
which considered the κ = 0 limit of the model defined above. The saddle-point analysis
summarised above suggests a first-order transition would occur in this limit for any di-
mension. Numerical analysis in Ref. [142] using matrix product state methods (specifically
infinite time evolving block decimation [399]) showed the existence of a transition even in
one dimension. Remarkably, the numerical results indicate a continuous transition with
critical exponents matching those at the critical point [601] corresponding to u3 = 0. This
was interpreted as a result of strong fluctuation effects in one dimension driving the system
toward the critical point.

The ability to realise such transitions even in one dimensional systems makes these
promising models for realisation in experiments. Indeed, as discussed above, results have
already been presented for a similar model in a system of Rydberg atoms [145].

7 Dynamics of approach to the steady state

In this Section we will go beyond the simple interest in the steady state of the dissipative
many-body process and discuss several of its dynamical aspects. For this reason, we will
focus on situations in which the interplay between system and environment leads to a
simple and featureless stationary state (i.e. without any particular quantum or classical
correlation) and the interesting behaviour is mainly found in the way the system approaches
its stationary properties.

7.1 Heating Dynamics Under Dephasing

We begin our discussion by focusing on the heating dynamics under dephasing, which is for
instance what happens when ultracold-atomic gases evolve under controlled spontaneous
emission (see Sec. 2.2). More generically, in this subsection we will study Lindblad master
equations on a lattice with Hermitian site-local jump operators L̂†

i = L̂i, so that we can
write:

d

dt
ρ̂ = −i[Ĥ, ρ̂] +

∑
i

(
L̂iρ̂L̂i −

1

2

{
L̂2
i , ρ̂
})

= −i[Ĥ, ρ̂]− 1

2

∑
i

[L̂i, [L̂i, ρ̂]]. (191)

The second expression makes very explicit that in the presence of Hermitian jump operators
the identity matrix, normalised in order to have unit trace, is a steady state of the evolution.
This state can be identified with the infinite-temperature state, corresponding to the limit
limβ→0+ e

−βĤ/Z: the dynamics therefore describes an heating process towards infinite
temperature. The subject that we will explore is how such a stationary state is approached
and the role of interactions and many-body effects on this transient dynamics. Among
the many works that have studied this problem, in Sec. 7.1.1 we will address dephasing
problems in spin chains, whereas bosonic systems will be the focus of Sec. 7.1.2.

It is however important to stress that the dynamics of heating towards infinite tem-
perature has been the subjects of many other works that we cannot review in details here.
The heating dynamics of dissipative Luttinger liquids and their lattice realisations have
been studied in a number of works [603–605]. A generalised hydrodynamic picture of this
heating process in integrable systems has been developed in Ref. [606]; while Ref. [607] has
discussed the dissipative dynamics in the framework of a non-Hermitian linear response
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theory. Furthermore there have been studies focusing on the spreading of correlations in
interacting and non-interacting models under dephasing [608, 609] as well as the growth
of operator entanglement, which determines the efficiency of the Matrix-Product Operator
representation for the density matrix [610].

Finally, we note that even if the stationary state is featureless—as occurs in the ex-
amples above where the stationary state is the infinite temperature state—the dynamical
correlations developed in the approach to the steady state contain rich information about
the thermalisation process. These features have been investigated in the case of a free
fermionic chain under dephasing [302, 304]. For strongly correlated systems with charge
and spin degrees of freedom, such as the Fermi–Hubbard model, selective dephasing of the
spin sector has been shown to lead to a non-trivial charge order in the stationary state; this
is related to the so-called η−pairing state [466]. Slow dynamics and anomalous diffusion in
open quantum many-body systems can also emerge in presence of long-range hopping [611]
or kinetic constraints [138,140–142] (see also discussion in Sec. 6.2.4).

7.1.1 Quantum spin chains under dephasing

We begin our discussion by considering a spin chain subject to a dephasing noise. One
such example is the dissipative XX chain studied in Ref. [301, 590], as described by the
Hamiltonian and jump operators

Ĥ = −J
∑
i

(
σ̂+i σ̂

−
i+1 + H.c.

)
+ h

∑
i

σ̂zi , L̂i =
√
γσ̂zi . (192)

We note that such dephasing processes can be physically realised by considering the inter-
action of spins with a magnetic field pointing in the z direction with strength fluctuating
in time. The Lindblad master equation follows from averaging such a model over noise
realisations, assuming the field correlations are those of white noise. When J = 0 the
system is composed of decoupled sites and the single-site matrix element of the density
matrix, quantified by the expectation value of σ̂+i , decays in time as e−2γt.

If we consider J ̸= 0 a few simple considerations help understanding the main aspects
of the physics of the many-body problem. We begin by focusing on the total magnetisation
of the chain Ŝz =

∑
i σ̂

z
i ; the adjoint Lindblad equation introduced in Sec. 3.4.2, that for

Hermitian Lindblad operators reads: d
dt Ŝ

z = +i[Ĥ, Ŝz] − 1
2

∑
i[L̂i, [L̂i, Ŝ

z]], allows us to
conclude that the total magnetisation of the chain is conserved during the dynamics because
[Ĥ, Ŝz] = 0 and [L̂i, Ŝ

z] = 0. On the other hand, the local magnetisation is not and spreads
through the spin chain, its dynamics being constrained by the continuity equation d

dt σ̂
z
j =

+i[Ĥ, σ̂zj ]. For closed systems, the local magnetisation evolves by spreading in a ballistic
way. For open systems, dephasing enters through the equation of motion for the spin
current: the end result is the emergence of a diffusive transport at long times [300,302,612].

As such one can expect a power law decay of the magnetisation at long times. This has
been discussed extensively in the fermionic language. Indeed the Hamiltonian in Eq. (192)
can be reduced via a Jordan-Wigner transformation to a quadratic fermionic Hamilto-
nian, which is non-interacting; however, because of the dephasing Lindblad operators, the
Lindbladian is not quadratic. As discussed in Sec. 4.1, two-point fermionic observables
can nonetheless be solved exactly; thanks to this property one can study for instance
the dynamics of the local magnetisation without further approximations. We refer to
Refs. [293, 295] for a detailed study in the more general case of the XY model and of sev-
eral aspects of its dynamics, among which the ADR. The evolution of this model towards
its steady state can be understood qualitatively since the dynamics of diagonal matrix
elements is expected to rapidly become effectively classical and diffusive [297–299]. This
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Figure 35: Numerical study of the dissipative XXZ model in Eq. (193). (a) Alge-
braic decay of the inter-site coherences for several values of the couplings param-
eters Jxy and Jz obtained with MPS-based techniques; the authors fit a late-time
decay as t−1.58 independent of the parameters of the system. (b) Lindbladian gap
obtained with exact-diagonalization techniques; in all parameter regimes consid-
ered, the authors fit a decay as 1/N2

s . From Ref. [590] [Copyright (2013) by the
American Physical Society].

result can be also understood from the spectral properties of the associated Lindbladian.
For a tight-binding chain the Lindbladian spectrum can be exactly diagonalised using
Bethe-ansatz techniques [303].

A different dynamical behaviour is expected for quantities which do not coincide with
the conserved quantity, nor are a trivial function thereof, such as for example the co-
herences. If we consider the operator Â =

∑
i

(
σ̂+i σ̂

−
i+1 +H.c.

)
, it commutes with the

Hamiltonian. Interestingly, one can prove by direct calculation that
∑

i[L̂i, [L̂i, Â]] ∝ Â,
which implies an exponential decay of its expectation value with a decay rate that does
not depend on the chain length, ⟨Â⟩ ∝ e−4γt. If translational invariance of the initial state
is assumed, a similar result holds for σ̂+i σ̂

−
i+1. Several works have focused on the role of

inter-site couplings in changing the dynamical behaviour of the system and giving rise to
power-law decays in the coherences ⟨σ̂+i σ̂

−
i+1⟩ [590, 613]; for this to occur, a minimum re-

quirement is that there must be a vanishing gap of the Lindbladian in the thermodynamic
limit, represented by a set of many Lindbladian eigenvalues corresponding to slow decay.
This is well illustrated by the case of a XXZ spin chain with dephasing:

ĤXXZ =
∑
i

(
Jxy
2

(
σ̂+i σ̂

−
i+1 + σ̂−i σ̂

+
i+1

)
+ Jzσ̂

z
i σ̂

z
i+1

)
, L̂i =

√
γσ̂zi . (193)

This model was studied via DMRG and exact-diagonalization techniques in Ref. [590], and
was found to display a power-law decay of the inter-site coherences as a function of time,
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and a Lindbladian gap vanishing as ∆ ∼ 1/N2
s , as reported in Fig. 35.

