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We study fermionic non-invertible symmetries in (1+1)d, which are generalized global symmetries
that mix fermion parity symmetry with other invertible and non-invertible internal symmetries. Such
symmetries are described by fermionic fusion supercategories, which are fusion m-supercategories
with a choice of fermion parity. The aim of this paper is to flesh out the categorical Landau
paradigm for fermionic symmetries. We use the formalism of Symmetry Topological Field Theory
(SymTFT) to study possible gapped and gapless phases for such symmetries, along with possible
deformations between these phases, which are organized into a Hasse phase diagram. The phases
can be characterized in terms of sets of condensed, confined and deconfined generalized symmetry
charges, reminiscent of notions familiar from superconductivity. Many of the gapless phases also
serve as phase transitions between gapped phases. The associated fermionic conformal field theories
(CFTs) can be obtained by performing generalized fermionic Kennedy-Tasaki (KT) transformations
on bosonic CFTs describing simpler transitions. The fermionic non-invertible symmetries along
with their charges and phases discussed here can be obtained from those of bosonic non-invertible

symmetries via fermionization or Jordan-Wigner transformation, which is discussed in detail.
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1 More precisely, at least in the bosonic case, point-like operators
form representations of the tube algebra of S [2, 7, 92].



of the precise identity of the operators involved. Now,
a gapped/gapless phase P with symmetry S is charac-
terized by a subset Qp C Z(S), which are the charges
of operators condensed in the phase P. Note that the
charges in Qp must all be mutually local. Just like in
the Meissner effect, any operator with a charge mutually
non-local with some charge in Qp gets confined and is
invisible in the infrared (IR). On the other hand, any
charge not in @p and mutually local with all charges in
@Qp remains deconfined.

Let us label the set of deconfined charges in phase P as
Dp. The deconfined charges are the charges that must
be carried by gapless excitations in phase P. As long
as we perform S-symmetric deformations on a system
in phase P without condensing or uncondensing charges,
we cannot gap out all excitations with a charge ¢ € Dp.
Consequently, a gapped phase is a phase P having no
deconfined charges Dp = 0. In such a phase all gapless
excitations are uncharged and hence can be gapped out
via S-symmetric deformations.

Starting from an arbitrary phase P, we can further
condense a subset Qp/p C Dp of charges to deform the
phase P to a phase P’ for which the condensed charges
are Qpr = Qp UQp p and the set of deconfined charges
Dp: is the subset of Dp which is mutually local with
Qp'p. In this way, all possible gapped/gapless phases
with symmetry S and possible S-preserving deformations
between them are captured [5, 162], which can be ar-
ranged into a phase diagram that is partially ordered, or
in other words, a Hasse diagram [6]. The partial order de-
scribes various possible sequential condensation patterns
of charges.

Some of the gapless phases may be viewed as certain
transitions between other gapped and gapless phases.
For example, if a gapless phase can be deformed to two
gapped phases, then it can act as a transition between the
two gapped phases. As discussed in [5] for the bosonic
case, some of these transitions can be described by de-
generate gapless states (or universes) in the IR, with each
gapless state described by either a well-known conformal
field theory (CFT) like Ising CFT or 3-state Potts CFT,
or a CFT obtained by gauging a discrete symmetry of
these CFTs. Here in the fermionic case we will find that
some such transitions can be described similarly by de-
generate gapless states, with each gapless state described
either by a well-known bosonic CFT like Ising or 3-state
Potts, or a fermionic CFT [163-166] like the Majorana
CFT, or finite gaugings/bosonizations/fermionizations
thereof.

In this way, the essential input for understanding
phases and transitions for S symmetry boils down to the
set of charges for S and their mutual (non-)locality prop-
erties. For a bosonic symmetry S, it was understood in
[2, 7, 92] that the corresponding charges can be iden-
tified with anyons of a bosonic (2+1)d topological field
theory (TFT) 3(S) associated to S, which is referred to
as the Symmetry TFT (SymTFT) for S [167]. The mu-
tual (non-)locality properties of the charges are encoded

in the mutual braidings of these anyons. Mathemati-
cally the anyons and their braidings are described by a
modular tensor category (MTC) Z(S) referred to as the
Drinfeld center of S. The possible sets Qp of condensed
charges are encapsulated mathematically as possible con-
densable algebras Ap in the category Z(S) [162], using
which gapped and gapless phases P for symmetry S were
studied in [3-6]. A deformation from a phase P; to a
phase P is possible only if the first condensable algebra
is a subalgebra of the second Ap, C Ap,. Here, a de-
formation is an S-symmetric perturbation that does not
close the energy gap of S-charges, i.e., gapped degrees of
freedom with S-charges remain gapped under deforma-
tions. A gapped phase P corresponds to a condensable
algebra Ap that is Lagrangian (or maximal).

In this paper, we observe that the charges for a
fermionic symmetry S = Sy are also encoded in a bosonic
(241)d TFT. In other words, just as for bosonic symme-
tries, the SymTFT 3(Sy) for a fermionic symmetry Sy
is also a bosonic TFT. This has been proposed for gen-
eral non-invertible symmetries in [168]. For invertible
fermionic symmetries, this has been proposed and stud-
ied in [8]. Returning to the general non-invertible case,
the anyons of the SymTFT may be viewed as forming
the Drinfeld center Z(Sy) for the fusion supercategory
Sy.? The gapped and gapless phases for fermionic sym-
metry Sy are thus characterized by condensable algebras
in Z(Sy), and deformations between the phases are char-
acterized by the inclusion of condensable algebras.

A quick argument for the SymTFT of a fermionic
symmetry being bosonic is as follows. Since we take
the fermion parity to be non-anomalous, we can always
bosonize (or perform GSO orbifolding) using it.> This
converts the fermionic (non-invertible) symmetry Sy to
a bosonic (non-invertible) symmetry S, for which the
SymTFT 3(S) is bosonic. Now recall that gauging of
bosonic symmetries does not modify SymTFT [8]. Since
bosonization is analogous to gauging [171-175], we do not
expect it to modify the SymTFT either, hence leading to
the conclusion 3(Sy) = 3(S).

A consequence of the above is that all the gapless and
gapped phases, and transitions, for a fermionic symmetry
Sy are fermionizations of the gapless and gapped phases,
and transitions, for the bosonized symmetry S. That be-
ing said, the fermionization/bosonization procedure may
not be straightforward to implement. The fermioniza-
tion procedure for general non-invertible symmetries was
discussed in detail in [9]. Here we extend that analysis

2 Precisely, the Drinfeld center Z(Sy) contains a transparent
fermion in addition to anyons of the SymTFT. In other words,
Z(Sy) describes the bosonic SymTFT stacked with a trivial
fermionic TFT, see Section III for more details.

3 Here, we suppose that the gravitational anomaly vanishes mod
16. When the gravitational anomaly vanishes only mod 8, gaug-
ing the fermion parity symmetry leads to another fermionic sys-
tem [8, 169, 170].



to describe how the fermionization procedure is imple-
mented on the phases.

The paper is organized as follows. In Section II, we
discuss the general structures of fermionic non-invertible
symmetries in 141d, which are described by fusion 7-
supercategories with a choice of fermion parity. We will
see that the choice of a fermion parity in a fermionic
m-superfusion category is affected by stacking a 2d
fermionic invertible TFT known as the Arf TFT. We
also discuss how the fermionic symmetries are obtained
as fermionizations of bosonic non-invertible symmetries
described by ordinary fusion categories. In Section III,
we develop a general framework of the symmetry TFT
for fermionic non-invertible symmetries. It turns out that
the symmetry TFT for a fermionic non-invertible symme-
try is a bosonic TFT that admits a fermionic topological
boundary. Such fermionic boundaries are characterized
by fermionic Lagrangian algebras up to stacking with the
Arf TFT. In Section IV, we discuss generalized charges
of fermionic non-invertible symmetries. As in the case
of bosonic symmetries, generalized charges are labeled
by anyons of the symmetry TFT. Their structure can be
obtained by fermionizing the charges for bosonic symme-
tries. In Section V, we apply the symmetry TFT con-
struction to study fermionic gapped and gapless phases
with fermionic symmetries. We also discuss phase tran-
sitions between these fermionic phases. We describe how
these phases and transitions can be obtained by fermion-
izing phases and transitions for bosonic symmetries.

Note added: While nearing completion of this paper,
we became aware of a related work [149], which stud-
ies the symmetry TFTs for 14-1d fermionic systems with
finite invertible (i.e., group-like) symmetries. We also
learned that there is another related paper [176], which
has some overlaps with our results. The symmetry TFTs
for fermionic symmetries are also discussed from the
point of view of 4d Crane-Yetter TF'T and the 4-category
of braided fusion categories in [177, 178].

II. FERMIONIC SYMMETRIES IN 141
DIMENSIONS

In this section, we describe the general structure of
finite non-invertible symmetries of 14+-1d fermionic sys-
tems. In particular, we clarify that such a symmetry is
described by a fusion m-supercategory with a choice of
fermion parity. This is analogous to the fact that finite
non-invertible symmetries of 1+1d bosonic systems are
described by fusion categories [10-12, 161]. The bosonic
and fermionic symmetries are related by operations of
fermionization and bosonization. An interesting feature
of fermionic symmetries is that they appear in pairs re-
lated by stacking with the 2d fermionic invertible TF'T
known as the Arf TFT.

A. Fusion Supercategories

Let us begin with a brief review of fusion supercate-
gories. For more details of fusion supercategories, we re-
fer the reader to [179-182]. See also [9, 17, 49, 183, 184]
for these symmetries in the context of two-dimensional
quantum field theories.

A fusion supercategory S consists of topological lines
and topological point-like defects between topological
lines. A trivial (i.e., invisible or identity) line is denoted
by 1, while a trivial point-like defect on a topological line
X is denoted by 1x. Topological point-like defects be-
tween topological lines X and Y form a finite dimensional
C-vector space,” which is denoted by Hom(X,Y). The
vector space Hom(X,Y) is equipped with a Zs-grading
that represents the fermion parity of point-like defects.
The Zs-grading of f € Hom(X,Y) is denoted by |f|,
which is 0 if f is bosonic and 1 if f is fermionic. This Zo-
grading is compatible with the fusion of point-like defects
in the sense that

lgo fl=1fI+lgl

for any homogeneous f € Hom(X,Y) and g €
Hom(Y, Z).> Note that 1y is bosonic for all X. A point-
like defect f € Hom(X,Y) is called an isomorphism if
there exists a point-like defect f~! € Hom(Y, X) such
that f~1o f =1x and fo f~! = 1y. We note that an
isomorphism f can be either bosonic or fermionic. When
there is an isomorphism between topological lines X and
Y, we say that X and Y are isomorphic to each other
and write X 2 Y. In the study of fermionic symmetries,
it is often useful to track objects only up to bosonic iso-
morphism.

The fusion of topological lines X and Y defines a tensor
product X ® Y. This tensor product is compatible with
the Zs-grading of point-like defects living on topological
lines. More specifically, the Zs-grading of a point-like
defect f ® g € Hom(X @ X' Y ® Y') is given by

If@gl=fl+]1gl

for any homogeneous f € Hom(X,X’) and g €
Hom(Y,Y”’). Here, the tensor product f ® g of point-like
defects is defined by

fog = (f@ly)o(1x®g) = (~1)¥(1x ®g)o(f@1ly),

(I1.3)
where the sign (—1)I/119] encodes the anti-commutation
relation of fermionic point-like defects. Pictorially, this
fermionic anti-commutation relation can be depicted as

f* L, — (_1)f||g|gi if.

X Y

mod 2 (IL.1)

mod 2 (I1.2)

(I1.4)

4 In this paper, all vector spaces are C-vector spaces.
5 A point-like defect is said to be homogeneous if it has a definite
Za-grading.



Any topological line in a fusion supercategory can be
decomposed into a finite direct sum of indecomposable
topological lines. The space Hom(z,z) of topological
point-like defects on an indecomposable topological line
x is isomorphic to either C'1° or C!!', where CPl? denotes
the (p + ¢)-dimensional super vector space of superdi-
mension (p,q). An indecomposable topological line x is
called an m-type line if Hom(z, z) is isomorphic to C*°
[181], i.e. if z cannot have a fermionic point-like defect
on it. On the other hand, an indecomposable topological
line x is called a g-type line if Hom(z, x) is isomorphic to
C!1 [181], i.e. if  can have a fermionic point-like defect
on it. We note that the trivial line 1 is m-type.

The fusion of indecomposable topological lines x and
y can be decomposed as

:c®yf@N§yz,

where the direct sum on the right-hand side is taken over
(representatives of isomorphism classes of) indecompos-
able topological lines. Here, the number of (isomorphism
classes of) indecomposable topological lines is supposed
to be finite. The equation (II.5) is known as the fusion
rules. The fusion x ® y of topological lines x and y is also
denoted as xy in subsequent sections. In this paper, we
write fusion rules up to bosonic isomorphisms unless oth-
erwise stated. Furthermore, bosonic isomorphisms will
also be written simply as an equality by abuse of nota-
tion.

A network of topological lines can be locally deformed
by using the F-move defined by

NZ, € Lo, (IL5)

x Yy z x Y z

= ZZ(FiyZ)(u;u,V),(v;p,a) > va s
v p,o

w w

(I1.6)
where (Flfyz)(u;#yl,)’(v;p’g) is a complex number called the
F-symbol. The first summation on the right-hand side
of eq. (I1.6) is taken over representatives of isomorphism
classes of simple objects, while the second summation is
taken over bases of the spaces of topological point-like
defects. Precisely, the left-hand side of eq. (I1.6) is an
element of a vector space

Vv o @ Hom(u, £ ® ¥) @Hom (u,u) Hom(w,u ® z),

(IL7)
while the right-hand side of eq. (I1.6) is an element of

Vivz = @Hom(w,$®U)®Hom(v,v)Hom(U’ y®z). (IL8)

The tensor product over Hom(u, «) and Hom(v,v) is im-
plicit in the diagrams, see [181, Section 8] for more de-
tails. The F-symbols have to satisfy the consistency

6 This complication does not play any role in this paper.
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condition known as the fermionic pentagon identity [180—
182], which is the fermionic analogue of the ordinary pen-
tagon identity, where the fermionic anti-commutation re-
lation (II.4) is taken into account.

Another important property of a topological line is
that it can be bent freely to the left and right. This
implies that the pair (z,2*) of a topological line 2 and
its orientation reversal x* is equipped with bosonic topo-
logical point-like defects called the evaluation and co-

evaluation morphisms, which are denoted by evﬁ/ R and
L/R . . .
coevy’ " in the following diagrams:

r‘\vr\\/ﬂg

coevy coevl

These point-like defects enable us to define the quantum
dimension of each topological line as follows:

= =0

The quantum dimension is a topological point-like defect
on the trivial line 1, which can be canonically identified
with a complex number because we have Hom(1,1) = C.
In this paper, we suppose that the left and right quantum
dimensions agree with each other as in eq. (I1.10), i.e
we suppose that a fusion supercategory is spherical.

We note that a topological defect may or may not be
isomorphic to its orientation reversal. A topological de-
fect z is said to be self-dual if it is isomorphic to its
orientation reversal x*. When z is a self-dual m-type
topological line, the isomorphism = & z* is unique up
to scalar multiplication. This isomorphism can be either
bosonic or fermionic. An example of a fermionic symme-
try that has a self-dual m-type line x with a fermionic
isomorphism z = z* is a Zy X Zg symmetry with a Gu-
Wen anomaly, which we will encounter later.

(I1.10)

B. Fermionic Fusion Supercategories

Any fermionic system has a Zs symmetry called a
fermion parity symmetry Zg , which we suppose to be
non-anomalous in this paper. In addition, any fermionic
system in 1+1d has another “Z, symmetry” denoted by
Z7%, which is generated by a 0+1d fermionic invertible
topological field theory (i.e., a quantum mechanical sys-
tem).” On the other hand, a fusion supercategory in-
troduced in the previous subsection does not necessarily
contain both Zg and Z3 subgroups. This implies that not

7 In most of the literature, 77 is not regarded as the symmetry of
a 1+1d fermionic system. This is presumably because the action
of Z7 is almost trivial. Nevertheless, it turns out that Z7 plays a
crucial role in the description of fermionic symmetries. We will
further comment on this point later.



every fusion supercategory can describe the symmetry of
a fermionic system in 141d. Fusion supercategories re-
alized as symmetries of 14+1d fermionic systems will be
called fermionic fusion supercategories or fermionic sym-
metries in this paper. In what follows, instead of giving
a precise definition of the fermionic fusion supercategory,
we discuss some basic structures that every fermionic
symmetry should have. See [177, 178] for a more pre-
cise definition of the fermionic fusion supercategory.

As mentioned above, a fermionic fusion supercategory
contains a Z3 subgroup generated by a 0+1d fermionic
invertible TFT. Here, we recall that 0+1d fermionic in-
vertible TFTs are classified by Zs: the trivial class is
given by a bosonic state, while the non-trivial class is
given by a fermionic state. The generator 7 of Z3 can
be regarded as the worldline of a local fermion in 0+1d,
which implies that a 7 line can have a (topological)
fermionic endpoint O, € Hom(1, 7). This endpoint O,
defines a fermionic isomorphism between the trivial line
1 and the 7 line. If we fuse a 7 line with an indecom-
posable topological line x, we obtain another indecom-
posable topological line 7z := 7 ® = that is isomorphic
to z via a fermionic isomorphism O, ® 1,. When z is
m-type, this is the unique (up to scalar) isomorphism
between = and mx. On the other hand, when z is g-
type, there is also a bosonic isomorphism O, ® f,, where
fz € Hom(z, z) is a fermionic isomorphism from z to it-
self. In particular, an indecomposable topological line x
is g-type if and only if there is a bosonic point-like defect
(acting as a bosonic isomorphism) between z and 7z. A
fusion supercategory that is equipped with a 7 line is
called a fusion m-supercategory [179].

In a fusion w-supercategory, the quantum dimension
of any q-type object z satisfies dim(x) > /2. This is
because when x is g-type, a fermionic automorphism of
r ® x* implies that x ® £* contains 1 and 7 at the same
time, meaning that dim(z)? > dim(1 @& 7) = 2. On the
other hand, the quantum dimension of any m-type object
y satisfies dim(y) > 1 as in the case of bosonic symme-
tries. Here, we supposed that the quantum dimensions
are non-negative real numbers, which is satisfied if the
fusion (super)category is unitary.

A fermionic fusion supercategory is a fusion m-
supercategory together with a choice of a fermion parity
line (—1)F.% In this paper, we suppose that the fermion
parity symmetry generated by (—1)f" is non-anomalous,
meaning that the F-symbols involving only (—1)¥ and
1 are all trivial. In particular, the isomorphism between
(-1)F @ (-=1)F and 1 has to be bosonic because other-
wise the F-symbols cannot be trivial due to the fermionic
anti-commutation relation. We note that the choice of a

8 The choice of a fermion parity line is not arbitrary. For example,
in the case of invertible symmetries, (—1)¥ should generate a

central Zg subgroup. Even in the case of more general non-

invertible symmetries, the fermion parity subgroup Zg has to be
central in an appropriate sense [177, 178].

fermion parity line (—1)f is not unique for a given fusion
m-supercategory. Specifically, if (—1)% is eligible to be
a fermion parity line, 7(—1)% is equally eligible to be a
fermion parity line. As we will see in Section 11 C, differ-
ent choices of a fermion parity line give rise to symmetries
of different fermionic systems.

The fermion parity line (—1)¥ and the 7 line has a
canonical junction J between them. This junction is
specified by the condition that (—1)¥ acts as —1 on the
fermionic endpoint O:

(IL.11)

as

(IL.12)

The action of the 7 line on the (—1)F-twisted sector is
also defined by using the same canonical junction as fol-
lows:

™
i O

N’

(IL13)

The above equation shows that the = line acts as —1
on point-like operators in the (—1)¥-twisted sector. On
the other hand, the 7 line acts as +1 on local or un-
twisted sector operators. Equivalently, = acts as —1 on
the Ramond (R) sector, while it acts as +1 on the Neveu-
Schwarz (NS) sector. This is because point-like operators
living at the end of (—1)¥" correspond to states in the R
sector, while local operators correspond to states in the
NS sector.” The 7 line thus measures the spin structure.
In later sections, point-like operators living at the end
of (—1)F are sometimes called local operators in the R
sector.

C. Stacking with Arf TFT

As already discussed briefly above, given a fermionic
fusion supercategory Sy with a choice of fermion par-
ity, we obtain another fermionic fusion supercategory Sy
whose underlying fusion m-supercategory is the same as
Sy but the choice of fermion parity is modified by «

(-, =7(-1s,. (I1.14)

9 The spin structure induced on a small circle around the end of
(—=1)¥ is R (i.e., non-bounding), while the spin structure induced
on a small circle around a local operator is NS (i.e., bounding).



Note that Sy and S + may be equivalent fermionic sym-
metries, meaning that there may be a supertensor autoe-
quivalence of the fusion m-supercategory underlying Sy
that maps (_1)§f to w(—l)gf.

Given a (1+1)d fermionic system Ty with Sy symme-
try, there exists a closely related system ¥y which carries
Sy symmetry. Ty is obtained by stacking T; with the
Arf TFT

‘If = Arf¥ gf. (1115)

Let us recall that the Arf TFT is an invertible 2d TFT
carrying fermionic parity symmetry generated by!'’

(71)£‘rf =m.

After stacking the two systems together we modify the
(—=1)¥ to be the diagonal of the (—1)f symmetries of
the two systems, which results in the change of fermionic

(I1.16)

symmetry from Sy to Sy.

We thus say, as a figure of speech, that the fermionic
symmetry Sy is obtained from the fermionic symmetry
Sy by stacking with the Arf TF'T and write

Sf = Sf X AI‘f (1117)

D. Fermionization and Bosonization

In general, a fermionic fusion supercategory is obtained
by the fermionization of a bosonic (i.e., ordinary) fu-
sion category that contains a non-anomalous Zs sub-
group. This is because any fermionic system with a non-
anomalous Zg symmetry can be obtained by the fermion-
ization of its bosonization [173-175], which has a dual
non-anomalous Zo symmetry.

Let us discuss this in more detail as it plays a crucial
role in the rest of the paper. Consider a bosonic theory
% in (141)d with a non-anomalous Z, symmetry. Let
us call the topological line operator implementing the Zo
symmetry by P. To fermionize this system, we first re-
gard the bosonic system ¥ trivially as a fermionic system
and stack the Arf TFT on top of it. The combined system
is now

ArfRT. (IL.18)

We now gauge the Zo symmetry generated by the topo-
logical line operator

(-)iP=nP (I11.19)

of the combined system, which we label ZZ¥. The
fermionization Ty of ¥ is defined as the theory obtained
after this gauging

AKX T

= —— I1.20

10 Tn fact, the only indecomposable topological lines (upto bosonic
isomorphisms) in the Arf TFT are 1 and 7.

with the fermionic parity symmetry implemented by

(—=1)F =7, (I1.21)
where n = 7P is the topological line operator implement-
ing the dual Zy symmetry of the gauged theory. This
procedure implementing

T — %y (I1.22)
is referred to as fermionization in this paper. Under-
standing fermionization as the condensation of an alge-
bra object 1 @ mP was first proposed in [17, Appendix
G]. This fermionization procedure can be regarded as the
Jordan-Wigner transformation in a generalized sense. In-
deed, just as the traditional Jordan-Wigner transforma-
tion [185], our fermionization maps a trivial bosonic TFT
with an unbroken Zs; symmetry to a trivial fermionic
TFT, while it maps a bosonic TFT with a spontaneously
broken Zs symmetry to the Arf TFT. The inverse proce-
dure implementing

Ty — % (I1.23)
is referred to as bosonization.

