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Digital quantum simulation has emerged as a powerful approach to investigate complex quantum
systems using digital quantum computers. Many-particle bosonic systems and intricate optical ex-
perimental setups pose significant challenges for classical simulation methods. Utilizing a recently
developed formalism that maps bosonic operators to Pauli operators via the Gray code, we digi-
tally simulate interferometric variants of Afshar’s experiment on IBM’s quantum computers. We
investigate the analogous experiments of Unruh and Pessoa Junior, exploring discussions on the
apparent violation of Bohr’s complementarity principle when considering the entire experimental
setup. Furthermore, we analyze these experiments within the framework of an updated quantum
complementarity principle, which applies to specific quantum state preparations and remains consis-
tent with the foundational principles of quantum mechanics. Our quantum computer demonstration
results are in good agreement with the theoretical predictions and underscore the potential of quan-
tum computers as effective simulators for bosonic systems.
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principle, Quantum complementarity relations

I. INTRODUCTION

Feynman [1] proposed that quantum systems could be used to simulate other quantum systems. This proposal
is capable of addressing the limitations inherent in classical computational methods for quantum system simulation,
especially concerning the exponential increase in parameters necessary for describing such systems. Today, it is
understood that quantum systems can be simulated using quantum devices designed for specific problem-driven
evolutions [2]. Lloyd [3] expanded on this idea by establishing the theoretical foundation of quantum computers as
universal machines capable of addressing a broad range of problems. These devices leverage quantum phenomena
such as superposition and entanglement to solve both classical and quantum problems more efficiently than classical
computers [4, 5]. However, realizing this potential requires effective methods for mapping problems onto quantum
computers, a task that is generally difficult.

A significant challenge in the mapping process lies in the simulation of bosonic systems [6-8]. These systems are
characterized by an infinite-dimensional Hilbert space, necessitating a two-step simulation approach [6]: i) encoding
bosonic states into qubit states, and i) establishing an isomorphic mapping of bosonic field operators to linear
operators within the qubit state space. Following this framework, Mohan et al. [9] adopted a methodology guided
by Refs. [10, 11], utilizing the Gray code to map bosonic operators to Pauli operators. This approach enabled the
construction of a quantum circuit capable of simulating a beam splitter. To demonstrate the effectiveness of this
formalism, Mohan et al. implemented the Hong-Ou-Mandel interference experiment.

The investigation of bosonic systems holds significant importance across numerous research domains, including
biology [12-15], chemistry on bosonic devices (a promising model of quantum computation) [16-19], condensed matter
physics [20-24] and quantum optics [25-28]. Our study aims in particular to simulate bosonic systems as a means
to explore the fundamentals of quantum mechanics, building upon the framework outlined in Ref. [9]. Thus, we
have access to digital quantum simulations capable of replicating the experimental setup analogous to the modified
double-slit experiment conducted by Afshar et al. [29]. Afshar’s experiment suggests that it is possible to observe both
aspects of wave-particle duality at the same experimental setup, thereby asserting a breach of Bohr’s complementarity
principle. Building upon this idea, a modified version of Unruh’s experiment [30] is considered, followed by an
extended experimental configuration, Pessoa Junior’s experiment [31]. The goal is to explore the formalism presented
by Mohan et al. and its applicability to advanced experimental configurations, such as those proposed in Pessoa
Junior’s experiment. It is worthwhile mentioning that while the modified Unruh’s experiment can be simulated with
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a single qubit, the formalism is extended to simulate Pessoa Junior’s experiment. To the best of our knowledge,
mapping Pessoa Junior’s setup for simulation on quantum computers is a nontrivial task, making this implementation
a notable contribution of this article.

The organization of this paper is as follows. In Section IT A, the formalism introduced by Mohan et al. is revisited.
Section ITB reviews the quantum complementarity principle (QCP), Afshar’s experiment, and the arguments that
Afshar used to claim the violation of BCP. Sections II C and II D explore different versions of nested MZI as described
by Pessoa Junior in Ref. [31] as an analogous version of Afshar’s experiment. Sections I1C 1 and IID I detail the
quantum digital simulation of these experiments. In Section ITE, the results are analyzed employing QCP. Final
remarks are presented in Sec. III. The demonstrative results compiled in this study to develop the histograms and
the plots are available in Ref. [32].

II. DIGITAL QUANTUM SIMULATION OF INTERFEROMETRIC VERSIONS OF AFSHAR’S
EXPERIMENT AND THE QUANTUM COMPLEMENTARITY PRINCIPLE

A. Formalism for digital quantum simulation of bosonic systems

To illustrate the method constructed by Mohan et al. in Ref. [9], let us first consider a BS - where the reflected
beam picks up a phase of 7/2 - depicted in Fig. 1, with two input modes, A and B, and two output modes, C and D.
Boson annihilation operators are denoted by lowercase letters a, b, ¢, and d, corresponding to the respective uppercase
letter modes. The general unitary transformation for a lossless BS is represented by [33]

Ugs = exp{if(b'a + ba’)}, (1)

where 0 = arctan(R/T) relates to the ratio between the reflection R and transmission T' coefficients. In subsequent
analysis of specific cases where T' # R, we explicitly denote this optical element by BBS (biased beam splitter).
The relations between input and output modes annihilation and creation operators are expressed by [33]

c=Ta+ iRb, d=1iRa+Tb,
' =Tat —iRb, df = —iRa' + TO",

and conversely

a=Tc—iRd, b=—iRc+Td,
al =Teh +iRd", b =iRet +Tdl.

(T, R)
Figure 1: Beam splitter with input modes A and B and output modes C and D, characterized by transmission and reflection
coefficients T" and R, respectively. Each reflection adds a phase of 7/2 to the reflected beam.

These relations are derived in App. A.

In Quantum Mechanics (QM) second quantization, the states of quantum systems (quantons) are usually described
by state vectors in a Fock space .%, a natural framework for dealing with systems of indistinguishable particles [34].
In general, a Fock state of a system with IV particles can be represented by

|n17n27"'anma"'>€§N7 (4)

where the first mode is occupied by m; photons, the second by ng photons, and so on (with the constraint that
> =N ), and Fy is the N-particle subspace of % . The general state vector of this system is a linear superposition



of these states:

) = ZZ e Z o Cymg e e [P M2y My ),

ni ng N,

with Cp, sy - € C. The authors in Ref. [9] began by encoding each Fock state into a qubit state using the Gray
code. The number of qubits N, needed to simulate the system depends on the total number of photons, N, and the
number of modes, m, through the relation N = m(2M« — 1).

Adjacent numbers in Gray code have a Hamming distance equal to one and can be easily converted to binary code
while maintaining the same number of digits. A method of conversion between the two representations is achieved
by considering the general binary code as B1Bs -+ By,-1By,, where By and By, are the most significant and least
significant digits, respectively. The same is valid for a general Gray code represented as G1G2 - Gn,~1GnN,. The
most significant digit in the two representations is the same, i.e., G; = Bj, and the subsequent digits of the Gray
code are obtained in descending order of significance by the recurrence formula

Gy = Br ® Bi_1, (5)

where the symbol @& denotes the “exclusive or” operation. Two (j-mode) sequential Fock states in Gray code notation
can be represented as

|017"' y Mgy e 70’m7"'>F = |0®Nq>1 Q- |G1 "'kaleGk+1 GNq>j X ‘0®Nq>77747 (6)

|0g,--- g —1,.- Oy Vg > |0®Nq>1®"’®|G1"‘Gk—1G;€Gk+1"‘GNq>j®"'®‘O®Nq>m- (7)

Due to the Hamming distance between consecutive states being equal to one, they vary by just one bit (in this case,
Gi # G},). The bosonic operators act on these states as follows:

xnj|n17...7nj)...7nm’...>: /nj ‘n17...’nj_l’...’nm’...>7 (8)
xljml,... = L My ) = g gy Ry ). (9)

The map between operators is constructed by analyzing which bit is flipped in each state transition and then acting
a spin ladder operator (Q¢, ) in the qubit of the corresponding position k:

Ty, H®Nq®“'®<PG1®...®7)GI¢—1®QGk®7)Gk+1®“'®PGN,1>J,®”'®]I®NQ7 (10)
xILj — H®Nq®m®(7>gl®m®7>gk,l®ng®PGk+l®.~®PGN(1)J_®~~®]I®NQ, (11)
where
Lo+ 2)=0X0|, ifGL=0
po, = {3+ D =001, G =0 12
sI—2)=1 1|, ifGr=1
X +iy)=|0X1|, ifGr=1
QGk_{f | , (13
5(X —iY) =[1X0], if Gp =0

and {I, X,Y, Z} are the usual Pauli matrices. The identity operator I was used in place of Pg, in the qubits associated
to the modes k # j because x,; and x}:j act on mode j independently of the occupation numbers ny of the other
modes; since the bit string that encodes each number nj is in principle an unknown sequence of zero’s and one’s,
the identity I = |0)0] + |1)X1]| is used to ensure that those occupation numbers don’t change. The complete bosonic
operator expressed in terms of Pauli operators can be formulated as

N

xP:anj:xl+x2+"'+«rN7 (14)
’I’Lj:l
N

x},: xlj:xi+x;+-~-—|—x},. (15)

njzl



B. Quantum complementarity and Afshar’s experiment

Bohr’s complementarity principle (BCP) [35] has long been a cornerstone for understanding QM. Until recently, the
exact origin of BCP within QM remained unclear. However, Ref. [36] demonstrated that a quantum version of BCP
can be derived directly from the foundational postulates of QM, offering a deeper theoretical basis for this principle.

The updated QCP proposed in Ref. [37] is stated as follows: For a given quantum state preparation p; at a
specific time instant t, the wave-like and particle-like manifestations of a quanton are constrained by the quantum
complementarity relation (QCR)

W(p:) +B(pe) < a(d), (16)

which is derived directly from the axioms of QM, where 2J is a quantifier of wave-like behavior, 3 is a quantifier of
particle-like behavior, and « is a constant that depends only on the dimension d of the quanton. Deriving QCRs
of this type becomes achievable after taking into account quantum coherence [38] as a good quantifier of 2 aligned
with certain restrictions on quantum states p (density operator) provided by quantum theory. The procedure for
obtaining QCRs shows that the QCP can be uniquely derived from the QM postulates. The subscript ¢ in p; denotes
the quantum state at a precise instant of time that marks the unitary evolution of the system, implying that the
quantum state plays a crucial role in analyzing wave-particle duality, as it clearly demonstrates that QCRs must be
continuously evaluated as the state evolves over time. An example of QCR is [37]

Cu(p) + Pu(p) <d —1. (17)

Here, W(p:) = Ci, (pt) = 32,41, |pjk| is known as the Iy —norm quantum coherence, where pjj are the elements of the
density operator p; on a given basis and the predictability measure is given by B(p;) = Py, (pr) =d—1->_ itk /P PRk
Equality is achieved when the analyzed system is pure.

The principle can be extended to evaluate quantum correlations between a bipartite quantum system by introducing
the entanglement monotone &(p;). For a particular choice of 2 (p:), P(p:) in Eq. (16), which satisfy some basic
properties [39, 40], it is always possible to establish a quantum complete complementarity relation given by 25(p:) +
PB(p:) + €(pr) = ad), also known as the triality relation [41-45]. It is worth mentioning that although in this work
we explore a single bosonic system, recent developments have been reported in Ref. [46] regarding the understanding
of wave-particle duality as applied to many-body quantum systems involving both bosons and fermions.

Before the introduction of the QCP, the quantification of BCP was obtained through a complementarity relationship
that can be expressed as

W+P<p (18)

where [ is a constant, W is the function that quantify the wave-like behavior, and P is the function that quantify
the particle-like behavior. Quantifiers W and P can be flexibly chosen in different regions throughout the whole
experimental setup. For example, for the MZI depicted in Fig. 2, let us consider that it is possible to adjust the
transmission (77) and reflection (R;) coefficients of the first biased beam splitter (BBS;), where T? + R? = 1.
Consider, for instance, that BBSs is a balanced beam splitter (BS), i.e., To = Ry = 1/\/5 The objective is to infer
the behavior of a quanton inside the MZI. One way of quantifying W, introduced in this context by Greenberger and
Yasin [47], is through interferometric visibility V, defined by the probabilities of detection p; in a certain detector D;
(1 =0,1) outside of MZI (after passing BS3) as
max(p;) — min(p; )

Vi= max(p;) + min(p;) 19)

Strictly speaking, it is possible to derive two expressions for V), one for each of the detectors. The maximum and
minimum probabilities arise for a different phase variation ¢g. So, the definition of interferometric visibility as a wave-
like behavior quantifier lies in the phase sensitivity of probabilities outside the MZI, characterizing V as a wave-like
behavior quantifier by retroinference. Predictability, which quantifies particle-like behavior, is frequently expressed as
P = |T?—R?|. This quantifier can be understood as an a priori estimate, i.e., there will be more information about the
photon’s path when T} or R; is closer to 1, and less information when (7', R) have similar values, independently of the
counts obtained after the experiment is completed. Thus, the complementarity relation is presented as V2 + P? = 1,
where W = V2 P =P? and 8 = 1. It is worth to note that the construction of this kind of complementarity relation
in the quantitative version of BCP is based on the ad hoc methods, i.e., the functions of W and P can be constructed
in many ways and depend on the configuration of the experimental apparatus.

The quantum version of BCP proposed in Ref. [37] and the traditional way to examine BCP differ in many ways.
The former has a background supported by QM and gave us a formal definition for quantifying the QCR. A violation
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Figure 2: Mach-Zehnder interferometer composed of two BBSs. By utilizing a BBS; (with ;7 = 0,1), the amplitudes of
transmission (7j) and reflection (R;) — which specify the probability amplitudes of the quantons in each MZI arm - can be
controlled. Mirrors (M) convert the horizontal (vertical) spatial mode into the vertical (horizontal) mode while introducing a
global phase factor of €™/2; the phase shifter applies a phase factor of '® to the vertical spatial mode, and Dy and D; represent
the detectors.

in this type of complementarity relation will reveal a fundamental issue with QM. In contrast, the latter still has a
lack of conclusive formal definition, and there is a great flexibility in the construction of complementarity relations,
being generally interested in the experimental apparatus as a whole along the lines of Bohr’s intent. For the particular
case of MZI discussed above with BBS; = BS,, the QCP and the BCP agree in the complementarity behavior of the
quanton, but disagree in many situations as delineated in Ref. [37]. In Sec. II E, the MZI in Fig. 2 will be explicitly
analyzed in light of QCR, and the analysis will be related to two versions of Afshar’s experiment proposed with nested
MZIs.

In order to develop the ad hoc question and introduce Afshar’s experiment, another case is discussed to highlight
the lack of a clear formal definition of BCP as discussed in Ref. [48]. In Fig. 2, when the BBS, represents a beam
splitter (BS,) by setting Th = Ry = 1/4/2, the visibilities Vy and V; are the same and the BCP remains valid and
agrees with QCP. In Ref. [48] the authors examined a more general configuration of the MZI where it is possible to
vary the coefficients T5 and Ry of the second BBS, and a lack of a formal definition for BCP becomes clearly evident.
This choice is completely admissible because there is no restriction for this in the literature. This setup shows that
Vo and V; are no longer equal, leading to situations where the quantitative BCP can be violated, highlighting the
shortcomings due to the absence of a formal definition of BCP and, in addition, showing that interferometric visibility
is not, in general, a valid quantifier of W.

Afshar’s experiment [29], depicted in Fig. 3, is a version of the double-slit experiment [49] that claims a violation
of the BCP. Afshar used the ad hoc approach to the functions W and P combined with the lack of a clear definition
of the BCP to construct a new complementarity relation in an attempt to understand the duality behavior in the
double-slit experiment. The modified double-slit experiment is furnished with a wired grid depicted as black dots
positioned in the sy plane. According to Afshar, the wire grid quantifies the maximum wave-like behavior through a
non-destructive measurement, since the wires are positioned in regions of maximum destructive interference. Between
the planes sy and s3 there is a convex lens L that redirects the beams to the detectors D4 and Dp positioned in
the s3 plane. In an alternative experimental configuration, closing the slit A (B) results in only detector D4 (Dp)
recording clicks. Afshar et al. carried out the experiment while maintaining the wire grid in place and verified that the
correlation between the path and the detector is maintained, with a small number of photons triggering the opposite
detector; however, the ultimate photon counts are significantly affected. Afshar concluded that this mechanism of
relating path and detector holds even when both slits are open. For more discussions about this path retro-inference
approach, see Ref. [50]. When neither slit is blocked, wave-like characteristics are observable at so (where W reaches
its peak) by the wire grid, and because only one detector will click for each photon, particle-like characteristics at
s3 denote the highest P. This scenario, according to Afshar, would represent a violation of the BCP, as there is a
maximum W and a maximum P within the same experimental setup. It should be emphasized that there is extensive
literature discussing Afshar’s experiment [37, 50-59)].