This result can be understood by writing down an effective Lindbladian in the strongly
dissipative regime, γ ≫ Jxy, Jz and by splitting the Lindbladian into two parts:

ˆ̂L0[ρ̂] = −i[Jz
∑
i

σ̂zi σ̂
z
i+1, ρ̂] +

∑
i

ˆ̂D[L̂i, ρ̂], (194)

ˆ̂L1[ρ̂] = −i[(Jxy/2)
∑
i

(
σ̂+i σ̂

−
i+1 + σ̂−i σ̂

+
i+1

)
, ρ̂]; (195)

the idea is to treat ˆ̂L1 as a perturbation. The steady state of ˆ̂L0 is highly degenerate,
with the degenerate steady states taking the form ρss = |{σ}⟩⟨{σ}|, with |{σ}⟩ =

∏
i |σi⟩

and |σi⟩ is an eigenstate of σ̂zi . The perturbation ˆ̂L1 has non-vanishing matrix elements
between these terms. Treating ˆ̂L1 at second order leads to an effective Lindbladian that
takes the form [590]

ˆ̂Leff [|{σ}⟩⟨{σ}|] = −
∑
{τ}

⟨{τ}|K̂|{σ}⟩ × |{τ}⟩⟨{τ}| (196)

and lifts the degeneracy. The operator K̂ here is an effective Hamiltonian that describes a
ferromagnetic Heisenberg model

K̂ = −
J2
xy

γ

∑
i

(
1

2

(
σ̂+i σ̂

−
i+1 + σ̂−i σ̂

+
i+1

)
+ σ̂zi σ̂

z
i+1 −

1

4

)
, (197)

whose low-energy spectrum is gapless, with a gap closing as 1/N2
s due to the fact that

it is composed of magnons with wavevectors k, energy proportional to k2, and minimal
wavevector k ∝ N−1

s . This provides a simple theoretical framework to explain the numer-
ical results reported in the bottom panel of Fig. 35. To the best of our knowledge, the
superoperator ˆ̂Leff in Eq. (196) has never been used to theoretically compute the late-time
decay in the top panel of Fig. 35 although a calculation of such decay exponent, equal to
3/2, is presented in Ref. [303] for the case Jz = 0.

Finally, we mention the study in Ref. [590] of the dissipative quantum Ising model in a
transverse field coupled to dephasing noise; here the total magnetisation is not conserved
by the dynamics and several of the previous considerations need to be modified accord-
ingly. Here the on-site spin-flip coherence of the state, ⟨σ̂+i ⟩, decays exponentially in time,
although with a decay rate that depends on the parameters of the model. We refer to the
original article for further details.

7.1.2 Bose–Hubbard model under dephasing

Another well-studied example of interaction-induced anomalous dissipative dynamics is
provided by the Bose–Hubbard model with dephasing that was introduced in Sec. 3.1.5. In
one dimension, we consider the Hamiltonian introduced in Eq. (36) and the jump operator
proportional to the local density operator:

Ĥ = −tH
∑
⟨i,j⟩

(
â†i âj + H.c.

)
+
U

2

∑
i

n̂i(n̂i − 1), L̂iϕ =
√
γϕ n̂i. (198)

Here we focus on the strongly-interacting regime and follow the discussion of Refs. [614,615].
In the absence of hopping, tH = 0, any density matrix that is diagonal in Fock space is
a steady state of the dynamics. A small hopping removes this degeneracy and when the
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Figure 36: Left: Dephasing dynamics and anomalous diffusion in the two-site
Bose–Hubbard model: we see the dynamics of the diagonal matrix-elements ρn,n of
the density matrix showing long tails as time grows. The simulation is performed
for N = 80 and the red line corresponds to n = 40, the situation where both
sites are equally populated. The thin blue lines correspond to larger values of n,
from 41 to 80. The dashed green lines correspond to the anomalous diffusion in
Fock space of the equation (201). The inset shows a three-dimensional plot of the
evolution. From Ref. [614] [Copyright (2012) by the American Physical Society.].

initial state has a well-defined number of bosons it drives the system towards a unique
steady state: the completely-mixed state of all Fock states with total number of particles
given by the initial condition. The long-time dynamics can be captured by treating the
small off-diagonal matrix elements of the density matrix at second order in perturbation
theory and writing down a rate equation for the diagonal ones in this basis.

It is instructive to follow Ref. [614] and to discuss the case Ns = 2 of the dissipative
Bose–Hubbard model in Eq. (198): two coupled sites with dephasing and interaction.
Since the total number of bosons, N , is fixed, we can define a basis of two-site states
{|n⟩} labelled by the number n = 0, 1, .., N of bosons in the left site (the number of
bosons in the right site being N − n). We can then parameterise the density matrix
as ρ̂ =

∑
n,m ρn,m |n⟩⟨m|. Writing the equation of motion for the diagonal ρn,n and off-

diagonal ρn,n+1 matrix elements of the density matrix, and then eliminating the latter, one
thus obtains:

d

dt
ρn,n =

(
t2Hγϕ
2N2U2

)
2N2 (Wn+1ρn+1,n+1 − [Wn +Wn+1]ρn,n +Wnρn−1,n−1) =

=

(
t2Hγϕ
2N2U2

)
(2Wn+1∆ρn − 2Wn∆ρn−1) , (199)

where Wn+1 = (n + 1)(N − n)/(n − N/2 + 1/2)2 and ∆ρn = N2 (ρn+1,n+1 − ρn,n). In-
terestingly, all the dependence on the physical parameters enters only in the rescaled time
τ = t/t∗, with t∗ = 2N2U2/t2Hγϕ.

In the limit of large bosonic occupation, N ≫ 1, one can map Eq. (199) into a diffu-
sion equation for the probability distribution p(s, τ) = Nρn,n(τ) with s = n/N − 1/2 ∈
[−1/2, 1/2] that takes the form:

∂

∂τ
p(s, τ) =

∂

∂s

(
D(s)

∂

∂s
p(s, τ)

)
. (200)
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Figure 37: Spatial coherence of a one-dimensional many-body bosonic gas in an
optical lattice and subject to dephasing due to induced spontaneous-emission pro-
cesses. (Panels a,b,c) Snapshots of the momentum distribution function π(kx) as
a function of time; the initial spatial coherence, reflected by a peaked distribu-
tion, is lost as times goes by. (Panels d,e) Dynamics of spatial coherence of the
gas; C1(t) is well fitted by the solid blue line that crosses over from an initial
exponential decay to a long-time algebraic decay. From Ref. [100].

The diffusion function reads D(s) = 1
4s2

− 1 and thus features a strong spatial dependence
which diverges at s = 0, corresponding to the symmetric occupation of the two sites, and
vanishes at the boundaries s = ±1/2. The slow diffusion at the boundaries corresponds
to the slow rate of populating energetically-costly configurations. While continuing our
discussion, it is important to keep in mind that the variable s is not a true spatial variable,
as it represents a sort of density of bosons in the left site. Importantly, one can find a
scaling solution for this non-Brownian motion which, at short-times (τ ≪ 1), reads:

p(s, τ) =

√
2

Γ(1/4)

1

τ1/4
exp

(
− s4

4τ

)
. (201)

This analytical solution shows that the system displays anomalous diffusion in Fock space
and matches the numerics well, as shown in Fig. 36. Given this form of the local occupation
probabilities, several physical consequences follow. In particular, one can show that the
coherence between two neighbouring sites C(t) = ⟨b̂†1b̂2 + H.c.⟩t can be written as C(t) ≃
tH
U C(t/t∗) with

C(τ) =
∫
ds

∂

∂s
p(s, τ)

s2 − 1/4

s
. (202)

In the power-law regime, when τ ≪ 1 one obtains C(τ) ∝ 1/
√
τ for the coherence.