When the original bosonic system ¥ has a fusion cat-
egory symmetry S, its fermionization ¥y has the corre-
sponding fusion supercategory symmetry, which we de-
note by Sy. The fermionic fusion supercategory Sy de-
pends on the choice of a Zy subgroup of S. The general
relation between S and Sy was studied in [9].

Let us describe how the fermionization acts on various
kinds of local operators in T: [173-175]

1. Consider an uncharged local operator O of ¥ in
the untwisted sector of Zy symmetry. With respect
to ZZF symmetry of Arf X T, the operator O is
also uncharged and untwisted. Under a Z, gaug-
ing, an untwisted uncharged operator goes to an
untwisted uncharged operator for the dual Zy sym-
metry. Thus, after gauging of Z3 ¥, the operator O
is uncharged under 7 and is in the untwisted sec-
tor of n symmetry. Equivalently, O is uncharged
under (—1)f = 75 and is in the untwisted sector
of (—1)F symmetry. In other words, O becomes a
bosonic operator in the NS sector of the fermion-
ization Ty.

2. Consider a charged local operator O, of ¥ in the
untwisted sector of Zy symmetry. With respect to
7FY symmetry of Arf X T, the operator O, is also
charged and untwisted. Under a Z5 gauging, an un-
twisted charged operator goes to an uncharged op-
erator in the twisted sector for the dual Zs symme-
try, i.e. it is an operator uncharged under dual Z,
symmetry but attached to the topological line op-
erator P generating the dual Zo symmetry. Thus,
after gauging of Z3 ¥, the operator O, is uncharged
under 7 and is attached to 7 line. Equivalently, O,



is a bosonic operator attached to n line. Let us
convert it into an operator
O =0, ® 0, (I1.24)

obtained by fusing O, with the topological local
operator O, which let us recall is the canonical
fermionic operator arising at the end of 7 line.

0. 00, or

(I1.25)

(=D

The operator OF is attached to 7 = (—1)% line
and will be referred to as the fermionization of the
operator O, of T. In other words, the fermioniza-
tion converts O, into a fermionic operator in the R
sector.

. Consider an uncharged local operator O,, of ¥ in

the twisted sector of Zs symmetry. This can be
converted into an operator
Om,x =0 ® Oy (11.26)

of the Arf X ¥ theory, which is attached to the 7P
line and is charged under 7P since O, is charged
under (—1)5; = 7 of the Arf factor. Under a
Zo gauging, a twisted charged operator goes to
a twisted charged operator for the dual Z, sym-
metry. Thus, after gauging of Z3%, the operator
Om, = is charged under 7 and is attached to 7 line.
Equivalently, O,,  is charged under (1) = mn
and hence a fermionic operator attached to n line.
Then, the operator

OF, = Opn ® Ox (IL.27)

is a bosonic operator attached to (—1)F line and
will be referred to as the fermionization of the op-
erator O,, of ¥. In other words, the fermionization
converts O, into a bosonic operator in the R sec-
tor.

. Consider a charged local operator O of T in the
twisted sector of Zs symmetry. This can be con-
verted into an operator

Ofm = Of ® O

of the Arf X ¥ theory, which is attached to the 7P
line and is uncharged under 7w P. Under a Z, gaug-
ing, a twisted uncharged operator goes to an un-
twisted charged operator for the dual Z, symmetry.
Thus, after gauging of Z3*, the operator Oy . is a
fermionic operator in the NS sector, i.e. charged
under (—1)¥ but unattached to (—1)% line. The
operator Oy » will be referred to as fermionization
of the operator Oy of .

(I1.28)

Succinctly the fermionization rules for local operators are

Untwisted, Uncharged — NS sector, Boson
Untwisted, Charged — R sector, Fermion (11.29)
Twisted, Unharged — R sector, Boson '

Twisted, Charged — NS sector, Fermion

Alternate Convention for Fermionization. There
is another convention for fermionization that one may
adopt, which implements

T — T (11.30)

but we do not adopt this convention in this paper. In

this convention, the fermionized theory T is again

~ ARSI

but the fermionic parity symmetry is implemented by
(-1)F =9 (11.32)

instead of 7n.
The alternate fermionization acts on local operators
according to
Untwisted, Uncharged — NS sector, Boson
Untwisted, Charged — R sector, Boson (11.33)
Twisted, Unharged — R sector, Fermion '
Twisted, Charged — NS sector, Fermion

The two fermionic theories are related by stacking of

Arf TFT
Ty = ArfR T, (11.34)

Applying the original bosonization map (I1.23) to ‘fgvf
we obtain a bosonic theory €. The map

T3 (11.35)

is the bosonic gauging of the Zy symmetry of T [173-
175, 186]

T =%/ Ls. (11.36)
Finally, the operation that maps
Ty — % (11.37)

is known as the Gliozzi-Scherk-Olive (GSO) projec-
tion [187]."" The relation between four systems T, T,

%, and Ty can be summarized in a diagram shown in
Figure 1.

1 In the original context, the GSO projection generally means sum-
ming over spin structures for left-movers and right-movers in-
dependently. In this paper, we do not consider the situations
where left-movers and right-movers are coupled with different
spin structures.



fermionization = JW
- ..
«———— Fermionicsystem Ty

bosonization

Bosonic system ¥

GSO
gauging Zo stacking Arf

GSO

fermionization = JW

«——_" TFermionic system ‘ff

bosonization

Bosonic system g

Figure 1. The fermionization and bosonization in 14+1d. JW
stands for the Jordan-Wigner transformation and GSO stands
for the GSO projection.

E. Examples

Let us now discuss simple examples of fermionic fusion
supercategories and the corresponding bosonic fusion cat-
egories whose fermionization they are.

1. Z£ symmetry

The simplest example of a fermionic fusion supercat-
egory is the one that describes only the fermion par-
ity symmetry. The non-trivial indecomposable lines of
this fusion m-supercategory are (—1), 7, and their fu-
sion 7(—1)F.'? These topological lines form a fusion 7-
supercategory sVecz, := sVec X Vecy,, where sVec is the
fusion m-supercategory (of super vector spaces) generated
by 7 and Vecyz, is the ordinary fusion category (of Zs
graded vector spaces) generated by (—1)f. When no con-
fusion can arise, the symmetry described by sVecz, will
be simply denoted by ZJ and called the fermion parity
symmetry. The fermion parity symmetry Zg described
by fusion m-supercategory sVecz, is the fermionization
of a non-anomalous Zs symmetry described by ordinary
fusion category Vecyz,.

2. Z§ and Z7' symmetries

Another simple example of a fermionic fusion super-
category is the one that describes the spin Z, symme-
try, which is a Z, symmetry whose Zy subgroup is the
fermion parity symmetry Zg . By definition, a generator
P of the spin Z, symmetry satisfies P2 = (—1)¥. The
fusion 7-supercategory that describes this symmetry is
sVecyz, := sVecX Vecy, , where sVec is again the fusion -
supercategory generated by 7w and Vecgz, is the ordinary

12 An indecomposable topological line x is said to be non-trivial if
there does not exist a bosonic isomorphism between z and 1.

fusion category generated by P. The spin Z, symme-
try, described by sVecz, with the choice (—1)F = P2 is
simply denoted by Zf:

There is also a variant of the spin Z4 symmetry, which
we denote by sz . This is a Z, symmetry whose genera-
tor P satisfies P? = m(—1)F rather than P? = (—1).
The two symmetries are related by stacking with Arf
TFT in the sense of section 11 C

77 = 7] ® Arf. (11.38)

The Zf; symmetry is the fermionization of a non-
anomalous Z, symmetry described by ordinary fusion
category Vecz,. Let us for brevity denote the genera-
tor of this bosonic Z, symmetry also by P. We want to
fermionize with respect to the non-anomalous Zo gener-
ated by P2. The fact that we have a Z, symmetry means
that we have a trivalent junction formed by two incoming
P lines and one outgoing P? line.

PZ
(I1.39)

P P

The local operator describing this trivalent junction may
be viewed as an uncharged (due to non-anomalous nature
of Z4 symmetry) and twisted sector operator for this Z
symmetry which, as discussed in (I1.29), fermionizes to
an R-sector bosonic operator attached to two incoming P
lines. Thus the fermionized symmetry is such that two P
lines fuse to form (—1)f with a bosonic operator sitting
at the corresponding trivalent junction, or in other words
the fermionized symmetry is Zfi .

The sz symmetry is the fermionization of Zo X Zo
symmetry with mixed ’t Hooft anomaly, which is ob-
tained by bosonically gauging the Zs subgroup of the
non-anomalous bosonic Z4 symmetry. Let us denote the
generators of this Zo x Zo by P and P’. We want to
fermionize with respect to the non-anomalous Z, gen-
erated by P’. The fact that we have a mixed 't Hooft
anomaly means that a trivalent junction formed by two
incoming P lines and one outgoing identity line is charged
under P’.

(I1.40)
P P P P

The local operator describing this trivalent junction is
thus a charged untwisted sector operator for P’ which, as
discussed in (I1.29), fermionizes to an R-sector fermionic
operator attached to two incoming P lines. Thus the



fermionized symmetry is such that two P lines fuse to
form 7(—1)F with a bosonic operator sitting at the
corresponding trivalent junction, or in other words the
fermionized symmetry is sz .

We emphasize that Zfﬁ and sz are different fermionic
symmetries because there is no autoequivalence of the un-
derlying fusion m-supercategory sVecyz, that maps (—1)%
to m(—1)¥. Equivalently, the bosonization of Z{ and that
of Z57 are different symmetries because they have differ-
ent group structures and anomalies.

The fact that Zf: and sz symmetries are different
is also consistent with the classification of 1+1d SPT
phases with these symmetries. It is known that 141d
SPT phases with Zf: symmetry are classified by the sec-
ond group cohomology H?(Z4,U(1)) as a set [188, 189)].
Since H2(Zy, U(1)) vanishes, Z] symmetry admits only
one SPT phase, which is a trivial phase. This classifi-
cation implies that the stacking of this SPT phase and
the Arf TFT is not an SPT phase with Zf; symmetry.
This can be understood as a consequence of the fact that
stacking the Arf TFT changes the symmetry from Zf; to
AR

3. Rep(S3)’ and Rep(S3)™ symmetries

Simple examples of non-invertible fermionic symme-
tries are given by fusion m-supercategory

sVec X Rep(Ss). (I1.41)

Rep(S3) denotes the fusion category formed by repre-
sentations of Ss, which has two non-trivial topological
lines P and F, where P is an invertible line correspond-
ing to a one-dimensional irreducible representation of Ss,
while E' is a non-invertible line corresponding to a two-
dimensional irreducible representation of S3. The fusion
rules of these topological lines are given by

P’~1 PE~EP=~E, E’~1®aP@E. (I1142)
This supercategory gives rise to two fermionic symme-
tries Rep(S3)/ for which

(- =p (11.43)

and Rep(S3)™/ for which

(- =7P. (11.44)

Rep(S3)7 is obtained by fermionizing Rep(S3) with re-
spect to P. To see this, note that a trivalent junction in-
volving two F lines and a P line fermionizes to a trivalent
junction involving two E lines and a (—1) line, which
means that the fermionized symmetry has the same fu-
sion rules as Rep(S3) with fermion parity being P. In
general, the fermionization of Rep(G) symmetry is de-
scribed by sRep(G) := sVec X Rep(G) [9].

On the other hand, Rep(S3)™/ is obtained by fermion-
izing S35 group symmetry. Let us label elements of Sj3
as

ba = a2b.
(I1.45)
We can fermionize S® with respect to b. The non-simple
line a @ a? before fermionization becomes a simple line
E after fermionization, since b exchanges a and a?. Let
1, and 1,2 be identity local operators along a and a?
respectively. Then the local operator 1, — 1,2 lives on
a @ a? and may be regarded as a charged twisted opera-
tor with respect to the Zs symmetry being fermionized.
The fermionization of this operator is a fermionic opera-
tor providing a trivalent junction between two E lines and
one (—1) line, or equivalently a bosonic operator pro-
viding a trivalent junction between two F lines and one
7(—1)F line. This reproduces fusion rules for Rep(S3)™7.
Lattice models with Rep(S3)? and Rep(S3)™ symme-
tries were studied recently in [151, Appendix G].

Ss = {1,a,a% b,ab,a®b}, a*=0b>=1

)

4. Za X Zg symmetry with a Gu- Wen anomaly

A simple example of an anomalous fermionic symme-
try is Zg X Zg symmetry with a Gu-Wen anomaly [190].
To describe this symmetry, we first recall the classifica-
tion of anomalies of Z, xZg symmetry in 1+1 dimensions.
Anomalies of Zy X Zg symmetry in 14+1d are classified by
Q2 (BZy) = Zg [191-194]. An anomaly v € Zg is called
a bosonic anomaly when v = 4 because the anomaly in
this case descends from the anomaly of an ordinary Zs
symmetry, which can be realized in purely bosonic sys-
tems. An anomaly v is called a Gu-Wen anomaly when
v = 2 mod 4 because this anomaly can be realized on
the boundary of a (2+1)d Gu-Wen SPT phase [190]. An
anomaly v is called a beyond Gu-Wen anomaly when v is
odd, which can be realized on the boundary of a (2+1)d
SPT phase beyond Gu-Wen type [192]. A Za x Zg sym-
metry with an anomaly v = 1 is realized in the quantum
field theory of a massless Majorana fermion, where the
first Zo of Zo % Zg is the fermion parity symmetry of the
left moving fermion (—1)fz. In a UV lattice Majorana
model, a ¥ = 1 anomaly is realized as an LSM anomaly
between lattice translations (where a translation unit cell
contains a single Majorana operator) and fermion parity
[195, 196]. In the IR, translation by a single unit cell
flows to (—1)¥Z. Since the anomaly is additive under the
stacking of QFTs, a Zg X Zg symmetry with an anomaly
v € Zg is realized in the field theory of v massless Majo-
rana fermions.

The fusion m-supercategory that describes an anoma-
lous Zo x Zg symmetry depends on the anomaly v € Zsg.
When the anomaly is bosonic, i.e., when v = 4, the fusion
m-supercategory is just the product sVecXVecy XVecz,,
where Vecy represents an ordinary Z, symmetry with a
non-trivial anomaly w # 0 € H?(Za, U(1)) & Zy. We do



not discuss this bosonic anomaly in this paper. The fu-
sion m-supercategory that describes a Zs x Zg symmetry
with a Gu-Wen anomaly will be discussed shortly, while
the fusion m-supercategory that describes a Zo x Zg Sym-
metry with a beyond Gu-Wen anomaly will be discussed
in the next example.

A Zs x Zg symmetry with a Gu-Wen anomaly v = 2
mod 4 is the fermionization of Z, symmetry with an
anomaly w = 2 € H3(Z4,U(1)) = Z4 [172, 175]. This
fermionic symmetry is generated by three topological
lines 7, 7y, and n_ := 1y (—1)F, which obey the fol-
lowing fusion rules: [173]

1

2

1%

ni = . (I1.46)
Here, the isomorphisms in the above equation are all
bosonic. Equivalently, we have fermionic isomorphisms
ni = 1 and n2 = 1, which means that the junction of
two incoming n; lines (i = +, —) is fermionic. This also
implies that 4 and n_ are self-dual with fermionic iso-
morphisms ny = n} and n_ = n’.

The fermionic pentagon equation implies that the F-
symbols (Fy " ")q; and (F,="""" )11 are either +i or
—i [173]. Furthermore, since the fermion parity sym-
metry generated by (—1)f = n,n_ is non-anomalous,
(Fi™ ™)1y and (F;/=""" )11 should have the opposite
signs. Thus, without loss of generality, we can choose

(B )y = i, (F-"=" )0 = —i (11.47)
The fusion m-supercategory that describes this symmetry
is St Msvee S—, where S; is the fusion w-supercategory
generated by 7 and 7;, and Kgye. denotes the Deligne
tensor product over sVec, which essentially means that
we identify together the two 7 lines coming from the two
S; factors. We note that Zy x Zg symmetries with anoma-
lies v = 2 and v = 6 are described by the same fusion -
supercategory Sy Mgyee S—. The only difference between
these symmetries is the choice of the generator of Zg sym-
metry. More specifically, if we choose 74 as the generator
of Zs, the full Zs x Zg symmetry has an anomaly v = 2.
On the other hand, if we choose n_ as the generator of
Zs, the full Zy x Zg symmetry has an anomaly v = 6. In
the example of v massless Majorana fermions, 4 and n—
correspond respectively to the fermion parity symmetries
of the left and right mover.

We note that Zs x Zg symmetry with a Gu-Wen
anomaly is invariant under stacking the Arf TFT. This
is because its bosonization, i.e., a Z4 symmetry with
an anomaly w = 2, is invariant under gauging the non-
anomalous Zs subgroup, cf. Figure 1.

5. Za X Zg symmetry with a beyond Gu-Wen anomaly

A Zy x Zg symmetry with a beyond Gu-Wen anomaly
has two q-type objects ¢ and ¢’ := q(—1)¥ [17]. These
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g-type objects obey the following Ising-like fusion rules

[9]:

=) =21omn. (I1.48)

Here, the isomorphisms in the above equation are sup-
posed to be homogeneous (e.g., bosonic). Each g-type ob-
ject together with 7 generates a fusion w-supercategory
whose underlying category is either the Ising category
Ising, or the other Z; Tambara-Yamagami category
Ising_.'* We denote these fusion m-supercategories by
$|s;nng and Sising_ respectively. When v = 1 or 7, both
g-type objects ¢ and ¢’ generate Siging .+ corresponding

to the fact that Zo x Zg symmetry with this anomaly
is the fermionization of Ising, symmetry [172, 175]. On
the other hand, when v = 3 or 5, both g-type objects
q and ¢’ generate Sising_, corresponding to the fact that

Lo X Zg symmetry with this anomaly is the fermionization
of Ising_ symmetry [175]. In particular, Zy X Zg symme-
tries with anomalies ¥ = 1 and v = 7 are described by
the same fusion w-supercategory. Similarly, Zo x Zg sym-
metries with anomalies ¥ = 3 and v = 5 are described
by the same fusion 7-supercategory. In the example of
v massless Majorana fermions, two g-type objects ¢ and
q' are the fermion parity lines for the left mover and the
right mover. We note that the fermion parity lines for
the left mover and the right mover generate the same
fusion 7w-supercategory even though they have different
anomalies. These anomalies are distinguished by more
subtle data that are necessary to mathematically define
fermionic symmetry [178)].

We emphasize that the g-type objects ¢ and ¢ are
non-invertible in the sense that there are no topological
lines ¢~ and (¢')~! such that q¢g~! = ¢7'¢ = 1 and
()71 = (¢')"'¢ = 1. In particular, the quantum di-
mensions of ¢ and ¢’ are both /2. However, the non-
invertibility of these topological lines is rather mild. In-
deed, the fusion rules (I1.48) imply that the correspond-
ing symmetry operators D, and D, acting on NS sector
local operators obey the Zy group-like fusion rule up to
normalization:

(D,)? = (Dy)* =2. (11.49)
Here, the last equality follows from the fact that the =
line acts as +1 on NS sector local operators. There-
fore, the symmetry operators divided by their quantum
dimensions

(_1)FL = ’Dq/\/ia (_1)FR = Dq’/\/5

look as if they generate Zy symmetries. As such, the sym-
metry generated by g and ¢’ is often called an anomalous

(11.50)

13 The underlying category of a fusion supercategory S is a fusion
category consisting of all objects and all bosonic morphisms of S
[179]. The categories Ising are the only fusion categories with
the Ising fusion rules [197].



Lo X Zg symmetry in the literature even though the gen-
erator of this symmetry is non-invertible.

Naively, D, and Dy square to zero in the R sector be-
cause the 7 line acts as —1 on R sector operators. To
avoid this, we can modify the symmetry operators in the
R sector by putting a fermionic point-like defect on them,
which is possible because ¢ and ¢’ are q-type objects. As
a result, these symmetry operators anti-commute with
(—=1)¥ in the R sector. This anti-commutation rela-
tion was observed in the example of massless Majorana
fermions [172, 174, 198].

It should be noted that the ¢- and ¢’-twisted sectors
are well-defined as vector spaces of integral dimensions,
while the (—1)fz- and (—1)fr-twisted sectors are not
because of the factor of v/2 in eq. (I1.50). In particu-
lar, the dimensions of the ¢- and ¢’-twisted sectors are
even integers because the fermionic automorphisms of ¢
and ¢/ imply the same numbers of bosonic states and
fermionic states. Accordingly, the dimensions of (—1)%z-
and (—1)FR-twisted sectors are formally given by integer
multiples of V2. In the literature, the factor of /2 is also
understood as the formal dimension of a single Majorana
fermion in 0+1d.

In some cases, treating this symmetry as if it is invert-
ible appears totally fine. For example, the above Zy X Zg
symmetry with a beyond Gu-Wen anomaly falls into the
classification of anomalies of invertible symmetries via
bordism groups Q2 ;. (BZ3) = Zg [191-194]. Neverthe-
less, in this paper, we regard this symmetry as a non-
invertible symmetry due to its non-invertible fusion rules
(11.48).

We note that a Zo X Zg symmetry with a beyond Gu-
Wen anomaly is invariant under stacking the Arf TFT.
This is because its bosonization, which is either Ising, or
Ising_, is invariant under gauging its non-anomalous Zs
subgroup.

Another point to be noted is that regarding this
fermionic symmetry as an invertible symmetry leads to
the notion that the bosonic Ising, symmetries are not
intrinsically non-invertible. However, this conclusion
should be avoided as technically the fermionic symme-
try is non-invertible, and hence the bosonic Ising, sym-
metries should be regarded as intrinsically non-invertible
symmetries.

6. Bosonic Symmetries as Special Cases of Fermionic
Symmetries

A bosonic symmetry described by an ordinary fusion
category S trivially gives rise to two fermionic sym-
metries. Both of them are based on the fusion -
supercategory

sVecX S. (I1.51)

One of the fermionic symmetries Sy is obtained by choos-
ing (=1)¥ to be trivial, i.e. (=1)f = 1, while the
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other fermionic symmetry S + is obtained by choosing
(-1 = 7. We note that all objects of sVec X S are
m-type.

Sy is obtained by fermionizing S with respect to trivial
Zo symmetry generated by P = 1, and S ¢ is obtained by
fermionizing the multi-fusion category

S X Maty(Vec) (I1.52)

where Maty(Vec) is a multi-fusion category formed by
2 x 2 matrices valued in the category Vec of finite dimen-
sional vector spaces. The Zy symmetry for the fermion-
ization is generated by off-diagonal matrix with each en-
try being 1-dimensional vector spaces, which we may la-
bel as 191 @ 14p.

Let ¥ be a bosonic system with symmetry S. The
symmetry Sy is carried by the system Ty obtained by
stacking T with trivial fermionic 2d TFT. On the other
hand, Sy is carried by the system ¢ obtained by stacking
T with Arf TFT.

III. SYMMETRY TFT

In this section, we first briefly review the symmetry
TFT construction of 14+1d bosonic systems with general
fusion category symmetry following [2, 7, 92], see also
[8, 12, 15, 199, 200] for earlier discussions and [140] for
a mathematical formulation. The symmetry TFT is also
called a symmetry topological order [34, 71, 107, 162,
201, 202] or topological holography [48, 203, 204] in the
condensed matter literature.'

We then proceed to discuss SymTFTs for fermionic
symmetries. As we will see, the symmetry TFTs for
fermionic symmetries remain bosonic, while their sym-
metry boundaries are taken to be fermionic. Since the
symmetry TFTs are bosonic, one can readily apply the
methods developed in [3-6] to the study of fermionic
gapped and gapless phases with non-invertible symme-
tries, which will be the subject of later sections.