Figure 3: By modifying Young experiment and the methods of quantifying the wave- and particle-like behaviors of the
quantons, Afshar claimed a violation of BCP. After measuring the positions of dark fringes (maximum destructive interference)
at the screen sz, Afshar replaced this screen by very thin wire grid at the positions previously determined. According to Afshar,
this procedure is proposed for quantifying the wave-like behavior in a non-destructive way by verifying that this process does
not significantly affect the photon counts at s3. The area s3 encompasses two positions, specifically detector D4 and detector
Dg, located beyond lens L, which direct the photons to these regions. In an auxiliary experiment, Afshar closes slit A (B) and
verifies that only the corresponding detector D4 (Dg) clicks; he concluded that, with both slits open, the slit-detector relation
is still valid. With this in mind, since a maximum wave-like behavior is captured by the wire grid and a maximum particle-like
behavior is obtained by the slit-detector relation, the author concludes that the BCP is violated.

C. DModified Unruh’s experiment

Unruh’s experiment [30] was originally proposed as a two-level system analogy to Afshar’s experiment to examine
whether BCP is violated. More recently, Ref. [37] examined this experiment to demonstrate the applicability of the
QCP and its effectiveness in addressing duality behavior through QCRs.

Pessoa Junior’s modified version of Unruh’s experiment [31], depicted in Fig. 4, introduces two additional phase
shifters: ¢g in MZI; and ¢y in MZI,. His motivation for incorporating these phase shifts is to better align Unruh’s
interferometric experiment with the time-step analysis of Afshar’s experiment. The original setup, depicted in Fig. 4,
corresponds to the case where ¢ = ¢y = 0.

Although the modified Unruh experiment can be simulated using a single qubit, we employ the formalism introduced
in Ref. [9] to present the setup explored in Sec. IID. A key advantage of this formalism is its ability to facilitate a
clearer analysis of the role of blockers through quantum computer simulations.

As discussed in Sec.I1 B, Afshar employed an ad hoc approach to defining wave and particle properties in a double-
slit experiment, claiming that his findings constituted a violation of the quantitative version of BCP. In the modified
Unruh setup, MZI; serves as an analog to the wire grid region in Afshar’s experiment, where mode H represents the
minima of the interference pattern, capturing wave behavior non-destructively.

In the absence of the blocker By, the state after BSy exhibits complete destructive interference in mode H and fully
constructive interference in mode G. Unruh noted that mode H corresponds to the dark fringes where the wires were
placed in Afshar’s experiment to probe wave behavior. Importantly, the presence or absence of blocker By in mode
H does not alter this wave behavior.

When B; is absent, selectively inserting By into mode C or D allows one to associate a detection event at D; with
a quanton traveling via the upper path (modes C and E) and a detection at Dy with the lower path (modes D and
F). Following Afshar’s interpretation, a click at either detector in the absence of By is taken as an indication of the
quanton’s path, suggesting maximal corpuscular behavior.

A key objection to this reasoning arises when B; is placed in mode H. In this case, the previous path-detector
association (established by blocking C or D with By) is no longer valid, as the interference structure is altered. Afshar
et al. conducted their experiment with the wire grid in place and observed that the opposed detector still registered
approximately 0.5% of photons, preserving the path-detector relationship. This stands in stark contrast to Unruh’s
version, where the presence of By completely disrupts the path-detector correlation.

Let us begin the formal analysis considering the phases ¢ and ¢y. We consider the initial state |¢g) = |1a,0B) =
|10) ,z- After BSq, the state evolves to 1) = %( |10)op + 7 [01)cp ). The mirrors (M) change the mode from

in/2 _

horizontal (vertical) to vertical (horizontal) and add a phase of e i. The phase shifter adds a phase of e'¢®

when mode E is populated. The state after these two optical elements and BSy produces |¢)2) = — (&QH) [10) oy +
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Figure 4: Modified Unruh’s experiment proposed by Pessoa Junior in Ref. [31]. The setup is composed of an extra MZI, namely
MZI5, inserted subsequently to the MZI; output modes. The main difference in this proposed version is choosing appropriate
values for the phase shifts ¢r and ¢u to align Unruh’s experiment with the original aim of Afshar’s experiment. The boxes By
and B represent the blockers that can be inserted into the quanton paths.

) (%) |01) gy - Finally, after phase e'H mirrors and BSs, the state evolves to

[3) = — (eimeifn — eifn — ei%5 1) |10) . — —2\2/5 (e"Pmeifn 4 1% — 1% 4 1) |01) ;- (20)
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Pessoa Junior explored the introduction of two phase shifts, ¢g and ¢y, selecting a specific case to demonstrate
how it aligns more closely with Afshar’s experiment. Since the Greenberger-Yasin formulation of the BCP does not
impose explicit restrictions on the use of interferometric visibility, he follows the usual literature and assumes that
Eq. (19) remains valid for MZI; even after BSs.

According to Pessoa Junior, in Afshar’s experiment, one can examine different regions to interpret the quanton’s
behavior at each time step. Immediately after BS; (in MZI;), the behavior is corpuscular. This notion, borrowed
from the literature — particularly from experiments such as Wheeler’s delayed choice [60] — suggests that a click in a
detector following a photon’s passage through the upper slit (upper arm of the MZI) or lower slit (lower arm of the
MZI) implies that the photon originated from that specific path.

Inside MZI,, the quanton’s behavior is wave-like, as indicated by Eq. (19). This aligns with the role of the wire
grid region in Afshar’s experiment, where the wave nature of light is inferred. The phase settings that capture this
sequence of behaviors in Pessoa Junior’s modified version of Unruh’s experiment are ¢ = 7/2 and ¢y = 0.

By keeping ¢ = 0 and varying ¢, no wave behavior emerges through interferometric visibility, and only corpuscular
behavior remains in MZI;. The probabilities in Eq. (20) remain unchanged for different values of ¢ when ¢y = 0,
characterizing a purely corpuscular behavior in MZI;. Conversely, fixing ¢g = 7/2 while varying ¢y maximizes the
wave behavior in MZIs, as inferred from the interferometric visibility. In this case, for ¢g = 7/2, the probabilities in
Eq. (20) become sensitive to variations in ¢y, capturing the wave phenomenon in MZI5.

After BS3, the behavior becomes again corpuscular, following the same reasoning as after BS;. Pessoa Junior
argued that these phase choices effectively represent each step of Afshar’s setup. However, he also noted unresolved
issues concerning the inclusion of the wire grid in the interferometric version. This motivated his proposal for the
experiment explored in Sec. I1D.

The standard MZI is well known for its instability in optical device applications. As a result, the Sagnac interferom-
eter [61, 62] is often preferred in experimental settings due to its greater stability. However, to maintain the original
structure of the experiments and ensure consistency with the original analysis of the complementarity relation, the
simulation was performed on quantum computers using the formalism outlined in Sec. IT A.



Since Afshar’s experiment revolves around claims of violations of the BCP, the original approach is presented
alongside demonstrative results from quantum computer simulations. Additionally, this analysis is revisited in Sec. 1 £
in the context of the recently developed QCP proposed in Ref. [37], offering a fresh perspective on the interpretation
of these experiments.

1. Digital simulation of the modified Unruh’s experiment

qo@ H H q(’) 90 — — ac

= Uss

w [} ST

Figure 5: Quantum circuit for a BS, for which it is possible to control the transmission, T, and the reflection, R, coefficients
(A = Jarctan (£)). Each qubit represents one of the input modes. Following the execution of the circuit, the qubits that
represent the input modes qo, g1 are converted into the output mode gg, ¢;. For example, in Fig. | the input modes A (qo) and
B (q1) are converted into the output modes C (qj) and D (g1). The entire quantum circuit is represented by a box Uss.