The anomalous decay of the coherence was shown to survive beyond the two-site case in
the strong-interaction limit of the Bose–Hubbard model, using a time-dependent Gutzwiller
ansatz [615], similar to that discussed in Section 4.4. Such anomalous decay has been also
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observed in experiments with ultracold atoms under controlled dissipative processes [100,
616]. We follow Ref. [100], where the authors report the preparation of a nearly-ideal Bose-
Einstein condensate of Yb atoms with broad spatial coherence loaded in a two-dimensional
array of one-dimensional tubes with a superimposed optical lattice.

The gas is exposed to dissipation by shining a near-resonant laser, leading to a spon-
taneous emission from the excited state. The effect of such a drive can be modelled as
a dephasing process and the loss of spatial coherence is associated to the fact that after
spontaneous emission the atom recoils in a random direction. By measuring the dynamics
of momentum distribution, and in particular the decay in time of the central peak and its
broadening, one could track the decay in time of the coherence (see Fig. 37, top panels,
for three snapshots at different times). The result shows a behaviour that is qualitatively
different from the exponential decay expected for non-interacting atoms, and which is con-
sistent with a power-law decay. With a procedure that we do not want to detail here, the
authors extract from these data the coherence function Cs(t) = ⟨

∑
j b̂

†
j b̂j+s + H.c.⟩t; the

bottom panels of Fig. 37 shows the experimental data of C1(t) and C2(t). If we simply
focus on the function C1(t), plotted with blue circles, the experimental data are well fitted
by a function that crosses over from an initial exponential decay to a long-time algebraic
decay. By adapting the reasoning proposed at the very beginning of this section on the
heating of the XX model, for U = 0 the value of C1(t) is expected to decay exponentially
in time. A long-time decay that is not exponential is the hallmark of correlations among
the bosons created during the dissipative dynamics, and hence is a genuine many-body
effect.

7.2 Depletion Dynamics of Bosonic Gases under Many-Body Losses

We now address the specific kind of open-system dynamics induced by atom losses. In
contrast with what was discussed in Section 5.3.3, we will not focus here on the existence
of intriguing dark states: our goal is to characterise dynamically how losses decrease the
population of the gas, and the kind of nonequilibrium states through which the gas is driven
during the process. This task is required in order to produce a quantitative description
of the experiments which are always plagued by these effects (see Ref. [76] for an early
study). Usually, these kinds of theoretical studies require the ability to fully treat the non-
trivial interplay of the classical fluctuations induced by the loss events and the quantum
fluctuations induced by the Hamiltonian dynamics; as such, understanding this physics has
a broader relevance. For simplicity, we will focus on situations where the only stationary
state is the vacuum and thus we discuss only the lossy dynamics of bosonic gases.

In general, the population of a bosonic gas subject to m-body losses evolves according
to an equation that links the density to the local quantum correlations of the gas [617].
We consider for simplicity a gas on a lattice described by the Bose–Hubbard Hamiltonian
ĤBH in Eq. (36) and by the jump operators describing m-body losses,

L̂j,(m) =
√
κ(m) âmj . (203)

One may compute the time evolution of the expectation value of the number operator
N̂ =

∑
j â

†
j âj using the adjoint equation as described in Sec. 3.4.2. This takes the form:

d

dt

〈
N̂
〉
= i
〈
[ĤBH, N̂ ]

〉
+
∑
j

〈
L̂†
j,(m)N̂L̂j,(m) −

1

2
{N̂ , L̂†

j,(m)L̂j,(m)}
〉

=
1

2

〈∑
j

L̂†
j−(m)[N̂ , L̂j−(m)] + H.c.

〉
(204)
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where we used the fact that the Hamiltonian conserves the number of particles. If we now
consider a basis of the Hilbert space composed of states that have a definite number of
bosons, it is not difficult to show that [N̂ , L̂j,(m)] = −mL̂j,(m) and thus:

d

dt

〈
N̂
〉
= −κ(m)m

∑
j

〈
â†mj âmj

〉
. (205)

If we assume spatial homogeneity and introduce the density n(t) = ⟨N̂⟩ /Ns and the
normalised zero-distance m-body correlation function gm(0, t), the equation reads:

d

dt
n(t) = −κ(m) m gm(0, t) n(t)m, with gm(0, t) =

1

Ns

〈∑
j â

†m
j âmj

〉
n(t)m

=

〈
â†m0 âm0

〉
n(t)m

.

(206)
This equation clearly shows that the dynamics of the population contains important in-
formation on the correlations among the particles of the gas. For this reason, already in
the early days of Bose-Einstein condensates, three-body loss rates have been employed as
a sensitive probe of the statistical correlations between atoms [75]. More recently similar
techniques have been employed in the first experiments on Efimov physics, where the ap-
pearance of the Borromean three-body bound state was signalled by an abrupt modification
of the three-body loss rate [618].

In the remainder of this section, we will concentrate on two-body losses (m = 2), which
arguably induce the simplest non-trivial loss dynamics. Before we focus on the m = 2 case,
we make a few comments about two other heavily studied case, m = 1 and m = 3.

The case of one-body losses, m = 1, can be treated exactly as discussed in Sec. 4.1,
as they correspond to a simple non-interacting limit. Furthermore, since for m = 1 it
is always true that g1(0, t) = 1, Eq. (206) does not depend on particle correlations, and
instead shows a simple exponential decay (although, as discussed in Refs. [617,619], it can
have non-trivial effects on the rapidity distribution of the integrable and one-dimensional
Bose gas). We note however that there can be non-trivial behaviour with one-body losses.
For example, several recent studies have considered the effect of one-body losses that do
not act on the entire sample, but only on a part of it, e.g. a single site of an optical
lattice, finding interesting non-trivial results [88,620–639]; moreover, one-body losses have
applications in the detection of topological invariants [640, 641]. More recently, the study
of non-local one-body loss processes in correlated bosonic gases has also proved to be the
source of intriguing effects, such as critical behaviour [642]. There has also been significant
interest in the study of three-body losses in quantum simulation and in characterising
many-body states [75–77,483,643–649].

Two-body losses have been significantly studied both theoretically and experimentally.
One point that contributes to their appeal is the fact that several aspects of this dynamics
can be understood using a non-Hermitian Hamiltonian with complex interaction constant,
describing at the same time elastic and inelastic interactions. Here below, we want to
briefly describe the theoretical ideas and the experimental results that are employed in the
two limiting regimes of weak and strong two-body losses. We conclude with a very concise
list of other notable results presented in the literature.

7.2.1 Ideal Bose gas and weak two-body losses

We start by characterising the dynamics of a one-dimensional non-interacting Bose gas
under weak two-body losses in a lattice of Ns sites with periodic boundary conditions; our
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discussion here is based on Ref. [617] (see also the review in Ref. [650]). The Hamiltonian
for this system can be written in momentum space as: Ĥ = −2tH

∑
k cos(k)â

†
kâk using

standard Fourier-transform techniques. If we look at the theoretical approach that we are
going to introduce from the viewpoint of the methods detailed in Sec. 4, the solution of
the dynamics is based on an ansatz that displays a mean-field factorisation in momentum
space, as discussed in Sec. 4.4.2; moreover, we will also see that this state is a bosonic
Gaussian state and thus that it is particularly simple to treat since it satisfies the Wick’s
theorem. Rather than following this abstract approach, however, we are going to introduce
the ansatz for the density matrix from a more physical viewpoint.

It is well known that the properties of a non-interacting Bose gas can be defined by
its momentum occupation function, nk = ⟨â†kâk⟩. Under the Hamiltonian dynamics, the
operators â†kâk are constants of motion because they all commute with the Hamiltonian
(and in fact, they all mutually commute); one may use them to construct a generalised
Gibbs ensemble (GGE) state characterised by a set of Lagrange multipliers λk:

ρ̂GGE =
∏
k

e−λkâ
†
kâk

Zk
, with Zk = Tr[e−λkâ

†
kâk ]. (207)

The interest of this quantum state is that it can reproduce the local (in real-space) prop-
erties of a pure state that has evolved under a long unitary time-evolution with the non-
interacting bosonic Hamiltonian; in order to do that it is simply necessary to tune the {λk}
so that Tr

[
ρ̂GGE â

†
kâk

]
matches the value of the pure state under consideration [651,652].