A. SymTFTs for Bosonic Symmetries

Let us first review the case of bosonic symmetries. Let
S be a fusion category specifying a bosonic symmetry,
i.e. a symmetry of bosonic theories. The symmetry
TFT associated to S is a 3d bosonic TFT 3(S) that
admits a bosonic topological boundary condition B¢,
such that the topological line operators living on B3™
form the fusion category S§. This TFT can be obtained by
performing the Turaev-Viro-Barrett-Westbury [205, 206]

construction with S as the input category and has the

14 The symmetry TFT was originally called a categorical symmetry
in [201, 202].



property that the topological line defects of the 3d TF'T,
also known as anyons, form the MTC Z(S), known as
the Drinfeld center of S.

By a bosonic topological boundary condition we mean
a topological boundary condition which does not carry a
fermion parity symmetry, or in other words the fermion
parity symmetry acts trivially and is generated by
(—=1)¥ = 1. In particular this implies that any topologi-
cal local operator arising at an end of an anyon a € Z(S)
along the boundary (and not attached to any topologi-
cal line living on the boundary) is a boson, i.e. 27 ro-
tations centered on such a local operator do not change
correlation functions. This implies that any anyon a that
can end along the boundary must have trivial topological
spin. Such an anyon is also referred to as a boson.

Note that there may be multiple different bosonic topo-
logical boundary conditions of 3(S) carrying the fusion
category S. In what follows, we fix one such boundary
condition to be BF™ and refer to it as the symmetry
boundary.

The connection of the 3d SymTFT 3(S) to 1+1d the-
ories with S symmetry is as follows. Any S-symmetric
14-1d bosonic theory ¥ can be constructed as an interval
compactification of 3(S), with one of the ends of the in-
terval occupied by the symmetry boundary B3™, while
the other end occupied by a not necessarily topological
boundary condition %%hys, that captures the dynamical

information of the system ¥. We call %ghy ® as the physi-
cal boundary. The topological line operators of T imple-
menting the S symmetry arise as images of topological
line operators living on BY™ under this interval com-
pactification.

T is gapped if %ghys is gapped, while it is gapless if
%ghys is gapless. In particular, 14-1d bosonic gapped
phases with symmetry S are obtained by choosing the
physical boundary to be topological [3, 4, 12], and are
more precisely identified with deformation classes of
topological boundary conditions of the SymTFT 3(S).
The construction described above is known as the sym-
metry TFT construction or sandwich construction in the
literature.

Consider now an arbitrary topological boundary con-
dition B*P of the SymTFT 3(S). The topological lines
of BP form a fusion category S’ that is Morita equiv-
alent to S [207]. The boundary B'P can be produced
from BY™ by performing a gauging of the S symmetry of
BI™ corresponding to an indecomposable module cate-
gory M over S, which is the category formed by topolog-
ical lines lying at an interface between BY™ and B'°P.
We express this gauging as

BP = P/ M. (IT1.1)

The symmetry S’ of BP is a combination of the resid-
ual symmetry left from the gauging procedure and the
dual symmetry obtained after gauging, which can be ex-
pressed as [10]

S =83, (I11.2)
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where S}, is the fusion category formed by S-module
endofunctors of M [161]. Performing the sandwich con-
struction by replacing the symmetry boundary BF™
with B%P while keeping the physical boundary %%hys
fixed leads to the (141)d theory

T =F/M (I11.3)

obtained by gauging the symmetry S of ¥ according the
module category M.

B. SymTFTs for Fermionic Symmetries

Whatever we have discussed so far extends straightfor-
wardly to fermionic symmetries. Let Sy be a fermionic
fusion supercategory specifying a fermionic symmetry,
i.e. a symmetry of fermionic theories. The symmetry
TFT associated to Sy is again a 3d bosonic TFT 3(Sy)
that admits a fermionic topological boundary condition
%nym, such that the topological line operators living on

BY™ form the fermionic fusion supercategory Sy. The
anyons of 3(Sy) form an MTC that we label as Z(Sy),
which can be understood as the Drinfeld center of Sy.

By a fermionic topological boundary condition we
mean a topological boundary condition on which the
fermion parity symmetry (—1)¥ may act non-trivially.
This includes bosonic topological boundary conditions
as sub-cases where the action of (—1)% is trivial. More-
over, each bosonic topological boundary 8 gives rise to
a fermionic topological boundary

B =B K Arf (I11.4)

which is obtained by stacking B with the 2d Arf theory,
on which (—1)F acts non-trivially as (—1)¥ = 7. We say
that B¢ is a non-bosonic fermionic topological boundary
obtained by adding an Arf term to the bosonic topologi-
cal boundary *B.

We may also have fermionic topological boundary con-
ditions for which (—1)f ¢ {1,7}. Such topological
boundaries may be referred to as genuinely fermionic.
On a genuinely fermionic topological boundary we neces-
sarily have at least one topological local operator arising
at the end of some non-trivial anyon a of the bulk 3d
TFT (and not attached to any topological line living on
the boundary) which is a fermion i.e. a local 27 rotation
centered on the local operator changes a correlation func-
tion by a non-trivial sign. This implies that the anyon a
carries topological spin —1. Such an anyon is referred to
as a fermion.

More generally, a fermionic topological boundary con-
dition satisfies the following property: any topological
local operator arising at an end of an anyon a € Z(Sy)
along the boundary (and not attached to any topologi-
cal line living on the boundary) is either a boson or a
fermion.

Again, there may be multiple different fermionic topo-
logical boundary conditions of 3(Sy) carrying the same



fermionic fusion supercategory Sy. In what follows, we
fix one such boundary condition to be %?;m and refer to
it as the symmetry boundary.

The connection of the 3d SymTFT 3(Sy) to 1+1d the-
ories with §¢ symmetry is analogous to the bosonic case.
Any S¢-symmetric 1+1d fermionic theory T4 can be con-
structed as an interval compactification of 3(Sy), with
one of the ends of the interval occupied by the symme-
try boundary sB?;m, while the other end is occupied by
a not necessarily topological bosonic boundary condition
%%};ys, that captures the dynamical information of the

system T;. We call ‘Bg};ys as the physical boundary.
The topological line operators of %¢ implementing the
Sy symmetry arise as images of topological line opera-
tors living on ‘B?;m under this interval compactification.
This construction of 14+1d fermionic systems was origi-
nally proposed in [8] with a particular focus on the case
of invertible symmetries.

Ts is gapped if ‘B%};ys is gapped, while it is gapless if

%E;;ys is gapless. In particular, 14-1d fermionic gapped

phases with symmetry Sy are obtained by choosing the
physical boundary to be a bosonic topological bound-
ary, and are more precisely identified with deformation
classes of bosonic topological boundary conditions of the
SymTFT 3(Sy). This construction described above may
be referred to as the fermionic symmetry TFT construc-
tion or fermionic sandwich construction.

Consider now an arbitrary fermionic topological
boundary condition %;Op of the SymTFT 3(Sy), which
may actually be bosonic, i.e. the fermionic parity may
act trivially on it. Such a boundary can be obtained from
%nym by performing a fermionic gauging of the Sy sym-
metry of %?;m. By a fermionic gauging we include all
possible combinations of gaugings, fermionizations and
bosonizations. Such a fermionic gauging corresponds
to an indecomposable supermodule category My of Sy,
which is the category formed by topological lines lying
at an interface between EBny "™ and %;Op. We express this
gauging as

BYP =BT/ My (IIL5)
The symmetry formed by topological lines of 8", which
is a combination of the residual symmetry left from the
gauging procedure and the dual symmetry obtained after
the gauging procedure, is (S f)j/[f, which is the fermionic
fusion supercategory formed by Sy-supermodule endo-
functors of M¢. Performing the sandwich construction
by replacing the symmetry boundary %;yf ™ with %?’p

while keeping the physical boundary SthyS fixed leads to
the (1+1)d theory

T} = ‘Zf/./\/lf (I11.6)

obtained by a fermionic gauging of the symmetry Sy of
%y according the module category M.
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Note that there always exists a bosonic topologi-
cal boundary condition of 3(Sy), obtained simply by
bosonizing %?f " which is possible since we assume that

Zg subsymmetry of Sy is non-anomalous. When Zg is
anomalous, this is no longer possible and the bosonic
symmetry TFT for such a fermionic symmetry is no
longer non-chiral, that is does not admit a bosonic topo-
logical boundary condition. More precisely, the symme-
try TE'T for an anomalous Zg symmetry with an anomaly
n € Zyg is the Spin(n); Chern-Simons theory [8, 170],
which is a 3d chiral bosonic TFT. The Zg symmetry with
an anomaly n is realized, for example, by n copies of a
chiral Majorana fermion, which cannot be put on the
lattice due to its anomaly [208].

We mention that when Sy is group-like, the symmetry
TFT 3(Sy) is given by the gauged fermionic SPT phase
in 241d [149]. More generally, gauging the symmetry of
a fermionic symmetry-enriched topological phase would
lead to the symmetry TFT for a fermionic symmetry.'”

C. Bosonic Topological Boundaries

In light of the above discussion, let us discuss how
one can characterize bosonic and fermionic topological
boundaries of a 3d TFT 3 whose anyons form MTC Z.
For bosonic boundaries, it is well known that they are
characterized by Lagrangian algebras in Z [207, 216-218].
A Lagrangian algebra A is an object in Z of the form

A= @Nam

acZ

N, € Zso, Ny =1, (I1L.7)

where the summation is taken over all simple anyons a in
Z. This object is additionally equipped with a commu-
tative multiplication (which is a morphism A ® A — A
in Z) and satisfies

dim(A)? =) " dim(a)*. (IT1.8)

Practically, in the examples that we will discuss in later
sections, Lagrangian algebras are uniquely determined
by their underlying objects (II1.7) and thus we will not
specify their algebra morphisms explicitly.

Each Lagrangian algebra A characterizes a one real pa-
rameter family of (unitary) topological bosonic boundary
conditions. Let B be one of these boundary conditions.
Then the Lagrangian algebra A describes how the anyons
of 3 can end along B. More precisely, N, describes the
dimension of the vector space formed by topological ends
of the anyon a on the boundary 9B (with no residual
boundary line attached to any of the ends). Since we

15 The classification and construction of fermionic SPT phases in
2+1d are discussed in [191, 209-212], while those of fermionic
SET phases are discussed in [182, 213-215].



are considering bosonic topological boundary conditions,
all anyons a for which N, # 0 in A are bosons.

The whole family of topological boundary conditions
associated to A can be generated from 9 by stacking an
Euler term T, giving rise to boundary conditions

By=BRT,. (IIL.9)

An Euler term is an invertible bosonic 2d TFT whose
partition function on a 2d closed manifold with genus g
is e *(2=29) The fusion category formed by topological
lines living on ‘B, that we call S, is determined by the
Lagrangian algebra A as

S=2Z4, (I11.10)
where Z 4 is the category of right A-modules in Z [218].
There is a bulk to boundary map

F: Z58=2y4, (I11.11)
taking bulk lines in Z to boundary lines in S (simply by
stacking them onto the boundary), which is simply
Fla)=a® A, (I11.12)
viewed as a right A-module.
If we choose S to be our starting bosonic symmetry,
then we can choose 8 to be the symmetry boundary
BIT" =B, (I11.13)
in which case A is referred to as the symmetry La-
grangian algebra and denoted as A%Y™

AV = A (I11.14)

D. Fermionic Topological Boundaries

Now we extend the above discussion to fermionic topo-
logical boundaries. Such boundaries are characterized by
Lagrangian superalgebras in Z [219], which is an object
Afin Z

Ap = @ Nya,

a€Z

N, € Zzo, Ny =1, (11115)

equipped with a super-commutative multiplication and
satisfying the condition

dim(Af)* =) dim(a)®. (I11.16)

Each Lagrangian superalgebra A characterizes a Zy x R
set of (unitary) topological fermionic boundary condi-
tions of the 3d TFT 3. Let B be one of these boundary
conditions. The Lagrangian superalgebra Af describes
how the anyons of 3 can end along B with N, describ-
ing the dimension of the vector space formed by topo-
logical ends of the anyon a on the boundary B, (with
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no residual boundary line attached to any of the ends).
Since we are considering fermionic topological boundary
conditions, all anyons a for which N, # 0 in A are either
bosons or fermions, and we can express Ay as

Ar=PNbe P NS,

beZ fez

(I1L.17)

where b and f label bosonic and fermionic anyons respec-
tively. The N, number of ends of b are all bosonic, and
the Ny number of ends of f are all fermionic.

We can alternatively express Ay as a Lagrangian al-
gebra in the modular tensor supercategory'® sVec X Z,
where the sVec factor adds the 7 line to the list of bulk
topological lines. Note that the 7 line is itself a fermion.
Then Ay can be expressed as

Ar =P Nbe @ Ni(xf),

beZ fez

(IT1.18)

where the terms involving fermions in (IT1.17) are con-
verted into terms involving bosons in (III.18) by multi-
plying with the 7 line.

Physically, passing from the expression (I11.17) to the
expression (II1.18) involves converting the fermionic ends
of f along B into bosonic ends of 7 f along B¢ by stack-
ing each fermionic end of f with the canonical fermionic
end O, of the 7 line

o, "MWV | e———~<—Tf

(I11.19)

Thus the expression (II1.18) captures the information of
all bosonic topological ends of bulk topological lines along
B¢. In the examples appearing in this paper, we will use
the expression (II1.18) for Ay, and refer to such an Ay
as a fermionic Lagrangian algebra in Z.

The other topological boundary conditions described
by Af can be generated from B; by adding Euler and
Arf terms and can be expressed as

%f,)\ Z%f&S)\, ‘Bfﬁ)\&Arf. (111.20)
The fusion 7-supercategory formed by topological lines
living on By, that we call S, is determined by the
fermionic Lagrangian algebra Ay as

Sp = (sVec W Z) 4, , (II1.21)

16 Lagrangian algebras in modular tensor supercategories are
known to characterize topological boundary conditions of 3d
fermionic TFTs [220-222]. Here we are regarding the bosonic
3d TFT 3 as a special case of a fermionic 3d TFT whose topo-
logical lines are given by modular tensor supercategory sVecX Z
and the fermion parity is trivial (—1)¥ = 1.



where (sVecX Z) 4, is the category of right Ag-modules
in sVec X Z. There is a bulk to boundary map

F: sVec®RZ - S;, (I11.22)

taking bulk lines in sVecX Z to boundary lines in Sy (sim-
ply by stacking them onto the boundary) that is simply

Fla)=a® Ay, (II1.23)
viewed as a right A y-module.

We expect that any Sy obtained in this way has exactly
two special simple objects (upto bosonic isomorphisms)
P; and 7Py, whose corresponding boundary lines on B
act trivially on the topological ends of bosonic anyons b
in Ay, and by a non-trivial sign on the topological ends
of fermionic anyons f in A;. This action is encoded in
the fact that the half-braiding of any such b with Py and
mP; is +1 and the half-braiding of any such f with Py
and mPf is —1. The precise choice B¢ of fermionic topo-
logical boundary condition corresponds to choosing ei-
ther Py or wP; as the fermionic parity symmetry (—1)%".
Without loss of generality, let’s say (—1)f = Py is the
choice corresponding to %By. Then, the other choice
(—=1)¥ = 7Py corresponds to the fermionic topological
boundary B¢ X Arf.

If we choose Sy with (—1)F = Py to be our starting
fermionic symmetry, then we can choose B to be the
symmetry boundary

‘Bfgyfm =By, (I11.24)
in which case Ay is referred to as the symmetry fermionic
Lagrangian algebra and denoted as AF™

AT = Ay (I1.25)

Before moving on, we mention that the condensation
of more general fermionic condensable algebras is also
studied in the literature [223]. The condensation of such
algebras gives rise to topological interfaces between the
bosonic TFT and a fermionic TFT. When the condens-
able algebra is Lagrangian, the fermionic TF'T obtained
by the condensation becomes trivial. Accordingly, the

topological interface reduces to a fermionic topological
boundary of the bosonic TFT.

E. Examples

1. Z£ Symmetry

The symmetry TFT for the Zg symmetry is the Zy (un-
twisted) Dijkgraaf-Witten theory [224], which describes
the low energy limit of the Toric Code Hamiltonian [225].
The anyon content of this TFT is described by the Drin-
feld center of Vecz,, which has four simple objects

Z(Vecz,) ={1,e,m, f}. (II1.26)
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Here, f = em is a fermion, while the other three anyons
are bosons.
The bosonic Lagrangian algebras are
A.=16e,

Ap=1&m, (I11.27)

both of which describe topological boundary conditions
carrying non-anomalous bosonic Zg symmetry.

There is a single non-bosonic fermionic Lagrangian al-
gebra'” in Z(Vecyz,) given by

As=l@nf. (IT1.28)

Let B be a topological boundary associated to Ay.
Then we have the bulk to boundary map given by'®

FQ1)=1,

F(m)=P,

F(e) =P,
F(f)=m,

where P generates a Zs symmetry on the boundary, i.e,
P2 = 1, because e obeys the Zy group-like fusion rule
and F' preserves the tensor product structure.

This implies that the fusion m-supercategory formed
by lines living on By is

(I11.29)

Sy = sVecy, (II1.30)
which as discussed earlier describes the fermion parity
symmetry. There are two possible choices for the fermion
parity line:

(-)F =P, or (-1)F =xP. (I11.31)
Let us choose B¢ such that the choice
(- =p (I11.32)

is realized. Then, such a 9B is obtained as fermionization
of a topological boundary B, associated to A.. To see
this note that an end of m on By is a bosonic topological
local operator attached to the boundary line P = (—1)%",
or in other words the end of m is a boson in R-sector.
Recall from (I1.29) that the bosonization of such an op-
erator is a twisted sector operator for the Zo symmetry
which is uncharged under the Zs symmetry [165, 173].
Indeed, an end of m along B, has precisely these proper-
ties. One could derive this conclusion also by considering
instead an end of m on B, which is a bosonic topologi-
cal local operator attached to the boundary line (—1)%,
or equivalently a fermionic topological local operator at-
tached to the boundary line (—1)F. In other words, the
end of e is a fermion in R-sector. The bosonization of
such an operator is an untwisted sector operator which

17 From now on, when discussing examples, by a fermionic La-
grangian algebra we will mean a non-bosonic fermionic La-
grangian algebra.

18 Here and in what follows, bosonic isomorphisms are written as
equalities.



is charged under the Zs symmetry [165, 173]. Indeed the
e line ends on B, without being attached to a boundary
line and such an end is charged under the Z, symmetry
living on B..

On the other hand, the boundary

B, =B X Arf (I11.33)
corresponds to the choice
(-1)F ==P. (I11.34)

By the same arguments as above, we see that B t is ob-
tained as fermionization of a topological boundary B,,
associated to A,,.

2. 7 and 777 Symmetries

The symmetry TFT for Zfi and sz symmetries is
the Z4 (untwisted) Dijkgraaf-Witten theory, whose anyon
content is described by the Drinfeld center of Vecy,:

Z(Vecz,) = {e*m® | a,b=0,1,2,3}. (I11.35)

Here, both e and m are bosons and they have non-trivial

mutual braiding i. The spin of em? is given by 0.a,,» =
i,

There are three bosonic Lagrangian algebras

A =1®ed e P e,

An =10mom?om?, (I11.36)
A2 2 =1 e em? e e’m?,
and two fermionic Lagrangian algebras
Aoz = 1 & mem? & 2 @ medm?,
9 3 (I11.37)

Az, = 1@ e’ m & m? @ me?m?3.

The bosonic symmetries corresponding to A, and A,,
are both non-anomalous Z,4, and the one corresponding
to Ae2 2 is Zo X Zy with mixed 't Hooft anomaly. On the
other hand, the fusion m-supercategory corresponding to
both A2 and A2, is sVecz,. The bulk-to-boundary
functor for A.,,2 is given by

F(e) =7P* F(m)=P, (I11.38)
where P generates a Z4 symmetry on the boundary, i.e.,
P* = 1, which is determined using F(e?) = 1 and
F(em?) = 7 following from the expression for Ag,z.
The bulk-to-boundary functor for the other fermionic La-
grangian algebra A.z2,, is obtained by exchanging e and
m.
As in the previous example, there are two choices for
the fermion parity line, namely,
(_1>F = P27

or (=1)F =xP2 (IT1.39)
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The former choice leads to Zf; symmetry, while the latter
choice leads to sz symmetry.

A fermionic boundary (Agn2,(—1)F = P?) carrying
Zfz symmetry is obtained as fermionization of bosonic
boundary A, while (A2, (—1)F = 7P?) carrying A
symmetry is obtained as fermionization using one of
the Zss on the bosonic boundary Az ,,2. These two
fermionic boundaries are related by stacking with the Arf

TFT. Similarly, a fermionic boundary (.Ae2m,(—1)F =

P2) carrying Zf: symmetry is obtained as fermionization
of bosonic boundary A,,, while (A2, (—1)F = 7P?)
carrying sz symmetry is obtained as fermionization us-
ing the other Zs on the bosonic boundary A,z ,,2. Again,

these two fermionic boundaries are related by stacking
with the Arf TFT.

3. Rep(Ss) and Rep(S3)™ Symmetries

The symmetry TFT for Rep(S3)/ and Rep(S3)™f sym-
metries is the S5 (untwisted) Dijkgraaf-Witten theory.
The anyons of this TFT are labeled by pairs ([g], R),
where [g] is a conjugacy class in S3 = {a'¥’ | i =
0,1,2 j=0,1, ba=a?} and R is an irreducible rep-
resentation of the centralizer subgroup C(g) = {h € Ss |
gh = hg} of an element g € [g]. Concretely, the anyon
content of the S3 Dijkgraaf-Witten theory is given by

(1,1, (1,P),

(a7 w)?

(bv _)7

where P and FE are non-trivial one-dimensional and

two-dimensional irreducible representations of S5 respec-

tively, w denotes a non-trivial one-dimensional represen-

tation of C'(a) = Zs, and — denotes the sign representa-

tion of C'(b) & Z,. In the above equation, the conjugacy

class of ¢ is simply written as g by abuse of notation.
There are four bosonic Lagrangian algebras

(1, B),

(a7 wz)’

(I11.40)

App=(L1)® (1,P)®2(1,E),
Ap, = (1,1 1,P) ® 2(a,l),
»AE,b = (17 1) S3) (17E) D (b7 +),
-Aa,b = (17 1) S) (a7 1) S3) (b7 +)7
and two fermionic Lagrangian algebras
A — = 17 1 b7 - 1; E 9
v—g = (L) @®nb,-)e (1, E) (IT1.42)

Ap— o =(1,1) @ w(b,—) D (a,1).
Ap g and Ap, describe S3 symmetry, while Ag; and
Agp describe Rep(S3) symmetry. On the other hand,
Ap— g describes Rep(S3)7 and Rep(S3)™/ symmetries de-
pending on the choice of (—1), and A,_ , also describes
Rep(S3)f and Rep(S3)™ symmetries.