Following the formalism of Mohan et al. presented in Sec. [T A, the digital simulation consists of mapping bosonic
operators to Pauli operators and applying them to qubit states (representing the modes), which are mapped to Fock
states. In the context of these experiments, the maximum occupation number of each mode is considered to be
n; = 1 Vj, and the total occupation number N is also equal to 1. To obtain the action of Ugpg in states with this
restriction, we first evolve the operators in the Heisenberg picture:

11a,08) = a' |0a,08) = (Tc" +iRd") [0c,0p) = T'|1c,0p) + iR [0c, 1p), (21)
0a, 1) = b [04,08) = (iRc! + Td') |0c,0p) = iR |1c,0p) + T|0c, 1p) . (22)

The action of a balanced BS (T = R = 1/+/2) on these states is then given (in the Schrédinger picture) by

1

14,05) 228 ﬁ(\10,0D>+¢|00,1D>), (23)
1

10, 18) 228 —(i]1c,0p) + |0c, 1p) ), (24)

2

which are well known superposition states for a single photon passing through a BS. The next step is mapping these
states to qubit states. A general map between Fock and qubit states can be constructed as follows

S5

|nla"'anma"'>F — |nl>®®|nm>a (25)

where the system was truncated at mode m for implementation purposes. Since the focus is on representing occupation
numbers 0 and 1, and Ugg acts on a total of m = 2 modes, the map can be written as

Ina, nB)p = |na) ®[np), (26)

with na,ng € {0,1}|na + ng = 1 and where the mode indices 1 and 2 were substituted by A and B, respectively. If
the system were composed of N > 2 particles, codification methods (e.g. decimal to Gray code, discussed in Sec. [T A)
would be necessary to represent the numbers na and ng; in our case, it is not necessary since 0 and 1 have the same
representation in decimal, binary and Gray codes. Consequently, the map between the bosonic operators and Pauli
operators in Eq. (13) is given by
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Figure 6: Quantum circuit for the modified Unruh’s experiment. The state of qubits go and ¢1 correspond to the states of
horizontal (A, C, F, G, J, K) and vertical (B, D, E, H, I, L) modes, respectively. The initial state prior to Uss, is |[¢o) = |1), |0)5,
with the X gate required to initiate mode A as occupied. The double lines denoted by co and c; represent the classical bits
storing the results registered by the blockers By and Bi, respectively, and c2 and c3 by the detectors Do and D1, respectively.
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Figure 7: The graphs above illustrate the changes in probability at detector Dy as a function of one of the phase shifts, while
the other is fixed. (a) Probabilities for a variation of ¢g, with ¢u = 0 fixed. The interferometric visibility is theoretically
zero, because the maximum and minimum probabilities are equal. This indicates a corpuscular behavior at MZI;, as the phase
variation does not produce changes in probability. (b) Probabilities for a variation of ¢u, with ¢g = 7/2 fixed. This is interpreted
as a wave-like behavior at MZI», as the phase variation now produces changes in probability, with max Pr(Dg) = 1 and
min Pr(Dg) = 0. The error bars are the standard deviation for five repetitions of the demonstration using IBMQ and employed
in the Eagle r3 processor ibm__sherbrooke quantum chip (its calibration parameters are given in Table II in Appendix ).

The map between the two-site bosonic interaction operators is thus
1
bTa+baTl—>§(X®X+Y®Y), (31)

and the unitary of the BS, presented in Eq. (1), is given by Ugg = eAX@X+HY®Y) where A\ = /2. Given that
[X ® X, Y ® Y] =0, it follows that

Ups = PMNX®X) LAY RY) (32)

Figure 5 illustrates the quantum circuit for simulating a BS for any 6. In Appendix B, a complete derivation of the
unitary form for a BS is provided, along with instructions on how to build the corresponding quantum circuit.

To simulate the modified Unruh’s experiment in Fig. 4, let us first define the modes as: the input modes are set to
qo (A) and ¢; (B) and are converted to the output modes ¢, (C) and ¢j (D). Next, it is necessary to reproduce the
initial state denoted by |¢)g) = |1a,08) = |10) .. As all qubits are initialized in the state |0) by default, one can apply
the quantum gate X, represented by the unitary X = |0)X1] 4 |1)X0], to qubit A to change into an occupied mode. To
transform the quantum circuit in Fig. 5 into a quantum circuit for a BS represented in Fig. 5, it is necessary to set
A = 7/8. Mirrors are also a particular case of the circuit in Fig. 5 by setting A = 7/4. In this case, modes C and D
become F and E, respectively. The phase shifter is represented by the unitary P(¢mode) = [0)(0] + e?®mede [1)(1], i.e.,
the term e'®mede is only applied if the mode is populated. After that, there is a repetition of the elements already
mentioned with the appropriate adjustments in the modes: BS, P(¢y), M and BS. Figure 6 shows the complete
quantum circuit for the modified Unruh’s experiment. The two parallel lines leading to the ¢’s represent the storage
of the classical bits registered by the blockers and the detectors Dy and D;.
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Figure 8: Histograms depicting the theoretical (bars with very close diagonal hatching), simulation (bars with widely spaced
diagonal hatching), and demonstrations (solid bars) probabilities results for four different configurations of modified Unruh’s
experiment circuit: (a) no blocker inserted and the classical bits are composed by csca. The photons are detected either in Dg
(result 01) or Dy (result 10); (b) blocker inserted in mode D and the classical bits are composed by cscaco. About 50% of the
photons hit the blocker By (identified by the result 001) and the other 50% pass through the upper arm (mode C) and are
detected in D; (identified by 100); (¢) inserting only the blocker By in mode H and the classical bits are composed by cscacs.
The H mode is no longer in vacuum state as in the original Unruh’s experiment. About 50% of the photons hit the blocker B;
(identified by the result 001) and the 25% is detected by each Dy (identified by 010) and D, (identified by 100); and (d) both
blockers inserted (modes D and H) and the classical bits are composed by c3zcacico. About half the photons hit the first blocker
(0001), and of those which don’t, about half (25%) hits the second blocker (0010). The photons that are not absorbed by either
blockers are detected in both Do (0100) and D; (1000) which represents 12.5% in each detector. The demonstrative results
are obtained utilizing IBMQ Eagle r3 processor ibm_kyiv quantum chip (its calibration parameters are given in Table III in
Appendix E).

In the optical experiment, blockers absorb the photons and end the experiment, but in quantum computers there
are no blockers to employ intrinsically. The solution is very simple in the mode notation and consists of a measuring
device plus a resetting device to be able to perform the blocking simulation and measurements after BS3 in a single
setup. The resetting device converts any state to |0). Thus, a measurement device is inserted to get the result for that
mode, and the resetting device turns the mode to the non-occupied state. If the mode is in the state |0), this means
that there is no photon to block (vacuum state), the experiment continues and the reset device has no practical effect.
In contrast, if the mode is in the state |1), the state should be set to |0, indicating that the photon was absorbed by
the blocker. The experiment continues with a measurement after BS3, analogous to when the photon is not blocked.

Figure 7 presents the graphs of probabilities for the conditions of phases ¢y = 7/2 and ¢y = 0 considered by
Pessoa Junior. In Fig. 7 (a), the phase ¢y = 0 is fixed while varying the ¢g. Theoretically, the visibility of
Eq. (19) in the MZI; is zero, characterized by corpuscular behavior. In Fig. 7 (b), the phase ¢ = m/2 is fixed while
varying the ¢y. Theoretically, the visibility of Eq. (19) in the MZI; is one, characterized by wave behavior. In both
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graphs, the solid green line represents the theoretical probability (Pr(Dg)theo), the circular blue marks represent
the classical simulation (Pr(Dp)sim), and the orange star marks represent the demonstrative results (Pr(Dg)dem)
obtained using IBMQ quantum computers employed by the Eagle r3 processor ibm_sherbrooke quantum chip (its
calibration parameters are given in Table II of the Appendix E). Despite the fact that the effects of noise and hardware
constraints on quantum devices are well acknowledged and impact the final results, the demonstrative results are in
reasonable agreement with theoretical predictions and classical simulations.