In the presence of losses, the operators â†kâk are no longer conserved quantities of
the dynamics. Nonetheless, when losses are weak (sometimes referred to in literature as
adiabatic losses), one can introduce a time-dependent GGE that accounts for the time
evolution of ⟨â†kâk⟩ by making the Lagrange multipliers depend on time [333,653]:

ρ̂tGGE(t) =
∏
k

e−λk(t)â
†
kâk

Zk(t)
, with Zk(t) = Tr[e−λk(t)â

†
kâk ]. (208)

We will discuss the evolution of this ansatz under the Lindblad master equation with the
jump operators as defined in Eq. (203) for m = 2.

The state ρ̂tGGE(t) is Gaussian and once it is used as an ansatz in the Lindblad master
equation, it leads to simple mean-field dynamical equations for the momentum occupation
functions and for the total density n(t) =

∑
k nk(t):

d

dt
nk(t) = −2κ2n(t)nk(t) ⇒ d

dt
n(t) = −2κ2n(t)

2. (209)

By comparing the second equation of Eq. (209) to the expression in Eq. (206), one sees
that this implies the gas maintains a zero-distance 2-body correlation function equal to
one during the dynamics, g2(0, t) = 1. The solution of the dynamics of the density of the
gas is equally simple:

n(t) =
n(0)

1 + 2κ2n(0)t
, nk(t) =

nk(0)

1 + 2κ2n(0)t
. (210)

This shows a decay at late times as 1/t. For a non-interacting gas, thus, weak losses do
not appear to induce any peculiar quantum properties, although it is important to note
that even when nk(0) corresponds to a Bose-Einstein distribution, nk(t) does not remain
an equilibrium distribution.
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Figure 38: Strong two-body losses in a one-dimensional molecular bosonic gas.
(Left) Dynamics of the molecular population; losses begin at t = 0. The dashed
line shows the expectation of an uncorrelated system. The observed loss is much
slower than the dashed line because of strong correlations. (Right) Loss dynamics
in presence of an optical lattice. The strength of the optical lattice, and thus the
strength of the bare loss rate increases from black to red to green. We observe a
clear signature of the quantum Zeno effect: for strong rate effects, the life time of
the gas increases instead of decreasing. From Ref. [86] [N. Syassen et al., Science
320, 1329 (2008)]. Reprinted with permission from AAAS.

7.2.2 Fermionised regime and quantum-Zeno effect

We now focus on the limit of strong two-body losses, following the theoretical discussion
in Refs. [345, 528, 617, 619, 654]. We start from a simple observation that is valid when
one neglects hopping between lattice sites: lattice sites with double or higher occupancies
undergo some lossy dynamics, whereas lattice sites with at most one particle are stable.
The Fock space is thus the direct sum of two orthogonal subspaces, Hstable and Hloss,
whose different dynamical properties are best highlighted by the different action of the
non-Hermitian Hamiltonian associated to the process:

ĤnH = −tH
∑
j

[
â†j âj+1 +H.c.

]
+
(
U − i

γ

2

)∑
j

n̂j(n̂j − 1). (211)

In the limit tH = 0 of no hopping processes, Hstable is the kernel of the Hamiltonian,
whereas Hloss is the complement.

We consider the effect on Hstable of a non-zero but small hopping rate, 0 < tH ≪ γ.
The hopping process can connect states with two singly-occupied neighbouring lattice sites
with an unstable state where two bosons sit on the same site, a state that belongs to the
dissipative space Hloss. We thus conclude that also the states belonging to Hstable become
unstable and a second-order perturbative calculation allows us to determine the strength
of the effective complex interaction:

t2H
U + iγ2

=
t2H

U2 +
(γ
2

)2 (U − i
γ

2

)
. (212)

This simple analysis contains the whole essence of the typical timescales of strongly lossy
gases: the effective loss rate Γ = γ

2
t2H

U2+( γ
2 )

2 scales as 1/γ and thus the lifetime of the

gas increases as the loss-rate of the gas is increased. This counterintuitive result has
been the object of several experimental analyses and Fig. 38 displays some of the main
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Figure 39: (Left) Time evolution of the number of atoms in the strongly lossy
regime according to the rate equations (214) for the initial state with one boson
per site (dashed red line). The result is benchmarked with simulations based
on quantum trajectories for Ns = 10, 12 and 14 (each point is averaged over
104 trajectories). The dot-dashed black line represents the solution N(t)/Ns in
Eq. (210) using Γ instead of κ2. The inset highlights the different long-time decay
as t−1 for the spatially-uncorrelated solution and as t−1/2 for the rate equation.
(Centre) Fermionic rapidity distribution and (right) bosonic quasi-momentum
distributions. Dashed lines are the predictions using the rate equation. Data
from quantum-trajectory simulations for Ns = 14 (symbols) are presented for two
times. From Ref. [345] [Copyright (2021) by the American Physical Society].

results obtained in the first reported experiment [86]. This perturbative analysis can
also be performed also for the Lindbladian superoperator and not just for non-Hermitian
Hamiltonians, we refer the reader to the original literature for more details [654].

Before continuing, it is interesting to briefly discuss the name “quantum Zeno effect”
that is commonly employed to describe this phenomenology. The quantum Zeno effect was
originally introduced to describe the fact that a frequently monitored unstable quantum
system experiences a longer decay time than an unmonitored one [68] (see also Sec. 2.1).
This is exactly what happens in the system described above, as long as the action of
the environment is considered as an unread measurement. Strong two-body losses can be
interpreted as an action of the environment that repeatedly checks whether in the system
any lattice site is doubly occupied. By frequently performing this check, the environment
effectively prevents two particles from occupying the same site and thus increases the
lifetime of the state where all lattice sites have at most one particle [655].

We now show that the method of the GGE ansatz—as employed above for the discussion
of weak losses—can also be employed to solve the full dynamics of the system in the regime
of strong losses. The crucial point is the observation that the system is characterised by an
effective separation of time scales. In this section we have already assumed that γ ≫ tH .
Inspection of Eq. (212) allows us to also write that tH ≫ Γ. It is important in the following
to keep in mind these two inequalities, which state that after the fast loss of all doubly
occupied sites, with a rate γ, the system is a weakly lossy gas of hard-core bosons, with a
rate Γ.

Based on the above, the study of strong two-body losses is performed via an effective
perturbative master equation that only acts on Hstable. It is customary to say that a gas
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described by a state in Hstable is fermionised because it is composed of hard-core bosons
and can only have at most a particle per site. Note however that the operators creating
such excitations on different sites commute, so these are not true fermions. To avoid
confusion, we use the Pauli matrices to represent the hard-core bosons. The Hamiltonian
and the quantum jump operators of the effective master equation read:

Ĥ = −J
∑
j

[
σ̂+j σ̂

−
j+1 +H.c.

]
; L̂j =

√
Γσ̂−j

(
σ̂−j−1 + σ̂−j+1

)
. (213)

In Fig. 39 we compare Eq. (210) with a numerical solution of the hardcore boson model,
Eq. (213) obtained with state-of-the-art techniques based on quantum trajectories [269] for
sizes up to L = 14. These numerical simulations do not rely on physical approximations
and serve here as a benchmark. We propose a first comparison with the solution of the
simple equation that appears in the right side of Eq. (209), that is routinely employed to
describe two-body losses: d

dtn(t) = −2Γn(t)2. This equation does not assume any spatial
correlation of the gas and unsurprisingly the solution, dubbed “uncorrelated” in the figure,
agrees with the numerics only at short times because the initial state is uncorrelated.
Increasingly strong deviations appear at long times, indicating the build-up of correlations
that the mean-field model fails to capture.