The bulk-to-boundary functor for A,_ g is given by

FL,1) =1, F(1,P) =P,
F(LE)=1@ P, F(a,w?) = E, (II1.43)
F(b7—|—):7rPEB7TE, F(bv—):’]'['@ﬂ'E’

where p € {0,1,2}, and the objects P and E on the
RHS are the simple objects of the fusion 7w-supercategory
sVec X Rep(S3) formed by topological lines living on a
topological boundary associated to A,_ g. These bound-
ary lines have the fusion rules described in (I1.42). The
above equations (IT11.43) and the fusion rules can be de-
rived from the fact that (1) F preserves the tensor prod-
uct structure and (2) the condensed anyons are those
in Ay— g. The bulk-to-boundary functor for the other
fermionic Lagrangian algebra A,_ , is obtained by ex-
changing (1,F) and (a,1). Possible choices for the
fermion parity line are
(- =P, or (-1)F:=xP. (I11.44)
The former choice leads to Rep(S3)/ symmetry, while the
latter choice leads to Rep(S3)™ symmetry [9].
The bosonizations of these genuinely fermionic bound-
aries are as follows:

(Ap— g, (-1)F = P)

(Ap—a, (1) = P) — Ay,
(Ao, (=1 )
(Ap—a, (-1 )

This is quickly seen for A,_ g by analyzing F(1,E) =
1@ P. In one case, this becomes F(1,E) = 1@ (-1)F,
meaning that there are two topological ends of (1,FE)
along the boundary: one of them is an NS-sector boson,
while the other is an R-sector boson. Bosonizing them
we obtain an untwisted sector operator uncharged under
dual Zs and a Zo-twisted sector operator uncharged un-
der dual Zs. These are precisely the properties of the
ends of (1,E) along Agy [3]. In the other case, this
becomes F(1,E) = 1@ 7(—1)F, meaning that there are
two topological ends of (1, F) along the boundary: one of
them is an NS-sector boson, while the other is an R-sector
fermion. Bosonizing them we obtain an untwisted sector
operator uncharged under dual Z, and an untwisted sec-
tor operator charged under dual Zs. These are precisely
the properties of the ends of (1, E) along Ap g. For de-
termining bosonizations of A,_ ,, we simply interchange
(1, E) and (a,1) in the above argument.

4. Za X Zg Symmetry with a Gu-Wen Anomaly

The symmetry TFT for Zgy x Zg symmetry with a Gu-
Wen anomaly v = 2 mod 4 is the Z4 Dijkgraaf-Witten
theory with a twist w = 2 € H3(Z4,U(1)) = Zy. The
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anyon content of this TFT is described by the Drinfeld
center Z(Vecy, ) of Vecy :
Z(Vec,) = {e"m" | a,b=0,1,2,3}. (I11.46)

Here, e is a boson, while m is an abelian anyon with spin

0,, = ¢"™/%. The mutual statistics between e and m is i.
Thus, the spin of anyon e®*m? is
Ooa,,p = em02at0)/4 (IIL.47)
There are two bosonic Lagrangian algebras
A-=1@ede @ e’
) (I11.48)

Aoz =1 D em? @ e @ e>m?.

The symmetry categories on the corresponding bosonic
boundaries are both Z, with an anomaly w = 2 €
H3(Z4,U(1)) = Zy4.

There is also a unique fermionic Lagrangian algebra

Az =1®mm? @ e ® me*m?. (I11.49)

The bulk-to-boundary functor for the fermionic La-
grangian algebra A,z .2 is

F(e)=P, F(m)=mn, (II1.50)
with the fusion rules
P =1, 7’=n. (I11.51)

The above fusion rules imply that the symmetry category
on the fermionic boundary is Zg x Zg with a Gu-Wen
anomaly, cf. eq. (IL.46). There are two choices for the
fermion parity line, i.e.,

(-)F =P, or (-1)f =xP, (IT1.52)

both of which lead to the same fermionic symmetry be-
cause a Zsg X Zg symmetry with a Gu-Wen anomaly is
invariant under stacking the Arf TFT as we discussed in
Section ITE 4. Fermionic boundary (Aez 2, (—1)F = P)
is the fermionization of bosonic boundary A.,,2, while
the other fermionic boundary (A.z 2, (—1)F = 7P) is
the fermionization of bosonic boundary A.. Thus, from
the point of view of SymTFT the two fermionic bound-
aries related by stacking of Arf TFT are also related by
the action of a 0-form symmetry of the 3d TFT acting
on anyons as

e — em?, m—m (IT1.53)

which also explains why stacking with Arf TFT does not
change the fermionic symmetry.

5. Za X Zg Symmetry with a beyond Gu-Wen Anomaly

The symmetry TFT for Zy x Zg symmetry with a be-
yond Gu-Wen anomaly v = 1,7 mod 8 is the doubled
Ising TFT, whose anyon content is described by

Z(lsing ) = Ising X Ising, (IT1.54)



where Ising = {1,4, 0} denotes the modular tensor cate-
gory describing the anyons of the Ising TF'T, and Ising =
{1,4,7} is the Ising category with the opposite braiding
statistics. The fusion rules of these anyons are given by

Yo =oh =o.

This TFT has a unique bosonic Lagrangian algebra

o =1@, (ITL.55)

Aoz = 1T @YY @ 05. (I11.56)
The symmetry category on the corresponding bosonic
boundary is Ising, .

The above TFT also has a unique fermionic Lagrangian
algebra given by

Afp s=lem ey e v, (IIL.57)

The bulk-to-boundary functor for this fermionic La-
grangian algebra .A‘Z; 5 maps the bulk anyons to

Fy) =F(y) =m,

Flo)=q F(@) =1, (IT1.58)

which obey the following fusion rules:

q2 — 52 =16¢nr, wmq=qm=¢q, 7wGqg=qnm = (111_59)

o]

q.
The above fusion rules imply that both ¢ and g are
type objects whose quantum dimensions are dim(q
dim(g) = v2.

To see the relation between g and g, we consider their
fusion ¢g. First of all, gg cannot be a simple object be-
cause Hom(qq, ¢g) is neither C*° nor C*I':

Hom(qq, q7) D Hom(q, ¢)®Hom(g, ) = CeC!* =~ C22.

(IT1.60)

Furthermore, since the quantum dimension of ¢g is

dim(qq) = dim(q)dim(g) = 2, it has to be a direct sum

of two m-type objects of quantum dimension 1.'” In ad-
dition, since ¢g has a fermionic automorphism, we find

qG =P @ 7P, (I11.61)

where P is an m-type object with dim(P) = 1. By mul-

tiplying ¢ on both sides of the above equation, we obtain

q7=qP = Pq. (IT1.62)

This equation together with the fusion rules (IT1.59) im-

plies that P? is either 1 or 7. Since the symmetry cate-

gory should contain a non-anomalous fermion parity sym-
metry, we conclude

(I11.63)

19 We recall that the quantum dimension of a g-type object cannot
be less than /2.
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which is consistent only with P? = 1.
Summarizing, we find that the symmetry category on
a boundary associated with the fermionic Lagrangian al-
gebra (II1.57) consists of topological lines {1,7, P,7P =
Pr,q, Pq = qP} that obey the following fusion rules:
pP? =1,

P =1lor (I11.64)

This shows that the fermionic boundary of the doubled
Ising TFT indeed realizes Zy x Zé symmetry with a be-
yond Gu-Wen anomaly. The underlying category of the
subcategory S, consisting only of {1,7,¢} is equivalent
to the Ising fusion category Ising, because g originates
from the Ising anyon ¢ in the bulk. Similarly, the under-
lying category of the subcategory Sy consisting only of
{1,7,G = Pq} is also equivalent to Ising, as a fusion cat-
egory. Therefore, the anomaly of this Zg x Zg symmetry
is v =1,7 mod 8, cf. Section ITE 5.

We note that there are two choices for the fermion
parity line as shown in eq. (I11.63). These two choices
lead to the same fermionic boundary. In other words,
the fermionic boundary associated with fermionic La-
grangian algebra Af 7 is invariant under stacking with

the Arf TFT. This invariance follows from the fact that
its bosonization A,z is invariant under gauging the Zo
subgroup of Ising, symmetry on the boundary.

When the anomaly of Zy x Z£ symmetry is v = 3,5
mod &8, the symmetry TFT is the Drinfeld center of Ising_

Z(lIsing_) = Z(Rep(SU(2)2))

L (1IL6Y)
= Rep(SU(2)2) X Rep(SU(2)2)

rather than the doubled Ising TFT Z(Ising, ). This TFT
has a unique bosonic Lagrangian algebra (I11.56), which
describes a bosonic topological boundary with symme-
try category Ising_. Similarly, the above TFT also has a
unique fermionic Lagrangian algebra (I11.57). The sym-
metry category on the corresponding fermionic boundary
is determined in the same way as above. In particu-
lar, the topological lines on the fermionic boundary have
the same fusion rules as eq. (I11.64). However, the un-
derlying categories of the subcategories S, and S are
equivalent to Ising_ = Rep(SU(2)2) rather than Ising .
Thus, the symmetry category on the fermionic boundary
of Z(Ising_) is indeed Zy x Z} with a beyond Gu-Wen
anomaly v = 3,5 mod 8.

IV. GENERALIZED CHARGES
A. General Setup

The charges of a symmetry are encoded by bulk anyons
of its associated SymTFT. This applies to both bosonic
and fermionic symmetries. Since the bosonic case is a
special subcase of the fermionic case, we treat everything
fermionically in what follows, extending the detailed pre-
sentation of the bosonic case appearing in [2].



Let Sy be a fermionic symmetry. A simple anyon a
of the SymTFT 3(Sy) describes an irreducible multiplet
of local operators charged under Sy. Here irreducibility
of the multiplet means that the existence of any of the
local operators lying in such a multiplet guarantees the
existence of all other local operators participating in the
multiplet.

The different local operators in the multiplet corre-
spond to topological ends &) of the anyon a along the

symmetry boundary %f’syfm attached to a simple boundary

topological line Y € Sy. All the possible local operators
in the multiplet are obtained by spanning over all simple
Y and all possible &Y.

(IV.1)

sym
B Sy

Let T4 be an Sy-symmetric 2d theory and M a multi-
plet®’ of local operators in Ty carrying charge a. The
multiplet M corresponds to a local operator Ei lying
at the end of the anyon a along the physical boundary
%g};‘y ®. The local operators OY of Ty in the multiplet M

are constructed using the sandwich construction where
the anyon a stretches between the symmetry and phys-
ical boundaries, ending on the symmetry boundary in
EY and on the physical boundary in £x¢ (See IV.2). An
operator O} arising from an end &) lives in Y-twisted
sector, i.e. it is attached to the topological line imple-
menting the symmetry Y of T;. The operators O) are
all topological or non-topological if £, is topological or
non-topological respectively.

a

3(5¢)

Ty sym phys
B Sy %Tf

The symmetry Sy acts on the local operators OY by
linking. A linking action of a simple line X € Sy on Y-
twisted sector operator O} can land in Y’-twisted sector.
Such an action is specified by a choice of a topological lo-
cal operator in Sy lying at a junction where the line X

20 This should not be confused with a S-module category, which
was also denoted by M above.
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crosses Y converting it into Y, as in

Ty

Squeezing the X-loop on top of the operator O) results
in a linear combination of local operators (9}1/'7
the result of such a linking action on O} .

Such a linking action is entirely captured by the
SymTFT as it lifts to a linking action of topological line

X living on symmetry boundary %?’fm on the topolog-

which is

ical end &Y of a along B3
does not depend on the choice of physical boundary. As
discussed in detail in [2], such a linking action can be
computed in terms of the half-braiding of the anyon a
with the boundary line X, which is encoded in the real-
ization of a as an object of the Drinfeld center Z(Sy) of
Sy.

In this way, the charges of local operators under a sym-
metry Sy are captured by anyons of the SymTFT 3(Sy).
The fusions of the anyons describe the possible charges
that can be carried by operators arising in the operator
product expansion (OPE) of two charged operators. On
the other hand, the braiding of anyons describes the mu-
tual non-locality between two charged local operators, i.e.
the changes in correlation functions induced by moving
a charged operator around another charged operator in
a circle. Thus the whole structure of the modular tensor
category Z(Sy) formed by the anyons is crucial for the
description of generalized charges of the symmetry S¢.

. In particular, the action

B. Examples
1. Zg Symmetry

The SymTFT and symmetry boundaries are discussed
in section III E 1. Taking B to be the symmetry bound-
ary, the generalized charge interpretation of the SymTFT
anyons is:

e 1 describes a bosonic local operator in the un-
twisted sector (NS sector).

e ¢ describes a fermionic local operator in the (—1)%-

twisted sector (R sector).

e m describes a bosonic local operator in the (—1)F-

twisted sector (R sector).

e [ describes a fermionic local operator in the un-
twisted sector (NS sector).



This is straightforwardly obtained by applying the
fermionization map (I1.29) to the generalized charge in-
terpretation of the anyons for a boundary corresponding
to the Lagrangian algebra A.. Here, we recall that the
choice of (—1)F on By is fixed as in eq. (I11.32). If
we take By X Arf to be the physical boundary instead,
the roles of e and m are exchanged, i.e., e describes a
bosonic local operator in the (—1)-twisted secor and m
describes a fermionic local operator in the (—1)¥-twisted
sector.

2. 71 and 277 Symmetries

We choose symmetry boundaries for these symmetries
to be given by the fermionic Lagrangian algebra A,,,z2, cf.
section IIIE 2. The anyons of the Z, Dijkgraaf-Witten
gauge theory, which is the SymTFT, act as the following
generalized charges for both ZZ and sz symmetries:

e ¢ describes a P2-twisted sector (R sector) local op-
erator with charge 1 (mod 4) under P. In par-
ticular, such an operator is charged under P? and
7P2 2! and hence is a fermion for both cases Zf:
and Z77.

e m describes a P-twisted sector local operator which
is uncharged under P. In particular, such an oper-
ator is a boson.

e ¢'mJ describes a P?*ti_twisted sector local opera-
tor with charge ¢ (mod 4) under P. Such an op-
erator is a boson if 7 is even and a fermion if 7 is
odd.

Note that from the point of view of P, the above gen-
eralized charges have a uniform description irrespective
of whether we are working with Zf: symmetry or sz
symmetry. However, the charges differ from the point
of view of (—1)f" subsymmetry of these two symmetries.
For example, consider the e charge. For Z'}: symmetry, it
describes a fermionic local operator in (—1)-twisted sec-
tor. On the other hand, for sz symmetry, it describes a
fermionic local operator in 7(—1)¥-twisted sector, which
is equivalent to a bosonic local operator in (—1)F-twisted
sector.

These results can be easily derived from fermioniza-
tion. For example, consider a fermionic boundary asso-
ciated to A,,,2 which carries Zf; symmetry. As we dis-
cussed, it is obtained by fermionizing a bosonic boundary
associated to A, carrying bosonic Z4 symmetry. From
the point of view of this Z, symmetry, the e anyon de-
scribes an untwisted sector local operator carrying charge
1 (mod 4) under the Z, symmetry generator P. The
charge remains preserved through fermionization, but the

21 Adding a 7 line does not change the charge.
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operator after fermionization has to be an R-sector op-
erator, cf (I1.29). On the other hand, the m anyon de-
scribes a P-twisted sector local operator carrying charge
0 (mod 4) under the Z, symmetry generator P, which are
properties that remain preserved through fermionization.

3. Rep(Ss)Y Symmetry

We take the symmetry boundary to be the one corre-
sponding to fermionic Lagrangian algebra Aj_ ,, cf sec-
tion IIT E 3. The anyons of the S3 Dijkgraaf-Witten gauge
theory, which is the SymTFT, act as the following gen-
eralized charges for Rep(S3)/ symmetry.

e (1, P) describes a bosonic (—1)F-twisted sector (R
sector) local operator which is uncharged under E.

e (1, E) describes a multiplet of two operators.?* One
of them is an F-twisted sector bosonic local opera-
tor, and the other is a bosonic local operator con-
verting E line operator into (—1)f line operator.
Both of these are uncharged under E.

e (a,1) describes a multiplet of two operators. One
of them is an untwisted sector (NS sector) bosonic
local operator, and the other is a (—1)F-twisted
sector (R sector) bosonic local operator. The two
operators are mixed by the action of E in the same
way as discussed in equation (5.16) of [3] (with P
replaced by (—1)).

e (a,w) and (a,w?) both describe multiplets of two
operators. Both of them are bosonic operators in
the E-twisted sector. The two operators are mixed
by the action of E in a way quite similar to equa-
tion (5.16) of [3]. The coeflicients involve in this
mixing differentiate between the (a,w) and (a,w?)
multiplets. We leave the determination of these
coefficients to an interested reader, following the
methods described in [3].

e (b, +) describes a multiplet of three operators. One
of them is a fermionic (—1)F-twisted sector (R sec-
tor) local operator. Another is an E-twisted sec-
tor fermionic local operator, and the last one is a
fermionic local operator converting F line operator
into (—1)¥" line operator. The action of E mixes
the three operators.

22 Naively one might think that there is a single operator in the
multiplet as the bulk to boundary functor takes bulk line (1, F)
to boundary E line without any multiplicity. If we view the sym-
metry boundary as coming from fermionization of S3 boundary
(up to stacking of Arf), then it is preferable to consider two oper-
ators in the (1, F) multiplet, because the S3 boundary carries two
operators in this multiplet. From the point of view of Rep(S3)f
boundary, the two operators are related by a trivalent junction
comprising of two E and one P line in the Rep(S3)f symmetry
category.



e (b, —) describes a multiplet of three operators. One
of them is a fermionic untwisted sector (NS sec-
tor) local operator. Another is an E-twisted sec-
tor fermionic local operator, and the last one is a
fermionic local operator converting F line operator
into (—1)F line operator. The action of E mixes
the three operators.

These can be derived by fermionizing the 4, ; bound-
ary which carries bosonic Rep(S3) symmetry. From the
point of view of this symmetry, the various generalized
charges, which are discussed in [3], are indeed bosoniza-
tions of the above ones. Let us discuss a few examples:
(1, P) describes an uncharged P-twisted sector operator
for Rep(Ss3) symmetry. (1, E) describes an uncharged E-
twisted sector operator and an uncharged operator con-
verting F line to P line. (a,1) describes an untwisted
sector and a P-twisted sector operator, both uncharged
under P and mixed by the action of E as in equation
(5.16) of [3].

4. Za X Z£ with a Gu-Wen Anomaly

As described in Sec. IITE, systems with a fermionic
symmetry Zo X Z; with a Gu-Wen anomaly v = 2,6
mod 8 can be obtained via fermionization of bosonic
systems with an anomalous Z, symmetry Vecy , where
w=2¢€ H3Zy4,U(1)) = Zy4. An anomaly w = 2 trivial-
izes upon restricting to Zy C Z4, implying that this Zs
subgroup is non-anomalous and hence can be fermion-
ized. Consequently, the SymTFT for the Zo xZg Gu-Wen
anomalous symmetry is the Z4 Dijkgraaf-Witten TFT
with the topological action w.

The anyon content of this SymTFT is given by the
Drinfeld center

Z(Vecy,) = {e*m® | a,b=10,1,2,3}. (IV.4)
The topological spin and S-matrix are
i7wb(2
B s = exp {W} 7
Iv.5
{ 2mi(ab’ + a’b + bb') } (1v-3)
Se”mb ed’ mb = exp 4 .

There are two bosonic gapped boundaries corresponding
to the following Lagrangian algebras

A =1@ed e e,
, (IV.6)

Aemz =1 @ em?® @ e® @ e>m?,

and a single fermionic topological boundary (up to Arf
term) corresponding to the algebra

Az =10 mm? @ e ® me*m?. (IV.7)

The fermionic symmetry is generated by n and P which
are obtained via the bulk-to-boundary functor for the
fermionic Lagrangian algebra A,z .2 as

F(e)=P, F(m)=n. (IV.8)
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These lines have the fusion rules
P =1, (IV.9)

We may choose (—1)¥ = P or (=1)" = 7#P. We choose
(—=1)f = P. The other choice can be worked out analo-
gously.

First, we describe the generalized charges for the
fermionic symmetry which are labeled by objects in
Z(Vecy,). Each line a € Z(Vecz,) in the SymTFT cor-
responds to a point operator denoted as O, that can be
characterized by (i) the twisted sector it belongs to and
(ii) its charge under P and 1 which we denote as the
tuple (qp , qy)-

e 1 is a local bosonic operator in the untwisted (NS)
sector with a symmetry charge (1,1).

" =mx.

e ¢? is a local bosonic operator in the untwisted (NS)

sector with symmetry charge (1, —1).

e m? is a local fermionic operator in the untwisted

(NS) sector with a symmetry charge (—1,—1).
Here gp = —1 follows from the fact that 7m? is con-
densed on the fermionic symmetry boundary and
therefore m? has a bosonic interface to the 7 line
or equivalently a fermionic interface to the iden-
tity line. This is consistent with the fact that the
braiding of e with m? is —1. The charge ¢, = —
follows from the mutual-braiding of m-lines in the
SymTFT.

e ¢ corresponds to a bosonic P-twisted (i.e., R sector)
operator which carries a symmetry charge (1,14).

e m corresponds to an n-twisted operator which car-
ries a charge (4,1).

All the remaining charges can be obtained by taking the
product of these charges. We note that an 7 line acts
on the (—1)F-twisted sector operators as +i. Similarly,
a fermion parity line (—1)f" acts on the 7-twisted sector
operators as +i. These actions are related to each other
via the exchange of space and time, i.e., a modular S-
transformation.

It is illustrative to instead deduce these generalized
charges by fermionizing the symmetry on the bosonic
boundary A.,,2. The category of lines on this bound-
ary is Vecy, generated by X. The bulk to boundary map
denoted as F,,2 acts as

Fop2(m) =X, F.pn2(m?) = F.2(e) = X?. (IV.10)

To obtain the fermionic symmetry with (—1)f = P de-
scribed above, we fermionize the non-anomalous Zs sym-
metry generated by X2. Doing so, we naturally obtain
a dual fermionic symmetry generated by (—1)¥ and the
residual Z4/Zo = 7y generated by X (which we call n as
a fermionic symmetry). Recall the map of sectors from
the bosonic theory to the fermionic theory summarized in
I1.29 Using this fermionization map and (IV.10), we can
now describe the bosonic generalized charges and what
they map to under the fermionization.



e 1 is a local uncharged operator which maps to an
untwisted (NS) sector boson uncharged under the
fermionic symmetry group.

e ¢2, being in A,,,>, becomes a local operator. This
carries a charge —1 under X due to the bulk braid-
ing of —1 between €2 and m. This operator is un-
charged under X? and therefore in the uncharged
untwisted sector with respect to the symmetry be-
ing gauged. Under the fermionization we obtain an
NS sector local boson with charge (1,—1) as previ-
ously found.

e m? is an X? twisted sector operator. Its charge

under X is —1 due to the braiding between m? and
m. Meanwhile its charge under X? is also -1. This
follows from the braiding between the bulk lines e
and m?. Note that in general there is a relation
gx2 = —q% on the X? twisted sector owing to the
anomaly in the bosonic symmetry category.

X2 XX
2 2
X - wl(x3xdx) X

X2 XX
where we use the explicit choice of cocycle
w(X Xb X¢) = ¢Folbtelbte) (IV.11)

with [0+ ¢J4 = b+ ¢ mod 4. Being in the twisted
charged sector, this operator maps to the un-
twisted (NS) sector fermion with symmetry charges
(—1,-1) as we found earlier.

e ¢ corresponds to an X? twisted sector operator. Its
charge qx = ¢ which follows from the bulk braid-
ing between m and e. Meanwhile its X2 charge is
—q% = +1. This is in agreement with the triv-
ial braiding of e with itself. Being in the twisted
uncharged sector, this operator maps to a twisted
(R) sector boson with symmetry charge (1,%), as
expected.

e m is an X-twisted sector operator with gx = gx2 =
i. This follows from the self-braiding of m and the
mutual braiding of e with m. Under the fermion-
ization map, this maps to an n-twisted sector with
symmetry charges (i,1).

We thus recover the expected generalized charges from
fermionization.

5. Za X Z£ Symmetry with a beyond Gu-Wen Anomaly

As discussed in Section IITE5, the symmetry TFT
for Zo x Zg symmetry with a beyond Gu-Wen anomaly
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v =1,7 mod 8 is the doubled Ising TFT Z(Ising ). We
choose the symmetry boundary of this TFT to be the
one associated with the unique fermionic Lagrangian al-
gebra Ai o See eq. (IT1.57). This fermionic boundary is

invariant under stacking the Arf TFT, meaning that two
choices (—1)¥ = P and (—=1)¥ = 7P of a fermion parity
line give rise to the same fermionic boundary.