Before the analysis of the results in the histograms in Fig. 8, consider the following description: i) 8192 measurements
are conducted for each demonstrative result, each producing a sequence of classical bits. iz) Fig. 6 indicates which
measurement result is associated to which c;, with j = 0,1,2,3; ¢y is associated with the inclusions of blocker By,
¢y with blocker By, ¢ with detector Dy and ¢z with detector Dy. #i¢) The binary numbers shown in the histogram
are derived from measurements corresponding to a descending index of ¢; within the quantum circuit illustrated in
Fig. 6. iv) Every measurement procedure within the circuit yields an output: a result of 0 signifies a vacuum state
(non-occupied mode), while a result of 1 indicates an occupied mode. In an ideal scenario, the measurement process
will generate a series of bits proportional to the number of measurements performed, with only one bit being non-zero.

The histogram in Fig. 8 (a) shows the case without blockers, where the sequence 01 (10) = c3cp means that about
50% of the photons are detected in Dy (D1). In Fig. 8 (b) the blocker By is inserted in qubit ¢; (mode D); about
50% of the photons hit this blocker, producing the binary sequence 001 = c3cacg. The sequence 100 = c3cacy means
that about 50% of the detections occur in the detector D;. According to Afshar, a detection in D; can be correlated
to the upper path (mode C). Although the simulation with the blocker By in mode C is not presented, the sequence
010 would correspond to a detection in Dy, which correlates to the lower path (mode D). Fig. 8 (c) shows the case
where both paths are free and blocker Bj is inserted in mode H. The binary number 001 = c3coc; means that about
50% of photons hit this blocker; the binary number 010 = c¢zcacy (100 = czeocy) means that the photons that passed
through were detected by the detector Do (D1). This case differs from the original approach by Unruh, in the sense
that mode H is not exclusively in the vacuum state anymore. Fig. 8 (d) shows the case with both blockers in place.
About 50% of the photons hit blocker By (0001 = c3cacicg), and about 25% hit the blocker By (0010 = czcacicy).
The cases 0100 = czcacyco and 1000 = c3caccg represent the detection cases in Dy and Dy, respectively. According to
Pessoa Junior, when modes C and D are free, the inclusion of Bj is no longer possible since after the inclusion of By
the correlation between one path and one detector is no longer possible. In the following subsection, the experimental
arrangement proposed by Pessoa Junior is examined to demonstrate that the path-detector relation with the blocker
By in place still remains, similar to the presence of the wire grid in Afshar’s experiment.

D. Pessoa Junior’s experiment - an enhancement of the modified Unruh’s experiment

As shown in Sec. IIC, Pessoa Junior explores a modified version of Unruh’s experiment to better capture the
behavior of the quanton in each step of Afshar’s experiment in Ref. [31] by adjusting phases in MZI; and MZI,.
However, when modes C and D are free, mode H, which was in the vacuum state in the version presented by Unruh, is
no longer so. Moreover, the loss of photons by the insertion of the wire grid while each of the slits is blocked individually
is not completely integrated into the modified Unruh’s experiment. In view of this, Pessoa Junior proposed another
experimental apparatus as depicted in Fig. 9. The experimental setup consists of changing the mirrors in MZI;
presented in Fig. 4 for BBSs (upper mirror for BBS, and lower mirror for BBS5).

The discussion presented by Pessoa Junior is deviated from at this point, and the experimental arrangement is
adjusted to replicate certain aspects of Afshar’s experiment. The same sequence as presented in Fig. 8 is followed and
¢n = 7/2 is included. The transmissibility for BBS’s was set as Tf = T2 = T2 = 0.96 to simulate the loss of photons
when the slits are open and the wire grid is installed. The higher transmissibility can be understood as the region
between the wire grid that allows the free flow of photons without blocking. The choice of T' was made to obtain the
2% probability of quantons hitting the blocker B; which, in analogy to Afshar’s experiment, is close to the amount of
photons lost in this situation. With one arm blocked by By and with B; in place, a fraction of probability reaches the
detector D1, around 0.5%, which simulates the photons arriving in the opposing detector expected and occasioned by
the inclusion of the wire grid.

By incorporating BS; and BSs into the descriptions of the bosonic operators, two additional modes, E and F,
appear in the vacuum state. The modes G and M (J and P), as well as the mode Q (R), lead to detector Dy (D).
Unlike the modified Unruh’s experiment, detector Dy (D7) is related to the path C (D) and the adjustment is made
in MZI, where the phase in mode N is set to ¢ = 7 to redirect the photons of modes C and D to the corresponding
detector.

In the formal analysis, as before, the initial state is given by [1o) = [1000) sz in which mode A is occupied by one
photon. After BS, the state is given by [1)\jqrp = ﬁ (|Do) +|D1)) where | Do) = T'[1000)y;qrp — 12 [0100)1qrp and

|D1) = iT'[0001);qrp + £2]0010)\qrp With Ty = T5 = T. The complete state evolution can be find in Appendix C.
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Figure 9: Pessoa Junior’s experiment is designed through examining the extra phase shifters incorporated into Unruh’s model.
In MZI; shown in Fig. 4, the mirrors were substituted by BBSs, namely BBS4 and BBSs5 in the upper and lower arms of
the interferometer, respectively. As discussed, Unruh’s configuration blocks all the photons that pass through B;, destroying
the relationship between the path in MZI; and the detectors. The BBS’s introduce two new modes, modes E and F, in the
description of the quantum states. The transmissibility in BBSs and BBSs is adjusted to solve the problem introduced in
Unruh’s experiment after the inclusion of blocker B; and to align it with Afshar’s experiment, where the relation between path
and detector is made with the wire grid in place. The phase shift in mode H is set to ¢u = 7/2, as in the previous experimental
setup; ¢n = 7 is used so that only one detector will trigger when blocking modes C or D.

In the absence of a blocker, the probability that a photon reaches detector Dy or Dy is 1/2.

Under the condition that blockers are present, the interaction-free measurement procedure introduced by Elitzur
and Vaidman in Ref. [63] is employed in the description of the quantum states. The procedure for constructing
states follows the same structure as described without blockers in Appendix C. The key is that the quantum state,
which does not interact with the blocker, continues its unitary evolution as if it were a newly prepared state in the
respective mode. With By in place in mode D (the same approach can be used for By in mode C), the state is given
by [¥)pmqr = ﬁ (|Bo) + [Do)), where |By) = [1000)p\qr represents the quantum state of the photon just before
interacting with the blocker By and |Dg) = T'|0100),);qr — £2[0010) pyqr Tepresents the quantum state of the photon
just before reaching the detector Dy. The probability of the photon being blocked or being detected by Dy is 1/2.

The path of the relation C and the detector Dg is maintained following Afshar. ‘
With By in place, the state is given by [¢);yqrp = [B1) + [Do) + [D1) where |By) = B(i—1) [10000)1 prqrep -

i R(1—d R i

Do) = £ 101000 qrp — 5z 100100}, yigrps and [D1) = =Z5[00001) yqrp — a2 (00010} ygrp- Afshar et
al. observed a photon loss of around 2% under conditions where both slits were simultaneously open and the wire
grid was positioned in place. So, setting 72 = 0.96, theoretically the probability that the quanton hits the blocker By
is around the probability of photon loss as reported by Afshar et al.. The probability of quantons being detected by
Dg or D; is 49%.

Finally, with Bo in mode D and with Bj in place, the state is given by [¥)pLvqr = |Bo> + |B1) + |Do) + |D1)
where [Bo) = —5[10000)py - [B1) = —% 010000)ppyqrs [Do) = J57100100) 5 3qr — 55 100010) b yigr, and
|Dy) = —% |00001) 51 pqr- The probability of the quanton being blocked by By is 50%, 1% being blocked by

By, 48.5% being detected by Dy (the corresponding detector of mode C) and 0.5% being detected by the opposing
detector D;. The probability of being detected by the opposing detector is proportionally greater than that reported in
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Figure 10: Quantum circuit for simulating the modified Pessoa Junior’s experiment. The state of qubits ¢1 and g3 (qo and ¢2)
correspond to the states of horizontal (vertical) modes, with the initial state before Uss, being |1)o) = [0)g |1), [0)5 |0)5. In
comparison to the previous setup, this version has two additional initial modes E and F which arise from the inclusion of Uggs,
and Ugsy. The double lines denoted by cg and c; represent the classical bits storing the results registered by the blockers. The
results of measuring qubits ¢o and g1 (g2 and ¢3) are stored in ¢z and c3 (ca and ¢s), which correspond to the detections made
by detector D1 (Do) as depicted in Fig. 9.