An alternate analytic approximation for the hard-core bosons can be found by us-
ing a Jordan-Wigner transformation [254] to map the hard-core bosons into fermions.
The corresponding Hamiltonian can be diagonalised in momentum space and reads Ĥ =∑

k −2J cos(k)ĉ†k ĉk, where ĉ(†)k are fermionic operators obeying canonical anticommutation
relations. Since the operators ĉ†k ĉk mutually commute and are constants of the motion un-
der the Hamiltonian dynamics, we may again characterise the local properties of the lossy
gas using a time-dependent GGE that is a fermionic Gaussian state which factorises in mo-
mentum space, ρ̂tGGE(t) =

∏
k

1
Zk(t)

e−λk(t)ĉ
†
k ĉk , with Zk(t) = Tr

[
e−λk(t)ĉ

†
k ĉk
]
. Writing the

Lindblad master equation in the fermionic formulation we obtain, after some algebra, the
following rate equations for the expectation values n(c)k (t) = Tr[ρtGGE(t)ĉ

†
k ĉk]. Note that

this quantity is the fermionic occupation number, and is also referred to as the rapidity
distribution of the gas:

d

dt
n
(c)
k (t) = −4Γ

L

∑
q

[
sin(k)− sin(q)

]2
n(c)q (t)n

(c)
k (t). (214)

These equations are easily solved numerically and the solution, dubbed “rate equation”, is
plotted in Fig. 39, where we observe an excellent agreement between the predictions of the
rate equation and the numerical simulations for all times shown. Unlike the spatially-
uncorrelated solution, which predicts the scaling ∼ t−1 at long times, the rate equa-
tions (214) predict that n(t) decays to zero as t−1/2. This result is highlighted in the
inset of Fig. 39 and can be analytically proven. This algebraic decay is the hallmark of the
spatial correlations that build up after dissipation is enabled.

In addition to considering the total population, Fig. 39(centre) also shows the time
evolution of the fermionic population (rapidity distribution) n(c)k (t). In the long-time limit
t > Γ−1 this is well-approximated by

n
(c)
k (t) ≈ 1

(8πΓt)1/4
e− sin2(k) ( 8Γt

π )
1/2

. (215)

Although at initial times the population is uniformly spread among the different momenta,
a double-peaked distribution emerges for long times, with maxima at k = 0, π. The
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interplay between two-body losses and coherent free-fermion dynamics has thus created a
nonequilibrium fermionic gas where the notion of Fermi sea is completely lost. Standard
time-of-flight measurements give instead access to the bosonic momentum distribution
function nk(t) = ⟨â†kâk⟩t, discussed above. The link between n

(c)
k (t) and nk(t) is known

explicitly but is complicated so not written here. The result of the calculation is shown in
Fig. 39(right).

At this point instead it is interesting to observe the fact that these results are obtained
using a density matrix that is of mean-field form in the sense that it displays momentum-
space factorisation. However, differently from what done in the discussion of the non-
interacting Bose gas, the density matrix is not a bosonic Gaussian state; it is a fermionic
Gaussian state, but this property does not trivially transfer to the bosonic language. As
an example, this means that the bosonic correlation function g2(0, t) is different from zero
and thus a non-trivial dynamics can take place.

7.2.3 Related results

The study of the dynamics of lossy gases has been the object of several other publications
that have addressed aspects of the problem that we did not discuss here. For example,
the effect of an harmonic confinement [619, 656, 657], the nonequilibrium properties of
the gas [658] or the effect of spin in the fermionic case [460, 659, 660]. Recently, the
same problem has been addressed with Keldysh field theory, obtaining similar results [661,
662], which have raised interesting questions on the universal properties of the gas decay
discussed also in Refs. [319]. For superfluid fermionic gases with two-body losses the
dynamics of particle density depletion, together with the destruction of the superfluid
order parameter, have been studied in Ref. [245].

The theoretical results presented above are based on the notion of time-dependent GGE,
that is possible when an open- or closed-system dynamical effect perturbs a closed system
with conserved quantities. A general discussion of this theory and of some applications
beyond lossy gases can be found in Refs. [333, 653, 663–666]. As a notable example, we
mention here the recent development of the quantum theory of reaction-diffusion processes,
that employs exactly the same formalism [667,668]. There have also been works studying
random Lindbladians, and the observation of phase transitions in the relaxation dynamics
between slow and fast relaxation [669].

8 Monitored Quantum Systems

In this last section we return to the description of open quantum systems introduced in
Sec. 3.3, based on the unravelling the Lindblad master equation into stochastic quantum
trajectories [255–258]. As discussed in that section, the physical interpretation of the
resulting stochastic dynamics is that of a system evolving under continuous monitoring of
certain observables. The quantum trajectory produced this way represents the evolution
of the state conditioned on a given measurement record. Although such ideas are well
established in the field of few body quantum optics [256,258,259,268,271], these tools have
recently attracted much attention in the context of open many-body systems [269] as well as
in hybrid quantum circuits [670] (that is, circuits with both unitary gates and measurement
processes). In the context of these Lectures Notes, we will focus only on monitored quantum
many-body systems which are described by a continuous-time Lindblad master equation,
or the corresponding unravelling. The particular setting we will consider in this section
is a system, described by a given Hamiltonian H, which is coupled on each lattice site
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Figure 40: Cartoon of the monitored Quantum Ising Chain. (a) Quantum state
diffusion protocol: on each lattice site a two-level system (Ising spin) interacts
with its neighbours and is subject to a weak continuous measurement of the up-
polarised state. (b) Quantum jump protocol: the spins in the chain interact
through a non-Hermitian Hamiltonian. Occasionally a quantum jump take place,
projecting the measured degree of freedom in the up-polarised state. The no-click
limit corresponds to post-selecting only trajectories without jumps. Adapted from
Ref. [673].

to a monitored environment, as illustrated in Fig. 40. As such, we will not consider the
role of projective measurements and of random unitary circuits, for which other reviews
exist [670–672].

8.1 Trajectory-resolved averaging

A key point in the field of monitored quantum systems is the idea that there may be
new physics contained in the quantum trajectories, i.e. in the conditional state, that is
not captured by the average state. To appreciate this point it is helpful to consider a
specific choice of unravelling from among those introduced in Sec. 3.3, such as Quantum
State Diffusion. (Similar considerations can be drawn for other unravellings). As we have
mentioned, given the evolution of the conditional state:

d |ψ(ξt, t)⟩ =

[
−iĤ − 1

2

∑
µ

(
L̂†
µL̂µ +

〈
L̂†
µ

〉
ξt,t

〈
L̂µ

〉
ξt,t

− 2
〈
L̂†
µ

〉
ξt,t

L̂µ

)]
dt |ψ(ξt, t)⟩+

+
∑
µ

(
L̂µ −

〈
L̂µ

〉
ξt,t

)
dξµt |ψ(ξt, t)⟩ , (216)

one can show that by averaging over the noise, the conditional density matrix ρ̂(ξt, t) =
|ψ(ξt)⟩⟨ψ(ξt)| gives back an average state evolving with a Lindblad master equation, with
jump operators given by the monitored operator L̂µ. As a consequence of the linearity
of the average over the noise it is sufficient to know the mean density matrix ρ̂(ξt, t) to
compute all observables which are linear in the state O[ρ̂] = Ôρ̂. Specifically, for any
function f(Ô), we have

Tr(ρ̂(ξt, t)f(Ô)) ≡ Tr(f(Ô)ρ̂(t)). (217)

This is no longer the case if one is interested in the noise-average of quantities which
depend non-linearly on the conditional density matrix [674]. A simple example is the pu-
rity P(ρ̂) = Trρ̂2: for the conditional state P(ρ̂(ξt, t)) = 1 (and hence its average over
trajectories P(ρ̂(ξt, t)) = 1), while for the mean state we have P(ρ̂(t)) < 1. Another par-
ticularly relevant example is provided by the entanglement entropy. Significant work and
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Figure 41: Sketch of different entanglement entropy scalings with system size in
monitored quantum systems undergoing a Measurement-Induced Phase Transi-
tion.

attention has been devoted to understanding the dynamics of this quantity under contin-
uous monitoring. Given a partition of the system into two parts, A ∪B, the (conditional)
reduced density matrix ρ̂A(ξt) = TrB ρ̂(ξt) encodes the bipartite entanglement, via the
entanglement entropy:

S(ξt) = −TrA [ρ̂A(ξt) ln (ρ̂A(ξt))] . (218)

If the overall state is pure this is a well defined measure of entanglement, which yields the
amount of Bell pairs that can be distilled from the quantum state. On the other hand
for a mixed state, such as the averaged state ρ̂(ξt, t), entanglement with the environment
also enters into the entropy of the subsystem density matrix. Since the unravelled system
density matrix corresponds to a pure state, there is however no ambiguity about bipar-
tite entanglement vs entanglement with the environment. After evolving the state under
Eq. (216), one can compute the average entropy given by

S =

∫
DξtP (ξt)S(ξt), (219)

which is clearly a non-linear functional of the conditional state and therefore can be sen-
sitive to physics not captured by the average state.