From the expression of Ai 50 we find that the anyons
of the doubled Ising TFT Z(Ising,) act as the follow-

ing generalized charges for Zs X Zg symmetry with an
anomaly v = 1,7 mod 8:

e 11 describes a bosonic operator in the untwisted
sector (i.e., the NS sector) with charge ++/2 under
the action of q.

e 1) describes a bosonic operator in the untwisted
sector (i.e., the NS sector) with charge —/2 under
the action of q.

e 11 describes a fermionic operator in the untwisted
sector (i.e., the NS sector) with the charge ++/2
under the action of q.

e 11 describes a fermionic operator in the untwisted
sector (i.e., the NS sector) with charge —/2 under
the action of q.

e 15 describes a multiplet of two operators in the
q(—1)F-twisted sector, one of which is bosonic and
the other is fermionic. These operators are ex-
changed by the action of a ¢ line decorated by a
fermionic point-like defect.

e o1 describes a multiplet of two operators in the
g-twisted sector, one of which is bosonic and the
other is fermionic. These operators are exchanged
by the action of a ¢ line decorated by a fermionic
point-like defect.

e Yo describes a multiplet of two operators in the
q(—1)F-twisted sector, one of which is bosonic and
the other is fermionic. These operators are ob-
tained by the fusion of operators with generalized
charges 91 and 1.

e o1/ describes a multiplet of two operators in the
g-twisted sector, one of which is bosonic and the
other is fermionic. These operators are obtained
by the fusion of operators with generalized charges
ol and 1.

e 00 describes a multiplet of two operators in the
(—1)F-twisted sector (i.e., the R sector), one of
which is bosonic and the other is fermionic. These
operators are exchanged by the action of a ¢ line
decorated by a fermionic point-like defect.



V. PHASES AND TRANSITIONS
A. General Theory

The SymTFT 3(Sy) associated to a fermionic symme-
try S¢ can be used to understand the structure of possible
gapped and gapless phases with symmetry S¢, along with
some of the transitions between the gapped phases. This
is an extension of the bosonic case discussed recently in
[3-6].

A gapped or gapless phase for Sy, referred to simply
as a phase for Sy in what follows, is by definition a set
of possible IR physical phenomena compatible with the
existence of Sy symmetry. More precisely, in (1+1)d a
phase can be characterized by the confinement of a set
Q¢ of charges, which means that a system lying in such
a phase has no states in the IR and no local operators
mapping between the IR states (referred to simply as IR
local operators) that carry any of the charges lying in
the set Q¢. Due to the lack of all possible charges in
the IR, the symmetry Sy does not quite act faithfully
on the IR theory, and phases may thus be equivalently
characterized by possible choices of Sy symmetry with
varying degrees of faithfulness.

Condensed Charges. Let us begin with the canonical
gapless phase, which exists for every fermionic symme-
try Sy. This corresponds to having no confined charges,
meaning that all the generalized charges for Sy appear in
the IR, and the &y symmetry acts fully faithfully on the
IR.?* Any other phase is obtained by condensing a set
Q of charges. This means that we give non-zero vacuum
expectation values (vevs) to some local operators carry-
ing charges lying in the set (). This results in the IR
carrying topological local operators that form multiplets
transforming in charges lying in the set Q. The set @ is
quite constrained:

e First of all, any charge a € Q must only describe
bosonic local operators OY. This may be under-
stood as imposing the requirement of having a
Lorentz invariant vacuum in the IR.%*

e Any charge a that is mutually non-local with some
other charge b € @) has to be confined. This is a
generalization of Meissner effect. Consequently a

23 A simple (and uninteresting) way to construct such a gapless
phase on the lattice is to build a fermionic analogue of the anyon
chain model, choose the data such that all the generalized charges
exist in the model, and pick the Hamiltonian to be constant. This
model is gapless as all the states are at the same energy level.
Obviously, this model can be deformed to any other gapped and
gapless phases by perturbing the Hamiltonian such that some of
the generalized charges condense.

A special case of this may be familiar from the study of relativis-
tic QFT's, where only scalar fields are allowed to acquire non-zero
vevs.
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cannot be condensed, i.e. a &€ Q). Thus, all charges
in @ have to be mutually local.

Recalling that charges are identified with anyons of the
SymTFT, we consider the above two conditions in the
context of SymTFT. These conditions essentially de-
scribe what is known as a bosonic condensable algebra
A in the MTC Z(Sy) formed by SymTFT anyons. This
is a (not necessarily simple) object of Z(Sy) equipped
with a commutative multiplication A® A — A that does
not necessarily satisfy the condition (ITI.8). We can ex-
press the object underlying A as

N, € Zzo, Ny =1, (Vl)

Then the set @ of condensed charges is the set of anyons
having N, # 0.

Confined and Deconfined Charges. Given the set
@, we can compute the set Q¢ of confined charges as the
set of charges that are mutually non-local with at least
one charge in @. In terms of SymTFT, this is the set of
anyons braiding non-trivially with at least one anyon in
A.

On the other hand, there may be a set @p of non-
condensed charges that remain deconfined in the phase.
These are charges that are mutually local with all the
charges in Q. In terms of SymTFT, this is the set of
anyons braiding trivially (or local) with all anyons in A
but are not themselves in A. Such charges have to be
carried by non-topological operators and gapless states
in the IR theory. Thus, if @p is non-empty then the
phase under discussion is a gapless phase. However, if it is
empty then the phase is a gapped phase in the sense that
it can be realized by gapped systems with S symmetry.?”

Reduced Topological Order formed by Decon-
fined Charges. As discussed above, the deconfined
charges correspond to anyons local with the condensable
algebra A. Mathematically, we can characterize decon-
fined charges in terms of local modules for the algebra A
in the MTC Z(Sy). As discussed in [218], such modules
form a smaller MTC Z’ denoted as

2= Z(Sp)e (V.2)
and referred to as reduced topological order (TO).

Let us call the 3d TFT associated to Z’ as 3’. Then the
condensable algebra characterizes a topological interface
Z from 3(Sy) to 3’. The interface Z is specified only up
to stacking by invertible topological codimension-1 de-
fects of 3’, or in other words up to the action of O-form

25 Tt should be noted that a phase with empty Qp may also be
realized by gapless systems, where all the gapless excitations and
IR non-topological local operators do carry trivial charges under
Sy. Such a gapless phase can be deformed to a gapped phase
while preserving the Sy symmetry.



symmetries of 3’. The anyons appearing in A can topo-
logically end on Z without being attached to any other
topological line, but no anyon of 3’ can end topologically
on Z in this fashion. See figure 2. The coefficient N,
of an anyon a in A is the dimension of the vector space
formed by such topological ends of a.
By reflecting 3’ across the interface, Z can be viewed
as a bosonic topological boundary of the 3d TFT
3(Sp)R3 (V.3)
where 3/ is the orientation reversal of 3’. Thus Z is as-
sociated to a bosonic Lagrangian algebra
LeZ(S)RZ (V.4)
where 2’ is the MTC formed by anyons of 3’. The con-
densable algebra A can be recovered as the subalgebra
of £ involving only elements from the subfactor Z(Sy) of
Z(Sy) W Z’. We call £ as a Lagrangian algebra comple-
tion of the condensable algebra A.
As described in [5], the information of £ can be used
to construct a functor
Zp: AR Z(Sf) (V5)
which describes the anyons of 3(Sy) that can be produced
by passing the anyons of 3’ through the interface Z. See

figure 2. The image of Z, captures precisely the set Qp
of deconfined charges.

Gapped vs Gapless Phases. As discussed above, a
gapped phase is characterized by an empty set Qp of
deconfined anyons, meaning that the reduced topologi-
cal order 3’ is the trivial 3d TFT. In other words, Z is
a topological boundary condition of the SymTFT 3(Sy).
This means that the condensable algebra A is actually a
bosonic Lagrangian algebra in Z(Sy) satisfying the con-
dition (IT1.8). A Lagrangian algebra is a maximal con-
densable algebra and describes a maximal set @ of con-
densed charges.

Thus, gapped phases for fermionic symmetry Sy are
characterized by bosonic Lagrangian algebras formed by
anyons of the SymTFT 3(Sy), while the gapless phases
for Sy are characterized by bosonic non-Lagrangian con-
densable algebras formed by anyons of the SymTFT
3(Sy).

IR Theories for Gapped Phases. The IR theory de-
scribing an Sy symmetric fermionic system in a gapped
phase associated to a Lagrangian algebra A is a 2d Sy
symmetric fermionic TFT T¢ which is constructed as the
interval compactification of SymTFT 3(Sy) with symme-
try boundary %?;m on one end, and the bosonic topologi-
cal boundary Z on the other end, which is also referred to
as a topological physical boundary and denoted as BPhYs
(see Fig. 3)

pPhys — T (V.6)
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Figure 2. The interface Z implements a map of lines from Z’
to Z(S¢). A line a € A can end end on the interface from
the left. Meanwhile a simple line a’ € Z’ maps to a possibly
non-simple line Z.(a’) € Z(Sy).

3(Sy)

By S
s B —

Figure 3. A 2d Sy symmetric fermionic TFT T constructed
as the interval compactification of the SymTFT 3(Sy) with

symmetry boundary %nym and the bosonic topological bound-

ary BP"* = T on the other end.

Let us describe the general structure of T¢ and real-
ization of the symmetry Sy on it. Let n be the num-
ber of vacua of ;. This manifests as T carrying an
n-dimensional vector space of topological NS sector lo-
cal operators or states on a circle. Such local operators
of Ty are constructed by taking simple anyons a in La-
grangian algebras A and Agym (describing %nym) and
letting them completely end topologically (Without be-
ing attached to other topological lines) on the topolog-
ical boundaries %‘Ssyfm and BPYS. The fusions of these
operators can then be determined by using various con-
sistency conditions with the action of topological lines
living on the boundaries B3 and BP™°. The vacua
can be identified with idempotents of the algebra formed
by these local operators under fusion. Let us label the
vacua by an index i. The TFT %, in vacuum ¢ may re-
duce either to TrivXITy, or to ArfKIT,, where T is an
Euler term. The relative Euler terms A\;; = A; — \; are
protected by the action of symmetry Sy if T is an irre-
ducible Sf-symmetric 2d TFT, but it is possible to shift
all the Euler terms by the same constant A\; — \;+r with-
out breaking the Sy symmetry. Thus, the information of
the overall Euler term does not enter an Sy-symmetric
(141)d gapped phase, but the information of relative Eu-
ler terms does.

The full set of topological line operators of the 2d
TFT T forms a fermionic multi-fusion m-supercategory



S¢(%y). First of all, we have indecomposable lines living
in each vacuum ¢, which are simply 1;; and m;;. If there
is no relative Arf term between two vacua i and j, then
the indecomposable lines from vacuum ¢ to vacuum j are
14, mij, which are exchanged by the action of m;;, 7;;

i @ Lij = Lij @ mj5 = mij, (V.7)

Ti; & Ti5 = Tij X Tjj = ].”

The linking action of 1;;,m;; on vacuum v; results in a
multiple of vacuum v; determined by the relative Euler
term between ¢ and j

1ij77rij LV — 6_(/\j_)\i)1)j. (V8)
See section 2.3 of [3] for an explanation. This linking
action may also be referred to as the quantum dimension
of the lines 1;;,7m;;. On the other hand, if there is a
relative Arf term between vacua i and j, then there is
only one indecomposable g-type line S;; from vacuum 4
to vacuum j satisfying

1 ® S5 = Si; ® 155 = Sy,

V.9
i @ Sij = Sij @ mjj = Sij. (V-9)

The line S;; describes the end of Kitaev chain, and its
quantum dimension is

Si' LV — 6_(/\j_/\i)\/§’l)j. (V].O)
Other non-zero fusions of these lines are
Lij ® Ljg = mij @ mje = Lig,
Tij @ Ljg = 1ij @ Wik = ik,
Lij ® Sjk = mij @ Sjr = Sik, (V.11)
Sij ® Ljx = Sij @ mjk = Sk,
Sij ® Sjr = Lig © Tk
The fermionic parity symmetry of Sy(Ty) is
(_1)% = @Hn‘ (V.12)

where II;; = 1;; if the vacuum ¢ comprises of TrivX Ty,
and II;; = m;; if the vacuum 4 comprises of Arf X T..

The fermionic symmetry Sy is described by a subset
of the topological lines of T, which is described by a
supertensor functor [179, 180]

(o Sf — Sf(If) (V13)
constrained to satisfy
o((-)") = (-1E,. (V.14)

The information of ¢ is determined as follows. We con-
sider the NS sector local operators arising from interval
compactifications of anyons. These are acted upon by

X € Sy line living on %S‘Syfm. This provides us with the
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action of X on the vacua. Then o(X) € Sf(%y) is the
line that acts on vacua in the same way.

A symmetry X € Sy is said to be spontaneously broken
in a vacuum ¢ if 0(X) contains topological line operators
taking the vacuum ¢ to some other vacuum j.

IR Theories for Gapless Phases. As mentioned at
the starting of this section, a gapless phase by definition
only describes a set of symmetry related IR properties
of gapless Sy symmetric systems. The dynamical prop-
erties are constrained by these symmetry properties, but
are not completely fixed by them. Consequently, for a
particular gapless phase, there can be various different
Sy-symmetric fermionic 2d CFTs describing the IR be-
haviors of various (141)d fermionic systems said to be
lying in this gapless phase. This should be contrasted
with the situation for gapped phases where the IR the-
ory is uniquely fixed to be an Sy-symmetric fermionic 2d
TFT.

Let us now describe the SymTFT construction for any
Sy-symmetric fermionic CFT T arising in the IR of a
gapless phase associated to a condensable algebra A.
This is obtained by inputting a conformal boundary con-
dition BPYS of 3/ into the SymTFT setup and compact-
ifying the whole interval

3(Sy) 3/

%;yfm z BPhYS (conformal)

(V.15)

Note that BPY is required to satisfy the following con-
ditions:

e None of the anyons of 3’ can topologically end on
BPhYs without being attached to any other topo-
logical line operator. This ensures that the intro-
duction of BPYY* does not induce the condensation
of charges outside the set Q.

e There is at least one (non-topological) end of every
anyon of 3’ along BP"* which is unattached to any
other topological line operator. This ensures that
the whole set Qp of deconfined charges is realized
in the IR theory.

e We further assume that there are no topological lo-
cal operators (other than multiples of identity op-
erator) living on BPY* which are unattached to
any bulk or boundary topological line operator.

This ensures that T is an irreducible Sy-symmetric
CFT.

Let us describe the general structure of ¥y and realiza-
tion of symmetry Sy on it. For this purpose, it is useful



to first perform a club-quiche compactification where we
only compactify the interval occupied by 3(Sy) but not
by 3’. This constructs a fermionic topological boundary
condition B’ of 3’ which is Sy-symmetric. The bound-
ary B’ is irreducible as an Sy-symmetric boundary, but
may be reducible when the S¢ symmetry is forgotten.

(V.16)
3(Sy) 3 !

sym ’
Bs, I By

-
P

Let n be the number of irreducible boundary condi-
tions involved in %}. This manifests as %}- carrying
an n-dimensional vector space of topological NS sector
local operators. Such local operators of SB} are con-
structed by taking simple anyons a in condensable al-
gebra A and Lagrangian algebra Agy, (describing ‘B?;m)
and letting them completely end topologically (without
being attached to other topological lines) on the topo-

logical boundary %Ssyfm and topological interface Z. The

irreducible boundaries in %’f can be identified with idem-
potents of the algebra formed by these local operators

under fusion. Let us label the irreducible boundaries in
%’f as %’f)i

(V.17)

= DB
7

The full set of topological line operators of %’f forms
a fermionic multi-fusion w-supercategory Sf(EB/f) with
fermion parity ‘

(V.18)

The category Sy(%B’) includes not only topological line
operators living on %},i, but also topological line opera-
tors living between two boundaries B’ ; and B’ ;. The
quantum dimensions of lines going between two different
boundaries B’ i and %}J depends on the relative Euler
terms between these boundaries. The fermionic symme-

try Sy is realized by a supertensor functor

(o2 Sf — Sf(%}) (Vlg)
constrained to satisfy
o((-1)F) = (-, (V.20)

The information of ¢ is determined as follows. We con-
sider all the possible topological ends of anyons of 3’
along B’ that are not attached to any boundary topolog-
ical lines. Under the club quiche compactification, these
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can all be constructed by passing anyons of 3’ trans-
versely through Z which converts them into anyons of
3(Sy) on the other side in terms of the functor Z, and

sym

ending the 3(Sy) anyons on B s, - Thus these ends are
acted upon by X € Sy line living on %f’syfm. This provides
us with the action of X on the ends of anyons of 3’ along
B%. Then o(X) € §¢(B’;) is the line operator of B
that acts on these ends in the same way.

The CFT %y is constructed by performing the club
sandwich compactification in which we subsequently
compactify the interval occupied by 3’. This reduces into
a direct sum of compactifications (B, BPIYS) - each of
them giving rise to a CFT T, with aysingle topological
NS sector local operator. The full CFT ;¢ thus com-
prises of n universes and can be expressed as

T =P T
i

From this compactification we can read the action of
fermionic multi-fusion category Sy(%B’) on Ty. Using the
functor (V.19), we obtain an action Sy on Ty converting
it into an Sy-symmetric CFT.

(V.21)

Generalized Fermionic KT Transformations. We
have constructed above an S¢-symmetric CET ¢ de-
scribing the IR of a system lying in a gapless phase as-
sociated to a condensable algebra A, provided that we
are given a conformal boundary condition BP™S of 3’
satisfying certain properties.

The question now arises how one can construct such
boundary conditions. For this purpose, we use the sand-
wich construction in reverse. Let &’ be a bosonic or
fermionic symmetry whose SymTFT is 3’

3(8)=3"

Assume that we know a 2d CFT ¥’ that describes the
IR of the canonical gapless phase of S’. That is, all the
generalized charges of &’ arise in ¥’ and are carried by
non-topological local operators in T'.

Then, BPYS can be taken to the physical boundary
arising in the SymTFT construction of ¥ with some

(V.22)

choice of symmetry boundary B7,™.
The map
T — ‘If (V.QS)

may be referred to as a fermionic generalized Kennedy-
Tasaki (KT) transformation, extending the generalized
KT transformations discussed in the bosonic case by [5].
In fact, each T ; is obtained by some fermionic gaug-
ing of the &’ symmetry of ¥', since Ty, is obtained by
modifying the symmetry boundary from 8™ to B ;.

Deformations of Phases. Let us consider that we are
deep inside a phase specified by a set @ of condensed
charges, i.e. all the condensed local operators have non-
small vevs of order one. Now, a small deformation of such
a system cannot uncondense any of the charges, but can



condense some other charges by providing small non-zero
vevs to some local operators carrying deconfined charges
not in the set Q.

After such a deformation, we move to a phase charac-
terized by a set Q' of condensed charges, which is bigger
than @

QCQ.

If A and A’ are the corresponding condensable algebras,
then we have the condition that A be a subalgebra of A’.
The set of confined charges also increases under such a
deformation

(V.24)

Qc C Qe

as condensing new charges confines some of the previ-
ously deconfined charges. On the other hand, the set of
non-condensed deconfined charges shrinks

Qb CQp

which is consistent with the physical expectation that
such deformation should increases the amount of gapped
excitations while decreasing the amount of gapless ones.

Thus we have a partial order on the set of Sg-
symmetric phases given by inclusions of condensable alge-
bras, which captures possible deformations between the
phases. This allows us to arrange the phases into a Hasse
diagram in which the canonical gapless phase sits at the
top and the gapped phases sit at the bottom, with vari-
ous other gapless phases sitting in the middle [6].

(V.25)

(V.26)

Classification of Phases. The Sy-symmetric fermionic
phases discussed here can be classified into various
classes. A gapped phase is called a spontaneous sym-
metry breaking (SSB) phase if it carries more than one
vacuum, and a symmetry preserving topological (SPT)
phase if it carries a single vacuum. On the other hand,
a gapless phase is called a gapless SSB (gSSB) phase if
it carries more than one universe, and a gapless SPT
(gSPT) phase if it carries a single universe.”’

Furthermore a gSSB or gSPT phase P is called an
intrisic gSSB or gSPT phase (igSPT or igSSB) if any
gapped phase obtained after an allowed deformation of
P has strictly more number of vacua than the number of
universes in P.

An igSSB or igSPT phase exhibits symmetry pro-
tected criticality: any deformation of the phase pre-
serves gapless criticality unless we are willing to increase
the amount of order in the system and (spontaneously)
break some of the symmetry in the process.

Transitions between Gapped Phases. We can ob-
tain transitions between Sy-symmetric gapped phases by

26 See [149, 226, 227] for recent studies of gSPT phases in fermionic
systems.
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applying generalized fermionic KT transformations on
known transitions between gapped phases of smaller sym-
metries.

Consider the KT transformation associated to a con-
densable algebra A and let S’ be a (bosonic or fermionic)
symmetry such that 3(S’) = 3’ as above. The KT trans-
formation then maps &’ symmetric systems to Sy sym-
metric systems.

Now assume that we know an &’-symmetric CFT %’
that admits a relevant deformation €, which is uncharged
under &', such that deforming ¥’ by two signs of € gives
rise to two S’ symmetric gapped phases ¥’ and T’ in
the IR

T+e—-T,

T —e—>3 . (V.27)

We can now apply the KT transformation to obtain
an Sp-symmetric CFT KT'(%') which admits a relevant
deformation KT'(e) such that deforming KT'(%') by two
signs of KT'(e) gives rise to two Sy symmetric gapped
phases KT'(%',) and KT(T") in the IR

KT(®')+ KT(e) - KT(%',),

KT(T) — KT(e) — KT(S). (V.28)

The gapped phases KT(T',) can be easily determined.
Let A4 be the Lagrangian algebras in Z’ associated
to the physical topological boundaries associated to S'-
symmetric gapped phases ¥’.. Then, the Lagrangian
algebras KT(A+) € Z(Sy) associated to Sy-symmetric
gapped phases KT(%' ) can be computed by applying
the functor Z,

KT(AL) = Z,(Ay). (V.29)

Order Parameters. The operators condensed in a
phase are often referred to as order parameters for that
phase. This terminology is typically used for gapped
phases, but we may extend it to gapless phases.

The charges of order parameters associated to a phase
are of particular physical relevance. These are obtained
simply as the set @) of condensed charges associated to the
phase, which is specified by the anyons of the SymTFT
3(Sy) appearing in the associated condensable algebra
A.

The charges of order parameters for transitions be-
tween two gapped phases with condensed charges Q)+ are
given by the set

(QrUQ-)—(Q+NQ-)

which are the charges that distinguish the two gapped
phases.

(V.30)

B. Zg Symmetry

The SymTFT B(Zg ) for the simplest fermionic sym-
metry group Zg is the Toric code or Zs Dijkgraaf-Witten



gauge theory, which was described in IIIE 1. The anyon
content is

Z(Vecz,) ={1l,e,m, f =em}, (V.31)
where e and m are bosons and f is a fermion. We
take symmetry boundary to be B, which is the unique
fermionic boundary. The choice of (—1)f on B/ is again
fixed as in eq. (IT1.32) which implies the generalized
charges charges associated to the objects in Z(Zg) as
discussed in IV B 1. The symmetry fermionic Lagrangian
algebra is Agym = Ay = 1@ 7f.
The gapped phases correspond to Lagrangian algebras
in Z(Vecy, ), for which there are two possibilities.
Ac.=1de,

Ap=1@m. (V.32)

With the following rather simple Hasse diagram of inclu-
sion of condensable algebras

/.\E

Choosing the physical Lagrangian algebra (i.e. La-
grangian algebra for physical boundary) to be

(V.33)

Aphys = Am 5 (V34)
we find an SPT phase, since we have
Asym N Aphys = Af N Am =1, <V35)

implying a single (untwisted sector) local operator and
therefore a unique ground state. From the form of A,,,
we see that this gapped phase contains a topological
point-like operator carrying generalized charge m, or in
other words a topological point-like operator which is a
boson and lives at the end of (—1)¥. This implies that
(—=1)¥ is bosonically isomorphic to the identity line in
this gapped phase:

(-1)F =1. (V.36)
This phase is the trivial SPT phase for Zg symmetry and
is denoted as Triv in this paper. The confined charges
for this phase are e and f. The order parameter for the
phase carries charge m, i.e., it is an R sector boson.