Afshar’s experiment, but highlights that the inclusion of the blocker B; affects the path-detector relation. Otherwise,
this experimental setup fails to simulate the great loss of photon count caused by the presence of the wire grid, which
is reported to be approximately 14% in the original experiment.

1. Digital simulation of Pessoa Junior’s experiment

The digital simulation of the experimental version proposed by Pessoa Junior follows the same idea as that con-
structed in Sec. IT C 1 and the Egs. (30)-(32) are the same. The major difference is that there is the exchange of MZI;
mirrors for BBSs. There are two new input modes (E and F, both in the vacuum state) represented by the qubits ¢o
and g3 in Fig. 10. The initial state with inputs in modes A and B in Fig. 9 is now initialized in the qubits ¢; and ¢o,
respectively. As before, the initial state is |¢hg) = |1000) , g, Which is produced applying the Pauli X gate in qubit
g1 and with the inclusion of the modes added by the BBSs, E and F. Then the initial state passes through Ugg, and
the output C (D) enters a BBS with mode E (F). The output H (qo), after applying the phase shifter ¢y = 7/2, and
I (¢3) enter another BS (BS; in Fig. 9), then mirrors, ¢ = 7 and then go = N and ¢; = O pass through Upg,. There
are mirrors that change the modes G and J to M and P, respectively. Subsequently, the detector Dy (D7) registers a
click, as demonstrated in Fig. 9, which depicts the detection process. Quantons from the M and Q modes are detected
by Dy, whereas those originating from the P and R modes are detected by Dy. The measurement results are encoded
in classical bits: cq is assigned to the blocker By, and c; is linked to the blocker B;. Detections at D; are noted as
the addition co 4+ c3, while Dy detections are recorded as ¢4 + c5.

In Fig. 11 (a) is the scenario when none of the blockers are inserted and the result is composed of the classical bits
cscqaczcy. The detection in Dy is co + ¢3 = 0001 + 0010 and in D; is ¢4 4+ ¢5 = 0100 4+ 1000, which corresponds to
around 50% in each detector. Fig. 11 (b) is the case where By is inserted and the result is constructed by cscqcseaco;
the probability of a quanton being blocked by By is about 50%. The results 01000+ 10000 correspond to the detection
in Dy. Fig. 11 (¢) is the scenario in which Bj is inserted and the classical bits are formed by cscqczeacy. The result
00001 corresponds to quantons blocked by Bj, which is the case where Afshar et al. perceive a reduction in photon
count by the insertion of the wire grid. The composed result of the clicks in 01000 + 10000 (00100 + 00010) is the
detector Dy (D7). This case is constructed to correspond to the amount of 2% quantons blocking by B;. Fig. 11 (d)
shows the case with both blockers in place, where the results correspond to cscsczcacicg. The blocker By reduces the
final count in 50% followed by a reduction of 1% in the blocker B;. The composed result of the clicks in 01000+ 10000
(48.5%) correspond to detector Dy and 00100 + 00010 (0.5%) correspond to detector D;. The classical simulation
closely adheres to the theoretical framework. However, similar to the modified Unruh’s experiment, the demonstrative
results are influenced by noise and environmental interactions within quantum computers. The demonstrative results
reveal numerous instances where the photon count per mode is not preserved. To improve visual clarity, the histogram
excludes part of the demonstrative results that fit this condition. The complete results are provided in Table [ in
Appendix D.
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Figure 11: Histograms depicting the theoretical (bars with very close diagonal hatching), simulation (bars with widely spaced
diagonal hatching), and demonstrations (solid bars) probability results for four different configurations of Pessoa Junior’s
experiment circuit: (a) no blocker inserted and classical bits composed by cscacsca. Detections in Di correspond to the sum
of results 0001 and 0010, and detections in Dy to the sum of results 0100 and 1000; (b) blocker By inserted in mode D and
classical bits composed by cscaczcaco. About 50% of photons hit the blocker (identified by the result 00001) and the other
50% pass through the upper arm (mode C) and are detected in Dy (identified by the sum of results 01000 and 10000; (c)
blocker B; inserted in mode L and classical bits composed by cscscscaci. The 2% of quantons that hit blocker B; represent the
photons that hit the wire grid in Afshar’s experiment with both slits open. Detections in Dy correspond to the sum of results
10000 and 01000, and detections in D; to the sum of results 00010 and 00100; and (d) both blockers inserted and classical
bits composed by cscacscacico. The photons that are not blocked by By (000001) nor By (000010) are detected in both D
(000100) and Dg (sum of 010000 and 100000). To improve visual clarity, the histograms don’t include part of the demonstrative
results which do not preserve the photon count per mode. The complete results are provided in Table | of Appendix D. The
demonstrative results are obtained utilizing IBMQ Eagle r3 processor ibm _kyiv quantum chip (its calibration parameters are
given in Table III in Appendix E.)

E. Discussion and analysis of the experiments in the light of the quantum complementarity principle

Interferometric experiments of this type generally aim to characterize the dual nature of the quanton after its
interaction with the first BS by employing complementarity relations constructed in an ad hoc manner for the entire
experimental setup. Significant efforts have been made to modify these setups and develop alternative approaches
for constructing complementarity relations. However, despite these variations, the fundamental objective remains the
same as in the MZI depicted in Fig. 2: determining the quanton’s behavior after the first BS.

A key distinction in the modified version of Unruh’s experiment lies in the functions used to quantify the particle-like
(P) and wave-like (W) behaviors. It is important to note that many complementarity relations — particularly those
relying on interferometric visibility to quantify W — invoke retroactive inference, as the quantification does not occur
in the region where the wave-like behavior is manifested. Afshar, however, shifts this perspective by using retroactive
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inference to quantify P, while W is inferred non-destructively via the wire grid precisely where the phenomenon
manifests.

Pessoa Junior, in his analysis, argued that Afshar’s experiment does not violate the complementarity relation.
Instead, by shifting the viewpoint from Bohr’s interpretation of the experiment as a whole to an analysis at each
stage of the process, he concluded that complementarity remains valid at every step. This perspective aligns closely
with the QCP, which is derived directly from the postulates of QM. The validity of this interpretation will be further
explored below using the QCRs in the MZI setup shown in Fig. 2.

Let us derive the QCR for the standard MZI experiment, as depicted in Fig. 2. Consider an initial state |10) 5.
After passing through the first biased beam splitter (BBS;), the state evolves into

1) =Th |10>AB + iR |01>AB : (33)
For this pure-state scenario, the QCR from Eq. (17) simplifies to

Cu, (pt) + P, (pr) = 1. (34)

From the perspective of the QCP, any state within the MZI — whether immediately after BBS;, after the mirrors,
or following the phase shifter — yields the same QCR result. For simplicity, we consider the state |11). Since its
corresponding density matrix is p; = |11 )91, the QCR provides the following wave-like (20) and particle-like (3)
quantifications:

W(p1) = Cry(p1) = 211 Ry, (35)
B(p1) = P, (p1) =121 Ry. (36)

According to the QCR, the interplay between wave-like and particle-like properties remains complementary at each
instant, as captured by the state p. Notably, in this scenario, these behaviors are governed solely by the transmission
(T') and reflection (R) coefficients of the first biased beam splitter. When T and R are balanced, the state after BBS;
exhibits maximal wave-like behavior, manifesting as a superposition. As T deviates from balance — either increasing
or decreasing — predictability (3) grows, akin to a betting game where the probability of determining the quanton’s
path increases.

The explanation of the experiment in Fig. 2 using the QCP also extends to the modified Unruh’s experiment (Fig. 4)
and Pessoa Junior’s experiment (Fig. 9). This follows from the fact that BBS; in these setups is a generalization of
BS;, which corresponds to the specific case where Ty = R; = 1/4/2. Since all these experimental configurations are
designed to analyze the quanton’s dual behavior after the first beam splitter, their description follows naturally from
the QCP framework.