In general, similar issues of trajectory-resolved averaging arise when one is interested
in more subtle statistical correlation functions of the stochastic process, for example in the
so-called overlaps [119] ⟨Oµ(t)⟩⟨Oν(t)⟩ = Tr(Ôµρ̂(ξt, t))Tr(Ôν ρ̂(ξt, t)). We note that these
questions are closely related to the difference between annealed and quenched averages in
disordered systems [675].

8.2 Measurement-Induced Phase Transitions

Based on the previous discussion we can expect that, as a function of the monitoring rate,
the entanglement entropy of a monitored system might display non trivial behaviour which
one would not see in the averaged dynamics (see Fig. 41). This statement can be understood
intuitively: one can expect that while the unitary dynamics creates entanglement the
effect of monitoring or measurements tends to project the system into an eigenstate of
the (site-local) measurement operator, thus reducing the entanglement. Therefore one can
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quite generically expect a crossover or phase transition in the entanglement content. The
prediction of a phase transition was put forward in two theoretical works that focused on
random unitary circuits with projective measurements [676, 677] leading to the concept
of Measurement-Induced Phase Transitions (MIPT), separating a volume-law entangling
phase from an area-law disentangling phase. The latter can be interpreted as arising from a
many-body Zeno effect, where quantum measurements prevent the spreading of quantum
information. Such MIPT have been discussed in the context of purification transitions
for mixed states [678, 679]: for weak monitoring an initial mixed state purifies in a time
that diverges with system size, typically exponentially for chaotic dynamics, while for
large monitoring the environment succeeds in locally purifying the system at a constant
rate, independent of system size. This robust mixed phase, which corresponds to the
volume-law entanglement phase for the pure state protocol discussed above, can be also
interpreted from a quantum information perspective as an error correcting phase, where
unitary dynamics protects quantum information from external measurements and errors.

It was later realised that MIPT are not restricted to random circuits with projec-
tive measurements but can generically occur in some classes of open quantum many-body
systems under suitable unravelling. One such example is non-interacting systems un-
der continuous monitoring of the particle density, which have been extensively studied
both numerically [673, 680–688] —taking advantage of the Gaussianity of the state—
and analytically—by developing a replica field theory approach [689–691]. Despite the
non-interacting nature of the problem the phenomenology is extremely rich and still under
active investigation. Monitored one-dimensional free fermions with conserved particle num-
ber for example are believed to display a crossover from a logarithmic entanglement phase
to an area law [680, 690, 692]. When the symmetry of the model is reduced to a discrete
symmetry, such as for example in the monitored Ising chain [673] or for random Majorana
fermions, the transition is believed to remain sharp [691]. Sharp entanglement transi-
tions are also known to occur in the fully post-selected case of no-click evolution [693–696]
and the role of quantum jumps and deviations from full post-selection on these transi-
tions has been recently discussed [697, 698]. Finally, the dependence of the entanglement
dynamics and the associated MIPT on the specific unravelling scheme has been also dis-
cussed [405, 673, 680, 685, 699], as well as the role of the monitored operator, in particular
in the case of particle losses [700–703].

While the vast majority of theoretical and numerical works have focused on non-
interacting, Gaussian, monitored systems there are few works that have discussed the
interacting case [704–709] with projective or weak measurements. Here of course, due to
the genuine many-body nature of the problem, numerical simulations are challenging and
so only much smaller systems can be accessed. As such, understanding of such models is
still at its infancy.

Finally, although MIPT are examples of entanglement phase transitions, they are not
however limited to the entanglement. Indeed as discussed in the previous section there are
other quantities that can be sensitive to the conditional state. Among these we mention
connected correlation functions [680], as well as histograms of local observables and full
counting statistics [682,710,711].

8.3 Post-selection Problem

As we have discussed so far, monitored quantum systems allow one to explore the effect
of quantum measurements on the system dynamics. There is however a fundamental chal-
lenge associated to achieving this goal in a genuine many-body context, which is rather
fundamental in nature and referred to as the “post-selection problem”. This problem arises
as follows: in order to perform averages of observables along a given trajectory experi-
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Figure 42: Interplay between measurement-induced phase transitions and
symmetry-breaking dissipative phase transitions.

mentally one should be able to reproduce the same sequence of measurements outcomes.
However, the number of possible measurement records grow exponentially with both sys-
tem size and time. As such the probability of acquiring the same measurement record
multiple times is very low. For this reason, experimental results have so far been limited
to a few sites, and considerable efforts were required to increase the lattice length.

From a theoretical point of view it is important to find robust mitigation techniques
for the post-selection problem. Different strategies have been suggested and explored
experimentally, including using space-time duality [712, 713] as has been experimentally
achieved in [714] with the Google processor. A different strategy has proposed to use
adaptive quantum circuits with measurements and feedback [715, 716], i. e., conditioning
the evolution on the measurement record to make the MIPT visible at the average (density
matrix) level. However feedback has been shown to alter crucially the dynamics of the
system and to lead to a different type of phase transition as compared to the original
MIPT [717–720].

Finally, a recent theoretical proposal suggested an implementation of MIPT using
atomic ensembles of laser-driven atoms and collective dissipation [721]. Here the slow
disentangling dynamics of collective jump operators leads to a saturation time for the en-
tanglement entropy growing only as τ ∼ log(N), with N the number of atoms, leading to
a polynomial overhead for post-selection (quantum state diffusion for this model has been
previously studied in [722]).

The post-selection problem remains a formidable hurdle to overcome, and the search
for cases where it can be mitigated is necessary for experimental progress in monitoring
quantum many-body systems.

8.4 Experimental Evidence for MIPT

Despite the challenges associated to the post-selection problem, there has been recent
progress on the experimental side to detect signatures of MIPT on small quantum devices.

The first quantum simulation experiment with trapped ions [69] used the idea of prob-
ing the transition via a reference qubit, in the spirit of a purification transition [679,723],
as discussed earlier. Specifically the experimental set-up comprised of a chain of trapped
ion qubits, used as the system, reference qubit and measurement ancilla qubits. After
initialisation, the reference qubit is entangled with a randomly selected system qubit and
then undergoes unitary evolution interspersed with projective measurement. Measure-
ments were performed at the end of the circuit, using some ancilla qubits. Postselection on
the reference qubit is performed in order to obtain the value of the reference qubit Pauli
operators, conditioned on the measurement outcomes. Finally, the reference qubit density
matrix is reconstructed and from this the entropy can be obtained, revealing the purifica-
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tion transition. Subsequent works followed by the IBM and Google teams, exploring MIPT
using superconducting qubits. In a first experiment explicit post-selection was performed
on a small superconducting quantum processor characterised by random unitary evolution
and measurements. Differently from the trapped ion experiment, here the measurements
were performed mid-circuit, on a fast time-scale and with high-fidelity. The density matrix
was reconstructed via tomography and the Renyi entropy estimated, showing a transition
from volume to area law scaling [724]. Finally, the experimental realisation from the Google
group took advantage of space-time dualities [714] to avoid mid-circuit measurements and
thus probe the MIPT for a chain of 70 qubits. A key step of this implementation was the
use of classical post-processing of the measurement record to characterise the structure of
the phases. These pioneering experiments represent a first step to explore MIPT but it is
clear that in the future more experimental evidence is needed, particularly in the regime
of large number of qubits.

9 Summary and Outlook

The aim of these Lectures Notes was to give, to the best of our abilities, a self-contained
introduction to the properties of open many-body synthetic systems as realised in the
experimental platforms where the coupling to an environment can be tuned at will, and
that could be also viewed as open-system quantum simulators. As briefly summarised in
Section 2, such platforms range from cold atoms to trapped ions, from cavity arrays in
superconducting networks to BECs in cavities. A common feature of all these systems is
that all of them are well described by the assumption that the coupling to the environ-
ment is Markovian, i.e. memoryless: in Section 3 we described the main theoretical and
conceptual frameworks in which such dynamics can be formulated. After introducing the
main analytical and numerical theoretical tools to study the many-body Lindblad master
equation in Section 4, we dealt with several consequences of the above-mentioned interplay
between Hamiltonian and dissipative contributions on the evolution of the systems.