Choosing the physical Lagrangian algebra to be

Aphys =A,., (V.37)
we again find an SPT phase since
Agym N Aphys = AN A = 1. (V.38)

From the form of A., we see that this gapped phase con-
tains a topological point-like operator carrying general-
ized charge e, or in other words a topological point-like
operator which is a fermion and lives at the end of (—1)%".
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Combining it with the fermion living at the end of 7 line,
we obtain a boson living at the end of 7(—1)¥, implying
that this line is bosonically isomorphic to the identity
line 7(—1)¥ = 1, or in other words

(-1)F = . (V.39)
This phase is the non-trivial SPT phase for Zg symmetry
and is denoted as Arf in this paper. The confined charges
for this phase are m and f. The order parameter for the
phase carries charge e, i.e. it is an R sector fermion.

We can also obtain these phases via the fermionization
of Zs symmetric Bosonic phases. The trivial or symmetry
preserving Zo phase has a single untwisted sector and
a single twisted sector ground state, both of which are
uncharged under Zs. Under fermionization, these map
to the NS sector and R sector ground states respectively
that are both fermion parity even. Hence we recover the
Triv phase. Instead, starting from the Z, SSB bosonic
phase, the IR theory has two untwisted sector ground
states which are swapped under the Z, action. There are
no twisted sector ground states. The even combination of
ground states is uncharged and untwisted under Zs, and
under fermionization maps to a fermion parity even NS
sector ground state. The odd combination, being charged
under Zs maps to the R sector state which is fermion
parity odd. Hence we find that the fermionization of the
Zo SSB gives the Arf phase.

Naturally, the fermionization of the transition between
the Zs trivial and Zs SSB phases delivers a transition
between the two fermionic SPTs Triv and Arf. On the
bosonic side, the minimal such transition lies in the Ising
universality class, whose fermionization is the Majorana
CFT labeled by Maj. Therefore to summarize, the Hasse
diagram of phases in (V.33) is realized for ZJ symmetric
phases as

(V.40)

which is the fermionization of Zs symmetric bosonic
phases which realize the Hasse diagram

(V.41)

C. Z! and Z]’ Symmetries

The SymTFT for the Zf: and sz symmetries is the
Z4 Dijkgraat-Witten (DW) gauge theory as the SymTFT
which was discussed in Sec. III E 2. Recall that to define
the symmetry boundary we chose the following fermionic
Lagrangian algebra in Z(Z,)

Aoz = 1@ mem? @ e @ me>m?. (V.42)



This algebra can give rise to two different boundary con-
ditions (related by stacking of Arf theory) which carry
two different symmetries. These symmetries are

zj ={1,P,P?> = (-1)F, P%},

(V.43)
77 = {1,P, P?> = n(—1)", P%},

differentiated by whether P? is identified with (—1)f or
with m(—1)F". The relation between the bulk anyons and
boundary topological lines was discussed in [1I E 2, while
the relation between the SymTFT anyons and general-
ized charges of Z1 /ZF' are described in IV B 2.

The possible gapped and gapless phases as well as
transitions can be studied in the SymTFT via the non-
trivial bosonic condensable algebras in Z4 Dijkgraaf-
Witten gauge theory. These are

A2 :16962,
A2 :1®m2,
A2z = 1@ e*m?,
A =1®ed e P e,
An=1dmedm?aem?,
A2 2 = 1ae2am?ae*m?

(V.44)

Out of these A., A,, and A,z ,,,> are Lagrangian, which
give rise to fermionic gapped phases while the remaining
correspond to transitions between these phases. We have
the following Hasse diagram of inclusion of condensable
algebras

(V.45)

We now describe the gapped and gapless phases obtained
for different choices of condensable algebras following the
general construction described in Sec. V A.

Below is a Hasse diagram of gapped and gapless phases
for the Zf: symmetry that we find in what follows. The
Hasse diagram for sz symmetry can be simply obtained
by stacking each node with the Arf theory

1

[Maj® Maj| [SU(2)1|  [Ising] (V.46)

Zy SSB
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This Hasse diagram can be obtained as a fermionization
of the following Bosonic Hasse diagram with the choice

SBsym — Ae

’ Ising @ Ising ‘ ’ SU(2)1 ‘ ’ Ising ‘ (V.47)

Zo SSB

[ Trivial

1. 75" SSB phase

Consider first the gapped phase with physical La-
grangian algebra

Aphys = Ae~ (V48)

This phase has two vacua because not only 1 but also e?
can end on both boundaries. Additionally from A. we
learn that the phase contains topological point-like oper-
ators O, carrying charges e, which are the IR images
of the order parameters associated to the gapped phase.
These operators have product

0.0, = Ogitj. (V.49)
The untwisted sector local operators are generated by
O =1 and Oz, from which we identify the two vacua
to be

1+ 0,2
Vo = 2 )
1.0 (V.50)
v = 72 y
which satisfy the condition
ViV = 51‘]"01'. (V51)

The operators O, and O.s are both fermions in P2-
twisted sector, so we can construct linear combinations

1
0670 = 9 (Oe + 063) s
; (V.52)
Ocn = 5((9@ —O3),

which satisfy

Oeﬂ"(}j = 51‘]‘05,2' y (9671-(’)@]' = 51‘3"02' (V53)
meaning that O.; is a fermionic P2-twisted sector lo-
cal operator in vacuum v;. This identifies the operator
implementing P? symmetry as

P2:7T00@7T11, (V54)



as the end of 7 line is fermionic. The above equation
can also be derived from the fact that the e line in the
bulk becomes 7P? on the fermionic symmetry boundary,
while it becomes the trivial line on the bosonic physical
boundary, and hence we have P2 = 1 in this fermionic
gapped phase. For Zf: symmetry, eq. (V.54) implies that
the fermionic parity operator is

(71)F = moo D ™11, (V55)

or in other words both vacua are described by the Arf the-
ory, and the underlying IR TQFT describing the gapped
phase can be represented as

TR — Arfy & Arfy. (V.56)
On the other hand, for sz symmetry, eq. (V.54) implies
that the fermionic parity operator is

(—1)" =100 @ 111, (V.57)

or in other words both vacua are described by the Triv
theory, and the underlying IR TQFT describing the
gapped phase can be represented as
TR — Trivy ® Trivy. (V.58)
The underlying IR TQFTs for Zf: and sz symmetries
differ by an overall Arf factor, a fact that is true for
all systems with this symmetry, which stems from the
fact that the corresponding symmetry boundaries in the
SymTFT differ by stacking of Arf theory. Consequently,
we will only discuss Zfi symmetric phases from this point
on; the sz symmetric phases are simply obtained by
stacking an overall Arf factor.
The action of the line operator P is

P: Ou —i*O,, (V.59)
which implies the actions
Vo £ V1,
P: Oe,O — 0671, (VGO)
Oe,l — —0510.

This equation allows us to determine the P line operator
to be

P =191 & m10, (VGI)
where
T10 = T11 & ].10 = (—1){‘1 ® 110 (V62)

is responsible for the sign in the action O.1 — —Oe
utilizing the fact that O, ; is a fermion. Here, the opera-
tors 1;5 for 4,5 = 0,1 are defined by the following actions
on the untwisted and twisted sector operators:

1ij 1V = Vj,

Oe,i — O ;. (V.63)
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We note that eq. (V.61) is a unique solution for eq.
(V.54) up to the exchange of labels 0 and 1. We refer
to this phase as the Z4™ SSB phase of the Zf: symme-
try. This phase is the fermionization of a bosonic gapped
phase that spontaneously breaks a non-anomalous Z4
symmetry down to the trivial group.

We note that there is an ambiguity in the definition of
the twisted sector operators O, ; for i = 0, 1. Specifically,
we can redefine them as follows:

:z,O = 06707 :a,l = *Oe,lv (V64)
This redefinition preserves the operator algebra (V.53).
On the other hand, there is no ambiguity in the definition
of the untwisted sector operators v; due to the operator
algebra (V.51). Accordingly, we can also redefine the line
operators 1;; and m;; by

v —v;, O, — 0,
. o~ o (V.65)
Ty 1V = Uy, ei — —Ue -

In particular, we have 1}, = m;; and 7;; = 1;; for i # j.
In terms of these redefined operators, the P line in eq.
(V.61) is expressed as

P= ].01 D 7o = 7761 D ]./10, (VGG)
which shows that the expression for P depends on a con-
vention. Nevertheless, we emphasize that the operator
P itself is defined unambiguously regardless of a conven-
tion. Similar comments also apply to the other examples
that we will discuss in this and later sections.

This phase is a fermionization of the Z, SSB phase
carrying 4 vacua. From the point of view of Zs subgroup
of Z4, the Z4 SSB phase splits into a direct sum of two Zso
SSB phases. The fermionization of each Zy, SSB phase is
Arf, and hence the fermionization indeed results in the
74 SSB phase whose underlying TFT is Arf @ Arf.

2. Z2 SSB phase

Take the physical Lagrangian algebra to now be

Aphys = Ae2 2. (V.67)
Again there are two vacua because of the same reason as
above. The IR images of the order parameters are topo-
logical point-like operators Oz, O,,,2 and O,z,,2 carrying
the generalized charges described by the subscript. The
untwisted sector operators are 1 and O.2, in terms of
which the vacua can again be expressed as in (V.50). The
other two operators O,,2 and O,z2,,2 are in P2 = (—1)%-
twisted sector and both of them are bosons. The opera-
tors

Omz)o = Oz + Op2m2,

V.68
Ot = Ops — Oz (V.68)



describe bosonic ends of (—1)f" in the two vacua, imply-
ing that (—1)%" is realized trivially in both vacua, and the
underlying IR TQFT describing the gapped phase can be
represented as

TR — Trivy @ Trivy. (V.69)
The symmetry operator P acts by a non-trivial sign on
O.2 and O,2,,2, which means that it exchanges the two
vacua. Thus, we can express it as

P =1p; ® 14p. (V.70)
We refer to this phase as the Zy SSB phase of the Zf:
Symimetry.

This phase is the fermionization of a bosonic gapped
phase that spontaneously breaks a non-anomalous Z4
symmetry down to Zs. From the point of view of the Zo
subgroup of Z,, this phase is bosonic Triv @ Triv. The
fermionization of each bosonic Triv factor is a fermionic
Triv factor, thus reproducing the above result.

3. Trivial phase

Finally, take the physical Lagrangian algebra to be

Aphys = Am. (V.71)
The corresponding fermionic gapped phase has a sin-
gle vacuum as no non-trivial anyon can end on both
PBY™ and BPYS, The IR images of order parameters are
topological point-like operators O,,,: carrying charges de-
scribed by their subscript. In particular, O,,2 provides a
bosonic topological end of (—1)f" and hence the IR TQFT
is a single copy of the trivial theory

TR = Triv. (V.72)
Similarly, O,, provides a bosonic topological end of P,
implying that P acts completely trivially and can be iden-
tified with the identity line operator

P=1. (V.73)
We refer to this phase as the trivial phase of the Zf: sym-
metry. This phase is the fermionization of the trivial
bosonic gapped phase with a non-anomalous Z, symme-
try.

4. €*-condensed phase

Now let us discuss gapless phases with Zf: symmetry.
First, consider the physical condensable algebra to be

Apnys = Age. (V.74)

This defines a bosonic topological interface Z.2 from the
Z4 DW theory to the toric code. Thus, the club quiche
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compactification produces a topological boundary condi-
tion B’ of the toric code. As e? also appears in Agsym,
we learn that the boundary 9B’ has two topological local
operators on it, which implies that %’ is comprised of
two irreducible topological boundary conditions

B =B, ®B. (V.75)
As we pass the interface Z,2, the anyons of toric code are
converted into the anyons of Z, DW theory, according to
the map

1= 1@e?,

e eded,
(V.76)

m' — m? @ e*m?,

= em? ®e3m?,

where we have denoted the anyons of the toric code by an
additional prime to avoid confusing them with the anyons
of the Z, DW theory. From this and the Lagrangian alge-
bra Asym = Aemz2, we learn that there are two fermionic
topological ends of f” along B’, one coming from the end
of em? along B>/ and the other coming from the end

2 Sym
zf -
as Egmz and Egs,,2. Furthermore there is a topological
local operator Oz along 9B’ coming from compactifying
the e? in between %Zcm and Z.2. The products of these

of e3m? along B We label these ends respectively

4
operators obey the fusion of their subscripts:
geingejmz = Oez‘ﬂ‘,
5ez:m2oej = gei,+jm2,
Oei Oej = Oe'i+j7

(V.77)

where O.,0 = 1. The identity operators along the two
boundaries B(, and B} are

1+ 0,2

Yo ="%5
1 0. (V.78)

U1 = 9 )

satisfying

VU5 = 5z‘j'Uz’- (V79)

We have fermionic topological ends

1
& = 5(5em2 + 5e3m2),

(V.80)

1

€1 = 5 (Eomr — Ecoma)

of f’ along B{, and B} respectively, which satisfy

57;11]' = (5”52 s (‘:Zgj = 5ijvi . (V81)
This means that both 9B and B} are irreducible
fermionic topological boundaries of toric code associated

to the fermionic Lagrangian algebra 1 & 7 f'.



Note that this does not determine yet whether there is
a relative Euler term or Arf term between B and 8.

This can be determined by studying the Zfi symmetry
action. We know that the symmetry generator P has
linking action

geij — ij geij,
P: , (V.82)
Oe]‘ — ¢ Oej7

which implies the linking action

50 —>51,
P: & — *50,

Vg < V1.

(V.83)

This means that P is implemented by line operators lying
between B, and B]. The fact that these line operators
have to be invertible implies that there is no relative Arf
term between Bf, and B7. This is because the inter-
face between B( and B} would become non-invertible if
there were a relative Arf term, cf. the discussion around
(V.11). Moreover, the linking action of P on v; implies
that the quantum dimension of these boundary changing
line operators must be 1, and hence there is no relative
Euler term between B{ and 5.

Due to eq. (V.83), we can express the Zf; symmetry
generator P as

P=1g @ (-1)E, (V.84)

where (—=1)f;, = 130 ® (1), = (-1)}] @ 119 and we
have denoted the fermionic symmetry generating line op-
erator along the fermionic boundary 8} as (—1)f. The
full fermionic symmetry generator indeed involves the
fermionic symmetry generator along both Bj and B

(=Dgo & (=1)11-

We note that eq. (V.84) is the unique solution for the
condition P? = (—1)F" = (=1)}] & (=1)f; up to the ex-
change of labels 0 and 1.

Providing a gapless physical boundary %‘%}}ys, which is
a gapless boundary of the toric code, completes the club
sandwich and constructs the IR theory T'® of a system in
the corresponding gapless phase, which can be expressed
as

(-n)F =P = (V.85)

TR —gl a3l (V.86)
where Tzf are two copies of a gapless theory T with Z]
fermionic symmetry. The gapless phase thus comprises of
two universes and hence a gapless SSB (gSSB) phase for

71 symmetry. The ZI symmetry acts as in (V.84) and
(V.85), where now (—1)E is the generator of Zg symme-
try of ‘I{ .

%/ can be any Zg symmetric fermionic CFT carrying
all generalized charges for Zg. The simplest example is
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provided by the Majorana CFT, and hence one of the IR
theories realizing this gapless phase is

Maj, ® Maj, , (V.87)
with ZJ being realized by (V.84).

Let € be the relevant operator, uncharged under Zg ,
responsible for deforming the Maj CFT to Triv and Arf
TFTs. Then it is clear from (V.84) that the operator
€o + €1 of Maj, @ Maj; is uncharged under Z 4, as the
generator P simply exchanges €y and €;. Using €g + €1 as
the deformation, we obtain a transition between the Zo
SSB and Z5™ SSB phases of Zi symmetry.

Note that the condensable algebras corresponding to
these two gapped phases are A. and A2 ,,2, both of
which contain the condensable algebra A, for the gap-
less phase under consideration.

Let us now discuss the gapless phase from the point
of view of fermionization. In terms of the bosonic Z4
symmetry, the condensable algebra A2 corresponds to a
phase for which the IR CFT is

T BTy (V.88)

where ¥; is a copy of a Zs symmetric CFT €. This Zo
symmetry is identified with the Zy subgroup of Z4. Thus,
the fermionization simply fermionizes each ¥; factor lead-
ing to (V.86), where T/ is fermionization of . Taking T
to be Ising CFT, we obtain the above choice T = Maj.

5. m?2-condensed phase

Now consider the physical condensable algebra to be

Appys = Aps. (V.89)

This also defines a bosonic topological interface Z,,2 from
Z4 DW theory to the toric code. As no non-trivial anyons
appear in both Ay, and Apnys, we learn that the club
quiche compactification of % ™ and 7,2 produces an ir-

reducible topological boundary condition B’ of Zs DW
theory. As we pass the interface Z,,2, the anyons of Zo
DW theory are converted into the anyons of Z, DW the-
ory according to the map

1 1®m?,

e e? @ e’m?,

R (V.90)
= e*m@e?md.

Thus €’ is the only non trivial anyon that can end along

B’ via the end of e? along %Sym, and we recognize B’

to be the irreducible boundary of ZQ DW theory associ-
ated to the Lagrangian algebra 1 @ e’. The Zf symmetry
generator P acts on the end of e? along EB syin by a non-

trivial sign, which means that the reahzatlon of P along



B’ acts by a non-trivial sign on the end of ¢’ along %'
That is, P is realized by the Zs symmetry generator P’
along B’

P =P (V.91)
which identifies

(-)F=pP?=1.
Due to this reason, we can identify B’ to be the bosonic
topological boundary condition B,/ associated to 1@ ¢’
without the Arf term. If instead we were considering
sz symmetry, the fermion parity would be realized on
B’ as (—1)F = 7, and we would have B’ = B, X Arf,
namely the fermionic boundary associated to 1 ® ¢’ that
is obtained from the bosonic boundary B, by stacking
an additional Arf term.

Completing the club sandwich by a bosonic gapless
physical boundary, we obtain a gSPT phase for Zf; sym-
metry, in which the IR theory T is a bosonic gapless
theory (stacked with a trivial fermionic TFT) with a sym-
metry Zs acting faithfully on it, and the Zf; symmetry is
realized on T via (V.91) and (V.92).

We can choose the bosonic theory to be Ising CFT,
which transition between the Z, trivial and Zs SSB
phases for Zf: symmetry. These gapped phases corre-
spond to A,z ,,2 and A,,, both of which carry A,,: as a
subalgebra.

From the point of view of non-anomalous bosonic Z,
symmetry, A,,2 corresponds to a gapless phase compris-
ing of a Zs symmetric CFT, with the Z4 being realized
by the surjective homomorphism Z4 — Zo. The Zs sub-
group of Z, acts trivially, and hence fermionization does
not change the theory.

(V.92)

6. e*m?-condensed phase

Finally, consider the condensable algebra

Aphys = Ae2 2. (V.93)
This defines a bosonic topological interface Z.z2,,2 from
Z4 DW theory to the double semion model, or twisted Zo
DW theory. As no non-trivial anyons appear in common
in both Agym and Aphys, we learn that the club quiche
compactification of %bym and Z.2,,2 produces an irre-

ducible topological boundary condition B’ of twisted Zs
DW theory. As we pass the interface Z,2,,2, the anyons
of twisted Zs DW theory are converted into the anyons
of Z4 DW theory, according to the map

1 1@ e?m?,
S emo® 63m3

(V.94)
s em’@ed m,

85 e2®m2,
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where s and 5 denote the semion and anti-semion re-
spectively. We thus learn that there is a topological end

of s5 along B’ coming from an end of e? along ‘Bsym.

This deduces B’ to be a boundary associated to the La—
grangian algebra 1 @ s§ of twisted Zo, DW theory, which
is a topological boundary condition carrying bosonic Zo
symmetry with non-trivial 't Hooft anomaly, or in short
Z§ symmetry with w € H?(Z2,U(1)) being non-trivial.
We let P’ be the topological line operator along B’ gen-
erating the Z§ symmetry.

The Z] generator P acts on the end of ¢ by a non-
trivial sign, implying that P is realized on 98B’ by a line
operator under which the end of s§ is charged, i.e.

P=P. (V.95)
This means that (—1)% is realized as
(-)F=pP?=1. (V.96)

Due to this reason, we can identify B’ to be the bosonic
topological boundary condition B,z associated to 1 & s5
without the Arf term. If instead we were considering
sz symmetry, the fermion parity would be realized on
B’ as (—1)F = 7, and we would have B’ = B3 X Arf,
namely the fermionic boundary associated to 1 @ s§ that
is obtained from the bosonic boundary Bz by stacking
an additional Arf term.

In addition to these identification of line operators,
there is a non-trivial identification of topological junction
local operators between Zf; lines as topological junction
local operators between Z% lines which ensures consis-
tency with the 't Hooft anomaly w. See [5] for this map
of junction operators.

Completing the club sandwich by a bosonic gapless
physical boundary, we obtain a gSPT phase for Zf: sym-
metry, in which the IR theory T™® is a bosonic gapless
theory (stacked with a trivial fermionic TFT) with a sym-
metry Z§ acting faithfully on it, and the Z{ symmetry is
realized on T via (V.95) and (V.96). In fact, this is an
igSPT phase as any gapped deformation of a Z§ symmet-
ric system produces more than one vacua. A candidate
for such a critical theory is the SU(2); WZW model,
which also realizes the deformation from A.2,,> gapless
phase to Az 2 gapped phase where the Z§ symmetry
is spontaneously broken.

For bosonic Z, symmetry, A.2,,2 also describes a Z¢
symmetric CFT on which Z4 acts according to surjec-
tive homomorphism Z4 — Zs, and hence Zs C Z4 acts
trivially. Thus, the fermionization does not change the
theory.

D. Rep(S3)! Symmetry

Now we consider the DW gauge theory for the smallest
non-abelian group

Ss = {1,a,a? b,ab,ab}, ba = a?b

(V.97)

ad=b =1,



as the SymTFT. Its anyon content is labeled as

dim=1": (1,1), (1,P) 2mi/3
' . w=ce
dim =2 (L,E), (a,w") . 0.1.2
dim =3 : (b’_;'_)’ (b,—) ZE{ P }
(V.98)

where we have also displayed the quantum dimensions of
the anyons. The bosons are (1,1), (1, P), (1, E), (a,1)
and (b, +), and the only fermion is (b, —). On the other
hand, the spin of (a,w?) is w®. There are two possible
fermionic Lagrangian algebras [219, 223], that could be
chosen to be the symmetry Lagrangian algebra

-Ab—,E — (17 1) @ W(b’ ) @ (1a E), (V99)
Ao = (1,1) @ 7(b,—) @ (a, 1),
which are related by a 0-form symmetry of the S3 DW
theory that exchanges (1,E) and (a,1). As a conse-
quence, the symmetry boundaries corresponding to the
two Lagrangian algebras give equivalent results. Without
loss of generality, we choose
Asym = Abf,a (VlOO)

to be the symmetry Lagrangian algebra. This algebra can
give rise to two different boundary conditions (related by
stacking of Arf theory) which carry two different symme-
tries. These are the Rep(S3)7 and Rep(S3)™/ symmetries
discussed earlier. Moving forward, we fix the symmetry
to be Rep(S3)7, as the results for Rep(S3)™f are obtained
simply by stacking an overall Arf term.