Although Pessoa Junior provides an insightful perspective by analyzing each stage of Afshar’s experiment and its
interferometric variants individually — concluding that no single step violates the BCP — he still considers a retroactive
influence on the quanton’s dual behavior. Specifically, in the modified Unruh experiment, he argues that adjusting
the phase ¢ of MZI, affects the behavior within MZI;.

From the perspective of the QCP, while the quantification at each step via p; aligns with Pessoa Junior’s approach,
the notion of retrocausal influence is not supported. In the modified Unruh experiment, the quanton’s behavior
immediately after BS; is always wave-like, and modifying ¢y does not alter its behavior within MZI;. However,
after BSy, the quanton’s behavior does become dependent on the choice of ¢y, as this phase determines the state
within MZI,, allowing for a full spectrum from maximal wave-like behavior (20) to maximal particle-like behavior
(PB). Similarly, modifying ¢g does not affect behavior within MZI,.

A comparable situation occurs after BS3, where the values of 20 and 8 depend on the state prepared before entering
BSs. Ultimately, this state is determined by the choices of ¢ and ¢y, but not in a retroactive manner. A related
discussion on causality in quantum experiments was explored in Ref. [37], particularly in the context of Wheeler ’s
delayed-choice experiment (WDCE). It is worth mentioning that in Ref. [64] a classical causal model was constructed
for WDCE.

III. FINAL REMARKS

In this work, we explored the digital quantum simulation of interferometric alternatives to Afshar’s experiment.
Using the formalism recently introduced by Mohan et al., which maps bosonic operators to Pauli operators, we
simulated two versions of nested MZIs proposed by Pessoa Junior. While the modified Unruh experiment requires



16

only a single qubit for implementation on a quantum computer, the version proposed by Pessoa Junior involves
significantly more complex quantum circuits, making the simulation particularly innovative.

Our results align well with theoretical predictions for both experiments. Unlike the Hong-Ou-Mandel simulation
discussed by Mohan et al., our simulations were simplified by avoiding trotterization techniques. This was possible
because the unitary matrix corresponding to the BS can be expressed as a product of exponentials, leveraging the
commutativity of operators, such as [X®@ X, Y ®Y] = 0. Consequently, each exponential could be directly decomposed
into basic quantum gates, enabling efficient implementation on quantum computers.

By providing a digital quantum simulation of the nested MZI, this work also examines the issues raised by Afshar
regarding a potential violation of BCP. Afshar’s approach, which relies on non-destructive measurements to quantify
the wave behavior of the quanton, combined with the lack of a formal definition of the BCP, allowed for the construction
of an ad hoc complementarity relation that seemingly violates the BCP.

Our digital quantum simulation offers both a classical simulation and demonstrative results on quantum computers,
which show strong agreement with theoretical predictions. Pessoa Junior’s analysis of the modified Unruh experiment
incorporates a phase into each MZI, concluding that each stage of the experiment corresponds to specific behaviors
analogous to those observed in Afshar’s original experiment. Inspired by these findings, Pessoa Junior proposed a
new experimental setup to simulate additional aspects of Afshar’s experiment.

Our simulations reveal that the observed 2% reduction in photon count caused by the wire grid can be replicated
when both paths are unobstructed and with B; in place. Furthermore, the inclusion of the blocker By in mode D,
alongside Bj, successfully simulates detection at the opposing detector, consistent with the experimental results of
Afshar. However, it should be noted that this version of the interferometric setup cannot fully replicate all the nuances
explored in the original experiment.

Finally, the QCP, along with its key elements for evaluating wave-particle duality through Quantitative Comple-
mentarity Relations (QCRs), was discussed. Pessoa Junior argued in his work that Afshar’s experiment and its
interferometric variations do not violate the quantitative version of BCP. He maintained that wave-particle duality
holds true at each stage of the experimental apparatus, even though his analysis relies on retroactive inference, a
standard approach in the literature for addressing wave-particle duality.

A critical aspect of the QCP, in agreement with Pessoa Junior’s interpretation, involves quantifying QCRs at each
experimental step without invoking retrocausality. The wave-like (20) and particle-like () behaviors are quantified
through the unitary evolution of the system’s quantum state, p;, precisely where the phenomena manifest. This
method ensures the internal consistency of the complementarity between 20 and B3 within the QCR framework.

By revisiting how the QCP resolves paradoxes, such as those posed by Afshar’s experiment, this work also demon-
strates that quantum computers are highly adaptable and effective platforms for simulating experiments involving
bosonic systems. . These findings further reinforce the utility of digital quantum simulations in configurations that
deviate from the conventional, such as the one shown in Fig. 9, to further expand the exploration of QM fundamentals.
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Appendix A: Relations between input and output bosonic operators for arbitrary 6

For illustration, let us examine the relationship between input modes A and B and output mode C. In this case,
we have

(b atbat (b atbat —i0(abt +al (b atbat —ib(bTarbal) . i0(bTatbal
c= UlT)F aUpp = (eze(b a+ba ))Ta 619(1) a+ba') _ e i0(ab"+a b)a eza(b a+ba') _ e 10(b"a+ba )a ez@(b a+ba )7 (Al)

since [a, bw =0 and [aT,b] = 0. Using the Baker—Hausdorff lemma,

g e H =a+’y[H,a} + g—?[H, [H,a“ + —S[H, [H, [H,a]]] 4+ (A2)
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with v = —if and H = bfa + ba', it follows that

2
c=a—1i0 [bTa + baT,a} — % [bTa + bat, [bTa + baT,aH 4+ (A3)
Given that

[bla+ bal,a] = [bTa7a] + [baT,a} =b'[a,a] + [bT, a] a+b [aT7a] + [b,a]a’ = b [a, aw = —b, (A4)
and

[bla +bal, [b'a + ba',a]] = [bTa + bal, —b] = — ([bla,b] + [bal,b])

=— (0" [a,0] + [b',b] a+ b [al,b] 4+ [b,b]a’) = — (= [b,b'] a) = a, (45)

one obtains
c:a+i9b—Z—ja—ig—?b+4—?a+ii—?b+~~ —a(1§+f:+~~> +ib<0§j+0;+~') (46)

= acos(f) + ibsin(9),
and thus
¢t =a' cos(f) — ib' sin(6). (AT)
Similarly, this holds for the relationship between input modes A and B and the output mode D:
d = iasin(f) + bcos(h),

(A8)

d" = —ia' sin(#) + bf cos(8).

Defining T' = cos§ and R = sinf, Egs. (2) through Egs. (3) are derivable.

Appendix B: Beam splitter unitary implementation

In order to implement the unitary transformation of the BS, it is initially useful to implement the unitary U =
exp [i)\(Z ® Z)] The spectral decomposition of Z ® Z is given by

Z @ Z = ([0)0] = [1X1]) @ (10)0] = [1)(1]) = (100)00] + [11)}11]) — (01){01] + [10)(10] ), (B1)

and consequently, the spectral decomposition of U reads

exp [iM(Z ® Z)] = e(|00)}00] + |11)11]) +e~"*(|01)01] + [10)(10] ). (B2)
Noting that
O (I e2) Ot = e (|00)00] + [11X11]) + e~ **(|01)01] + [10X10]) = exp [iA(Z ® Z)] (B3)
and that
ei)\Z — ei)\ ‘0><0| —|—€_i>‘ |1><1| _ ei>\ [(1) 8:| + e—i)\ [8 (1)] — |:€(i))‘ e—Oi)\:| = Rz(—2/\), (B4)

the unitary U can be written as
exp [iMNZ® Z)] = CE I® Rz(—2))]CX 7, (B5)

which is implemented in a quantum circuit as shown in Fig. 12 (a).
To implement the terms of Upg, we begin by writing their spectral decomposition as

exp [IANX @ X)] = e ([++)++] + |—=X——|) + e ([+=X+—| + |—+X—+|) (B6)
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Figure 12: Quantum circuits that implement the unitary transformations (a) e*(2®%)  (b) e*X@X) apd (c) VSV,

and
exp iIA(Y ®Y)] = e (|od)ea| + |oo)es|) + e (|oe)as| + |ea)Xosdl ), (B7)

where |+) = (]0) £ [1))/V2, |©) = (]0) +4|1))/v/2, and |©) = (|0) +i|1))/v/2. Since the Hadamard gate H switches
between the computational basis and the X basis, one can write

exp [iIA(X ® X)] = H® H ["(]00)(00] + [11)}11]) +e~**(]01)01] 4 [10)10| )] H & H. (B8)
The term in brakets corresponds to the spectral decomposition of exp [i)\(Z R Z )], so that
exp [INX ® X)] =HoH(CY)I® Rz(—2)\) (CYY) H ® H, (B9)
and analogously for the other term
exp [iIA(Y ®Y)] =S @ Sexp [iA(X ® X)] ST® ST (B10)
Figure 12 (b) illustrates the quantum circuit corresponding to e**(X®X) while Fig. 12 (c) depicts the circuit for