In general, both the steady state and the approach to it are the result of the interplay
between the unitary evolution—dictated by the system Hamiltonian—and the sources of
dissipation and decoherence, such as photon and atom losses, or local dephasing processes.
Concentrating first on the steady state, in Section 5 we showed that appropriately designed
baths and Hamiltonians can represent powerful ways to engineer many-body states: this is
a well-known technique in quantum optics that was more recently extended to many-body
systems. The realisation of many-body dark states may however require some fine tuning of
coupling constants. By tuning the relative ratios of the parameters of the setup, the steady-
state changes and the system can enter different phases separated by transition points or
lines: these are the dissipative phase transitions that we analysed in Section 6. In contrast
to thermal or quantum phase transitions, dissipative phase transition are of nonequilibrium
nature, so that the stabilisation of different type of ordering is not based on (free-)energy
arguments: new phases, not allowed at equilibrium, are possible, and the critical behaviour
may be governed by new critical exponents. A rich, interesting phenomenology appears
also in the approach to the steady-state where the relaxation dynamics can be dictated
by cooperative effects, as we discussed in Section 7; this is the case, for example, of the
depletion dynamics of interacting Fermi/Bose particles subject to loss events. Finally, in
Section 8 we focused on the striking phenomenology that can appear when it is possible
to follow the stochastic dynamics along quantum trajectories: measurement-induced phase
transitions can then occur that are not detectable via any averaged physical observable.
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There are several very important aspects of the physics of open quantum many-body
systems that we did not cover in these Lecture Notes. The general perimeter of this work
has been presented in the introduction and in each specific section we have made reference
to subjects and works that were not explicitly discussed, either for pedagogical reasons
or simply for keeping the discussion limited in space. Instead of re-listing them here, we
prefer to mention some topics that have not been discussed and that are likely to flourish
in the next years; the following list reflects our personal perspective and is not meant to
be a thorough review of these areas.

i) Non-Markovian dynamics. While there is a huge literature on this theory and its
application to a few qubits or few-level systems [11,725], less is known in the many-
body case; the development of experimental platforms that we are witnessing will
surely motivates further studies in this direction.

ii) Interplay between boundary and bulk dissipation. In these Lecture Notes we consid-
ered the case of dissipative terms in the bulk, whereas an extensive discussion of the
role of boundary dissipative baths can be found in [726]. The simultaneous presence
of boundary terms in driven-dissipative systems can be a very interesting avenue for
exploring how quantum transport could take place in a non-equilibrium phase, or is
affected by a dissipative phase transition.

iii) Adiabatic dynamics and the Kibble–Zurek mechanism in open systems. An early
introduction to the topic in the context of closed quantum systems can be found
in [727]. Whereas the discussion of adiabatic dynamics in open systems has signif-
icantly developed in the context of few-body physics, the extension to Markovian
many-body systems looks like a natural one.

iv) Time-dependent Lindbladians. This topic embraces several different, very interest-
ing, situations. These include the case of dissipative Floquet dynamics (see for ex-
ample Ref. [728]), the whole topic of quantum control [729,730] and related work on
shortcuts to adiabaticity [731] in many-body open systems. A recent example of this
topic, based on the variational approach of [732] can be found in Ref. [733].

v) Integrability and chaos in open quantum systems. Although the topics have already
developed and the community has produced some first significant results, the num-
ber of studies devoted to this subject is small with respect to those addressing closed
systems. The question of what it means to have an integrable Lindbladian, and
what are the consequences for physical properties, is still beginning to be under-
stood. Additional references can be found, for example in Ref. [317, 322] and the
references cited in the bibliography. Similarly, the question of how to define and
characterise quantum chaos in open quantum systems has attracted attention from
a broad community in recent years [734–738], with many questions still open to be
explored.

vi) Topological physics. The subject of topology has been discussed in these Lecture
Notes in only a very tangential way; yet, this is a very important and rapidly evolv-
ing research topic. Excellent reviews exist, see for example [27,522] where topological
classification of non-Hermitian systems is discussed in depth. The topological prop-
erties of systems governed by a Lindblad dynamics are less explored and additional
work is required. More information on this rapidly growing area of activities can be
found in [499,506,511,739] and the references therein.
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vii) Adaptive protocols, feedback and active quantum matter. In Sec. 8 we discussed
monitored quantum systems whose evolution is conditioned to the measurement out-
comes. A novel frontier which has started to be explored is to actively use the
measurement outcomes to modify or correct the subsequent evolution, thus per-
forming adaptive dynamics and feedback [740–743]. On the one hand this could
allow to characterise measurement-induced transitions at the level of the average
state, a task which remains non-trivial and requires appropriate entanglement mea-
sures/witnesses [744]. In addition, this could open the way to completely new dy-
namical behaviour, which generalise to the quantum setting the physics explored in
classical active and non-reciprocal matter [642,745–748].

viii) Frustration and disorder. Very few works adddress the possible formation of glassy
behaviour in driven-dissipative systems. Recent contributions in this direction in-
clude [118–120,749,750].

To conclude, we would like to mention two aspects of the entire field that may be of
interest for future studies. The choice, of course, is biased by our own interests and does
not represent by any means an objective priority list.

In the last chapter our discussion on monitored systems focusing on measurement
induced phase transitions reflects the current status of the interests on this questions.
The number of questions that may arise is nevertheless much wider and concerns the
whole area of correlated/collective dynamics of quantum jumps. For example, there are
connections between properties that are only visible through individual trajectories of a
monitored quantum system, and properties revealed by the distribution of replicas in spin
glasses [119]. Further exploration of correlated dynamics in monitored quantum systems is
an open research area that may lead to unexpected results but that however requires to find
strategies to monitor many-body systems and to find efficient experimental techniques for
revealing entanglement phase transitions without suffering from the burden of performing
a postselection, a problem that still waits for a solution.

As a second and final point, we would like to mention the interest of exploring how open
many-body systems can be of relevance for quantum technologies, for example to realise
quantum memories [751]. Quantum simulators are at the heart of the current discussion
on the subject, promising the possibility of addressing specific problems that are out of
reach for classical computers. The same may be true for open-quantum system simulators,
which could be employed to study different problems.

However, this should not limit the field of possible applications to quantum technolo-
gies: other applications such as quantum thermodynamics could be envisioned [25,752] or
collective effects in sensing and metrology are also a promising direction.
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A Derivation of Lindblad Master Equation

In this Appendix we briefly recapitulate some basic notions related to deriving the Lindblad
equation. The discussion contained here is not intended to offer a complete and rigorous
derivation of the Lindblad equation or a comprehensive discussion of its properties. Our
main goal is to give a quick introduction to few concepts that underlie the discussion
throughout the Lecture Notes. For a complete discussion, the reader is referred to the
references [190, 191, 753, 754] where the topic is treated in greater detail. We will first
consider a formal derivation, based on the properties of the density matrix. In the second
part we briefly outline how this equation is recovered in a system and environment dynamics
assuming a weak coupling approximation.

A.1 From quantum channels to the Lindblad equation

A remarkable fact of the Lindblad equation is that its form can be derived only by requiring
that during the dynamical evolution the density matrix retains all its properties (i.e. re-
mains Hermitian, unit trace, semi-positive definite.) and that the dynamics is Markovian.
Note that this universal character is lost in the case of non-Markovian dynamics for which
no general dynamical equation is known (or believed to exist).

Any transformation that maps density matrices into density matrices can be expressed
in the Kraus form [190,191]

ρ̂′ =
∑
µ

K̂µρ̂K̂
†
µ with

∑
µ=0

K̂†
µK̂µ = 1. (220)

It is easy to verify that if ρ̂ obeys all the properties of a density matrix then so will ρ̂′.
To derive the Lindblad equation, one can consider Eq. (220) in the case of an infinitesimal

139



SciPost Physics Lecture Notes Submission

transformation, linking the state of the system at time t to that at time t + dt. For such
a transformation one may easily see that one of the Kraus operators, say K̂0, must be the
identity up to corrections of the order of dt while all the other Kraus operators must scale
as

√
dt:

K̂0 = 1 + (−iĤ + K̂)dt

K̂µ = L̂µ

√
dt µ ̸= 0

(221)

The decomposition in K̂0 of the operator proportional to dt into its real an imaginary
parts immediately suggests that Ĥ can be identified with the (effective) Hamiltonian of
the system and K̂ should satisfy K̂ = −(1/2)

∑
µ̸=0 L̂

†
µL̂µ. Substituting the expressions of

Eq. (221) in Eq. (220) the Lindblad equation follows

dρ̂

dt
= −i[Ĥ, ρ̂] +

∑
µ̸=0

(
L̂µρ̂L̂

†
µ − 1

2

{
L̂†
µL̂µ, ρ̂

})
. (222)

The number of allowed operators L̂µ extends up to the square of the dimension of the
Hilbert space. For a many body system, this will thus scale exponentially with the system
size and so is potentially very large; however, in many cases of relevance for these Lecture
Notes, the jump operators are local and so the number of terms in the sum scales linearly
with the system size rather than exponentially.