The non-trivial bosonic condensable algebras in Ss
Dijkgraaf-Witten gauge theory are

Ap=(11)& (1, P),
Ap = (1,1) @ (1, E),
A= (1,1)® (a,1),
Apg=(1,1)® (1,P)®2(1,E), (V.101)
Apq. = (1,1) @ (1, P) ® 2(a, 1),
App=(1,1)® (1,E) ® (b, +),
Aoy =(1,1) & (a,1) & (b, +).

Out of these Ap g, Apa, Ag,p and A are Lagrangian.
These condensable algebras form the following Hasse di-
agram

(V.102)
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The bosonic Hasse diagram is

3-Potts | | Ising & Ising

’ 72 SSB ‘ ’ Triv‘ Rep(S3)/Z Rep(S3)
SSB SSB
(V.103)

The fermionic Hasse diagram is

Maj 3-Potts

Maj @ Ising

Art] T ] Rep(S3)uie | | Rep(S3)}
Arf TI‘lV Triv Arf
SSB SSB
(V.104)

1. (1, P)-condensed phase

First, consider the club quiche compactification with
choice

Apnys = Ap. (V.105)

The reduced topological order is Z3 DW Gauge Theory,
whose anyons are mapped to anyons of S3 DW theory as

(V.106)

We have the intersection Ap N Agym = 1, meaning that
the club quiche compactification results in an irreducible
topological boundary condition B’ of the Z3 DW Gauge
Theory. Both e and e? have a topological end along B’

sym

as (a, 1) has a topological end along %Rep(33)-f' Thus B’
corresponds to Lagrangian algebra A, = 1@ e®e?. From
Ap, we see that we only obtain a bosonic topological end
of (—=1)F" along B’. This lets us recognize

B =B, (V.107)
where ‘B, is irreducible topological boundary condition
corresponding to A., without any additional Arf term.



This in particular means that (—1)% is realized along B’
as

(-1)F =1. (V.108)
The boundary B’ realizes a Z3 symmetry
S’ = Vecz, = {1, P, P?}. (V.109)

The linking action of E on the end of (a,1) along

Bep(s,)¢ Can be computed as
S1,E),(a,1)53]
— e =] V.110
dim(a, 1) ’ ( )
where  S(1 g) (a,1) on the left-hand side is the

((1, E), (a,1))-component of the (unitary) modular
S-matrix of the S3 DW theory. This means that the
realization of E on B’ has —1 linking action on the ends
of e and e2. Combining this with the fact that quantum
dimension of FE is 2 implies that FE is realized by line
operator

E=PgP? (V.111)
along B’. Here, we used the fact that P acts on the end
of e as w = €2™/3 and also used the equality w+w? = —1.

Completing the club sandwich by a bosonic gapless
boundary, we obtain a gapless phase whose properties
are obtained simply by translating the above club quiche
analysis. In this gapless phase the charge (1, P) has been
condensed, which forces the charges

Qc = {<b’ +>7 (b7 _)}

to confine, since they are mutually non-local with (1, P).
The deconfined charges are captured by anyons of Zj
DW theory according to the map (V.106). Since the con-
densed charge (1, P) is in the twisted sector, we obtain a
gSPT phase for Rep(S3)/ symmetry. Given that we have
untwisted sector operators in the charge (a, 1), applying
the map (V.106) we learn that we have untwisted sector
operators in charges e and e?. This recognizes the sym-
metry acting faithfully in the IR of the gSPT phase to be
Zs3 as in (V.109). The way Rep(S3)f acts in the IR via
the Z3 symmetry is described in equations (V.108) and
(V.111).

An actual CFT realizing the IR of this gapless phase is
provided by the 3-state Potts model, which carries such
a Zs3 symmetry. The Rep(S3)f symmetry is realized on
it as described in equations (V.108) and (V.111).

From the point of view of the bosonized Rep(S3) sym-
metry, Ap realizes the same IR physics with P being
regarded as a bosonic Zs symmetry, which acts trivially
in this gapless phase. The fermionization does not mod-
ify these results.

(V.112)

2. (1, E)-condensed phase

Now consider the club quiche compactification with
choice

Aphys = Ag. (V.113)
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The reduced topological order is Zo DW Gauge Theory,
whose anyons are mapped to anyons of S3 DW theory as

1= (1,1) & (1, E),

me— (1,P)® (1, E),

e (b +), (V.114)
f = (b’ _)'

We have the intersection Ag N Agym = 1, meaning that
the club quiche compactification results in an irreducible
topological boundary condition B’ of the Zo DW Gauge
Theory. The anyon f has a topological end along B’
coming from the end of (b,—) along By g ;. Thus
B’ is a fermionic boundary condition corresponding to
Lagrangian algebra Ay = 1 & nf. Since (b,+) has a
fermionic end along %E}:&SS) ; in (—=1)F-twisted sector,
B’ is completely fixed as the fermionic boundary along
which e has a fermionic end in (—1)F-twisted sector. In
other words, e in the bulk is mapped to m(—1)f rather

than (—1)¥ on the boundary ®B’. The boundary B’ re-
alizes a Zg symmetry

S =sVecy, = {1, 7, (-1)F, n(-1)F}. (V.115)
The linking action of E on the end of (b,—) along
B ep(s5)/ 1S computed as

S1,8),06,-)5]

———— =0 V.116
dim(b, —) ’ ( )
where S(1 g (5,—) is again a component of the modular
S-matrix. This means that the realization of E on 98’
has 0 linking action on the end of f. Combining this
with the fact that quantum dimension of E is 2 implies
that FE is realized by line operator

E=1a(-1DF (V.117)

along B’. We note the above equation is the unique
solution for the fusion rule E2 = 1® (—1)F @ E, cf. eq.
(11.42).

Completing the club sandwich by a bosonic gapless
boundary, we obtain a gapless phase whose properties
are obtained simply by translating the above club quiche
analysis. In this gapless phase the charge (1, E') has been
condensed, which forces the charges

QC = {(av 1)1 (avw)v (aaw2)}

to confine, since they are mutually non-local with (1, E).
The deconfined charges are captured by anyons of Z; DW
theory according to the map (V.114). Since the con-
densed charge (1, F) only has operators in the twisted
sector, we obtain a gSPT phase for Rep(S3)/ symme-
try. Given that we have untwisted sector fermionic oper-
ators transforming in the charge (b, —), applying the map
(V.114) we learn that we have untwisted sector fermionic
operators in charge f. This recognizes the symmetry act-
ing faithfully in the IR of the gSPT phase to be Zg as

(V.118)



in (V.115). The way Rep(S3)f acts in the IR via the Z]
symmetry is described in equation (V.117).

A concrete example of a CFT realizing the IR of such
a gapless phase is the Maj CFT which carries S’ = Zg ,
and on which Rep(S3)/ is realized according to (V.117).

From the point of view of bosonic Rep(S3) symmetry,
Ag realizes Zs symmetric CFT with the Zs subsymme-
try of Rep(S3) identified with this Zs. Fermionizing with
respect to it, we indeed obtain Z£ symmetric CFT. Tak-
ing the Zy symmetric CFT to be Ising, we recover the
example of Maj CFT discussed above.

3. (a,1)-condensed phase

Now consider the club quiche compactification with
choice

Aphys = Aa-

The reduced topological order is Zo DW Gauge Theory,
whose anyons are mapped to anyons of S3 DW theory as

1~ (1,1) ® (a, 1),
e— (1,P) @ (a,1),
m — (b, +),
[0, -).

The club quiche compactification results in a reducible
topological boundary condition B’ of the Zo DW Gauge
Theory, which is a sum of two irreducible boundary con-
ditions, as seen from the fact that (a,1) can end along
both boundary %SRZ?( S5)f and interface Zpnys associated
to Apnys. The anyons f and e both have a topological
end along B’ coming from the ends of (b, —) and (a,1)
respectively along %SR};?( 557+ Thus we can recognize B’
as

(V.119)

(V.120)

B =B, ® (B K Arf). (V.121)

Here B is the topological boundary condition of Zy; DW
theory associated to Lagrangian algebra Ay = 1 ® nf
along which the e line can end in a fermionic topological
local operator in (—1)-twisted sector, but the fermionic
boundary inside 9B’ is obtained by stacking an Arf term
on B since e only has a bosonic R-sector topological
end along B’ coming from such an end of (a,1) along
%;};?(Ss)f. On the other hand, 9B, is a topological bound-
ary condition of Zo DW theory associated to Lagrangian
algebra A, = 1 ® e. The boundary B, does not carry an
Arf term, which can be seen by noting that the presence
of (a,1) in Apnys means that B’ carries a bosonic topo-
logical local operator in (—1)¥-twisted sector, which can
only lie along 8. and implies the absence of Arf term
along B..

All of the topological line operators along B’ form a
fermionic multi-fusion category S(B’) with objects

S(%/) - {16677T667 Pee» ]-ffa’frffv (*1)}:‘;‘, Sefa Sfe},
(V.122)
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where 1;; is the identity line along ‘B;, m;; is the 7 line
along B;, P.. is the Z; symmetry generator along 8.,
(—l)ff is the Zg symmetry generator along B yXArf, S, ¢
is a non-invertible line operator changing B, to B s K Arf,
and Sy is a non-invertible line operator changing B X
Arf to B.. The fusion rules of S.; and Sy, are

TeePee @ Sef = Sey ® (—1)% = Sey,

(—1)Ff ® Sge = Spe ® Tee Pee = Ste,
Sef @ Sfe = lee ® MeePee,
Ste ® Sey =175 @ (~1)f}.

(V.123)

The above fusion rules are analogous to those of duality
defects that implement the gauging of a non-anomalous
Zo symmetry. We recall that the fusion rules of the du-
ality defects follow from the fact that gauging a Zs sym-
metry is an operation to condense 1 @ P where P is the
generator of Zs. Similarly, the fusion rules (V.123) fol-
low from the fact that Sy, and S implement the GSO
projection and its inverse, which are the operations to
condense 1y¢ @ (—1)}m s and lee & mee Pee respectively.

Let £ and &£ be the topological local operators lying
at the ends of e and f along B, and B ;M Arf respectively,
and let v.,v; denote the identity operators along B, and
B y X Arf respectively. The linking action of Scy and Sy
on these operators are

ve — V2,
Sef .
b =0, (V.124)
g, . U VaaTlu,, .
fer 5)0 — 0,

for some A € Rt which captures the relative Euler term
between B, and By X Arf. The action on & and &; is
zero because the lines e and f cannot end along B y M Arf
and ‘B, respectively.

Performing a computation similar to the one performed
in section IV.D.3 of [5], we find that the Rep(S3)f sym-
metry of B’ is realized as

(*I)F =lee ® (*1)?,‘7

(V.125)
E = Sef @ Sfe @ ﬂ-eePBE'

Given the quantum dimension of E, we know that the
linking action of E on 1 = v, + v¢ has to be

E: ve+ vy — 2(ve +vy), (V.126)
which means that we have
A =V2. (V.127)

Completing the club sandwich by a bosonic gapless
boundary, we obtain a gapless phase in which the charge
(a,1) has been condensed, which forces the charges

Qc ={(1,E), (a,w), (a,w?)} (V.128)



to confine, since they are mutually non-local with (a, 1).
The deconfined charges are captured by anyons of Z,
DW theory according to the map (V.120). Since the
condensed charge (a, 1) has an operator in the untwisted
sector, we obtain a gSSB phase for Rep(S3)? symmetry
with two universes. From the above club quiche analysis
we learn that we can express the IR theory for a system
lying in such a gapless phase as

TR = (TR K Triv) @ (T X Arf) (V.129)
where TIR is a theory with bosonic non-anomalous Z
symmetry (whose generator is labeled by P..) and T is

its fermionization with respect to this Zy symmetry?’

TR =3} /T 7,. (V.130)
We recall that Tf K Arf and T are related via the
GSO projection and its inverse, cf. Figure 1. The gener-
ator of fermionic Zg symmetry of Q}R X Arf is labeled by
(—1)? - The interfaces between the two theories imple-
menting the GSO projection and its inverse are Sy. and
Se s respectively. Then the Rep(S3)/ is realized in the IR
of this gapless phase as in equation (V.125).

Picking TIF to be Ising CFT implies that T;R = Maj

and we obtain a concrete example for ™}, which is

TR — |sing ® Maj (V.131)
where we have used the fact that Maj CFT is invariant
under stacking by Arf TFT.

From the point of view of bosonic Rep(S3) symmetry,
A, describes an IR system T @ (T/Zs) where ¥ is a copy
of a Zg symmetric CFT, ¥/Z5 is the CFT obtained by
gauging this Z, symmetry, and the Z, subsymmetry of
Rep(Ss3) is realized as the Zy symmetry of the T factor
in @ (T/Zsz). Fermionizing with respect to this Zs sub-
symmetry we obtain (T//Zy) @ (¥/Zy) which matches
(V.129) with the identification T = T/Z,. Picking
% = Ising leads to the example (V.131).

4. SPT phase whose underlying TFT is Triv

Now let us consider gapped phases choosing first the
physical Lagrangian algebra to be

Aphys = Ap,E, (V.132)

which corresponds to condensing mutually local charges
(1,P) and (1,E). The condensation of these charges
forces the rest of the charges

Qe = {(a,w"), (b, %)} (V.133)

27 This follows from the definition of B, and By.
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to confine as they are mutually non-local with (1, P) or
(1, E). Both the condensed charges contain only twisted
sector operators, hence the resulting gapped phase has a
unique ground state in the NS sector, i.e., it is an SPT
phase for Rep(S3)/ symmetry. The phase contains only
a bosonic topological local operator in R sector coming
from the condensation of (1, P), which means that the
underlying non-symmetric fermionic theory is the trivial
theory. The Rep(S3)? symmetry is realized on it via

(-1" =1,

(V.134)
E=1&1.

The first line follows from the fact that the underlying
fermionic TFT is trivial. The second line follows from
the fusion rule E2 = 1@ (1) @ E, cf. eq. (11.42).

This is fermionization of trivial phase of bosonic
Rep(S3) symmetry.

From the point of view of the club quiche associated to
Ap, this gapped phase is produced by choosing the phys-
ical boundary to be B,,, corresponding to Lagrangian al-
gebra A,, = 1®m@®m? of the Zz DW theory, since end-
ing m and m? corresponds to ending (1, E) according to
equation (V.106). Recall that the topological boundary
on the other side of the bulk Zz DW theory is B’ = B,
as shown in eq. (V.107). It is known that the compacti-
fication of Z3 DW theory with B, and 9,,, as two ends is
indeed the trivial 2d TQFT on which the generator P’ of
the Zz symmetry is realized by P’ = 1. Combining this
with (V.108) and (V.111) we indeed obtain (V.134).%®

We can also restate these results directly from the point
of view of deformations of the gapless phase correspond-
ing to Ap in which (1, P) is already condensed and (b, %)
are already confined. The gapped phase corresponding to
Ap g is obtained by additionally condensing the charge
(1, E), leading to the confinement of remaining charges
(a,wP). According to the map (V.106), we learn that the
(1, E) condensation corresponds to condensation of the
charges m and m? for the IR Z3 symmetry of the gapless
phase. The Z3 symmetry after this condensation is real-
ized as P’ = 1 because the generator P’ originates from
m in the bulk, which is now condensed. Hence we obtain
a gapped SPT phase for this Zs symmetry on which the
Zs3 symmetry is realized as P’ = 1. This again leads to
(V.134).

Concretely this Rep(S3)f symmetric deformation is re-
alized by the deformation of 3-Potts (which realizes the
gapless phase Ap) to the trivial gapped phase for Zs
symmetry.

On the other hand, from the point of view of the club
quiche associated to Ag, this gapped phase is produced
by choosing the physical boundary to be 8, correspond-
ing to Lagrangian algebra A,, = 1@&m of the Zo DW the-
ory, since ending m corresponds to ending (1, E) accord-
ing to equation (V.114). Recall that the other boundary

28 Tn eq. (V.111), the generator P’ of Z3 is written as P.



of Zy DW theory is B’ = B as discussed in Section
VD2. It is known that the compactification of Zo DW
theory with B¢ and B, as two ends is indeed the triv-
ial 2d TQFT on which the Zg symmetry is realized by
(—=1) = 1. Combining this with (V.117) we indeed ob-
tain (V.134).

We can also restate these results directly from the point
of view of deformations of the gapless phase correspond-
ing to Ag in which (1, F) is already condensed and (a, w?)
are already confined. The gapped phase corresponding to
Ap g is obtained by additionally condensing the charge
(1, P), leading to the confinement of remaining charges
(b,4). According to the map (V.114), we learn that the
(1, P) condensation corresponds to condensing the charge
m for the IR Zg symmetry of the gapless phase, and hence
we obtain a gapped SPT phase for this Zg symmetry on
which the Zg symmetry is realized as (—1)F = 1. This
again leads to (V.134).

Concretely this Rep(S3)f symmetric deformation is re-
alized by the deformation of Maj (which realizes the gap-
less phase Ag) to the trivial phase for Zg symmetry.

5. SPT phase whose underlying TFT is Arf

Now choose the physical Lagrangian algebra to be

Aphys - AE,b, (V135)

which corresponds to condensing mutually local charges
(b,+) and (1, F). This condensation forces the rest of
the charges

Qc = {(LP)’ (a7wp)}

to confine as they are mutually non-local with (b, +) or
(1, E). Both the condensed charges contain only twisted
sector operators, hence the resulting gapped phase is an
SPT phase for Rep(S3)/ symmetry. The phase contains
only a fermionic topological local operator in R sector
coming from the condensation of (b,+), which means
that the underlying non-symmetric fermionic theory is
the Arf theory. The Rep(S3)f symmetry is realized on it
via

(V.136)

(_1)F =T,

(V.137)
E=1®m.

The first line follows from the fact that the underlying
TFT of this SPT phase is the Arf TFT. The second line
follows from the fusion rule E? = 1@ (-1)F' @ E.

This is fermionization of Zs; SSB phase of bosonic
Rep(S3) symmetry in which P € Rep(Ss3) acts by ex-
changing the two vacua involved and E € Rep(Ss3) is
realized as F = 1 ® P. Fermionizing with respect to P,
we obtain Arf TFT on which (-1)f =7 and E=1® T,
reproducing what we discussed above.

From the point of view of the club quiche associated
to Ag, this gapped phase is produced by choosing the
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physical boundary to be B, corresponding to Lagrangian
algebra A, = 1 @ e of the Zy DW theory, since end-
ing e corresponds to ending (b, +) according to equation
(V.114). Recall that the other boundary of Z; DW the-
ory is B’ = B¢, and it is known that the compactification
of Zo DW theory with B¢ and B, as two ends is indeed
the 2d Arf TFT on which the Zg symmetry is realized
by (—1)¥ = 7. Combining this with (V.117) we indeed
obtain (V.137).

We can also restate these results directly from the point
of view of deformations of the gapless phase correspond-
ing to Ag in which (1, F) is already condensed and (a, w?)
are already confined. The gapped phase corresponding
to Ag is obtained by additionally condensing the charge
(b, +), leading to the confinement of remaining charges
(b,—) and (1, P). According to the map (V.114), we learn
that the (b,+) condensation corresponds to condensing
the charge e for the IR Zg symmetry of the gapless phase.
Since e is now condensed, the Zg symmetry is realized as
7(—=1)F =1, ie., (=1) = 7. Here, we recall that e is
mapped to 7(—1)¥ on the boundary B ;. Hence we ob-
tain a gapped SPT phase for this Zg symmetry on which
the Z] symmetry is realized as (—1)F = 7. This again
leads to (V.137).

Concretely this Rep(S3)f symmetric deformation is re-
alized by the deformation of Maj (which realizes the gap-
less phase Ag) to the Arf phase for Zg symmetry.

6. SSB phase whose underlying TFT is Triv® Triv® Triv

Now choose the physical Lagrangian algebra to be

Aphys = Apq, (V.138)
which corresponds to condensing mutually local charges
(1, P) and (a, 1). This condensation forces the rest of the
charges

Qc = {(1,E)7(avw)7<a7w2)7(bvi)} (V'139)

to confine as they are mutually non-local with (1, P) or
(a,1). Moreover, since the coefficient of (a,1) in Ap, is
two, this phase contains two linearly independent multi-
plets of operators with charge (a,1). Since a multiplet
with charge (a, 1) contains an untwisted sector operator,
we obtain two linearly independent non-identity local op-
erators in the IR. Hence the resulting gapped phase has
3 vacua in total. A multiplet with charge (a,1) also con-
tains a bosonic operator in R sector, and an operator with
charge (1, P) is also a bosonic R-sector operator. In to-
tal, we have three linearly independent bosonic R-sector
operators, implying that each vacuum of the theory is a
copy of trivial fermionic 2d TFT in which (—1)f is re-
alized by the identity line. Labeling the vacua as v; for
i € {0,1,2}, we can express the realization of (—1)" as

(D =1=100 ® 111 @ oo, (V.140)



where 1;; is the identity line in vacuum 1.

The calculation of the realization of the E symmetry
follows the same argument as in section 5.3.3 of [3], lead-
ing to

E=101® 12 ® 112 P 110 B 120 P 101, (V141)
where 1;; is the unit interface from vacuum 4 to vacuum
7. Moreover, this argument also implies that there are no
non-trivial relative Euler terms between the three vacua.

This is the fermionization of Rep(S3)/Zy SSB phase of
bosonic Rep(S3) symmetry in which P € Rep(Ss3) acts
trivially. Hence fermionization does not change the the-
ory.

From the point of view of the club quiche associated
to Ap, this gapped phase is produced by choosing the
physical boundary to be B, corresponding to Lagrangian
algebra A, = 1@ e®e? of the Zs DW theory, since ending
e and e? corresponds to ending (a, 1) according to equa-
tion (V.106). Recall that the other boundary of Zs DW
theory is B’ = B.. It is known that the compactification
of Z3 DW theory with B, on both ends is a 2d TQFT
with three vacua along with trivial relative Euler terms
between them. This is the completely broken phase for
the IR Z3 symmetry, whose generator P’ is realized by

P =1¢1 ® 112 ® 19. (V.142)
Combining this with (V.108) and (V.111) we indeed ob-
tain (V.140) and (V.141).

We can also restate these results directly from the point
of view of deformations of the gapless phase correspond-
ing to Ap in which (1, P) is already condensed and (b, %)
are already confined. The gapped phase corresponding to
Apq is obtained by additionally condensing the charge
(a,1), leading to the confinement of remaining charges
(1, E), (a,w), (a,w?). According to the map (V.106), we
learn that the (a, 1) condensation corresponds to conden-
sation of the charges e and e? for the IR Z3 symmetry of
the gapless phase, and hence we obtain a gapped Z3 SSB
phase for this Z3 symmetry, leading again to (V.140) and
(V.141).

Concretely this Rep(S3)f symmetric deformation is re-
alized by the deformation of 3-Potts (which realizes the
gapless phase Ap) to the Z3 SSB phase.