MY ®Y)

Appendix C: Formal analysis of Pessoa Junior’s experiment
As before, an initial state in which mode A is populated by one photon is considered, |1)g) = |1a,0p, Og, Op). After
BS; the state is evolved to
1
V2

even though modes E and F are included for completeness, they remain non populated. In the following, we present
the most general states for the remaining optical elements. After BS, and BSs we have

1) = —(|1¢, Og, Op, Or) + i |0c, Og, 1p, OF) ); (C1)
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[2) = = (T4 |1G, 0m, 01, 05) + iRy |0, 11, 01, 05) — R5 |0, 0w, 11, 05) + 975 |0, Om, 01, 15) ), (C2)

N =

where the coefficients Ty and R4 (T5 and Rj5) correspond to the ability to adjust the transmission and reflection in
BS4 (BS5) and sz —+ R? = 1 with Tj, Rj € R for j = 4, 5.
After ¢y, the quantum state is

(T4 |1c, 0n, 01, 05) + iR4€'" |0, 111, 01,05) — R5 |0, Om, 11, 05) + iT5 |0, O, O, 15) ). (C3)

DN | =

[3) =

After BSq, we obtain the following state:

(Ty |1c, 0k, Or, 05) + iT5 |0G, Ok, Or, 1) ) — (Rs + R4e*") |0, 1k, Or,, 05)

1
2v2 (1)

N =

4) =

Rs — Rye'®#) |0¢, Ok, 11,0
2\[(5 4 )\GKLJ>

The action of mirrors and ¢n = 7 leads to

(Rs + R4€’*") [0y, 1n, 00, Op)

i i
[ws) = = (T4 |1m, On, 00, 0p) + iT5 [On, On, 00, 1p) ) + —=
2 2v/2 (C5)

+—R—ReZ¢H O, Ox, 1o, Op)
2\[(5 4 )|MNOP>

After BS3, we get

|'(/}6> (T4|1M70Q70R70P> +7/T5 |0M70Q70R71P>)

)
2
+ - 1 |: — (R5 + R4€i¢H) + €i¢L (R5 - R4ei¢H):| |0M7 1Q7 OR; 0P> (CG)

- % | = (Rs+ Rae®) = ¢ (s — Rye®*) | |0n, 0, 11, Op)

Appendix D: Complete demonstrative results for Figure 11

The complete results for the demonstrations of Figure 11, including those appearing due to hardware noise, are
shown in Table .

Table I: Probabilities of each outcome in the implementation of Pessoa Junior’s circuit in a
quantum hardware. This table includes less significant outcomes that are not shown
in the histograms of Figure 11.

Figure 11(a) Figure 11(b) Figure 11(c) Figure 11(d)
Result Probability | Result Probability | Result Probability | Result Probability
0000 0.0287 00000 0.0269 00000 0.0287 000000 0.0219

0001 0.0115 00001 0.3745 00001 0.0139 000001 0.3657
0010 0.4039 00010 0.0046 00010 0.0092 000010 0.0128
0011 0.0099 00011 0.0166 00011 0.0002 000011 0.0182
0100 0.4521 00100 0.0026 00100 0.3611 000100 0.0068
0101 0.0128 00101 0.0177 00101 0.0204 000101 0.0134
0110 0.0182 00110 0.0002 00110 0.0204 000110 0.0007
0111 0.0051 00111 0.0009 00111 0.0020 000111 0.0027

Continued on next page



Table I: Probabilities of each outcome in the implementation of Pessoa Junior’s circuit in a
quantum hardware. This table includes less significant outcomes that are not shown
in the histograms of Figure 11. (Continued)

Figure 11(a) Figure 11(b) Figure 11(c) Figure 11(d)
1000 0.0250 01000 0.4451 01000 0.4186 001000 0.0012
1001 0.0012 01001 0.0154 01001 0.0198 001001 0.0126
1010 0.0121 01010 0.0170 01010 0.0189 001010 0.0007
1011 0.0009 01011 0.0034 01011 0.0026 001011 0.0016
1100 0.0140 01100 0.0105 01100 0.0304 001100 0.0004
1101 0.0017 01101 0.0016 01101 0.0021 001101 0.0007
1110 0.0028 01110 0.0020 01110 0.0023 001110 0.0001

01111 0.0004 01111 0.0007 001111 0.0002

10000 0.0132 10000 0.0057 010000 0.3938

10001 0.0175 10001 0.0005 010001 0.0239

10010 0.0007 10010 0.0004 010010 0.0261

10011 0.0018 10011 0.0001 010011 0.0051

10100 0.0007 10100 0.0151 010100 0.0145

10101 0.0007 10101 0.0013 010101 0.0016

10110 0.0001 10110 0.0018 010110 0.0009

11000 0.0211 10111 0.0002 010111 0.0001

11001 0.0024 11000 0.0156 011000 0.0100

11010 0.0005 11001 0.0028 011001 0.0038

11011 0.0002 11010 0.0020 011010 0.0011

11100 0.0011 11011 0.0002 011011 0.0005

11101 0.0004 11100 0.0021 011100 0.0002

11110 0.0001 11101 0.0007 011101 0.0001

11111 0.0001 11110 0.0001 011110 0.0001

100000 0.0094

100001 0.0179

100010 0.0015

100011 0.0020

100100 0.0001

100101 0.0013

100111 0.0001

101000 0.0005

101001 0.0010

101010 0.0002

101011 0.0002

101100 0.0004

101101 0.0001

110000 0.0156

110001 0.0022

Continued on next page
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Table I: Probabilities of each outcome in the implementation of Pessoa Junior’s circuit in a
quantum hardware. This table includes less significant outcomes that are not shown
in the histograms of Figure 11. (Continued)

Figure 11(a) Figure 11(b) Figure 11(c) Figure 11(d)
110010 0.0016
110011 0.0005
110100 0.0017
110101 0.0001
111000 0.0012
111001 0.0002
111100 0.0001
111101 0.0001

Appendix E: Calibration data for the IBMQ quantum chips

The calibration data for the quantum chips used in our demonstrations are presented in Tables II and III.

ibm_sherbrooke parameters QO Q1 Q2 Q3

Frequency (GHz) 4.63 4.74 4.82 4.75

T1 (us) 504.54 403.20 250.71 410.81

T2 (ps) 153.58 320.04 203.46 323.55

Readout error (1072) 1.074 3.857 2.612 4.545

Pauli-X error (107*) 1.334 2.427 2,777 1.498

CNOT error (1073) - 1 0:5.238 - 3 2:7.291
1_2:6.291

Gate time (ns) - 1 0:533.33 - 3 2:533.33
1_2:533.33

Table II: Calibration data for the IBMQ Eagle r3 processor ibm sherbrooke quantum chip. The table only presents data
relating to the qubits used in the simulation.

ibm_kyiv parameters QO Q1 Q2 Q3
Frequency (GHz) 4.65 4.53 4.68 4.61
T1 (ps) 427.98 473.26 313.40 208.33
T2 (us) 361.28 183.66 137.52 142.13
Readout error (107%)  0.415 0.513 1.245 0.464
Pauli-X error (10™*)  0.991 1.426 6.860 2.134
CNOT error (107%) 0 14:5.168 1 2:14.080 2 3:7.769 -
0_1:3.101
Gate time (ns) 0 14:561.78 1 _2:561.78 2 3:561.78 -
0_1:561.78

Table III: Calibration data for the IBMQ Eagle r3 processor ibm__kyiv quantum chip. The table only presents data relating to
the qubits used in the simulation.
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