The operators Ĥ and L̂µ have a fundamental physical meaning: the first is the Hamilto-
nian and the second accounts for the action of the environment on the system. As described
extensively in the Lecture Notes, the choice of the jump operators usually follows from the
derivation of the reduced dynamics from global models of system and environment; how-
ever, in many situations this can be done on phenomenological grounds by considering
relevant processes associated to the action of the environment on the systems or by ap-
proximate methods. In the next subsection we briefly recap a very popular and effective
approach based on a weak-coupling expansion in the system-environment interaction. One
should always bear in mind that the derivation from microscopic principles of appropriate
dynamical equations is a highly non-trivial tasks and may require sophisticated methods.

Before concluding, let us remark that depending on the choice of the jump operators,
the steady state may or may not describe an equilibrium state. If one wants a Lindblad
equation that reaches the thermal equilibrium state at long times, this will generally require
non-local jump operators. In this case the steady state is diagonal in the eigenstates of the
Hamiltonian and the jump operators describe transitions between the eigenstates with rates
obeying detailed balance. Since these eigenstates are often delocalised, the corresponding
operators must also be.

A.2 Born–Markov Master Equation

The derivation of the Lindblad dynamics for Markovian open quantum systems that we
presented in the previous section leaves open important questions on how to determine the
the form of the jump operators from first principles; several approaches are discussed in
the Refs. [191,753,754]. In this Appendix we summarise a simple method—often referred
to as the Bloch–Redfield approach—valid in the weak-coupling regime, that is however
illuminating in understanding several features of quantum open system dynamics.

The starting point is to assume that the system and its environment evolve globally in
a unitary fashion governed by the Hamiltonian

Ĥ = ĤS + ĤE + ĤS−E . (223)
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where the ĤS is the Hamiltonian of the system, ĤE that of the environment and ĤS−E

their interaction. The interaction can be chosen, for simplicity, as given by the product of
an operator of the system ŶS with one of the environment X̂E , and so ĤS−E = ŶSX̂

†
E +

H.c.. The evolution of the state of the “universe”, ρ̂U , is unitary and follows d
dt ρ̂U =

−i[Ĥ, ρ̂U ]. The goal is to find a dynamical equation for ρ̂ = TrE [ρ̂U ] by tracing over
the environmental degrees of freedom. The question boils down to finding (approximate)
methods for the computation of the partial trace TrE [Ĥ, ρ̂U ]. This trace can be easily
evaluated by expanding ρ̂U in powers of the interaction. By going to the interaction
picture and substituting the formal solution for the density matrix back into the Liouville
equation (we drop for simplicity the subscript indicating the interaction picture) one finds:

d

dt
ρ̂ = −

∫ t

t0→−∞
dt′ TrE [ĤS−E(t), [ĤS−E(t

′), ρ̂U (t
′)]] . (224)

In this expression we dropped an irrelevant term depending on the density matrix at t0. The
system Hamiltonian can be always renormalized in order to make this term to disappear.

Equation (224) has the right form to discuss the key approximations:

1. Born approximation. In general, ρ̂U can be written as the factorised form ρ̂E,β⊗ ρ̂(t),
where ρβ is the (assumed thermal) state of the environment, plus terms that arise
due to the interaction of the system and the environment. Since the right hand side
of Eq. (224) is already of second order in the interaction, parts of ρ̂U that are of
higher order in the coupling can be dropped. This means that one can substitute
it with the product of the system and bath states, ρ̂U (t) ≃ ρ̂E,β ⊗ ρ̂(t). Note that
this Born approximation further implies that the state of the environment does not
change due to the interaction with the system.

2. Markov approximation. The trace over the environment amounts to computing cor-
relators of the form TrE [X̂E(t1)X̂E(t2)ρ̂E,β]. If these correlations are sufficiently
short-ranged in time then it is legitimate to substitute ρ̂U (t′) → ρ̂U (t) in Eq. (224).

With these approximations, the equation of motion for the density matrix becomes:

d

dt
ρ̂ = −

∫ t

−∞
dt′ TrE [ĤS−E(t), [ĤS−E(t

′), ρ̂E,β ⊗ ρ̂(t)]] ≡ ˆ̂LBM[ρ̂(t)] , (225)

where the subscript in the superoperator indicate the Born-Markov approximation.
There are several features that emerge already at this stage, that are worth pointing out.

In the right hand side of Eq. (225) the degrees of freedom of the system and the environment
“factorise”. Let us examine the two of them separately, starting from the system. The
double commutator appearing in Eq. (225) leads naturally to a Lindblad-like sequence
of terms. If we consider the simplest case, in which ŶS is an eigenoperator of the system
Hamiltonian (where ŶS evolves monocrhomatically under ĤS , i.e. eiĤStŶSe

−iĤSt = ŶSe
−iϵt,

or equivalently, [ŶS , ĤS ] = ϵŶS), then the terms that arise in the density matrix equation
of motion are ŶS ρ̂Ŷ

†
S , Ŷ †

S ŶS ρ̂, ρ̂Ŷ
†
S ŶS and their Hermitian conjugates. The jump operators

appearing in the Lindblad equations in this special case are proportional to the operators
ŶS , i.e. the microscopic coupling between the system and the environment also determine
how the dynamics of the reduced density matrix is affected. For example, if ŶS is a spin-
1/2 raising/lowering operator σ±i coupled, in each site, to a bath of bosons (photons for
instance), the process accounted in Eq. (225) is the absorption/emission of a quantum of
energy from/to the bath.

The perturbative character of the Born–Markov approximations appears in the fact that
the only operators that appear are first order in the system-bath coupling. For example, in
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the spin raising case, the jump operators σ̂±i are indicating that the only allowed process
is the emission or absorption of a single photon. Two- or higher-order processes can be
found going beyond the second order (for example, σ̂+i σ̂

−
j ). The perturbation expansion in

Eq. (225) should be interpreted as an expansion of the self-energy in the Dyson expansion
of the many-body Green’s function [755]. It includes only selected terms (in this example
the single photon absorption/emission) resummed to infinite orders.

In the general case, where ŶS is not an eigenoperator of ĤS , there is still some extra
work to do to bring Eq. (225) into a Lindblad form. In this case the time evolution can be
considered as having the effect of decomposing ŶS into “eigenoperators” which individually
evolve monochromatically with ĤS , i.e. eiĤStŶSe

−iĤSt =
∑

µ ŶS,µe
−iϵµt. All the details

can be found, for example, in [754]. In general Eq. (225) will then take the form:

d

dt
ρ̂ =

∑
µν

Lµν

(
ŶS,ν ρ̂Ŷ

†
S,µ − 1

2
{Ŷ †

S,µŶS,ν , ρ̂}
)
. (226)

This expression is not yet in Lindblad form, as the matrix Lµν is not diagonal, and cru-
cially may have both positive and negative eigenvalues. The Lindblad form corresponds
to working in the diagonal basis, but also requiring the matrix L has only positive eigen-
values, corresponding to rates of each process. There are various procedures that can be
applied to ensure a positive form, such as “secularisation”, which consists of neglecting
all terms that are time-dependent in the interaction picture [191]. However, in a number
of cases secularisation leads to a form that is of Lindblad form but generates incorrect
dynamics [756,757].

The other very important element of Eq. (225) is the “environmental part”, i.e. the
correlators TrE [X̂E(t1)X̂E(t2)ρ̂E,β] integrated over time. This term will give the magnitude
of the coupling, entering in the jump operator. Assuming a thermal bath, one may find that
the different correlators (i.e., the different patterns of orders of times) are related to the
familiar rates of emission and absorption obtained by Fermi’s golden rule. The important
aspect to highlight here is that with this method it is possible to compute how all the terms
forming the density matrix evolve under the action of the external environment. With the
Fermi golden rule argument alone, only the transition rates are obtained.
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