From the point of view of the club quiche associated
to A,, this gapped phase is produced by choosing the
physical boundary to be 8. corresponding to Lagrangian
algebra A, = 1 @ e of the Zy DW theory, since end-
ing e corresponds to ending (1, P) according to equation
(V.120). Recall that the other boundary of Z; DW the-
ory is B’ = B, & (B K Arf) with a non-trivial relative
Euler term, and thus the compactification of Zy DW the-
ory with B’ on one end and B, on the other end decom-
poses into a compactification with B, on both ends and
a compactification with (B X Arf, B.) on the two ends.
The first compactification results in two vacua vy, v; on
which the Zy symmetry of B, C B’ is spontaneously bro-
ken and hence the lines living along B, C B’ are realized
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as

lee = 1o @ 111,

V.143

Pee =101 ® 110. ( )
The second compactification results in a single vacuum
vg on which the symmetry (—1)?f of By K Arf C B’ is
realized as

(—1)ff = 1aa. (V.144)
The boundary changing lines Scs, Sy. in B’ are realized
as

Sef = mo2 @ 112,
V.145
Spe =m0 @ lo1. ( )

Combining these with (V.125) we recover (V.140) and
(V.141).%° In order to see that there are no relative Eu-
ler terms between the three vacua, note that the linking
action of P.. on vy + v; being 1 implies that there is
no relative Euler term between vy and vy. On the other
hand, the linking action of S.; on vy + v; from (V.124)
has to be (using A = v/2 as in eq. (V.127))

Sef: vo+v1 — 202 (V.146)
which implies that 1p; and 1g2 both have quantum di-
mensions 1. Thus there are no relative Euler terms be-
tween the three vacua.

We can also restate these results directly from the
point of view of deformations of the gapless phase corre-
sponding to A, in which (a, 1) is already condensed and
(1, E), (a,w), (a,w?) are already confined. The gapped
phase corresponding to Ap, is obtained by addition-
ally condensing the charge (1, P), leading to the con-
finement of remaining charges (b, +). According to the
map (V.120), we learn that the (1, P) condensation cor-
responds to condensation of the charge e from the per-
spective of the IR of the gapless phase. This deforms TI&
in (V.129) to a Zy SSB phase with two vacua and SECR

in (V.129) to an Arf factor. Hence from T;R X Arf we
obtain another trivial vacuum. As discussed above, this
leads to (V.140) and (V.141).

Concretely this Rep(S3)f symmetric deformation is re-
alized by the deformation of Ising @& Maj (which realizes
the gapless phase A,) in which Ising is deformed to Zs

SSB phase and Maj is deformed to Triv phase for Zg
symmetry.

29 Actually, from eqgs. (V.143)—(V.145) together with (V.125), we
obtain F = o1 @10 Pm0o2PBm20P 112D 121, which agrees with eq.
(V.141) upon redefining 1o; and 1,9 by mo; and ;0 for i = 1,2.
Such a redefinition is allowed because it preserves the operator
algebra 1;;1x; = 65514, cf. discussions around eq. (V.65).



7. SSB phase whose underlying TFT is Triv® Arf

Finally, choose the physical Lagrangian algebra to be

Aphys = -Aa,ba (V147)

which corresponds to condensing mutually local charges
(b,4) and (a,1). This condensation forces the rest of the
charges

QP,a = {(17P)7 (17 E)7 (avw)v (a7w2)7 (ba 7)}

to confine as they are mutually non-local with (b, +) or
(a,1). Since the coefficient of (a,1) in A, is one, this
phase contains a single multiplet of operators with charge
(a,1), and hence this gapped phase has 2 vacua. Note
that a multiplet of operators with charge (b, +) does not
contain any untwisted operators. A multiplet with charge
(a,1) also contains a bosonic operator in the R sector,
and a multiplet with charge (b,+) contains a fermionic
R-sector operator. This implies that one of the vacua,
labeled vg, carries a copy of trivial fermionic 2d TFT
in which (—1) is realized by the identity line, and the
other vacuum, labeled vy, carries a copy of the Arf TFT
in which (—1)¥ is realized by the 7 line. We can thus
express the realization of (—1) as

(V.148)

(—1)F =100 ® m11, (V.149)

where 1;; is the identity line in vacuum 4 and 7;; is the 7w
line in vacuum 1.
The full set of topological lines in this 2d TFT Triv &
Arf is
Liiy ™y So1,  Sho, (V.150)

where S;; are lines changing vacuum 7 to another vacuum
j. The lines S;; are of g-type

i & Sij = Sij Qmjj = Sij (V.151)
and their compositions are
Sij ® Sji = 1i; @ s (V.152)
The linking actions of these lines are
So1 @ vo — V21,
o ; (V.153)

Sip: v — V22w,

where A\ € R captures the relative Euler term between
the vacua vy and vy, cf. eq. (V.10).

The calculation of the realization of the E line follows
the same argument as in section IV.D.3 of [5], leading to

E = So1 & S10 ® mo0, (V.154)

which is consistent with the fusion rule £? = 1@ (—1)"®
E. Imposing that the quantum dimension of E is 2 de-
termines the relative Euler term to be

A=V2. (V.155)
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This is the fermionization of Rep(S3) SSB phase of
bosonic Rep(S3) symmetry which carries 3 vacua, which
form a Triv @ Zo SSB phase from the point of view of Zo
subsymmetry of Rep(S3). Hence fermionization leads to
a Arf @ Triv phase.

From the point of view of the club quiche associated to
Ag, this gapped phase is produced by choosing the phys-
ical boundary to be B, corresponding to Lagrangian
algebra A,, = 1 ® m of the Zo DW theory, since end-
ing m corresponds to ending (b,+) according to equa-
tion (V.120). Recall that the other boundary of Zo DW
theory is B’ = B, @ (B X Arf) with a non-trivial rela-
tive Euler term (V.127). Thus, the compactification of Z
DW theory with 8’ on one end and B3,,, on the other end
decomposes into a compactification with (B.,%B,,) on the
two ends and a compactification with (B X Arf, B,,,) on
the two ends. The first compactification results in a triv-
ial vacuum vy on which the Zy symmetry of B, C B’ is
spontaneously unbroken and hence the lines living along
B, C B’ are realized as

lee = 1007

V.156
Pee = lgo. ( )

The second compactification results in a single Arf vac-
uum v; on which the symmetry (—1)f; of B ;X Arf C B’
is realized as

(*1)% = m1. (V.157)

The boundary changing lines Sc¢, St in B’ are realized
as Sp1 and Sig respectively

Ses = Sot,
Sre = S1o-

Combining these with (V.125) we recover (V.149) and
(V.154). The relative Euler term (V.155) in the gapped
phase simply descends from the relative Euler term
(V.127) in the gapless phase.

Concretely this Rep(S3)f symmetric deformation is re-
alized by the deformation of Ising ® Maj (which realizes
the gapless phase A,) in which Ising is deformed to Triv
phase for Zs symmetry and Maj is deformed to Arf phase
for Zg symmetry.

(V.158)

E. 7> x Zg with a Gu-Wen Anomaly

As described in Sec. IITE, the SymTFT for systems
with a fermionic symmetry Zs X Zg with a Gu-Wen
anomaly v = 2,6 mod 8 is the Z4 Dijkgraaf-Witten TFT
with the topological action w =2 € H3(Zy,U(1)) = Zy,
whose anyon content is

Z(Vecy,) = {e*m’ | a,b=10,1,2,3}. (V.159)

The SymTFT has a single fermionic topological bound-
ary EBZ}; "™ (up to Arf term) corresponding to the algebra

Az =10 mm? @ e ® me*m?. (V.160)



The fermionic symmetry on this boundary is generated
by 1 and P which are obtained via the bulk-to-boundary
functor for the fermionic Lagrangian algebra A,,2 .2 as

F(e)=P, F(m)=n. (V.161)
These lines have the fusion rules
PP=1, np*=m. (V.162)

We may choose (—1)¥ = P or (=1) = 7#P. We choose
(-1)F = P corresponding to which, the generalized
charges were described in Sec. IV B 4.

We now describe the different phases by studying the
different bosonic algebras and their corresponding con-
densed charges. There are a total of three algebras

A.=1dede @e?,
Aemz = 1D em? @ e @ e3m?, (V.163)
A2 = 1@62,

from which A, and A.,,2 are Lagrangian and therefore
correspond to gapped phases. These condensable alge-
bras can be organized into the following Hasse diagram

(V.164)

1. Zo SSB phase

Let us consider the Lagrangian algebra A, as the phys-
ical boundary. We denote the IR images of the operators
with generalized charge e’ as O.i. Since the bulk line €2
can end on both boundaries, we obtain two local topo-
logical operators in the IR, which are O; = 1 and O,.
Consequently there are two vacua with idempotents

14+ O, 1—- 0,
W= =

The IR images of the remaining order parameters, are
both in the P = (—1)F twisted (i.e., R) sector. These
carry charges ¢, = ¢ and —¢ respectively and are both
bosonic. The linear combinations

(V.165)

1
0670 = 5 (Oe + OCS) B

; (V.166)
Oe,l =3 (Oe - 063) 5
2
satisfy the property
Oe,ﬂ]j = 51‘3'0671‘ s (’)e,iOeJ = 51;]‘121‘ . (V167)
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The operators O, ; can therefore be regarded as the end
of the (—1)% line in the vacua v;. Since the endoints in
both vacua are bosonic, the fermion parity operator acts
trivially as

(-1)F =1gp @ 117 . (V.168)

From the perspective of Z%c , this is the decomposable
phase

Triv @ Triv. (V.169)
As for the 1 symmetry, it acts as
n:0, =70, , (V.170)
from which it follows that
DU > Uit mod 2,
n i+1 mod 2 (V.171)

1 Oci— (—1)"Ocit1 mod 2 -

As the two vacua are exchanged under Zg, this phase is
referred to as a Zy SSB phase. 72 acts as -1 on the R
sector and +1 on the NS sector, and therefore satisfies the
group relation n2 = w. The 1 symmetry is represented as

n= 101 ® mo - (V172)

2. 73" SSB phase

Let us consider the Lagrangian algebra A,,,2 as the
physical boundary. The analysis is almost identical to the
previous case. Again we denote the IR image of the order
parameters as Q2 which satisfy the Z, composition
rules

O(emzu)q: X O(em2)j = O(em2)i+j . (V173)
There are two local operators O; and O,z in terms of
which the vacua are defined as (V.165). Further we anal-
ogously define the linear combinations of the P-twisted

operators

1
Om2,0 = 5 (Oem2 + 0637712) 5
; (V.174)
Op2y = 3 (Oemz — Ogzp2)
that satisfy the properties
Opm2,i05 = 0502 4 (V.175)

Om2,i07n2,J = 5ijvi s

and can therefore be regarded as the end of the (—1)%" line
in the vacua v;. Unlike the previous case, both O,,,2 and
O,3m2 are fermionic therefore the fermion parity operator
acts as

(=D

= oo P 711 - (V176)



From the perspective of Zg , this is the decomposable
phase

Arf @ Arf. (V.177)
The n symmetry acts as
N Otemzys = (—1)? Oem2ys » (V.178)
from which it follows that
7: 0] < Vg, (V.179)

and on the twisted sector order parameters, it acts as

77 : Omz,i — (_1)i+10m2’i+1 mod 2 - (V180)

Again we find that 72 is +1 and -1 in the NS and R sector
respectively. In this phase, ) is represented as

n=mo1 P lio- (V.181)

3. e%-condensed gapless phase

We now describe the gapless phase defined via the non-
maximal condensable algebra A,z condensed. This alge-
bra implements a bosonic interface Z.» between Z(Vecy,)
and Z(Vecz,) which is the Toric Code. Notice that
since e? can end on both the interface and on the
fermionic boundary %?}m corresponding to the fermionic
Lagrangian algebra A,,2 .2. Therefore the boundary ob-
tained by compactifying the region occupied by Z(Vecz,)
(denoted as B’) contains two local topological operators.
In other words, this boundary decomposes into a direct
sum of irreducible topological boundary conditions

B =B, @B, (V.182)

Let us denote the anyon content of the Toric code as
{1,¢/,m', f'}. Then the interface provides a map of
topological lines from Z(Vecz, ) to Z(Vecy, ) under which

1 1¢e?,

e eded,
(V.183)

m' — em? @ e3m?,

= m2e? @ m?.

We denote the bulk lines of the Toric code with primes.
In what follows, we also denote the operators on the
boundary B’ with primed labels. From the above map
and the form of A,,2 .2, it follows that 7 f’ has two ends
on B’ corresponding to the ends of m? and e?>m? on the
%?’fm. We denote these ends as £/, and &, . respec-
tively. Additionally, there is a topological local operator
O!, obtained from compactifying the e? extending be-
tween Z.2 and B. The algebra of these operators is
géme X géqm2 = /ep+<1 5
Oép X 5éqm2 = géerqu )

/ / /
ng X qu == Oep+q )

(V.184)
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where O,0 = 1. The identity operators on the two de-
composed boundaries B(, and B are

1+O/62 ,_]-_ (/32

L, v= (V.185)

vy =

We also define the fermionic ends on the two decomposed
boundaries B{, and B} as

’ / / ’
m2 + gezmz - &

g — g — Zm? e2m? V.186
0 2 ) 1 2 ( )
The local and fermionic ends satisfy

vév} = 5@"02 s 51/’[); = (5”5{, gz/ggl = 5”‘7); s (V187)

implying that both B{ and B] are indecomposable
fermionic topological boundaries of the Toric code. The
symmetry category on the fermionic boundary of the
Toric code is Zg such that the bulk to boundary pro-
jection is m — P, e — wP and f — w. For the present
case, we should choose P = 7m(—1)F. Since the bound-
ary B’ decomposes as (V.182), correspondingly, the bulk
projection of all the lines also split as

1 — vy &),
m' — my®&m,
e —se,del,
ff—E&aé.

(V.188)

Let the end point of a line e*m® € Z(Vec(Z%)) on B’ be
denoted as (9; amy- 1D terms of the lines in these lines, we
define the operators

1
¢y = 5 (0 + Oca)
O, =5 (0= 0L)
. (V.189)
O;no = 5 (O;mQ + 0:33m2) )
iy

O;nl = 5( em?2 O/e3m2) .

Note that boundary operators are none other than O, ;
(cf. V.166) and Oz, (c.f V.174) that became the
R-sector order parameters in the two indecomposable
gapped phases realized for this symmetry. These opera-
tor satisfy the fusion rules

O;% X O;nj = Oé; X Oéj = (Si)j’l};-,
Op, % Og, =0, ;€]

O:m X gj/ = 51‘,]‘0; s

Oéi X 5]/ = 51,](9;% .

(V.190)

In other words {v;, O, ,0,, ,&} for i = 0,1 satisfy fu-
sion rules representative of the Toric code. The opera-
tors, O, are twisted (i.e., R) sector bosons while O},
are twisted sector fermions. Meanwhile &/ are untwisted

(NS) sector fermions.



Now we may define the symmetry action on 9’
Firstly, (—1)f is implemented via the projection of the
Toric code line ¢’ and is realized on the two decoupled
copies diagonally as

(D" = (=D @ (-1)7; - (V.191)

The remaining ZJ symmetry can be read off form the
7 action on (92 amyv- We know from the analysis of the

Zy % Z£ charges that

n: (02,0, — (=0 ,,i0.), (V.192)
which is all we require to compute the 7 action on B’. 7
maps between the decoupled boundaries B, and B} such

that the different operators transform as

L /
T].U0<—>U1,

D E— &L, V103
(O O ) s (O~ ), (V19)

(0L, 0L,) s (O,

err Ocy) -
Note that n? is +1 on the operators in the NS sector and
-1 on the operators in the R sector, therefore we deduce
that n? = 7 as expected. More precisely the n symmetry
is represented as

n=mo1 ® Lo, (V.194)
with an additional minus sign ossociated with the inter-
section of the n line and « line.

™ ™
n _ (V.195)
This gapless phase can be realized by IR CFT
Maj @ Maj. (V.196)

and the two gapped phases are realized by either deform-
ing both Maj to Triv or to Arf.

The Hasse diagram (V.164) of condensable algebras is
realized as a diagram of phases for Zy X Zg symmetry

(V.197)
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which can also be realized via a fermionization of bosonic
Hasse diagram

Ising @ Ising

(V.198)

F. Zsx Zé with a beyond Gu-Wen Anomaly

Consider the doubled Ising TFT Z(Ising,) = Ising X
Ising as the SymTFT. We note that Z(Ising, ) is obtained
by gauging the full symmetry of the root fermionic SPT
phase with Zy x Zg symmetry, whose lattice realization
is given in [228]. Its anyon content is

11, 19, 17,
Y1, ¥y, 9T,

ol, o1, o0,

(V.199)

where {1,7,0} are the anyons of the Ising TFT and
{1,v,7} are the anyons of its time-reversal. There is
a unique fermionic Lagrangian algebra

A{b s=10 19 @ Y1 @ P, (V.200)

which we choose as the symmetry Lagrangian algebra

Asym = Aj;@. (V.201)
The symmetry category on the corresponding fermionic
boundary is Zo x Zg with a beyond Gu-Wen anomaly
v = 1,7 mod 8. As we discussed in Section IITE D5, the
bulk-to-boundary functor F' for this boundary is given
by

F(17) = ¢(-1)",
(V.202)
where boundary line g obeys the following fusion rules:

F(y1)=F(1¢$) ==, F(oI) =g,

gr=mq=¢q, ¢=1&m (V.203)

The non-trivial bosonic condensable algebras in the
doubled Ising TFT are
Aoz = 1 & Y1 @ 07,

- (V.204)
Ay =109

The first one A,z is Lagrangian, while the second one
Awﬂ in non-Lagrangian. The Hasse diagram correspond-



ing to these condensable algebras is

(V.205)

AUE

1. SSB phase Triv®d Arf

Consider first the gapped phase with physical La-
grangian algebra

Apnys = Aoz (V.206)

This phase has two vacua because not only 1 but also
11 can end on both boundaries. Topological point-like
operators in this gapped phase are

OlT’ o Ogaa O}/o-v (V207)

P

where Oy7 and O, are untwisted sector bosonic oper-

ators, 0% is a (—1)F-twisted sector bosonic operator,
and Ol_ is a (—1)F-twisted sector fermionic operator.
We can identify the two vacua to be
o = 1+ O¢$
2 )
L (V.208)
v — by
1= 5
2
which satisfy the condition
Vv = 5ijvi~ (V209)

The twisted sector operators O and O!_ belong to dif-
ferent vacua because they carry the dlfferent fermion par-
ity. Without loss of generality, we can take O’_ to be a
twisted sector operator in vacuum v; for ¢ = 0,1. The op-
erator implementing the fermion parity symmetry (—1)%
is identified as

(-nF

or in other words, the underlying TFT T'® of this gapped
phase is given by

= 100 ® m11, (V.210)

TR = Triv @ Arf. (V.211)

The action of the line operator ¢ on the untwisted sec-
tor operators can be computed as

q: OIT — \/EolT7 Od@ — —\/5(’)1@, (V212)
which implies that g exchanges the two vacua as follows:

q: vy — V2, v = V2. (V.213)
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This action allows us to conclude that the q line is realized
as

q = 501 P Sio, (V.214)
where S;; is the interface between two vacua v; and v;
that have a relative Arf term. Comparing the action
(V.213) with eq. (V.10), we find that there is no rel-
ative Euler term between the two vacua. The gapped
phase discussed above is the fermionization of the unique
bosonic gapped phase with Ising, symmetry.

2. p-condensed phase

Now let us discuss a gapless phase with Zy x Zg Sym-
metry with a beyond Gu-Wen anomaly v = 1,7 mod 8.
We take the physical condensable algebra to be Aw@
This defines a bosonic topological interface Z > from the
doubled Ising TFT to the toric code. Thus, the club
quiche compactification produces a topological boundary
condition B’ of the toric code. As 1) also appears in the
symmetry Lagrangian algebra Agym = Al D the bound-

ary B’ has two topological local operators on it, which
implies that 9B’ is comprised of two irreducible topologi-
cal boundary conditions

B’ = B[ D B. (V.216)
As we pass the interface Z 7, the anyons {1,e,m, f} of

the toric code are converted into the anyons of the dou-
bled Ising TFT, according to the map

1= 1@y,

e— oo,
(V.217)

mw> o0,

f= 1y @Yl

From this and the Lagrangian algebra Agyy, = Al v e

learn that there are two fermionic topological ends of f
along %', one coming from the end of 13 and the other
coming from the end of ¢)1. We label these ends respec-
tively as 6'@ and &,7. Furthermore, there are topolog-

ical local operators O;7 = 1 and Ow@ along B’ coming
from compactifying respectively 11 and ¢ in between
the symmetry boundary of Z(lsing, ) and the interface
Lyp- The products of these operators obey the fusion of
their subscripts:

=0

EpigtrEyagrtt pitip
51/)1-@714—1 OWW = 5W+ja7ﬂ+1+1, (V.218)
OWWOWW = OW“W”'



The identity operators along the two boundaries B and
B} are

o= 1+ Owa
2 )
1-0,5 (V.219)
U1 = )
2
satisfying
’Ui’l)j = 51']"02'. (V?QO)
We also have fermionic topological ends
Eo=E7+ &
oo (V.221)
Sr=E85— &yt

of f along B( and B respectively, which satisfy

gi’l)j = 6ij€i~ (V222)
This means that both B{ and B} are irreducible
fermionic topological boundaries of the toric code asso-
ciated to the fermionic Lagrangian algebra 1 & 7 f.

In addition to the above local operators, the bound-
ary B’ hosts two topological point-like operators that
convert the e line of the toric code into the fermion par-
ity line (—1)¥ on the boundary. These operators come
from the compactification of o0& between the symme-
try boundary of Z(Ising, ) and the interface Z,5- The
bulk-to-boundary map F(07) = (—=1) @ n(—1)¥ im-
plies that one of these operators is bosonic and the other
is fermionic. Similarly, the boundary 98B’ also hosts two
topological point-like operators that convert the m line of
the toric code into the fermion parity line (—1)¥ on the
boundary. For the same reason as above, one of these op-
erators is bosonic and the other is fermionic. This means
that the two fermionic boundaries B{, and B} have a
relative Arf term. Thus, we find

B' =B (B K Arf). (V.223)

Topological lines on the boundary 9’ are listed as

{100, 111, mo0, m11, (=)o, (—1) 11, So1, S0}, (V.224)

where Sp; and S7g are interfaces between two boundaries
B(, and B}. These interfaces obey the fusion rules
So1S10 = Loo @ moo,

V.225
S10501 = 111 ® 711 ( )

The action of the ¢ line on the point-like operators v;
and &; can be computed as

v — \/E’UO7
£ — V2E,.

Vo — \/51}1,

q: V.226
80 — \/5517 ( )
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This implies that the line operator q is realized on the
boundary B’ as

q = 501 S SIO- (V227)

In particular, eq. (V.226) shows that there is no relative

Euler term between the two boundaries B = B, and

' =B X Arf. On the other hand, the fermion parity
line (—1)F on B’ is realized as

(D" = (=D)go ® (~11i- (V.228)

Completing the club sandwich by a bosonic gapless

physical boundary of the toric code, we obtain a gapless

SSB phase for Zg x Zg symmetry with a beyond Gu-Wen

anomaly v = 1,7 mod 8. The IR theory T'® of this gSSB

phase can be expressed as

TR =T, 0 (T K Arf), (V.229)

where T is a fermionic gapless phase with Zg symme-

try. The anomalous Zy x Zg symmetry acts on T'F via
egs. (V.227) and (V.228). To summarize, the Hasse dia-
gram in (V.205) is realized concretely on phases with the
beyond Gu-Wen anomaly as

1

Maj ® Maj

(V.230)

Triv @ Arf

where we have simply chosen T, in (V.229) to be Maj.
Finally, we can compare this with the analogous Hasse
diagram for bosonic Ising symmetry, which corresponds
to choosing the symmetry boundary to correspond to
Asz. The gapped phase obtained by choosing the phys-
ical boundary to be the unique Lagrangian algebra has
three vacua and from the Zs C Siging is Triv @ SSB. The
bosonic Hasse diagram has the form

i

Ising @ Ising

(V.231)

] Zo-Triv @ Z,-SSB \
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